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In a recent article [AIP Adv. 11, 045033 (2021)], we carried out exact quantum dynamical calculations and computed ro-vibrational energy levels and wave functions for the [image: image] molecular ion up to the dissociation threshold (at J = 46) using a recently developed potential energy surface (PES) [Mol. Phys. 117, 1663 (2019)]—arguably, the most accurate to date —together with the ScalIT suite of parallel codes. In this work, we further improved the convergence accuracy and range of our ScalIT calculations for all J values up to J = 20 to a few 10–5 cm−1 (or better). In addition, we performed an ab initio assignment of the ro-vibrational energy levels, providing vibrational ‘v1, v2, |l|’ and rotational ‘J, G, U, K’ quantum labels for more than 2,200 ro-vibrational states, including every single 0 ≤ J ≤ 20 state up to and above the barrier to linearity at 10,000 cm−1. The main underlying motivation of our work is to provide a list of reliably labeled, spectroscopically accurate energy levels in a format that can be used in spectroscopic line lists, which are based on both experimental and theoretical levels. Such line lists are of huge importance in various astrochemical and astrophysical contexts.
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1 INTRODUCTION
The [image: image] molecular ion [1]—the smallest tri-atomic molecular system, with just three protons and two electrons—is a central molecule in molecular astrophysics and astrochemistry. It is the most common molecular ion in the Universe, serving as the main conduit of chemical reactions in outer space. [image: image] can be found in the interstellar medium [2], supernova remnants [3], the atmospheres of gas giants, and exoplanets [4, 5], and also plays an important role in star formation [1]. Partially due to its simplicity, [image: image] serves as a benchmark system for several different areas of science, in particular, high-resolution ro-vibrational spectroscopy experiments, accurate ab initio electronic structure calculations and potential energy surface (PES) development, high performance quantum dynamics calculations, and reaction dynamics. Despite its simplicity, the near-dissociation spectrum of [image: image] [6, 7]—recorded 40 years ago!—still remains unassigned. [image: image] has been studied very extensively both experimentally and computationally in the last four decades, as was recently summarized in a very nice review [1].
On the experimental side, numerous spectroscopic studies have been conducted [6–14]. Of course, the primary challenge with respect to labeling is that experiments provide only spectroscopic transitions, not the ro-vibrational energy levels themselves. Although symmetry and selection rules help, extracting the latter from the former remains a challenge, and has traditionally been something of a “black art.” Recently, more systematic approaches have been developed, based on graph theory and “spectroscopic networks” (SNs) [15, 16], in which the vertices represent rovibrational energy levels, and the lines represent experimentally observed spectroscopic transitions, to extract empirical energy levels directly from experimental data, with well-defined and realistic uncertainties. In particular, the MARVEL code (Measured Active Rotational–Vibrational Energy Levels) [17, 18], has been applied to ro-vibrational spectroscopic data of [image: image] that were collected from 26 separate experimental sources [13]. The resultant energy levels and assignments replaced the earlier work of [8]. A MARVEL analysis was also carried out for two isotopologues, H2D+ and D2H+ [14], with the database last updated in 2019 [19]. Thus far, the number of validated, and therefore recommended, experimental quality ro-vibrational energy levels of [image: image] are 652, [19] of which 259 belong to ortho-[image: image] (I = 3/2) and 393 to para-[image: image] (I = 1/2), with I being the quantum number of the total nuclear spin of the system.
On the theoretical side, due to its spectroscopic importance, a variety of [image: image] PESs have been developed over the years [11, 12–26]—with the latest two [25, 26] published only very recently. A number of ro-vibrational state calculations have also been performed in the past for this system [12, 22–43], many employing empirical corrections of various kinds (e.g., empirically modified vibrational masses [44, 45]) in order to better match the available experimental data, and also to capture non-adiabatic effects [24, 25, 34, 37–39, and 41]. The empirical approach might be less effective at higher energies, [35]—e.g., in the context of reactive collisions, which have also been extensively studied for [image: image] [46–48]. Additionally, empirical “corrections” can become a bit tricky, if there is any question as to how to match experimental and theoretical state labels.
For these reasons, we prefer a fully ab initio computational approach [43], both with regard to the ro-vibrational state calculation itself, as well as the determination of state labels. In particular, to the best of our knowledge, we are the first group to attempt a fully ab initio assignment of ro-vibrational state labels for [image: image]. Our first push in this direction was published in an article last year [43]; however, the set of J values considered in that work was restricted, and in addition, we did not use wave functions to help determine ro-vibrational state labels, but only D3h symmetry labels. In addition, although the calculations were very well converged (10–4 cm−1), better convergence would have allowed for a better determination of symmetry-induced vs. “accidental” degeneracies, which in turn leads to a less ambiguous state labeling, especially at higher vibrational and rotational excitation energies. All of these small deficiencies of the previous work have been rectified here, as discussed below.
As further motivation for adopting a purely ab initio approach, we point out that [image: image] has always been targeted as an important benchmark system for achieving a direct spectroscopic agreement between theory and experiment. This has been a long-standing goal, which it can be argued, has only begun to be obtained fairly recently [12, 24]. Additionally, the highly accurate determination of the ro-vibrational spectrum of astrophysically relevant molecules such as [image: image] is motivated by the “weed problem” [49, 50]. In the interstellar medium and planetary atmospheres, many different molecules or ions are present at the same time. As the spectra overlap, it is crucial to obtain highly accurate spectra in order to unambiguously differentiate the contributions from different species.
Therefore, creating highly accurate line lists can serve as an important tool, from both the experimental and computational points of view. The first such line list was created by [51] with 669 astronomically important lines. This was supplemented by [52], with about three million lines. The newest line list, MiZaTeP [53], contains more than 120 million lines by bringing together the experimental spectroscopic data using MARVEL [13], and theoretical levels computed with the DVR3D code [54–56]. This line list also contains 17 meta-stable states, which are quantum states with very long lifetimes.
In this work, in order to facilitate the expansion of already existing [image: image] line lists, we focus our efforts on further improving the convergence accuracy of our ab initio ro-vibrational energy level calculations down to a few 10–5 cm−1. This is far beyond the accuracy of the PES, and certainly much smaller than the discrepancies within the experiment. Nevertheless, such an extraordinarily high convergence accuracy is essential with respect to unambiguous state labeling, as discussed, especially at higher vibrational and rotational excitation energies. Additionally, we compute and analyze ro-vibrational wave functions to determine their “vibrational parent” states [57] as a further means of providing unambiguous labels. In the present work, we also consider all values of the rotational quantum number J, not just selected values—but only up to a maximum of J = 20. In the previous work [43], we considered higher J values, all the way up to rotational dissociation (J = 46). Here, we apply a restriction to comparatively low values, simply because the quantum label assignment (which is a primary focus of this work) becomes essentially impossible much beyond this point.
In all, we provide vibrational ‘v1, v2, |l|’ and rotational ‘J, G, K, U’ quantum labels for more than 2,200 ro-vibrational states, around 1,600 of which are new assignments complementing, and in certain cases arguably correcting, the ∼650 assignments in the MARVEL database [19]. To the best of our knowledge, no previous work has attempted to provide purely ab initio quantum label assignments for computed ro-vibrational states—certainly not to the extent that we have done here, in any event.
2 MATERIALS AND METHODS
In a recent article [43], we carried out the exact ro-vibrational energy level and wave function calculations for the [image: image] molecular ion for selected J values up to J = 46. As most of the computational details remain unchanged, here, we only provide a brief summary of the overall computational methodology, and focus primarily on the differences from the previous work.
2.1 ScalIT
The quantum dynamical calculations presented in this article were performed using the ScalIT [58–62] suite of parallel codes. ScalIT is a black-box molecular ro-vibrational spectroscopy code, which for tri- and tetratomic molecules employs an analytical kinetic energy operator expressed in (orthogonal) Jacobi coordinates. The use of direct product basis sets (DPBs) including discrete variable representations (DVRs) results in a Hamiltonian matrix with a sparse structure. For the radial coordinates, phase–space-optimized DVRs (PSO-DVRs) are used [63–68] while for the bend and rotation angles, standard associated Legendre polynomial or Wigner rotation function basis sets are utilized. The Hamiltonian is diagonalized iteratively using sparse Krylov subspace methods together with several different effective numerical optimization strategies, such as the preconditioned inexact spectral transform (PIST) method [69–71], optimal separable basis (OSB) preconditioning [72–75], and the standard iterative quasi-minimal residual (QMR) algorithm [59, 76]. All of these methods working together ensure the effective scaling across massively parallel supercomputing clusters (up to a few thousand cores) and the ability of ScalIT to accurately compute even extremely energetically high-lying quantum states. So far, ScalIT has been used for around a dozen challenging systems, such as Ne4 and HCCH [43, 50, 68, and 77–86], and via extending the capabilities of the ScalIT code through the SwitchIT [87] algorithm to accommodate more complicated Hamiltonians, even CH3CN [87].
The massively parallel capability of ScalIT is based on MPI parallelization, which makes the code uniquely qualified to compute many quantum states with high accuracy for small molecular systems. Other available ro-vibrational spectroscopy codes, e.g., DVR3D [54–56], TROVE [88–90], DOPI [33, 91, 92], DEWE [57, 93–95], GENIUSH [96, 97], and ElVibRot [98–100], in general traditionally only offer single node OPENMP parallelization (although ElVibRot has been made MPI parallel recently [101]). Also, it is worth mentioning that the use of GPUs is spreading slowly to the field of ro-vibrational molecular spectroscopy with a focus on computing ro-vibrational intensities [102].
2.2 Potential energy surface
In this work, we utilized the recently computed [image: image] PES referred to as “PES75K+” [25] which is based on the Born–Oppenheimer ab initio points of the earlier “GLH3P″ PES [12, 24], the first “calibration quality” PES developed for [image: image]. In our previous work, we compared these two PESs and discussed the spurious asymptotic wells that appear in the GLH3P PES [43], which were causing significant numerical convergence problems for our ScalIT calculations. Although GLH3P has been used more frequently in previous computational ro-vibrational spectroscopy studies, PES75K+ has now been shown to provide more accurate energy levels higher up in the spectrum.
In any event, the [image: image] PES shows this molecular ion to be quite stable. The first dissociation threshold (to H2 + H+) occurs at D0 = 35, 076 ± 2 cm−1 [25]. However, there is a much lower-lying (linear) isomerization barrier at around 10,000 cm−1.
2.3 Previous computational works
For the GLH3P PES [12, 24]—and other earlier PESs, including the PES developed by Cencek and colleagues [20, 21]—a wide range of ro-vibrational calculations have been performed [12, 22–24, 27–29, 31, 32, 34–40, 42, and 43]. Most of these are summarized in a fairly recent review article [40]. In the last couple of years, newer PESs have been also developed, among them, the PES75K+ PES [25] is used here, and also a multi-sheet fit PES including more than one electronic state [26]. By and large, the ro-vibrational studies have focused on increasing the accuracy of numerical convergence, as well as pushing the limits of vibrational/rotational excitation. Indeed, computing ro-vibrational energy levels of [image: image] near dissociation has a long history [3, 27, 29]. To date, all energy levels were computed up to dissociation using atomic [30, 33], nuclear [35], and modified hydrogen masses [35] to investigate the properties of high-lying vibrational states. More restricted calculations—both in terms of energy and rotational excitation, but also accuracy—were also carried out, up to J = 2 and 15,300 cm−1 [32], and up to J = 3 and the then-experimental limit of ∼17,000 cm−1 [24]. The dependence of Coriolis coupling on choice of “embedding” or body-fixed frame was also investigated [42].
2.4 Symmetry
Jacobi coordinates (denoted as r, R, and θ here) are usually the best choice for describing AB2 triatomic molecules. In such cases, the full G4 permutation–inversion (PI) symmetry of the molecules is fully described. Of course, [image: image], with its three identical atomic nuclei, is an A3 system, whose energy levels are labeled by the G12 PI group irreducible representations (irreps) [103]. Note that G12 is isomorphic with the D3h point group—which, in any event, describes the global minimum equilibrium structure of [image: image], which is an equilateral triangle with a bond length of 1.65034a0 = 0.873 322Å.
Nevertheless, since Jacobi coordinates, in contrast to hyperspherical coordinates [104], do not respect the cyclic permutation operations of the G12 PI group, this poses certain challenges for the ScalIT calculation performed here, which essentially presumes an AB2 structure. More specifically, it becomes necessary to correlate the symmetry labels from the G4 symmetry-adapted ScalIT calculations to the G12/D3h labels, using the Γ(D3h) ↓ G4 correlation table [43]. The “challenge” here actually only concerns the doubly-degenerate D3h irrep pairs, which are computed in different ScalIT calculations corresponding to different G4 irreps. In practice, one looks for identical eigenvalues across two G4 irreps, and identifies those as comprising, in reality, a single doubly-degenerate G12 irrep pair. Better convergence accuracy thus greatly improves the determination of numerically “identical” eigenvalues. Conversely, whatever pair splitting is observed numerically may be taken as an additional, independent measure of the overall numerical convergence accuracy.
The solutions of the AB2 Jacobi Hamiltonian are computed in four separate “symmetry blocks”, corresponding to the four (singly-degenerate) irreps of G4. These irreps can be labeled by two good quantum numbers, p = ±1 (associated with the exchange of any two identical nuclei) and ϵ = ±1 (the total parity). In addition, there are the two good rotational quantum numbers that can be used as completely reliable labels—i.e., the total angular momentum, J, and its projection along the space-fixed Z axis, M. The third rotational quantum number, K, associated with the projection of [image: image] along the body-fixed z axis, is technically not a good quantum number—though for [image: image], it may still often be used as a state label in practice, together with other approximate labels described in Section 3.2.
Lastly, given the fermionic nature of the H atom nuclei (i.e., protons), it is worth mentioning that the Pauli principle requires the total spin-plus-spatial nuclear wave function to have a totally anti-symmetric or A2 character (in the S3 permutation subgroup of the G12 PI group). For three such particles, the eight-dimensional combined nuclear spin space representation reduces to an irrep direct sum as 4A1⊕2E. The corresponding spatial wave functions (i.e., the ro-vibrational states actually computed) are thus restricted to belonging to either the A2 or E irreps. Therefore, all A1 ro-vibrational states (including what would otherwise be the ground vibrational state), are unphysical, and must be ignored.
3 RESULTS
3.1 Computational details
ScalIT computations were carried out using nuclear masses, just as in our previous article [43]. The computational parameters of this work are summarized in Table 1. In DVR calculations such as those performed here, very often as one increases the basis size in order to improve numerical convergence, one crosses over from a regime where the basis set truncation error dominates, to a regime where the numerical quadrature error dominates. This is indicated by a fast, variational convergence (from above) being replaced by a slow, oscillatory convergence behavior. Usually, when this crossover has occurred, it becomes computationally unfeasible to push the calculation much further through a “brute force” increase in the basis size.
TABLE 1 | The total bend-rotation angular basis sizes of each G4 symmetry block, [image: image], [image: image], [image: image], and [image: image], for all ScalIT calculations of [image: image] performed here, from total angular momentum J = 0 to J = 20. The number of bend-angle basis functions in θ, i.e., jmax, is always equal to 36. The radial basis sizes are Nr = NR = 300, and the radial ranges (in atomic units) are rmin = 0.5, Rmin = 0.0, and rmax = Rmax = 5.0.
[image: Table 1]For extremely accurately converged ro-vibrational calculations, it is therefore necessary to ensure that the quadrature error is minimized. This requires two conditions. First, the PES must be very smooth and well-behaved—which, in the case of PES75K+ (but unlike GLH3P), has already been established. Second, the “primitive basis” calculations used to compute the PSO DVR basis representations must be performed as accurately as possible. To this end, a very large number of 1,001 primitive sinc-DVR grid points were used in the PSO DVR calculations for both of the Jacobi radial coordinates, r and R. The radial ranges used here were also wider than before [43]; here, we used rmin = 0.5 bohr, and rmax = 5.0 bohr for the r coordinate, and Rmin = 0.0 bohr, and Rmax = 5.0 bohr for the R coordinate.
Having put these measures into effect, our next task was to increase the basis sizes for the final calculation as far as possible, in hopes that an extremely high numerical convergence could be achieved prior to crossing over into the quadrature-error-dominated regime. We therefore used significantly larger radial basis sizes than in the previous calculation; i.e., Nr = 300 and NR = 300. The angular dimensions were also increased compared to our previous work [43]; specifically, the number of bend-angle basis functions in the Jacobi coordinate θ was set to jmax = 36 for every J value considered. The resultant total bend-rotation angular basis sizes for each G4 symmetry block calculation, i.e., [image: image], [image: image], [image: image], and [image: image], are listed in Table 1. Using these parameters, we were able to achieve better than 10–5 cm−1 numerical convergence for all ro-vibrational states with J ≤ 10.
3.2 State Labeling
The ro-vibrational calculations of [image: image] for each J > 0 were carried out in four blocks corresponding to the four G4 irreps. Note that the inversion parity is linked to the value of K, with even ϵ = +1 parity corresponding to the even K values, and odd ϵ = −1 parity to the odd K values. Thus, for J = 0, we only have two even parity blocks. States with |K| mod 3 = 0 are ortho-states with a spin weighting gs = 4, while those with K not exactly divisible by 3 are para-states with gs = 2 [1]. As the convergence accuracy of our calculations is very high, the degenerate energy levels can be unambiguously identified, and therefore, it is easy to assign the D3h (i.e., G12) irrep labels even for highly vibrationally and rotationally excited states.
Next, we address the vibrational state labels. The [image: image] molecular ion has two normal modes, the totally symmetric stretch mode v1 (belonging to the singly degenerate A1 irrep), and the asymmetric stretch-bend mode, v2 (belonging to the doubly degenerate E irrep). Displacements of the latter distort the A1 symmetry of the global minimum geometry, thereby producing a transition dipole moment. Also, being doubly degenerate, excitations of the v2 mode give rise to a new quantum number, the vibrational angular momentum l, adopting the values, l = {v2, v2 − 2, … − v2 + 2, − v2}. Therefore, the vibrational part of the ro-vibrational states can be described by the labels, ‘v1, v2, |l|‘—although it must be borne in mind that these quantum numbers are not perfectly “good”. Also note that the quantum number |l| is linked to the D3h irrep labels. In particular, the l = 0 vibrational states are always singly degenerate [image: image] states. For |l| > 0, the degenerate pair can be labeled as E′, unless |l| mod 3 = 0, for which the ± l pair splits into an [image: image] and an [image: image] state.
After first determining the D3h irrep labels, we assigned vibrational state labels to the J = 0 pure-vibrational states, which were found to be in complete agreement with earlier studies [9, 10, 12, 13, 24, 32, and 43]. For J > 0, it is advantageous to first determine the vibrational labels, indicating which “vibrational parent” state the ro-vibrational state “belongs to”. This is straightforward to do for low-vibrational and/or rotational excitations, where the energy level spacing is so high that the rotational progressions do not overlap. Higher up in energy, determining the “vibrational parents” becomes much more challenging. For J = 1, the different ro-vibrational progressions start to overlap at the 26th vibration at 10,000 cm−1. Increasing J, this threshold energy value shifts down drastically. For J = 11, even the ro-vibrational states belonging to the zero-point vibration start to overlap with the ro-vibrational progression of the first vibration. Beyond a certain point in both (v1, v2, |l|) and J, it becomes impossible to assign vibrational parents based solely on energy values and D3h symmetry labels.
In order to overcome this difficulty, the GENIUSH code [96, 97] was invoked, which is capable of semi-automatically assigning vibrational parent labels using the rigid rotor decomposition scheme (RRD) [57], based on computing wave function overlaps. To do this, the ScalIT calculations were repeated using GENIUSH, but with greatly reduced accuracy (10−2–10−3 cm−1)—which was nevertheless sufficient to match the energy levels with the ScalIT ones. The RRD overlap matrices were then computed using GENIUSH. In this manner, we were able to assign vibrational parent labels to much more highly excited ro-vibrational states—and for many more such states—than was previously possible.
We next move on to rotational state labels. The [image: image] molecular ion can be characterized as an oblate symmetric top, for which rotational states can be described using the J and K rotational quantum labels as:
[image: image]
where EJK is the relative energy of the ro-vibrational state corresponding to its vibrational parent. Although for [image: image] is always a good quantum number, due to the coupling of the rotational and the vibrational (l) angular momenta in this case, it has been argued [8, 105–107] that instead of using K, it is better to use G = |K − l|, which becomes a much better quantum number at low energies [8]. However, we will assign values to both.
For l = 0, G = |K|, and so the usual (2J + 1)-fold rotational progression arises. For |l| > 0, however, the±l values double the number of the rotational excited states to 2 (2J + 1). For |l| > J, there is only one rotational progression, where Gmin = (|l| − J) ≤ G ≤ Gmax = (|l| + J). For |l| ≤ J, the rotational excited states can be separated into two distinct rotational progressions [8, 107], with 0 ≤ G ≤ Gmax = (J + |l|), and [image: image], and they have (2Gmax + 1) and [image: image] states, respectively. These two rotational progressions often have different rotational constants and a trend similar to Eq. 1
[image: image]
[image: image]
As it usually holds that Gmax > J, EJG can become negative—as happens, e.g., for the [image: image] state, (v1, v2, |l|, J, G)=(0 2 2 1 3). This behavior is similar to the negative rotational energies observed for “quasi-structural” molecules [108] such as [image: image] [109], [image: image] [110–112], CH4⋅H2O [113], CH4⋅CH4, and H2O⋅H2O [114].
The presence of the two progressions requires that in addition to G, a new quantum number, U [8, 107], has to be introduced. U can take the values “u”, “l”, or “m” to distinguish between upper and lower energy levels with the same (v1, v2, |l|, J, G) assignment (note, that U = “l” always refers to levels within the G′ progression). Therefore, the rotational part of the wave function can be unambiguously described by the (J, G, U) quantum labels. This, however, does not mean that we cannot assign K values to each ro-vibrational state, as from the definition of G, we can assign |K| = |G − |l‖ for the unprimed progressions, and |K| = G′ + |l| for the primed progressions. Therefore, in the end, we characterize the rotational part using the (J, G, U, K) quantum label quartet.
For J > 0, D3h irrep labels are also linked to the quantum numbers, but it is actually G which is most directly impacted (for J = 0, |l| = G). The D3h irrep is A1 or A2 if G = 0 (if l = 0, we have A1 for even and A2 for odd J values), and for G > 0, similarly to J = 0, the degenerate pair can be labeled as E unless |l| mod 3 = 0, where the ± l pair splits into A1⊕A2. For large G values, especially for G ≥ 12, the two singly degenerate levels can get closer than 10–5 cm−1; therefore, in certain cases, G values have to be taken into account when assigning D3h labels.
Finally, note that to further aid in the assignment of the rotational labels, the RRD overlaps of GENIUSH also provide insights into the value of K. This occurs through the vibrational parent being assigned (in particular, l) into the G quantum number, as the symmetric top rigid rotor functions are labeled by K. This feature of the approach helped us tremendously in carrying out the task of assigning labels—so long as the RRD overlap values were significantly large.
3.3 Ro-vibrational energy levels
The ro-vibrational energy levels reported in this article are presented in cm−1, relative to the zero-point vibrational energy, 4362.1726 cm−1. The levels were obtained for each J, ϵ, and p set of values in a separate ScalIT calculation with a single PIST spectral window, usually including 70 to 120 ro-vibrational states. The number of computed levels and the highest energy level computed is summarized in Table 3 for each J value. Note that these numbers include the unphysical states, and the doubly degenerate states are counted twice. In total, 105 vibrational energy levels were computed, up to 16,500 cm−1, significantly over the isomerization barrier. For J = 1, the computed states (around 350 in all) covered the range up to 17,300 cm−1. For 2 [image: image] 7, around 420 to 480 levels were computed for each J up to the decreasing energy limit of 15,600 to 12,600 cm−1 with the increase of J. For higher J values, around 300 levels were computed for each J. For 8 [image: image] 20, the energy range increased from 10,800 cm−1 for J = 8 to up to 16,700 cm−1 for J = 20. All of the computed levels are included in the Supplementary Material.
In Table 2, the lowest ro-vibrational energy levels of [image: image] for each J up to J = 20 are compared with past [35, 43] calculations. The PES75K+ has been only used in our previous study [43] so far, using nuclear masses. The levels computed here are only slightly lower than those, by 3–5 × 10–4 cm−1 for all levels. In our previous study, we also carried out computations [43] using the GLH3P PES, just as Ref [35], as well. Those two sets of numbers are identical and slightly higher than the numbers of this work, by up to 0.07 cm−1. Ref [35] also repeated their calculations by unequal vibrational and rotational masses, which yielded eigenvalues lower than ours, by 0.8 cm−1 up to J = 13. We did not modify our masses because we prefer keeping our calculations “ab initio”. In the future, we plan to do further investigations where we include non-adiabatic effects explicitly through non-adiabatic calculations with multiple PESs. [26].
TABLE 2 | The lowest ro-vibrational energy levels of [image: image], in cm−1, up to J = 20 total angular momentum and their comparison with the literature. The past calculations employed different PESs and masses (VRM stands for Unequal Vibrational and Rotational Masses) [35].
[image: Table 2]The main focus of this work is, however, to provide vibrational and rotational quantum labels for as many states as possible. In our previous study [43], although D3h irrep labels were provided for selected J values (J = 10, 20, 30, 40, 46) up to J = 46, we only provided a limited number of vibrational and rotational quantum label assignments. Only low J values 0 ≤ J ≤ 5 and J = 10 were considered, and even those were mostly restricted to up to 8,000–9,000 cm−1, so overall, below the isomerization limit. Only for J = 0 and 1 did we go above 10,000 cm−1. Here, we pushed our efforts further with the help of wave function overlaps and provided assignments for almost all states below 10,000 cm−1. In Table 3, we summarize the number of states labeled in this work for each J value separately as well as include the labeling threshold, Elab. As for most J values, not all of the levels were assigned up to the given threshold energy, we separately include the energy value up to which all states are labeled, [image: image].
TABLE 3 | For each J value, the total number of states computed (comp.) and labeled (lab.). Note that the former number includes the unphysical states as well, and there the doubly degenerate states are counted twice. Ecomp and Elab are the threshold energies for computation and labeling, respectively. As not all the states were labeled up to Elab, a separate threshold was also included, up to which all the states are labeled ([image: image]<Elab).
[image: Table 3]During this work, 2,210 ro-vibrational levels of [image: image] have been assigned (v1, v2, |l|) vibrational and (J, G, U, K) rotational quantum labels. All of the labeled energy levels and their assignments are included in the Supplementary Material. For 1,571 of these levels, quantum labels have not been assigned before, while the remaining 639 levels are part of the 652 experimental ro-vibrational levels currently included in MARVEL. For 33 of these MARVEL levels, new vibrational (v1, v2, |l|) and/or rotational (J, G, U, K) assignments have been proposed (see Table 4).
TABLE 4 | Suggested vibrational (v1, v2, |l|) and rotational (J, G, U, K) reassignments of [image: image] MARVEL energy levels.
[image: Table 4]In order to obtain all the quantum labels presented here, our approach has been adapted keeping in mind the difficulties we faced in Ref. [43]. Based on the energy formula of Eqs 2, 3, one would expect a somewhat regular behavior in the shifting of the rotationally excited energy levels belonging to the same vibrational parent. However, this seems to hold only for the l = 0 cases. In Figure 1, the change of B rotational constant is illustrated as J is increased. Each rotational progression belonging to a vibrational state can be characterized by a slightly different B rotational constant, which also shifts slightly by the increase of J. As the vibrational excitation increases, this shift becomes more significant (e.g. in case of 0, 2, 0 and 0, 4, 0). However, for the l > 0 vibrational parents, this shift can be more chaotic (see Figure 2) and it is different for the two distinct rotational progressions, assigned to G and G′ (see Figures 2, 3). For the (1, 3, 1) vibrational parent, e.g., the shift seems to first be positive and then it turns negative as it is in all other cases for both progressions. The G = 0 energy levels of the first 13 vibrational states up to J = 20 are listed in Table 5, while G′ = 0 energy levels of the first 7 l > 0 vibrational states up to J = 16 are included in Table 6.
[image: Figure 1]FIGURE 1 | The shift of the B rotational constants with the increase of the J value for the first 6 l = 0 vibrational parents.
[image: Figure 2]FIGURE 2 | The shift of the B rotational constants with the increase of the J value for the first 7 l > 0 vibrational parents. The numbers included here correspond to the G progression.
[image: Figure 3]FIGURE 3 | The shift of the B rotational constants with the increase of the J value for the first 7 l > 0 vibrational parents. The numbers included here correspond to the G′ progression.
TABLE 5 | The G = 0 energy levels of the first 13 vibrational states (v1, v2, |l|) of [image: image] up to J = 20.
[image: Table 5]TABLE 6 | The G′ = 0 energy levels of the first 7 l > 0 vibrational states (v1, v2, |l|) of [image: image] up to J = 16.
[image: Table 6]Using the RRD method [57] of GENIUSH to compute wave function overlaps and assign vibrational parents we can push the labeling a lot further than simply relying on the energy progressions. However, after a certain point in the vibrational and/or the rotational energy excitation, the mixing of the wave functions becomes simply too much for the vibrational parents to be unambiguously identified. For low J values, up to J = 6, we were able to get past the isomerization barrier, and in most cases, we could continue on even further. As the rotational excitation increases, the highest vibrational parent we can possibly assign is also decreasing. From J = 7 to 10, we are barely reaching the barrier to linearity, while as J increases further, the rotational energy contribution is also getting bigger, therefore we are again getting past the isomerization barrier (see Table 3). Different vibrational parents also behave differently, e.g. the overlaps of the (1,2,0) state breaks down a lot sooner than those of the next few higher-lying vibrational states. The more spread out progressions are also more difficult to assign fully including all the states within the progression. Although the progression belonging to (1,0,0) can be fully identified up to J = 18, in the progression of (0,1,1) we already start missing levels at J = 16. The ground vibrational state is the only vibrational parent for which all the states were found within the progressions for each J up to J = 20. This, however, might not be possible for J > 20 values.
In certain cases, it can be observed that the G = 0 (or G′ = 0) level is not the lowest level of the progression, which seemingly results in negative rotational excitations [108]. This happens for both higher vibrational excitations [e.g., for (0,5,1) at J = 1], higher rotational excitation (e.g., for (0,1,1) at J = 11), or for both [e.g., for (0,3,3) at J = 3 and for (0,3,1) at J = 6]. In certain cases, this reversing of the energy levels occurs sooner for the G′ progression [e.g., for (0,3,1) at J = 5].
4 DISCUSSION
In this article, we computed ro-vibrational energy levels and wave functions for the [image: image] molecular ion using a recently developed PES [25] and the ScalIT suite of parallel codes. The calculations included every single J value up to J = 20, and for each J, all of the levels were computed up to the barrier of linearity or higher. The convergence accuracy of our calculations is further improved, now reaching up to a few 10–5 cm−1 (or better). Our work has also been compared to previous works using different potential energy surfaces and different masses. Among the nuclear mass computations, the numbers of the present work were the lowest, signaling that we are still operating in the “basis set truncation error-dominated regime” where the numerical convergence is variational from above.
In addition, we carried out vibrational (v1, v2, |l|) and rotational (J, G, U, K) quantum label assignments of ro-vibrational energy levels for more than 2,200 states. To enable this, GENIUSH calculations were also carried out with lower accuracy to obtain ro-vibrational wave functions, which were then used to compute wave function overlaps within the framework of the rigid rotor decomposition method. These RRD overlaps helped greatly to identify the vibrational parents. As part of our efforts, we suggested new vibrational (v1, v2, |l|) and rotational (J, G, U, K) reassignments for certain energy levels within the MARVEL database. We are hoping that the results of this work can be used to further improve previous efforts toward creating spectroscopic line lists (based on both theoretical and experimental data), through the list of all labeled energy levels as provided in the Supplementary Material of this article.
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