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Collisionless plasmas in space often evolve into turbulence by exciting an ensemble of broadband electromagnetic and plasma fluctuations. Such dynamics are observed to operate in various space plasmas such as in the solar corona, the solar wind, as well as in the Earth and planetary magnetospheres. Though nonlinear in nature, turbulent fluctuations in the kinetic range (small wavelengths of the order of the ion inertial length or smaller) are believed to retain some properties reminiscent of linear-mode waves. In this paper we discuss what we understand, to the best of our ability, was Peter Gary’s view of kinetic-range turbulence. We call it the Gary picture for brevity. The Gary picture postulates that kinetic-range turbulence exhibits two different channels of energy cascade: one developing from Alfvén waves at longer wavelengths into kinetic Alfvén turbulence at shorter wavelengths, and the other developing from magnetosonic waves into whistler turbulence. Particle-in-cell simulations confirm that the Gary picture is a useful guide to reveal various properties of kinetic-range turbulence such as the wavevector anisotropy, various heating mechanisms, and control parameters that influence the evolution of turbulence in the kinetic range.
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1 INTRODUCTION
Understanding solar wind dynamics requires the ability to model not only the plasma flows and the evolution of turbulent electromagnetic field fluctuations, but also the exchange of energy between the plasma and the turbulent fluctuations. This exchange between fields and plasma can be thought of as operating in two regimes: the relatively long wavelengths of the inertial range (where the fluid description of plasma is valid) and the relatively shorter wavelengths of the kinetic range (where the kinetic behavior of plasma plays an important role).
The kinetic-range turbulence makes a marked difference from fluid turbulence. Due to the collisionless nature of space plasma, the velocity distribution can take any non-Maxwellian form allowed by the Vlasov equation. The non-Maxwellian features could include, for example, a beam component or temperature anisotropy as internal degree of freedom [1,2]. The non-Maxwellian features necessitate a kinetic treatment where the particle motions play an important role. Many collective effects such as wave-particle resonances (e.g. Landau and cyclotron resonances) [3,4] and kinetic instabilities [5,6] come into play, enriching the kinetic range dynamics significantly.
In both the fluid and kinetic regimes the fluctuation energy undergoes a forward energy cascade from longer to shorter wavelengths. In incompressible MHD (magnetohydrodynamics) the energy supplied by the largest scales is distributed across scales in the inertial range by a conservative cascade down to the dissipative scales [7–9]. The MHD cascade also develops strong anisotropy in the wavenumber space, with excess energy in perpendicular wavevector components k⊥ > k∥ [8,10], where k⊥ and k∥ denote the wavevector components perpendicular and parallel to the mean magnetic field B0, respectively. This picture modifies when compressive effects are included. At some scale in the inertial range, the compressive and incompressible cascades decouple and progress independently [11,12]. The nature of the cascade changes even more drastically near the kinetic scales. Accurate modeling of short-wavelength turbulence requires using the fully kinetic framework of Vlasov-Maxwell equations (1), (2), (13)–(16). The equations are typically studied under various limits: linear, quasi-linear, and nonlinear. The tools used vary from linear dispersion solvers to fully nonlinear kinetic simulations or a combination thereof [17–21].
In the spirit of celebrating the achievements and legacy of Stephen Peter Gary (1939–2021) and of extending his review [22], here we discuss the detailed profile of short-wavelength turbulence such as the energy cascade and wavevector anisotropy, heating rates, potential controlling parameters, competition between linear instabilities and nonlinearities. This is not going to be a comprehensive description of kinetic-range turbulence, but a summary of what we believe Peter Gary’s view of kinetic-range turbulence was, which we call the Gary picture of kinetic-range turbulence.
Peter Gary was a pioneer of using the kinetic theory and numerical simulations, and tackled many different problems in space plasma physics. He discovered, for example, in his seminal work in Gary [23] the reversal of field rotation sense as the ion cyclotron wave (left-hand polarized wave) turns into the kinetic Alfvén wave (right-hand polarized) at highly oblique propagation. The mechanism remained a mystery for a long time, and was finally understood as the transition from the Hall current into the diamagnetic current in the wave dynamics [24]. Peter Gary used analytic and numerical methods to understand the properties of linear-mode waves and microinstabilities in the kinetic plasma theory with applications to the wave activity in space plasmas such as the solar corona, the solar wind, the shock-upstream and shock-downstream regions, the magnetosphere, and the planetary and cometary environments [5]. Peter Gary also developed and ran simulations to reveal the nonlinear processes in turbulent plasmas beyond the limit of linear kinetic theory.
A huge amount of literature has been devoted to the nature of kinetic-range turbulence (see e.g., [22,25–29], and many references therein). There is an ongoing discussion in the solar wind turbulence community as to the character of the constituent fluctuations of the kinetic range; the majority of observations indicate that kinetic Alfvén modes are dominant at proton scales, while a minority of measurements implies that significant amplitudes of magnetosonic/whistler (MSW) mode are present as well [30–32]. The Gary picture is based on the notion that both types of fluctuations are present with an emphasis that the relative importance of these modes is given as functions of the plasma and turbulence parameters. The Gary picture has widely been tested against both two- and three-dimensional PIC (particle-in-cell) simulations (see, e.g. [33], about the concept and algorithm). The interpretation of the simulation results by Gary and his collaborators was accompanied by linear Vlasov theory and spacecraft observations in the solar wind.
2 TWO COMPETING CHANNELS OF ENERGY CASCADE
One may define plasma turbulence as an ensemble of broadband, relatively large amplitude, stochastic incoherent fluctuations in an ionized gas. Plasma turbulence is observed in many astrophysical systems [34,35], in the solar corona [36], in the solar wind [37,38], as well as in terrestrial and planetary magnetospheres [28]. The energy in turbulent magnetic fields is a likely source of accelerating or thermalizing electrons and ions in many space and astrophysical plasmas, although the scientific understanding of these energy transfer processes is yet incomplete and is the subject of substantial current research [39–41].
Given the highly nonlinear nature of turbulent processes, a common strategy is to perform simulations that run on massively parallel computers. Depending on the regime of interest single/multi fluid MHD simulations or kinetic simulations with varied levels of physics are used to study plasma turbulence [20,21,42–49]. In the kinetic range fully kinetic simulations that treat both ions and electrons as kinetic species are desirable. Of these, the most common simulation method is particle-in-cell [20,21]. Nonlinear computations usually lead to complex results which are not subject to simple interpretations such as scalings predicted by linear theory. Yet, the quasi-linear theory offers a hope that, perhaps under some conditions, some aspects of plasma turbulence can be represented in terms of relatively simple scaling relations.
The adjectives whistler and kinetic Alfvén are widely used to describe components of short-wavelength turbulence in space. The Gary picture describes whistler turbulence and kinetic Alfvén turbulence as co-existing, competing channels of energy cascade as follows:
1. Wavevectors develop nearly perpendicular to the local mean magnetic field (as a consequence of magnetohydrodynamic turbulence).
2. Whistler and kinetic Alfvén waves (or whistler and kinetic Alfvén turbulence, respectively1) are dominant at shorter wavelengths (in the sense that the energy exceeds that of other components such as sideband waves, pumped waves by wave-wave couplings, and short-living coherent or solitary waves).
3. Both of whistler and kinetic Alfvén channels forms an inertial-range spectrum with a power law.
4. Ions (protons) are primarily heated by the interaction with the kinetic Alfvén waves; Electrons are primarily heated by the interaction with the whistler waves.
The evidence is far from conclusive that only one kind of fluctuation mode is dominant in energetics throughout the inertial as well as the kinetic ranges. Figure 1 illustrates how both kinetic Alfvén and magnetosonic/whistler fluctuations contribute to kinetic-range turbulence. Although the overall energy density of magnetosonic/whistler turbulence may be small compared to that of Alfvén turbulence, it is possible that the former type may dominate fluctuation amplitudes and electron dissipation at sufficiently short wavelengths.
[image: Figure 1]FIGURE 1 | Schematic energy spectra suggesting the co-existence and competition between kinetic Alfvén turbulence (Alfvén channel) and whistler turbulence (magnetosonic channel) in the short-wavelength range. Each type of turbulence may have a non-trivial domain over which it dominates the magnetic fluctuation spectra. Picture drawn by Peter Gary.
From a theoretical perspective, Howes et al. [50] argued using gyrokinetic linear theory that the solar wind like parameters are a sweet spot for kinetic Alfvén waves to have very low damping rates and hence argued that kinetic Alfvén waves can cascade down to electron scales. Podesta et al. [51] however argued that the damping rates of kinetic Alfvén waves become significant before electron scales are approached. Howes et al. [52] used data from WIND spacecraft to argue that the fast mode fluctuations in the inertial range have much less power compared to the Alfvén fluctuations. They further argued that this implied negligible power in the fast magnetosonic/whistler branch in the kinetic scales. However theoretical considerations from compressible MHD turbulence suggest that Alfvén-Alfvén-fast triadic interactions, that are missing in incompressible MHD turbulence such as that by Goldreich and Sridhar [53], can pump power into higher wavenumber fast mode fluctuations [54]. There is evidence that in compressible MHD, there is a parallel cascade of the compressive fluctuations [55]. The compressive cascade decouples from the incompressible cascade at some scale in the inertial range and proceeds independently in a conservative fashion [12]. Such a decoupling could provide conditions for the cascade of compressive fluctuations to potentially transfer energy down to electron scales.
Another important fluctuation type is the left-hand polarized ion-cyclotron waves (or Alfvén-cyclotron waves) at relatively high frequencies in space plasmas. Parallel propagating cyclotron waves are likely to be local sources of turbulent energy in the solar wind. Indeed, the ion-cyclotron waves are observed by the Wind spacecraft in the solar wind, and the wave events are reported and analyzed by Peter Gary himself [56], indicating the excitation of ion-cyclotron waves (ICWs) by proton temperature anisotropy (with an excess of perpendicular temperature) and the excitation of whistler-type right-hand polarized magnetosonic waves by the ion component relative flows. The spacecraft observations of magnetic helicity by Podesta and Gary. [57], He et al. [58] support the presence of both kinetic Alfvén waves and parallel propagating ion-cyclotron waves or whistler waves in the turbulent solar wind. It was hypothesized by Klein et al. [59] that the ICWs and whistler waves are produced by kinetic instabilities and are not part of the turbulent cascade. Recent hybrid kinetic simulations of imbalanced turbulence, relevant to inner heliospheric conditions, also show evidence for possible localized generation of ICWs [60]. These ICWs were suggested to not have a significant energy budget but have enough energy perpendicularly heat of ions.
3 LESSONS FROM THEORETICAL AND NUMERICAL STUDIES
Peter Gary and his collaborators have done extensive PIC simulations and other theoretical analyses to test the Gary picture. The PIC simulations are typically initialized with a narrow-band spectrum of relatively gyrotropic, relatively long wavelength normal modes which satisfy the properties of kinetic Alfvén waves and/or whistler waves derived from the linear Vlasov theory. It is possible to visualize the turbulence energy in the four-dimensional spectral domain (spanning the frequencies and the three components of wavevectors), and the spectra from the PIC simulations can nowadays be compared to that from the multi-spacecraft data [61]. The nonlinear temporal evolution of the system leads to a forward energy cascade that develops a broadband, anisotropic spectrum of turbulence. Both electrons and ions gain energy as well as show increased species entropies. The simulations were performed using two different codes: 1) the P3D code with MHD-like initial conditions under both 2.5D and 3D configurations [62], [63] and 2) the 3D-EMPIC code [64] in which initial spectra of relatively long-wavelength fluctuations were imposed. Both P3D and 3D-EMPIC are fully three-dimensional (3D) codes. The simulations represent magnetized collisionless plasmas and a broad range of kinetic waves (such as kinetic Alfvén and whistler waves) are set.
3.1 Energy Cascade and Wavevector Anisotropy
Cascade Mechanism
The fundamental processes of energy cascade are formulated by nonlinear interactions that transfer energy across scales. The most likely process (in terms of probability or cross section) is the triadic interaction which models two waves interacting with each other to generate a different wave. These triadic interactions are constrained to the conservation of frequencies and wavenumbers in the form of.
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These couplings hold regardless of whether the fluctuations are linear wave like or nonlinear. Peter Gary liked to think of these interactions in the sense of two waves interacting to produce a third wave [7,53]. Any combination of the frequencies between ω1 and ω2 is possible although the most efficient couplings in hydrodynamics are k1 ∼ k2 and ω1 ∼ ω2. If the generated wave ω3 falls onto the solution of linear Vlasov dispersion equation, the wave ω3 may have a longer lifetime as the fluctuation is supported by the background plasma condition. In general, the generated wave ω3 does not fall onto the linear-mode dispersion relation and appears as a pumped or forced wave. The frequency and wavevector matching conditions (Eqs. 1 and 2) are a useful tool to test for the hypothesis that the forward cascade leads to wavevector anisotropies in a homogeneous, collisionless, magnetized plasma.
Gary [65] revisited the linear Vlasov theory and evaluated the matching conditions for three linear-mode modes: 1) Alfvén-cyclotron waves (at longer wavelengths), 2) magnetosonic waves (at longer wavelengths), and 3) whistler waves (at intermediate wavelengths). The test successfully explains that Alfvén waves and magnetosonic-whistler waves develop into forward cascade and wavevector anisotropy in favor of generating higher wavenumbers perpendicular to the mean magnetic field (energy spectrum extending perpendicular to the mean field). An exceptional case is that when the ion beta is close to unity, the cascade of long wavelength magnetosonic waves is favored by k⊥∼ k‖. The forward cascade of whistler turbulence shows a consistent development to wavevector directions predominantly quasi-perpendicular to the mean magnetic field in the PIC simulations [66–68] and in the Cluster and MMS observations in the solar wind [32,69–71].
Kinetic extension is needed to account for the energy transfer from the waves into the particles in the quasi-linear fashion. The wave-particle interactions occur efficiently when either the Landau resonance condition
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or the cyclotron resonance condition
[image: image]
is satisfied. Here, v‖ is the parallel velocity of particle of jth species, and Ωj is the cyclotron frequency of jth species. The wave-particle interactions involving wave-wave couplings are, for example, represented by the condition
[image: image]
for the Landau resonance [22].
The dispersion relation was used by Narita and Gary [72] and Saito et al. [73] to derive scaling laws for self-interacting whistler waves at highly oblique propagation with respect to the mean magnetic field. In the fashion of a phenomenological model, the inertial-range spectrum was constructed for homogeneous, highly-oblique whistler turbulence as a generalization of the Iroshnikov-Kraichnan model for magnetohydrodynamic turbulence [7,74]. The modeled whistler turbulence is characterized by an energy spectrum with a spectral index of −5/2 as a function of the perpendicular components of the wavevectors.
Wavevector Anisotropy
The simulations by Chang et al. [45,66,67,75], Gary et al. [68], and Hughes et al. [46,76] used a realistic ion-to-electron mass ratio of 1836, and focused on understanding the relationships between field fluctuations and both the electron and ion dynamics. These computations followed the time evolution of whistler fluctuations as they decay via forward cascade into a broadband, anisotropic, turbulent spectrum at shorter wavelengths (Figure 2). This cascade leads to a spectrum of fluctuations that are consistent with the linear dispersion solution for whistler modes especially in the low electron-beta case βe ≪ 1 (Figure 3).
[image: Figure 2]FIGURE 2 | 3D PIC simulations of whistler turbulence cascade. Simulation domain: 20483 cells. Macro-particles: 2.75 × 1011/species. The plot shows magnetic energy wavevector spectra at two times: t = 0 (top) and t Ωe = 78.3 (bottom). Left column: kx − ky spectra cut at k∥ = 0. Right column: k∥ − k⊥ spectra reduced over the azimuthal angle of the perpendicular wavevectors [45].
[image: Figure 3]FIGURE 3 | Energy spectrum in the domain of frequency and parallel wavenumber to the mean magnetic field computed over the full time evolution of PIC simulation using three different values electron beta: 0.01 (left), 0.1 (middle), and 1 (right). From Chang et al. [67].
The consequent reduced magnetic fluctuation spectra show clear breaks as functions of k⊥ corresponding to transitions from relatively steep slopes at long wavelengths to even steeper slopes at shorter wavelengths, similar to electron-scale spectral break measured near 50 Hz in Cluster spacecraft measurements of solar wind turbulence [30,77,78].
Defining the wavevector anisotropy factor A as the spectral moment (see, e.g. [79])
[image: image]
the forward cascade of whistler turbulence in the 3D PIC simulations consistently leads to wavevector anisotropy extending perpendicular to the mean magnetic field characterized by A ≫ 1, consistent with analytic and numerical calculations for electron magnetohydrodynamic (EMHD) [80,81] as well as two-dimensional PIC simulations [82]. As the plasma beta increases, whistler turbulence becomes less anisotropic and evolves towards nearly isotropic spectra. This has been shown to be true in both PIC simulations [67] as well as the solar wind observations [83].
3.2 Heating Profile
Using 3D PIC simulations, a number of papers by Peter Gary and collaborators also elaborated on the issue of electron and ion heating rates by whistler turbulence [46,47,56,76]. The heating rate of jth species is evaluated by
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where Tj is the temperature of jth species (in units of energy, including the Boltzmann constant), Tj,ini is the initial temperature, and t the elapsed time normalized to the electron plasma frequency. The temperature is estimated from the pressure pj (the trace of pressure tensor) and the number density nj as [image: image]. We call Tj the total temperature of the jth species even though the corresponding distributions are not necessarily Maxwellians for two reasons: 1) it is the definition of temperature for collisional fluids with Maxwellian distributions, and 2) it is the quantity that is typically computed from spacecraft observations of distribution functions.
Considering the maximum values of the heating rates Qi (for ions) and Qe (for electrons) across each simulation, an approximately linear relationship was found between the heating rate ratio Qi/Qe and the mass ratio mi/me, suggesting that an artificially reduced mass ratio may not change the fundamental physics of whistler turbulence dissipation. Hughes et al. [76] showed that, although whistler turbulence heats electrons more rapidly than ions, ion heating does play a role in whistler turbulence dissipation. In particular, the ions experience the majority of their energy gain in directions perpendicular to the mean magnetic field, consistent with the temperature anisotropy observed in the solar wind [1,2,84,85]. Moreover, successively larger simulation domains corresponding to successively longer wavelengths of whistler turbulence yield weaker electron heating and stronger ion heating. This is consistent with the findings of Saito and Nariyuki [86] who used 2.5D PIC simulations of whistler turbulence leading to perpendicular proton heating. This is also qualitatively consistent with the findings of Wu et al. [87] and Matthaeus et al. [88]. In particular, Matthaeus et al. [88] suggested that the ratio of ion cyclotron time to nonlinear time computed at the proton scales is an important factor in determining the relative heating of ions and electrons. The ratio is directly proportional to a positive power of the system size (λ2/3). See Eq. 3 in Matthaeus et al. [88].
Gary et al. [56] used 3D PIC simulations to study ion and electron heating due to whistler turbulence as functions of the fluctuation energy [image: image] (at the initial time)
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They found that the maximum rate of electron heating scales approximately linearly with the fluctuation energy, suggesting a quasi-linear type heating due to electron Landau damping. The maximum ion heating on the other hand scales with the fluctuation energy roughly by a power of 3/2,
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suggesting a nonlinear mechanism acting to heat the relatively unmagnetized ions (Figure 4). The scalings (Eq. 9) are consistent with the non-resonant “stochastic heating” discussed by Chandran et al. [89], and is also close to the scaling [image: image] obtained from the 3D hybrid PIC simulations of Alfvén turbulence by Vasquez et al. [90]. This scaling is also consistent with the findings of Matthaeus et al. [88]. They also found that (see their Eq. 3) [image: image] where τci is the cyclotron time and τnl is the nonlinear time computed from fluctuations at the system size. Hughes et al. [46] studied whistler turbulence dissipation via ion and electron heating as functions of electron beta βe, and found that at [image: image] (10% fluctuation energy relative to that of the large-scale magnetic field) the maximum values of both Qe and Qi scale as [image: image]. It is worth noting that while there are similarities between the scaling laws derived by Gary et al. [56] and other works, more studies are needed to quantitatively differentiate or compare these theories further.
[image: Figure 4]FIGURE 4 | Heating rate Q for electrons and ions as a function of the magnetic fluctuation energy [image: image] at the initial time obtained from the 3D PIC simulations by Gary et al. [56]. The power-law fitting yields empirical scaling of [image: image] for the electrons and [image: image] for the ions.
Hughes et al. [46] used 3D PIC simulations to study electron and ion heating due to kinetic Alfvén turbulence. Similar to the 3D PIC simulations of whistler turbulence, the computations represent the forward cascade of freely-decaying turbulence carried out as an initial-value problem on a collisionless, homogeneous, magnetized plasma. In common with the whistler turbulence simulations, electron heating by kinetic Alfvén turbulence is preferentially in directions parallel/anti-parallel to the mean magnetic field (Landau damping) and the maximum electron heating rate linearly scales with the initial fluctuation energy, [image: image]. In contrast to the whistler turbulence case, however, the kinetic Alfvén turbulence simulations yield ion velocity distributions that remain relatively isotropic. The maximum heating rate is higher for the ions than for the electrons, Qi > Qe. An important difference between the whistler and kinetic Alfvén simulations was that the mass ratio used in the latter was mi/me = 100. One of the side effects of lower mass ratio, in the linear limit, is that the kinetic Alfvén waves can reach beyond electron scales for smaller mass ratio, but damp critically well before electron scales are reached for realistic mass ratios [91].
Based on the considerations above, a desirable set of simulations would cover not only a large inertial range above ion scales, but also have a realistic mass ratio. This is still computationally challenging by the present standards.
3.3 Search for Control Parameters and Scaling Relations
In the physical sense, dynamics and dissipation mechanism of kinetic-range turbulence are expected to depend on control parameters such as the fluctuation energy [image: image] and beta values (βe and βi) to be consistent with those observed in the solar wind. However, the large computational resources needed for the PIC simulations of plasma turbulence require that unphysical values have to be introduced to secure three-dimensional, long-time simulations such as the mass ratio mi/me and the electron thermal speed or Alfvén speed relative to the speed of light (vth, e/c, vA/c). Another free parameter is the system size which, as discussed above, can have a significant effect on the cascade of energy and hence the relative heating of ions and electrons.
These parameters are varied over a broad range of values. For example, in the linear theory calculations, Verscharen et al. [91] studied 1 < mi/me < 1836 and 10–4 < vA/c < 1/3. In nonlinear PIC simulations Gary et al. [56] studied 25 < mi/me < 1836 and Hughes et al. [93] studied 0.025 < vth, e/c < 0.10. Verscharen et al. [91] showed that mass ratio had a drastic effect on quasi-parallel magnetosonic/whistler branch, and quasi-perpendicular kinetic Alfvén branch. The kinetic Aflvén waves get critically damped for realistic mass ratio but can reach electron scales for artificially large electron mass. vA/c was not shown to have significant effect on the wave properties in the non-relativistic case. The simulations give us a sense of how the unphysical values affect the simulation results so that, even if we do not have the resources to run simulations with fully physical values, we can expect that whistler turbulence dissipation is likely to scale as the mass ratio me/mi. In another study Parashar and Gary [63] studied the effect of variations in relative ion/electron temperatures. They found that [image: image]. These results have qualitative similarities with the scalings found by Kawazura et al. [94], Schekochihin et al. [95], but are slightly different from the scaling found by Zhdankin et al. [96]. The difference in physical model, system size, inclusion of relativistic effects, and system size etc. can all contribute to the different findings. See Parashar and Gary [63] for a detail discussion of these issues.
There is ample evidence that the dissipation of kinetic-range turbulence happens in an intermittent way similar to magnetohydrodynamic turbulence [4,97–99]. Statistical tools such as probability density functions of increments, or scale dependent kurtosis are useful tools to quantify this intermittency. Using PIC simulations Chang et al. [75] showed that intermittency level increases with the fluctuation energy [image: image] and the electron beta βe and that the nonlinear dissipation processes are primarily associated with the localized current structures.
Within the theme of identifying scaling relations, Peter Gary also studied how the species entropies change with turbulence amplitude. For instance, Gary et al. [92] showed that the electron and ion heating rate (Figure 5A) and electron and ion entropies (Figure 5B) can be summarized as simple power law relations as a function of the dimensionless fluctuating magnetic field energy [image: image] for both whistler and the kinetic Alfvén turbulence.
[image: Figure 5]FIGURE 5 | Simple scaling relations derived from PIC simulations [92]. (A) The maximum values of the dimensionless time rates of change of the electron (blue dots) and ion (red diamonds) entropies derived from the whistler turbulence PIC simulations of [56]. The scaling relations derived for whistler turbulence are: the maximum entropy increase for electron: [image: image]; the maximum entropy increase for ion: [image: image] (B) The maximum positive values of the dimensionless time rates of change of the electron (blue boxes) and the ion (red dots) entropies of the kinetic Alfvén PIC simulations of [47]. The scaling relations derived for kinetic Alfven turbulence are: the maximum entropy increase for electron: [image: image]; the maximum entropy increase for ion: [image: image].
3.4 Linear Instabilities Versus Nonlinear Effects
An important dichotomy that arises in kinetic theory is the interplay of linear waves and instabilities with nonlinear turbulence. Solar wind and magnetosheath data organize themselves in the β‖—Rp plane, where β‖ is the parallel proton beta and Rp is the anisotropy of protons, in such a way that linear instability thresholds appear to constrain the data [6,100]. Based on these observations, it has been suggested that the microinstabilities play an important role in regulating the solar wind evolution. It has also been suggested that “majority of solar wind intervals support ion-driven instabilities” [101]. This raises a natural question: What is the relative importance of linear time scales (wave frequencies and instability growth rates) compared to nonlinear time scales? Peter Gary and collborators have addressed this question in many papers [102–105].
Matthaeus et al. [102] showed that the kinetic scale nonlinear times in the solar wind are comparable to or smaller than the linear timescales of waves and instabilities. Qudsi et al. [103] analyzed data from the MMS spacecraft as well as fully kinetic 2.5D simulations of turbulence with mean magnetic field out of the plane of simulation. The instability growth rates were computed based on the local β‖ and proton anisotropies Rp. They showed that the instabilities thresholds are large in intermittent locations near intense current sheets. It has been shown that a lot of kinetic activity happens near strong current sheets [106–108]. Intense distortions of the distribution function can happen near such current sheets and can render the distribution function unstable. Qudsi et al. [103] showed this proximity of instability growth rates and intermittent structures in both PIC simulations and MMS data.
As discussed earlier, the computational expense of fully kinetic simulations forces one to run them with artificial parameters and in reduced dimensionality. A good understanding of dissipative processes in kinetic plasmas requires comparative studies of various models and geometries. In the spirit of Turbulent Dissipation Challenge [98], Gary et al. [104] compared simulations in three different geometries to study the relative importance of instability time scales and nonlinear times. Figure 6 shows two dimensional probability distribution functions (PDFs) of kinetic instability rates and nonlinear rates computed at the scale of maximum instability growth rate at each point for 1) 2.5D perpendicular turbulence with mean magnetic field out of the plane of simulation, 2) 2.5D parallel turbulence with mean magnetic field in the plane of the simulation, and 3) a fully 3D turbulence simulation. It is evident from all three panels that the nonlinear rates are almost always larger than the instability growth rates. Only a small fraction of population lies in the regime where the instability growth rate is larger than the nonlinear rate. 2.5D perpendicular-plane simulation shows a complete dominance of nonlinear rates. Although the 2.5D parallel simulation shows a dominance of nonlinear rates, the ratio of the two rates is closer to unity compared to the perpendicular simulation. 3D simulation shows a wide spread in the rates while retaining the dominance of nonlinear rates. The PDFs in the 3D simulation show many qualitative and quantitative similarities to the magnetosheath dara from the MMS spacecraft and the solar wind data from the Wind spacecraft [105].
[image: Figure 6]FIGURE 6 | Probability distribution functions (PDFs) of tnl vs tinst. for three fully kinetic simulations [104]. (A) 2.5D perpendicular PIC with mean field out of the plane of simulation, (B) 2.5D parallel PIC with mean field in the plane of simulation, and (C) 3D PIC. The 2.5D perp PIC simulation shows a dominance of nonlinear time scales. The 2.5D parallel PIC simulation shows a distribution where nonlinear timescale dominates still. However, the distribution lies close to unity. 3D PIC shows a distribution that is similar to observations in the magnetosheath [105].
Peter Gary studied instabilities extensively starting in the 1990s, e.g. Gary et al. [109]. While the linear instabilities were often studied under the simplified assumption of a single anisotropic distribution, the presence of secondary populations, either as proton beams or alpha particles, can significantly impact the stability and thus the predicted growth rates.
The streaming speed of alpha particles relative to the protons (which is about the local Alfvén speed in the solar wind) can cause alpha/proton magnetosonic and Alfvén instabilities [110]. The relative flow difference between the alpha particles and the protons changes the occurrence of maximum growth rate for the temperature anisotropy instability of protons (exciting the ion cyclotron waves) into the direction of flow difference [111].
Linear instability analysis using the Helios data shows that the alpha particles in the solar wind play a more important role at larger distances from the Sun [112]. The growth rate under the presence of alph particles becomes non-negligible when compared with the turbulent cascade rate. Hence, the alpha particles can potentially impact the turbulent cascade through this channel.
4 CONCLUSIONS AND OUTLOOK
Observations of solar wind turbulence near proton scales, the beginning of kinetic range, show that kinetic Alfvén turbulence dominates magnetosonic-whistler turbulence at those scales. However, at shorter wavelengths of the order of the electron inertial lengths neither observations nor fully kinetic simulations have yielded definitive results. The studies carried out by Peter Gary and collaborators addressed several specific questions across the kinetic range to construct a more complete picture of plasma turbulence:
1. How do the spectra for kinetic Alfvén and whistler turbulence compare and scale with the plasma parameters beta and the fluctuation amplitudes?
2. What are the dissipation mechanisms for kinetic Alfvén and whistler turbulence, and if there is a cross-over from the former to the latter, what are its scaling properties?
3. Sample computations show that electrons are preferentially heated in directions parallel/anti-parallel to the large-scale magnetic field in both kinetic Alfvén and whistler turbulence, while the solar wind observations indicate that both an excess of parallel temperature and that of perpendicular temperare are possible. How can we systematically understand the electron temperature evolution in the frame of kinetic-range turbulence?
4. What are the parametric dependencies for electron and ion heating by kinetic Alfvén and whistler turbulence scenarios?
5. Can kinetic-range fluctuations be represented by dispersion relations derived from linear Vlasov theory while at the same time the fluctuations participate in the strongly nonlinear interactions characteristic of intermittent turbulence?
The central thesis of the Gary picture is that the kinetic Alfvén cascade dominates at the proton scales but critically damps before reaching electron scales. Near the electron scales, whistler turbulence starts dominating and plays an important role in electron dynamics. The kinetic-range turbulence depends on many variables, physical as well as numerical. Physical variables include the temperatures of ions and electrons (Te, Ti), their anisotropy (Tj,⊥/Tj‖), their plasma betas (βe, βi), the amplitude of turbulent fluctuations at the largest scales [image: image], and the energy containing scale (Λ). The physical but typically inexact parameters include the mass ratio of ions to electrons (mi/me) and the ratio of thermal (or Alfvén) speed to the speed of light (vth, e/c, vA/c). The parameter space to explore is extremely large and a successful exploration of it will keep many research groups busy for a long time to come. The solar wind plasma exhibits electron temperature with an excess of parallel temperature in the high-speed streasm and that with an excess of perpendicular temperature in the low-speed and high-density conditions [113]. Perhaps there are different scenarios of kinetic-range turbulence evolution.
Peter Gary through his numerous collaborations addressed various aspects of kinetic-range turbulence that support the Gary picture. Many papers have studied these parameter variations in the kinetic range using linear Vlasov theory, fully kinetic simulations in varied geometries, as well as spacecraft data from the solar wind and magnetosheath. Their results show that whistler and kinetic Alfvén turbulence can generate or sustain anisotropic power spectra, predict heating rates from whistler and kinetic Alfvén turbulence under varied conditions, explore effects of parameter variations on such heating profiles, and identify potential channels for the interplay between linear instabilities and intermittent structures. The work done by Peter Gary and collaborators contributing to the Gary picture of turbulence raises further questions that should be addressed by future studies.
6. What are the important parameters that determine the nature of kinetic range cascade and dissipation?
The large parameter space that needs to be explored implies that many linear theory studies and nonlinear kinetic studies are needed to identify how the variations of temperatures, betas, fluctuation amplitudes, and system size affect the kinetic-range turbulence. For example, careful and detailed maps of damping rates as a function of various physical and numerical parameters are still lacking. A catalogue of such maps can prove valuable to guide parameter searches for much more expensive nonlinear numerical simulations. Another interesting direction to explore within this theme is a comprehensive study to identify the nature of fluctuations near electron scales from large fully kinetic simulations. These simulations will need to span a large range of scales from the inertial range down to sub-electron scales. Parameter variations such as large-scale turbulence amplitude, plasma beta, and anisotropies etc. will need to be varied to get more details.
7. How do kinetic instabilities interplay with turbulence driven by large scales into the kinetic range?
Many papers have started to appear under this theme recently but much needs to be explored. How much power can such instabilities pump into the kinetic range? How frequent are such instabilities? Do they happen only near intermittent structures or can they be pumped by large scale conditions as well?
8. How critical are the approximations of the model used to describe kinetic-range turbulence?
Many models such as gyrokinetic, ten-moment two fluid, hybrid kinetic, Vlasov-Maxwell etc. are used to study kinetic-range turbulence. The gyrokinetic model, for example, does not include whistler physics and hence cannot address the issues regarding the competition between kinetic Alfvén and whistler cascades. The hybrid kinetic model does not include electron kinetic physics and hence is also unable to describe the electron scale kinetic physics. Ten-moment models, successfully applied to the global simulations of Earth’s magnetosphere and the plasma environment around Ganymede and Mercury, do not contain a time-evolution equation for the heat flux although the models include the evaluation of third-order moments in the anisotropy and non-gyrotropy of the pressure tensor [114]. Fully kinetic models are extremely expensive. Hence, comparative studies of these models are critical to identify the right tools and physics. On the numerical front, PIC has traditionally been the popular model for its relatively less computational expense. However, the noise stemming from finite number of particles can affect the electron scale dynamics significantly. On the other hand, the Eulerian Vlasov models have been computationally much more expensive. Newer finite element [48] and Hermite spectral methods [115] are being developed as well. With increasing computing power and improved numerical schemes, such models may become more desirable than PIC.
9. What are desirable analyses to identify and differentiate between whistler and kinetic Alfvén fluctuations and their role in plasma heating?
Commonly employed analyses include power spectra, heating rates, and intermittency analyses. Other potential analysis to perform could be to theoretically identify and analyse various dissipation measures such as Pi-D [99], stochastic heating [89], and field particle correlator [116]. Can four-dimensional Fourier spectra of kinetic-range turbulence simulations yield some interesting differentiating conclusions?
This is just a sampling of questions that directly follow up on Peter Gary’s contributions. The Gary picture addresses a relatively less explored part of the kinetic range, i.e., between proton and electron scales. Hence, the Gary picture has the potential, when properly validated and revised, to not only strengthen our understanding of turbulence in the near-Earth solar wind but will also lay the groundwork for interpretation of data collected by the on-going missions in the inner heliosphere by Parker Solar Probe, Solar Orbiter, and BepiColombo, and the upcoming HelioSwarm mission.
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