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We investigate the over-barrier ionization of hydrogen atoms in intense circularly and elliptically polarized laser fields. By solving the time-dependent Schrödinger equation, we simulate the photoelectron momentum distributions with the peak laser field intensity ranging from tunneling ionization to over-barrier ionization regime. It is shown that the photoelectron momentum distributions reveal a spiral distribution in the over-barrier ionization regime, which is in contrast with the typical donut distribution sculpted by above-threshold ionization peaks in the tunneling ionization regime. To analyze the intriguing photoelectron behavior, we further develop a semi-classical model by considering the non-adiabatic effect and the depletion effect of the ground state. The photoelectron momentum distributions calculated by the semi-classical model agree well with the results of the time-dependent Schrödinger equation. Based on these results, we further explore the relationship between the instantaneous ionization rate and initial transverse momentum in over-barrier ionization. It is worth noting that such a relationship is not easy to be clearly revealed in tunneling ionization regime as the final electron momentum is significantly modified by the inter-cycle interference. Moreover, we also show that the non-adiabatic effect and long-range Coulomb interaction play important roles in the over-barrier ionization.
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INTRODUCTION
In the strong-field community, when atoms and molecules are exposed in intense laser fields, a series of interesting physical phenomena can be revealed, including the above-threshold ionization (ATI) [1–3], molecular dissociation, Coulomb explosion [4–6], and non-sequential double (multiple) ionization [7–9]. As well known, strong-field ionization can be characterized using the Keldysh parameter [image: image] [10], where ω, E, [image: image] are the angular frequency of driving light, electric field strength, and ionization potential of atoms, respectively. When the amplitude of the driving laser field is small ([image: image]), the ionization is dominated by multi-photon ionization (MPI) [11–13]. In this case, the photoionization tends to be depicted in the frequency picture, and its ionization rate is proportional to [image: image], where [image: image] is the laser intensity and [image: image] is the number of photons absorbed. When the amplitude of the driving laser field is large ([image: image]), the Coulomb potential of atoms is pronouncedly bent to be a barrier. Then the electrons can tunnel through the suppressed barrier into the classical region, which is called tunneling ionization (TI) [14–18]. So far, multi-photon ionization and tunneling ionization have been intensively studied.
If the laser intensity further increases, the suppressed Coulomb barrier could be lower than the energy of the ground state atom. The bounded electron would be liberated from the parent ion directly, which is called over barrier ionization (OBI) [19]. The threshold strength of the driving laser field for OBI can be estimated by [image: image] (Here Z is the charge of the residual ion) [20]. This formula is derived on the assumption that the electrons only move in one-dimensional (1D) Cartesian space. Tong and Lin have developed an empirical formula to describe the ionization rate over a wide range of laser intensity, including the OBI regime [21]. Meanwhile, several experimental and theoretical studies of the OBI have been reported. In Ref. [22], the authors have made a systematic scan of the ionization rate of noble gases from the TI to OBI regime. Using the magneto-optically trapped target reaction microscope (MOTREMI), the photoelectron energy and momentum spectra of single ionization of lithium in the OBI regime have been measured [23], and these results were then analyzed by solving the time-dependent Schrödinger equation (TDSE) [24]. By measuring the electron transverse momentum distributions of the neon atom in 3P2 metastable state near the OBI regime, Ivanov, et al., showed that the cusp-like structure of transverse momentum is independent of laser ellipticity in OBI regime [25, 26]. Recently, by using MOTREMI, the momentum distributions of Rbn+ recoil ions up to [image: image] have been measured, which exhibit multiband structures as the light field polarization varies from linear polarization to circular polarization [27].
In this paper, we theoretically study the photoionization of hydrogen atoms driven by intense elliptically and circularly polarized laser fields. By solving TDSE, we show that the photoelectron momentum distributions reveal a unique helical structure in the OBI regime, which has been rarely discovered in the MPI and TI regimes. To interpret the underlying mechanism, we further develop a semi-classical model (SCM), in which the depletion effect of ground state wavefunction and non-adiabatic effect have been considered. The simulated results of the SCM and TDSE show a great agreement. We reveal that the photoelectrons emitted in the leading edge of the laser pulse are streaked into momentum-resolved final states, allowing one to establish the time-to-angle mapping. Utilizing the correspondence between the final momentum and ionization moments, we explore the initial condition of ejected photoelectrons. The simulated results indicate that the non-adiabatic effect and long-range Coulomb potential still play important roles in OBI.
THEORETICAL METHODS
Quantum simulation
We obtain the photoelectron momentum distributions by numerically solving the TDSE based on the split-operator spectral (SOS) method [28–30]. In principle, the SOS method is suitable for all linear eigenvalue issues involving any number of dimensions, and it does not require special basis functions or potentials in the form of analytic expression. However, to ensure the accuracy of SOS method, an adequate sampling rate in space and time is necessary [31–33].
When an intense laser field interacts with a hydrogen atom, the TDSE within single-electron approximation and dipole approximation is given by (unless otherwise stated, atomic units ([image: image]) are used throughout this paper)
[image: image]
where [image: image] is the electronic coordinate measured from the center of the nucleus and [image: image] is the synthesized potential imposed on the electron, including the action of hydrogen ion and laser field. The synthesized potential can be written as
[image: image]
where [image: image] is the electric field of driving laser pulses. We notice that the synthesized potential reaches its maximum [image: image] at the distance of [image: image]. Therefore, if the laser electric field is strong enough, the synthesized potential can be lower than the ionization potential of atoms, namely [image: image]. In this case, the strong-field ionization enters into the OBI regime. Specifically, for a hydrogen atom ([image: image] a.u.), we can estimate that the OBI occurs when the laser field strength is larger than [image: image] a.u., corresponding to the laser intensity [image: image] W/cm2.
To find a clear physical picture of the OBI, we use elliptically and circularly polarized laser fields in the simulation. The selection of these two laser fields can avoid the rescattering of ejected electrons so that we can highlight the effect taken by the laser strength. Here, the electric field [image: image] is given by
[image: image]
where [image: image], [image: image] and [image: image] are the laser ellipticity, angular frequency, and carrier envelope phase (CEP), respectively.f(t)=sin2(ωt/2n) is the sine-square temporal envelope, where n is the cycle number of the laser pulse and here it is chosen to be [image: image]. For a sufficiently strong circularly polarized pulse laser, as the electric field increases the ionization model changes from MPI to TI, and finally to OBI within a single laser pulse, as shown in Figure 1. We have performed a series of simulations with the center wavelength of 800 nm, and the peak intensity varying from 1.1 × 1014 W/cm2 to 6.3 × 1015 W/cm2, corresponding electric field strength changing from 0.04 a.u. to 0.3 a.u.
[image: Figure 1]FIGURE 1 | The electric field of a circularly polarized pulse laser with the peak electric field strength of 0.2 a.u. Three insets represent three different kinds of ionization and mark the corresponding electric field strength. The blue arrow represents the instantaneous electric field strength.
We utilize a symmetrically split operator algorithm for advancing the solution of TDSE by an incremental time [image: image]. This can be expressed as
[image: image]
Here, [image: image] is the initial wavefunction of the electron, which can be prepared by imaginary-time propagation [34]. Eq. 4 is equivalent to a free particle propagation over a half time increment, a phase change from the action of the potential over a total time increment, and a free propagation over the remaining half increment. The operator [image: image] applied to [image: image] is difficult to calculate in coordinate space. However, it can be realized by using the band-limited Fourier series representation.
[image: image]
After the electron wavefunction being operated by [image: image], we will have
[image: image]
where [image: image] is the number of grid points, and [image: image] is the length of the computational grid. At the end of the pulse, the wave function is propagated for another three cycles to make sure that the low-energy electrons could travel far enough from the parent ion to be collected in calculation. At each time step [image: image], we extract the ionized part [image: image] from the total wave function,
[image: image]
where [image: image] is a smooth absorbing function, and [image: image] is the boundary to distinguish if the electron is ionized or not. Then the ionized wavefunction would be converted into momentum space.
[image: image]
where [image: image] is the vector potential of the laser field, and analytically propagates under the Volkov Hamiltonian to the end of the simulation,
[image: image]
At last, we obtain the total photoelectron momentum distribution [image: image] by summing the wave packets in momentum space ionized at different [image: image].
Semiclassical model
The physical process of SCM is based on the traditional strong-field ionization model [35–37] with the improvement of the initial momentum distribution and the depletion effect. The initial tunneling coordinates of tunneling electrons are obtained by the saddle-point approximation [38, 39], in which the non-adiabatic effect and phase in the ionization process are included in the SCM [40, 41]. In the saddle-point method, the electron transition amplitude between the ground state and Volkov state is approximated by summing over the quantum orbits [1, 42],
[image: image]
where [image: image] is the classical action and [image: image] is the saddle point of time, given by
[image: image]
The initial momentum and position are given by [image: image], [image: image], where [image: image] is the ionization moment. The motion of released electron is obtained by solving Newton’s motion equations [image: image]. This kind of practice uses for reference from Coulomb-corrected strong-field approximation, which can deal well with the influence of Coulomb potential [43].
Besides, the depletion of ground state wavefunction cannot be ignored because of the high ionization rate in the intense laser field. We can suppose the instantaneous ionization rate can be expressed by the product of static field ionization rate and residual electron probability.
[image: image]
where [image: image] is the cumulative ionization probability in a laser pulse and [image: image] is an empirically-corrected formula for static field ionization rate [21]. Here, since the OBI is driven by the circularly and elliptically polarized laser fields, the rescattering effect of electrons is suppressed.
RESULTS AND DISCUSSION
In Figure 2, we show the two-dimensional photoelectron momentum distributions simulated by TDSE, for a wide range of electronic field strength from [image: image] a.u. to 0.3 a.u., corresponding to the transition from TI to OBI regime. In the TI regime (Figure 2A), the photoelectron momentum spectrum has a donut-shaped distribution sculpted by an obvious ATI structure resulting from inter-cycle interference [11]. With the conversion of the electric field strength from the TI regime to the OBI regime, the photoelectron momentum spectra show characteristic spiral distributions, along with the disappearance of ATI peaks, as shown in Figures 2B–D. The spiral structures are gradually stretched with the increasing electric field strength. These phenomena have been never revealed in previous works. Additionally, one can find these spiral-shaped structures are nearly overlapped with the negative vector potentials of the driving lasers (the red lines in Figure 2).
[image: Figure 2]FIGURE 2 | The photoelectron momentum spectra calculated by TDSE, corresponding electric field strength are (A) 0.04 a.u. (B) 0.13 a.u. (C) 0.2 a.u. (D) 0.3 a.u. The field-driven momentum [image: image] is shown by the red line.
Within the strong-field approximation, the final momentum of the measured electron is determined by the negative vector potential [image: image], where [image: image] is the ionization instant [44, 45]. In the OBI regime, the field-strength dependent ionization rate is high enough for saturation so that most electrons are ionized in the rising edge of a laser pulse. Because the shape of the negative vector potential is a spiral curve in the rising edge, the photoelectron distributions show a similar spiral structure in momentum space, as shown in Figures 2B–D. Besides, one can note that the electrons ionized at different moments of the same laser cycle would be mapped into different directions, and the electrons ionized in different laser cycles would be mapped into different radii in momentum space. Therefore, the inter-cycle interference patterns have been suppressed in the OBI regime, resulting in the disappearance of ATI peaks. Moreover, the momentum-resolved final states of electrons mean that one can establish the one-to-one correspondence between final momenta and ionization moments via the relation [image: image], which will be helpful to investigate the initial condition of ejected photoelectrons.
To reveal the physical mechanism of OBI, we have further calculated the photoelectron momentum distributions by the SCM including the non-adiabatic effect and the depletion of bound electrons. The simulated results are shown in Figure 3, which agree well with the TDSE simulation. In addition to reproducing the momentum distributions of TDSE, the SCM also offers an intuitive description of the initial condition of the ejected photoelectrons in the OBI regime. In SCM, we can give the instantaneous ionization rate with the depletion effect of bound electrons, as indicated in Figure 4A. In order to compare the ionization rate under the same electric field strength conveniently, we also calculate the ionization rate as a function of the instantaneous electric field, as shown in Figure 4B. The black dotted line represents the threshold to come into the OBI regime for a hydrogen atom ([image: image] a.u.). When the electric field is weaker than the threshold field strength, the instantaneous electric field dominates the process, and the rate increases exponentially as the field strength increases. However, if the electric field is larger than the threshold, the increase of ionization rate gradually slows down and even begins to decline due to the depletion effect of bounded electron wavefunction. In the past, the instantaneous ionization rate is only a function of instantaneous electric field strength. But after considering the depletion effect, the pulse envelope, determined by the peak electric strength [image: image], also plays an important role. One can note the curve with [image: image] a.u. (blue circles in Figure 4B) is shifted to the right than the curve with [image: image] a.u. (purple circles), which means that with higher peak strength, there are more electrons remaining unionized until the laser field reaches a higher intensity. Utilizing the one-to-one correspondence between final momenta and ionization moments, we can extract the ionization rates from the momentum distributions calculated by TDSE, represented by blue and purple lines in Figure 4A,B, which support the conclusions of SCM.
[image: Figure 3]FIGURE 3 | The photoelectron momentum spectra calculated by SCM, corresponding electric field strength are (A) 0.04 a.u. (B) 0.13 a.u. (C) 0.2 a.u. (D) 0.3 a.u. The field-driven momentum [image: image] is shown by the red line.
[image: Figure 4]FIGURE 4 | The comparisons between TDSE and SCM. (A) The ionization rates normalized by the maximum. The blue and purple lines represent the ionization rates given by TDSE with different peak electric field strengths, 0.3 and 0.17 a.u. The blue and purple circles represent the counterparts in SCM. (B) The same as (A) but the horizontal ordinate is the instantaneous electric field strength in rising edge instead of time. The black dotted line represents the threshold of the OBI regime, [image: image] a.u. (C) The red line represents the correction of initial transverse momentum deviation from non-adiabatic effect. The bule and purple lines represent the total momentum correction [image: image] in TDSE, and the blue and purple circles represent the counterparts in SCM.
As seen in SCM, the non-adiabatic ionization coordinates are important ingredients for the simulation. In the next step, we explore the initial transverse momentum deviation, which is included in the difference between the negative vector potential and the most probable final momentum. Taking the non-adiabatic effect into account, one can obtain the correction of initial transverse momentum [46], represented by the red line in Figure 4C. Then it was also influenced by the Coulomb potential in the propagation process after ionized. Therefore, the final momentum can be expressed by [image: image], where [image: image] is the initial transverse momentum deviation and [image: image] is the correction due to the Coulomb potential. Utilizing the correspondence between the final electron momentum and the ionization moment, one can draw the total corrections [image: image] of both SCM and TDSE by calculating [image: image], which are shown in Figure 4C. Although there is no reliable method to directly obtain the initial transverse momentum deviation [image: image] from TDSE, the agreement of total correction [image: image] between SCM and TDSE suggests the correction of initial momentum in SCM is enlightening. Besides, by comparing the results with different peak electric field strengths (0.3 a.u. represented by blue line and circles, and 0.17 a.u. represented by purple line and circles), it is intuitive to find the momentum correction is only dependent on the instantaneous electric field. And as the electric field strength increases, the momentum corrections become smaller. One can see that there is a tiny difference between the results of TDSE and SCM. This discrepancy is caused due to insufficient consideration of the change of barrier width caused by the increase of laser intensity in the SCM.
We further calculate the photoelectron momentum distributions in the OBI regime by using a laser pulse with different ellipticities and CEPs. The results are shown in Figure 5, where the left column is calculated by TDSE and the right column is calculated by SCM. As shown in Figure 5A,B, for an elliptically polarized laser field with [image: image] a.u., [image: image], the shape of electron momentum spectra is squashed along the minor axis due to the change of negative vector potential. There are several extrema of ionization rate because the electric field strength is not monotonous any longer at the rising edge. For a long laser pulse, the CEP is always thought to have no influence. But in the OBI regime, when CEP is varied, the shape of negative vector potential will be rotated and result in a rotated photoelectron momentum spectrum. The results are shown in Figure 5C,D, using a circularly polarized laser with peak electric field strength of 0.2 a.u. and CEP of [image: image]. This suggests that in order to perform a strong-field ionization experiment with a laser intensity in the OBI regime, the CEP of the pulse laser should be stabilized. Otherwise, the final electron momentum distribution will be averaged by the results of different laser CEPs, and thus it reveals an annulus as shown in Figure 5E,F.
[image: Figure 5]FIGURE 5 | The calculated photoelectron momentum distributions for different ellipticities and CEPs. The left column is calculated by TDSE and the right column is calculated by SCM. (A,B) [image: image] a.u., [image: image], [image: image]; (C,D) [image: image] a.u., [image: image], [image: image]; (E,F) the superposition of photoelectron spectra with different CEPs.
CONCLUSION
In conclusion, we have theoretically studied the OBI of hydrogen atoms under the intense circularly and elliptically polarized laser pulses. The simulated photoelectron momentum distributions reveal an interesting spiral structure, and such structure can be reproduced by the modified SCM. It suggests that the non-adiabatic effect and depletion of ground state wavefunction are very important in the OBI regime. Utilizing the corresponding relation between the ionization moment and final momentum, we have analyzed the initial condition of ejected photoelectrons. Moreover, the developed SCM has been used in the calculation for the laser pulse with different ellipticities and CEPs. This work presents an intuitive physical picture of the photoionization process in the OBI regime. Due to the momentum-resolved final states of electrons ionized at different moments in one cycle, one can fully resolve the sub-cycle dynamics of photoelectrons in the OBI.
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