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The solutions to fractional differentials equations are very difficult to investigate. In
particular, the solutions of fractional partial differential equations are challenging tasks
for mathematicians. In the present article, an extension to this idea is presented to obtain
the solutions of non-linear fractional Korteweg—de Vries equations. The solutions
comparison of the proposed problems is done via two analytical procedures, which
are known as the Residual power series method (RPSM) and g-HATM, respectively. The
graphical and tabular analysis are presented to show the reliability and competency of the
suggested techniques. The comparison has shown the greater contact between exact,
RPSM, and g-HATM solutions. The fractional solutions are in good control and provide
many important dynamics of the given problems.

Keywords: fractional calculus, Laplace transform, Laplace residual power series method, fractional partial
differential equation, power series, g-homotopy analysis transform method

1 INTRODUCTION

Fractional Calculus literature dates back to 1,695 and considered to be as old as classical calculus.
L’Hospital was the first to write a letter to Leibnitz about the concept of the time-fractional derivative,
and progress in that direction has been gradual since that time. Later on N. H. Abel, L. Euler,
J. Liouvilles, H. Holmgren, J. B. J. Fourier, A. K. Gruwald, P. S. Laplace, B. Riemann, E. R. Love, A. V.
Letnikov, A. Krug, J. Hadamard, S. Pincherle, H. Weyl, O. Heaviside are among the few Nobel
laureates in mathematics till the 20th century. Other Mathematicians such as H. Laurent, G.H.
Hardy, and J. E. Liitlewood, as well as P. Levy, A. Marchand, H. T. Davis, A. Zygmund, A. Erde’lyi, H.
Kober, D. V. widder, and M. Riesz, have contributed a lot towards FC. After 1930, there was
infrequent additional research in this subject.

FC is a substitute calculus that may be used to appropriately design a variety of phenomena such
as Optics [1], Hepatitis B Virus [3], Tuberculosis [4], Air foil [5], modelling of Earth quack nonlinear
oscillation [6], Propagation of Spherical Waves [7], the fluid traffic [8], Chaos theory [9], Finance
[11], economics [12], Zener [10], Cancer chemotherapy [13], Electrodynamics [14], heat transfer
model [15], the fractional nonlinear space-time nuclear model [16], traffic flow model [17], Poisson-
NerstPlanck diffusion [18], Pine wilt disease [19], Diabetes [20], fractional COVID-19 Model (2],
biomedical and biological [21] and other applications in various branches of research [22-24].
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Fractional differential and integral equations have been found to
be the most desired tools for appropriately designing numerous
physical processes. The polymers model with rheological
characteristics, is the most important design that has been
represented by FDEs. some others advanced development of
FDEs includes bio tissues, nuclear mechanics, ractional
diffusion, involuntary vibrations and thermo-elasticity [25-31].

Many mathematicians have made their efforts to develop or
implement numerical and analytical techniques for the solutions
of non-linear fractional partial differential equations (FPDEs). In
this context, Hassan et al. have presented the solutions of some
non-linear FPDEs and their systems in [32-35]. Many Other
important and efficient techniques that have been implemented
to solve FPDEs and their systems are Iterative Laplace transform
method [38], optimal homotopy asymptotic method (OHAM)
[39], extended direct algebraic method (EDAM) [49], Adomian
decomposition method (ADM) [40, 41], Natural transform
method [42], the Finite difference method (FDM) [43], the
(G/G)—expansion method [48], the Homotopy perturbation
transform technique along with transformation (HPTM) [44,
45, 47], standard reductive perturbation method [50], the Haar
wavelet method (HWM) [51, 52], spectral collocation method
(SCM) [46], the Variational iteration procedure with
transformation (VITM) [58] and the differential transform
method (DTM) [53-55]. In similar way, the novel techniques
have been used for the solutions of Korteweg—de Vries equation
and time-fractional Drinfeld-Sokolov-Wilson system and can be
cited in [56, 57].

In this article, We are working with two efficient techniques,
namely residual power series method (RPSM) and q-homotopy
analysis transform method (q-HATM) to obtain the analytical
solutions of Korteweg-de Vries equation (KdV) equations. The
goal of the present research is to use -HATM and RPSM to
visualise the solutions to the KdV equations. The RPSM has a
simple and fluent implementation in both strongly linear and
nonlinear IVPs. RPSM [59] is used to construct power series
solutions with the exception of perturbation and linearization.
For an approximate analytical solution, the suggested approach
uses a polynomial. The suggested approach is dominant over the
Taylor series method because it allows to control large-scale
computing. RPSM is used for systematically investigating the
coefficients of a series form solutions. A fundamental advantage
of RPSM is that it can be applied to other FPDEs and system of
FPDEs. Another method which is known as -HATM [36, 37] is
the result of combining HAM and LTM when g € [0,1]. The
benefit of ¢-HATM is that it adds two strong computational
approaches to solve FPDEs. The goal of this method is to create a
precise function that can be solved using homotopy polynomials.
The illustrative examples demonstrate the viability of g-HATM.
The proposed approaches are similar to implement for multi-
dimensional non-integer physical problems.

In this research paper, the solutions of various FPDEs related
to KdV equations are investigated by using the proposed
analytical techniques, -HAM and RPSM, at the same time.
The suggested techniques have different procedure to obtain the
solutions of fractional KdV equations. The obtained results of
the two innovative techniques are compared to one another as
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well as with the exact solutions to the problems. The obtained
results are displayed by using graphs and tables. The absolute
errors at different fractional order are calculated and have
shown the greater accuracy of the proposed methods. The
RPSM procedure is simple and has a direct implementation
to the targeted problems. Moreover, the linearity of the
problems is handled in a very sophisticated manner as
compare to other analytical procedures. The exact and
approximate solutions for both techniques are very closed to
the exact solutions of the given KdV equations. The fractional
solutions are very convergent towards the integer order
solutions and obey the higher efficiency of the present
techniques. This paper is structured as follows: Section 2
represent some basic definition. Section 3 is the methodology
while in Section 4 some numerical results are compared by
using two powerful methods. Section 5 is the conclusion
section. References are present at the end of the paper.

2 BASIC DEFINITIONS

In this section we will discuss some important definitions.
2.1 Caputo Operator
For function f (53), the Caputo derivative of order § is define as

[60, 61].

d=neN,

DLf(F) =

; N & _ \n-0-1 £(n)
I‘(n—é‘)Jo (8-9 f"(c)ds, n<d<n+1, neN.

2.2 Definition

An expansion of power series (PS) at point J = J is known as
fractional PS and is given by [63].

D a (S-S =ap+a (S-S0) +a(S-S)+ -,
n=0

&
D Fa (S =B0)" = fo()+ F1{N(S=F0) + f2() (S - So)* + -+,
n=0

n-1<6<n, J=9,

Note: FPS can be expanded at point J as
o © D5y (s So)
y(C>‘S)_Z F(T’l6+1)

n=0

n—-1<6<m,

(S-S0, 0<

cel, Gp<T<[+ R,

which is the Taylor’s series expansion form.

2.3 Laplace Transform
The LT for continuous function ¢(<) is defined as [62].

oo

GO =Ls(®)] = [ TS,

0

here G(s) is the LT for the function g(S).
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2.4 Definition
The LT L[y(¢, )] of Caputo fractional derivative is given

by [62].

n-1
L[DFy ()] =Ly (6. B)] - ). "'y (5,0),
k=0

1

n—-1<nd<n.

3 METHODOLOGY OF RPSM AND Q-HATM
FOR FPDES

Consider a generalized non-linear FPDEs,

Dy (6. I)=N((F))+R(¥(¢S)), n-1<8<n, F>0,
@)

with initial condition,
y(6:0) = f(¢)s 3)

where @% is the Caputo type fractional derivative, R is linear and
N are non-linear terms.

3.1 RPSM Procedure
The procedure of RPSM [64] for the solution of Eq. 2 is
given below.

Let
o g
y(6S) = ;f,,(c)m, 0<8<1, —co<g<oo, 0<J<R,
4
the kth truncated series for y (¢, J) is given as
Zf (C)F(1+n6) ©)
for k = 0 Eq. 5, become as
70(6:3) = y(5,0) = f(9), (6)
further Eq. 5, implies that,
k g
yi(6:9) = £(9) +;fn(c)m, k=12..., (7)

for Eq. 2, residual function is presented as

Resy (6,9) = D5y (6.8) - N(y(59) -R(»(¢9), (8

s0, the kth residual function becomes

Resyi(6,9) = DYy (6:F) - N(3(6:9) - R(y (6, F)). (9)

As in [65, 66], it show that Res(¢,S)=0 and
lim,,_,..Res; (¢, S) = Res(¢, ). Therefore, ‘D?Resy (¢, ) =0,
The fractional derivative of a constant is 0 in the Caputo
definition so @”gsRes(c, 0) = Q)”SBResk(c, 00=0,k=0,1,...,n
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that is the fractional derivatives Q)"S‘S of Res,, (¢, J) and Res (¢, J)
are matching at 3 =0 foreachn =0, 1, ..., k;.

To calculate f1(c), £2(¢), f3(¢), - - ., we put k=0,1,...,inEq. 5,
and putting in Eq. 7, after that we take Q)a % on both side of the
result we obtain

DEResy (00 =0, k=1,2,-. (10)

3.2 q-HATM Procedure
Applying LT to Eq. 2 and using the property, we obtained

n-1
SL{y (6} - ) £ yP (6,0 + L{Ry (¢, F) + Ny (6, )}
k=0
=L{g (s, )}
(11)
Eq. 11, implies that
1 n—1
E{y(c: S)} - = Z Sﬁfk—ly(k) (C,O)
ST k=0 (12)
= L[Ry(63)+Ny(63)-g(¢3)] =0.
The non-linear operator is given by
1 n-1
N[0(sS:9)] = £{0(6 S;9)} - 5 ™07 (6:5:9) (0)
k=0
1
+ S—BE[Ry(c,S) +Ny(6,3) -9 )],
(13)

the real function of ¢, §
homotopy as [67].

(1 -nq)[£{0(, T3 q)

S and qisq € [0, ] 0(s, 3; q).Construct a

= hgH (¢, )N [0(s, S 9)]-

(14)

- 20(6, )}

In Eq. 14 £ is the Laplacian operator, h # 0 is the auxiliary
parameter, H(S) is non-zero auxiliary
function, n>1,q € [0,1] are the embedding parameter,
0(¢,;q) is an unknown function and the initial condition
Y0 (6, ).

As for g = 0 and g = 1, the obtain result is

0650 = »(6Dandd(6.5:) = y(6 9. (13

By using Taylor theorem 6(g, J;g) should be expressed as;

0(¢5:a) = 70 () + Y. yu (6 )q", (16)

m=1

where

0"0(,3: q)
(6 9) = — [aqm

As a consequence, we obtain the following result

gq=0-+ (17)
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Z ym<c,o>( ) (18)

In Eq. 14, zero™ order solution, which can be obtained by
differentiating m-times and setting q = 0, implies that

— knYme1 (6 D)} = hH (6, ) Rn(y,y ). (19)

)’m(C,S) )’o C)

L{ym(69)
In Eq. 19 the vectors are defined as
;/m = {)’0 (C) S)) )’1 (C) S)) L >ym (C) S)}

By taking inverse LT of Eq. 19, we get

I (69) = ki (6 8)ym1 (6.F) + L {H (6 )Ron(¥,1)
(20)
as
- L [9"'N[0(sS:9)]
mm(ym—l) = (m—1)! [ o™ |q=0>
and
0, m<l,
km_{n, m> 1. 1)

The q-HATM series solution to the given problem is Eqs
20, 21.

4 NUMERICAL RESULTS

We used RPSM and q-HATM to solve the nonlinear KDV
equation in this part.

4.1 Example

Consider the fractional order KDV equation of the form [68].

y ay >y
— =0, 0<d<1, 22
03 ac T o¢ - (22)
with initial condition,
¥ (5, 0) = 66,

the exact solution of the Eq. 22, is

s =
(63 =156

4.1.1 RPSM-Solution
First Approximation.

Using RPSM, we get the Kth truncated series of the solution of
Eq. 29.

~nd

k
oy 3
k(c,m—;fn(c)—r(lm&, (23)

Equation 29 has a zeroth RPSM approximate solution, which is
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70(6:3) = ¥(6,0) = f(9).
The Eq. 23, can be represent as
k g
W& =D+ D Oy k=b2on @9

set k = 1 in Eq. 24, we obtain

35
y1(69) = f(C)+f1(C) T o)
where y (g, 0) = flg) = 66
~0
11(6) =66+ f, (C)m~

The residual function of Eq. 22, is given by

)

Iy o +ay

R . 3) =
esy(63) 0%° T o¢  0o¢}

The K — th residual function Resy (¢, J), is given by

Oy L0 W
Resyi (6, 3) = a—s,(g— 3a—c+ ac >

(25)

put k = 1 in the Eq. 25 we get

2’y 1 9

03’ T o¢  0o¢’

~0
Resyy (6,.9) = f1(c)— 6<6c +fi (c)ﬁ)

Resy, (¢, 3) =

015

86
<6+f1(c)r(1+6) fl(c oy (26)

put Resy; (¢, 0) = 0 in Eq. 26, we get

f1(¢) = 216¢.

Second approximation.

Put k = 2 in Eq. 24, we get

86 ~20
%3 =
¥2(63) = f( c)+f1(c)r(1 o) fz(c)r(1 T20)
where f(¢) = 6¢, and f1(¢) = 216,
- 16co g2
yz(c,o)—6c+r(l fz(C) T(1+20)

put k = 2 in Eq. 25, we get

Oy 05 Oy

03 Bc o’

~0 6cS c~25
Resyz(c,ﬁ)=(216c+fz(c)ﬁ)—6(6c rz(llc fz(c)r(1+28)>

Resy, (¢, 3) =

21636 4—425 (-426
< Taso) (C)r(1+25)) I. (C)r(1+25>
(27)
we know that
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DY " Resyi (6, ) = 0, (28)
put k = 2 in the Eq. 28, we get
DYResy; (¢, ) =

Applying D% on both sides of the Eq. 27,

216¢3° g 3
DjResy, (¢, S) = fz(c)faKaq+ r(lc‘;)*ﬁ(or(l‘s )><216+f2’(C)ﬁ>

326 21656 525 m o~8
+(216”f2(‘)r(1+z5)>(6 rase 9T )] Oty
(29)
put D%Resyz (¢,0) = 0 in Eq. 29, we get
f2(g) =15552¢.
Third approximation.
Put k = 3 in Eq. 24, we get
0-6 20
) +
¥3(6.3) = f (<) fl(c)r(1 fZ(C)I'(1+25)
30
+
F O30y
where f(¢) = 6¢, f(¢) = 216¢, and fo(¢) = 15552,
216¢3° 155526‘25 g¥
, ) = 66+ ,
7 (&) =6t 5 T2 T 0T 39)
put k = 2 in Eq. 25, we get
& ys 0y 9'ys
Resys; (¢, AR
3(6,3) = 3% o T ae
15552 g¥ 216630 15552632 g*
R (o) <216C+ r(1+c:;) *fl(dr(nza)) 6[<6C+r(1id¢s)+ r(1+g25) +f3(<)r(1‘s+35))
esys (6, x8) = N
2163°  155523% g% g
<5+r<1f5)+r(1+‘zsa) f3(‘)r(|+35 )] i F(IJ+36)
(30)
put k = 3 in Eq. 28, we get
DgResys (¢, ) =
Applying Dzs‘s on both sides of the Eq. 30,
25 - ~ 216¢3°  15552¢F% g%
DgResys(69) = f3(0) 6[<6C+r(1 +0)  T(1+20) f3(C)r(1 +30)
58 58
(15552c+f3(c) T+ 8)) (15552c+f3(c)m>
2163° 155528, g* ” g°
( "Ta+9) r(1+25)+f3(<)r(1+35)) S Oray
(31)

put D%‘SResyg (¢,0) = 0 in Eq. 31, we get
£3(c) = 1119744g.

In terms of RPSM, the solution of Eq. 29 is as follows:

The Efficient Techniques for Non-Linear Fractional View Analysis of the KdV Equation

("6 525
Y69 =fO+ [ O5rrs O 135
30
+f3(C)r(1+38) o
(%6 , 216680 155528 1119744¢S”
YO = O T v ) T T(1+20) | T(1+30)

4.1.2 g-HATM Solution
First Approximation.
Taking LT of Eq. 22, and simplifying

1 9y> 3y
"1y0(c,0) - £<3¥_a—c3 =0,

6¢c 1 0y? o’ y
3 —_ R AR =
LG -2-5 .c<3 5 3

N is a nonlinear term that can be expressed as

6¢ 1 9y 0y
Siq)]-=-=L[35-2=2 ).
sia)] - %= Le(a%5- 2
Using the q-HATM approach

kmym—l (C’ S) + h‘cil [Rm (ym—l)]> (32)

take m = 1 in Eq. 32, we obtain

Lly(I)] -

N[6(s.S:9)] = L[0(s,

Ym (6 ) =

Y1(6.) = kiyo (6, ) + het [Rl ()’0)], (33)

_ k,\6¢ 1 02, 0 Yma
RM(J’m—l)—L(J’m—l)_<1_7>?_s_5£<3 ¢ - ac >
(34)

use m = 1 in Eq. 34, we obtain

ki\6c 1 9y: 9y,
= —(1=-2)2_= ’
Ry (y0) = L () < n) P £<3 o o

216¢
= S+1 "
Put in Eq. 33, we get
1 [216¢
71(69) = [55—1]
216h¢S°
Y =
716, 3) T(1+0)
Second Approximation
Put m = 2 in the Eq. 32, we get
¥2(6.%) = kay1 (6, F) + hL™ [Ry (y1)]s (35)

put m = 2 in Eq. 34, we get

ky\6¢ 1 a9y o
R =£00-(1-5) 5235 -5

216h¢ 279936h2c(T(25 +1))
sl+o §30+1 (T + 5))2 !

Put in Eq. 35, we get
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216nh¢S® . [216h¢  279936h%¢(T (268 + 1))

) = —
726 =Ty §41 S((118). |

216M2cS?
r(+9)

_ 279936h*¢S* (T (26 + 1))
L(36+1)(I(1 +98))*

216nhq5‘s
Ir'(1+9)

¥2(6,3) =

Third Approximation
Put m = 3 in the Eq. 32, we get

k32 (6, 3) +hC! [Rs (}’2)]) (36)

put m = 3 in Eq. 34, we get

k3 6(; 1 ay2 53)/2
Rs(y2) = 216nhc 216h2q 279936h3c(1"(26+1))(F(36+1))
Y2) = S +1 56+1 36+1(r(1+6)
_6< 216nhg 216h2<_279936h3<(r(26+1))(r(36+1)))

$20+1 - $20+1 S45+1(F(1 +5))2
< 216nh 216k 279936h° (I (28 + 1)) (I3 + 1)>]

2041 - 2041 546“(1"(1 +5))2

¥3(6, ) =

put in Eq. 36 and simplifying we get

- 216m°heS’  216nh°cS°  279936nk’¢S™ (I'(28 +1))
763 =0 s) T T+ T(36+ 1)(T(1+0)°
216nh%¢S? 216h3q35 279936h* ¢ (I' (26 + 1))
I(6+1) T(@+1) (T(1+6))>

> 216nh*¢S? _216K%¢S g¥ 279936h4<°45(r(26+ D)(T (38 + 1))
F26+1) T(25+1) I(46 +1)(T(1+9))*
216K

( 216nh* 3%

279936h* S (I' (26 + 1)) (I38 + 1)
ré+1)

TT@é+1) T(46 + 1) (T (1 + )’

In terms of q-HATM, the solution of Eq. 22 is shown as

7(65) =y0(6,T8) + y1(63) + ¥2(6.3) + 3 (6. T),
- 216h¢S°  216nheS° 216h2¢35 279936h%¢S* (I' (28 + 1))
Y6 =6 T ) T T+ T(1+0) TG0+ DT+
216;1%55 216nh*¢°
r(1+9) T(1+9)
279936nh* M‘3(r(25+ 1) 216nh*cS°
T30+ 1)(C(1+8)°  T@+1)

216h~‘<s6 279936h*¢S¥ (I (26 + 1))
T(d+1) (F(1+8))
6 szhz ¥ 216h3 g2 279936h4c‘”46(1“(26+ 1))(T(38 + 1)))
T(26+1) T@o+1) T(48+1)(T(1+0))
<216nh25” 216K°F% 279936h* S (I (26 + 1)) (I38 + 1))]

F(26+1) T(20+1) T (40 + 1) (T (1 + 8))?

4.2 Example
The fractional order K (2,2) equation is [68].

dy oy 9y
656+ o + e =0, 0<d8<1, (37)
having initial condition
y(60) =g

Exact solution is

The Efficient Techniques for Non-Linear Fractional View Analysis of the KdV Equation

1S
,3) = .
763 =173

4.2.1 RPSM-Solution
First Approximation.Using RPSM, we get the Kth truncated
series of the solution of Eq. 37

~nd

(6 3) = Z WG e (38)

Equation 37 has a zeroth RPSM approximate solution,
which is

(6 0) =

Equation 38 can be represent as

Y0(6, ) = f(),

evn&

766 9) = f(9+ an(c)r(1+ oy k=Lze 69

for k = 1 Eq. 39, become

c-5
1(69) = f(c)+f1(c)r(1+5)
where y (¢, 0) = fl¢) = ¢
~0
163 c+f1(c) T+

the residual function of Eq. 37, is given by

dy 3y oy
Resy(C,S) = a—‘c\}s'i' a—c+a—c3,

the Kth residual function Resy (¢, ), is given by

Oy, i, N
aea ac aCS

Resyi (6, ) = (40)

put k = 1 in the Eq. 40, we get

T
08° 0 0¢

|:<C+f1('€) 1+6>(1 F(l

<c+f1(c) ) <fl (c)r(1+

"
) 5
r(1+5><fl(C 1"(1+6
5) ;

Resy, (6, T) =

")

+

Resy (6,3) = f1(¢) + 24 +<1+f1 >]
+<1+f1(C) <f1 (9 F(1+ )}
|or )( Hi© r<1+6>>]

(41)
we know that
Resy, (¢, 0) =0, (42)
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use Eq. 42 in Eq. 41, we get
fi(9=-

Second approximation
Put k = 2 in Eq. 39, we get

0’5 SZ(S
¥2(6,9) = f(¢) +f1(C) T(1+9) fz(C)m,
where f(¢) = ¢, and f(¢) = -
B 2¢3° 2
=S rare) Oty

put k = 2 in Eq. 40, we get
¥y 1 Py
03°  oc  0¢d’
85 zcsts 0125
=2+ O gt 2[<c T(1+0) fZ(C)r(1+28)
255 (~25
X<1 T(1+9) fz(c>r(1+25)>]

ngﬁ 0-26
+2_(c ra+e 2 F(1+26)><f2 © r(1+2a)>
( 236 , c~26

0—26
?_r(1+6)+f2 r(1+25)>(fz(c 1+26)>

286 c~25 0125
*2 _(1 a0 P Orai +25)><f2 (C)F(l 1 20)

~20

, I3 25 g%
+<f2 ©OFa +23)><1 oo P Ota e +25)>

we know that

Resy; () =

+

) L

(43)

D§ P Resyi (6, S) = 0, (44)
put k = 2 in Eq. 44
D‘%Resyz(c, 3) =0,

applying D% on both sides of the Eq. 43, we have
[(_2C+f2(C)I‘(IS—j-5))< 2+ fz(C)r(:a)ﬂ
+2[<—2c+ fz<c>ms—j6)><f;”(c) ms—ia))
+(_z+f;<c>rfi 5))(f;' (c)r(lsi 5))]
+2 <*2*fz'(C)r(lsi5))(f;(‘)r(15i6)>

o0 5
(fz(‘)r(lﬂs))( fZ(C)F(H@))]

put D%Resyz (¢,0) =

D3Resy; (6,3) = f2(¢) +2

(45)
0 in Eq. 45, we get
fz (¢) =~

Third approximation
Put k = 3 in Eq. 39, we get

The Efficient Techniques for Non-Linear Fractional View Analysis of the KdV Equation

er(S 20
V3 (6, J) = fo(C) fl(C)r(l fz(C T(1+20)
ev36
+ f3 (C) 38)
where f(¢) = ¢, fi(¢) = —2¢ and f,(¢) = -
2¢3° 8¢ g%

3(63) =6~ T(1+06) I(1+20) 1509 T(1+30)

put k = 2 in Eq. 40, we get

Oy 0y (@ys\
R ,3) = + 22+ ,
e7:(6%) =355+ % T\ G0

8c55 525
(’2"r(1+5)+f3“)r(1+25)>

2650 8cG? g%
2 c— _
* KC ra+0) Ta+20) 2 OTar39)

23° 832 , g¥
(1’r(1+5)’r(1+25)+f3(‘)r(1+35)>]
o 2650 8cG? 5% g
Resys (63 =1 +2[<c_r(1+5) ra+2 Oty 36))<f"‘ © F(1+36)>
255 8825 , 535 535
(1’ 1o ta+2 Ot ><f3 (‘)r(usa))

23° 8g» g g
(1 Ta+e Tasra 6 r<1+35)><f3(‘)r(1+35))

535 336
<f3(‘)r(1+35 ><f3 1+36)>]

put k = 3 in Eq. 44, we get

(46)

DZResy; (6, F) =0,

applying D? on both sides of the Eq. 46, we have

<0 g0
DZResy; (6,3) = f5(c) +2[(—8C+f3(0ﬁ)< f3(C)F(1 +8)>]
~0 e'tY
+2|:(78<+f3(c)r(;‘+5)>< ;,,(C)F(IJH;))

50 g°

8+f3“)r(1+5)>< : ()F(1+5)
g° m s’
( B f3(g)r(l+5))( : (“)r(1+6))
5
( 3"(C)r(1+5))(f3 (C)F(1+5)>]

put D?Res;@ (¢,0) =

(47)

0 in Eq. 47, we get

f3(¢) =—-128¢r

The RPSM solution of Eq. 37, is given as

~0 28
y(6) = f(c)+fl(c)r(1 fz(c) T20)
30
+f3(‘;)r(1+35) o
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2c5° 8¢ 128¢3% .
r(1+48) T(1+25) T(1+39)

y(68) =¢~-

4.2.2 g-HATM Solution
First Approximation.
Taking LT of Eq. 37 and simplifying

ayz a3y2
) S—k—
"Ly (6, )] Zs 1yk(c,O)+£<a—+ 3 =0,

k=0

9y> 9’y B
Ly - }’0(C>0)+— <8—c+ e =0,

g Sy L (0,0
L[y 9I)] ; E<6c+ 30

N is the nonlinear term and is defined as

1y oy 83}/2)
N[0(s,S;9)] = L[0(s S; ——+ E + .
063:0)] = £10(6 3] -+ 5£( %+ 52

N

Using the procedure of ¢-HATM

ym (C) S) = kmym—l ((;: S) + h‘cil [Rm (ym—l)]: (48)

for m = 1 Eq. 48, become

y1(6.3) =kiyo (¢, S) + hL™ [Ri (»0)], (49)
_ kn\e 1 ayﬁH 83)/3”71
Rm(ym—l) - ‘C(ym—l) - (1 - 7);+ §£<a—c+ a—g3 )
(50)

for m = 1 Eq. 50, become

k 1 [0y} O’y
Riow =0m) - (1-5) S (%24 52),

26

ool

Put in Eq. 49, we get

72
»(6®) = he |55,

2hcSe
T(1+96)

y1(63) =

Second Approximation
Put m = 2 in Eq. 48, we obtain

206, 3) :kz)’l(C»S)+h[51 [Rz ()’1)], (51)

set m = 2 in Eq. 50, we have

_ k, 1 [0y} 9y
Raw =200 - (1-2) 54 5o( 4220,

_ 2hg  8h¢(T(26+1))
T ogle §30+1 (raa+ 6))2-

Put in Eq. 51, we get

The Efficient Techniques for Non-Linear Fractional View Analysis of the KdV Equation

2nh¢S® he! 2he¢  8h*¢(T (28 +1))

I(1+96) s BT (1+8)) |
2nh¢S® . 2h% S0 . 813 cS¥ (M(26 + 1))
[(1+8) T(1+8) T(B8+1)((1+8)*

¥2(6,3) =

yZ(C)S):

Third Approximationfor m = 3 Eq. 48, become as

3(6, ) = k3)’2 (S S)"'h[:l [R3 (}’2)]> (52)

as for m = 3 Eq. 50, become as

k F) Py
R3(y2):[,(y2)_<1_;3>;+_£< ayng“ 5o >

2nhg  2h’g  8Rg(T(28 +1))(T(34 + 1))

S(S+1 56+1 536+1 (F(l + 5))2
2nhg . 2K . 813¢(T (28 + 1)) (T (38 + 1))
$2¢5+1 526+1 S4<$+1 (F(l + 8))2

@Jrz_h2 81° (T (28 +1))(I'38 + 1)
525+1 SZ(3+1 S45+1 (r(l + 6))2 >

put in Eq. 52, and simplifying
202h¢S? N 2nh? S0 N 8nh*¢S¥ (I (26 + 1))
[(1+68) T(1+8) T(35+1)(I(1+9))°
=2nh2c36 . 21 ¢3? . 8h*¢S¥ (I' (26 + 1))
T(6+1) T(5+1) (T (1 + 0))*
[<2nhz IS . 21 cFY . 8h* ¢ (T (26 +1)) (T (36 + 1)))
T(26+1) T(26+1) T (48 +1)(T(1+9))

2mh? g . 20 FH +8h“8““(1‘(26+1))(1‘38+1)
[(26+1) T(26+1) T (46 + 1) (T (1 + 8))>

y3(6, ) =

The q-HATM solution of Eq. 37 is given as

Y(638) =»0(68) + y1(63) +12(6.3) + ¥ (6. ),
2h¢S? . 2nheS? . 210 . 8¢S (I' (26 + 1))
T(1+08) T(1+8) TA+68) T(Bs+1)([T(1+6)
22h¢S° 2nh? ¢S
Ta+o) "T(1+o)
8nh3c‘"3‘5(1"(26+ 1))+ 2nh2<35+ 2130 . 8h' ¢S (I' (26 + 1))
"T(38+1)(T(1+8))° T(d+1) TL(6+1) (T(1+9))*
22 Y . 213 ¢SY . 8h e (T (28 + 1)) (T (36 + 1))
r(2é+1) Tr2é+1) [ (46 +1) (I (1 +9))*
20 S® 23SE RSV (I(20 + 1)) (I36 + 1)
X + + .
F(26+1) T(28+1) T(46 + 1) (T (1 + 8))?

y(6])=¢+

4.3 Example
The fractional order KDV equation of the form [68].

y 10y Oy
—=+-—-=5=0, 0<6<1, 53
08" 20 o¢ < =
the initial condition of Eq. 53, is
y(60) =g

The exact solution of the Eq. 53, is
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FIGURE 1 | 3D plots of (A) RPSM (B) Exact (C) g-HATM-solutions at § = 1 of Example 4.1.
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FIGURE 2 | 2D plots of (A) RPSM (B) Exact (C) g-HATM-solutions at § = 1 of Example 4.1.

y(6Q) = =5

4.3.1 RPSM-Solution
First Approximation.

The Kth truncated series of the solution of Eq. 53, using RPSM
we get

~nd

k
76 =Y £ ﬁ (54)

the zero™ RPSM approximate solution of Eq. 53, is

yO(C>S) = C)O) f(C)

so the Eq. 54, should be written as

e—n&

) k=1,2,--  (55)

yi(6.9) = f(o) + Z Qe

put k = 1 in Eq. 55, we have

0-6

y1(63) = f(5) +f1(c) oy

where y (¢, 0) = f(¢) = ¢,

~0
L(1+0)
the residual function of Eq. 53, is given by

y1(6,93) = c+f1(<)

o Oy 10y* Oy
Resy(c,\s) = a—\’s‘ﬁia_c_a_cﬁ’
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010 0

FIGURE 3 | 3D plots of (A) RPSM (B) g-HATM-solutions at § = 1, 0.9 of Example 4.1.
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FIGURE 4 | 3D plots of (A) RPSM (B) Exact (C) g-HATM-solutions at § = 1 of Example 4.2.

the Kth residual function Resy (g, J), is given by we know that

Resy (6. 5) = %Jr 10y Oy 56 Resy; (5,0) =0

’ 03° 2 0¢  0¢’ ;
put in Eq. 57, we get
put k = 1 in the Eq. 56 we get fi(o) =—
3
Resy, (¢ F) = 3y 61 + 1 E)_yf _9 ); ! Second approximation
03° 2 o5 ¢ Put k = 2 in Eq. 55, we get
c~5
Resyi (6, 3) = fl(c)+(c+f1(c)r(1 +5)> g0 g2
2(68) = f(9)+ fu Ories + 20—

I'(1+26)

~0 05

~3
(1 +h (C)r(l +8)> fi (C) +0) (57) where f(¢) = ¢, and fi(¢) = -
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020 0

FIGURE 5 | 2D plots of (A) RPSM (B) Exact (C) g-HATM-solutions at § = 1 of Example 4.2.
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FIGURE 6 | The 3D plots of (A) RPSM and (B) g-HATM solutions of example 4.2 at § = 1 and § = 0.9.

3 g g"l)aResyk (¢.J)=0, (59)
fz 9]
T(1+0) T(1+20)

=G¢—
put k = 2 in Eq. 59, we get

ut k = 2 in Eq. 56, we get
P 8 D‘%Resyz .J)=0

Resps (6. ) - afsz ; 1 a_yﬁ . > J;z’ applying D‘% on both sides of the Eq. 58, g":,g have
08° 2 0¢  0c D%Resy; (¢, ) = f2(c) +( ¢+ () )

- 50 g ) T'(1+96)
Resyz(C,«S)=< C+f2(<)r(1+5)>+<c_r(1+5) fZ(C)r(1+26)) 0 0

0 20 g2 ( 1+ fz (C) ) f2 (C)
(l"r( +f2(‘)r(1+25))_f2 O Tarzey L(+0y

(58) (60)
we know that put D& Resy; (c,0) = 0 in Eq. 60, we get
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B y-0.9

010 0

FIGURE 8 | 2D plots of (A) RPSM (B) Exact (C) g-HATM-solutions at § = 1 of Example 4.3.

- _c 5 PR
f2(9) =~ Resya(c,s):ay3+1%_ay;,
. N 93° 2 0¢ O
Third approximation . 3 g%
Put k = 3 in Eq. 55 we get (-C—r(l +f3(9) 1+25)>
169 = Fol@+ frO s oS ' 5
3\5 0 1 2 — —
T(1+ (1 +29) +[<C T(1+0) r(1+za)+f3“)r(1+3a)>
5% Resys6,J = 1
+f3(C)—, L 55 ~ 528 +f,( ) 30
I'(1+30) T(1+0) T(1+20) 19T T+39)
where f(¢) = ¢, fi(¢) = —¢ and f5(¢) = —¢ g
- 3 g 30 +f3 (C)F(l +35)
(6= rs Tta+2s) T O esey (61)
put k = 2 in Eq. 56, we get put k = 3 in Eq. 59, we get
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FIGURE 9 | 3D plots of (A) RPSM (B) g-HATM-solutions at § = 1, 0.9 of Example 4.3.

TABLE 1 | A comparison of RPSM, g-HATM and exact for various values of ¢ and S.

S I3} RPSM RPSM q-HATM q-HATM Exact AE RPSM AE g-HATM AE NIM
6=09 é=1 8=09 é=1 é=1 é=1 é=1 [68] 6 =1
0.25 1.6217932 1.5559906 1.6115030 1.5539066 1.5560165 210672 2.50F° 2.69E°°
0.50 0.001 3.2435864 3.1119813 3.2230061 3.1078133 3.1120331 421E73 518E7° 5.18E°°
0.75 48653796 46679719 48345091 46617200 4.6680497 6.327° 778675 7.78E7°
1 6.4871728 6.2239626 6.4460122 6.2156267 6.2240663 8.43E73 1.03674 1.0867*
0.25 2.1852795 1.8244320 1.9364281 1.7583360 1.8292682 7.09E72 4.83F° 4.83E°
0.50 0.005 43705591 3.6488640 3.8728562 3.5166721 3.6585365 1.41E7" 9.67E8 9.67E78
0.75 6.5558386 5.4732960 5.8092843 5.2750082 5.4878048 2126 1.45672 1.45672
1 8.7411182 7.2977280 7.7457124 7.0333442 7.3170731 2.83E"" 1.93672 1.93672

TABLE 2 | A comparison of RPSM, g-HATM and exact for various values of ¢ and .

S RPSM RPSM q-HATM q-HATM Exact AE RPSM AE g-HATM
3 6=1 §=09 d=1 é=1 6=1 d=1
6=09
0.25 0.2489578 0.2494989 0.2489627 0.2495000 0.2495009 2E° 9.956”"
0.50 0.001 0.4979157 0.4989979 0.4979254 0.4990000 0.4990019 470 1.9967°
0.75 0.7468736 0.7484969 0.7468881 0.7485000 0.7485029 6.01£7° 2.98£°°
1 0.9958315 0.9979959 0.9958508 0.9980000 0.9980039 8.01E°° 3.987°
0.25 0.2463277 0.2479836 0.2463885 0.2480001 0.2480158 3.2267° 1.57E°
0.50 0.004 0.4926555 0.4959673 0.4927771 0.4960003 0.4960317 6.44E7° 3.14E7°
0.75 0.7389833 0.7439509 0.7391657 0.7440005 0.7440476 9.66£7° 471E°
1 0.9853111 0.9919346 0.9855543 0.9920006 0.9920634 128674 6.2867°
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TABLE 3 | A comparison of RPSM, g-HATM and exact for various values of ¢ and §

S 3 RPSM RPSM q-HATM
§=0.9 d=1 §=0.9
0.25 0.2494807 0.2497498 0.2494813
0.50 0.001 0.4989615 0.4994997 0.4989627
0.75 0.7484422 0.7492496 0.7484440
1 0.9979230 0.9989994 0.9979254
0.25 0.2477814 0.2487468 0.2477924
0.50 0.005 0.4955629 0.4974937 0.4955848
0.75 0.7433444 0.7462406 0.7433772
1 0.9911259 0.9949874 0.9911697

DZResy; (¢, ) =0,

applying D% on both sides of the Eq. 61, we have

D3 Resy; (¢,3) = f3(c)

9«6 0'5
[( c+f3(c)r(1 +5)>< f3(c)r(1 +6)>]

0-6

+f5 ( c) oy
(62)

put D?Resyg; (¢,0) = 0 in Eq. 62, we get

fs(C):—

put k = 2 in Eq. 56, we get
The RPSM solution of Eq. 53, is given as

0'5 <20
(6 9) = f(C)+f1(C)r(1+5) S Ora729) T(1+29)
~30
+f3(C) 1+36) e
Cgoc. S8 & &
PO ZT 18 T(1+20) T(1+39)

4.3.2 q-HATM Solution
First Approximation.
Taking LT of Eq. 53, and simplifying

= 10y 0
Ly I)] - Zs‘s’k’lyk(c, 0) + £<— v —y> =0,

pard 2 0¢ 0¢
10y> y
[)’(C,«S)] }’o(C>0)+— <Ea—c_a—c3 =0,

¢ 1 0y* o
L[y(c,S)]—;—s—ac<3a—yc—a—g =0

The nonlinear term N is defined as

N[0(¢S;9)] =

Using the procedure of -HATM

The Efficient Techniques for Non-Linear Fractional View Analysis of the KdV Equation

g-HATM Exact AE RPSM AE g-HATM
=1 =1 =1 =1
0.2497500 0.2497502 4E 2E
0.4995000 0.4995004 TET A"
0.7492500 0.7492507 1167 7E7
0.9990000 0.9990009 1.567° o’
0.2487500 0.2487562 9.4E® 6.267°
0.4975000 0.4975124 1.86E7° 1.2467°
0.7462501 0.7462686 2.8E7° 1.8567°
0.9950001 0.9950248 3.74E7° 2.47E°°

Y (68) = kY1 (6, F) + AL [Roy (Y], (63)
put m = 1 in the Eq. 63, we get
J’l(C,S) :kl)/o(C»S)"'hﬁ_l [R1 (J’o)]> (64)

~ kn\c 1 1 0y?% a3ym-1
Ry (ym-1) = £(ym-1) <1 7>§+s_‘5£(5 ¢ o )

(65)
put m = 1 in Eq. 65, we get
k¢ 1 1 0y} 3’ y,
= —(1-=)2+= ,
Ri(y0) = £(y0) ( n>s+55£<2 o 0¢
_ S
$0+1’
put in Eq. 64, we get
3
[ S h¢SS
»(6%) = [55“] T(1+0)
Second Approximation
Put m = 2 in the Eq. 63, we get
2(6.9) = koy1 (6, 3) + LT[R, (1)), (66)
Put m = 2 in the Eq. 65, we get
kz 1 ayl 83)/1
= 1-22)24 =
R =00 -(1-2) 6 5e(3 200
he KT (26 +1))
=t s 2
s (T (1 49))
put in Eq. 66, we get
(©.3) = nheS° L[ ke He(T(26+1))
P2 T (v o) S ST (1+0)) )
(0.5) = nheS’ WS’ WeSP(N(20+1))
Ve T T 18) " T(1+0) T30+ 1)(T(1+0)
Third Approximation
Put m = 3 in the Eq. 63, we get
¥3(6,3) = ks (s, 3)"'}15_1 [R3 (yz)]> (67)

put m = 3 in the Eq. 65, we get
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ki\¢ 1 .(10y3
R3(yz)=£()’2)—<1—3>+5£<za);2_

njs s

83)/2
o¢ )

_ nhg K¢ KT8 +1))(T' (36 +1))
- O T GO+ 536”(1"(1 + 5))2
+[< nhe  h¢ KT8+ 1)(T(35+ 1))>
526+1 S26+1 S46+1 (F(l + 6))2
( nh s B R(TQ8+1))(I38 + 1)>]
526+1 S26+1 s46+1 (F(l + 6))2 >

put in Eq. 67, and simplifying

o heS® nhicS® kSR (M(26+1)  nheS® 1S
7o) = T " T(1+9) ' TGo+ (T +0)’ TG+ TG+
HeSP (28 +1)) nhcS® BeS® KASP(T(26+1)(T(36+ 1)
T+ +[<F(28+1)+F(25+1) T(40+ 1)(T(1+90)) )

i g? PSP pS¥T(26+1))(I38+1)

(r(25+1)+r(25+1) T3+ 1)(T(1+0)° )}

The q-HATM solution of Eq. 53, is given as

y(c,S) =)’0(C,5)+)’1(C,5)+}’2(C,3)+}’3(C)3),

heS? . nheS° . Wes® . BeS¥ (T(28 + 1)) . n*heS® . nh?cS?
(1+8) T(1+8) T(1+0) TBé+1)T(1+0)> T(1+8) T(1+90)
+nh3cs”<r(za+ 1)) . nh?¢3? . AR +h4qs”(r(za+ 1)

T30+ 1)(I(1+8)* T(8+1) T(5+1) (C(1+96))°

3) =
(6 9) SHp

K nh? 3% s 3 h%s”(r(zaar1))(r(35+1))>
F(26+1) T(26+1) T (46 +1)(T(1+9))*
nh?g* PS?® RSV (T(20+1)) (36 +1)
<F(26+1> T(26+1)  T(48+1)(T(1+9)) )]

5 RESULTS AND DISCUSSIONS

Figures 1-6 are the 2D and 3D comparison plots of RPSM,
q-HATM, and Exact-solutions of Example 4.1, 4.2, and 4.3
respectively for fractional-order § = 1. Figures 7-9 are the 3D
comparison of -HATM and RPSM-solutions at fractional-order §
= 0.9, 1 for Example 4.1, 4.2, and 4.3 respectively. Tables 1-3 are
the absolute error comparison of g-HATM and RPSM solutions for
Example 4.1, 4.2, and 4.3 respectively. In the above Figures and
tables, it is observed that the ¢-HATM, RPSM and exact solutions
are in closed contact with each other at integer-order derivatives of
each problem. The fractional order solutions are compared of the
proposed techniques and provide the excellent agreement in their
solutions by using q-HATM and RPSM techniques. It is analyzed
through graphs and tables that the fractional solutions are
convergent towards integer order solutions.
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