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fibers with the generalized coupled
space—time fractional non-linear
Schrodinger equations
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College of Mathematics and Systems Science, Shandong University of Science and Technology, Qingdao,
China

The nonlinear Schrodinger (NLS) equation is an ideal model for describing optical
soliton transmission. This paper first introduces an integer-order generalized
coupled NLS equation describing optical solitons in birefringence fibers.
Secondly, the semi-inverse and fractional variational method is used to extend
the integer-order model to the space—time fractional order. Moreover, various
nonlinear forms of fractional NLS equations are discussed, including the Kerr,
power, parabolic, dual-power, and log law. The exact soliton solutions, such as
bright, dark, and singular solitons, are given. Finally, the behavior of the solution is
shown by three-dimensional figures with different fractional orders, which reveals
the propagation characteristics of optical solitons in birefringence fibers described by
the generalized coupled space—time fractional NLS equation.
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1 Introduction

With the great progress of the information technology and the increase in market demand,
especially with the outbreak of COVID-19 in recent years, modern society relies more and more
on communication, forcing optical fiber communication to develop to high-speed and large
capacity. Optical fiber communication has become the main transmission mode of
communication network due to its high transmission capacity, low loss, and wide
frequency band. Optical soliton is the most ideal information carriers in fiber optic
communications. From the perspective of physics, optical solitons can keep the waveform
and speed of optical fiber transmission unchanged, which is a special product of non-linear
effects in optics. It is considered one of the most promising transmission modes in the next
generation [1]. From the perspective of mathematics, optical solitons are integrable solutions of
some non-linear partial differential equations. Studying the exact solution of these
mathematical models has become a great significant frontier in this field [2, 3].

In the field of optical fiber communication, NLS-type equations have attracted great
attention from researchers [4-6]. In the 1850s and 1860s, the NLS equation was introduced
to study the two-dimensional self-focusing phenomenon of strong beams in weakly interacting
non-ideal Bose gases and non-linear media. As a general equation to reveal the propagation of
wave packets in weakly non-linear medium, the NLS equation is of great significance to the
study of non-linear physics. With further research, the NLS equation has been extended to the
equations of the variable coefficient, complex coefficient, multi-dimensional, higher order, non-
local, and fractional order, which contain various physical effects [7, 8]. The standard NLS
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equation contains a second-order dispersion term and a third-order
non-linear term [9-11], in the form of

iy + Pllyy + qlulzu =0.

The aforementioned equation describes the picosecond pulse
propagation in a single-mode fiber without ignoring the optical
loss. Here, u = u(x, t) represents the complex function of the real
variables x and t. Both p and q are non-zero real numbers, representing
the group velocity dispersion coefficient and self-phase modulation
coefficient, respectively. The subscripts represent the corresponding
partial derivatives.

Introducing birefringence, a natural phenomenon in fiber optics,
into fiber optics will contribute to improve the research and
The
parabola, and dual-power non-linearity laws are considered to

development of high-birefringence fibers. Kerr, power,
study solitons in birefringent fibers. These criteria for the existence
of solitons are also regarded as constraints [12, 13]. In birefringent
fibers, the basic theoretical model of optical pulse transmission is
coupled NLS equations [14, 15]. The classical coupled NLS equations

have the following form:

. 1 2 2
1y + E”lxx + (|”1| + |u,] )u1 =0,

. 1 2 2
itdys + St + (Il + |2 )u = 0,

where u; and u, represent the slow-varying amplitude of two
interacting fiber modes; the coupled NLS equations include not
only self-similar modulation |u;|*u; and |uy]*u, but also cross-
phase modulation |u;|*u, and |u|*u;.

Fractional calculus plays an important role in physics and
engineering. Fractional derivatives have been successfully used to
describe fractal problems in engineering, such as the heat transfer
in fractal medium [16], fractal hydrodynamic equations [17], fractal
electrostatics [18], fractal Fokker-Planck equations [19], fractal
description of stress, and strain in elasticity [20] [21-23].

In 2000, Laskin first proposed fractional quantum mechanics [24],
which replaced the traditional NLS equation with a fractional NLS
equation of the generalized second-order partial differential equation
with a fractional order. The fractional NLS equation has attracted
extensive attention in the field of physics [25, 26]. It has important
implications for theoretical research in the field of fraction and
fractional spin particle dynamics [27]. The theory of fractional NLS
equations is difficult to advance due to the influence of its inherent
non-local operators and the connection between fractional derivatives.
Until 2015, Longhi considered the similarity between the Schrodinger
equation and the paraxial wave equation. Then, the fractional NLS
equation is introduced into optics, and the quantum harmonic
oscillator is simulated by optical methods [28]. The field of optics
provides a wealth of possibilities for the realization of the fractional
NLS equation theory and the study of fractional transmission
dynamics of light beams [29-31].

This paper is organized as follows: in Section 2, the generalized
coupled spatiotemporal fractional NLS equations are derived using the
semi-inverse and Agrawal’s method [32, 33]. Kerr, power, parabolic,
dual-power, and log laws of this equations are discussed, and bright,
dark, and singular solitons are obtained by changing the amplitude
components of the function [34-37]; in Section 3, the behaviors of the
obtained solutions are shown by three-dimensional graphics with four
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different fractional orders; and in Section 4, we elaborate the
conclusion of this paper.

2 Formulation of coupled fractional NLS
equations

In this section, with a fractional derivative theory, we derive the
two-dimensional coupled fractional NLS equations in the fractal
domain by the Euler-Lagrange equation, and semi-inverse and
The generalized coupled NLS
equations under the rigid-lid assumption are

Agrawal’s variation methods.

iy +a U + byt + F (e |ul* + dy v )u +i{A JulPu, + 011, = 0,
iV +a Ve + byvig + F(d2|u|2 + c2|v|2)v +i{/\2|v|2vx + 63V} =0,

M

where u(x, t) and v(x, £) are complex valued functions that denote the
soliton profiles for the two components in birefringent fibers, F is a
non-linear function, a,(I = 1, 2) denotes the group velocity dispersion
coefficients, b(I = 1, 2) denotes the space-time dispersion terms, and ¢;
and di(I = 1, 2) denote the self-phase and cross-phase modulation
terms, respectively. In the perturbation terms, A/(I = 1, 2) denotes non-
linear dispersion and 6,(I = 1, 2) represents the third-order dispersion
which should be considered when the situation of the group velocity
dispersion is small.

The coupled space-time fractional NLS equations can be
represented by the following equations. We assume the potential
function u(x, 1) = fix, ) + ig(x, ) and v(x, 1) = p(x, 1) + iq(x, t)
accordingly that Eq. 1 has the following form:

i[fe +ige] + ai[fux +igux] + b1 [fxe +igu] + F[f +ig]
+i{/11 |1/l|2 [fx + lgx] + 61 [fxxx + igxxx]} = 0:

i[ e +ig:] + @2 [ Pax + iG] + b2 [ Pt + x| + F[p +iq]
+H AV [pr + iG] + 02 [ Prxx + i |} = O,

2

where the subscripts represent the partial differential function with
parameters.
The function of the potential Eq. 2 can be expressed as

J(f:9p.@) = [ pdx[,At{f 10 = 201 fox = C3bi for = AFf + sy [l g + €661 G|+
g[dlfz + dzalgxx + d3blgxz + d4Fg +dsh |u|2fx + dselfxxx]+
Plmq — Maaaquex = msby puy — MaFp + mshy|vIqy + M0 ]+
q[VhPr + My + N30y G + nyFq + ns)L2|V|2Px + nseszxx]}-

(3)

The coefficients ¢;, d;, m;, and n; (i = 1, 2, ..., 6) are Lagrange
multipliers. The integral shown in Eq. 3 can be calculated by f,|z =
e 7=0, 2|z = g 7= 0, px|r = pxl7=0, and q.|r = g, 7 = 0, respectively. |
u|* and |v|* and the function F is treated as a fixed function.

On the basis of the function conversion, we get the following
relationship by using variational optimization conditions and §/(f, g, p,
q) = 0 for piecewise integration:

[2¢19 = 262, fox — 263Dy fx — 2¢,F f + 2¢sh [ul g, + 2060, G| + [2d1 f1 + 2d20,gx
+2d3b) gt + 2d4Fg + 2dsM |ul? £ +2de0) f o] + [201G0 — 2mya, P — 2m3by Py
—2myFp+2msh; [V g + 2me0yqne]| + [2mG) + 21,0,cx + 213b5q5 + 21, Fq + 215, |v] s
+21160 Prxx] = 0.

4)

Compared with Eq. 3, in the aforementioned Eq. 4, we get
1(i=1,...,6). We substitute the ¢; d;, m; and
n; into Eq. 3. The Lagrangian form of the NLS equations is

cizd,-zm,-zn,-
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L(f> fx fo> fax> 8> 3> Ges G s P> Po> P> B x> G Gice)
1 1 1 1 1 1
= [5fig+ 3m St S S S EP MR fog = 30, o]
1 1 1 1 1 1
+ [ggrf — 3.~ GG+ S FG - Shlulg.f - ielgxfxx]

1 1 1 1 1 1 1
+ [*iptq + iﬂzpi + Ebzl’rpx - EFPZ + [E%P - i/\z|V|2Px‘1 - EGZP:cqxx]
1 1 1 1 1
—50d; = 5 + 5 Fq — ol qep - Egqupxx]- )

Similarly, the Lagrangian form of the coupled space-time
fractional NLS equations can be converted as
F-= [—%gD“f + 1al(D/‘f)z + lb DO fDEf - lFfz IA uPgD" f - l9 Dﬁfof]+
[ fD{g- al Dﬁg) - Eb D‘t"gDﬂg + ng - —)L lul fD’sg— —GlDﬂgDzﬂf]
[ o D’;p ——qD"‘ - %/lzlvl qD"p——G D“pD Bq + b D“pDﬁp——Fp ]
[ pDq - *az (Dig) + qu - 4;2 <qDfiq - EAzIVI prq - Ef)sziqu‘g p],
(6)

where D? f = DF[DF f] and DP f (x) represent the mRL fractional
derivative [39].

1 d x
fo(x) = m Ix {Jad(

0<p<L

[f(()—f(a)]})

(x=0f @

Here, I'(x) is the standard Euler’s gamma function.
The functional form of the coupled fractional NLS equations is

J(A,B,M,N) = IR (dx)“L (dt)F(A, DA, DfA, D¥ A, B, DEB, DB, D¥B, M, DEM,

D¢M, D¥M, N, DEN, DiN,D¥N), ®
in which
t t
j (dr) f (1) = yj dr(t-1) f (7). 9)

The relationship can be obtained by integration by parts [40].
[ @ reopioe=ra+y) [g(x)f - [ @ Dyf(x)] 10)
f(x),9(x) € [a,b].

With §J(A, B, M, N) = 0, we obtain the Euler-Lagrangian equations of
coupled NLS equations in the form

oF A+ oF DfA+ oF DFA + _oF D¥A+ oF DfB+

0A oDEA) OD;A oD¥A ) oDfB) "

aif DB+ _oF D¥B + oF B+ oF M+ _oF DM+

oD!B oD¥B)* oB oM oDEM )™ i
OFN (98 Npeag o (—9F \proag o (=2F \poine

oN) \oDiMm )™ oD¥Mm )+ oDEN )T

oF \ ., OF \
o DN +( =5 |D®N =0.
DN oD¥N

Substituting the Lagrange form of the NLS equations (Eq. 6) into
the Euler-Lagrange formula (Eq. 11) and defining u(x, t) = A(x, t) +
iB(x, t) and v(x, t) = M(x, t) + iN(x, t) according to the definition of the
fractional potential function yields

iDfu +a,D¥u + by DEDfu + F (cyul + dylv)u +if A ul Diu + 6,D¥u} = 0 " (12)

iDfv+a,D¥v + b DED + F(dalul” + oy’ )v + i{ A, v D + 6,D¥v} = 0,
where o and f3 are fractal dimensions and u(x, t) and v(x, t) denote the
fractal wave functions for space x and time f. Equation 12 is the
generalized coupled space-time fractional NLS equations.
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3 Mathematical analysis

We obtain the soliton solution of the equation by using the solitary
wave ansatz to perform the integration of the coupled fractional NLS
equations (Eq. 12) in this section. It is considered that the four types of
non-linear conditions of the equation are the Kerr, power, parabolic,
dual-power, and log power non-linearity laws.

Introducing the fractional transforms yields

myxP
- I(1+py

where m, and m, are constants. With the aforementioned conversions,

_ mlt“
TT(1+a)

(13)

the fractional derivatives are transformed into the classic derivatives
[41] as

“u ou Fu ou

Mo e Max (14)

According to Eqs 12-14, it becomes

iur + ajuxx + byuxr + F(cllul2 + d1|v|2)u + i{)tllulzux + Oiuxxx} =0,
ive + ayvxx + byvyxr + F(dzlulZ + czlvlz)v + i{/lzlvlzvx +6,vxxx} = 0.
(15)

3.1 Kerr law

The Kerr law non-linearity is also called cubic non-linear. This
non-linearity occurs when the light wave in the fiber is subjected to a
non-linear response. According to the Kerr law non-linearity F(s) = s,
Eq. 15 describes the propagation of dispersive solitons and can be
rewritten as

iur + ayuxx +byuyxr + (co|ul’ +dy v )u + i |ulux + O,uxxx} = 0,
ivr + ayvxx + bavxr + (dalul’ + v )v + i{ v vx + O,vxxx} = 0.
(16)

We obtain the exact bright, dark, and singular 1-soliton solutions
of the coupling equations by the ansatz method, respectively. To set
the starting point, we write the solitons as the phase-amplitude form,
similar to [38].

u(X,T) = P, (X, T)e®*D,

V(X,T) — PZ (X, T)ei(b(X,T)’ (17)

where P(X, T)(I = 1, 2) denotes the amplitude components of the
soliton solution. The phase component ¢(X, T) is

¢(X,T)=-«kX+wT +o0, (18)

where « represents the frequency, and w and o denote the wave
number and phase constant, respectively. Substituting Eq. 17 into
Eq. 16 and decomposing this equation into real and imaginary parts
yield

((,() + alkz - blxa) + les)Pl - dIPIPlg - (/\K + C])Pl3 -
—biPixr =0

(@ + 301%)Pixx

19)

and

(1 - blK)PlT - (261[1( - blw + 391K2)P1x + AIPZZPIX + elPlXXX =0, (20)

frontiersin.org


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2023.1108505

Fu et al.

respectively, with /= 1,2 and [ = 3 — I, and the profile function P(X, T)
is converted to X — vT). According to Eq. 20, the soliton velocity v is
calculated as

biw - 2a;x
i @y
provided
6=L=0 (22)

It is important to note a special situation where 8, = A; = 0. One study
on recovering from a non-dispersive situation was reported in 2014 [22].

The coefficients of the linear components in Eq. 16 can be
calculated by comparing the two result values of the soliton
velocities as follows:

a, = dp, bl = bz. (23)
Eq. 21 becomes
bw - 2ax
= 24
[ @4)

Without considering the non-linearity, Eqs 19, 20 take the
following new form as

(w + ak® — bkw)P; — d,P P} — P} — aPixx — bPixr = 0 (25)
and
(1= bk)P;r — (2ax — bw)Pix = 0. (26)
3.1.1 Bright solitons
To solve the bright solitons, the starting assumption is [42]
P,(X,T) = Ajsech? 1, (27)
with [ = 1, 2 and
T=B(X-T), (28)

where A; and B represent the amplitude and inverse width of the
solitons, respectively; v is the soliton velocity, which is considered to be
the same along the two components. Substituting Eq. 27 into Eq. 25
yields
Agsech?t[w (bx — 1) — ax® + p; (a — vb)B*]
- pi(pr+1)B*(a - bv)Ajsech™ ' 7 + d,A%Alsechzl’f””T

+Ajsech® 1 = 0.

(29)

On account of the equilibrium principle [38] and applying it to the real
part, Eq. 29 can be transformed into

3P1 =2+ pi- (30)

Thus,

Pl = 1) (31)

with I = 1, 2. Considering the linearly independent functions sech't
with zero coefficients, when j = 1, 3, the velocity and wave numbers of
the resulting bright solitons are

_ 2aB2 - CIAZZ - dlAlz

v OB s (32)
_ 2ax* - diAT - A (33)
2(bk—1)
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When bB # 0 and bk # 1, it is noted that the two replacement
expressions of the soliton velocity v are equal to [ = 1, 2 in Eq. 32; the
relationship between A; and A, is

Al _ Cr — dl
% \e—d (34)
constrained by
(c2 =di)(c1 —da) >0. (35)
With Eq. 34, comparing Eqs 24-33 yields
2 2 _ -1 —
A= ’ [ax? — (bx — 1)w] (d, c,)' (36)
dldl’ —qcy
With I =1, 2 and [ = 3 - I, the following formula holds
[ax® — (bx - )w] (di — ¢f) x [didr — cic] > 0. (37)

Therefore, the bright soliton solutions for the Kerr law non-
linearity of the generalized coupled fractional NLS equations are
B t“

X _y ei[—x#%+wﬁ+o:|
I(1+B) TI(l+a)
B

" [
via (x,1) = Aysech{ Bl ————y e( HEDRET )
I(1+B) TI(l+a)

>

up (x,t) = Alsech{B[

(38)

The parameters and corresponding constraints in the formula are
consistent with the aforementioned discussion.

Figure 1 shows the 3D plots of bright soliton solutions for the Kerr
law non-linearity with the four different fractional values: 0.15, 0.45,
0.75, and 1. Bright solitons depict solitary waves with peak intensities
higher than those on the ground. Moreover, it can be clearly found that
when changing the values of the fractional orders « and f3, the contours
and widths of the soliton solutions all change. With the increase of «
and S, the widths of the solitons change irregularly and the plots
gradually become smooth.

3.1.2 Dark solitons

To solve the dark solitons, from the assumption [36],

P/(X,T) = A tanh? 7, (39)

where the argument 7 is given in Eq. 28. The substitution of Eq. 39 into
Eq. 16 leads to

[w(bk— 1) —ax® = 2p} (a — bv)B*] A tanh” T + d AZ A; tanh*?' 7 + ¢ A] tanh®® 7+
1 (p1 + 1)B? (a — bv)] A, tanh”** 7+ [ p; (p; - 1) (a — bv)B?] A, tanh” 2 7 = 0.
[ (P +1)B( ) Al pi(p—1)( )B*| Al
(40)

The equilibrium principle reveals the same values of p; with [ =
1, 2 as Eq. 31. Analogously, as to bright solitons, considering the
coefficients of the linearly independent functions of Eq. 40 yields

_ 2aBZ - CIAIZ - dlAlg

SbE? ) (41)
_ aKZ - dlAlz - CIAIZ
ST - (42)

It should be noted that in Eq. 41, the specific value between
amplitudes shows the same relationship given in Eqs 34, 35 by
contrasting the wave velocity v with [ = 1, 2.
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a=p8=175

FIGURE 1

a=p=1

3D plots of bright soliton solutions for the Kerr law non-linearity with the four different fractional values by considering the values A; =1, B=-1,v =1,
k=-lLw=3andd=1L(Aa=p=15B)a=p=45(Cla=p=75D)a=p=1

Considering Eq. 34, two possible expressions of the velocity in Eqs
24, 42 are jointly evaluated for either value of I, and we get

’[axz - (bk—Dw] (di - )
A= ,
! \J dldf —Ccr

(43)

as long as
[ax® - (bx — 1)w] (di — ¢f) x [did; — cicf] > 0. (44)

Therefore, the dark soliton solutions for Kerr law non-linearity are
B t*

X —y ei(—x#éﬂ)ﬂu#iww))
I(1+B) TI(l+a

a ) ] a
t ] }e’(_"_r();«fﬂ)*'“’_r(tlw)”),

x —
I(1+p) "T(1+a)

U (x, 1) = Ay tanh{B[

Vg (x,1) = A, tanh{B[
(45)

where Eq. 43 describes the soliton amplitudes, Eqs 41, 42 describe the
velocity and the wave numbers, and Eq. 34 describes the frequency
accompanied by corresponding constraints.

Figure 2 shows dark soliton solutions for Kerr law non-linearity with
the four different fractional values. Dark solitons depict solitary waves
whose intensity is lower than that of the background. As can be seen from
Figures 2A-D, with the increase of a and f3, the amplitudes of solitons
increase, while their widths change irregularly. When « = = 1, the soliton
has the largest amplitude.

3.1.3 Singular solitons
To solve the singular solitons, the assumption is [36]

Frontiers in Physics

P;(X,T) = Ajcsch” 1, (46)

where A; denotes the pulse amplitude and p; is a free parameter to be
evaluated by the equilibrium non-linearity and will be revealed in the
following. Substituting Eq. 46 into Eq. 16 leads to

Ajcsch? 1[w(bk — 1) — ax + p? (a - bv)B?] + py (p1 + 1)B? (a — bv) Ajcsch™ '

+diAjAlcsch™ P 1 4 ¢ Aesch™' 7 = 0. (47)

After the equilibrium program, we get the values of the parameter
prin Eq. 31. It can also be evaluated in coefficients of independent
elements csch”~?7. Substituting p; = 1 with [ = 1, 2 into Eq. 47, the
linearly independent function csch/T, j =1, 3 with zero coefficients to
recover the soliton velocity in the dark soliton (Eq. 41) and the wave
numbers translate to

_ Clzﬁl2 +2aK> + dlAlg

2(bk-1) (48)

Considering Eq. 34 and equalizing the two possible velocity
expressions Eqs. 24, 48, we obtain

’2 [(bx — V)w — ax?] (d; - ¢7)

A= 49
: did; — e @)

with [ = 1, 2 and I = 3 — 1. When the following formula holds
[(bx - Dw —ax?] (d; — ¢f) x [didr — cic] > 0. (50)

The singular 1-soliton solutions for Kerr law non-linearity are
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FIGURE 2

3D plots of dark soliton solutions for the Kerr law non-linearity with the four different fractional values by considering the valuesA; =1, B=-1,v=1x= -1,

w=3andd=1(Aa=B=15Ba=B=45(Ca=p=75Da=p=1

A t* i( e ot o
s (x,t) = AjcschiB Xy e( HEDMLT ),
I(1+B) T(l+a)
4 t* i(—xﬁ+wﬁ+a)

x
Vs (x,t) = Azcsch{B[r(1 ) _VI‘(I e e

(51)

If the corresponding constraints, as described previously are
satisfied, the singular soliton solution will persist.

3.2 Power law

In physics research, various materials exhibit power law non-
linearities, such as semiconductors. This non-linear law occurs in
non-linear plasmas and can solve the small K-condensation
problem theory in weak turbulence. The general form of a non-
linear function is F(s) = s”", where n denotes a parameter of power
law non-linear. We restrict 0 < 7 < 2 to ensure the wave stability and
n # 2 to avoid self-focusing singularities, the initial system Eq. 15
can be rewritten as

iur + ayuxx + biuxr + (cr|ul™ + di v )u + i{h JulPux + Ouxxx} =0,

ivr + ayvxx + byvxr + (V™ + dalul™)v + i, v vx + B,vxxx} = 0.

(52)

Substituting Eq. 17 into Eq. 52 and transforming the real part Eq.
19 into
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(bixw — w — @ik - 6,K°)P; + (clP,Z" + lelg”)pl + (a1 + 30,K)Pixx
+ blPIXT =0.
(53)
The imaginary part takes the form as
(1 -bx)Pyr + (b;w - 2a;K — 391K2)P1X + (2n+ 1))L1P12P1X + 0,Pixxx
=0.
(54)
The real part of Eq. 53 can be simply written as

[w (bK - 1) - akz]Pl + (Clplzn + dlplgn)pz +aPixx + bPlXT =0. (55)

3.2.1 Bright solitons

We use the same starting assumption as the cubic nonlinearity
given by Eqs 27, 28 to conduct research on the bright soliton solutions
on the system (Eq. 52). Substituting Eq. 27 into Eq. 55 yields

Asech” 7w (bk - 1) — ak® + p} (a — vb)B?] + d AP Ajsech™ P

56
+ A sech® P r — by (py +1)B? (a — bv) Ajsech®P' 7 = 0. (56)

From the equilibrium between nonlinearity and dispersion,
(21’1 + l)pl = pl + 2, (57)

where
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1
pr=-

n

(58)

with [ = 1, 2. Substituting Eq. 58 into Eq. 56 and letting the coefficients

set to zero of the linearly independent functions sech/t with

j=%141, we obtain

(n+ 1)aB? - n? [cZAlZ" + d,AZZ”]

Y (n+ 1)bB?

(59)

and

oo (n+ ak? - gAY — di A

(n+1)(bk-1)

(60)

when bB # 0 and bk # 1; in Eq. 59, by equating the two alternative
expressions for the soliton velocity v with 1 = 1, 2, the relation form
between the amplitudes can be written as

ﬁ (&~ d Z

Az - C — dz ’
with I =1, 2, [ = 3 -1, and condition Eq. 35. On the basis of Eq. 61,
equating Eqs.24, 60 with [ = 1, 2 yields

. [[(n+ 1) (ax - w (b - 1))] (d; —cl)]zl”
l [did; - cic] ’

(61)

(62)

whenever the inequality Eq. 37 holds. Hence, the bright soliton
solutions for power law nonlinearity of the generalized coupled
fractional NLS equations are

1 X
Upor (%, 1) = Alsechn{B[r(1 ) _VI‘(l p
B

X _ t* ei(—xﬁ+wﬁ+a)'
r(1+p) 'T(+a)

Vpor (X, 1) = Azsechi {B[
(63)

The aforementioned conditions determine the perturbation of the
bright soliton solutions.

3.2.2 Dark solitons
Dark solitons are applied to the same ansatz method in Eq. 39; the
real part equation Eq. 55 can be transformed into

{[w(bx - 1) — ax’] - 2p; (a — bv)B*} A tanh” ¢
+ pi(pr — 1) (a—bv)B* A tanh” 7 1 + d;A|A?" tanh” "7 ¢
+ QAP tanh @ VP 1 4 py(py + 1) (@ — bv)B* A tanh” ™ 7 = 0.
(64)

The equilibrium principle can calculate the value of p;, as shown in
Eq. 58. However, the independent element tanh? ™ results in p;, as
given in Eq. 31, forcing n = 1. Then, the system (Eq. 52) reduces to Eq.
16, and the dark soliton solutions will exist when the power law non-
linearity folds to Kerr law. Our results are the same as Eqs 40-45,
which is the same for cubic non-linear dark solitons, which means
Upoa (%, 1) = Upa(x, 1) and Vpea(x, 1) = Vea(ox, 1).

3.2.3 Singular solitons

In order to study the first type of the singular soliton solution of
the system (Eq. 52), we readopt the guess function (Eq. 46). The real
part of Eq. 55 is
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Arcsch? T[w(bk — 1) — a® + p; (a® — bv)B?]| + dj A AP csch™ P ¢
+ A esch®™Pr 4 py (pr +1)B? (a — bv) Ajcsch®P 1 = 0.
(65)

The proper equilibrium between dispersion and non-linear terms
gives p; in Eq. 58. Based on Eq. 65 and the coefficients of csch/t with
j= %, % + 1, the soliton velocity and wave numbers are written as

_(n+ 1)aB?* - n? [CIAIZ" + d,Alg”] (66)
' (n+1)bB?

and

_ (n+Dak® + A" + di A
- (n+1)(bx—1)

(67)

Substituting the expressions of v with [ = 1, 2 into Eq. 66 yields the
specific value (Eq. 61). A similar processing for w of Eq. 67 will get the

identical equation:
(a1 - dZ)Ain = (- dl)Aﬁ"- (68)

As to this variety of soliton and the non-linearity under power law,
Eqs 24, 66 are set as [ = 1, 2 and can obtain

(69)

a - [l Dletes 1>—ax2)1(d1—cl>r
l [did; - cicr] .

Considering Eqs 61, 44, the singular soliton solutions for the
power law non-linearity are

Upos (X, 1) = Alcsch% {B[

B « . 5 a
X 3 s(fx—x +0 - +a)
:| }e ) T

Ta+p) vwl‘(l +a)

B a a
1 x! t ,(,K Bt )
1) = Ayesch 4Bl —— — vp——— T T ) |
Vpos (1) = Azcsc { [1"(1+,B) VwI‘(1+oc)”e

(70)

The corresponding constraints parameters have been described in
detail previously.

3.3 Parabolic law

Parabolic law, which is derived from the non-linear interaction
between Langmuir waves and electrons, reveals the non-linear
interaction between the high-frequency Langmuir and ionic sound
waves through pondermotive forces [37].

Due to the lack of known analytical solutions and the difficulty of
finding parameters with a significant fifth-order term [42], the
propagation of beams in fifth-order non-linear media has little
attention. However, there have been some recent developments,
and experiments have shown that the optical sensitivity of
CdS,Se,_-doped glass has a considerable y, that is, fifth-order
sensitivity. In the strong fem pulse of 620 nm, there is an obvious

non-linear effect of y*

in the transparent glass. When establishing the
of the

aforementioned third-order non-linearity needs to be considered.

theory of self-trapping beam diameter, knowledge
In the 1960s and 1970s, it was recognized that non-linear refractive
index saturation played an important role in self-trapping. By
retaining the higher-order terms in the non-linear polarization
tensor [42], higher order non-linearities can be produced.

For the parabolic law non-linearity, F(s) = s + ks>, the equations
(Eq. 15) describing the dispersive soliton propagation are
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iug +ayuxyx + byuxr + (colul® + di v+ (Elul* + o, [ulP vl + {1 )u
+i{A1|u|2uX + aluxxx} =0,

ivp +avxx + bavxr + (Cz|V|2 + d2|u|2)v + (52|V|4 + 172|v|2|u|2 + (z|“|4)V
+i{/\2|‘V|2‘VX + BZVXXX} =0,

(71)

where terms with &, #, and { are connected with the quintic of the
cubic-quintic non-linear law. Other terms are interpreted as the Kerr
law non-linearity in the same way.

Substituting Eq. 17 into Eq. 71 and converting to real and
imaginary terms, we can get the same imaginary of Eq. 20;
therefore, the results for this subsection will be the same as Egs.
21-26 for the Kerr law non-linearity as well. The real part of the
equation is

(w+ax® - bxw)P; — ¢;P; — diPiP} — EP] — 0P P} — {|P,P} — a;Pixx
- blPlXT = 0
(72)

3.3.1 Bright solitons
To solve the bright solitons, starting with the assumption [42]

A

(X, T)=——,
(XD (D; + cosh )"

(73)
where the definition of 7 is consistent with Eq. 28, A; denotes the
amplitudes of the solitons, and D, represents the two newly introduced
parameters with [ = 1, 2. Substituting Eq. 73 into Eq. 72 yields

pi(2pi +1)(bv—a)D,B?
D; + cosht
p (pi+1)(bv-a)B* (D} - 1) . aA} A
(D, + cosh 7)? (D; + cosh )~ (D; + cosh 7)*”
§4) mA A} {4

[w(bk - 1) —ax’ - p} (bv— a)B*] +

+ =0.
(Dy + cosh7)*” "~ (D; + cosh 1) (D; + cosh )" (Dj + cosh 1)

(74)

According to the equilibrium principle, equating the exponents
(4pr =4p;=2) or (2p; =2p; = 1), we get

1
p=pi=3 (75)
Setting the coefficients of the linearly independent functions to zero,
we have
4 -a)B’
_ k*a + (bv—a) ’ (76)
4(bk-1)
D, (a -
A, =By /M, (77)
C
and

YT 4
D = 1_13 \FB (“3 (abl/)bv)4£lAl' (78)
When bk # 1, other constraint conditions are
¢Dy(a-bv)>0 (79)
and
(a-bv)[B*(a-bv)-§Al]>0. (80)
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Hence, the bright soliton solutions of the parabolic law non-
linearity for the generalized coupled fractional NLS equations are

50 - A siports),
Dy + coshd B[ e
COS. ——~ V=
! r1+f) T(1+a)
. B a
Vpar (%,1) = A ,.‘(”‘r(nTs)“"*n‘m)*")‘

X e
\]Dz + cosh{B[ir(1 ) - Vil"(l " oc)]}

Figure 3 shows bright soliton solutions for parabolic law non-

(81)

linearity with the four different fractional values.

3.3.2 Dark solitons
To solve the dark solitons, starting the hypothesis [43]

p, (X, T) = (Al + B tanh T)PI, (82)

where A;and B, represent the free parameters. Substituting Eq. 82 into
Eq. 26, we obtain

B} [(bx — 1)v — 2ax + bw] (A; + By tanh 7)2 = 0. (83)

The linearly independent function requires the third-order
dispersion value to be zero. In addition,

A = B, (84)

Take A; > 0, and the linearly independent function gives
the soliton velocity v, as shown in Eq. 24, and gives the
constraint condition Eq. 22. For [ = 1, 2, substituting Eq. 82 into
Eq. 72, we get

B*p;(pi +1)(a—-bv) (A + B tanh 7)° - 2B*A;p; (2p1 + 1) (a — bv) (A; + By tanh 7)°
+{B} [w; (bx - 1) —ax?] + 2p?B? (3A? - B?) (a — bv)} (A, + B; tanh 7)°
+2p1(2p1 - 1)B*Aj(a - bv) (B} - A}) (A + Bitanh 7) + B2 py (py — 1)
(a—bv) (B} - A7)’ + ¢ (A + B tanh 7)7*? 4+ d; (A, + B, tanh 7)? (A; + By tanh 7)°*"
+& (A +Bitanh 7)*7*2 4, (A + By tanh )% (A7 + B tanh 1)
+ (A + B tanh 7)* (A; + Bytanh 1) = 0.

(85)
The equilibrium principle gives
1
Pl = E (86)
The other parameter values from Eq. 85 are
ax’ + (bv — a)B?
= 87
@ bk -1 (87)
2(a-b
A= B2, (89)
G
and
a+ f 7
= . 89
b (89)
The relation is obtained by equalizing the two values of the velocity
&=4& (90)
Eqs 87-89 introduced the condition bx # 1 and
¢ (a-bv)>0. (91)

Dark soliton solutions for the parabolic law non-linearity are
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FIGURE 3

a=p=1

3D plots of bright soliton solutions for the parabolic law non-linearity with the four different fractional values by considering the valuesA; =1, B=-1,v=1,
k=-lLw=3andd=1(A)a=p=15 B a==45(Ca=p=75Da=p=1

U (%,1) = 1|A; + A, tanh{ B « v e ei(_"f(ﬁ‘)m'm“)”)

pax it T A r(1+p) TI(+a ’
5 - (92)
X t

Vpaz (X, 1) = \jAz +A, tanh{B[

.(_ B « )
et

T1+p) 'T+a)

Figure 4 shows dark soliton solutions for parabolic law non-
linearity with the four different fractional values.

3.3.3 Singular solitons
To solve the singular solitons, starting with the assumption [36]

A

P(XT)=—"——. 93
X T) (D; + sinh 7)”" ©3)
Combining Eq. 26 with Eq. 93, we get
bw - 2ax (94)
v —
1-bk
with the constraint relation bx # 1.
From the real part, substituting Eq. 93 into Eq. 72, we get
, 5 pi(2pi+ 1) (bv - a)DyB?
[w(bx - 1) — ax® - p} (bv - a)B*] + D+ sinh T
pi(pi+1)(bv—a)B* (D} - 1) N A} N 4 A} )
(D + sinh 7)° (Dy +sinh7)*” (D +sinh )2 3)
AL A7 L4 GAf

-+ + -=0.
(Dy + sinh 7)* (Dy + sinh 7)*”  (Dy +sinh7)'" * (D; + sinh 7)*”

The value of p; with [ = 1, 2 is consistent in Eq. 75. According
to Eq. 95, linearly independent functions with zero coefficients
can get w, B, and D, consistent with the parameters given by
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Eqs 76-78. The corresponding constraints 79, 80 and bx # 1 still
exist. Thus, the parabolic non-linear singular soliton solutions are
obtained as

(o b, =
Upas (X, 1) = Ar l(_xr(“ﬂ)wr“”‘)w),
. xP t*
D, +sinh{B| ———c—v——
r(1+pf) TI(l+a
A ,,i("‘r (xnéTz)*“ 7r(ﬁaia>*") )

Vpa}(x’t): 7 -
. x!
\jDz + smh{B[ir(1 ) - VF(I " (x)]}

(96)

3.4 Dual-power law

The dual-power law is applied to reveal the saturation in the non-
linear refractive index. It is a description of the soliton dynamics in
photoelectric photorefractive substances, for example, LiNbOj;. For the
dual-power law non-linear F(s) = k;s” + kys*", Eq. 15 describing the
propagation of dispersive solitons can be rewritten as

iug + ayuxy + biuxr + (cr[ul™ + dy v*)u
+ (51|u|4n + ’71|”|2n|1’|2’1 + (1|V|4n)14 + i{A1|u|2”uX +Oiuxxx} =0,
Vr + ayvxx + byvxr + (c2|v|2" + d2|u|2”)v
+ (£z|v|4ﬂ + ’12|V|2n|u|2n + (z|”|4n)v + {i12|v|2n1’x + ezvxxx} =0.
97)
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FIGURE 4

a=Ff=1

3D plots of dark soliton solutions for the parabolic law non-linearity with the four different fractional values by considering the values A; =1, B=-1,v =1,
k=-lLw=3andd=1L(A)a=p=15 B a==45(Ca=p=75Da=p=1

Substituting the same hypothesis as in Eq. 17 into Eq. 97 and
converting to real and imaginary terms, we can get the same imaginary
part of Eq. 20. Therefore, the results for this subsection will be the same
as Egs 21-26 for the Kerr law non-linearity as well. The equation for the
real part is

(w+ax’ — bxw)P; - ;P;™' — d,PP;" - EP}™!

" 98
PP LGP aPic ~bPiy = 0. O
3.4.1 Bright solitons
Substituting Eq. 73 into Eq. 98, we get
T 2 _ 2 y4i (2p1 + 1) (bV - a)DlBZ
[w(bk—1)—ax® - p} (bv—a)B*] + D+ cosht
_pi(pi+1)(bv—a)B* (D] -1) . Ay A"
(D + cosh 7)? (D; +cosh1)™™ (D, +coshr)*
DAY Al ax
(Dy +cosh 7)™ (Dy+ cosh7)™  (Dj+cosht)™  (D+cosht)™”
(99)

Similarly, based on the equilibrium principle, equating the
exponents (4np; = 4np; = 2) or (2np; = 2np; = 1) gives

= pr= = (100)
P=pr=5
From Eq. 99, the coefficients are set to zero, and we get
an*k*a + (bv - a)B?
=na(1/ a)’ (101)
4n? (bk - 1)
Frontiers in Physics
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2,2 _ %
A= 2B*n* (a — bv)D, , (102)
ag(n+1)
and
1 ’(Zn + 1)B2(a - bv) — 4n2§ A}
D == 1
=B\ (2n+1)(a—bv) (103)
When bx # 1, other constraint conditions are

aDi(a-bv)>0 (104)
and

(a—bv)[(2n+1)B*(a - bv) — 4n*§,Al] > 0. (105)

Bright soliton solutions of the dual-power law non-linearity for the
generalized coupled fractional NLS equations (Eq. 97) are

v (e, 8) = A _ v(,(_"mwﬁ)
{ h [B< xﬁ ta )] }ZH
D, + cos! — VvV
! T(1+f) T(+a (106)
Ay i(—mer o +a)
Var (%) = e\ T T ) |

D P . :
2O A ra+p Tarw

3.4.2 Dark solitons
Substituting Eq. 82 into Eq. 98, we get
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Bp;(pi+1)(a—bv) (A + Bitanh 1)’ — 2B*A;p; (2p; + 1) (a — bv) (A, + B tanh 1)’
+{B[w; (bx — 1) — ax®] + 2p}B* (3A% - B*) (a — bv)} (A, + B, tanh 1)’
+2p(2p1 —1)B*A;(a-bv)(B] — A}) (A + Bitanh 1) + B*p; (p — 1)
(a—bv) (B} — A?)® + ¢, (A + By tanh 1)**2
+d; (A, + B tanh 7)? (A7 + Brtanh 1) + & (A, + B, tanh 1)
+17,(A; + B tanh 1) (A; + B;tanh 7)™
+{ (A + B tanh 7)? (A; + By tanh 1) = 0.
(107)

Similarly, based on the equilibrium principle, equating the
exponents (2np; + 2 = 3) gives

1
=—. 1
= (108)
From Eq. 107, letting the coefficients to zero yields
n*ax® + (bv - a)B?

N n2bx — 1 ’ (109)
A; = By w’ (110)

n-c;

where other constraint conditions are bx # 1 and Eqs 84-91.
Dark soliton solutions for the dual-power law non-linearity are

(x,t) = 1A, + A, tanh| B o vita ﬁe’v(”‘f(x_ﬁw“””’a )”)
sy (1) = _ Srerte)
4 e T(1+8) T(1+a)

xP t* B 1(« P +a)
) =1A, + Ay tanh|B[ —— —yv— A T ) |
Va2 (%, 1) { 2+ A fan I: <F(1+ ) Vr(l+0¢) ¢

(111)

3.4.3 Singular solitons
Substituting Eq. 93 into Eq. 98 yields
pi(2pi + 1) (bv —a)D,B*

D; +sinht
C,AIZ”

[w(bx —1) —ax’ — p (bv —a)B*] +

pi(pi+1)(bv —a)B* (D} - 1) .
(D +sinh 7)* (D, +sinh7)*” (D + sinh 7)*"”

pAA Y R

(Dy + sinh 1) (Dy + sinh 7)™ (Dj + sinh7)™"  (Dy +sinh 7)™~

LA

(112)

Singular soliton solutions for the dual-power law non-linearity of
the coupled fractional NLS equations Eq. 97 are

s (3,1) = 4 _(Crelprortiar)
D, +si h B xﬁ _y i 2n
1 + sin —1"(1+,B) v e
D, +sinh| B xiﬂ_vi "
’ [(1+B) T(1+a)
(113)
3.5 Log law

There is no radiation in the case of log law non-linearity, that is to
say, there is no energy loss, so it is the optimal mode of soliton
communication. ¢ is a constant in the log law non-linearity F(s) =
cIn(s). Eq. 12, which describes the propagation of dispersion solitons,
is rewritten as

iur + auxy +b1/lXT +2(C1 1n|u| +d1 ln|v|)u+i{ll|u|2ux + eluxxx} =0,
iv +avyx +bvxr +2 (o In|vl +dy Inful)v +i{A, v vy + 6,vxxx} = 0.

(114)

Substitute the same hypothesis in Eq. 17 into Eq. 114 and convert
it into real and imaginary numbers to obtain the same imaginary
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number as Eq. 20. The results of this section are the same as Kerr law
non-linearity (Eqs 24-26). The real equation is

(w + aK2 - bK(U)Pl - 2P [Cl In |Pl| + C[ll’l |Pl’|] —aiPixx — blPlXT =0.
(115)

Since it is debatable whether the log law non-linearity supports
dark solitons or singular solitons, only bright solitons (or Gaussian)
can be used for log law.

3.5.1 Bright soliton

To solve the bright solitons, form the assumption

Pi(X,T) = Ae™™. (116)

Substituting Eq. 116 into Eq. 115 yields

(w + ax® — bkw) + 2B* (a — bv) + 27° (2bvB* — 2aB’ + ¢ + ¢f) — 2¢;In(4))
- 2¢;In(4;) = 0.
(117)

Letting the coefficients of the linearly independent functions 7 to
zero with j = 0, 1, we get

w(1 = bk) + a® + 2B* (a - bv)

-2¢;In(A;) - 2¢;In(4;) =0 (118)
and
c+cy
B=\—/——""— 11
\IZ (a-bv) (119)
Uncoupling Eqs 24, 118, we get
. a(bi? = 2k — 2bB?) + 2b(c; In(A) + ¢;In(4;)) (120)

(bx — 1)* - 2b2B?

and

a(bk® - b* — 2B* + 2bB%k)
= +

2(1-bx) (cln(A) + ¢ln(4)))
(1-br) — 2B '

(1 - bk)* - 2b2B?

(121)
When bk # 1, constraint conditions are
(cr+e)(a=-bv)>0 (122)
and
(1 —bx)* —2b*B* # 0. (123)

Hence, the bright soliton solutions of the log law non-linearity for
the generalized coupled fractional NLS equations are

£ « . B o
,B[Fx et ]H[,K b oo M]
— (1+p) T+ g T T
up (x,t) = Aje , (124)

Y (x t) - A e—B ﬁ%—vﬁ]+i[—xﬁ+wﬁ+a]
L > - 2 .
4 Conclusion

In this paper, the generalized coupled space-time fractional
NLS equations are constructed by the semi-inverse method and the
Agrawal’s method. In the presence of spatio-temporal dispersion
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and birefringence, the Kerr, power, parabolic, dual-power, and log
law non-linearity laws are studied. Then, we used the ansatz
method to obtain the bright, dark, and singular soliton solution
of the equations. At the same time, the constraints on the existence
of these solitons are given. They can be further extended to other
non-linear laws, such as the anti-cubic law, quadratic cubic laws,
and cubic power law non-linearity.
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