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In this study, the T-matrix method combined with the addition theorems of
spherical basis functions is applied to semi-analytically compute the
underwater far-field acoustic scattering of a pair of rigid spheroids with
arbitrary incident angles. The involvement of the addition theorems renders
the multiple scattering fields of each spheroid to be translated into an identical
origin. The accuracy and convergence property of the proposed method are
verified and validated. The interference of specular reflection wave and Franz wave
can be spotted from the oscillations of the form function. Furthermore, the
propagation paths of specular reflection and Franz waves are quantitatively
analyzed in the time domain with conclusions that the Franz waves reach the
observation point subsequent to specular reflection waves and the time interval
between these two wave series is equal to the time cost of the Franz waves
traveling along the sphere surfaces. Finally, the effects of separation distances,
aspect ratios (the ratio of the polar radius to equatorial radius), non-dimensional
frequencies, and incidence angles of the plane wave on the far-field acoustic
scattering of a pair of rigid spheroids are studied by the T-matrix method.

KEYWORDS

T-matrix method, addition theorems, a pair of rigid spheroids, acoustic scattering, far-
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1 Introduction

The study of underwater target acoustic scattering gains attentions from researchers, and
the relative research studies are widely applied in engineering practices such as underwater
target detection, positioning, imaging, and underwater communication. The mechanism of
multiple-target acoustic scattering is more complex than that of single-target scattering due
to the existence of multiple scattering. In this study, a pair of rigid spheroids is chosen as the
target to investigate the multiple acoustic scattering characteristics.

In the past decades, a series of numerical and analytical methods are proposed to solve
the underwater acoustic scattering problem. Numerical methods such as the finite element
method (FEM) and boundary element method (BEM) can solve acoustic scattering problems
under complex conditions [1-3]. Recently, various extended methods, like the smooth finite
element method and meshfree method [4-7], are proposed to solve the underwater acoustic
scattering issues. However, the computational efficiency of those numerical methods
decreases as the frequency increases because of the requirement of very dense meshes.
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Compared to the numerical methods, the analytical method can
provide precise solutions with a faster convergence speed. In
addition, the physical understanding of the acoustic scattering
wave can be explained by the analytical solutions. Rayleigh first
derived the Bessel-Legendre series (mathematical) solution for the
acoustic scattering of a sphere by the variable separation method.
However, his works are only competent to cases with small non-
dimensional frequencies ka [8]. Based on Rayleigh’s work, various
extended analytical methods, like the partial wave series (PWS)
method and Sommerfeld-Watson transformation (SWT), are
proposed to obtain the mathematical expressions of acoustic
scattering of the single simple target (such as the sphere and
circular cylinder) [9-11]. Zaviska proposed the multipole method
to solve the two-dimensional multiple scattering by a series of
circular cylinders [12]. Eyges extended the multipole method to
the multiple scattering of two spheres [13]. The key to the multipole
method is the addition theorems of the spherical basis functions
which transform the multiple scattering fields of different targets to a
field with a uniform origin [14, 15]. Gabrielli derived the analytical
solutions to the acoustic scattering problems of two spheres using
the symmetry properties, which are widely used in quantum physics
[15, 16]. However, there are some limitations to analytical methods
in solving the acoustic scattering of non-spherical targets in the
spherical coordinate system. Consequently, the semi-analytical
method is applied to study the far-field acoustic scattering of a
pair of rigid spheroids.

The T-matrix method, a typical semi-analytical method, is first
proposed by Waterman for electromagnetic scattering problems
[17] and later extended to the acoustic scattering field [18]. The
T-matrix method is defined as the semi-analytical method derived
from the Helmholtz integral equation and null-field theory, and the
infinite matrix needs to be truncated. The crux of the T-matrix
method is to expand all the field quantities by a set of orthogonal
basis functions and solve the unknown expansion coefficients. In
addition, the T-matrix method is suitable for the acoustic scattering
problem with arbitrary incidence and scattering angles. Peterson
derived the T-matrix expression for multi-target scattering based on
the addition theorems of spherical basis functions and calculates the
numerical result of a pair of identical spheres under the plane wave
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incidence [19]. Most of the published literature works focus on the
acoustic scattering of a pair of spheres and spheroids with small
aspect ratios (i.e., the ratio of the polar radius to equatorial radius is
less than 2). However, it is important to study the acoustic scattering
mechanism of a pair of rigid oblate spheroids and prolate spheroids,
which are extensively used in hydrodynamics and underwater
engineering.

In this work, the addition theorems are embedded in the
T-matrix method to investigate the underwater far-field acoustic
scattering characteristics of a pair of rigid spheroids with different
aspect ratios ensonified by plane waves at different angles. The
propagation paths of the returning backscattering waves from a pair
of rigid spheres are analyzed by using the geometric and numerical
method in the time domain. The structure of this work is as follows:
In Section 2, acoustic scatterings of a single rigid spheroid are
considered by the traditional T-matrix method; in addition, the
addition theorems are embedded in the T-matrix method to
investigate the scatterings of a pair of rigid spheroids. In Section
3, some numerical experiments are carried out to verify the accuracy
and convergence of the T-matrix method for the acoustic scattering
of a pair of rigid spheroids. Furthermore, the effects of the separation
distance between spheroids, aspect ratios, non-dimensional
frequencies, and incidence angles of the plane wave on the
acoustic scattering of a pair of rigid spheroids are investigated,
while conclusions are provided in Section 4.

2 T-matrix method

In this section, a rigid spheroid and a spheroid pair are
considered. The acoustic scatterings of such models under plane
wave incidence at an arbitrary angle are investigated using the
T-matrix method.

2.1 For a rigid spheroid

As shown in Figure 1, a rigid rotation spheroid with the polar
radius b (distance from the center point to the endpoint of the

Geometry model for the acoustic scattering of a rigid (A) prolate and (B) oblate spheroid.
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spheroid located in the rotation axis Oz) and equatorial radius a is
positioned in an ideal fluid medium with density p and sound
velocity c. The angle between the incident plane wave P and axis Oz
is 0;. The surface shape function S(8) of the spheroid is only related
to the polar angle 6, such that

S(6) = (cos>6/b* +sin? 0/a*)". (1)

The entire wave field can be constructed by the scalar velocity
potential because the wave field exists only in the ideal fluid
medium. For convenience, in what follows, the monochromatic
time factor exp (—iwt) of all velocity potentials is omitted. The
total wave field @ (r) is the sum of the incident field @;(r) and
scattering field @, (r):

@ (r) = O; (r) + Oy (r). 2)

All of the aforementioned velocity potentials satisfy the
Helmholtz equation:

®(r)
(V2 + k2)< @;(r) ) =0, 3)
D, (r)

where k = w/c is the wave number. Waterman discussed the
aforementioned three field functions in detail [18]. The outer
smooth, so that the
Poincare-Huygens principle and Gauss theorem can be applied.

surface S of the ellipsoid is

The Helmholtz integral representation equation can be expressed as

D, (r) + L [®.n-Vg(r,t') - (n-V,D)g(r,x)]dS

_ | @(r) routsideS
“ 10 rinsidesS,

(4)

where @, is the velocity potential on the outer surface of the
spheroid. n-V,® denotes the normal velocity on the outer
surface of the spheroid. g (r, r') is the free-field Green’s function,
which can be expressed as

g(rr') = exp(ik|r - r'l)/(k|r - r'|). (5)

The crucial point is to expand the whole field quantities with a
set of orthogonal basis functions and solve the corresponding
unknown coefficients. The scalar spherical basis function is
expressed as

Do (l‘) = hr(,l) (kr)Ynma (0) (P)

B o cos(mg),o =e
= h, (kr)&,,,P7 (cos 6)( sin (mg), o = o >, (6)

where P!" (cos 0) is the associated Legendre function of order n and
rank 7. The azimuthal parity index o is either even or odd. h{V (kr)
is a spherical Hankel function of the first kind. The normalization
coefficients &’ can be expressed as

Eum= [en (2n+ 1) (n - m)!]"* x [4n(n+m)!] 2, 7)

1,m=0

2,m
n=0,1,-,"00, and the rank index m takes the integer values m =

0,1, n.
The incident and scattered field can be expanded into the form

with ¢, = . The value range of the order index is

of the weighted sum of the scalar basis function with the expanded
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coefficients. The regular spherical basis function, denoted by
Re®,,,,,,, is obtained by substituting the first-kind spherical Bessel
function j, (kr) for hfll) (kr) into Eq. 6. Therefore, the incident and
scattered fields can be expanded as

(Di (l‘) = Z anmaReq)nmJ (l‘), (8)

nmo

(Ds (I') = Z fnmaq)nmcr (I'), (9)

nmo

o0 n
where Z = Z Z Z is the triple summation symbol, a,,, denotes

nmo n=0m=0 o
the expanded coefficient of the incident field, and f,,,, denotes the
unknown expanded coefficient of the scattering field. For a plane
harmonic wave, the expanded coefficient is

L AT G Sl NI

Furthermore, the free-field Green’s function g(r,r') can be
expanded using the spherical basis function as

G(et') =) ik @y (15 )ReDyyg (7), (11)
nmo
>r! <" .
wherer, = {r,,r " andr. = {r,’r " .+'is the modulus of the
rlir<r rlr>r

point r’ on the surface S of the spheroid. r is the modulus of the field
point r. The expanded expression of the unknown surface field @, is

o, (r,) = Z Ao ReD g (rl), (12)

nmo

where a5, Which is omitted in the process of deriving the T-matrix,
is the expanded coefficient of the unknown surface field.

For a rigid spheroid, the boundary of the spheroid at r = S(6)
satisfies the Neumann boundary condition:

n-V,0(r) 0. (13)

=S(6)

Substituting Eqs 6-13 into Eq. 4 yields

i) Quuanm'a Cuimia’ = ~rmos (14)
i )" ReQuuonmia Cut's’ = frumos (15)

where
Qurosimie’ = kLReCDn/m:,,f (f)n- VO, (F)dS.  (16)

The detailed expression of Q,,,,,; /o' is Obtained by substituting
Eq. 6 into Eq. 16:

Qnmﬂ,n'm’a’ = j f;l’m’.n’ (kT)PZ;’ (COS 6)£nm
0

N oh,, (kr) 0P (cos 0)
or a6

5 2 ( cosm'g \ [ cosme
x r°sin GdGJ o . do,
o \ sinm’g /\ sinmg

where rg = 0r(0)/00 and r(0) = S(0). In the expression of the
Q-matrix, the symmetry of the scatterer leads to certain elements

P! (cos 6)— r—gh,, (kr)x
r

(17)
in the Q-matrix becoming zero. In this study, the rotational symmetry
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FIGURE 2
Geometry model for the acoustic scattering of a pair of rigid spheroids.

of the spheroid makes the Q-matrix block diagonal of the submatrices,
and thus, the computation can be simplified.

From Eqs 14, 15, the relationship between scattering and
incident expanded coefficients can be expressed as

fnma = Taume> (18)

where the transition matrix T, showing the influence of the geometry
of the spheroid, the incident angle, and the frequency of the plane
wave [20, 21], is expressed as

T =-(ReQ)Q". (19)

2.2 For a pair of rigid spheroids

In this part, the formula of the T-matrix method for a pair of
rigid spheroids immersed in the idea fluid is derived. The geometry
of the configuration to be considered is shown in Figure 2. The
formula of the T-matrix method for a pair of rigid spheroids is
derived exactly like Eq. 4:

O; (1) + L . [®n-Vg(r,t')- (n-V,D)g(r,r')]dS

{ @ (r) routside S; and S,

0 rinsideS; orS,.

(20)

The incident field ®;(r) and the free-field Green’s function
g(r,r') need to be expanded at origins O; and O, to obtain the
Q-matrix of each of the spheroids, which are analogous to Eq. 16.
When the field point r is located inside S,

r r " r n
r=r,-dr' =r,r-r=r -r,r-r=r —(r2+2d), (21)
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where d = O;0 = 0O,. According to Eq. 11, Green’s functions
g(r, r) and g(r, 1) can be written as

g(l‘, r,I) = Z lk (Dnma(rll,)Rechma (1'1),

nmo

g(rr2) = ) ik Dpo (12 + 2d)Re®Dpg (ry).

nmo

(22)

(23)

From Egs 8, 21, where r =r; —d, the incident fields can be
expressed as

D; (l') = z Ao RED g (1'1 - d) (24)

nmo

The addition theorems of the spherical basis functions are used
in Eqs 23, 24. The translation properties are as follows [22, 23]:
Re®,5 (l' + d) = Z Rnmtl,rl’m’tl' (d)Rech’m’a’ (l‘),

n'm'a’

Z ﬁnma,n'm'a' (d)q)n’m'ﬂ’ (l'), |l'| > |d|’ (25)
Do (r+d) = { "
’ D" Runima (AReD,q (1) [x] <[d],

where the coordinates of the vector d in the spherical coordinate
system are (d,7,y). R is the regular form of R by replacing the
spherical Hankel function with spherical Bessel functions. The
matrices ﬁnmg)n:m/ (d) are given as
5 _ (_l)m 12[ (_1\y' —m'
ana,n’m’a’ (d)_ 2 (&m €] [( 1) C""‘»n’m’ (d,ﬂ)COS (m m )1//
+(=1)°Cpn i (ds17)c0s (m+m')1//],6=a',
GO
2

Rymoimts (d)= [Em-&m]"? [ (=17 Coptme (doig)sin (m—m" )y
+Comontm (dop)sin (m+m' )y |04,
(26)
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Form Function

FIGURE 3

Convergence study of the T-matrix method for a pair of rigid spheres. The backscattering modulus |f| of a pair of rigid spheres was calculated at
end-on incidence (6; = 0°) with the dimensionless frequency kb = 5 versus N max for a pair of rigid spheres with separation distances 2d = 2b and 4b,

respectively.

where
Cnm,n’m' (d> 71)

A:ln—n'l

(n n )L)(
X

000

where < '

follows'

(

@n+1)(2n' +1)[A- (m-m")]!]"

[A+ (m-m")]!

nn A . _
m—m' — (m_mr) I (kd)P/\ (COS"I)’

@7)
> is the Wigner 3-j symbol [24]; its expression is given as
J1 j2 js
my m, msj

(i + 2= j3) (o + s = i) (i + s = ja)!

=(-1 jlijrm;a—rm my+my " . "
eV " { (r+ja+js+1)!

x I Giem)! Gomm)} LGt 2= =)

v

X (]2 +m2—v)!(j3—j1—mz +v)!(j3—j2+m1+v)!

. -1
X (]1 —m; - V)'] :5—m3,m1+m2 =1, 6—m3,m1+m2 =0,-mz £m; +my.

(28)

In this study, the expression of the matrices R,,,5,o' (= d) for
the special case of the offset along the z-axis is

n+n'

anu,n'm’a' (= d) = Z (_l)m'+n+ (n+n'+/1)/2 (2/‘ +1) [ (2n+1) (21’!, + 1)]1/2

A=|n—n'|
X( )(
, m>0

1
X 045’04 1, m=0,0=¢e
1, m=0,0=o0.

n n
m—m'

n nl

A .
- 0)(: D' (k)

(29

Substituting Eqs 22-25 into the second formula of Eq. 20
yields

Frontiers in Physics

05

25
2F —_—0F0° | ]
0745
9[=90°
S15F 4
S
c
S
[y
E
g 1f 1
051 .
Vv
A= f I T T
0 10 20 30 40 50 60
Nmax
FIGURE 4

Convergence study of the T-matrix method for a pair of rigid
spheroids with aspect ratio b/a = 4 for the separation distance

2d = 4ry. The backscattering modulus |f,,| of a pair of rigid spheroids
was calculated with the dimensionless frequency kb = 10 versus

N max under three incident cases (6; = 0°,45°, and 90°).

0= % 3, ety COREB e 1)+ 3k Rt 1) {01 )

nmo n'm'c’

xn- V@,,m‘,(r;) - (n . V+®(r:))®nma(l’;)}gga+ Z Z ik
X ana,n’m'a’ (2d)J‘SZ Re®,,, (rl){(D*-(rg)n : V(D"’my:o(:;yﬁ )
=(n-V,0(r2) )Re®,y (13 }dS.
(30)

The expansion coefficients of the unknown surface fields of two

and o2, , respectively. The boundary of these

nmo?>

two spheroids satisfies the Neumann boundary condition. In this

; 1
spheroids are «,,,

way, Eq. 30 can be expressed as
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Accuracy study of the T-matrix method for a pair of rigid spheres. (A) Backscattering cross section of a pair of rigid spheres at broadside incidence

(6; = 90°) for kb = 2 versus separation distance 2kd. (B) Backscattering cross section of a pair of rigid spheres for kb = 2 and 2kd = 4.5 versus the incidence
angle 6;. (C) Backscattering form function |f,| of a pair of rigid spheres at broadside incidence (6; = 90°) versus kb for the separation distance 2d = 2b. (D)
Backscattering form function |f| of a pair of rigid spheres at broadside incidence (6; = 90°) versus kb for the separation distance 2d = 2b.

_ 5 ; 1 1
0= z an’m’cr’antf,n’m’u’(_d) -1 Z Qnmg,n’m’a’an’m’a’

n'm's’ n'm's’

=i Y Y Rungwte CAREQY, 01 st oty
o A
(31
where Q' . and Q> . . . are given by Eq. 17, with the

integrals taken over S; and S,. Expressing the aforementioned
equation in terms of matrices and vectors yields

R (-d)a = iQ'a' +iR(2d)ReQ*a?, (32)

»

where ﬁt(—d) =R(d) and the superscript  “¢” denotes the
transposition of the matrix. In the same way, when the field

point r is located inside S,,

R (d)a = iR(-2d)ReQ' &' + iQ*e?. (33)

Considering the field point r located outside the sphere Sp
(the smallest external sphere containing both spheroids S, and
S, with O as the center of the sphere), according to Eq. 11,
the free-field Green’s functions g(r,r;) and g(r,r;) can be
written as

Frontiers in Physics

g(r, r;) = Z ik @y (r)Red)nmg(r;)

nmo

= Z z ikq)nma (r)ﬁnma,n’m'a’ (_d)Req)n’m’y’ (r;)> (34)
g(r, r;) = Z ik Dps (r)Red)nma(r;)
nmo ( 3 5)

= Z z ik(bnma (r)ﬁnmv,n'm’v’ (d)Re(Dn’m’a’ (I‘;)

nmo n'm'c’

Substituting Eqs 34, 35, 9 into the first formula of Eq. 20 yields
f = —iR(-d)ReQ'a’ - iR(d)ReQ’a’. (36)

From Eqs 32, 33, the surface field coefficients a! and a? can be
solved into expressions in terms of the incident field coefficient a.
Afterward, the transition matrix T'(1,2) can be obtained by
substituting the solved &' and &? into Eq. 36, such that

T(1,2) = R(-d{T (1) [[-R2d)T ()R (-2d)T (1)] ™"
x [[+R(2d)T (2)R(-2d) |} R (d)
+R(D{T (2)[I-R(-2d)T ()R AT (2)] ™"
x [I+R(-2d)T ()R (2d) |} R (-d), (37)
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FIGURE 6

Backscattering form function |f| (solid lines) of a pair of rigid spheres at oblique incidence (6; = 45°) versus kb for the separation distances (A)

2d = 2b and (B) 2d = 4b. The backscattering form function |f,, | of a pair of rigid spheres at end-on incidence (6; = 0°) versus kb for separation distances (C)
2d = 2b and (D) 2d = 4b. The dashed lines represent twice the value of the backscattering form function |f,,| of a single rigid sphere.

TABLE 1 Time intervals regarding the peak-to-peak intervals in Panel (a) of Figure 7.

Time interval Predicted by the geometric model (ms) Obtained from Figure 7 (ms)
tr-t, 341 329
ts-ty 530 537
tat3 341 3.30

TABLE 2 Time intervals regarding the peak-to-peak intervals in Panel (b) of Figure 7.

Time interval Predicted by the geometric model (ms) Obtained from Figure 7 (ms)

-t 375 374

tats 341 333

where I is the identity matrix and T'(1) (T(2)) is the T-matrix
formulation of spheroids S; (S,), which can be calculated using
Eq. 19.

Since the far-field scattering characteristics are majorly — where ry = max(a, b). According to Eq. 38, the factors that affect the
considered in the current study, the form function f, can be form function are the observation position of the scattering field,

f00 (krO: 6: q’) = hm g %e—ikr

r—— 1y Py

, (38)

defined by [25, 26] incident angle, and non-dimensional frequency.
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FIGURE 7
Propagation path of the backscattering waves by a pair of spheres
at (A) end-on incidence and (B) oblique incidence.

3 Numerical examples and results

In this section, the convergence and accuracy of the T-matrix
method for calculating the acoustic scattering of a pair of rigid
spheres and spheroids are shown by several numerical experiments.
Afterward, the monostatic and bistatic acoustic scattering form
function modulus |fe| of a pair of rigid spheroids illuminated
by the plane wave are calculated by the T-matrix method
considering various models with a range of aspect ratios b/a,
frequencies  kry

separation distances 2d, non-dimensional

(ro = max(a, b)), and incidence angles 0;.

3.1 Numerical validation

The convergence of the T-matrix method for calculating the acoustic
scattering of a pair of rigid spheres under the plane wave end-on
incidence (0; =0°) is verified. According to the aforementioned
theoretical formulation, the infinite summation in the Q-matrix and
R-matrix must be truncated at the appropriate limit N . Figure 3
shows the results of | f oo | Versus N o under the end-on incidence case
with the non-dimensional frequency kb = 5 at separation distances 2d =
2b and 4b. It can be seen from Figure 3 that the T-matrix method
converges faster in calculating the acoustic scattering problem of a pair of
spheres. The relative convergence error of | foo| can be given by [27]

10.3389/fphy.2023.1170811

_|f00(Nmax)_f00(N:nax)|
I BN R

(39)

The truncation factor N in this study is expressed as
N ;nax =Int(k x (2d +1r9)) + 5. When the dimensionless frequency
kb = 5, the values of the truncation factor N ;mx are taken as 20 and
30 for separation distances of d = b and 2b, respectively. As shown in
Figure 3, the form function modulus begins to converge, where N 1, is
greater than 14 and 26, respectively, and the relative convergence error
could reach 107 ~ 107, Therefore, the expression of the truncation
factor N . is verified to be correct and feasible. Furthermore, the
convergence and accuracy of the T-matrix method for calculating the
acoustic scattering of a pair of rigid spheroids are studied. Figure 4 shows
the backscattering modulus | f | of a pair of rigid spheroids with b/a =
4 for the separation distance 2d = 4r( versus N 1, with kb = 10 under
three incident cases (6; = 0°,45°, and 90°). The results show that all the
curves have good convergence and the solutions are stable and accurate.
Similarly, the relative convergence error could reach 107> ~ 10°°.

In the following, some numerical experiment results of the
acoustic scattering of a pair of rigid spheres calculated by the
present method are compared with Peterson’s works [19] and the
analytical results. The comparison results are shown in Figure 5. The
circles are values according to the data from Peterson’s works, while
the solid lines are calculated by the present method. Panel (a) of
Figure 5 displays the backscattering cross section of a pair of rigid
spheres at the broadside incidence case (6; = 90°, ¢, = 0°) for kb = 2
versus the separation distance 2kd. It can be seen from Panel (a) of
the figure that the numerical results are in complete agreement with
Peterson’s solutions. The scattering cross section is defined by

O 1
|y * 7b?

on (1,05 9,6, 9,) = 4nr (40)

Panel (b) of Figure 5 displays the far-field backscattering cross
section o versus the incidence angle 0; of a pair of rigid spheroids
for kb = 2 and 2kd = 4.5. It is in complete agreement with the results
in Figure 7 of Peterson’s works. It can be assured that the T-matrix
method is sufficiently accurate in calculating the acoustic scattering
of a pair of rigid spheres at arbitrary angular incidence. As shown in
panels (c) and (d), the results of the backscattering form function
[fool of a pair of rigid spheres at the broadside incidence case
calculated by the present method are exactly the same as those
calculated by the analytical method [28] for separation distances
2d = 2b and 4b. It can be seen from the aforementioned comparison
that the T-matrix method is effective in computing the acoustic
scattering of a pair of rigid spheres and spheroids.

3.2 Far-field acoustic scattering properties
of a pair of rigid spheres

In this part, the far-field scattering properties of a pair of rigid
spheres under the plane wave at arbitrary incident angles are studied

TABLE 3 Time intervals regarding the peak-to-peak intervals in Panel (c) of Figure 7.

Time interval

Predicted by the geometric model (ms)

Obtained from Figure 7 (ms)

ty-t) = ty~t3 3.41
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FIGURE 8

Backscattering response waves of a pair of rigid spheres in the

time domain for the separation distance 2d = 4b = 4m under the pulse
wave. (A) End-on incidence (6; = 0°), (B) oblique incidence (6; = 45°),
and (C) broadside incidence (6; = 90°).

by the T-matrix method. Figure 6 displays the backscattering form
function |f| versus the dimensionless frequency ka of a pair of
rigid spheres with two values of the separation distance (2d = 2band
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4b) under oblique (6; =45°) incidence and end-on (6; = 0°)
incidence, respectively. As shown in Panels (a) and (b), it can be
seen that the form function | f | (solid line) of a pair of spheres is
below the values (dashed line) of twice the form function modulus of
a single rigid sphere under plane wave oblique incidence.
Furthermore, the backscattering form function curves oscillate
faster as the separation distance increases at the oblique
incidence case. This phenomenon is similar to the end-on
incidence case (see Panels (c) and (d) of Figure 6), but the
number of peaks in the backscattering form function curves
under the oblique incidence case at the same separation distance
is less than the end-on incidence case. In the end-on incidence case,
the amplitude of the backscattering form function | f | tends to be
stable as kb increases for the separation distance of 2d = 4b (see
Panel (d) of Figure 6). The reason for these oscillations in the
backscattering form function curves is due to the interference
between the specular reflection wave components and Franz
wave components in the backscattering response wave [29, 30]. It
can be seen that the oscillation period in the backscattering form
function curves (solid line) of a pair of rigid spheres is not a constant
compared to that (dashed line) of the single rigid sphere [31, 32].
The propagation mechanisms of the specular reflection and Franz
wave in the backscattering response wave by a pair of rigid spheres
are discussed in the following paragraph.

The path of backscattering waves by a pair of rigid spheres
ensonified by the pulse wave from end-on incidence and oblique
incidence, respectively, is shown in Panels (a) and (b) of Figure 7. P;
and P; represent specular reflection waves, which propagate
backwards immediately when the incident wave reaches the front
of the first sphere and the second sphere, respectively. P, and Py
represent the backward Franz waves, which diffracted around the
shadowed surface of the obstacle, from the first sphere and second
sphere, respectively. We define the moments of the arrival of
backscattering response wave components P;, P,, Ps;, and P4 at
the observation point as t, t5, t3, and t4, respectively. The time
intervals under end-on incidence can be predicted by the following
equations:

(CD + DEF + FG)
. )

ts—t; =2 x (CD+DH)/c,

tz - tl =
(41)

ty—t; = (HI+IJK +KL)/c,

where ¢ denotes the velocity of the specular reflection wave.
Likewise, the time intervals under the oblique incidence can be
predicted as

t,—t; = (CD + DEF + FG) <,
t; —t; =2 xMN/c,

(HI + IJK +KL)
. .

(42)

t4—t3:

The ideal fluid medium around the spheres is water. The
velocity of the specular reflection wave is 1,510 m/s, and the
scattering field point is located at (=30, 0). The time domain
response results obtained by the inverse fast Fourier transform
(IFFT) of the frequency domain response results [33] of a pair of
rigid spheres at three incidence cases (8; = 0°,45° and 90°) of
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FIGURE 9

Bistatic 2D directivity pattern (solid line) of a pair of rigid spheres at end-on (6; = 0°) incidence with kb = 2 for separation distances (A) 2d = 2b and (B)
2d = 4b. The bistatic 2D directivity pattern of a pair of rigid spheres at oblique (0; = 45°) incidence with kb = 2 for separation distances (C) 2d = 2b and (D)
2d = 4b. The bistatic 2D directivity pattern of a pair of rigid spheres at broadside (6; = 90°) incidence with kb = 2 for separation distances (E) 2d = 2b and (F)
2d = 4b. The dashed lines represent twice the value of the 2D directivity pattern of a single rigid sphere under three cases of incident angles (6; = 0°,

45°, and 90°) for kb = 2.

pulse waves for the separation distance 2d = 4b = 4m are shown
in Figures 8A-C. Four obvious peaks can be obtained from
Figures 8A, B. The specular reflection waves from the first
sphere and second sphere lead to two peaks with the largest
values. The two peaks with the smaller values are the Franz
waves of the first sphere and second sphere, respectively. The
values of Franz waves are smaller than those of specular

Frontiers in Physics
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reflection waves due to radiation damping when the Franz
wave propagates in the shadowed area of the sphere. It can be
seen that there are only two obvious peaks in Panel (c) of
Figure 8 because the two spheres do not block each other in
the direction of the pulse wave. In the case of broadside
incidence (6; =90°), the specular reflection waves of two
spheres reach the observing point at the same time, and

frontiersin.org


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2023.1170811

Yang et al. 10.3389/fphy.2023.1170811
A B
two spheroids 06 — w0 spherokds
— — —2xsingle spheroid — — —2xsingle spheroid
05 ls
\ / 1
\ \ 1 ]
04 v I' ‘\ A
\ 1 \
§ g TREWE R
S R | H1Y
w w !
03 ¥
£ E !
< e )
02
01
0
0 1 2 3 4 5 6 7 8 9 10
ke Kfo
c D
two spheroids 09 two spheroids
09 - — — —2xsingle spheroid 2xsingle spheroid
08
07
0.6
$ §
T T
g 505
w w
€ €
S 504
" w
03
0.2
0.1
0
0 1 2 3 4 5 6 7 8 9 10
kro
E F 25
25 two spheroids — w0 spheroids
— — = 2xsingle spheroids - = = 2xsingle spheroid
: =
- -
$ §15
: g
= =
w w
£ £
& g 1
05
0
0 1 2 3 4 5 6 7 8 9 10
kro
FIGURE 10

Backscattering form function |f| (solid lines) of a pair of rigid prolate spheroids under end-on incidence (6; = 0°) versus krg (ro = max(a, b)) for
separation distances (A) 2d = 2ry and (B) 2d = 4rg. The backscattering form function |f| (solid lines) of a pair of rigid prolate spheroids under oblique
incidence (6; = 45°) versus kb for separation distances (C) 2d = 2rg and (D) 2d = 4rq. The backscattering form function |f,,| of a pair of rigid prolate
spheroids under broadside incidence (6; = 90°) versus kb for separation distances (E) 2d = 2b and (F) 2d = 4b. The dashed lines represent twice the
value of the backscattering form function |f,,| of a single rigid prolate spheroid under three incident cases (6; = 0°, 45°, and 90°).

subsequently, the Franz waves also reach the observing point at
another identical time point. Furthermore, the time intervals
corresponding to the peak-to-peak intervals for a pair of rigid
spheres with three incidence cases (6; = 0°,45°,and 90°) of the
pulse wave for the separation distance 2d = 4b = 4m in Figure 8
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are listed in Tables 1, 2, 3. The predicted results based on the
geometric model are calculated from Eqs 41, 42. As can be seen
from Tables 1, 2, 3, the results calculated by the T-matrix method
are consistent with the predicted results from the geometric
model.
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FIGURE 11

Backscattering form function |f,| of a pair of rigid spheroids with
different aspect ratios (b/a = 1/2, 1, 2, and 4) versus krq for the
separation distance 2d = 4ry under the plane wave. (A) End-on
incidence (6; = 0°), (B) oblique incidence (0; = 45°), and (C)
broadside incidence (6; = 90°).

In order to quantitatively study the scattering of a pair of rigid
spheres, the bistatic 2D directivity plots of a pair of rigid spheres
under three cases (6; = 0°,45° and 90°) of the plane waves for the
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dimensionless frequency kb = 2 and separation distances 2d = 2b
and 4b, respectively, are shown in Figures 9A-F. It can be found that
the scattering form function | f | (solid line) of a pair of spheres is
mostly below the dashed line, which is twice the value of the form
function of the single sphere. The maximum values of the scattering
form function |f| in the 2D far-field directivity plots are in the
forward scattering direction under three cases. The 2D far-field
directivity plots under the oblique incidence are asymmetric in
Figures 9C, D because the obstacles are asymmetric along the
wave axis in the oblique incidence case. It is clearly shown that
the number of petals increased as the separation distance increases at
the same incident angles.

3.3 Far-field acoustic scattering properties
of a pair of rigid spheroids

In this section, the far-field scattering properties of a pair of rigid
spheroids under arbitrary incident angles of the plane wave are
studied by the T-matrix method. The results of the backscattering
form function | f | (solid lines) of a pair of rigid prolate (b/a = 2)
spheroids at three incidence cases (6; = 0°,45° and 90°) versus the
non-dimensional frequency kry (ro = max(a, b)) for the separation
distance 2d = 2r( and 4r, respectively, are shown in Figures 10A-F.
The dashed lines represent twice the value of the backscattering form
function |f| of a single rigid sphere at broadside incidence. As
shown in Figures 10A-D, the backscattering form function curves
oscillate faster as the separation distance increases in the end-on
incidence and oblique incidence cases. This phenomenon is
consistent with the results of a pair of rigid sphere scattering in
Section 3.2. Those oscillations in backscattering form function
curves are caused by the interference between the specular
reflection wave components and Franz wave components in the
backscattering response wave. The peaks in the backscattering form
function curves occur when the wave path difference As between the
Franz wave and specular reflection wave, which is related to the
separation distance 2d, is an integral multiple of the wavelength A.
The peak-to-peak interval A(kry) in the backscattering form

function curves can be expressed as A(krg) = ZALS“.

Obviously,
A(krg) decreases as the separation distance increases, making the
backscattering form function curves oscillate faster. In the broadside
incidence case, the solid line and dashed line overlap at low
frequencies in Panel (e) of Figure 10, implying that there is no
interaction between these two spheroids in this frequency band. As
the separation distance grows, the solid line and dashed line still
overlap at higher frequencies in Panel (f) of Figure 10. This is
because the two spheroids do not block each other in the direction of
the incident wave, and the interactions between these two spheroids
decrease as the separation distance grows.

Figure 11 displays the backscattering form function | f| of a
pair of rigid spheroids with different aspect ratios (b/a = 1/2, 1, 2,
and 4) versus kr( (ro = max(a, b)) for the separation distance 2d =
4ry at three incidence cases (6; = 0°,45° and 90°). As shown in
Figure 11A, the values of the backscattering form function | f | of a
pair of rigid spheroids in the end-on incidence case decrease as the
aspect ratios grow. This is because the backscattering response wave
of a pair of rigid spheroids under plane wave end-on incidence is
mainly composed of the specular reflection wave at the front point of
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Bistatic 2D directivity pattern of a pair of rigid spheroids with different aspect ratios (b/a = 1/2, 1, 2, and 4) at end-on incidence (6; = 0°) with kry = 2 for
separation distances. (A) 2d = 2ry and (B) 2d = 4rq. The bistatic 2D directivity pattern of a pair of rigid spheroids with different aspect ratios (b/a = 1/2, 1, 2,
and 4) at oblique incidence (6; = 45°) with kro = 2 for separation distances (C) 2d = 2ry and (D) 2d = 4rq. The bistatic 2D directivity pattern of a pair of rigid
spheroids with different aspect ratios (b/a = 1/2, 1, 2, and 4) at broadside incidence (6; = 90°) with krg = 2 for separation distances (E) 2d = 2rg and (F)

2d = 4ro.

the spheroids, and the intensity of the specular reflection wave
increases as the radius of curvature at the front point of the
spheroids increases [34]. It can be seen from Figure 11 that the
number of peaks in the backscattering form function curves for a
pair of rigid prolate (b > a) spheroids decreases with the increase in
the incidence angle. In order to quantitatively study the scattering of

Frontiers in Physics

a pair of rigid spheroids under the plane wave, the bistatic 2D
directivity plots for a pair of rigid spheroids with different aspect
(bla=1/2, 1, 2, and 4) at three
(6; = 0°,45°,and 90°) of the plane waves for the non-dimensional
frequency kb =2 and separation distances 2d =2r, and 4r,
respectively, are shown in Figures 12A-F. The zoomed-in plots

ratios incidence cases
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regarding the results of the 2D directivity diagrams of a pair of rigid
prolate spheroids (b/a = 4) are also given in these panels. It is clearly
seen that the number of petals in the 2D directivity plots is mainly
influenced by the separation distance, and the number of petals
increased as the separation distance increased. The 2D directivity
plots are asymmetric in Figures 12C, D because the scatterers are
asymmetric along the wave axis in the oblique incidence case, which
is different from the end-on incidence and broadside incidence case.
In the end-on incidence case (see Figures 12A, B), the 2D directivity
plots of a pair of rigid spheroids change from the forward scattering
dominant to the sideward scattering dominant, with the increase in
the aspect ratio. The maximum values in the 2D far-field directivity
plots of a pair of rigid spheroids decrease as the aspect ratio increases
in the end-on incidence and oblique incidence cases. In the
broadside incidence case (Figures 12E, F), the 2D directivity plots
of a pair of oblate spheroids and prolate spheroids are sideward
and backward
respectively. It can be found that the 2D far-field directivity plots

scattering dominant scattering  dominant,
of a pair of rigid prolate spheroids with different aspect ratios at the
same incident angle and separation distance are very similar, and the
values of the scattering form function | f,| decreases as the aspect
ratio increases.

4 Conclusion

In this work, the T-matrix method combined with the addition
theorems of spherical basis functions is applied to semi-analytically
compute the far-field acoustic scattering of a pair of rigid spheroids
under the plane wave at an arbitrary incidence angle. It is verified that the
T-matrix method can accurately solve the far-field acoustic scattering
problem of a pair of rigid spheres with different separation distances
under the plane wave of any angle. In addition, some numerical
experiments on a pair of rigid (oblate or prolate) spheroids are
carried out by the T-matrix method with the following conclusions:

1) The acoustic scattering by a pair of rigid spheroids is more
complicated than that of a single rigid spheroid, and the values of
the scattering form function of a pair of rigid spheroids are not
equal to twice the far-field scattering form function modulus of a
single rigid spheroid.
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