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This study is an attempt to explore two-dimensional magneto-hydrodynamic Casson fluid
flow with heat generation or absorption, chemical reaction, and viscous dissipation under
the effect of thermal radiation. Prescribed surface temperature (PST) and prescribed heat
flux (PHF) cases have been taken into account to investigate the problem. The constitutive
relations for Casson fluid incorporated with suitable boundary layer approximation theory
have been utilized to achieve the flow model equations. The obtained highly non-linear
partial differential equations cannot be solved analytically, so we transform them into first-
order differential equations, then tackle them with the boundary value problem (BVP-4c)
technique in Matlab. Radiation increment decreases primary and secondary velocity
profiles abruptly in both cases. Heat generation and absorption augmentation
decrease the thermal and momentum boundaries for both studied cases. The skin
coefficient for PHF cases has decreased 80% when compared with PST cases. The
increment in Casson parameter has enhanced the Nusselt number by 75% for the PST
case, whereas the decline in Nusselt number has doubled for the PHF case with the
increase in magnetic field. It is concluded that, with the increment in Casson fluid,
magnetic, radiation, and permeability parameter the Nusselt number has significantly
increased for the PST case. However, for these parameters, an abrupt decline in Nusselt
number has been observed for the PHF case. Results reported in this study for shear
stress and Sherwood number are in complete agreement with already published
previous work.
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1 INTRODUCTION

In chemical and material processing engineering, there are many
fluid flow problems. Non-Newtonian is one of those flow
patterns. These Non-Newtonian models include the
Williamson model, Maxwell model, viscoelastic fluids, power
law fluids, micro-polar fluids, and so on. The Casson fluid
model, also known as the Casson fluid, is another non-
Newtonian model. It basically demonstrates the attributes of
yield stress. The Casson fluid model has a strange relationship
between the yield stress and applied shear stress. It acts like a fluid
and moves when the shear stress is less than the applied yield
stress. It acts as a solid when the shear stress in the fluid system is
higher than the applied yield stress. Polymer processing and
biomechanics are major applications of Casson fluids. Jelly,
tomato sauce, fruit juices and honey are fine examples of
Casson fluids [1, 2].

Khalid et al. [3] examined magneto-hydrodynamics
convection over a vertical permeable oscillating plate with
Casson fluid. Recently, numerous studies have been conducted
on Casson fluid under the applied external effects. Kodi et al. [4]
investigated magneto-hydrodynamic Casson fluid with chemical
reactions and thermal diffusion past a porous surface. Goud et al.
[5] conducted free convection of Casson fluid employing FEM to
study MHD flow under the external heat source over a vertically
oscillating porous plate. Verma and Mondal [6] have provided a
review of numerical methods used in the last decade to study
Casson fluid. These include Rung-Kutta 4, Shooting Technique,
Keller Box Method, and Spectral Method. Das et al. [7] examined
the Newtonian heating effect on hydro-magneto Casson fluid for
heat and mass transfer past a horizontal surface. Loganathan et al.
[8] have provided an insight into Casson flow over a permeable
Riga plate under electromagnetic and radiation effects. Raju et al.
[9] have discussed heat and mass transfer of magneto-
hydrodynamic Casson fluid over an exponentially permeable
stretching surface. Casson fluid for vertical cone and plate for
unsteady magneto-hydrodynamics and heat source/sink has been
described in [10]. Loganathan et al. [11] investigated entropy
optimization using third-grade fluid flowing across a convective
surface. Loganathan et al. [12] have explored Cattaneo–Christov
heat flux and Oldroyd-b fluid with convective heating under
distinct externally applied effects of magneto-convection.
Madhukesh et al. [13] studied hybrid Casson fluid induced by
a Riga plate with thermophoretic particle disposition and for heat
and mass transportation. Gowda et al. [14] have demonstrated
Casson-Maxwell fluid through stretchable disks to examine slip
flow [15–19]. and Arshad et al. [20–22] have extensively
examined linear and exponential stretching surfaces with
external applied effects for nano and hybrid nanofluids.

In fluid mechanics, the destruction of the velocity profile
caused by applied viscous stress is called viscous dissipation.
This phenomenon is regarded as the conversion of kinetic energy
into internal energy of the respective fluid. Lund et al. [23] have
investigated the stability, employing the dual solution technique
to study the stagnation point flow of magneto-hydrodynamic
Casson fluid under Rosseland radiation and dissipation effects.
Reddy et al. [24] illustrated the unsteady natural convection of

Casson fluid flow under viscous dissipation effect using the finite
element approach. Pop and Sheremet [25] have studied Casson
fluid under thermal radiation and dissipation effects to examine
free convection in a square cavity. Qasim and Noreen [26] have
explained the viscous dissipation effect in the boundary layer flow
of Casson fluid for heat transfer over a shrinking permeable sheet.
Mahanthesh and Gireesha [27] examined Casson fluid under
thermal radiation, joule heating, and viscous dissipation for
Marangoni convective two-phase flow. Kotha et al. [28]
elaborated on the entropy generation on a convectively heated
surface with a viscous dissipation effect for Casson fluid flow.
Medikare et al. [29] focused their study on stagnation point flow
of MHD Casson fluid over non-linear stretching with viscous
dissipation. Khan et al. [30] have discussed the Casson fluid for
Blasius and Sakiadis flows with viscous dissipation. Hayat et al.
[31] have elaborated on magneto-hydrodynamic Casson fluid
under variable properties and with viscous dissipation. Yusof
et al. [32] discussed the exponentially slippery Riga plate with
viscous dissipation in radiative boundary layer flow of Casson
fluid. Loganathan and Rajan [33] have introduced optimization
of the entropy of Williamson fluid with joule heating and zero
mass flux of nano-particles. Loganathan et al. [34] have
investigated the entropy optimization of third-grade fluid
under slip influence with zero mass flux and non-Fourier heat
flux. Kumar et al. [35] have utilized the KKL correlations to
explore the impact of magnetic dipole on radiative nanofluid over
a stretched sheet. Wang et al. [36] have proposed an applicable
model for thermophoresis diffusion while examining the three-
dimensional flow of Oldroyd-B fluid under magnetic field and
radiative force.

A chemical reaction occurs when two components react
together in the presence of a catalyst or enzyme to form a
distinct product. There are two major kinds of chemical
reactions, namely, reversible or irreversible chemical reactions.
In a reversible chemical reaction, the formed product due to
unfavorable conditions can return to its initial components,
whereas in an irreversible reaction, the formed product would
not convert into its initial states on its own. In principle, all
chemical reactions are reversible, but they require very specific
conditions. One of the major examples of a reversible reaction is
the combustion of ammonium chloride. When heated, it converts
into two constitutive components: ammonia gas and hydrogen
chloride gas. But when cooled, they react together to form the
initial product. On the other hand, the combustion of propane is a
fine example of an irreversible reaction. A plethora of scientists
have examined chemical reaction effects on different fluid
models. Gowda et al. [37] have investigated the marangoni
driven boundary layer flow for heat and mass transport
analysis with chemical reaction and activation energy. Kumar
et al. [38] have explored Casson fluid over a curved stretching
surface under chemical reaction and magnetic field. Gowda et al.
[39] have employed KKL correlations to examine nanofluid flow
under magnetic dipole and chemical reaction over stretching
surface. Manjunatha et al. [40] have discussed the influence of
Stefan blowing over a curved surface for convective heat
transportation of nanofluid under chemical reaction effect.
Rotating nano and hybrid nanofluids over rotating vertical
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cones with externally applied effects have been discussed by
[41–47] and Hassan et al. [48, 49]. They discovered and
advised that the recently discovered phenomenon of hybrid
nanofluids produces a higher heat transfer coefficient and
lower shear stress.

Shehzad et al. [50] introduced the suction and chemical
reaction effect to study the effect of mass transfer in magneto-
hydrodynamic flow of Casson fluid. Auther et al. [51] have
examined the effect of magnetic field and chemical reaction on
Casson fluid over vertical porous plates. Khan et al. [52] have
discussed homogeneous and heterogeneous effects on Casson
fluid. Ramzan et al. [53] have described the Casson fluid past a
porous medium with chemical reaction and Rosseland radiation.
Reddy et al. [54] studiedMHDCasson fluid over an exponentially
stretching surface under thermal radiation and chemical reaction
effects. Bejawada et al. [55] have elaborated on the radiation
effects on Casson fluid in a porous medium with chemical
reaction. Ramakrishana et al. [56] conducted a comparative
analysis past an exponentially stretching plate to determine the
effects of chemical reaction, Soret, and Lorentz forces on Casson
fluid. Khan et al. [57] treated Casson fluid analytically to study
chemical reaction attributes. Hayat et al. [58] have performed
finite difference analysis on Casson fluid with thermo diffusion
and diffusion thermo effects for optimization of entropy. Khan
et al. [59] have conducted a mathematical simulation for
magneto-hydrodynamic Casson fluid through a moving
permeable wedge with chemical reaction. Loganathan et al.
[60] have discussed the significance of Darcy–Forchheimer on
third-grade fluid with entropy generation. Loganathan et al. [61]
have examined Maxwell fluid over a thermally radiative
convective sheet. Karthik et al. [62] have investigated the
importance of zero and non-zero mass fluxes of bio-
convection viscoelastic fluid on a three-dimensional Riga plate
with swimming microorganisms. Loganathan et al. [63] have
performed heat transfer analysis on a three-dimensional
convectively heated Riga plate with the Cattaneo-Christov heat
flux model. Grieehsa et al. [64] demonstrated heat and mass
transfer in Casson fluid flow for a magneto-hydrodynamic
boundary layer with a uniform heat source. Gowda et al. [65]
have examined the magnetic dipole effect on ferrofluid over a
stretching sheet. Gowda et al. [66] have investigated the modified
Fourier heat flux model using KKL correlations for nanofluid
over a curved surface. Sarada et al. [67] have discussed the non-
Newtonian fluid flow for heat and mass transfer under the impact
of magneto-hydrodynamics.

This present research is an attempt to discuss magneto-
hydrodynamic radiative Casson fluid flow past a bidirectional
permeable stretching surface, incorporating internal heat
generation/absorption, viscous dissipation, and chemical reaction
effects. The novelty of the present problem is to investigate a two-
dimensional permeable stretching surface considering two distinct
cases of prescribed surface temperature (PST) and prescribed heat
flux (PHF) for Casson fluid with external applied effect under the
influence of Rosseland radiation. The present study is focused on
analyzing the aforesaid problem comparatively for prescribed
surface temperature and prescribed heat flux cases. The above
provided deep literature review describes the different numerical

methods utilized to study miscellaneous Casson fluid problems. The
boundary value problem technique (BVP-4c) is employed in this
study to tackle the designed problem numerically and graphically.
The convergence criterion, or tolerance, is set at 10–07. The flow
behavior characteristics of magneto-hydrodynamic Casson fluid are
achieved graphically. The skin friction coefficients, Nusselt number,
and Sherwood number are examined under increasing impressions
of different study parameters. This study aims to obtain fruitful
answers for both incorporated profiles, namely, prescribed surface
temperature and prescribed heat flux cases. So, this investigation
provides an answer to the following research questions designed for
both aimed profiles.

1) What is the effect of raising the Casson fluid parameter on
velocity profiles, temperature, and concentration profiles
under Rosseland radiation impression?

2) What is the effect of magnetic force and high permeability on
horizontal and vertical motion profiles and other
distributions?

3) What impact do the distinct parameters have on (a) Grashof
number for temperature, (b) chemical reaction, and (c)
Schmidt number on concentration profile?

4) What effect does the high radiation influence produce? Does
the heat generation/absorption and viscous dissipation
produce a high heat transfer coefficient and reduced skin
rates?

5) How do changes in different study parameters affect the
Nusselt and Sherwood numbers, as well as the friction
coefficient?

2 BASIC EQUATIONS

The flow governing equation for viscous incompressible fluid in
the presence of Rosseland radiation, viscous dissipation, and
internal heat generation/absorption:

Equation of continuity

.V � 0 (1)
Equation of Momentum

ρ[zV
zt

+ (V.)V] � −p + ρg + μ2V − [ μ

K0
]V (2)

Energy equation

ρCp[zT
zt

+ (V.)T] � kf
2T + kf[(zu

zx
)2

+ ( zv

zy
)2]

− Q0(T − T∞) − [ z

zy
(qr)] (3)

Concentration equation

zC

zt
+ (V.)C � Dm

2C +Kr(C − C∞) (4)

All the physical quantities in the above Eqs 1–4 are defined in
nomenclature.
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3 MATHEMATICAL FORMULATION

Let us consider two-dimensional viscous incompressible radiative
Casson fluid flow over a stretched permeable surface. Magnetic
field B0 with viscous dissipation, internal heat generation/
absorption Q0, and first-order chemical reaction Kr are
incorporated and discussed under the effect of Rosseland thermal
radiation. The x-axis is taken in the horizontal direction and y-axis is
considered along the vertical direction and incorporating bidirectional
permeabilityK0 space. Theflow is induced by the sheet being stretched
linearly along the x-axis by the applied two equal and opposite forces
simultaneously. Numerous studies have described the constitutive
relations for Casson fluid [1, 2]. These relations are employed to
obtain the flow governing equations with external applied effects.

Constitutive relation of Casson fluid [1, 2].

τij � (μB + py��
2ϵ

√ )2eij ϵ> ϵc (5)

τij � (μB + py���
2ϵc

√ )2eij, ϵ< ϵc (6)

In these above relations, μB is plastic dynamic viscosity of the
non-Newtonian fluid, py is the fluid yield stress, ϵ is the product
of component of deformation rate with itself, that is ϵ � eijpeij,
and ϵc critical value of product of component of strain tensor rate
with itself. The boundary layer approximations theory is utilized
on the above constitutive relations of Casson fluids to obtain the
flow governing equations.

3.1 Flow Governing Equations
The above constitutive relations of Casson fluid after applying suitable
boundary layer approximation theory will give us the flow governing
equations. The continuity, conservation momentum, energy, and
concentration equations along with boundaries are given below [1, 2].

Equation of continuity

zu

zx
+ zv

zy
� 0 (7)

Momentum Equations

u
zu

zx
+ v

zu

zy
� ]f(1 + 1

γ
) z2u

zy2
− (1 + 1

γ
) ]f

K0
u − σfB2

0

ρf
u

+ gβ(T − T∞) + gβp(C − C∞) (8)

u
zv

zx
+ v

zv

zy
� ]f(1 + 1

γ
) z2v

zy2
− (1 + 1

γ
) ]f

K0
v − σfB2

0

ρf
v (9)

Energy Equation without qr relation

u
zT

zx
+ v

zT

zy
� kf

(ρcp)f [
z2T

zy2
] + kf

(ρcp)f(1 +
1
γ
)

×[(zu
zx

)2

+ ( zv

zy
)2] − 1

(ρcp)f[
z

zy
(qr)]

+ Q0

(ρcp)f (T − T∞) (10)

Species continuity equation

vzC

zy
+ uzC

zx
� Dm

z2C

zy2
−Kr(C − C∞) (11)

With boundary conditions for PST case as follows:

u � Uw(x), v � Vw(x), C � Cw � C∞ + cx,

T � Tw � T∞ + bx, at y � 0,

u → 0, v → 0, T → T∞, C → C∞, as y → ∞

(12)

PHF case will have the boundary conditions as follow:

u � Uw(x), v � Vw(x), C � Cw � C∞ + cx,−k zT
zy

� q

� Dx, at y � 0, u → 0, v → 0, T → T∞, C → C∞, as y → ∞ .

(13)
The radiative heat flux is defined as qr � − 4σp

3Kp
zT4

zy . The
temperature difference is small and the expansion of T4 in
terms of T∞ using Taylor’s formula will give us:

T4 ≈ T4
∞ − 4T3

∞(T − T∞) + 6T2
∞(T − T∞)2 + ....... (14)

now, we’ll truncate the above Eq. 14 up to first degree and the
order of truncation is O( (T − T∞)2, we arrive at:

T4 ≈ 4TT3
∞ − 3T4

∞ (15)
with this substitution our energy Eq. 10 will become:

u
zT

zx
+ v

zT

zy
� kf

(ρcp)f[
z2T

zy2
] + kf

(ρcp)f(1 +
1
γ
)

×[(zu
zx

)2

+ ( zv

zy
)2] + 1

(ρcp)f
16σpT3

∞

3Kp
[z2T
zy2

]
+ Q0

(ρcp)f (T − T∞).

(16)
Where Uw � ax is stretched velocity, a is positive constant,

and Vw is suction/blowing velocity at wall. The Vw > 0,
correspond to suction and Vw < 0, to blowing.

3.2 Similarity Transformation
The stream function is defined as ϕ(x, y) where, u �
zϕ
zy, and v � −zϕ

zx and the set of similarity [65–67] is defined as
follows:

η � (Uw

vfx
) 1

2y, T − T∞ � (Tw − T∞)θ(η),
C − C∞ � (Cw − C∞)φ(η),

u � axf′(η), v � − ���
vfa

√
f(η), ϕ(x, y) � (Uwxvf) 1

2f(η)
(17)

Where, T∞ and Tw are ambient temperature and temperature
at the wall, respectively. Cw and C∞ denote the concentration at
the wall and ambient concentration, respectively. For our own
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convenience we have assumed f(η) as g(η) in second stream
function v � − ���

vfa
√

g(η). It is worth noting that we have defined
temperature for PST case asT − T∞ � bxθ(η) and for PHF case as
T − T∞ � Dx

k (vfa )1/2θ(η).

3.3 Transformed Governing Equations
The flow governing equations of momentum, energy, and
concentration (8–9, 16, and 11) respectively, after using the
similarity transform, will take the following form along with
boundary conditions:

(1 + 1
γ
)f‴ � f′2 − gf″ − 1

2
ηf′f″ + (M2f′ + K(1 + 1

γ
))f′

− Grθ − GCφ

(18)
(1 + 1

γ
)g″ � (M2 +K(1 + 1

γ
))g − 1

2
ηf′g′ − gg′ (19)

θ″(1 + Rd) � Ec[f′2 + 1
2
η2f″ − ηf′f″ + g′2] + Pr[1

2
ηf′θ′

+ θ′g] + PrQθ

(20)
φ″ � Sc[KCφ − 1

2
ηφ′ − gφ′] (21)

The boundary conditions for PST case are as follow:

f′(η) � 1, g(η) � S, θ(η) � 1, φ(η) � 1, as η � 0,

f(η) � 0, f′(η) → 0, g(η) → 0, θ(η) → 0, φ(η) → 0 as η � ∞
(22)

The boundaries for PHF case are as follow:

f′(η) � 1, g(η) � S, θ′(η) � −1,φ(η) � 1, as η � 0,

f(η) � 0, f′(η) → 0, g(η) → 0 θ(η) → 0, φ(η) → 0 as η � ∞
(23)

Where K � v
k0a

is permeability parameter, Pr � (μcp)f
kf

is
Prandtl number, S � Vw(x)��

va
√ suction/injection parameter, M2 �

σB2
0

ρa magnetic parameter, and Sc � v
Dm

Schmidt number. Gr �
gβ(Tw−T∞)

a2x is Grashof number for temperature, GC � gβp(Cw−C∞)
a2x

is Grashof number for concentration, Ec � vfa
(ρCp)f(Tw−T∞) is Eckert

number, Rd � 16σpT3
∞

3Kpkf
is radiation parameter, Q � Q0

a(ρCp)f is
internal heat generation/absorption parameter, and denotesKC �
Kr
a chemical reaction.

4 NUMERICAL SOLUTION OF PROBLEM

Numerical methods used in numerous studies carried out on
Casson fluid regimes reported by Verma and Mondal [6]
include Rung-Kutta 4, Shooting Methods, Keller Box
Method, and Spectral Method. Hayat et al. [58] conducted
their study using a finite difference scheme. Moreover, Goud
et al. [5] examined the Casson fluid problem with the finite
element method. In this study, the boundary value problem

technique is employed in Matlab to tackle the problem
numerically and achieve the graphical and tabulated results
for the designed problem.

4.1 Technique Procedure
The boundary value problem technique involves a process of
converting highly non-linear partial differential equations into
first-order ordinary differential equations using the newly defined
set of variables of our own choice. The boundaries are also
transformed using similar suppositions; minimal convergence
criterion or tolerance is set to achieve more accurate results. The
set of first-order differential equations for both PST and PHF
cases is given below, along with a newly defined set of variables.

The set of newly defined variables:

f � y1, f′ � y2, f″ � y3, f‴ � y3
′ , g � y4 , g′ � y5 , g″ � y5

′,

θ � y6 , θ′ � y7 , θ″ � y7
′,φ � y8 , φ′ � y9 , φ″ � y9

′.

(24)
Transformed differential equations are:

y1
′ � y2 (25)

y2
′ � y3 (26)

(1 + 1
γ
)y3

′ � y2
2 − y4y3 − 1

2
ηy2y3 + (M2y2

′ +K(1 + 1
γ
))y2

− Gry7 − GCy8,

(27)
y5
′ � y4 (28)

(1 + 1
γ
)y5

′ � (M2 +K(1 + 1
γ
))y4 − 1

2
ηy2y5 − y4

′y5, (29)

y6
′ � y7 (30)

y7
′(1 + Rd) � Ec[y2

2 +
1
2
η2y3 − ηy2y3 + y2

4] + Pr[1
2
ηy2y7

+ y7y4] + PrQy6, (31)
y8
′ � y9 (32)

y9
′ � Sc[KCy8 − 1

2
ηy9 − y4y9]. (33)

Transformed boundary conditions for PST case:

y2(0) � 1, y4(0) � S, y6(0) � 1, y8(0) � 1,

y1(∞) → 0y2(∞) → 0, y4(∞) → 0, y6(∞) → 0, y8(∞) → 0.
(34)

Boundaries for PHF case:

y2(0) � 1, y4(0) � S, y7(0) � −1,
y8(0) � 1, y1(∞) → 0, y2(∞) → 0, y4(∞) → 0, y6(∞) → 0, y8(∞) → 0.

(35)

4.2 Quantities of Physical Interest
The Skin coefficient (Cf) and Nusselt (Nu) and Sherwood (Sh)
numbers are quantities of physical importance. Surface sheer
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stress τw, surface heat flux qw, and mass fluxmw will be utilized to
solve these quantities in dimensional form.

Cf �
μ(zu

zy)
y�0

ρU2
w

, Nu �
−(zT

zy)
y�0

(Tw − T∞), Sh �
−(zC

zy)
y�0

(Cw − C∞), (36)

The dimensionless form of these quantities for PST case will
take the following form:

Re−1/2x Cf � (1 + 1
γ
)f″(0), (Rex)−1

2Sh � −φ′(0), (Rex)−1
2Nu

� −θ′(0).
(37)

These quantities for PHF case in dimensionless form can be
written as:

Re−1/2x Cf � (1 + 1
γ
)f″(0), (Rex)−1

2Sh � 1
φ′(0), (Rex)

−1
2Nu

� 1
θ′(0).

(38)

5 RESULTS AND DISCUSSION

In this section, magneto-hydrodynamic Casson fluid flow
characteristics over permeable plates are analyzed. The Casson
fluid behavior under the influence of different study parameters is
elaborated on primary and secondary velocity profiles,
temperature, and concentration profiles. Table 1 shows the
results obtained for skin and Nusselt and Sherwood numbers
for PST case under the influence of different study parameters.
Table 2 describes the skin and Nusselt and Sherwood numbers
under increasing study parametric impression. Table 3, 4 present
the comparison of obtained outcomes of shear stress and
Sherwood number under suction and blowing influence with
varying Casson fluid parameter, respectively.

5.1 Effect of Casson Fluid Parameter
In Figures 1B–D, 2A, the primary velocity profile is depicted
under distinct study parameters. Figure 1B shows the impact of
Casson fluid parameter on primary velocity for both PST and
PHF case. In the prescribed surface temperature case, the
increment in Casson fluid parameter has decreased the
primary velocity profile sharply in comparison with prescribed
heat flux case. Also, the associated momentum boundary has

TABLE 1 | Results of skin friction and Nusselt and Sherwood number for Prescribed surface temperature (PST) case under varying influence of distinct parameters.

PST case

γ M K GT GC R EC Pr Q Sc KC Cf Nu Sh

0.5 2 5 2 2 0.2 1 0.5 0.5 0.5 1 −3.37129 0.892239 0.863188
1 −3.21144 0.911593 0.861868
1.5 −3.1215 0.923533 0.861114
0.5 0 2 2 2 0.2 1 0.5 1 0.5 1 −3.0606 1.2274 0.881173

1 −3.32875 1.21102 0.878499
2 −3.58184 1.19655 0.876169

0.5 1 1 2 2 1 1 5 1 0.5 1 −2.30235 1.8891 0.887974
2 −3.54006 1.91573 0.878547
3 −3.54006 1.91573 0.878547

0.5 1 1 0.2 0.2 1 1 5 1 0.5 1 −3.6672 1.87995 0.888177
0.4 −3.60555 1.88035 0.88817
0.6 −3.54398 1.88075 0.888163

0.5 1 1 0.2 0.2 1 1 5 1 0.5 1 −3.6672 1.87995 0.888177
0.4 −3.57504 1.88054 0.88816
0.6 −3.48306 1.88113 0.888144

0.5 1 1 0.5 0.5 0 0.5 5 1.5 1 0.5 −3.45562 1.90668 1.06779
1 −3.47455 2.29306 1.0678
2 −3.48311 2.4982 1.0678

0.5 1 1 0.5 0.5 1 0.5 5 1.5 1 0.5 −3.45562 1.90668 1.06779
1 −3.46071 2.01409 1.06779
1.5 −3.46578 2.12142 1.06779

0.5 1 1 0.5 0.5 1 0.5 0.7 1.5 1 0.5 −3.40392 1.30375 1.06775
6.2 −3.46544 2.10223 1.06779
10 −3.47455 2.29306 1.0678

0.5 1 1 0.5 0.5 1 0.5 6.2 0.5 1 0.5 −3.39627 1.06693 1.06775
1 −3.44082 1.63194 1.06778
1.5 −3.48165 2.51475 1.0678

0.5 1 1 0.5 0.5 1 0.5 6.2 0.5 0.5 0.5 −3.36035 1.06711 0.724987
1 −3.39627 1.06693 1.06775
1.5 −3.42148 1.0668 1.38074

0.5 1 1 0.5 0.5 1 0.5 6.2 0.5 0.5 1 −3.39992 1.0669 1.15244
2 −3.39992 1.0669 1.15244
3 −3.41617 1.06682 1.36732
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decreased more dramatically in the case of surface temperature
case. This suggests that, as Casson fluid parameter is increased,
the viscosity starts to increase, consequently, the free motion of

fluid slows down. Moreover, a smooth decline is observed in
motion of Casson fluid for both profiles. Figure 1C describes the
impact of Casson fluid parameter on secondary profile.

TABLE 2 | Results of skin friction and Nusselt and Sherwood number for Prescribed heat flux (PHF) case under varying influence of distinct parameters.

S =
0.5

PHF case

γ M K GT GC R EC Pr Q Sc KC Cf Nu Sh

0.5 2 5 2 2 0.2 1 0.5 0.5 0.5 1 −4.65445 −1.05689 1.15836
1 −5.07401 −1.05788 1.16
1.5 −5.31889 −1.68879 1.16092
0.5 0 2 2 2 0.2 1 0.5 1 0.5 1 −5.67693 −1.30051 1.13441

1 −5.83257 −1.31051 1.13793
2 −5.98691 −1.30551 1.14101

0.5 1 1 2 2 1 1 5 1 0.5 1 −3.53832 −1.05689 1.12598
2 −4.60522 −1.05689 1.13815
3 −5.48514 −1.05689 1.14629

0.5 1 1 0.2 0.2 1 1 5 1 0.5 1 −3.7918 −1.05689 1.12588
0.4 −3.85438 −1.05689 1.12587
0.6 −3.91668 −1.05689 1.12586

0.5 1 1 0.2 0.2 1 1 5 1 0.5 1 −3.7918 −1.05689 1.12588
0.4 −3.69973 −1.05689 1.1259
0.6 −3.60783 −1.05689 1.12592

0.5 1 1 0.5 0.5 0 0.5 5 1.5 1 0.5 −3.74162 −1.23155 0.936452
1 −3.72345 −1.20155 0.936459
2 −3.71685 −1.13155 0.936462

0.5 1 1 0.5 0.5 1 0.5 5 1.5 1 0.5 −3.71327 −1.05689 0.93646
1 −3.72747 −1.05689 0.936456
1.5 −3.74162 −1.05689 0.936452

0.5 1 1 0.5 0.5 1 0.5 0.7 1.5 1 0.5 −3.98845 −1.05689 0.936348
6.2 −3.7145 −1.05689 0.93646
10 −3.69217 −1.05689 0.936467

0.5 1 1 0.5 0.5 1 0.5 6.2 0.5 1 0.5 −3.95672 −1.50423 0.936367
1 −3.77324 −1.50423 0.936441
1.5 −3.7145 −1.50423 0.93646

0.5 1 1 0.5 0.5 1 0.5 6.2 0.5 0.5 0.5 −3.92131 −1.05689 1.37913
1 −3.95672 −1.05689 0.936367

0.5 1 1 0.5 0.5 1 0.5 6.2 0.5 0.5 1 −3.93737 −1.00000 1.12585
2 −3.96033 −1.00000 0.867665
3 −3.97637 −1.00000 0.731319

TABLE 3 | Comparison of skin coefficient for varying Casson fluid parameters with already published work [64].

S � +0.5 Grieehsa et al[64] Present

GT � GC � R � EC � Q � KC � 0

γ M Pr Sc K Cf Cf

0.3 2 0.72 0.22 2 −4.91151 −2.69146
0.8 −3.61341 −2.97524
1.5 −3.14756 −3.17022

TABLE 4 | Comparison of Sherwood number for varying Casson fluid parameters with already published work [64].

S � −0.5 Grieehsa et al[64] Present

GT � GC � R � EC � Q � KC � 0

γ M Pr Sc K Sc Sc
0.3 2 0.72 0.22 2 0.44596 0.368624
0.8 0.4007 0.369659
1.5 0.38095 0.370306
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FIGURE 1 | (A) Physical configuration and coordinate system (B) Effect of Casson fluid parameter on primary velocity. (C) Effect of Casson fluid parameter on
secondary velocity. (D) Effect of Casson fluid parameter on temperature profiles.

FIGURE 2 | (A) Effect of Casson fluid parameter on concentration profiles. (B) Impact of magnetic field on primary velocity. (C) Impact of magnetic field on
secondary velocity. (D) Impact of magnetic field on temperature profiles.
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Contraction in momentum boundary layer of secondary velocity
profile has been observed for surface temperature case and heat
flux case with increments in Casson fluid parameter.
Additionally, the viscosity gets thicker as the Casson fluid
parameter is increased.

Figure 1D depicts the impression of Casson fluid parameter
on temperature profile. The temperature profile has shown a very
distinct behavior for both cases under incremental change of
Casson fluid parameter. In the prescribed surface temperature
case, the temperature profile has decreased with increases in
Casson fluid parameter. This results in a contraction in the
thermal boundary of the fluid. Moreover, the thickness of the
thermal boundary has declined. Now, in the prescribed heat flux
case, the temperature profile starts upsurging. It is interesting to
note here that the thermal boundary has expanded for the
prescribed heat flux case. Figure 2A illustrates the behavior of
Casson fluid parameter on concentration profile. The result of an
increase in Casson fluid parameter on concentration profile has
contracted the concentration boundary layer drastically for both
examined cases. This contraction phenomenon has occurred for
both thermal and concentration layers; this impact resulted from
the presence of a strong magnetic field and internal heat
absorption parameter. The higher magnetic force generates a
strong Lorentz force, which acts as a resistive force in free motion
of Casson fluid. This effect has caused a contraction in thermal
and concentration boundary layers. Furthermore, the thickness of
the concentration layer associated with both PST and PHF cases
has decreased. In prescribed heat flux case, more contraction is
observed in the thermal layer and thickness of fluid.

5.2 Effect of Magnetic Field
The effect of increasing the magnetic field is examined on
different study profiles in this sub-section. Figure 2B shows
the outcome of the magnetic field on primary velocity profile
for both PST and PHF cases. Primary velocity profile decreases
slowly with increases in magnetic field. Even with high generated
Lorentz force, which acts as a resistive force in the motion of fluid
with the boundary layer, the primary velocity has decreased very
smoothly. In other words, the primary velocity profile has
gradually decreased even when experiencing a strong resistive
force. Figure 2C depicts the impact of magnetic field on
secondary velocity profile for PST and PHF cases. In the
secondary velocity profile case, the increment in magnetic
parameter has expanded momentum boundary for both cases.
It is worth noting that, with a very slight difference, the
momentum boundaries for both cases have decreased.

The increase in magnetic force has shown opposite impacts for
both cases on temperature profile (See Figure 2D). Temperature
profile in the case of prescribed surface has shown a downfall as
the magnetic field is increased. It is worth noting that, even with
presence of a strong resistive force, the temperature profile has
decreased and expansion is observed in the thermal boundary
layer for the prescribed surface temperature case. The
temperature profile for heat flux case has upsurged. This
illustrates the fact that in the prescribed surface temperature
case, the temperature condition at initial position becomes
surface temperature, while in heat flux case the initial

temperature becomes surface heat flux. The thermal boundary
has also expanded in the PHF case. Figure 3A describes the
impact of magnetic field on concentration profile. It can be clearly
observed that the thickness of concentration boundary layer has
decreased for both cases under an incremental change in
magnetic field. The resistive force generated within the
electrically conducting fluid has caused contraction in
concentration boundary layer of Casson fluid. Additionally,
chemical reaction parameter also plays a significant role in the
downfall of concentration profile and contraction in
concentration layer for both cases under discussion.

5.3 Effect of Permeability Parameter
Figure 3B shows the impact of increases in permeability
parameter on primary velocity. The increment in permeability
parameter generates free space for free movement of Casson fluid.
The primary velocity profile has decreased with increases in
permeability; consequently, the associated momentum
boundary of the prescribed surface temperature case has
sharply decreased. The influence of increasing permeability has
decreased the primary velocity with a very slight difference for
both surface temperature and heat flux cases. In another sense,
the momentum boundary layer has also expanded rapidly for
both cases with increases in availability of free space. The high
permeability parameter has decreased the resistive force
generated as the result of high applied magnetic force.
Figure 3C depicts the permeability impact on secondary
velocity profile. In both PST and PHF profiles, the secondary
velocity profile has decreased sharply. Moreover, it is worth
noting here that momentum boundary expands with high
porosity increment. The extended computational domain
provides the contrasting behavior of PST and PHF cases for
secondary velocity profile.

Figure 3D describes the temperature profile under the
influence of the permeability parameter for both PST and PHF
cases. The expansion in domain has changed the overall behavior
of the temperature profile under high permeability. In PST case,
the temperature profile has increased and even with the presence
of a high resistive force and internal heat absorption/generation
the thermal boundary layer has expanded. The PHF case shows
that, as the availability of free space increases, the thermal
boundary expands and the temperature of Casson fluid
increases. Figure 4A shows the impact of the permeability
parameter on concentration profile. The concentration profile
has decreased for both PST and PHF cases. The increment in
permeability parameter has shown a decline in overall
concentration profile. It is worth noting that even the
concentration profile that decreased the concentration layer
for PST and PHF cases has contracted. The presence of a high
resistive force and high suction influence are major contributors
to the contraction of the concentration layer.

5.4 Effect of Different Parameters
The increased Grashof number due to the small temperature
difference and thermal expansion has been examined on
temperature profile in Figure 4B. More generally, it
determines the ratio of buoyancy forces to viscous force
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FIGURE 3 | (A) Impact of magnetic field on concentration profiles. (B) Influence of permeability on primary velocity (C) Influence of permeability on secondary
velocity (D) Influence of permeability on temperature profiles.

FIGURE 4 | (A) Influence of permeability on concentration profiles (B) Effect of Grashof number on temperature profiles (C) Effect of Chemical Reaction on
concentration profiles (D) Effect of Shimdth number on concentration profile.
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present in the fluid. Here, the temperature profile has decreased
for PST case. The associated thickness of thermal boundary
layer has dramatically decreased. Moreover, it is observed that
the increment in Grashof number for temperature has decreased
the temperature profile more rapidly for PST as compared to
PHF case. In the case of PHF, the thermal boundary layer has
been observed to be expanding when increasing the Grashof
number. Although the temperature profile has decreased, it has
decreased sharply for PST case when compared with PHF case.

The impact of the increase in the chemical reaction parameter
is obtained on concentration profile for both cases, as seen in
Figure 4C. The concentration profile has decreased for both PST
and PHF cases under an incremental change in chemical reaction
parameter. The concentration layer has shown a more rapid
downfall for PST case as compared to PHF case. It is worth noting
that a high magnetic force and radiation parameter do not impact
the performance of chemical reaction parameter on the
concentration profile for both discussed cases. Furthermore,
the thickness of the concentration layer for both cases has
increased.

Figure 4D describes the impact of Sherwood number on
concentration profile for both cases. The concentration profile
for both cases has decreased under the incremental influence of
Sherwood number. The associated concentration boundary has
increased for PHF case with the increase in Sherwood number.
Whereas the concentration boundary layer has decreased for PST
under an increase in Sherwood number.

5.5 Effect of Radiation
The change in radiation is observed on primary and secondary
velocities as well as temperature profile in Figures 5A–C. The
impact of radiation is illustrated in Figure 5A on primary velocity
of profile for both cases. The motion of Casson fluid has
decreased with the increment in radiation parameter. In PST
case, the thickness of the momentum boundary has decreased.
Additionally, the momentum boundary has contracted for PST
case. In the PHF case, the primary velocity has decreased but it is
quite significant to note here that the momentum boundary layer
has expanded in PHF case. Moreover, momentum boundary has
expanded more rapidly in PHF case as compared to PST case.
Figure 5B shows the impact of radiation on the secondary
velocity profile. It is interesting to observe that momentum
boundary has contracted for both cases under high increment
in radiation parameter. In both PST and PHF cases, the secondary
velocity has decreased dramatically, consequently decreasing the
thickness of momentum layer.

Figure 5C demonstrates the influence of radiation on
temperature profile. The temperature profile has been
observed to be decreasing for examined cases. In PST case, the
temperature profile has decreased. Furthermore, the thermal
boundary has increased, and it is worth noting that the
temperature profile for PST case towards the end experiences
a bounce. This shows the thermal boundary expands and then
satisfies the boundary conditions for said case. As the radiation
parameter increases, the temperature profile has decreased for

FIGURE 5 | (A) Impact of radiation on primary velocity (B) Impact of radiation on secondary velocity (C) Impact of radiation on temperature profile (D) Primary
velocity under heat generation influence.
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PHF. Maximum expansion in thermal boundary layer has been
observed for PHF case when compared with PST case.

5.6 Effect of Heat Generation/Absorption
The impact of internal heat generation/absorption on Casson
fluid flow system is determined in Figures 5D, 6A–C–C) on
primary velocity and temperature profiles, respectively.

Figure 5D shows the impact of heat generation on primary
velocity. The heat generation increment has decreased the primary
velocity for both PST and PHF cases. In PST case, the momentum
boundary has contracted and velocity profile has shown a more
sharp decline. The velocity profile for PHF case has also decreased
and severe contraction is observed in the momentum layer of
Casson fluid. The impact of internal heat absorption parameter is
examined on the primary velocity profile in Figure 6A. In PST
case, the primary velocity has decreased smoothly, whereas a linear
decreasing pattern has been observed in the case of PHF. The
associated momentum layer has shown expansion for both cases
under increments in heat absorption parameter. Moreover, in both
heat generation and absorption, the PST and PHF cases have
behaved in the exact same manner. The increment in heat
generation/absorption parameter shows that, for PST, the
primary velocity profile shows a decreasing behavior. While for
PHF, the increase in heat generation/absorption parameter shows
an increasing behavior for the primary velocity profile.

Figures 6B,C illustrate the impact of heat generation and
absorption on the temperature profile for both PST and PHF

cases, respectively. Figure 6B shows the influence of increment in
heat generation parameter on temperature profile. It is interesting
to observe that, with an increment in heat generation parameter,
the temperature profile for PST case has decreased while it has
decreased abruptly for PHF. Moreover, the PHF profile is
associated with temperature condition at boundary, so as the
result the temperature profile dramatically upsurged. Thermal
boundary has expanded sharply for PHF case when compared
with PST case (See Figure 6B). The impact of heat absorption
parameter is depicted in Figure 6C, where the temperature profile
has decreased and increased for PST and PHF cases, respectively,
with an increment in heat absorption parameter.

6 CONCLUSION

In this study, magneto-hydrodynamic radiative Casson fluid flow
incorporating internal heat generation/absorption, viscous
dissipation, and first-order chemical reaction past the doubly
permeable linearly stretching sheet is investigated. The achieved
outcomes of different study parameters are discussed for primary
and secondary velocity profiles as well as temperature and
concentration profiles. The boundary value problem technique
is utilized in Matlab and criterion of convergence is set at 10–07.
PST and PHF cases are examined comparatively under distinct
parametric influence, and obtained outcomes are analyzed for
both cases. The major results achieved are as follows:

FIGURE 6 | (A) Primary velocity under heat absorption influence (B) Temperature profiles under heat generation effect (C) Temperature profiles under heat
absorption effect.
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6.1 Results for PST Case
1) The thickness of boundary layers has decreased with

augmentation in Casson fluid parameter under fixed values
of miscellaneous parameters.

2) Concentration profile decreases while thermal profile and motion
in respective paths accelerates with increases in magnetic field.

3) Increment in permeability results in expansion of boundary
layers of Casson fluid. Grashof number causes reduction in the
thickness of thermal and concentration layers.

4) An expansion in concentration layer of Casson fluid is
observed with augmentation in Schmidt number and
chemical reaction parameter.

5) Increment in radiation produces an abrupt reduction in
momentum boundary in secondary velocity profile and
enhances the thickness of thermal layer.

6) Increment in heat generation/absorption expands thermal
and momentum boundary layers.

7) Nusselt and Sherwood numbers have enhanced with
augmentation in Prandtl number and chemical reaction,
respectively. Reduced shear stress rates were obtained.

6.1 Results for PHF Case
1) Thermal boundary expands, while thickness of momentum

layer has contracted with increases in Casson fluid parameter.
2) The horizontal motion of Casson fluid decreases smoothly,

whereas the momentum boundary layer experiences an
abrupt decline with high augmentation in magnetic field.

3) The increment inmagnetic force increases temperature profile
and expands associated thermal boundary of fluid.

4) The availability of free space increases the fluid motion in
respective directions and enhances the thickness of thermal
layer. Furthermore, concentration layer contracts.

5) Augmentation in Grashof number increases the thickness of
thermal boundary layer. Chemical reaction and Schmidt
number increment decrease the concentration profile.

6) The radiation impression expands temperature profiles while
it decreases velocity profiles under fixed constraint.

7) The thickness of thermal boundary increases with increment
in heat generation/absorption. The momentum layer
experiences contraction with increases in heat generation/
absorption.

8) Contrary to PST, Nusselt number decreases with varying
study constraints and Sherwood number increases. The
skin friction rates reduce to an all-time minimal.
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NOMENCLATURE

f, g Primary and secondary velocity profile in dimensionless form

θ, ϕ Temperature and concentration profile in dimensionless form

u, v Velocities components in respective direction (m/s)

vf Casson fluid’s kinematic viscosity

γ Casson fluid parameter

ρf, σf Density and electric conductivity of Casson fluid (kg/m3, W/(mpK))

(ρcp)f Volumetric heat capacity (J/kgpK)

B0 Magnetic field

qr Rosseland Radiation Relation

Rd Radiation parameter

UW Stretching velocity parameter

PST Prescribed Surface temperature

Pr Prandtl number

Gr, GC Grashof number for temperature and concentration, respectively

KC Dimensionless Reaction parameter

Sc Schmidt or Sherwood number

μB Plastic dynamic viscosity

Py Fluid yield stress

ϵ � eijpeij Self product of deformation rate

ϵc Critical value of component of strain tensor with itself

K0 Permeability of free space in dimensional form

β, βp Thermal expansion due to temperature and concentration, respectively

T , C Temperature (K) and Concentration profile

η Similarity variable

T∞, C∞ Ambient temperature (K) and Concentration, respectively

Dm Mass Diffusivity

VW Suction/Blowing parameter

PHF Prescribed heat flux

M,K Dimensionless Magnetic and Permeability parameter

Q0, Q Dimensional and dimensionless Internal Heat generation/Absorption
parameter, respectively

S Suction/Blowing ratio

EC Eckert number
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