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By using the ray-tracing method based on geometric optics, we studied the propagating and focusing characteristics of vortex beams with a top-hat intensity distribution. An intuitive mathematical model is established for the propagation and focusing of vortex beams, revealing the mechanisms and physics underlying the spatial evolution, e.g., the dark spot formation in the center of a vortex beam, the relationship between the radius of the dark spot and the propagation distance, and the rotational angle varying with the propagation distance for an azimuthal asymmetric vortex beam. The experimental observations are consistent with theoretical predictions. The results and findings are helpful in intuitively understanding the propagation and evolution of specific vortex beams; therefore, they are of significance for explorations of the novel properties of twisted vortex beams and their applications.
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1 INTRODUCTION
Vortex beams, with a spiral phase term of exp(ilφ) (where l is the topological charge) [1, 2], can carry an optical orbital angular momentum (OAM) of lℏ per photon, in addition to the intrinsic spin angular momentum. Vortex beams have excited a surge of academic interest because they bring a new degree of freedom for photons with unbounded quantum states, and great success has been achieved in the creation and manipulation of optical OAM. In optical tweezers, vortex beams can trap microparticles and make them move orbitally, and this intrinsic OAM takes the form of a tangential component to the beam’s linear momentum density that can be transferred to illuminated objects [3–6]. In optical communications, OAM can be used as a new freedom degree of modulation/multiplexing to further increase the transmission capacity and density [7, 8]. In addition, vortex beams have been used to fabricate chiral structures in metals and spiral patterns in anisotropic polarization-dependent azobenzene polymers or 3D chiral microstructures in isotropic polymers [9–11]. In recent years, advanced control over OAM modes by changing the sign and value of the topological charge as the beam propagates has been explored, and these degrees of flexibility in beam manipulation are generic and can be utilized in many applications [12, 13].
The most common vortex beams are Laguerre–Gaussian beams or Bessel–Gaussian beams, which are eigensolutions of Helmholtz equations and have strict analytical forms, and their propagation and evolution behaviors in free space can be predicted precisely [14–16]. However, for specific vortex beams, such as the vortex beam with top-hat form intensity [16], a new kind of power-exponent-phase vortex beam [17], abruptly autofocusing vortex beams [18, 19], and even the beams with azimuthally nonuniform OAM [20, 21], although their propagating and focusing behavior can be derived by numerical methods, the exact analytical solution of the beam propagation is still not available, which makes the research on beam propagation characteristics encounter some difficulties. The ray-tracing method based on geometric optics, in which the intensity of light is treated as bundles of light rays traced during scattering, absorption, and multiple reflections, is a convenient and intuitive tool in optical research.
In this study, we studied and derived analytically the relation between the propagation distance and radius (and rotation angle) of vortex beams with top-hat form intensity in the propagating (or focusing) process, and the results can help us understand intuitively the propagation behaviors and focusing characteristics for this specific vortex beam based on ray tracing in the geometrical optics. The proposed method can accurately reproduce the complete dynamic characteristics of the propagation and focusing process of the vortex beam, and the method is also suitable for studying other specific vortex beams.
2 VORTEX BEAM PROPAGATION THROUGH THE HOMOGENEOUS MEDIUM BASED ON LIGHT RAY TRACING
In geometrical optics, the straight propagation of light leads to two basic concepts: light ray and wavefront. As is known, the light ray is always perpendicular to the wavefront and travels in a straight line in the homogeneous and isotropic medium for the plane waves. However, the wavefront of a vortex beam is a helical surface, and it can be written as follows:
[image: image]
where C is a constant, k = 2πn/λ (λ is the wavelength of the vortex beam, and n is the refractive index of the medium), z is the propagation distance, and φ is the azimuth coordinate in the transverse plane. Because the light ray travels in straight lines in a homogeneous medium and perpendicular to the wavefront (as shown in Figure 1), the normal direction AP of a helical surface at a certain point A(x0, y0, 0) can be written as follows:
[image: image]
 where F(x, y, z) = kz − lφ − C, Fx = ∂F/∂x, Fy = ∂F/∂y, and Fz = ∂F/∂z, then Fx, Fy, and Fz can be represented as follows:
[image: image]
where [image: image], which is the initial radius of the light ray at the z = 0 plane. According to Eqs 2, 3, the coordinate of point P for the light ray AP can be written as follows:
[image: image]
[image: Figure 1]FIGURE 1 | Schematic diagram of a light ray’s propagation for a vortex beam in the homogeneous medium.
According to Eq. 4, the propagation properties of the light ray in space for the vortex beam can be derived. Figure 2A reflects the evolution of the light ray in a three-dimensional (3D) view for a vortex beam with l = 10 and r0 = 1 mm. We can see that the direction of each light ray is different, and the unit vector direction of the light ray AP in the cylindrical coordinate system can be represented as follows:
[image: image]
According to Eq. 5, it can be seen that the radial component of the unit vector increases when r0 decreases, but the longitudinal component is just the opposite. Because of the radial component, the rays at the center of the vortex beam diverge with the increase in the propagation distance during the propagation process, resulting in the zero intensity at the center of vortex beams. According to Eq. 4, the distance rz between the point P and the origin of the xyz coordinate system (see Figure 1) can be written as follows:
[image: image]
where z is the propagation distance of the vortex beam as the light ray travels to the point P. Figure 2B shows the relationship between rz with the topological charge l (or z) with the given value of z (or l). On the left of Figure 2B (or the right of Figure 2B), it can be seen that the increase rate of rz with the propagation distance z (or topological charge l) increases when r0 decreases for the given l (or z). As a result, a dark spot in the center of the vortex beam appears as it propagates.
[image: Figure 2]FIGURE 2 | Simulated propagation properties of light rays in free space for a vortex beam based on the ray-tracing method.(A) Distributions of light rays in three-dimensional space for different views. (B) Relationship between the parameter rz and the propagation distance z in the case of l = 5 (left), and the relationship between the parameter rz and the topological number l in the case of z = 1 m (right).
In order to verify the correctness of our theoretical analysis and derivation, we have carried out the corresponding experiments, as shown in Figure 3A. In our experiment, a linearly polarized flat-top light beam (532 nm) is incident on the spatial light modulator (SLM), on which a forked holographic grating is loaded (where z = 0 m), and the +1 and −1 diffraction orders carry a spiral phase with the opposite topological charges. We then selected one of the diffraction orders and observed the intensity change during the propagation process with the help of a CCD. For easy comparison, we just generated different ring beams instead of whole beams (as shown in Figures 3B1–B5), which is realized by defining a ring-shape transmission function and inside which the forked holographic grating is loaded. As the rings have different radii, which are 0.86, 1.29, 1.72, 2.15, and 2.58 mm, respectively, the selected diffraction order also have different radius but with the same width 0.43 mm). Figures 3B6–B10 show the corresponding far-field intensity pattern at z = 1 m. We can see that the smaller the radius of the ring in the initial position (z = 0) is, the larger the radius of the vortex beam (main ring with the highest intensity) at a given propagation distance (z = 1 m) becomes, which are well in accord with the theoretical conclusions.
[image: Figure 3]FIGURE 3 | Experimental setup and results for propagation and evolution of a vortex beam. (A) Schematic representation of the experimental setup. (B1–B5) Transmission rings with different outer radii of 0.86, 1.29, 1.72, 2.15, and 2.58 mm in the case of the same ring width of 0.43 mm, respectively. (B6–B10) Corresponding measured intensity distribution in the case of l = 5 and the propagation distance z = 1 m, respectively. All images have the same dimension of 6.2 mm × 6.2 mm.
According to Eq. 6, we can get an inequation as follows:
[image: image]
where rmin is the radius of the dark spot of the vortex beam. According to Eq. 7, rmin is proportional to the root of z and l, which are shown by the blue solid line in Figures 4A1, B1, respectively. To prove the relationship between rmin and l, we measured the value of rmin with different topological charges l, which is from 0 to 20 in the experiment, and the results are marked by the red “+” in Figure 4A1 and the measured intensity distributions for vortex beam with l=1,4,8 are shown in Figures 4A2–A4. We also measured the experimental results of rmin at different propagation distances (z), as shown by the red “+” in Figure 4B1. And Figures 4B2–B4 are the measured intensity for l=5 at propagating distance z are 0.5,1.5 and 2.5 m. According to Figure 4, we can find that the experimental value of rmin is slightly smaller than the theoretical one, and the reason is that we do not consider the diffraction of vortex beams. However, the variation trend of rmin with z or l in the experiment agrees with the theoretical results.
[image: Figure 4]FIGURE 4 | Evolutionary process of the minimum radius of the dark ring of a vortex beam variation with l and z in the experiment. The relationship between rmin and (A1) the topological number l and (B1) the propagation distance z. The blue solid line is the simulation result, and the “+” marks are the experimental results. The measured intensity distributions for the vortex beam (A2–A4) at the propagation distance z = 0.5 m with the topological number l are 1, 4, and 8, and (B2–B4) the topological number l = 5 and the propagation distance z are 0.5, 1.5 and 2.5 m, respectively. All images have the same dimension of 6.2 mm × 6.2 mm.
According to Eq. 4 and Figure 1, the rotation angle Δφz of point P with respect to point A along the z axis can be written as follows:
[image: image]
According to Eq. 8, the absolute value of Δφz increases as the topological charge l increases, but it decreases as the initial radius r0 increases. Point P rotates clockwise (or anticlockwise) with respect to the initial point A if l is positive (or negative), and Δφz is equal to 900 as z = +∞. The theoretical predictions and experimental confirmations are shown in Figure 5. In Figure 5A, we have shown the theoretical predictions of the rotation angles for vortex beams with different topological charges (l = −20, −10, 0, 10, and 20, respectively) at different propagation distances (z = 0.5 and 1 m, respectively) with r0 = 1.5 mm. Figures 5B1–B6 illustrates the corresponding experimental measured results of a1-a6 in Figure 5A by the truncated semicircular vortex beam. It is clear that the theoretical and the experimental results have some differences; however, the variation tendency is the same. For a specific radial position r0 (white dotted circle in Figure 5B), the rotation angle of a semicircular beam located at the propagation distance z = 1 m is larger than that at z = 0.5 m in the case of the same topological number l, and the semicircular beam rotates clockwise (anticlockwise) in the case of l > 0 (l < 0), as shown in Figures 5B1–B6. To compare Figure 5B1, B2, we can see the rotation angle is larger if the topological charge is larger with the same propagation distance z = 1 m. In summary, we observed that the experimental results in Figure 5 are in accordance with the theoretical results in Eq. 8.
[image: Figure 5]FIGURE 5 | Rotation angle predicted by theoretical derivations and the corresponding experimental results for vortex beams with different topological charges. (A) Rotation angle for vortex beams with different topological charges (l equal to 0, 10, −10, 20, and −20) at the propagation distance. (B1–B6) Corresponding measured intensity distributions and the rotation angles of (a1-a6) for truncated vortex beams. All images have the same dimension of 6.2 mm × 6.2 mm.
3 FOCUSING PROPERTIES OF VORTEX BEAMS BASED ON LIGHT RAY TRACING
As is well known, the focusing properties of vortex beams can be calculated by diffraction integration. However, it is more intuitive to understand the focusing behavior of the vortex beam based on the ray-tracing method. As shown in Figure 6, we suppose that a light ray of the vortex beam propagates from the initial point A(x0, y0, 0) located in the plane of z = 0 to point P(x′, y′, z0) located in the plane of z = z0; then, it is deflected by the focusing lens located at z = z0. The direction of light ray AP is the same as that of the wave-vector k, which can be written as follows:
[image: image]
where
[image: image]
In a cylindrical coordinate system, which has three unit vectors, i.e., er, eφ, and ez, the coordinate of point P can be written as (r′, φ′, z0). The transformation relationship between er, eφ and ex, ey in the cartesian coordinate system can be written as follows:
[image: image]
When substituting Eq. 11 into Eq. 9, k can be written as follows:
[image: image]
By replacing xz, yz, and z with x′, y′ , and z0 in Eq. 4, we can get the following:
[image: image]
When substituting Eq. 13 into Eq. 10, we can get the following:
[image: image]
According to Eq. 13, we can obtain
[image: image]
By further substituting Eqs 14, 15 into Eq. 12, we can obtain the following:
[image: image]
As the light ray is deflected by the lens, its direction is then changed from k/k to k′/k, and er and ez are deflected by an angle of θ, with respect to the optical axis of the lens (which is coincided with the axis of the vortex beam). As a result, er and ez were as follows: [image: image] and [image: image], respectively; then, k′ can be written as follows:
[image: image]
The light ray after deflection propagates to point B, and point B in the light ray PB is the nearest point to the z axis or the optical axis. The projection of the line segment PB at [image: image] is the line segment PO, which is the focal length f of the focusing lens. According to Eq. 17, the projection of the line segment PB in the direction of [image: image] and [image: image] can be written as follows:
[image: image]
[image: Figure 6]FIGURE 6 | Focusing sketch diagram of a light ray for a vortex beam. The light ray propagates from the initial point A to point P and is then deflected by lens and arrives at point B.
For the cylindrical system, the unit vector in the direction of the straight line OB can be represented as follows:
[image: image]
where sOB is the length of the line segment OB and [image: image]. By substituting [image: image] into Eq. 19, we can get the following equation:
[image: image]
According to Eq. 11, Eq. 20 can be rewritten as follows:
[image: image]
According to Eq. 21, the coordinates of point B in the Cartesian coordinate system (with the origin O and the coordinate axes x, y, and z) can be written as follows:
[image: image]
Based on Eq. 15 and Eq. 18, Eq. 22 can be written as follows:
[image: image]
According to Eq. 23, the distance between point B and point Os can be obtained as follows:
[image: image]
where sin θ = r′/f, and r′ = [image: image] is the pupil radius of the focusing lens. According to Eq. 24, rs decreases with the increase in r0, which means that the maximum radius r0 of the vortex beam in the plane z = 0 corresponds to the minimun ring radius rs of the focal spot. The intensity near the center of the focal spot is zero, and the shape of focal spot is similar to a donut.
According to Eq. 24, we can see that the radius rs of the dark spot in the focal plane is proportional to the topological charge l and the focal length f of the focusing lens but inversely proportional to the spot radius of the incident vortex beam.
In the experiment shown in Figure 3, we set the distance (z0) between the lens and SLM to be 0.5 m, the maximum spot radius (r0) of the vortex beam in the plane of SLM is 2.6 mm, and the focal length of the lens is equal to 400 mm. Based on Eq. 24 and the aforementioned parameters, we derived the relationship between the radius of the dark focal spot and the topological charge l, as shown by the blue line of Figure 7A. Then, we measured the variation of the radius of the dark spot with the topological charge l, which changes from 2 to 20, and the results are marked by the red “+” in Figure 7A, and Figures 7B–D are the intensity distributions in the focal field for vortex beams with l=4,8,12. It can be seen that the experimental results are slightly smaller than the simulation results, which is because we do not take the diffraction into account; however, the experimental and simulation results have the same tendency.
[image: Figure 7]FIGURE 7 | Relationship between the radius rs of the dark spot in the focal field and the topological charge of l. (A) Blue solid line is the simulation result, and the red “+” marks are the experimental results. (B–D) are, respectively, the intensity distributions in the focal field for vortex beams with the topological number l to be 4, 8, and 12. (B–D) have the same dimensions of 1 mm × 1 mm.
From Eq. 21, we can see that the position of the minimum focal spot for a vortex beam is not located in the focal plane of the focusing lens as z0 ≠ 0 but in the plane with a distance of Δf away from the focal plane. According to Eq. 21, we can get the expression of Δf as follows:
[image: image]
According to Eq. 25, Δf is proportional to the square of l and z0 but inversely proportional to the square of the initial radius r0 of the light ray. If z0 = 0, then Δf = 0, which means that the position of the minimum spot does not shift.
According to Eq. 23, when a vortex beam propagates from the initial plane at z = 0 to the plane which is away from the focal plane with a distance of Δf, we can get the rotation angle Δφs of a certain point in the spot as follows:
[image: image]
where tan φs = ys/xs. Based on Eq. 23, we can get the following:
[image: image]
According to Eq. 27, we can see that the rotation angle Δφs is equal to − π/2 (or π/2) for a negative (or positive) l. This result can be used to intuitively explain the results in [8].
For the given parameters z0 = 0.5 m, f = 400 mm, and r0 = 2.6 mm, we can calculate the value of Δφs, according to Eq. 27. The calculation result shows that the focal spot rotates clockwise about 93.6° (or 97.1°) with respect to the direction at the initial plane in the case of l = 10 (or l = 20), while for the negative l (e.g., l = −10 or l = −20), the rotation angle is opposite. To verify the theory analysis, we carried out the corresponding experiments. In the experiment, we just generated truncated half or quarter part of a vortex beam and then measured its intensity distribution in the focal plane; the results are shown in Figure 8. It is clear that for the negative or positive l, the rotation of the focal spot is slightly larger than 90°, and the direction is opposite. Meanwhile, the clockwise rotation angle [image: image] of the focal spot in the case of l = 20 is greater than that [image: image] in the case of l = 10. The experimental and theoretical results agree with each other very well, and it proves that the ray-tracing method is effective in predicting the evolution behavior of structured beams during the focusing process.
[image: Figure 8]FIGURE 8 | Experimentally observed focusing property of vortex beams. (A1) and (B1) are the sketch diagrams of a half and a quarter circular pupil at z = 0 planes, respectively. (A2–A5) are the intensity distributions in the focal field for vortex beams with a half circular pupil in the case of the topological charge l to be −10, 10, −20, and 20, respectively, and (B2–B5) are the corresponding measured intensity distributions for the vortex beam with a quarter circular pupil. (A) and (B) have the same dimensions of 1 mm × 1 mm.
4 CONCLUSION
In conclusion, we derived analytically the propagation and focusing of vortex beams with top-hat intensity in the homogeneous medium by use of the light ray-tracing method, based on which some propagation behaviors and focusing characteristics of vortex beams can be understood intuitively. For example, the central dark spot of the vortex beam increases with the propagation distance and the topological number, and the relationship between the radius of the dark spot, the topological number, and the propagation distance can be derived. The experiment proves that vortex beams can rotate as it travels in the homogeneous medium, and the rotation angle is related to the propagation distance and the topological number. We can intuitively understand that the vortex beam can be focusing into a donut shape at the focal plane, and we can get the relationship between the radius of the dark spot at the center of the donut shape and the focal length of the lens, the topological charge, and the size of the incident vortex beam. In addition, the proposed method can be also applied to other specific vortex beams, and the results are helpful to understand the propagation and evolution of specific vortex beams.
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