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By solving the full-dimensional time-dependent Schrödinger equation with the
thermal-random-phase wavepacket method, we investigate the photoassociation
(PA) process of hot (1000 K) magnesium atoms induced by two time-delayed
femtosecond laser pulses. Driven by the 840 nm fs laser pulses, the Mg2
molecules can be formed on the four excited states, (1)1Πg, (1)1Πu, (2)1Πu, and
(2)1Σ+

u, from the initial electronic ground state X1Σ+
g. It is found that the three-

photon couplings between X1Σ+
g and the three ungerade states [(1)1Πu (2)1Πu, and

(2)1Σ+
u], play dominant roles in the population transfer process. By scanning the pulse

duration τ from 50 to 200 fs, and varying the delay time δt0 from 0 to 2τ fs, we find
that the final PA population is strongly dependent on the two parameters. For a given
δt0, the parameter τ can induce a significant variation (2 ~ 6.8 times) for the final PA
population transfer, and for a given τ, one can also obtain a significant variation (2.7 ~
3.5 times) of the final PA population by varying δt0. Additionally, the dynamics of the
coherently vibrational wavepackets of the four excited states are also influenced by
the two parameters.
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1 Introduction

Through the interaction of the external laser fields with the colliding atoms, the molecular
bond can be formed by absorbing or stimulated emitting one or several photons. This process is
named as photoassociation (PA). PA has been studied extensively by using different laser pulses
such as ultrashort laser pulses [1, 2], shaped laser pulses [3–5], pulse trains [6–8], etc. Shaped
laser pulses are used in many PA experiments because of the advantages of the controlling of
phase [9], amplitude [10, 11] and polarization [12]. Compared with ultrashort laser pulses with
symmetric time profiles, the shaped laser pulses can enhance the PA transition efficiency in both
the resonant and non-resonant spectral ranges [13, 14]. Zhang et al. employed a slowly-turned-
on and rapidly-turned-off (STRT) laser pulse to achieve the PA process of the Cs2 system [13].
The calculations indicated that the shaped STRT laser pulse has an obvious advantage over the
unshaped pulses. The train of laser pulses is also a powerful way to transfer populations between
different electronic states. Yang et al. investigated the effect of a train of ultrashort pulses on
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multiphoton transitions theoretically [6]. They found that the
population accumulations are dependent on the relative phase
between two adjacent pulses. It was proved that even higher PA
efficiency can be achieved by using a train of STRT pulses [15]. They
found that the population accumulations are dependent on the relative
phase between two adjacent pulses. It was proved that even higher PA
efficiency can be achieved by using a train of STRT pulses [16].

Many methods have been used to control the PA dynamics. Luc-
Koenig et al. investigated the yield of molecules by using the
theoretical framework of a Gaussian wavepacket as the initial state
[16, 17]. Koch et al. found that molecules can be transferred directly
from high-lying bound states to the ground vibrational level by using
shaped femtosecond laser pulses [18]. de Lima et al. used a
combination of two transition pathways to form molecules of the
electronic ground state [19]. The first pathway is to use pump-dump
time-delayed laser pulses to transfer populations to the electronic
ground state. The second pathway applies a single far-infrared pulse to
obtain electronic ground state molecules from free atoms directly. The
interference between the pathways can be controlled by modifying the
laser parameters, and the yields of the target ground state molecules
can be enhanced.

With the development of laser techniques, researchers can achieve
PA through ultrashort laser pulses such as femtosecond pulses.
Ultrashort laser pulses are used to pump the free atom pairs to
bound molecular states because of the broad bandwidth [20]. In
previous studies, Salzmann et al. verified the PA of ultracold
rubidium dimers using coherent femtosecond pulses and produced
electronic excited rubidium molecules [2]. Merli et al. investigated the
PA of ultracold rubidium atoms with shaped femtosecond laser pulses
[4]. Vardi et al. calculated the radiative recombination of cold Na
atoms by short laser pulses [21]. It was demonstrated that resonantly
enhanced two-photon recombination of ultracold atoms is an efficient
way to produce ultracold molecules.

Instead of forming ultracold molecules, PA also serves as another
role in laser control of chemical reaction, i.e., the formation of chemical
bonds in thermal atom gas. The PAof thermal atoms using femtosecond
laser pulses and shaped pulses can lead to coherent control of thermal
molecules [22, 23]. de Lima et al. used the non-perturbative laser pulse
to produce molecules in a thermal atomic gas [24]. Levin et al. verified
the coherent control of photoreactions in thermal conditions in
experiment [25]. Wang et al. investigated the coherent control of the
rovibrational dynamics of HF molecules by two-color pulses [26]. The
population distributions oscillate with a period of π when the relative
phase between the fundamental and the second-harmonic laser pulses
varies.

In previous studies, many efforts have been devoted into the
investigations of the effect of laser parameters, such as duration,
amplitude, carrier envelope phase, etc., on PA process. And these
laser pulse parameters are controllable and can also be used to enhance
the PA efficiency in the pump-dump scheme [27]. Zhang et al.
investigated the PA dynamics of Cs atoms system driven by a
picosecond pulse with cubic phase modulation [28]. In the
investigation of two-photon PA of 87Rb atoms system, Kallush
et al. found that a frequency-chirped pulse can enhance the
molecular formation rate [29]. Zhang et al. used a modulated two-
color laser field to steer the PA of ultracold Cs atoms in theory and
control the PA dynamics through changing the phase of envelope and
the period of the laser field [30]. Some researchers also used optimal
control theory to obtain laser pulses in population transfer studies. For

instances, the shaped laser pulses with minimum intensity proposed
by the optimal control theory can transfer the highly excited Na2
molecules to the ground vibrational level with a high efficiency of
.99 [18]; and Ndong et al. used optimal control theory to drive the
vibrational transfer from the dissociation limit to the vibrational
ground state in the KRb system [31].

Compared to the single laser pulse, time-delayed pulses can
introduce more various combination modes and be used in
different ways in population transfer. There were reports on the
formation of cold molecules by the PA process with consideration
of the time delay of two laser pulses (see, e.g., Refs. [19, 24]). The
dissociation process of the HD+ molecule driven by two overlapping
THz and infrared laser pulses was reported recently [32]. The effect of
2 picosecond pulses on the adiabatic population transfer of the LiH
molecule was also reported [33]. However, there is few report on the
influence of the pulses’ delay time on the PA process in thermally hot
atomic gas, except in Ref. [34].

Thus, we are motivated to investigate the influence of two time-
delayed laser pulses on the PA process in thermally hot atomic gas. In
this paper, the hot Mg atoms at 1000 K are taken as a model system,
because it is a prototypical system for the study of PA processes in
thermally hot atoms (see, e.g., Refs. [25, 34–36]). In thermal
conditions, Mg2 molecules can be produced through the
multiphoton PA process by using chirped femtosecond laser pulses
[25]. Hu et al. proposed a full-dimensional thermal-random-phase
wavefunction method to simulate the thermal PA process including
rovibrational couplings [35]. By using this method, the detailed
population transfer dynamics has been revealed by employing the
five-electronic-state model [36]. Here, we use the same five-electronic-
state model as the one used in Ref. [36], yet we consider the interaction
of two time-delayed femtosecond laser pulses with the system instead.
At different delay times and pulse durations, we simulate the final
populations of the four excited states and investigate the feasibility of
control the thermal PA process by manipulating the combination of
two pulses.

This paper is organized as follows: In Section 2, we briefly
introduce the theory. In Section 3, we discuss the effect of the
delay time and pulse duration on the population transfer of PA
process of Mg atoms at 1000 K. In Section 4, the conclusions are
summarized.

2 Theoretical approach

The initial thermal ensemble of the numerous rovibrational
eigenfunctions |n, j〉 of the X1Σ+

g state is described by the thermal-
random-phase wavefunction method. For the details of this method
with consideration of fully coupled rovibrational dynamics, one can
refer to Ref. [35]. Here, we just briefly list the main equations and
numerical parameters. The normalized initial thermal-random-phase
wavefunction of the X1Σ+

g state is expressed as,

ψk
1 R, θ, t � 0( ) � 1��

Z
√ ∑

n,j

�����
2j + 1

√
eiΘ

k
n,j e−

En,j
2kBT|n, j〉, (1)

where R is the internuclear distance and θ is the angle between the
molecular axis and the z-axis of the space fix frame which is taken to be
the polarization direction of the linear polarized laser pulses. Θk

n,j is the
initial random phase of the |n, j〉 quantum eigenstate, with k = 1, . . . , N
labeling different sets of random phases. n and j denote the translational
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and rotational quantum numbers, respectively. Z � ∑n,j(2j + 1)e−
En,j
kBT is

the normalization factor of the Boltzmann distribution. N different
thermal-random-phase initial wavefunctions are then used as initial
states for propagations, respectively. For a large number of N, the
statistical average of the expectation values will converge.

The laser field used in this work consists of 2 femtosecond
Gaussian pulses with the same wavelength of 840 nm and with a
specific delay time between each other. The total electric field of the
two laser pulses can be expressed as,

E t( ) � ΣiE0fi t( ) cos ω0 t − t0i( )[ ], i � 1, 2 (2)
where t01 and t02 represent the central time of the two Gaussian pulses.
We define δt0 = t02 − t01 as the delay time. E0 = 5 × 1012 W/cm2 is the
peak amplitude of the two Gaussian pulses. fi(t) �
exp[−4 ln 2(t − t0i)2/τ2] is the envelope function of the ith laser
pulse. τ is the full width at half maximum (FWHM) denoting the
pulse duration.

In this paper, we focus on the influences of the delay time δt0 and
the FWHM τ on the PA process. To compare the results with the
variation of δt0, we set τ = 100 fs to be the time unit to present δt0. The
envelope functions of the two pulses are shown in Figure 1A and the
two pulses gradually separate from each other with the increase of δt0
from 0 to 2τ. Figure 1B presents the sum of the envelopes of the two
Gaussian pulses, i.e., the total envelope function ftot(t), for different δt0.

The Hamiltonian that governs the propagation of the thermal-
random-phase wavefunction is expressed as

Ĥ �

Ĥ1 + ωS
1 W12 W13 W14 W15

W12 Ĥ2 + ωS
2 W23 W24 W25

W13 W23 Ĥ3 + ωS
3 V34 0

W14 W24 V34 Ĥ4 + ωS
4 0

W15 W25 0 0 Ĥ5

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ (3)

where Ĥξ � T̂ + L̂
2

2μR2 + V̂ξ(R), ξ � 1, 2, 3, 4, 5 is the nuclear
rovibrational Hamiltonian in the absence of external fields for a
given electronic state. ξ = 1, 2, 3, 4, 5 represent the states X1Σ+

g,
(1)1Πg, (1)

1Πu, (2)
1Πu, and (2)1Σ+

u , respectively. And we use |1〉, |2〉, |
3〉, |4〉, and |5〉 to simply represent these five states. T̂, L̂ and V̂ξ

represent the vibrational kinetic energy operator, angular momentum
operator and the interaction potential of the two atoms, respectively.

Note that the potential energy functions, V̂3(R) and V̂4(R), and the
diabatic coupling, V̂34(R), are in the diabatic representation which
correspond to the (1)1Πu and (2)1Πu states in the adiabatic
representation. μ is the reduced mass of the Mg2 molecule. In Eq.
(3), ωS

ξ � −1
4E

2
0f

2
tot(t)∑j,j′ϵjϵj′αξjj′ cos2 θ is the dynamic Stark shift of

the ξth electronic state. αξjj′ represents the dynamic electronic
polarizability. Wξξ′ (ξ ≠ ξ′) is the coupling of states |ξ〉 and |ξ′〉. In
the two-photon rotating-wave approximation, W12 �
1
4E

2
0f

2
tot(t)∑j,j′ϵjϵj′M2←1

jj′ cos2 θ represents the two-photon coupling
between states |1〉 and |2〉, whereM2←1

jj′ denotes the tensor element of
the two-photon electric transition dipole moment [37]. Wξξ′ = μξξ′(R)
E(t) cos θ (ξξ′ = 13, 14, 15, 23, 24) is the coupling via the transition
dipole moment. W13, W14 and W15 are the three-photon couplings
and W23, W24 and W25 are the one-photon couplings.

The five-state time-dependent Schrödinger equation of the Mg2
system is shown as

i
z

zt

ψk
1 R, θ, t( )

ψk
2 R, θ, t( )

ψk
3 R, θ, t( )

ψk
4 R, θ, t( )

ψk
5 R, θ, t( )

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ � Ĥ

ψk
1 R, θ, t( )

ψk
2 R, θ, t( )

ψk
3 R, θ, t( )

ψk
4 R, θ, t( )

ψk
5 R, θ, t( )

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ (4)

where ψk
ξ(R, θ, t) is the nuclear wavefunction of the |ξ〉 state for a

given initial random-phase label k. The wavefunction can be divided
into R- and θ-dependent parts, with the former expanded on a Fourier
grid [38] and the latter expanded on a Legendre-Gauss quadrature
grid [35].

We solve Eq. (4) by using the split-operator propagation method
[39, 40]. At the critical time t = tf when the action of the laser pulses is
over, the final population on the |ξ〉 state is calculated by statistically
averaging over the expectation values of all thermal-random-phase
wavefunctions,

Pξ tf( ) � 1
N

∑N
k�1

∫
R
∫

θ
ψk
ξ R, θ, tf( )[ ]*ψk

ξ R, θ, tf( )R2 sin θdθdR. (5)

Note that Eq. (5) is the integral over R and θ, and we can also obtain
the population distribution along R at any given time t, i.e., the
propagation of the radial wavepacket, by performing integral only
over θ,

FIGURE 1
(A) The envelope functions of the two laser pulses at five different delay times, δt0 = 0, 1/2τ, τ, 3/2τ and 2τ, respectively. The solid and dashed curves
denote f1(t) and f2(t), respectively. (B) The total envelope function of the two laser pulses according to the five different delay times. Here, τ = 100 fs.
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Pξ R, t( ) � 1
N

∑N
k�1

∫
θ
ψk
ξ R, θ, t( )[ ]*ψk

ξ R, θ, t( )R2 sin θdθ. (6)

3 Results and discussions

The initial temperature of the colliding Mg atoms system is set to
be 1000 K. The potential energy curves of the five relevant electronic
states of the Mg2 system are shown in Figure 2A. The relevant
molecular datas, including the potentials, diabatic couplings,
electric dipole moments, dynamic electronic polarizabilities, etc.,
are taken from Refs. [35, 37]. 1,024 and 250 grid points are used to
express the radial range from 3 to 40 Bohr and the angular range from
0 to π, respectively. The time step is set to be .4 fs for the propagation of
the wavepacket. These numerical parameters are kept the same as
those used in Ref. [36] which have been checked to be able to provide
the converged results.

Driven by the 840 nm laser field, these electronic states can
interact with each other via one-, two- or three-photon couplings.
The two-photon transition, which have been considered extensively
in the PA process of the titled system (see, e.g., Refs. [25, 34–37]),
can occur between the two gerade states, |1〉 and |2〉. As shown in
Figure 2B, the energy difference between the two potentials at R = 6.83
Bohr exactly equals to the energy of two photons. The other higher
excited states, are all ungerade states and energetically close with each

other. Thus, we use |u〉 to denote the states |3〉, |4〉 and |5〉 states, for
simplicity. Via the one-photon interaction, the gerade |2〉 state can
couple with the ungerade |u〉 state. Due to the different shapes of the
potential energy curves, the critical internuclear distance for one-
photon resonance between the two potentials of |2〉 and |u〉 varies
with u. As shown in Figure 2C, for |2〉 and |4〉, the one-photon
resonance may probably occur at R = 5.56 Bohr, while for |2〉 and |3〉
(or |5〉), the one-photon resonance may probably occur in the vicinity
of R ~ 7 Bohr. Recent theoretical calculations demonstrated that the
three-photon transition from |1〉 to |u〉 may also play an important
role in the PA process [35, 36]. In Figure 2D, we illustrate those critical
internuclear separations at which the potential energy gaps between
|1〉 to |u〉 equal to three-photon energy, which also present variance.

The above different kinds of coupling interactions can construct
several transition pathways for PA. As demonstrated in Ref. [36], with
the action of the 840 nm fs laser pulse, the direct two-photon
transition from |1〉 to |2〉 is much weaker than the three-photon
transition from |1〉 to |u〉, because the three-photon transition
between the gerade and ungerade states is electric dipole allowed,
while the two-photon transition between the two gerade states is
electric dipole forbidden. Thus, the major population transfer path is
considered to be |1〉 →+3Zω|u〉→−Zω|2〉, corresponding to the schematic plot
in Figure 3A.

In this paper, we mainly investigate the effect of the delay time δt0
and the FWHM τ of the laser pulses on the populations of the four
excited states. Thus, we divide our discussion into different cases: Case

FIGURE 2
(A) The potential energy curves of the five-state-model of the Mg2 system. The diabatic coupling between the |3〉 and |4〉 states is shown in the inset. (B)
The two-photon coupling between the states |1〉 and |2〉. (C) The one-photon couplings between the states |2〉 and |u〉. (D) The three-photon couplings
between the states |1〉 and |u〉. Here, u = 3, 4, 5.
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1, corresponds to the major population transfer path, as shown in
Figure 3A where the two-photon transition is neglected, and W12 in
Eq. 3 is set to be zero in the propagating; Case 2, only the three-photon
transition between |1〉 and |u〉 is considered, and W12, W23, W24 and
W25 in Eq. 3 are all set to be zero; Case 3, all the possible couplings have
been taken into account, and the propagating is performed with the
full Hamiltonian as presented in Eq. 3; Case 4 denotes the transition
from |1〉 to |u〉 via one-photon resonant coupling with the central
frequency corresponding to 280 nm wavelength instead, and the
Hamiltonian is formally the same as the one used for Case
2 except that the central frequency for W13, W14 and W15 is
changed accordingly. By comparing the calculation results of Cases
1 and 3, we can further confirm the major pathway for the PA process
induced by the two time-delayed laser pulses. By comparing Cases
1 and 2, we can identify the enhancement of the one-photon coupling
between |2〉 and |u〉 on the three-photon transition process. And by
comparing Cases 1 and 4, we can demonstrate that the three-photon
resonant transition and one-photon resonant transition depend on
different laser-molecule interaction mechanism and that they behave
differently with the laser parameters.

We first fix the FWHM of the two laser pulses to be τ = 100 fs
and the delay time δt0 = 0 fs. Considering the major population
transfer path, driven by the 840 nm laser pulses, i.e. Case 1, the
formations and propagations of the radial wavepackets of the four
excited states are shown in Figure 4. We can see that after the action
of the laser pulses, the radial wavepackets oscillate periodically on
the states |2〉, |4〉 and |5〉, respectively. This indicates that
several certain vibrational levels have been populated on these
specific electronic states. The oscillation period of the radial

wavepacket of |2〉 is about 130 fs, which corresponds to a
vibrational frequency of roughly 256 cm−1 which is quite
comparable with the vibrational signal reported in experiment
[34]. The radial wavepacket on |3〉 actually contains both the
vibrational-bound and the continuous states.

In Case 1, the one- and three-photon couplings are taken into
account. Here, we correlate the R position at which the radial
wavepacket is initially formed, with the one at which two different
electronic states resonate with each other. Since the three-photon
coupling between |u〉 and |1〉 plays a major role in the population
transfer process [36], we first concern about the wavepackets
formed on the three ungerade excited states. In Figure 4B,
during the action of the laser pulses (mainly from t = 150 to
250 fs), the radial wavepacket on the |3〉 is partly formed in the
vicinity of R ~ 5 Bohr, which is right around the resonant position
between the potentials of |3〉 and |1〉 marked in Figure 2D. The
other parts of the radial wavepacket on the |3〉 are formed around
R ~ 6, 7 Bohr and in the large R region of over 8 Bohr. This can be
ascribed to the diabatic coupling between the |3〉 and |4〉 states. As
shown in the inset plot in Figure 2A, the diabatic coupling can
influence the wavefunctions of the |3〉 and |4〉 in the range from
roughly 6 to 10 Bohr. Thus, although |3〉 and |1〉 are not quite
resonant with each other in this R region, once |4〉 and |1〉 are
resonant or near resonant, then the |3〉 state can be populated via
diabatic coupling with the |4〉 state. As shown in Figure 4C, the
corresponding radial wavepacket on the |4〉 state is initially in the R
region from 6.5 to 8.5 Bohr which is in accordance with the above
mentioned diabatic coupling region. Additionally, the resonance
between the |4〉 and |1〉 states mainly occurs around 6.76 Bohr as

FIGURE 3
The four cases with the consideration of different coupling conditions. (A) Case 1: The one-photon coupling between |2〉 and |u〉 and the three-photon
coupling between |1〉 and |u〉 are considered. (B)Case 2: Only the three-photon coupling between |1〉 and |u〉 is considered. (C)Case 3: All the one-, two- and
three-photon couplings are taken into account. In Cases 1–3, the laser wavelength is 840 nm. (D) Case 4: The one-photon coupling between |1〉 and |u〉 is
considered with the wavelength setting to be 280 nm.
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shown in Figure 2D, which also falls in the diabatic coupling region
between |4〉 and |3〉. Therefore, one can expect that the population
is firstly transferred from |1〉 to |4〉 around 6.76 Bohr due to
the three-photon resonance, and then redistributed between |4〉 and
|3〉 in an even larger R region from 6 to 10 Bohr due to the diabatic
coupling. Similarly, the radial wavepacket on |5〉 is initially formed
around 7 Bohr at t = 200 fs when the peak of the laser pulse occurs, as
shown in Figure 4D. This is consistent with the three-photon resonant
position between |5〉 and |1〉 shown in Figure 2D.

The one-photon coupling between |2〉 and |u〉 can additionally
enhance the population transfer process from |1〉 to |u〉. As shown in
Figure 2C, in the vicinity of 7 Bohr, the one-photon coupling between |2〉
and |5〉 (|3〉) is strong. Thus, we can expect the three-photon transition
from |1〉 to |5〉 (|3〉) may be enhanced around R ~ 7 Bohr. This can be
verified from Figures 4B,D: When t varies from 200 to 250 fs, the
distributions of the wavepackets on the |5〉 and |3〉 states have been
enhanced around 7 Bohr. The similar circumstance occurs for the |4〉 state.
As seen in Figure 4C, when t varies from 200 to 250 fs, there is an
enhancement of the wavepacket around 5 Bohr which is consistent with
the resonant position, R ~ 5.56 Bohr, between |4〉 and |2〉 shown in
Figure 2C. The wavepacket on the |2〉 completely results from the one-
photon coupling between |2〉 and |u〉, and consequently, it can be found to
be initially localized around R ~ 5 and R ~ 7 Bohr, as shown in Figure 4A.

Here, the two laser pulses are set to coincide with each other in
time, and we further discuss the influence of the delay time between
the two pulses, δt0, on the population transfer process. The thermally

averaged final populations of the four excited states vary with δt0 for
different cases are shown in Figure 5, where τ is still fixed at 100 fs.

One aspect shown in Figure 5 is that the population transfer process is
dominated by the three-photon resonant transition from |1〉 to |u〉 which
can be enhanced by the one-photon resonant coupling between |2〉
and |u〉. Specifically, in Figure 5A, we compare the final populations
of the four excited states in Case 1 (dashed line) with those in Case 3
(solid line). It can be found that the population variations with δt0 in the
two cases are almost the same. This illustrates that the two-photon
coupling between |1〉 and |2〉 has little influence on the population
transfer process, because Case 3 additionally includes the effect of two-
photon coupling compared to Case 1. Figure 5B is then the comparison
of the final populations of the four excited states between Case 1 (dashed
line) and Case 2 (solid line). We can see that the final populations of the
states |2〉, |4〉 and |5〉 in Case 1 are higher than those in Case 2, while
that of the state |3〉 is not changed obviously from Case 1 to Case 2. This
further indicates that the one-photon coupling between |u〉 and |2〉 can
enhance three-photon transition from |1〉 to |u〉. These findings are
consistent with the report in Ref. [36] based on the simulation of a single
laser pulse action, and here we further extend it in the two time-delayed
laser pulses condition.

The other aspect shown in Figure 5 is that the final populations of the
four excited states can vary with δt0 to different extent. In Figure 5B, in
Case 2 where only the three-photon coupling between |1〉 and |u〉 is taken
into account, P3, P4, and P5 all decrease with the increase of δt0 from 0 to
100 fs? However, the absolute value of P5 is relatively small, which has

FIGURE 4
The propagations of the radial wavepackets for the four excited states, (A) |2〉, (B) |3〉, (C) |4〉, and (D) |5〉, in Case 1 with τ = 100 fs and δt0 = 0.
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been enhanced significantly by the one-photon coupling between |2〉 and
|5〉. Therefore, the variation of P5 with δt0 in Case 1, as the dashed pink
line shown in Figure 5B, can not duplicate its behavior in Case 2. To
understand why the three-photon resonant transition probability
decreases with the increase of δt0, we compare the final populations of
the four excited states in Case 2 (dashed lines) with those in Case 4 (solid
lines) in Figure 5C. Here, we find that in the |1〉 → |u〉 process, the
resonance excitation of one-photon coupling is much higher than that of
three-photon coupling. Moreover, the variation behavior of final
population on a given state with δt0 in Case 2 is totally different from
the one in Case 4. This is because the one-photon resonance excitation

mainly depends on the pulse shape and area of the laser field, while the
multiple-photon resonance excitation more greatly relies on the peak
intensity of the laser field [41, 42]. As shown in Figure 1B, the shape and
area of the total pulse envelope vary with δt0 which leads to the variations
of P3, P4, and P5 in Case 4; while the peak intensity of the laser field first
decreases dramatically from δt0 = 0 to 100 fs and then keeps almost
unchanged from δt0 = 100 to 200 fs, which is consistent with the variation
behaviors of P3, P4, and P5 in Case 2. Thus, the delay time between the
pulses can be used as a good parameter for steering of the
photoassociation process in the time area when the two pulses overlap
with each other.

The FWHM of the laser pulse is another important laser parameter
for steering molecular dynamics. To investigate its influence on the PA
process, we first fix δt0 = 0 and decrease FWHM τ from 100 to 50 fs. The
propagation dynamics of the wavepackets on the four excited states in
Case 1 are shown in Figure 6. Obviously, the wavepacket dynamics and its
corresponding excitation probability vary from those in Figure 4. The
pulse with short duration can form wavepackets with more concentrative
localization and the vibrational periods also vary a little. For instance, the
period for |2〉 decreases to roughly 100 fs which corresponds to an
increase of the vibrational energy difference and suggests that some lower
vibrational levels be populated. This can be ascribed to the relatively
broader frequency domain of the τ = 50 fs pulse. Additionally, for the
same peak intensity, the area of the τ = 50 fs pulse is smaller than that of
the τ = 100 fs pulse. Thus, the final transition probability may also be
influenced.

To further indicate the influence of τ and δt0 on the PA efficiency, we
calculate the total population of the four excited states as a function of the
delay time for different FWHMs, with consideration of Case 3 including
all one-, two-, and three-photon couplings. As shown in Figure 7, the four
lines related to different τ present the similar behavior with the variation
of the delay time. The total population first exhibits a relatively maximal
value at δt0 = 0, then decreases with the increase of the delay time from
δt0 = 0 to δt0 = τ, and finally tends to be steadywhen the delay time further
increases from δt0 = τ to δt0 = 2τ. This can be ascribed to the fact that the
three-photon transition plays a dominant role in the PA process. And the
three-photon transition heavily depends on the peak amplitude of the
laser field. As shown in Figure 1, at δt0 = 0, the peak amplitude of the laser
field is the strongest, and it decreases with the increase of δt0 and is
unchanged when the two pulses separate from each other. Thus, it is good
for us to use τ as the unit to define the delay time δt0.

In Figure 7, it can be seen that the two parameters, τ and δt0 both
strongly influence the final PA populations. We note that at δt0 = 0, the
population for τ = 200 fs can reach .0073, while the one for τ = 50 fs
decreases to roughly .0035. The former value is roughly 2 times larger than
the latter one. At δt0 = 0.5τ, the total population for τ = 200 fs is roughly
.0068, while the one for τ = 50 fs decreases to roughly .001. The former is
about 6.8 times bigger than the latter. At δt0 = τ, the total population for
τ = 200 fs is roughly .0041, while the one for τ = 50 fs decreases to roughly
.002. At this point, the former is roughly 2 times greater than the latter.
Thus, for a given δt0, the parameter τ can induce a significant variation (2
~ 6.8 times) for the population transfer of the PA process. Similarly, we
can consider the influence of δt0 on the total final population for a given τ.
For τ = 200 fs, we can obtain the minimal total population of roughly
.0027 at δt0 = 1.5τ, compared to the maximal one (roughly .0073) at δt0 =
0. If we consider τ = 50 fs instead, the minimal value is roughly .001 at
δt0 = 0.5τ, compared to the maximal one (roughly .0035) at δt0 = 0. Thus,
it is also a significant variation (2.7 ~ 3.5 times) which can be induced
by δt0.

FIGURE 5
The comparisons of the final populations of the four excited states
vary with δt0 between (A) Case 1 and Case 3, (B) Case 1 and Case 2, (C)
Case 2 and Case 4. Here, τ = 100 fs.
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FIGURE 6
The propagations of the radial wavepackets for the four excited states, (A) |2〉, (B) |3〉, (C) |4〉, and (D) |5〉, in Case 1 with τ = 50 fs and δt0 = 0.

FIGURE 7
The total population of |2〉, |3〉, |4〉 and |5〉 as a function of the delay time in Case 3 for τ = 50, 100, 150, and 200 fs.
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4 Conclusion

We have investigated theoretically the PA dynamics of hot Mg atoms
induced by two time-delayed femtosecond laser pulses. In the typical five-
electronic-state model, the molecules can be formed on the gerade excited
state (1)1Πg and the three ungerade higher excited states (1)1Πu, (2)

1Πu,
and (2)1Σ+

u from the initial ground state X1Σ+
g. Driven by the 840 nm

laser pulses, there are one-photon couplings between (1)1Πg and the three
ungerade excited states, two-photon coupling between X1Σ+

g and (1)1Πg,
and three-photon couplings between X1Σ+

g and the three ungerade
excited states. All these couplings are taken into account and it is
found that the three-photon coupling plays a dominant role in the PA
population transfer process. The three-photon transitions from the initial
groundX1Σ+

g state to the three ungerade higher excited states are strongly
dependent on the peak intensity of the laser field. Thus, the pulse delay
time δt0 and the pulse duration τ can greatly influence the final PA
populations. The total PA population of the four excited states is obtained
with τ varying from 50 to 200 fs and δt0 varying from 0 to 2τ. For a given
δt0, the parameter τ can induce a significant variation (2 ~ 6.8 times) for
the final PA population, and for a given τ, one can also obtain a significant
variation (2.7 ~ 3.5 times) of the final PA population by varying δt0.
Additionally, the dynamics of the coherent vibrational wavepackets on the
four excited states are also influenced by the two parameters.
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