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Lie symmetry analysis and exact
solutions of the (3+1)-dimensional
generalized Shallow Water-like
equation

Ben Yang, Yunjia Song and Zenggui Wang*

School of Mathematical Sciences, Liaocheng University, Liaocheng, China

In this article, (3+1)-dimensional generalized Shallow Water-like (gSWI) equationis
discussed. The infinitesimal generators of the equation are derived by using the Lie
symmetry analysis method. The optimal system is obtained based on the adjoint
table of the generators of the equation. Exact solutions of the equation are
constructed by applying symmetry reduction, Exp(-¢(£)) expansion method,
Exp-function expansion method, Riccati equation method, and (G'/G)
expansion method. For analyzing the dynamical behavior of the solutions, we
derive the physical structures of dark soliton, kink wave, and periodic solutions via
numerical simulations.
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1 Introduction

Non-linear phenomena are widespread in the life of the world, such as marine
engineering, hydrodynamics, chemical physics, etc [1-3]. To investigate exact solutions
of any complex non-linear partial differential equations and examine the behavior of the
solutions is very interesting. Many effective methods for constructing the exact solutions are
proposed, including Bicklund transformation method [4] (G'/G) expansion method [5, 6],
Hirota bilinear method [7], Homogeneous balance method [8, 9], Lie symmetry method
[10-12], Inverse scattering method [13], F-expansion method [14], Exp-function method
[15, 16], Darboux transformation method [17], Riemann-Hilbert method [18, 19] and so on.

The following (3 + 1)-dimensional generalized Shallow Water equation

uxxxy - 3uxxuy - 3uxuxy + uyt —Uxz = Oa (11)

has been studied by many approaches. Huang and Gao [20] derived the one-, two- and three-
soliton solutions of the equation by the Hirota method, and deduced the propagation and
interaction of the soliton solutions. In [21], Huang studied the stability of solitons by
numerical methods and noticed that the soliton amplitude magnitude is affected by the
spectral parameters. In [22], the closed-form solutions of the equation were derived by Lie
symmetry, and the soliton solutions were found through the optimal system. Based on the auto-
Bécklund transformation, Li and Liu [23] constructed the multi-periodic solitons of Eq. 1.1 through
the variable-coefficient homogeneous balance method and investigated the propagation and
interactions of the solutions. In [24], Liu deduced the new periodic solitary solutions of Eq. 1.1
by the direct test function method, and the validity of the direct test function method was shown.
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Liu and Zhu [25] investigated the variable coefficients of the gSW
equation by the Hirota bilinear method and constructed a large
number of breather wave solutions.

Tang, Ma and Xu [26] proposed the (3 + 1)-dimensional
generalized Shallow Water-like (gSW1) equation

Usexxy + Syl + 3Uylhyy — Uy — Uy = 0, (1.2)

which can be derived by rewriting Eq. 1.1 on the scale x — —x. In [26],
the Grammian and Pfaffian solutions of Eq. 1.2 were obtained and the
equations were extended with the Pfaffianization method. Kumar et al.
[27] derived the multi-stripe and breathing wave solutions of Eq. 1.2 by
the bilinear method, combining the quadratic function and hyperbolic
cosine method, the behavior between the one-block and multi-stripe
solutions were obtained. Sadat et al. [28] applied symbolic calculations
to yield lump-type and stripe solutions of Eq. 1.2. Zhang et al. [29]
applied the generalized bilinear operator method and obtained the
rational and lump solutions of Eq. 1.2.

The shallow water wave equation plays an essential role in
marine engineering, environmental problems, and ecology, so it
is valuable to derive the exact solutions of the shallow water
wave equation. Employing the Lie symmetry method to yield
exact solutions of the (3 + 1)-dimensional gSWI equation has
not been studied. In this paper, the Lie symmetry analysis
method is applied to investigate the solutions of Eq. 1.2. Lie
symmetry method [30-34] has an important significance for
solving partial differential equations (PDEs). Applying the Lie
symmetry method, the symmetry group of the equation can be
derived, furthermore, the equation can be similarly reduced and
the new solutions of the equation can be yielded by the
symmetry transformation. The Lie symmetry method can
reduce the order of the equation when solving with higher
order equations, which is difficult to accomplish by other
methods.

The structure of the rest of the paper is as follows: In Sect 2,
the infinitesimal generators are obtained by applying the Lie
group transformation to the (3 + 1)-dimensional gSWI equation.
In Sect 3, the optimal system for Eq. 1.2 is derived under the basis
of the adjoint table. The periodic wave, kink wave and soliton
solutions of the equation are derived by Exp (—¢(£)) expansion
method, Exp-function expansion method, Riccati equation
method, and (G'/G) expansion method in Sect 4. The
dynamical behavior of the soliton wave solutions of the gSWI
equation are analyzed in Sect 5. The conclusions are given in
Sect 6.

2 Lie symmetry analysis for the (3 + 1)
gSWI equation

The key step for solving non-linear PDEs by Lie symmetry group
method is to obtain Lie algebra of the equation. Consider the
following one-parameter Lie group transformation:

x=x+e+0(&),
y=y+en+0(e),
Z=z+ep+O(), (2.1)
f=t+£T+O(£2),
d=u+ep+0(),
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TABLE 1 Commutator table.

[vi,v j] Vi V2 V3 Va Vs Ve
vy 0 ) 0 0 0 0
vy V) 0 0 0 0 0
V3 0 0 0 =3, —Vs Ve
vy 0 0 3y 0 0 0
Vs 0 0 Vs 0 0 0
Ve 0 0 —Vs 0 0 0

where ¢ is a parameter, and ¢ < 1. §, 7, ¢, 7, and ¢ are infinitesimal
generators concerning x, ¥, z, t and u. The one-parameter vector field
V of gSWI equation can be written as

0 d 0 0 d
V—fa"'ﬂ@ﬁ'(pg‘i’l’aﬂ'(pa. (22)
The vector field V satisfies
prV(A)|,_, =0, (2.3)

in which A = w1, + 3ttty + 3uiy, — Uy — Uy, and pr@ is the
fourth prolongation of V. The fourth prolongation of Eq. 1.2 can be
derived as

0 0 a a 5} a
@y v 46 xz_ 9 uxy vt O | xxxy )
pr ¢ Ou, +¢ ou,, ¢ Olhyx +¢ Ouy., ¢ Oty ¢ Ouy +¢ Oy

(2.4)

The invariant condition can be given as

F 4360, + 31,9 — ¢ — 43U’ + 3¢y, = 0,

(2.5)
Based on Eq. 2.5, the system of determining equations can be
given by
1 1 1 1
¢u = _th’ ¢x = _5712 - gé‘t’ ¢y = _Efz’ ¢t = 0’
1
7.=0,7,=0,7,=0, 74=0, §,=0, {, = -1, {, =0,
3
5 (2.6)
}1[’:0’ ’114:0’ ﬂx:()’ ny:(pz_g‘rt’ (Ptzo’
B B _ _ 1
Py = 0, P = 0, (py =0, Por = 0, Etz - _Erlzz‘

By solving the above equations we can derive
1 1 ! ! 1 " !
¢ =30t = {F1(2) + 22 (D)x + L{F"1 ()t - 2F5 ()}y + Fa(200), T = st + e,
1 1 1
&= §c3x + F3(z) + F5(t) - EtF,I (2), n=F(2)+ 3 (3¢ —2¢3)y, @=ciz+ca
@.7)

where ¢;and F; (i = 1, 2, 3, 4) are arbitrary constants and functions,
respectively.

Assume that F (z) = 0, F, (t) = ¢5,F3(z) = 0, F4(z,t) = c¢. The
infinitesimal generators have new forms

E=cx+ces, n=(c1-263)y, ¢=c1z+¢y, T=3tc3+Cs ¢ =—UCs+ Cs.
(2.8)
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TABLE 2 Adjoint table.

Ad Vi v, Vs Vs Vs Ve
Vi Vi eV, Vs \'A Vs Ve
V, V) - eV, V, Vs \'A Vs Ve
Vs Vi v, Vs eV, Vs eV
Vs Vi V, Vs - 3eV, \'A Vs Ve
Vs Vi V, Vi —€Vs Vy Vs Vs
Ve Vi V, Vs + eV \'A Vs Ve

Thus, Lie algebras of infinitesimal symmetry of Eq. 1.2 can be
spanned by the following six vector fields

L0, .0 2 o 0 _ 9 0
1%y e

=, =X A3t =2y —u—
75 T T Ve Hou

R A

o Yoy ou

(2.9)

The commutator table derived for the gSW1 equation by the
action of Lie brackets is shown in Table 1, where [v;, v;] = v;v; —v;v;

3 Optimal systems of one-dimensional
subalgebras

Based on the Lie brackets, the optimal system of one-
dimensional subalgebras of the equation can be deduced. By the
linear combination of subalgebras, a new form is given by

V= a1V + axvy +asvs + auvy + asvs + dgVs. (31)

By Olver theory [30], using symbolic calculations

Ad(exp (EV,))VJ = V] - €[V,‘, V]] + %82 [V,‘, [V,‘, V]]] -

The adjoint table is shown in Table 2.

3.1 Construction of group invariants

The exchange and adjoint relations of the six-dimensional Lie
algebras are giveryin Table 1 and Jable 2, respectively. Assume that
the vectors V = Z a;v;i and R = Z siv; satisfy

i=1 i=1

Ad(exp (eR)V)
—V_¢e[RV]+ %&2 R [RV]] -

= (ayvy + -+ + AgVe) — E[S1V1 + o + SeVe, ArVy + -+ + agVs) + O ()

= (a1v1 + -+ a6V5) - £[k1v1 + - +k6V5] +O(£2),

(3.2)

inwhich k = k(ay, - , S¢) can be derived from Table 1. The
values of k were calculated from Table 1 as follows

‘Ae> S15 - - -
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kl =0, k2 = —a;8; +a;$;, k3 =0,
k4 = —3a453 + 3&354, k5 = —asS3 + asSs, k6 = AdgS3 — A3S6.
(3.3)
For any s; (j = 1, 2, 3, 4, 5, 6), it have required
SN SN SN SR S (3.4)

da a, aaz aa3 aa4 oa as oa (2

Gather the coefficients containing s; in the above equation, the
following system of differential equations are deduced as

9
—a,=2% =0,
S1 zaa2
9
Sy ala—az =0,
%) 0
s31 — 3a4—X - as—X + ag=—— X 0,
aa4 aas aa(,
(3.5)
sS4t 3a a—X =0
4: 36:14 =0,
0
Ss: a3a—§5 =0,
X
—a 2 =0
Se 38616

After analyzing the above system of PDEs (3.5), it is not difficult
to yield that the invariant function as y(ay,as,as,as,as,as) =
F (al > a3 ) .

3.2 One-dimensional optimal system

For Ji: ] —>j' defined by I — Ad(exp(¢il;)s) is a linear map

[35],inwhichn=1,..., 6. The matrix M; of J, with respect to basis

to {vi,...,vs} are deduced below
100000 1-50000 1000 0 0
0e 0000 01 0000 0100 0 0
001000 00 1000 001 0 0 0
. e _ e _
Mi=lo00100™7{0o 00100 |o00e® 0 o0
000010 000010 000 0 ¢ 0
L0 00001 00 0001 000 0 0 ¢*=
100 0 00 1000 0 0 100000
010 0 00 0100 0 0 010000
. o001 34 00| . [0010-e0|,, |00100e
Mi=loo0 1 oo™ =[ooo1 0 ofM=|oo0100]
000 0 10 0000 1 0 000010
000 0 01 0000 0 1 00000 1
(3.6)
Then, the matrix M can be yielded by
_ € € € € € €
M = M5 MMM MS# M. (3.7)
The matrix M can be written as
1 - 0 0 0 0
0e 0 0 0 0
0 0 1 -3¢ —& ¢
M = s (3.8)
0 0 0 e 0 0
0 00 0 € 0
0 0 0 O 0 e*®

The adjoint transformation equation for Eq. 1.2 is
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>P5) = (a,as,...,a¢)- M
=av; + (—a18 + 426" ), + azvs + (=3a3e4 + 2™ )y,
+(—ases + ase®)vs + (aseg + age ) vg.

(Pl’Pz’

(3.9)

By applying the invariants a; and as, discuss the situations of the
following Lie algebras.

Case 1 Assume that a; # 0 and a3 = 0. Let a; = 1. Making p, =0,
p3 = 0 through

&=
ai

& =0, & =0, (3.10)
and g4, &5, g6 are constants. In other words, all v, + a,v, + azvs + auvy
+ asvs + agVe can be replaced by vy + ¢4v4 + Gsvs + GeVs, Where ¢4, G5
and ¢ are constants.

Case 2 Assume that a; # 0 and a; = 0. Let a3 = 1. Making p; =0,
ps =0, ps =0, ps = 0 through
ay _ as de

&5=0, &g=7— & &=~

& = 0, = > = >
3(13 as as

(3.11)
and ¢, is an arbitrary constant. In other words, all a;v; + ayv, + v +
a4v4 + asvs + agVs can be replaced by ¢,v, + v, where ¢, is a constant.

Case 3 Assume that a; # 0 and a3 # 0. Let a; = 1 and a5 = 1.
Making p, = 0, ps = 0, p5 = 0, ps = 0 through

a a as

H=— &=0, g=7— &=— &=
a; 3(11 a; a;
(3.12)

as
& = 0, -

In other words, all vy + a,v, + V3 + a4vy + asvs + agvs can be replaced
with v, + v3.

Case 4 Replacing a; = a; = 0 into (3.9). By solving (3.9) for ¢;, we
get & =0, &5 = 0 and &,, &4, &5, & are arbitrary constants. In other
words, all v; + ayvs + V3 + aqv4 + asvs + agvs can be replaced by ¢,v, +
GaVa + Gs5Vs5 + GeVs, Where ¢, ¢4 G5 and ¢g are constants.

Similarly, the other terms of the optimal system of Eq. 1.2 can be
obtained by the above method. All of them are listed below.Single
vector fields: vy, v,, V3, V4, Vs, Vg.Dual vector fields: v; + v, v + v4, vy +
Vs VI + Vs Vo + V3, Vo + Vo Vo + Vs, Vo + Vg, Vg + Vs, V4 + Ve, V5 +
ve.Triple vector fields: v; + vy + Vs, Vi + V4 + Vo, V1 + V5 + Ve, Vo + Vg +
Vs, V3 + V4 + Ve, V4 + Vs + vs.Quadruple vector fields: v; + vy + v5 + Vg,
Vy + Vg + Vs + Vs

4 Exact solutions of the gSWI equation

Next, the exact solutions of the gSWI equation are derived by
employing the optimal system. The similarity solutions for arbitrary
vector field v in the optimal system can be solved by the Lagrange’s

system.

(4.1)

4.1 Vector field vq

The characteristic equation can be composed as
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dx_dy_dz_di_du
0 y z 0 0

(Eq. 4.2) has the following form similarity solution.
U(x 21 =F(x B 8).in whicha =x, f = %, S=t
Taking the above similarity solution into Eq. 1.2, the reduced
NLPDE is given as

3F¢mFﬁ + 3FDLF0¢[3 + meﬂ +ﬁFncﬁ - F[gg =0. (43)

Similarly, applying the Lie symmetry method, the infinitesimal
generators of Eq. 4.3 can be derived

1 2
& = §C106 + 91 (9), f;; = —gclﬁ + 3, fa =ab+c,,

1

1
Mg = —§C1F - 5 (C3 + g1 (S)S)a + 92 (8) (44)

Let ¢; = 0,,(0) = dyx(0) = d, ¢, = d, c3 = 3d, and take these values into
(4.4), we get

da _dp ds  dF

do_dp_do_ af (4.5)
d 3d d -a+d
which has the similarity solutions from
1
F(a,B,0) =a- 5052 +h(P,Q), (4.6)

where P = o — § and Q = 3o - f5.
Putting it into Eq. 4.3, the following reduced equation can be
yield
—3hohpp — 27hohpg — 3hphpq + Qhpg — 54hohgq — Sphoo
+3QhQQ - 4hPQ - 9hQQ + 3hQ - hppr - 9hprQ - 27I’poQQ - 27hQQQQ =0.
(4.7)

Repeating the above steps, we get

1
EP =Cn EQ =C» N, = ngP + C3. (48)

Substituting ¢; = d, ¢, = 3d, ¢; = d into (4.8). The new characteristic
equation is given as

db_dQ_ _dh (4.9)
d 3d dP+1
The new similarity solutions from
1
h(P,Q) = JP* + P+ k(@), (4.10)

where @ = 3P — Q. Replacing (4.10) into Eq. 4.7, we get 3kpe = 0. The
solution of Eq. 1.2 via the above method can be given as

1 c
u:2x—t+5t2—xt+l—y—3c1t+cz, (4.11)
z

in which ¢; and ¢, are constants.

4.2 Vector field vz

The characteristic equation can be composed as

dx dy dz dt du
ax _ay _4dz_dt_au (4.12)
X -2y 0 3t -u

The derived similarity solution has the form as.
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u(x, y,z,t) = F(a, 3, 0).where a = %, = yt%, 6 = z. Hence, the
3
following (2 + 1)-dimensional equation can be given as

Z[BFM; - 9FvwrFﬂ - 9FuF04; - 3Fatxaﬁ + Fﬁ + 3F0,9 - (XFap =0. (413)

Then, the new infinitesimal generators of Eq. 4.13 can be yielded
1

fa = Cs, f;; = C1/3> fe =0+, N = —§C304+ g1 (0). (4.14)

Let¢; =0, ¢, =0, ¢3 =0, g1(2) = 0, and take these values into (4.14),
the corresponding characteristic equation is reduced as

do_dp_do_dF

0 S 6" 0 (4.15)
which has the similarity solutions from
F(ap,0)=0+h(P,Q), (4.16)

in which P=a, Q = g. Substituting F («, 5, 0) into Eq. 4.13 results

—9hpth - 9hphpQ - PhpQ + ZQhQQ + hQ - 3thQ - 3hppr =0.

(4.17)
Equations 4.17 satisfies infinitesimal as follows
Ep=c, &=0, n,=-P+cy, (4.18)
assume that ¢; = 9, ¢, = 1 and its characteristic equation is
db_dQ__dh (4.19)
9 0 -P+1
The similarity solution is
1, P
h(P,Q) = ——=P* + =+ k(®), (4.20)
18 8
where @ = Q. Then the ODE can be reduced as
2k + 2@k gp = 0. (4.21)
By solving the above equation, we get
X X yt%
= Inf 2=~
+ 91% 181% +C n( 2 +C; (422)
# '
4.3 Vector field v, + vg
The characteristic equation can be composed as
dx _dy _dz_dt _du (4.23)
1 0 1 0o 0
(4.23) has the following form similarity solution
u(x, y,z,t) = F(a, B, 9), (4.24)

in which a« = x — z, f = y, § = z. Then Eq. 1.2 can be reduced to the
following (2 + 1)-dimensional equation

Faaaﬁ+3FauF/3+3Futhﬂ_F58+Fowz:0~ (425)

The solution of Eq. 4.25 is more difficult to be derived, hence we
use the Exp(—¢(£)) expansion method to find its solution.
Considering the following traveling wave transformation
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F(a,B,8) =h(v), v=ka+If+md, (4.26)

where k, I, m are constants. Replacing (4.26) into Eq.
4.25 and integrate the derived equation with respect to v
once, we get

Ik by, + 312K — Imh, + K*h, = 0. (4.27)

Suppose that Eq. 4.27 can be solved in the following form

h(v) = a; (exp(-9(v)))’, (4.28)
in which j can be determined later and 9 satisfies
9'(v) = exp (¢ (v)) + pexp(I(v)) + . (4.29)

When A> — 44 > 0 and p # 0, (4.29) has a solution given by

YA -4
-\’ - 4‘14tanh<2H (v+ 80)> -2

9(v) =In (4.30)
2u
When A* — 4u < 0, (4.29) has a solution given by
\dpu - 12
\4u - A2 '[an(#2 (v+ so)) -2
9()=1In (4.31)

2u

By balancing Eq. 4.27, j = 1. Hence (4.28) can be rewritten
h(v) = ag + a;e®V. (4.32)

Taking (4.32) along with Eq. 4.29 into Eq. 4.27, a series of
algebraic equations about ay, a;, k, I and m can be deduced.
Select a set from these to discuss the solution of the equations,
we get

kZ

k=k I=—55—5—
KA — 4y —m

., m=m, ag=ady a; =2k

(4.33)
If * — 4u > 0 and p # 0, the kink wave solution of Eq. 1.2 is
Ak

15 1 Ky
7tanh(ic,\/\ —4u +i<mt+k(xfz)7k3/‘27

—4k*u-m

u=ag+

(4.34)

If \* — 4u < 0, the periodic wave solution of Eq. 1.2 can be given by

4k
u=ay+ 5 3
tan(%q\—/\zw}y +%<mt+k(x—z)—kuz_k4%>\—)f +4y>\ A A - A
(4.35)
4 .4 Vector field v4 + vg
The characteristic equation can be composed as
dx_dy _dz_dt_du (4.36)

0 0 0 1 1
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We derive u(x, y,z,t) =t + F(a,f3,0), wherea =x, f=yand O =z
as the similarity variables. Taking it into Eq. 1.2, the following
reduced equation can be obtained

melg + 3F¢mF/; + 3FaFaﬁ - Fag =0. (437)

In the following (G'/G) method is applied to solve Eq. 4.37.
Considering the following traveling wave transform

F(a,3,0) = h(v), v=ka+If+mb, (4.38)

in which k, I, m are constants. Putting (4.38) into Eq. 4.37 yields

1 hyyoo + 61K> hyyhy — mkhy, = 0, (4.39)
then integrate once, we yield
kK*hy,, + 31k*h,, — mkh, = 0. (4.40)

Assume that Eq. 4.40 has solutions of the following form

P G J
h(l)) = Z(X1<E> >

Jj=0

(4.41)

in which b]- (Gj=0,..
h(v) satisfies the equation

., p) are constants which can be derived later and

G" +AG' +uG = 0. (4.42)

Exploiting the principle of homogeneous balance, p = 1. Hence
(4.41) can be rewritten as

h(v) = ap + a1<%>.

Substituting (4.42) and Eq. 4.43 into Eq. 4.40 and putting the same
power combination of (G'/GY. Then make these coefficients be zero,

(4.43)

and a series of algebraic equations about k, [, m, a;, &, can be yielded.
By solving the above equations, we obtain

m

k=k I=—"1"
k(A - 4p)

m=m, og=0y 01 =0a, (4.44)

where k # 0 and A — 4y # 0. With these parameters, we can yield the
following forms of solutions:
For A% > 4y,

L k~/A* = 4u(c, sinh &) + ¢, cosh & (4.45)

" - kA + X,
¢; coshk + ¢, sinh

where x = (3 (kx + #{4/4) +mz)\A* — 4u) and ¢y, ¢, A0, k, A, gt are
constants.
For \* < 4y,
k[-A* + 4u(c, siny) + ¢, cos y
u= ( ) — kA + a, (4.46)
crcosy +cysing
where y = (3 (kx + #{4}4) +mz)\[-A* + 4u) and ¢y, ¢, ag, K, A, p

are constants.

4.5 Vector field v, + v4 + v5 + vg

The characteristic equation can be composed as
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dx_dy_dz_dt_du

X 4.47
1 0 1 1 1 ( )
Solving (4.47), we derived the similarity solution

u(x, y,2,t) = F(a, B, 0), (4.48)

in which @ =x - t, f = yand 6 = z — t are similarity variables. Taking
(4.48) into Eq. 1.2, the (2 + 1)-dimensional equation can be yielded

Fouxa/i + 3FaaF/; + 3Fo¢Fa[3 + FD,/; + F/gg - Fag =0. (4.49)

Next, applying the Riccati equation method, different forms of
solutions of Eq. 4.49 can be deduced. Taking the following traveling
wave transform

F(a,,0) =h(v), v=ka+If+mb, (4.50)

where k, [, m are constants. Substituting (Eq. 4.50) into Eq. 4.49 and
integrating once yields
Ik by, + 31K*H + Ikh,, + lmh, — mkh, = 0. (4.51)

Suppose that Eq. 4.51 has solutions of the following form
P .
h(v) =) a;¢/, (4.52)

=0

where a; (j = 1 p) are constants which can be obtained later and £ (v)
satisfies the equation

¢ =¢ +w, (4.53)
in which w is an constant. The form of the solutions of Eq. 4.53 are as
follows

—vwtanh(v/=wv), <0,
1
¢=4— w=0, (4.54)
v
Vw tan(vwv), w>0.

By balancing Eq. 4.51, we get p = 1. Hence, (Eq. 4.52) can be
rewritten as

h= ap + a1¢. (455)

Replacing (Eq. 4.53) along with Eq. 4.55 into Eq. 4.51, letting
the same coefficients and a series of algebraic equations
about ag, a; and [ can be yielded. Solving the above equations,
we obtain

mk

l=—r7—— = -2k.
4w +m+k @

k=k, m=m, a,=ay,

(4.56)

On the basis of Eq. 4.56, we derive the solution of Eq. 1.2 as follows:
For w < 0,

mky
u :t+2k\/$tanh(\/%<k(x—t) +m+m(z—t)>> + ag,

(4.57)

where k, m, ay, w, y, z are constants.
For w > 0,
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FIGURE 1
Singularity profile of (4.11).

FIGURE 2
Annihilation of the kink wave solution of (4.34) at y =1.

FIGURE 3
Multi period solution of (4.35).
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FIGURE 4
The kink wave solution of (4.57) at z =0.

FIGURE 5
The periodic solution of (4.58) at z =0.

FIGURE 6
The symmetric two-periodic solution of (4.68).
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FIGURE 7
Dark soliton solution of (4.67).

t=2

t=3

4w +k+m

u:t—2k\/5tan<<k(x—t)+ mky +m(z—t)>\/6>+ao,
(4.58)

where k, m, ay, w, y, z are constants.

4.6 Vector field v, + v4

The characteristic equation can be composed as

dx_dy_dz_di_du

. 4.59
0 0 1 1 0 ( )

Solving (Eq. 4.59), we derived the similarity solution

u(x, y,2,t) = F(a, B, 0),

where a = x, § = y and 0 = z — t are similarity variables. Taking (Eq.
4.60) into Eq. 1.2, the (2 + I1)-dimensional equation can be

(4.60)

obtained by

Faauﬁ+3FaaFﬁ+3szFaﬁ+Fﬂ9_Fa9 =0. (461)
Taking the traveling wave transform
F(a,3,0) = h(v), v=ka+If+mb, (4.62)

where k, [ and m are constants. Putting (Eq. 4.62) into Eq. 4.61 and
integrate once, we derive

1K hyy, + 31K2H, + Imh, — mkh, = 0. (4.63)
Suppose the solution of Eq. 4.63 is given by
p
Z Sjell)
h(v) = fz‘: - (4.64)
Y e
=0

where sj, r; are constants to be obtained. By balancing Eq. 4.63, p = 1.
Therefore, Eq. 4.64 is written as

20
So + s1e’ + s,e
h(v) = ————. (4.65)
ro+rie +re
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Replacing (Eq. 4.63) along with Eq. 4.65 and making the same
coefficient be zero, a family of algebraic equations about s, sy, $2, 7o,
1, T2 k, [ and m can be yielded. Solving the above equations, we

obtain:

k=0, 1=0, m=m, so=50, S1 =51, S =83, Ty ="rg, 1 =71, I3 =1,.
(4.66)

Then the solution of Eq. 1.2 is given by:

S s eztm 526((2—!%2
u= t tym)? + t tym)* + t tym)?>
o+ 11 4y @My g @M g (@M g e EOM (M)

(4.67)

where m, sg, $1, S, 79, 11 and r, are constants. Based on Eq. 4.67,
replacing the parameter k = ik, | = il, m = im and picking the real
part, the following periodic wave solution can be given

_ So sy cos((z —t)m)
“= ro + 11 cos((z — t)m) + r, cos (2 (z — t)m) * ro + 11 cos((z — t)m) + r, cos(2(z — t)m)

N s, cos(2(z —t)m)
"ro + 11 cos((z - t)m) +r; cos(2(z — t)ym)’

(4.68)

5 Analysis and discussion

In this part, the geometric representation of the solution of Eq.
1.2 is discussed by employing graphical description. The physical
phenomena of the solutions can be seen more obviously via
numerical simulation. The solutions of the gSWI equation yielded
from the above process include periodic, dark soliton, kink wave and
annihilation structures of solutions. The dynamic structure of the
solutions is investigated below.

Figure 1 depicts the physical structure of the singular solution
when the parameter ¢; = 1, = 1, x = 1, y = 1. (B) Indicates the density
plot of the corresponding solution.

Figure 2 describes the physical structure of the kink solution
when ¢ = 1, and the rest of the parameters take the value of y = 1, =
3,=1,k=1,I=1,m=1,=1, = 1. When the time increases from t = 1
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to t = 28, the energy of the wave is gradually depleted and eventually
becomes a plane wave.

The physical structure of the antisymmetric periodic solution
(4.35) is shown in Figure 3. The 3-D plot of the antisymmetric
periodic solution is described when the parameter is taken as z = 0,
y=0,=1,=1k=1,I=1,m=1,=1,=-1. (B) show the density plot
of the solution.

The dynamics structure of the kink wave solution at z = 0 is
plotted in Figure 4. When k= -10, c=10,=1,=-10, y = 1. (A) shows
the 3-D plot of the solution and (B) depicts the spread route of the
solution along the x-axis when t = 0, t = 1, t = 2 and t = 3,
respectively.

It is shown in Figure 5 and Figure 6 that the physical structure of
the periodic wave solutions (4.58) and (4.68). (A) Is the
corresponding 3D structure, (B) is the track of the solution along
the x-axis, which is given when the parameterk =1,=-1,=1,r=1,
y =0, z=0 (4.68) shows the 3-D structure of the symmetric two-
period wave solution, with the corresponding parameter ay = 1, =
1,=1,=5=1,=1,m= 1. (B) Depicts the spread route of the
solution along the z-axis at ¢ = 0.

A structure of the dynamics of the dark soliton (4.67) is depicted
in Figure 7. The 3-D plot of the dark soliton is obtained when the
parameter is selected as ap=1,=1,=1,=1,=2,=1, m = 1. The
spread route behavior of the dark soliton along the z-axis can be
derived by choosing t =0, t=1,¢t=2and t = 3.

6 Conclusion

In summary, the (3 + 1)-dimensional generalized Shallow
Water-like wave equation is shown in this paper which is
studied based on the Lie symmetry method and the symbolic
calculation. By the adjoint table of the infinitesimal generators, a
one-dimensional optimal system is formulated. In terms of the
optimal system, some new solutions of the gSWI equation are
derived by Exp(—¢(£)) expansion method, Riccati equation
method, Exp-function expansion method, and (G'/G) expansion
method. In particular, the physical structures of the detected dark
soliton, kink wave, and periodic solutions are investigated to make
this study more credible.

In this work, a situation of the (3 + 1)-dimensional gSWI
equation has been investigated based on the Lie symmetry
method, and the rest of the latter cases are presented in other
subsequent papers. More work needs to be done in the future.
Firstly, in this paper, the exact solutions of the equation are derived
richly with the Lie symmetry method, and other methods can be
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