& frontiers | Frontiers in Physics

’ @ Check for updates

OPEN ACCESS

Fei Yu,
Changsha University of Science and
Technology, China

Yanzhi Wu,

Kyoto University, Japan
Yonggiang Guan,
Xidian University, China

Linying Xiang,
xianglinying@neug.edu.cn

This article was submitted to
Interdisciplinary Physics,

a section of the journal
Frontiers in Physics

04 March 2023
24 March 2023
07 April 2023

Yu 'Y, Xiang L, Liu B and Xia C (2023),
Moment-based analysis of pinning
synchronization in complex networks
with sign inner-coupling configurations.
Front. Phys. 11:1179469.

doi: 10.3389/fphy.2023.1179469

© 2023 Yu, Xiang, Liu and Xia. This is an
open-access article distributed under the
terms of the Creative Commons
Attribution License (CC BY). The use,
distribution or reproduction in other
forums is permitted, provided the original
author(s) and the copyright owner(s) are
credited and that the original publication
in this journal is cited, in accordance with
accepted academic practice. No use,
distribution or reproduction is permitted
which does not comply with these terms.

Frontiers in Physics

Original Research
07 April 2023
10.3389/fphy.2023.1179469

Moment-based analysis of pinning
synchronization in complex
networks with sign inner-coupling
configurations

Yanying Yu?, Linying Xiang*, Bo Liu? and Chengyi Xia*

School of Control Engineering, Northeastern University at Qinhuangdao, Qinhuangdao, China, 2School
of Information Engineering, Minzu University of China, Beijing, China, *School of Artificial Intelligence,
Tiangong University, Tianjin, China

In this paper, pinning synchronization of complex networks with sign inner-
coupling configurations is investigated from a moment-based analysis
approach. First, two representative non-linear systems with varying dynamics
parameters are presented to illustrate the bifurcation of the synchronized regions.
The influence of sign inner-coupling configurations on network synchronizability
is then studied in detail. It is found that adding negative parameters in the inner-
coupling matrix can significantly enhance the network synchronizability.
Furthermore, the eigenvalue distribution of the coupling and control matrix in
the pinned network is estimated using the spectral moment analysis. Finally,
numerical simulations are given for illustration.
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1 Introduction

Synchronization is a typical collective behavior in complex networks [1-5]. In the past
two decades, the issues of synchronization, control, and optimization in complex network
systems have become focal subjects in network science and engineering [6-31], and
numerous works have been reported on such topics as complete synchronization [6],
near-synchronization [32], phase synchronization [33], bounded synchronization [34],
fixed-time synchronization [35, 36], heterogeneous node dynamics [37], multiplex
networks [38], time-delay systems [39-41], and time-varying networks [42, 43].

It has been demonstrated that the local stability of a complex dynamical network under
the pinning control can be converted into two independent sub-problems: identifying the
synchronized regions of the pinned network and analyzing the scaled eigenvalues of the
coupling and control matrix [44]. On one hand, the bifurcation behavior of the synchronized
regions has been observed in complex networks with varying node parameters [39, 40, 45].
Various rich bifurcation patterns of the synchronized regions have been found in the pioneer
work [45]. On the other hand, the moment-based analysis approach [46-48] has been
introduced to successfully estimate the eigenvalue distribution of the coupling and control
matrix [49]. Therein, without performing explicit eigenvalue decomposition, the eigenvalue
distribution can be estimated only from the network structural parameters and the control
mechanism.

It is worth noting that most of the above-reviewed works on network synchronization
assume that the inner-coupling matrix consists of zeros and positive parameters. However,
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less attention has been paid to the case that the elements in the
inner-coupling matrix are negative [50]. Interestingly, negative
interactions among the nodes will lead to the enhancement of
the synchronization in complex networks [51]. Moreover, a
recent work on network controllability has revealed that adding
negatively-weighted edges in a signed network can significantly
change its average controllability [52]. Indeed, in real-world
scenarios, it is more reasonable and accurate to model a complex
system using a network with both negative and positive weights on
edges. For instance, in social networks, positive edge weights can
denote the relations of like and friendships, while negative edge
weights on can represent the relations of dislike and foe [53].
Inspired by these observations, a sign inner-coupling matrix with
positive and negative parameters is introduced to denote the
cooperation and competition relationships, respectively, between
the node variables.

The main contributions of this paper are two-fold. First, the
influence of sign inner-coupling configurations on network
synchronizability is studied. The interesting bifurcation behavior of the
synchronized regions is observed in the pinned network with a varying
node dynamics parameter. It is shown that the network synchronizability
can be improved by adding negative parameters in the inner-coupling
matrix, while blindly adding inner-coupling elements with positive
parameters may weaken it. This finding provides a good alternative to
optimize the network synchronizability. Second, the -eigenvalue
distribution of the pinned network is analyzed from the moment-
based approach. The analytical expressions of the spectral moments
for a globally coupled network and a nearest-neighbor coupled network
are derived, respectively. It is found that the expected moments depend
not only on the structural parameters of the network but also on the
control mechanism. The derived expected moments are then used to
estimate the eigenvalue distribution. Numerical examples demonstrate
the efficiency of the proposed spectral estimation method.

The rest of the paper is organized as follows. Notation and
preliminaries are given in Section 2. The influence of sign inner-
coupling configurations on network synchronizability is investigated
in Section 3. In Section 4, the estimation of the eigenvalues of the
coupling and control matrix for two representative regular networks
is provided. Section 5 shows the numerical results. Finally, Section 6
concludes the paper.

2 Notation and preliminaries

2.1 Notation

Throughout the paper, let R denote the set of real numbers, R"
the vector space of n-dimensional real vectors, and R"" the set of
m x n real matrices. Let I, be an m X m identity matrix and diag{a;,
ay, ... Ay} an n x n diagonal matrix. Let ® indicate the Kronecker
product and tr(A) the trace of matrix A.

2.2 Graph theory

Let G = (V,€) be an undirected graph with a node set V =
{1,2,..., N} and an edge set £ €V x V. A path between two nodes,

say i and j, is given by the node sequence vy, v», . . ., vy, Where v; = i,
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vk =j, and (v, vy1) € €. An undirected graph G is connected if, for
any two nodes, there exists a path connecting them. Let A =
(A;j) e RN denote the adjacency matrix of the undirected
graph G. If there is an edge between nodes i and j, then A; =
Aji =1, and Aj; = 0 (j # i) otherwise. The degree of node i is the
number of edges directly connected to it and can be denoted by
d; = Z;\;Aij- The degree sequence of G is the list of node degrees,
denoted by {d;, d,, . .
diag{d;, d,, . . ., dn}. The corresponding Laplacian matrix is given by
L=D-A.

., dn}. The degree matrix is, thus, defined as D =

2.3 Problem statement

We consider a complex dynamical network of N nodes
described by

N
% (t) = F(x:(t) =0 ) LyHx;(t), i = 1,2,...,N, (1)
j=1

o xim (D)]F € R™ is the state vector

The non-linear function F(-) is continuously

where x; (t) = [x;1 (), xi2 (t), . .
of node i.
differentiable denoting the self-dynamics of the nodes. ¢ > 0 is
the global coupling strength. The matrix H € R"™ describes the
inner-coupling of the state variables of nodes, while the Laplacian
matrix L = (L;;) € RVN describes the outer-coupling among the
nodes. We assume that the network is undirected and connected.
If there is a connection between node i and node j, then L;; =
Li=-1 otherwise, Lj=L;=0 (j # i). In addition, the diagonal
elements of L are given by

N

L"":_.Z Lj, i=12,...,N, )

j=Lj#i

which satisfy the diffusion condition Zi\i 1Lij = 0. It can be verified
that L is a symmetric and diagonalizable matrix.

Suppose that all the nodes have a common equilibrium X,
satisfying F(x) = 0. In order to synchronize network (1) at the
state X, pinning control is applied. The pinned network is, thus,
described as follows:

N
Xi(t) = F(x; (1)) = 0 ) LyjHx; (t) = 8;0b:H (x; (£) - %),
j=1

3)
i=1,2,...,N,

where the variable §; denotes whether node i is under control. If
control is directly applied to node i, then §; = 1 with b; = b > 0,
otherwise §; = b; = 0. Here, b denotes the feedback gain to be
designed. Let [ (1 < I < N) be the number of pinned nodes. Therefore,
Y0 =1

Lete; (t) = x; (t) —xand E(t) = [elT (t),eg t),. .. ,e% O] e RN,
Linearizing system (3) at x leads to the following error system:

E(t) = (Ix ® Jr(X) - 0C ® H)E(t), (4)

where Jr (x) is the Jacobian matrix of F(-) evaluated at X, C=L + Bis
the coupling and control matrix, and B = diag{b,, b,, .. ., by} is the
feedback gain matrix.

It is worth noting that the matrix C is a real symmetric matrix,

which can be written as A = ®'C®, where A = diag{);, A, . . ., Ax}
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with A;,i=1,2, ..., Nbeing the eigenvalues of C, and the columns of
@ are the set of the corresponding eigenvectors. It can be verified
that the eigenvalues of the matrix Iy ® Jr (x) — 0C ® H and those of
Jr(x) —oMH, i=1,2,...,N are identical. For convenience, let o; =
oA, i=1,2, ..., N.It has been demonstrated in the literature that the
local stability of the pinned network (3) is determined by the
following generic system [49]:

7(t) = (Jp (%) - aH)y (2), (5)

where #(t) is a new auxiliary variable.

Am(a) denotes the maximal real part of the eigenvalues of
Jr(X) — aH. The synchronized region S is defined as the range
of a with A,,,(«) < 0. The synchronization will be achieved if all the
eigenvalues of oC are located inside S.

In summary, pinning synchronization in network (3) is
separated into two sub-problems: 1) identifying the synchronized
regions and 2) analyzing the eigenvalue distribution of ¢C. Previous
works on the types and bifurcation behavior of synchronized regions
assume that the elements in the inner-coupling matrix are either
zeros or positive parameters. Here, a zero indicates the absence of a
relation between some state variables of nodes, while a positive
parameter characterizes the cooperative relationship between two
corresponding state variables. However, less attention has been paid
to the case of negative or competitive interactions between node
variables. In this paper, a more general inner-coupling matrix
including negative parameters is considered.

Definition 1. If the elements of matrix H consist of the symbols +,
—, and 0, H is then called the sign pattern matrix [50].

-+ 0
H:|:0+O:| (6)

For example,

00 -

is called a sign pattern matrix, in which 0, +, and — represent zero,
positive, and negative parameters, respectively.

If the state variables of nodes are coupled through a sign pattern
matrix, the networked system is said to have a sign inner-coupling
configuration. Without loss of generality, in what follows, the
elements of H are denoted by 1, -1, and 0, where “1” indicates
cooperative relationship, “~1” indicates competitive relationship,
and “0” indicates that there is no relation between some state
variables of nodes.

3 Bifurcation of the synchronized
regions

In this
configurations on network synchronizability is studied in detail.

section, the influence of sign inner-coupling

In particular, two representative non-linear systems with varying

parameters are given to illustrate the bifurcation of the synchronized
regions.

3.1 LU system

A single Lu system [54] is described as
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X1
X
X3

where 8 = 3 and y = 20. Obviously, = [0,0,0]” is an equilibrium

a(x; = x1)
=] —X1xX3 + yX2 |

X1Xy — ﬁX3

point of the aforementioned Lii system, and the Jacobian matrix of
the system is as follows:

—-a a 0
Jr(x) = [ 0 20 0 ]
0 0 -3

In what follows, three different types of inner-coupling matrices
are considered.
(i) When the inner-coupling matrix is chosen as

-100
Hy=1110]|
0 00

the corresponding characteristic equation is obtained as follows:
fhaa)= A+3)[N* + (a—20)A - o’ + (2a + 20)a - 20a] = 0.

Onehas); =-3<0.Ifa-20 > 0and —a? + (2a + 20)a — 20a > 0,
then A,; < 0; that is, the pinned network can synchronize at
% =1[0,0,0]". Here, the boundary curves of the synchronized
region  are  represented by  a; =-VaZ+ 100 +a+ 10,
a2=m+a+10, and a > 20. In this situation, the
synchronized region of the Lii system with varying dynamics
parameter a and its boundary curves are given as shown in
Figure 1A. The cyan-shaded area denotes the synchronized
region in which A,(a) < 0. The magenta line denotes the
corresponding boundary curve. These notations will be used for
Figures 1B, C and Figure 2.

(ii) When the inner-coupling matrix is chosen as

-110
H12= 110,
0 00

the corresponding characteristic equation is obtained as follows:

fhaa)= (X +3)[N + (a—20)A - 20* + (2a + 20)a — 20a] = 0.

OnehasA, =-3<0.Ifa-20>0and —2a*> + (2a + 20)a — 20a >
0, then 1,3 < 0; that is, the pinned network can synchronize at
x = (0,0, O]T. Here, the boundary curves of the synchronized region
are represented by a; =-Va2/d-5a+25+a/2+5 =
Va*/4-5a+25+a/2+5 and a > 20. In this situation, the
synchronized region of the Lii system with varying dynamics
parameter a and its boundary curves are given as shown in
Figure 1B.

(iii) When the inner-coupling matrix is chosen as

-1 -10
Hz=]1 1 0}
0 00

the corresponding characteristic equation is obtained as follows:

fhaa) = (X+3)[N + (a-20)A+ (2a + 20)a - 20a] = 0.

OnehasA; =-3<0.Ifa-20>0and (2a + 20)a — 20a > 0, then
A, < 0; that is, the pinned network can synchronize at x = [0, 0, O]T.
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FIGURE 1
Synchronized regions of the LU system with varying dynamics parameter a and its boundary curves.

FIGURE 2

Synchronized regions of the unified chaotic system with varying dynamics parameter a and its boundary curves.

0.2 0.3 0 0.1 0.2 0.3

Here, the boundary curves of the synchronized region are
represented by ap =522 and a > 20. In this situation, the

synchronized region of the Lii system with varying dynamics

parameter a and its boundary curves are given as shown in

Figure 1C.
Figure 1 shows the synchronized regions of Lii system for
three different sign inter-coupling matrices. Table 1

further summarizes the synchronized regions for three
specific values of a. It can be observed from Figures 1A, B
that the synchronized region switches from “empty set” to

“bounded  region”  with  the  increase in  the
dynamics parameter a, while in Figure 1C, the
synchronized region switches from “empty set” to

“unbounded region.”

3.2 Unified chaotic system

A single unified chaotic system [55] is described as

Frontiers in Physics

(25&1 + 10) (XZ - xl)

x
x; (28 — 35a)x; — x1x3 + (29a — 1)x,
X3 a+8

X1Xy — sz

where a € [0, 1]. Obviously, x = [0,0, 0]7 is an equilibrium point of
the aforementioned unified chaotic system, and the Jacobian matrix
of the system is as follows:

—(25a+10) (25a+10) 0O

Jr (%) = 28 — 35a 29a -1 0
a+8
0 0 —
3

Then, we consider the following three types of different inner-
coupling matrices:
(i) We set the inner-coupling matrix as

110

000]
000

Hul =

frontiersin.org
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TABLE 1 Synchronized regions of the Lii system under different sign inter-
coupling matrices.

10.3389/fphy.2023.1179469

TABLE 2 Synchronized regions of the unified chaotic system under different
sign inter-coupling matrices.

36 (8.64, 83.36) (10, 36) (7.83, 00)
46 (8.93, 103.07) ‘ (10, 46) (8.21, 00)
56 (9.11, 122.89) ‘ (10, 56) (8.48, 00)

The corresponding characteristic equation is obtained as
follows:

fha@=(A+ B (11 - ta s )
+ (29 — 64a)a — (25a + 10) (27 — 6a)] = 0.

One obtains A; = —%8<0.If 11 — 42 + a > 0 and (29 — 64a)a —
(25a +10)(27 — 6a) > 0, then A, 3 < 0; that is, the pinned network can
synchronize at x = [0,0, O]T. Here, the boundary curve of the
synchronized region is represented by ay = (25a + 10)(27 — 6a)/
29 — 64a. When the inner-coupling matrix is set as H,;, the
synchronized region of unified chaotic system with varying
dynamics parameter a and its boundary curve are illustrated in
Figure 2A.

(ii) We set the inner-coupling matrix as

110
H,= |:1 0 0].
000

The corresponding characteristic equation is obtained as
follows:

f\a,a) =</\+aT+8>[)LZ+ (11 —4a + @)L — o?

—(39a - 39)a — (25a + 10) (27 — 6a)] = 0.

Onehasi; = —%8<0. If11 —4a+a>0and —a* — (39a — 39)a —
(25a +10)(27 — 6a) > 0, then A, 3 < 0; that is, the pinned network can
synchronize at x = [0,0, 0]7. Here, the boundary curves of
the synchronized

ay = \[4(25a +10) (6a - 27) + (39a - 39)*/2 - (39a - 39)/2, a; =

region are represented by

- \/4(25a +10) (6a —27) + (39a — 39)%/2 — (39a — 39)/2. When
the inner-coupling matrix is set as H,,, the synchronized region
of the unified chaotic system with varying dynamics parameter a and
its boundary curves are shown in Figure 2B.
(iii) We set the inner-coupling matrix as
110
Hy = [—1 0 o].
0 00
The corresponding characteristic equation is obtained as
Fhaa) = <A+ at8

3 )[)L2+ (11 —4a+ A + o’
+(19 — 89a)a — (25a + 10) (27 — 6a)] = 0.

Onehas A, = —“—’3'8<0. If11 —4a +a>0and o® + (19 — 89a)« —
(25a +10)(27 — 6a) > 0, then A, 3 < 0; that is, the pinned network can
synchronize at x = [0,0, 0]7. Here, the boundary curves of the
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0.05 (11.64, 00) (11.99, 25.07) (11.64, 00)

0.15 (18.5, 00) @ (16325, c0)

025 (31.88, 00) o (21.97, 00)
synchronized region are represented by o =

\/4(2511 +10) (6a —27) + (19— 89a)%/2 — (19— 89a)/2 and a, = —

V4(25a + 10) (6a - 27) + (19 - 89a)?/2 — (19 - 89a)/2. When the
inner-coupling matrix is set as H,3, the synchronized region of the
unified chaotic system with varying dynamics parameter a and its
boundary curves are shown in Figure 2C.

Figure 2 shows the synchronized regions of the unified chaotic
system for three different sign inter-coupling matrices. Table 2
further summarizes the synchronized regions for three specific
values of a. It can be observed from Figures 2A, C that the
synchronized region switches from “unbounded region” to
“empty set” with the increase in the dynamics parameter a, while
in Figure 2B, the synchronized region switches from “bounded
region” to “empty set.”

In summary, there exist bifurcation phenomena in the
synchronized regions of complex networks for some specific
inner-coupling matrices. The synchronized region can evolve
with the varying node dynamics parameter and switch from one
type to another type.

Given the node dynamics, the larger the range of the
synchronized region corresponding to the sign inner-coupling
matrix, the easier it is for the network to achieve
synchronization. From the aforementioned simulations, the
following conclusions can be drawn:

(i) From Figure 1, it can be seen that when the inner-coupling
matrix is chosen as Hj,, the synchronized region is smaller than
that of Hj;. In Figure 2, when the inner-coupling matrix is
chosen as H,,, the synchronized region is smaller than that of
H,;. It can be seen that H,, and H,, add a cooperative inner-
coupling element to H;; and H,,;, respectively. This means that
blindly adding positive parameters in the inner-coupling matrix
may weaken the synchronizability of the network.

(ii) From Figure I, it can be seen that when the inner-
coupling matrix is chosen as Hj;, a larger synchronized
region is obtained compared to Hj;. From Figure 2, it can be
seen that when the inner-coupling matrix is chosen as H,s, a
larger synchronized region is obtained compared to H,;. It can
be observed that Hj; and H,; add a competitive inner-coupling
element to Hj; and H,;, respectively. This implies that the
network synchronizability can be significantly enhanced by
adding a small number of negative parameters in the inner-
coupling matrix.

Remark 1. It should be pointed out that although numerical
simulations are performed with the aforementioned two chaotic
systems, the

straightforward.

extension to other general systems is
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Remark 2. Recall that the bifurcation behavior of the synchronized
regions in a network with a varying node dynamics parameter is
analyzed in this section. The assumption that all the nodes have a
common equilibrium can ensure that the boundary curves of the
synchronized region can be analytically derived. It is found that the
boundary curves of the synchronized region are related to the
varying node dynamics parameter.

4 Spectral analysis of pinned networks

In this section, the spectral moment method [46] is applied to
estimate the eigenvalues of C [49].

4.1 Spectral moments of the matrix C

The nth-order spectral moment of C is defined as
Q (C)—li/l"—lt (C")—it (L+B)' (7)
MEN L TN TN '

The first three spectral moments of C can be obtained as follows:

1 N
2O =y ;(di +b),
1 N
2 2
120@=x ;(d,. +d; +2db; + 1),
1 N
%)= Y (d} +3d; +3db; + 3d;b; + 3d;b; +b; - 2t,),
i=1

(8)

where b; is the feedback gain, d; is the degree of node i, and ¢; is the
number of triangles touching node i.

4.2 Globally coupled network

We consider a globally coupled network composed of N nodes,
in which any two nodes are directly connected by an edge. The
degree distribution of nodes of the globally coupled network is

61\],1 :6(d,'— (N—l)) =0, ford,' :/:N—l,
I Oy (d)dx =1, fordi=N—1. ®)

The first three expected moments of node degree are obtained by

E[d;] = (N -1),
E[d]] = (N -17, (10)
E[d]=(N-1).

The number of connected triples centered on any node in the
globally coupled network is

(?) =%(N—1)(N—2). (11)

When the pinned nodes are consecutively distributed in the
network, the first three expected moments of C can, thus, be
derived as
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TABLE 3 Moments for a globally coupled network.

Moment order 1st 2nd 3rd
Numerical realization 18.52 379.5 8259.71
Analytical expectations 18.52 379.5 8259.71
Relative error 0 0 0

E[Q (C)] =N—1+b§,

1 1
E[2(C)]=(N-1’+N-1+2(N - 1)bﬁ+bzﬁ,
E[Q;(O)] = (N=1)"+3(N-1)’ = (N-1)(N -2)
l ) )
+3[(N-1+N-1]b—+3(N - 1)b*— +b'—.
N N N
(12)
Example 1. We consider a globally coupled network of N = 17
nodes. Here, only [ = 4 consecutively distributed nodes are pinned
with b = 10.4. Table 3 compares the numerical values of the
moments of C with the analytical predictions in (13). It shows
that the analytical expectations of the moments are exactly the same
as the numerical realizations.

4.3 Nearest-neighbor coupled network

Consider a nearest-neighbor coupled network of N nodes, in
which each node is only connected to its 2k nearest-neighbor nodes.
The degree distribution of nodes of the nearest-neighbor coupled
network is

O = 8(d, - 2k) =0, ford;#2k,
j Sy (dj)dx =1 for d; =2k.

(13)

Then, one obtains the first three expected moments of node
degree as follows:

E[di] = 2k,
E[d] = 42, (14)
E[d]] = 8k,
The number of connected triples centered on any node in the
network is
2k
(7) =k(2k-1). (15)

When the pinning nodes are uniformly distributed in the
network, the first three expected moments of C are then obtained by

1
E[Q:(O)] = 2k+bﬁ, l l
E[Q,(C)] = 4k* + 2k + 2kb— + b*—,
E[Q;(C)] = 8Kk> + 8k* + 2k + 12k2hﬁ

+ 6kb% + 6kb2% + b3%.

Example 2. We consider a nearest-neighbor coupled network
with N = 200 and k = 6. It is assumed that [ = );6; = 20 uniformly
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TABLE 4 Moments for a nearest-neighbor coupled network.

Moment order 1st 2nd 3rd
Numerical realization 13.17 197.77 3270.53
Analytical expectations 13.17 197.77 3228.53
Relative error 0 0 1.3%

distributed nodes are pinned withi=1,11,...,191. Weset b = 11.7.
Table 4 compares the numerical values of the moments with the
analytical predictions in (17). It shows clearly that the analytical
expectations of the moments are suited to capture the spectral
property of the matrix C.

Remark 3. In this paper, the spectral moment method is
extended to the aforementioned two kinds of regular
networks. The relationship between the lower-order expected
moments and the local structural properties, control scheme
including feedback gain and the number of pinned nodes,
together with their distributions (i.e., the positions of pinned
nodes in the whole network), is established. Note that other
network models, such as ER random networks, Chung-Lu
random networks, and NW small-world networks, have been
given to verify the efficiency of the moment-based estimation
method [49].

4.4 Triangular reconstruction of matrix C

In this section, the triangular reconstruction method [56] is
generalized to estimate the bounds of the eigenvalues.

We define a triangular distribution T(A) based on a set of
abscissas p; < p, < p; as

h
E(A—Pll for A € [p1, p2),
TA) =
W o e p), forde(pap)
0, otherwise,

with h = K/(p; — p;) and K > 0. The expected moments of C are
obtained as follows:

1
E[Q:(O)] = 5 (Pl + D2 +P3),
1
E[Q(O) = (pi+ P+ P+ pip2t pips+ p2P3)s (1)

1
E[Qs(O) = 15 (pi + pip2 + Pips + 3 + Py
+Paps + Py + P3P+ Pipa + pipaps)-
For simplicity, we use Q to represent E[Q (C)]. The aim is to
find a set of abscissas {p;, p», p3} so as to fit a given set of
expected moments {01, 95, O3} Using the symmetries of the

polynomials, the values of {p;, p,, p3} can be determined as roots
of the polynomial

P -sipP+sp-s5=0, (18)

with
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Eigenvalue histograms of C and its triangular approximations for
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Nearest-neighbor coupled network

FIGURE 4
Eigenvalue histograms of C and its triangular approximations for
a nearest-neighbor coupled network.

5=3Q,
Sy = 9Ql - 6Q2>

—~3 N _
S3 = 27Q1 - 36Q1 QZ + 10Q3.

(19)

Example 3. We consider again a 17-node globally coupled
network (as shown in Example 1) and a 200-node nearest-
2),
respectively. For the globally coupled network, the abscissas
for the triangular function are p; = 1.4359, p, = 26.1860, and
ps = 27.9311 with h = 20/(ps — p;1). For the nearest-neighbor
coupled network, the abscissas for the triangular function are p, =
0.5547, p, = 143239, and p; = 24.6314 with h = 3/(p; — py).
Figures 3, 4 show the eigenvalue histograms of C and triangular

neighbor coupled network (as shown in Example
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FIGURE 5
Evolution of the node states in a 17-node globally coupled
network of LU systems with (A) o = 5; (B) ¢ = 6.

approximations for the globally coupled network and the nearest-
neighbor coupled network, respectively. The ordinate u(1)
denotes the percentage of the eigenvalue with a certain value
in all eigenvalues. It can be seen from Figures 3, 4 that the
triangular function can well fit the eigenvalue distribution of the
matrix C.

5 Numerical results

We consider the globally coupled network in Example 1 and set
the Li system as the node dynamics. When the node dynamics
parameter a = 36 and the inner-coupling matrix is chosen as Hj, it
can be obtained from Table 1 that the corresponding synchronized
region of the Lii system is (7.83, 00). According to Example 3, A, =
1.4359 and Ay = 27.9311 are good estimations of the lower and
upper bounds of the eigenvalues, respectively. The 17-node globally
coupled network of Lii systems can achieve synchronization if
o € (7.83/11,00) = (5.45, 00). Figures 5A, B show the evolution
of the node states with o = 5¢(5.45, co) and o = 6 € (5.45, ),
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FIGURE 6
Evolution of the node states in a 200-node nearest-neighbor
coupled network of unified chaotic systems with (A) o = 15; (B) 0 = 22.

respectively. The numerical results are in good agreement with the
theoretical results.

We consider the nearest-neighbor coupled network in Example
2 and set the unified chaotic system as the node dynamics. When the
parameter a = 0.05 and the inner-coupling matrix is set as H,, it can be
obtained from Table 2 that the corresponding synchronized region of
the unified chaotic system is (11.64, 0o). From Example 3, Ay = 0.5547
and Ay = 24.6314 are the bound estimations of the eigenvalues. The
nearest-neighbor coupled network of unified chaotic systems can
achieve synchronization if o € (11.64/1;,00) = (20.98, o). Figures
6A, B show the evolution of the node states with o = 15¢(20.98, 0co) and
0=22 €(20.98, 00), respectively. The numerical simulations are in good
agreement with the theoretical results.

6 Conclusion

In this paper, pinning synchronization of complex networks with
sign inner-coupling configurations has been investigated. The
bifurcation behavior of the synchronized regions has been observed,
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and the effect of sign inner-coupling configurations on network
synchronizability has been studied in detail. It is shown that the
synchronized region can evolve with the varying node dynamics
parameter and switch from one type to another type. It is also
found that the network synchronizability can be significantly
improved by adding negative parameters in the inner-coupling
matrix, while blindly adding inner-coupling elements with positive
parameters may weaken it. The expected moments of C for the globally
coupled network and nearest-neighbor coupled network have been
derived. The shape of the eigenvalue distribution of C for each of the
aforementioned regular networks can, thus, be estimated to predict
pinning synchronization of the network.

It is worth noting that the obtained results in this paper can be
generalized to handle control problems with directed topologies or
switching topologies. However, directed topology implies that the
network is not symmetric, and switching topology means that the
network is time-varying. From a technical perspective, this
introduces more challenges than its undirected and time-
invariant counterpart. In the future, it will be interesting to study
the higher-order moments of the matrix C and their corresponding
fitting functions. Moreover, pinning synchronization of multiplex
networks with time delays [57, 58], noise [59], and disturbances [60,
61] is more challenging but worthy of deep investigation.
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