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We consider the non-perturbative renormalization group (RG) equations, obtained as approximations of the exact Wetterich RG flow equation within the Blaizot–Mendez–Wschebor (BMW) truncation scheme. For the first time, we derive explicit RG flow equations for the scalar model at the arbitrary order of truncation. Moreover, we consider original, as well as modified, approximations, used to obtain a set of closed equations. We compare these equations at the s = 2 order of truncation with those recently derived in J. Phys. A: Math. Theor. 53, 415002 (2020) within a new truncation scheme and find a striking similarity. Namely, the first-order equations of the latter scheme, those of the original BMW scheme, and those of the modified BMW scheme (at s = 2) differ only in one term. We solved these equations by a recently proposed and tested method of semi-analytic approximations. Thus, the critical exponents η, ν, and ω were evaluated, recovering also the known results of the original BMW scheme. In addition, we estimated the subleading correction-to-scaling exponent ω2 for the three equations considered. To the best of our knowledge, this exponent has not yet been extracted from the Wetterich equation beyond the local potential (the zeroth order) approximation. Our current estimate for the 3D Ising model is ω2 = 2.02 (40), where the error bars include the expected truncation error in the BMW scheme.
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1 INTRODUCTION
The renormalization group (RG) method is one of the most widely used approaches in the analysis of critical phenomena [1–5]. Here, we consider the non-perturbative RG approach [6–9], focusing on the Wetterich equation and its approximation schemes, developing further the research initiated in [10].
The functional renormalization group approach, which is at the heart of models such as the Wetterich and the Polchinski equations, provides an appropriate framework for the analysis of a range of central problems in many areas, including quantum systems, Yang–Mills theories, and statistical physics, see, e.g., [11], for a review. The Wetterich and Polchinski equations of the functional renormalization group belong to the so called non-perturbative RG equations. They have been successfully applied to many particular systems, including the Ginzburg–Landau model [10–18], quantum models and quantum gravity [19–30], and the tensorial group field theory [31]. It has been applied to equilibrium, as well as out-of-equilibrium systems and critical dynamics [32–34]. A recent review of all these applications is given in [35].
While the Wetterich equation itself is exact, it cannot be solved exactly. Approximate closed equations are obtained from it, applying certain truncation schemes for the effective action. The local potential approximation (LPA) is a widely known lowest-order approximation, which is traditionally improved step by step by the derivative expansion (DE) [9,14]. As alternative truncation schemes, the vertex expansion [14], the BMW scheme [17], and the recent scheme proposed in [10] can be mentioned. In distinction to the derivative expansion, which relies on the small momentum (wave vector magnitude) approximation, the latter two schemes preserve the full momentum dependence.
In this paper, we report the results of a significant further development of the BMW scheme for the scalar model, deriving explicit equations for calculations at the arbitrary order of truncation within this scheme, as well as proposing useful modifications of the original BMW scheme. Moreover, we established an intrinsic link between the equations of the BMW scheme and those of the recent scheme proposed in [10] at the first order of truncation. A recently developed method of semi-analytic approximations [36] was used to solve these equations.
The usefulness of our new developments is demonstrated in example calculations for the scalar model in three dimensions, where we evaluate the critical exponents, including the subleading correction-to-scaling exponent ω2, for which quite limited results are available in the literature. Apparently, such results for ω2 are obtained here for the first time from the Wetterich equation beyond the LPA, and we found only a relatively old estimate ω2 = 1.67(11) from the Polchinski equation at the [image: image] order of DE [37]. The RG estimations of the correction-to-scaling exponents have a fundamental significance as a crucial test of consistency with the conformal field theory (CFT) [38,39]. The RG estimate of ω2 mentioned here does not reveal such a consistency, since ω2 = 3.8956(43) is expected from the CFT [39,40]. We will return to this issue in the summary of our current results at the end of this paper.
Our paper is organized as follows. The Wetterich equation is reviewed in Sec. 2, and the BMW scheme of its truncation is reviewed in Sec. 3. Our new developments of the BMW scheme, including the equations at the arbitrary order of truncation, are presented in Sec. 4 with details of the derivation being given in Supplementary Material SA1. The comparison of equations of the BMW scheme with those derived in [10] is made in Sec. 5, providing the dimensionless form of these equations in Sec. 6. The results of numerical calculations are collected in Sec. 7. The summary of results and outlook, pointing to potential further applications and developments, are provided in Sec. 8.
2 WETTERICH EQUATION
In statistical physics, equilibrium systems of interacting particles are routinely described by the action S = H/(kBT), where H is the Hamiltonian and kB is the Boltzmann constant. A basic example is the Ising model with S [σ] = −β∑⟨ij⟩σiσj − h∑iσi, where σi = ±1 is the spin variable at the ith lattice site, ⟨ij⟩ denotes the pairs of nearest neighbors, β is the coupling constant, and h is the normalized (divided by kBT) interaction energy between a spin with σi = ±1 and the external field. Another simple example is the φ4 model with [image: image], where α, β and γ are the expansion coefficients for the density of S with a continuous order parameter φ(x), which depends on the coordinate x in the d-dimensional space. In the simplest case, it is scalar, but can also be an n-component vector. The scalar φ4 model is known to belong to the Ising universality class, which means that the behavior of φ4 and the Ising models near the phase transition point is described by the same critical exponents.
It is convenient to use the wave vector representation of the action S[φ] via the Fourier transformation φ(x) = Ω−1/2 ∑qφ(q)eiqx, where Ω is the volume of the system. The critical behavior is related to the long-wavelength (infrared) or small-|q| fluctuations [3], but one should also control the ultraviolet fluctuations. A point here is that S[φ] might be ill-defined without an appropriate upper or ultraviolet cut-off in the wave vector (momentum) space. In the φ4 model, one needs to introduce such a cut-off, e.g., by setting φ(q) ≡ 0 at q > Λ (where q = |q|) to avoid ultraviolet divergences in various calculations, e.g., in the calculation of ⟨φ2⟩. The cut-off parameter Λ refers to the shortest or “microscopic” length scale ∼ π/Λ of the model, like the lattice constant in the Ising model.
The general idea of the RG method is to look at a system on different length scales. In the Wetterich functional RG approach [6,9], this idea is realized by introducing an infrared running cut-off scale k, in such a way that fluctuations with q ≲ k are suppressed, those with q ≫ k being practically unaffected. For this purpose, the action is modified as S[φ] → S[φ] + ΔSk[φ] [9], where
[image: image]
Here, φ is an N-component vector with components φi, whereas Rk(q) is the infrared cut-off function with properties Rk(q) → 0 at k → 0 and Rk(q) → ∞ at k → ∞ for fixed q. A simple choice, proposed in [6,9], is
[image: image]
For q2 ≪ k2, this cut-off behaves as Rk(q) ∼ k2. It means that the Fourier modes φi(q) with small momenta q < k acquire a weight factor or effective mass ∼ k included in the term (1). This additional mass acts as an effective infrared cut-off for these low-momentum modes. More precisely, this effect is essential in vicinity of the critical point, where Rk(q) smoothly cuts off the critical infrared fluctuations at a finite k. The cut-off function (2) tends (exponentially fast) to zero at large q/k values; therefore, the high-momentum modes with q/k → ∞ are not disturbed by ΔSk[φ].
Further on, an averaged order parameter ϕ(x) = ⟨φ(x)⟩ is introduced, where the averaging is performed over φ(x) in the presence of external sources J(x). The averaged field ϕ(x) depends on J(x), and this dependence is affected by k, i.e., ϕ = ϕk(J). There exists also the inverse relation in the sense of the Legendre transformation J = Jk(ϕ). The effective average action Γk[ϕ] is considered as a functional of ϕ according to the definition
[image: image]
where Ji are the components of the vector J(x) and [image: image] is the partition function
[image: image]
In (3), J(x) is the Legendre transform of ϕ(x), i.e., J = Jk(ϕ).
An exact RG flow equation, describing the variation of Γk[ϕ] with the infrared cut-off scale k, has been obtained in [6]. A detailed non-perturbative derivation has been later reported in [9]. This equation, called the Wetterich equation, reads
[image: image]
In this equation, k decreases toward k = 0, starting from some initial value k0. Thus, it generally allows describing the physics of various models with various choices of the order-parameter field by smoothly interpolating between different length scales.
Starting with k0 = Λ (as in our calculations), only the fluctuations at the microscopic length scale q ∼Λ are properly taken into account in the initial stage of the integration of RG flow Eq. 5. Fluctuations of the original model (where ΔSk = 0) with longer and longer wavelengths are gradually restored as k → 0. At k = 0, all fluctuation modes are included so that Γk=0 [ϕ] is the effective action of the original model, defined by (3) without the term ΔSk [ϕ]. Another possibility, discussed in [35], is to choose k0 ≫Λ. In this case, all fluctuations are frozen at the beginning (since the original model contains only the modes with q < Λ, and these are suppressed at k ≫Λ) and [image: image] holds as in Landau’s mean-field theory of phase transitions.
For the O(N) model, ϕ(x) is a vector with components ϕj(x), where j = 1, … , N. It is convenient to consider (5) in the space of wave vectors q, where
[image: image]
[image: image]
Ω being the volume of the system, for which periodic boundary conditions are assumed. The wave vectors are restricted by the upper cut-off, i.e., q < Λ. In this representation, the quantity [image: image] is a matrix with elements
[image: image]
For the discrete wave vectors in (6), the cut-off function Rk is represented as [10]
[image: image]
The choice of Rk(q) is not unique, and several possibilities have been considered in [11,18]. For simplicity, here we have limited our choice to
[image: image]
traditionally used in many investigations [9,14,17], where Zk is a renormalization constant and α is an optimization parameter. This cut-off function coincides with (2) and, thus, has the required properties discussed before. It allowed us to compare the results with those of [17], where the same cut-off function was used.
3 THE BMW SCHEME OF TRUNCATION
Here, we review the BMW truncation scheme for the scalar model, considered in detail in [17], noting that the N-component case has also been considered there in the Appendix. In the BMW truncation scheme, one considers the s-point functions [image: image] as the Fourier transforms of δsΓk [ϕ]/(δϕ(x1)δϕ(x2)⋯δϕ(xs)). We found it convenient to use an equivalent definition in the wave vector space, i.e.,
[image: image]
The basic idea of this truncation scheme is to consider first a hierarchy of exact equations for these s-point functions, obtained by applying the functional derivatives to (5). Approximate closed equations are then obtained, using certain approximations of the higher order functions (at orders s + 2 and s + 1) by the lower-order functions (up to the order s).
For constant ϕ, one has
[image: image]
where Vk(ϕ) is the potential. The exact RG flow equation for it is obtained by evaluating the Wetterich equation at ϕ = const. Using the notations t = ln k, [image: image], and
[image: image]
where the integration is performed over the region q < Λ, this equation reads
[image: image]
where
[image: image]
is the two-point correlation function with [image: image], evaluated at ϕ = const.
In the zeroth-order approximation (s = 0) or LPA, one sets [17]
[image: image]
where the coefficient 1 at q2 corresponds to the usually assumed coefficient 1/2 at the gradient term (∇ϕ)2 in the coordinate representation of Γk [ϕ], i.e.,
[image: image]
Using (16), Eq. 14 becomes a closed approximate RG flow equation for the potential Vk(ϕ).
In order to obtain the equations at the s = 2 order, one considers the RG flow for [image: image]. An exact flow equation is obtained, taking two functional derivatives with respect to the field [based on (11)] in Wetterich Eq. 5 and evaluating the resulting expression at ϕ = const. It yields [17]
[image: image]
According to the original idea of the BMW truncation scheme, a closed approximate equation is obtained from this by setting the internal momenta equal to zero, i.e., q = 0, in the arguments of [image: image] and [image: image]. Generally, this is done for [image: image] and [image: image] at order s. Thus, the momentum dependence of the highest-order functions is represented in a simplified approximate form, considering q as a small quantity. Using the exact formula
[image: image]
these simplified expressions for [image: image] and [image: image] are further reduced to the derivatives of [image: image], thus obtaining closed equations. Equation 19 is a consequence of (11), noting that ϕ(q) = Ω1/2ϕ δq,0 holds for homogeneous field ϕ(x) = ϕ = const according to (7).
At s = 2, the equation for [image: image] reads [17]
[image: image]
where
[image: image]
[image: image]
It is important to note that [image: image] is represented exactly as
[image: image]
keeping the term [image: image], inherited from the zeroth-order approximation, untouched and solving the RG flow equation for the difference [image: image]. Moreover, it has also been suggested in [17] to separate the zeroth-order contribution q2 from this difference.
4 EQUATIONS OF THE BMW SCHEME AT THE ARBITRARY ORDER OF TRUNCATION
4.1 Exact RG flow equations for the n-point functions
Here, we derive exact RG flow equations for the n-point function at any n, from which approximate closed equations at arbitrary truncation order s are then obtained, as described in Sec. 4.3. In the following, we summarize these equations, the details of the derivation being provided in Supplementary Material SA1. For brevity, we omitted ϕ in the list of arguments of the n-point functions [image: image], noting also that this argument is subsequently replaced by ρ = ϕ2/2 in our treatment. Thus, according to Supplementary Material SA1, for ϕ = const, we have
[image: image]
where [image: image] holds, 1 ≤ mi ≤ n are integers, and [image: image] are the distributions of n integer numbers 1, 2, … , n over M boxes with m1 numbers in the first box, m2 numbers in the second box, and so on (totally n!/(m1!m2!⋯mM!) possibilities). Here, jℓ(i) with ℓ = 1, 2, … , mi are the numbers in the ith box. We ordered them by index ℓ in such a way that [image: image]. In addition, [image: image] is the correlation function, which is modified by the upper cut-off as
[image: image]
This cut-off is included here to follow a formal rigor in treating such cases, where the original action S[φ] is ill-defined without it, see Sec. 2. It influences the RG flow in the Wetterich equation only at k ∼Λ for k ≤ Λ. Therefore, it can be further omitted, considering the vicinity of the fixed point at k → 0, as it is usually performed in the literature.
For any given m1, m2, … mM at the considered n, the wave vectors Qi are defined by
[image: image]
[image: image]
where the latter sum is defined as zero for i = M (so that QM = q) and
[image: image]
At i = 1, Eqs 26, 27 reduce to
[image: image]
noting that
[image: image]
The known Eq. 18 can be easily recovered from (24). Following notations introduced after Eq. 15 and noting that p1 + p2 = 0 holds in (24) at n = 2, we have [image: image] on the left-hand side of this equation at n = 2. In this case, the sum over M contains only two terms, M = 1 and M = 2. At M = 1, the next sum reduces to m1 = n = 2, and the last sum reduces to j1(1) = 1 and j2(1) = 2. It corresponds to two numbers, 1 and 2, put in a single box (i = 1, ℓ = 1, 2). These numbers are identified with j1(1) and j2(1). One has j1(1) = 1, j2(1) = 2 due to the ordering j1(1) < j2(1). Furthermore, we find Q1 = q from (27), P1 = p1 + p2 = 0 from (28), and [image: image] from (26). Hence, M = 1 gives the contribution
[image: image]
to (24), noting that [image: image] holds, since 0 < q < Λ.
At M = 2, the second sum reduces to m1 = m2 = 1 for n = 2, whereas the following sum comprises two cases: 1) j1(1) = 1, j1(2) = 2 and 2) j1(1) = 2, j1(2) = 1 (we have i = 1, 2 and ℓ = 1). In the first case, we obtain (using Eqs 26–28, where p1 + p2 = 0) P1 = p1, P2 = p2, [image: image], Q1 = q + p2, [image: image], and Q2 = q. The second symmetric case is obtained from the first one via p1 ↔p2. Hence, M = 2 gives the contribution
[image: image]
where [image: image] is used as in (31). This expression is modified by setting p2 = −p1. Furthermore, the replacement q → −q is performed in the first line of (32) (owing to the symmetric integration region |q| < Λ) followed by the change of the sign for the arguments of Gk and [image: image] (since Gk(Q) = Gk (−Q)). In the second line of (32), the last two arguments of [image: image] are exchanged, using the symmetry of the n-point functions. After these replacements, it becomes evident that two terms in the square brackets give equal contributions, and (32) reduces to
[image: image]
Equation 18 is obtained by summing up both contributions (31) and (33), exchanging the last two arguments of [image: image] (using the symmetry), omitting the upper cut-off for [image: image], redenoting p1 → p, and reintroducing the argument ϕ, which is skipped for brevity.
If [image: image] is an analytic function of ϕ2 for even n, then it is representable as ϕ multiplied by an analytic function of ϕ2 for odd n, as it follows from (19). Therefore, we introduce the new n-point functions
[image: image]
which are all analytic functions of ρ = ϕ2/2. Substituting these new functions in RG flow Eq. 24, we easily obtain
[image: image]
where
[image: image]
where [image: image] is the number of odd mi in the sequence m1, m2, … , mM. Due to the condition m1 + m2 + ⋯ + mM = n, [image: image] is even for even n and odd for odd n. Consequently, μn is always a non-negative integer number.
4.2 Some useful relations
In this section, we introduce some exact relations, which are useful for building up the approximation schemes in Sec. 4.3.
First, we consider the structure of arguments of the highest-order term [image: image] in Eq. 24 for [image: image]. This term appears only at M = 1, m1 = n, and there is only one [image: image] distribution possible in this case, i.e., i = 1, jℓ(1) = ℓ with 1 ≤ ℓ ≤ n. Since i = 1, we have Q1 = q and [image: image] according to (29), noting that P1 = p1 + ⋯ + pn = 0 holds for this [image: image]. Thus, Eq. 24 contains [image: image] in the form of [image: image].
Similarly, we consider the arguments of the [image: image] function, contained in the equation for [image: image]. The (n + 1)-point function appears at M = 2 in two subcases: 1) m1 = 1, m2 = n − 1 and 2) m1 = n − 1, m2 = 1. Using relations (26)–(29), we easily establish that [image: image] is contained in the forms of [image: image] and [image: image], where all possible sequences of indices [image: image] appear, which are obtained by skipping one of the numbers in the sequence 1, 2, … , n.
As the next step, we consider the exact relations
[image: image]
[image: image]
[image: image]
following from (19), where [image: image] and
[image: image]
[image: image]
[image: image]
Using these relations, [image: image] and [image: image] can be expressed by [image: image], [image: image], [image: image], and [image: image] in the equation for [image: image], noting that (38) holds for arbitrary wave vectors, and the arguments can be exchanged. In particular, one can exchange the last two arguments and replace q → −q to obtain the necessary relation for [image: image].
In the following, we derive such relations for the n-point functions [image: image] and [image: image], expressed by the derivatives with respect to ρ. Using the definitions (34) and ρ = ϕ2/2, we obtain from (37) to (38) the desired equations:
[image: image]
[image: image]
[image: image]
where [image: image] and [image: image] are the differential operators
[image: image]
[image: image]
and the quantities [image: image] are defined as
[image: image]
[image: image]
[image: image]
4.3 Closing approximations
Based on the relations of Sec. 4.2, we modify Eq. 35 for 2 ≤ n ≤ s to the form appropriate for making certain closing approximations. In addition, we consider two variants of such modifications.
1. The [image: image] and [image: image] functions in the equation for n = s, as well as the [image: image] function in the equation for n = s − 1 (at s > 2), are substituted by the corresponding expressions on the right-hand side of Eqs (41), (42) and of the symmetric to (42) with [image: image]
2. The substitutions of [image: image] and [image: image], using Eqs (41), (42) and the symmetric to (42), are performed in each of the equations with 2 ≤ n ≤ s
In addition, the change of variable from [image: image] to
[image: image]
is performed, which means that [image: image] is replaced by
[image: image]
in accordance with (23). In this case, the RG flow equation for Δk reads
[image: image]
with terms on the right-hand side being given in (35). Such a change of variable is meaningful, as it preserves the term [image: image] of the zeroth-order (LPA) approximation. One has to note that Δk has been defined in [17] by [image: image] to keep explicitly also the LPA term q2. However, this choice is optional, since the RG flow equation for Δk is just the same, and it does not finally lead to a different approximation.
With the above replacements made in (35), we obtain a modified set of exact equations up to arbitrary order s. However, this set of equations is not closed because it contains the functions [image: image], [image: image] for s ≥ 2, and also [image: image] for s > 2, which are defined in terms of [image: image] and [image: image]. Therefore, we consider certain closing approximations for them, proposing again two different options (a) and (b).
(a) We set [image: image] for s = 2 or [image: image] for s > 2.
(b) These quantities are approximated by their values at zero external momenta [image: image]. Namely, we start with the approximations
[image: image]
[image: image]
where {0}n is the string 0, … , 0 of n zeroes, from which we obtain
[image: image]
[image: image]
with the help of (19), (34), and the definitions of [image: image] and [image: image]. Here, Q = q is set in one case and Q = −q with exchanging the last two arguments in the symmetric case, whereas [image: image] is defined by
[image: image]
The closing approximations are represented by (52)–(53) at n = s, as well as by (52) at n = s − 1 if s > 2.
In summary, the final closed system of equations at the arbitrary order of truncation s is represented by Eq. 14 (where we omit ϕ for brevity) with
[image: image]
completed by explicit Eq. 35 for 2 ≤ n ≤ s, in which certain precisely defined replacements are performed. In particular, (49) is used for n = 2. In this sense, we derived an explicit closed system of equations for arbitrary s. There exist approximations with s = 0, 2, 3, 4, 5, etc., and only the order s = 1 does not exist.
We proposed four different versions of the replacements in (35), which can be numbered as 1a, 1b, 2a, and 2b, corresponding to options 1 and 2 for the exact modification of (35) and options (a) and (b) for the closing approximations used. Thus, we have four different modifications within the BMW scheme.
In fact, the original BMW scheme corresponds to 1a, since the q-dependence of [image: image] and [image: image] is neglected in this case, evaluating them at q = 0 (option (a)), and the n-point functions with n > 2 are not modified in any other way (option 1).
Option 2, including modifications for all n-point functions with 2 < n ≤ s, is indeed quite meaningful. Namely, in analogy with keeping the zeroth-order term [image: image] untouched, it preserves at higher orders all those terms, which appear as [image: image] at lower orders. Hence, 2 might be a better option than 1. These options 1 and 2 represent exact modifications and, therefore, are equally good at the stage of their implementation. However, the final approximations are influenced by the specific choice. In particular, relations (41)–(42) with [image: image] defined in (45)–(46) will not be satisfied exactly by approximate solutions, in general. A difference will appear because these relations for n + i ≤ s are implemented in the RG flow equations in option 2, but not in option 1. These two options are indistinguishable at s = 2. In this case, we have to choose between (a) and (b) only.
In fact, choice (a) relies on the smallness of the internal momentum q when approximating [image: image] with i > 0, whereas (b) relies on the smallness of the external momenta [image: image] when approximating the differences [image: image] with i > 0. Intuitively, (b) might be a better choice than (a) since the latter one reduces simply to the setting [image: image]. Thus, physically, a common basic feature of the original BMW scheme (a) and the modified BMW scheme (b) is that both of them rely on the smallness of some of the momenta in the closing approximation. However, a difference is that this is the internal momentum in the original scheme and the external momenta in the modified one. From this aspect, option (b) is similar in spirit to the truncation approximation used in the scheme of [10], where the internal momentum (the integration variable) in no sense is considered as being small.
From some other aspects, the versions of the BMW scheme are essentially different from the scheme of [10]. A truncation is applied directly to Γk[ϕ] in the latter scheme. Hence, one has to think how good or how well justified is the proposed specific truncation performed over an infinite set of terms or vertices contained in the exact Γk[ϕ]. It refers to any scheme, which deals with a direct truncation of Γk[ϕ]. The BMW scheme, including its current modifications, is quite different. Namely, the hierarchy of exact Eq. 24 appears in an unambiguous and natural way, and one only needs to think about an appropriate closing approximation of the highest-order n-point functions by lower order ones. The fact that this hierarchy is now explicitly written down for arbitrary n (via Eq. 24 or Eq. 35) can also be seen as an essential advantage of this scheme. According to the actual results at s = 2, discussed in the following sections, the closing approximations considered here are reasonably good, at least, as regards the critical exponents η, ν, and ω. Following the intuitive argument proposed above, we expect that the modified approximation (b) is generally better than the original one (a) since it should be better to approximate [image: image] than simply omit this term.
A quite different closing approximation for the equations at s = 2 has been proposed in Appendix B of [17]. However, our first result obtained by this approximation was unsatisfactory, i.e., η = 0 at the simplest choice p0 = ρ0 = 0 of the free parameters p0 and ρ0 introduced in [17]. Therefore, we have further skipped this version.
5 COMPARISON OF EQUATIONS AT S = 2
Here, we consider in detail the truncation order s = 2. We revealed a striking similarity between the RG flow equations in the original (option (a)) and the modified (option (b)) BMW schemes at s = 2 on one side and the scheme of [10] at the first order of truncation on the other side. According to Sec. 4 in this paper and Eq. 43 (together with the related equations) in [10], we have
[image: image]
where
[image: image]
and
[image: image]
noting only that Δk and Vk correspond to 2Ψk and Uk in [10], and the primes denote the derivatives with respect to ρ. Equation 56 with the first choice in (58) coincides with Eq. 23 in [17]. Thus, the RG flow equations differ only in one term ak (p, q) in the three cases considered. This is a really striking similarity, especially if we note that the equations of [10] have been derived in a completely different way than those of the BMW scheme.
It is interesting to mention that the expression for ak (p, q) in the modified BMW scheme agrees with that in the original BMW scheme at q = 0 (since Δk (0) ≡ 0), whereas it agrees with that in the scheme of [10] at p = 0.
6 DIMENSIONLESS EQUATIONS AT S = 2
For the application of critical phenomena, we write the RG flow equations in a scaled (dimensionless) form, using the transformations
[image: image]
[image: image]
[image: image]
where [image: image], and
[image: image]
corresponds to (10). In addition, the dimensionless equations contain the running exponent η(k) = −d ln Zk/dt. As in [10], the above transformations led to the following RG flow equations:
[image: image]
[image: image]
where
[image: image]
[image: image]
[image: image]
and
[image: image]
where
[image: image]
Here, [image: image], primes denote derivatives with respect to [image: image], except for r′(y) = dr/dy, and Θ is the Heaviside theta function. In addition, Kd = S(d)/(2π)d and [image: image], where S(d) is the surface of unit sphere in d dimensions. For convenience, we replaced the sharp upper cut-off in (68) by a smooth one, as in [36].
It should be noted that fk (0; 0) ≡ 1 holds according to the definition of Zk; therefore, η(k) is found from the condition ∂tfk (0; 0) ≡ 0. Hence, the equation for η(k) reads
[image: image]
The dimensionless equations of [17] are recovered with the first choice in (69), whereas those of [10] are recovered with the third choice. However, [image: image] corresponds to [image: image] in [17], where [image: image], and transformations (59)–(61) are defined with different coefficients in [17], using also a different definition of Kd. Here, we used the same form of the dimensionless equations as in [10,36], as it allowed us to adapt very easily the computational algorithms developed in [36] for the solution of the actual equations.
7 CALCULATION RESULTS
7.1 The method of solution
We solved the dimensionless equations of Sec. 6 in three dimensions (d = 3) as an example of the application of our general truncated equations within the BMW scheme, considering here the order s = 2. Moreover, we compared the results with those of the surprisingly similar equations in [10].
We used the method of semi-analytic approximations or functional truncations developed in [36]. According to this method, the dimensionless potential [image: image] and the function [image: image] are represented as
[image: image]
[image: image]
where [image: image] and μ = d/(d − 2 + η) (η being the fixed-point value of η(k)) with the following truncated expansions:
[image: image]
[image: image]
Here, [image: image] is an optimization parameter and μ is the exponent, which describes the power-law large-[image: image] asymptotic of [image: image] at the fixed point. We used [image: image], as in most calculations in [36].
The coefficients um,k and fm,k(y) are calculated adapting the algorithm described in [36]. Namely, [image: image] in Eq. 19 of [36], where now s → z, is replaced by [image: image] in the original BMW scheme and by [image: image] in the modified BMW scheme. Correspondingly, Eq. 62 of [36] becomes
[image: image]
The integration of the RG flow equations (from t = 0 to t = −17) was performed by the fourth-order Runge–Kutta method, calculating fm,k(y) on a non-uniform grid of y values yn, where y0 = 0 and yn+1 = yn + (1 + ɛ)(yn − yn−1) for n ≥ 1 and yn ≤ ymax with large enough ymax to include the region q > Λ in the original variables. Typically, we used y1 = 0.02 and ɛ = 0.4, which corresponds to the “rough” grid considered in [36]. A similar “rough” grid with y1 = 0.002 and with restricted maximal step size 0.8 was used for the calculation of the integrals by the Simpson method, cutting the integration region at ymax = 30 and integrating over the angle θ with the step size π/5 (i.e., π/10 step size for subintervals).
Further details about the numerical procedures are provided in [36], noting that the “standard” grid has been mainly used there with twice smaller step sizes for y and θ. Here, we mainly use the “rough” grid, verifying in a subset of cases that the discrepancy with the results of the “standard” grid is practically negligible, as already pointed out in [36].
7.2 Estimation of the critical exponents η, ν, and ω
We extracted the critical exponents η, ν, and ω from the RG flow by a direct integration of the RG flow equations. In this case, the fixed point is reached by adjusting the initial condition iteratively, and the critical exponents are determined from the RG flow at and near the critical surface [36]. The critical exponent η describes the ∝ k−2+η divergence of the critical two-point correlation function, as well as the ∝ k−η divergence of the renormalization constant Zk on the critical surface at k → 0. It is determined as the fixed-point value of the running exponent η(k). The critical exponent ν describes the ∝|τ|−ν divergence of the correlation length at τ → 0, where τ is the deviation from the critical temperature. It describes also an infinitesimal deviation of the RG flow from the fixed point. It is extracted from a small ∝ k−1/ν deviation of this flow at small k values. The critical exponent ω describes corrections to scaling, as well as the ∝ kω distance of the RG flow from the fixed point on the critical surface at k → 0.
Practically, we determined the exponents yT = 1/ν and ω from the RG flow of the coupling coefficient u1,k in (73). We determined yT from the [image: image] scaling of [image: image], where [image: image] is calculated slightly shifting (by 10–12) the initial value of u1,k at k = Λ from its critical value. The running exponent yT(k) was determined by using the ansatz [image: image] for k = k1 and k = k2, corresponding to t ±Δt with t = ln (k/Λ) and Δt ≈ 0.7. Thus, we used [image: image]. The running exponent ω(t) was extracted from the ansatz [image: image] for three values of k, corresponding to t and t ±Δt with Δt ≈ 0.7. Hence, [image: image] and k1,2 = k exp (±Δt). The critical exponents ν and ω were determined as the asymptotic values of 1/yT(k) and ω(k) at k → 0, performing a tiny linear extrapolation of yT(k) and ω(k) over kω, based on the observation that these running exponents are almost linear in this scale.
For simpler RG flow equations, the critical exponents can be easily extracted from the linearized RG analysis in the vicinity of the fixed point. It is a standard method in the cases, where the RG flow is described by a finite number N of discrete parameters. It is true, e.g., for the LPA and the derivative expansion [11,14,15,18]. In this case, all the critical exponents, including the subleading correction-to-scaling exponents, are obtained as eigenvalues of the sensitivity matrix with dimensions N × N. Such a method cannot be easily applied to the equations with full momentum dependence in [10,17,36] and here, as one deals also with RG flow equations for continuous functions, in particular, for the functions fm,k(y) in (74). In [17], the critical exponents have been evaluated by a direct integration of the RG flow equations, like in our current study. A linearization around the fixed point, found by a fast iterative method without such integration, has been applied to equations with full momentum dependence in our earlier work [10]. However, it was only a toy example for a very simple approximation.
The critical exponents, evaluated here from the approximate RG flow equations with the dimensionless cut-off function (62), depend on the parameter α in (62). The exactly solved Wetterich equation would ensure the α-independence of these exponents; therefore, often such a value of α is assumed as optimal, at which the specific critical exponent shows a minimal variation with α. It is known as the principle of minimal sensitivity (PMS) [14]. In practice, the PMS values of η, ν, and ω appear to be the extremum points of the corresponding exponent vs. α plots. We found it meaningful to consider such plots depending on ln α rather than α. In this case, the plots appear to be more symmetric, and they are better approximated by spline curves. Moreover, the modulus of the local slope of such a plot is proportional to the magnitude of the variation when α → α(1 + ɛ) at a small ɛ and, therefore, it serves as a good measure of the sensitivity.
The plots of the critical exponents η, ν, and ω vs. ln α, calculated at the truncation orders n = 13 and n′ = 10 in (73)–(74), are shown in Figure 1. In this figure, the results of the (Secs. 5–6) approximate RG equations of the original BMW scheme, the modified BMW scheme, and the scheme of [10] considered here are shown. The PMS values correspond to the extremum points, indicated by the vertical dashed lines.
[image: Figure 1]FIGURE 1 | Critical exponents η (A), ω (B), and ν (C) vs. ln α provided by the approximate RG flow equations (Sec. 6) of the original BMW scheme (squares), the modified BMW scheme (solid circles), and the scheme of [10] (empty circles), calculated at n = 13, n′ = 10 in (73)–(74). The values obtained using the principle of minimal sensitivity correspond to the extremum points, indicated by the vertical dashed lines.
These PMS values are collected in Table 1. The values in the third row are taken from [36], where the indicated error bars have been estimated based on a detailed analysis of the convergence in (73)–(74). We set the error bars in the first two rows in Table 1 based on a comparative analysis. We performed calculations at n = 10, n′ = 7 and found that the deviations in the critical exponents relative to those for n = 13, n′ = 10 strongly correlate in all three schemes considered and are comparable in magnitude with the corresponding error bars in row 3. For η and ν, these deviations in the BMW schemes are slightly (by 18% for ν and even less for η) larger than those in the scheme of [10]. For ω, they are at least by 38% smaller. In absence of a more detailed convergence test, we rounded up the expected error bars in rows 1–2.
TABLE 1 | Values of the critical exponents η, ω, and ν, extracted from approximate RG flow equations (Sec. 6) of three schemes, using the principle of minimal sensitivity to find the optimal parameter α for each of the exponents, as shown in Figure 1.
[image: Table 1]The critical exponents obtained here for the original BMW scheme coincide with those reported in [17], i.e., η ≈ 0.039, ν ≈ 0.632, and ω ≈ 0.78. The estimates in Table 1 can be compared with those of the conformal field theory (CFT), i. e., η = 0.0362978(20), ν = 0.6299709 [38], and ω = 0.82951(61) [39], which are claimed to be very accurate. This comparison shows that the considered truncated RG equations give rather accurate values of ν, but the values of η are less accurate and somewhat overestimated.
Concerning ω, there are still some doubts about the acceptable value. Probably, the CFT value ωCFT = 0.82951 (61) is just the acceptable one. However, as discussed in [40], some numerical estimates, including the Monte Carlo renormalization group (MCRG) values ω ≈ 0.7 [42], ω = 0.75 (5) [42], the MCRG estimate from the reanalyzed data of [41] ω = 0.741 (21) [40], and the large mass expansion result ω ≈ 0.8002 [43] tend to give smaller ω values. Seeking for a compromise between these estimations, we set 0.76 as the lower bound for ω in our formal analysis. This choice is partly motivated by the fact that even smaller ω values would poorly fit in this analysis, where the refined estimates are expected to be at least slightly better than those of the LPA.
Thus, we consider ω = ωCFT as one option, allowing also a theoretical possibility that ω is smaller than ωCFT, but not smaller than 0.76. In this case, the actual RG estimates of η, ν, and ω in Table 1 are closer to the exact values than the corresponding PMS estimates of LPA, i. e., ηLPA = 0, νLPA = 0.650601 (10), and ωLPA = 0.654115 (30) [36] for the cut-off function (62). It can be seen from the values of the parameter
[image: image]
where λ = η, ν, ω is the actual RG estimate of the critical exponent, λex is its exact value, and λLPA is its LPA value. The parameters ζλ, calculated from the PMS values of λ and λLPA, are collected in Table 2. We evaluated ζω at ωex = ωCFT, ωex = 0.8, and ωex = 0.76 in (76) to see how this parameter changes if the exact ω value is 0.76 ≤ ω ≤ ωCFT. It should be noted that ζλ > 1/2 would mean that the estimate of λ in Table 1 is worse than that of the LPA. It would be true for λ = ω in the scheme of [10] if ωex ≤ 0.757.
TABLE 2 | Parameters ζλ with λ = η, ν, ω, calculated from the PMS values of the critical exponents (Table 1) of three truncation schemes. The last three rows contain ζω values for ωex = ωCFT (top), ωex = 0.8 (middle), and ωex = 0.76 (bottom) in (76).
[image: Table 2]We further used these parameters for a rough estimation of possible error bars for the subleading correction-to-scaling exponent ω2 in Sec. 7.3, assuming that [image: image] does not essentially exceed the largest values of |ζλ| for λ = η, ν, ω.
7.3 Estimation of the critical exponent ω2
The developed techniques allow us to extract from the RG flow not only the leading correction-to-scaling exponent ω but also the subleading one ω2. To the best of our knowledge, it has not yet been obtained from the Wetterich equation beyond the LPA, where ω2 ≈ 3.18 has been reported in [15] for the actually considered scalar 3D model.
The RG flow is described by the state vector X depending on t, where X includes all the independent variables contained in the RG flow equations. In particular, considering our semi-analytic approximations, the components of X are the coefficients um,k in (73) and the functions fm,k(y) in (74). The RG flow equations have the form
[image: image]
where the explicit t dependence of F (X, t) shows up only in the upper cut-off and is irrelevant in vicinity of the fixed point X = X*. A standard method is to linearize X = X* + δX with respect to an infinitesimal deviation δX from the fixed point. It leads to the solution of the linearized RG, which has the form
[image: image]
on the critical surface at large −t values (t < 0), where ω is the leading correction-to-scaling exponent, ω2 > ω is the subleading correction-to-scaling exponent, ω3 > ω2 is the next exponent in this hierarchy of the eigenvalues, and Xi is the eigenvector corresponding to ωi (where ω1 ≡ ω). For a unique representation, the eigenvectors are normalized appropriately. The constants Ci depend on the initial conditions.
Our basic idea is to find such initial conditions, at which C1 = 0. In this case, [image: image] holds in the linearized RG at t → −∞. Obviously, it holds also beyond the linearized RG since the non-linear corrections are those proportional to [image: image], [image: image], [image: image], etc., which are formally contained in [image: image]. It means that all terms containing the exponent ω vanish at C1 = 0. It allows us to extract numerically the exponent ω2 from the RG flow at C1 = 0 just as we extracted ω at C1 ≠ 0.
A direct numerical extraction of ω2 from the RG flow at C1 ≠ 0 is difficult since δX contains a full set of correction terms in this case, including all ∝ knω terms with integer n ≥ 1. The vanishing of all these ∝ knω terms at C1 = 0 is a great advantage. We strictly verified numerically that these terms really vanish at C1 = 0. Namely, we have always obtained by our method such ω2 value, which is not just an integer multiple of ω, despite the fact that nω < ω2 holds for some n > 1.
We integrated the RG flow with a certain initial condition at k = k0, where k0 = Λ = 1, choosing [image: image], [image: image], and [image: image] for m > 3. We set [image: image], iteratively adjusting [image: image] to the critical surface and determining the critical exponents η and ω, as described in Sec. 7.2. For the estimation of ω2, additional calculations were performed at different values of [image: image] (adjusting [image: image] for each of them to fit the critical surface) and finding such [image: image] value [image: image], at which the condition C1 = 0 is satisfied. At this condition, amplitude a of the leading scaling behavior [image: image] at k → 0 (where [image: image] is the fixed-point value of u1,k) vanishes, and the scaling [image: image] is observed on the critical surface at k → 0, in agreement with our previous analysis.
Considering the running exponent ω(k) (calculated just as described in Sec. 7.2) for various [image: image], we observe that ω(k) tends to a certain value ω2 > ω at a certain [image: image]. As an example, we show this in Figure 2 for the equations of the modified BMW scheme at α = 4.5 with n = 13 and n′ = 10 in (73)–(74). We find from this set of curves that [image: image] and ω2 ≈ 1.962. The truncation error in (73)–(74) was roughly estimated as the modulus of the difference (about 0.015) between the actual result and that one obtained at n = 10, n′ = 7. Taking into account also the uncertainty about 0.002 of the estimation in Figure 2 and rounding up the error bars, we have ω2 = 1.962 (20) in this example. Such results at selected values of α for all three schemes are collected in Table 3, whereas the plots of ω2 vs. α at n = 13, n′ = 10 are shown in Figure 3.
[image: Figure 2]FIGURE 2 | Running exponent ω(k) in the modified BMW scheme at α = 4.5. From top to bottom [image: image], 0.6547, 0.65485, 0.654867, 0.6548703, 0.654873, 0.6549, and 0.6554. The plot converges to ω2 ≈ 1.962 at [image: image].
TABLE 3 | Subleading correction-to-scaling exponent ω2, obtained from approximate RG flow equations of three truncation schemes at the given values of parameter α in (62).
[image: Table 3][image: Figure 3]FIGURE 3 | ω2 vs. ln α plots, obtained from approximate RG flow equations of the modified BMW scheme (the upper curve) and the scheme of [10] (the lower curve). The interval α ∈ [1.99, 5.65] of the preferable α values is between the vertical dotted lines. Our final result ω2 = 2.02 (40), evaluated in the middle of the corresponding ln α interval at α = 3.353 is indicated by the dashed lines, showing the error bars by the horizontal dotted lines and the vertical arrows. The LPA value [image: image] at α = 3.353 is shown by the horizontal dot–dashed line for comparison.
Because of a poor scaling of ω(k) at [image: image], observed in the original BMW scheme at α ≤ 6.7, our ω2 results for this scheme are limited to α = 8 and α = 10, and the corresponding plot in Figure 3 is not shown. The maximal values of α (8.2 and 5.5), at which the results in the remaining two schemes were obtained, are limited by the problems of finding the solution with C1 = 0. In addition, the range of α values for the modified BMW scheme is restricted from below by α ≥ 2 because the ω(k) scaling appeared to be relatively poor at a smaller α value (α = 1.3) we considered.
The critical exponents η, ν, and ω are routinely estimated at the PMS values of α. The problem with ω2 is that no such α values can be identified in Figure 3. Moreover, an extrapolation of the plots in Figure 3 suggests that the extremum points, which could be identified with these PMS values, probably, are located at very large α values of about 20 or even [image: image]. The choice of such α values as optimal ones seems to be doubtful since the overall accuracy of the solution is relatively low at α ∼ 20, i. e., η, ν, and ω deviate remarkably from the optimally estimated values.
The estimation can be performed at reasonable values of α, chosen according to some extra criteria. In particular, ω2 is determined from the RG flow on the critical subsurface, where C1 = 0 holds; therefore, it makes sense to consider such α values, which allow describing this flow as far as possible accurately. The critical exponents η and ω2 are relevant for this flow; therefore, we are looking for such α values, which are acceptable or preferable for the estimation of both these exponents simultaneously.
We focus mainly on the estimation of ω2 from the equations of the modified BMW scheme. This method is advantageous from the point of view that it appears to be much more accurate than the LPA if ω = ωCFT, as well as if ω has a significantly smaller value within [0.76, ωCFT]. It is evident from the coefficients ζλ in Table 2. We argue that preferable values of α for the estimation of ω2 from these equations are [image: image], where [image: image] is the optimal α value for the estimation of η. Indeed, both η and ω2 become more sensitive with respect to the variation of α if α is decreased below [image: image]. Therefore, we choose α > 1.99. On the other hand, the deviation from the exact η value monotonously increases with α for [image: image] and, at α = 5.65, becomes twice as large as at [image: image]. Therefore, we consider α ∈ [1.99, 5.65] as preferable values of α, corresponding to the interval ln α ∈ [0.688, 1.732] between the vertical dotted lines in Figure 3. We choose ln α = 1.21 as an intuitively well-acceptable or nearly optimal ln α value in the middle of this interval. It gives ω2 = 2.017 (20), as shown in Figure 3 by the dashed lines. The error bars of ω2 = 2.017 (20) include only the uncertainty of this estimation at ln α = 1.21 or α = 3.353.
The estimation of the total error bars, including the systematic deviation from the exact value due to the closing approximation used in the modified BMW truncation scheme, is based on the assumption that, at appropriate α values (including α = 3.353), [image: image] does not essentially exceed the largest value 0.252 of |ζλ| for λ = η, ν, ω in this scheme, see Table 2. We have set somewhat larger maximal value 0.3 for [image: image] to increase the confidence level of our estimation. Thus, we evaluated the truncation error bars as [image: image], where [image: image] is the LPA value of ω2 at α = 3.353 and ω2 = 2.017 (20) is our actual estimate at this α. We obtained [image: image] at α = 3.353 by our techniques, setting n′ = 0 in (74) and considering n ≤ 13 in (73). This LPA value is close to [image: image] reported in [15]. Taking into account all error estimates in our calculations, our final result is
[image: image]
for the scalar model in three dimensions, which belongs to the 3D Ising universality class. Although the error bars in (79) are not rigorous, no much larger discrepancy with the exact value is expected according to the arguments provided. These arguments basically rely on the assumption that the convergence of ω2 values, estimated at the truncation orders s = 0, 2, 3, 4, etc., in the modified BMW scheme, would not be essentially slower than the convergence for all other exponents (η, ν, and ω) considered here. Since the actual results include only the cases s = 0 and s = 2, no strict validation of this assumption is possible at the moment; therefore, the error bars in (79) are preliminary. From this point of view, one could allow even larger error bars, but the current information is insufficient to state how much larger. It can be clarified by extended calculations at higher orders.
The error bars of this estimation and the LPA value are shown in Figure 3 for an analysis and comparison. The results extracted from the equations of [10] support (79) since the corresponding lower curve in Figure 3 well fits within these error bars. This estimate agrees also with the RG value ω2 = 1.67 (11) obtained earlier in [37] from the approximated Polchinski RG equation within the derivative expansion at the [image: image] order. The relatively small (as compared to ours) error bars stated for this value presumably reflect only the uncertainty of the estimation from this approximate equation.
8 SUMMARY AND OUTLOOK
In this section, we give a brief summary of the obtained results, as well as discuss some possible further applications and developments.
In the current paper, we reported our new developments in the BMW truncation scheme for the Wetterich non-perturbative RG equation. We derived explicit RG flow equations for the scalar model at the arbitrary order of truncation, proposing also new closing approximations for the hierarchy of equations for the n-point functions in the BMW scheme (Sec. 4). A surprising similarity between the original and the modified equations of the BMW scheme at s = 2 order of truncation and those recently reported in [10] was shown (Secs. 5–6). As an example, calculations of the critical exponents for the 3D scalar model were performed, solving these equations by the method of semi-analytic approximations recently proposed in [36] (Sec. 7).
Particularly, the subleading correction-to-scaling exponent ω2 has been evaluated from the Wetterich equation beyond the LPA. Our estimate ω2 = 2.02 (40) is significantly smaller than the LPA value 3.18 reported in [15] and compares well with the value ω2 = 1.67 (11), obtained in [37] from the Polchinski equation at the [image: image] order of DE. The error bars of our estimate ω2 = 2.02 (40) are relatively large because they include the expected truncation error due to the closing approximation in the BMW scheme.
The calculations of ω2 demonstrate the usefulness of our new developments. In particular, just the modified equations of the BMW scheme and those derived in [10] appeared to be practically most useful for these calculations, allowing obtaining the results at reasonable values of the optimization parameter α.
The estimation of the critical exponent ω2 is crucial for testing the consistency between the RG exponents and those of the CFT. While the RG critical exponents η, ν, and ω appear to be reasonably close to the corresponding CFT values (see Sec. 7.2), there is clearly a problem with ω2. As already pointed out in Sec. 1, the known estimation in [37] gives a much smaller ω2 (i. e., ω2 = 1.67 (11)) than the CFT value 3.8956 (43) [39]. Our current estimation ω2 = 2.02 (40) allows for significantly larger than 1.67 values; however, these are still very small to speak about a consistency with CFT. In fact, the current estimations urge us to think that the RG exponent ω2, probably, is unrelated to the conformal symmetry since the RG values appear to be incompatibly smaller than 3.8956 (43).
The proposed scheme has the potential for various applications in calculations at higher than s = 2 orders. In particular, it would help in a further clarification of the question about the relation between the RG exponents and the CFT exponents. Development of improved solution techniques would be quite important for such calculations. Following [44,45], an interesting option is to use the expansion in Chebyshev polynomials for semi-analytic approximations. It could be an advantageous method owing to the guaranteed fast convergence properties of such expansions [45]. These can be used as an alternative to the expansions in powers of z in (73)–(74). One can also think about appropriate semi-analytic approximations for the momentum dependence of the n-point functions to make the calculations at higher than s = 2 orders more feasible.
Apart from very extensive and systematic applications of the non-perturbative RG approach to equilibrium statistical physics, it has also been applied to the out-of-equilibrium systems and critical dynamics [32–34]. The employed truncation schemes include the LPA and its refined modification [34]. There is still room for potential applications of other truncation schemes, including the currently introduced modified BMW scheme, which could be adjusted to this problem. It would be a quite interesting application, eventually, allowing obtaining refined RG estimates for the dynamical exponent z. Indeed, the actual estimates of this exponent are not very accurate, and there is a continued discussion of z values obtained from Monte Carlo simulations, experiments, and RG equations [34, 46].
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