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The spin-exchange relaxation-free comagnetometer (SERFC) is of important research value compared to existing high-precision gyroscopes because of its extremely high theoretical limit sensitivity and long-term stability, in which one significant limiting factor is the magnetic field error. First, the relationship between the magnetic field gradient and the nuclear spin relaxation mechanism is introduced into the frequency response and steady-state response models of SERFC. Then, a novel method for suppression of the low-frequency magnetic field error based on the modified bias magnetic field sensitivity model is proposed. Finally, the effectiveness of the proposed suppression methods is demonstrated by optimizing the cell temperature, pump light power, and compensation magnetic field gradient to increase the suppression factor by 72.19%, 20.24%, and 69.86%, and the corresponding bias instability increased by 55.41%, 20.84%, and 27.63%, respectively. This study contributes to improving the long-term zero bias stability of the SERFC.
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1 INTRODUCTION
In recent years, quantum sensing has been used in various applications, including fundamental physics research, such as Lorentz test and charge-parity-time (CPT) symmetry research [1, 2], long-range spin correlation search [3, 4] and high-precision rotary sensing gyroscopes [5], and controllability analysis of the atomic spin ensemble system [6]. Among them, the comagnetometer working in the no spin-exchange relaxation-free (SERF) state has proven to be of significant research value in ultra-high-precision inertial measurement instruments [7]. In all applications, the comagnetometer of alkali noble gases working under the SERF regime is considered one of the promising quantum spin gyroscopes due to its extremely high theoretical limit accuracy [8]. However, the magnetic field error caused by the magnetic field gradient is the main error source in the rotation measurement of the SERF comagnetometer [10, 11]. The main reason for the low-frequency magnetic field error is that the values of nuclear spin relaxation rate [image: image] and nuclear spin exchange rate [image: image] cannot be ignored [11, 12]. In addition, the effect of magnetic field on the bias stability of SERFC based on K–Rb–21Ne is analyzed, and the experiment shows that the bias drift caused by magnetic field fluctuation is 0.02 deg/h in SERFC in [13]. Afterward, Ref. [14] carried out research on the magnetic field response of Rb–129Xe, and the simulation results show that a larger nuclear magnetic field can shift the hybrid resonance frequency to the right, while a larger electronic magnetic field can reduce the magnetic field suppression factor.
In atomic sensor systems, the non-orthogonality of the triaxial coils and the non-overlapping of the laser direction and the magnetic field direction can cause the central position of the vapor cell not to coincide with the center position of the magnetic compensation system [15]. The coupling effect between the magnetic shielding system that shields the external ambient magnetic field and the active magnetic compensation coil results in a non-uniform magnetic field distribution [16, 17]. In addition, magnetic shielding, heating film magnetic fields, and coil inhomogeneities can all lead to inhomogeneous field distribution in SERF comagnetometers, resulting in the magnetic field gradient [18]. In addition, although the hybrid pumping technique was applied to K–Rb–21Ne to solve the problem of lower atomic density and smaller optical depth of K atoms resulting in worse atomic coherence of the pumped optical path, the SERFC atomic spin polarization distribution was still experimentally demonstrated to be inhomogeneous [19, 20]. Therefore, both the coregulator components themselves and the atomic relaxation mechanism in SERFC introduce the magnetic field gradient and thus affect the coherence of the atoms.
In previous studies, the effect of magnetic field inhomogeneity on spin relaxation has been investigated. [21] conducted systematic theoretical and experimental studies on the effect of magnetic field gradients on the spin relaxation of atoms. Afterward, [22] derived the theoretical expression for the transverse relaxation rate of the spin-polarized gas due to the magnetic field gradient by combining Redfield theory. Consequently, all the aforementioned studies show that the magnetic field gradient brings about an equivalent gradient relaxation of the nuclear spins, which is a non-negligible factor to increase the atomic decoherence time [23, 24]. For various experiments on polarized nucleon spins aimed at increasing atomic coherence, it is important to develop a study of the compensation of magnetic field gradients based on the relationship between the atomic relaxation mechanism and the magnetic field inhomogeneity [25]. However, it is rare and valuable to comprehensively and quantitatively analyze the influence of magnetic field gradients on [image: image] based on the bias magnetic field sensitivity model method for K–Rb 21Ne comagnetometers.
In this study, the low-frequency bias magnetic field sensitivity (LFBMS) model of SERFC is modified, and the influence of magnetic field gradients on the low-frequency magnetic error is considered. The research shows that the magnetic field gradient affects the LFBMS of the system by reducing the atomic decoherence time. An effective method to suppress the low-frequency magnetic field error based on the modified bias magnetic field sensitivity model is proposed. The SERFC prototype of K–Rb–21Ne is used to verify our theory and method. This paper contributes to further studies on the magnetic field gradient-based compensation of the K–Rb–21Ne comagnetometer to suppress magnetic field errors, thus increasing the atomic decoherence time to eventually improve the long-term stability of the SERFC.
2 METHODOLOGY
The Bloch equations of the K–Rb–21Ne comagnetometer can be expressed as follows:
[image: image]
where Pe and Pn are the Rb spin polarization vector and 21Ne spin polarization vector, respectively; Ω is the inertial rotation vector; γe = 2π × 28 Hz/nT and γn = 2π × 0.00336 Hz/nT are the gyromagnetic ratios of the electron spin and nuclear spin, respectively; Q is the deceleration factor of the nucleon, which is related to the longitudinal polarizability of the electron [26]; B is the ambient magnetic field vector; [image: image] and [image: image] are the spin exchange rates of the nuclear and the electron with each other; L is the light shift (AC-Stark shift) field arising from the pump and probe lasers; [image: image] is the total relaxation rate for electrons, defined as [image: image], where [image: image] is the electron spin-destruction rate, and [image: image] is the nuclear spin-destruction rate, Rp is pumping rate, Rm is the pumping rate from the probe laser; and Me and Mn are the magnetizations of electron spin and nuclear spin, respectively. Finally, we define the vector [image: image], where [image: image] and [image: image] are the longitudinal relaxation rate and the transverse relaxation rate of the nuclear spin, respectively; Be = λMePe and Bn = λMnPn are the magnetic fields produced by electron spin and nuclear spin, respectively.
The SERFC can be linearized into the following equation of state:
[image: image]
where the state vector [image: image] is composed of electron polarization transverse components [image: image], [image: image] and nuclear polarization transverse components [image: image], [image: image]; [image: image] is the input vector; Ωx and Ωy are the transverse angular rate inputs; and Bx and By are the transverse magnetic field inputs. The matrix A can be written as
[image: image]
The matrix W can be written as
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The intermediate equations in Eq. (5) and Eq. (6) are
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The transfer function of the SERFC in the Laplace domain is
[image: image]
where I is the identity matrix of 4 × 4. The molecular matrix ψ(s) of the transfer function is simply expressed here as
[image: image]
The denominator of the transfer function is as follows:
[image: image]
The transfer function expressions for output [image: image] and input [Ωx, Ωy, Bx, By] are as follows:
[image: image]
Next, the effect of the magnetic field gradient on [image: image], resulting in the change of the system output, is analyzed.
2.1 Responses in steady-state and frequency
2.1.1 Steady-state response
Setting s = 0 in Eq. 13 would result in the steady-state input and output solutions for the system.
[image: image]
where KΩx, KΩy, KBx, and KBy are the scale factors. The principle of steady-state response of a gyroscope to Bx and By is shown in Figure 1. By compensating the magnetic compensation point to zero and considering only the input angular velocity in the y-axis direction, the main component term representing the gyroscope response can be determined as
[image: image]
From Eq. 15, since the values of [image: image], [image: image], and [image: image] cannot be ignored, the input of the system to the transverse magnetic field Bx is affected by these terms. Therefore, the magnetic field error must be suppressed in order to increase the accuracy of inertial measurements, and a method using amplitude frequency response analysis is next proposed to suppress the Bx magnetic field error.
[image: Figure 1]FIGURE 1 | (A) Steady-state response of By. (B) Steady-state response of Bx.
2.1.2 Frequency response
The amplitude frequency response of Bx is composed of one proportional link, two second-order oscillation links, and two first-order differential links, and the following equation can be used to define the conversion relationship between Bx and [image: image]:
[image: image]
The two zeros are
[image: image]
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[image: image] is the coefficient in the proportional link. Frequency ω and amplitude A of the low-frequency platform section can be expressed as
[image: image]
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The response of Bx with respect to the AC magnetic field signal of frequency ω is expressed as
[image: image]
where [image: image] and [image: image].
2.2 Magnetic field gradient effects on AMFER
In this study, the SERFC pump laser direction is strictly aligned with the z-axis main magnetic field direction, the detection laser direction is consistent with the x-axis magnetic field compensation direction and is orthogonal to the pump laser direction, and the inertial sensitive axis is the y-axis. In Liu et al. (2022c); Fan et al. [16], the influence of the Bx magnetic field error on the system is analyzed using the magnetic field equivalent velocity sensitivity AMFVS. Based on the previous research, we carried out a more complete derivation and concluded that the expression of the low-frequency bias magnetic field sensitivity (LFBMS) (the low-frequency band studied in SERFC is the spectrum below 10−3 Hz) AMFVS can be expressed as
[image: image]
where ωe = γeBe/Q and ωn = γnBn. The representative measurement parameters in the experiment are shown in Table 2. Since [image: image] is 2–3 orders of magnitude larger than [image: image], Eq. 22 can be simplified as
[image: image]
Obviously, [image: image], [image: image], [image: image], and [image: image] play an important role in Eq. 22. In addition, if we ignore [image: image] by considering the magnitude of [image: image] over [image: image] in Eq. 22, the conclusion of the model is the same as in [5], thus proving the correctness of the aforementioned derivation. In the SERFC with the atomic source as K–Rb–21Ne, the influence term of the transverse decoherence time of 21Ne can be expressed as [27]
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where [image: image]is the relaxation of electric quadrupole moment; [image: image] is the relaxation of spin destruction; [image: image] is the spin exchange rate of 21Ne spin polarized by alkali-metal electrons through spin exchange collision; and [image: image] is the relaxation term affected by the inhomogeneity of the magnetic field distribution, and its relationship items are as follows [22]:
[image: image]
[image: image]
where R is the radius of the vapor cell; DNe−Ne is the diffusion constant of 21Ne in the atomic cell; [image: image]; [image: image] and [image: image] represent the first-order transverse magnetic field gradient along the x-axis and y-axis, respectively; and [image: image] represents the first-order longitudinal magnetic field gradient along the z-axis [28, 29].
2.3 Magnetic field gradient caused by pump optical power density and temperature
On the one hand, the pump light power density affects the magnetic field gradient. From Eq. 27, it is shown that for the decay of the pump rate with the propagation distance z, the D1 line pump light of K atoms propagates in the vapor cell. The strong absorption of pump light by dense alkali-metal atoms in the atomic vapor cell leads to a significant electron spin polarization gradient.
[image: image]
where Rrel is the relaxation rate of the electron spin of the K atom except for the pumping rate; Rp(0) is the initial pump rate when the pump light is incident into the vapor cell; ρ is the distance from the center of the spot; r is the radius of the spot; W is the Lambert-W function; nK is the K-atomic density; and σL(v) is the absorption cross-sectional area of the K-atomic absorption pump light.
The expression for the decay of the alkali-metal polarizability with propagation distance z is
[image: image]
where [image: image] is the equivalent spin exchange rate between the mixed alkali-metal atom and 21Ne atom. The equivalent magnetic field expressions of electron spin and nuclear spin in the atomic polarization state are as follows [30]:
[image: image]
where k0 is the Fermi-contact-shift enhancement factor; μ0 is the permeability of vacuum; μB is the Bohr magneton; and ne and nn are the densities of alkali-metal atoms and noble gas, respectively. The distribution simulation of electron and nucleon polarizability under different pump light power densities is shown in Figure 2. Increasing the pump light power density can produce a uniform and saturated spin polarization, but too high pump light power density will reduce the sensitivity of SERFC, so the pump light power density value needs to be set at the corresponding specific polarization rate value [31].
[image: Figure 2]FIGURE 2 | Electron and nucleon polarizability distributions at different pump power densities. (A) 84.92 mW/cm2; (B) 127.39 mW/cm2; and (C) 205.34 mW/cm2.
On the other hand, the temperature also affects the magnetic field gradient. The empirical formula of alkali-metal atom density n and temperature of alkali-metal is [32]
[image: image]
where nA and nB are constants related to the type of alkali-metal atom and T is the temperature of the steam cell expressed on the thermodynamic temperature scale. The expression of [image: image] is as follows:
[image: image]
where [image: image] and [image: image] are the spin exchange rate constants between Rb −21Ne and K −21Ne atom pairs, respectively.
[image: image]
where σsd is the collision cross-sectional area; [image: image] is the relative thermal movement speed, and the influence of the vapor cell temperature on the relative thermal movement speed is ignored because the amplitude of its change with temperature is small [33]; and nx represents the number density of atoms or molecules colliding with alkali-metal atoms. The distribution simulations of electron polarizability and nuclear polarizability at different temperatures are shown in Figure 3. It can be seen that both [image: image] and Rsd are temperature-dependent, thus affecting the AMFVS.
[image: Figure 3]FIGURE 3 | Electron and nucleon polarizability distributions at different temperatures. (A) 170°C; (B) 190°C; and (C) 210°C.
3 EXPERIMENTAL SETUP
The schematic diagram of the SERFC based on K–Rb–21Ne is shown in Figure 4. A spherical vapor cell with a diameter R of 8 mm made of GE180 aluminosilicate glass was placed in a boron nitride ceramic oven. The vapor cell contained 2 amagats of 21Ne (70% isotope-enriched) gas, a natural abundance K and Rb alkali-metal mixture with a density ratio of 1: 94, and 50 torrs of N2. Three layers of μ-metal magnetic shielding cylinder with high permeability are used to shield the external magnetic field, and the innermost layer is MnZn ferrite magnetic shielding cylinder to suppress low-frequency magnetic errors [8]. The pump light is generated by a distributed Bragg reflector (DBR) laser with a center frequency of 770.108 nm (K D1 resonant line), a quarter wave plate in the pump path converts a linearly polarized state to a circularly polarized state, and a pair of planoconvex lenses is used to expand the beam of pump light. The probe beam is generated by a distributed feedback (DFB) laser with a center frequency of 795.311 nm (approximately 0.3 nm to the blue side of the Rb D1 resonance line), and the Glan–Taylor polarizer (GT-5, Thorlabs) can purify the laser to a better linearly polarized laser. The power stability control system of the pump laser and laser consists of a polarizing beam splitter (PBS), liquid crystal variable retarder (LCVR), Glan–Taylor polarizer, half-wave plate, photodetector (PD), and electronic controller.
[image: Figure 4]FIGURE 4 | Schematic of the K–Rb–21Ne comagnetometer. BE, beam expander; P, linear polarizer; LCVR, liquid crystal variable retarder; GT, Glan–Taylor polarizer; PD, photodiode; PBS, polarizing beam splitter; ECU, electronic control unit; WP, Wollaston prism; BP, balanced photodiode; λ/2, half-wave plate; λ/4, quarter-wave plate.
The three-axis magnetic compensation coils and gradient magnetic coils are used to compensate the residual magnetic field and generate the magnetic field gradient, respectively. According to the magnetic flux continuity principle ∇ ⋅ B = 0, it shows that the magnetic field is a passive field, the magnetic line of force is always a closed curve, and the divergence calculation formula is
[image: image]
so the [image: image] coil can also generate magnetic field gradients along the [image: image] and [image: image] directions, as shown in Figure 5A and Figure 5B, the magnetic field gradient coil constants corresponding to the three-axis directions obtained through finite element simulation. In this paper, the designed coil parameters are shown in Table 1. First, according to the size of the atomic vapor cell (the outer diameter R is 8 mm), the coil radius is chosen to be 24.9 mm so that the magnetic field uniformity zone is greater than 0.25 R. The coil is designed using the forward method: the transverse magnetic field coils Bx and By adopt the saddle coil configuration, and the Maxwell coil generates magnetic fields of Bz and dBz/dz by changing the current spin direction, respectively. Afterward, the magnetic field magnitude can be calculated according to the Biot–Savart law. Finally, the homogeneous field coils and gradient coils are fabricated by the flexible printed circuit (FPC) technique, as shown in Figure 5C and Figure 5D, respectively. After the FPC coil is fixed on the coil skeleton, the coil is mounted on the SERFC in the position shown in Figure 4.
[image: Figure 5]FIGURE 5 | (A) Overall model of finite element simulation. (B) Triaxial magnetic field coil constant. (C) Bx, By, and Bz three-in-one uniform magnetic field coil. (D) dBz/dz magnetic field gradient coil.
TABLE 1 | Design parameters of the magnetic field coil.
[image: Table 1]TABLE 2 | Summary of the measured parameters.
[image: Table 2]4 RESULTS AND DISCUSSION
In this experiment, the spin coupling between electron spin and nuclear spin is decoupled by applying a magnetic field of approximately 1,500 nT, but it does not affect the measurement and fitting of free induction decay (FID) signals [34]. As shown in Figure 6, the relaxation times are obtained by measuring the output of the system at different times and fitting the relationship between the pump time and the precession signal.After measuring T1 and T2 at different magnetic field gradients by the aforementioned method, Eqs 24–25 are verified by fitting the relationship between the relaxation rate of 21Ne and the magnetic field gradient. According to Eqs 26–27, it can be seen that [image: image] is mainly affected by the longitudinal magnetic field gradient and temperature, while [image: image] is mainly affected by the transverse magnetic field gradient. Figure 7 shows the relationship between the experimental transverse and longitudinal relaxation rates of 21Ne with different magnetic field gradients under different temperature conditions. Therefore, the inhomogeneity of the total magnetic field distribution of the system can be compensated by applying an appropriate magnetic field gradient, that is, the gradient value corresponding to the lowest point of the quadratic fitting parabola or the minimum value of the 21Ne relaxation rate.
[image: Figure 6]FIGURE 6 | (A) Longitudinal relaxation time of nucleon spin. (B) Transverse relaxation time of nucleon spin.
[image: Figure 7]FIGURE 7 | Measured at different temperatures: (A) relationship between [image: image] and longitudinal magnetic field gradient and (B) relationship between [image: image] and transverse magnetic field gradient.
The frequency response of the K–Rb–21Ne comagnetometer was obtained by applying 0.5542 nTpp sine waves with a frequency range of 0.01–600 Hz along the x-axis, and the results were fitted with Eq. 21. It can be seen from Figure 8A that both the electronic and nuclear resonance peaks shift to the right with the increase in the vapor cell temperature, indicating that the electron spin polarizability and the nuclear spin polarizability are proportional to the vapor cell temperature. However, according to Eqs 31–33, the LFBMS can be suppressed in two ways: one is by reducing the temperature of the vapor cell to reduce the atomic density nK (in order to improve the polarization of 21Ne and reduce the polarization magnetic field gradient, a hybrid pumping technique is adopted. The density ratio of K and Rb atoms determines the uniformity of polarization, so it is necessary to choose an appropriate atomic density ratio to make SERFC work in the optimal state), and finally [image: image] is reduced. The other is by reducing [image: image] determined by temperature, and finally [image: image] is reduced affected by Rsd. The relaxation caused by other temperature-related factors (such as [image: image] and [image: image]) are smaller than that caused by the magnetic field gradient when the vapor cell temperature is low, so the LFBMS is mainly determined by the variation in [image: image]. The Allan deviation analysis method is introduced to evaluate the influence of the low-frequency magnetic field error on the long-term stability. After the SERFC system is stabilized, the output signals for 2 h are collected under different vapor cell temperatures, and then the Allen deviation diagram is drawn in Figure 8B. The bias instability improves with the vapor cell temperature, and a bias instability of 0.012 deg/h is achieved at 170°C. In addition, the suppression factor is defined as the ratio of the scale factor to the amplitude of the magnetic response [5], which is used to characterize the influence on the suppression of low-frequency magnetic field errors. It can be seen from Figure 8C that the suppression factor decreases with the increase in temperature, indicating that the magnetic field error suppression capability decreases with the increase in temperature.
[image: Figure 8]FIGURE 8 | (A) Amplitude–frequency response Bx at different cell temperatures. (B) Corresponding Allan deviation at different cell temperatures. (C) Suppression factor and bias instability.
According to Eqs 28–30, increasing the pump light power density can produce a uniform and saturated spin polarization magnetic field gradient. It can be seen from Figure 9A that LFBMS is suppressed with the increase in pump light power density, and the experimental results show that the LFBMS can be suppressed by increasing the pump light power density to improve [image: image] and [image: image]. However, when the pump power density increases to a certain value, the LFBMS will also increase. It is speculated that the reason for the increase in LFBMS is that the absorption rate of K atoms is oversaturated when the power density of the pump light increases to a certain extent. With the increase in pump light power density, the frequency ωe = γeBe/Q corresponding to the electron resonance peak shifts to the right, proving the increase in electron spin polarizability. However, the frequency ωn = γnBn corresponding to the nucleon resonance peak does not shift significantly to the right, which may be caused by the low nucleon spin polarizability. From the Allan deviation analysis at different pump light power densities in Figure 9B, the bias instability is reduced to 0.011 deg/h by suppressing the system response to Bx at low frequencies. Figure 9C shows the relationship between low-frequency magnetic field suppression factor and bias instability at different pump light power densities. This further proves that the bias instability is enhanced due to the suppression of the magnetic field suppression factor.
[image: Figure 9]FIGURE 9 | (A) Amplitude–frequency response Bx at different pump laser power densities. (B) Corresponding Allan deviation at different pump laser power densities. (C) Suppression factor and bias instability.
In addition, the magnetic field gradient is applied to reduce LFBMS by changing the influence of [image: image] on the low-frequency magnetic field error. Figure 10A shows the comparison results of the fitting curves of the Bx amplitude–frequency response under different longitudinal magnetic field gradients. It can be seen from Figure 10A that the measured low-frequency magnetic field error is the smallest when the magnetic field gradient is set to −10 nT/cm, and the bias instability measured in Figure 10B is 0.021 deg/h. Therefore, it can be stated that low-frequency magnetic field errors can also be suppressed by actively applying magnetic field gradients. Similarly, it can be seen from Figure 10C that the bias instability is improved by suppressing the magnetic field inhibitory factor Bx. However, the bias instability is not completely improved because the applied longitudinal magnetic field gradient dBz/dz increases the transverse relaxation rate but affects the longitudinal relaxation rate. Subsequent research can compensate for the low-frequency magnetic field error by designing a three-axis magnetic field gradient coil.
[image: Figure 10]FIGURE 10 | (A) Amplitude–frequency response Bx at different magnetic field gradients. (B) Corresponding Allan deviation at different magnetic field gradients. (C) Suppression factor and bias instability.
The K–Rb–21Ne comagnetometer sensitivity to Bx in our research conclusions is comparable to the magnetic field suppression factor of the K–3He comagnetometer reported by [5]. Ref. [14] believes that increasing the electronic magnetic field can suppress the magnetic noise and reduce the magnetic field suppression factor, which is similar to the conclusion of increasing the pump light power density in this study. In Ref. [23], the magnetic field gradient leads to atomic decoherence of the K–Rb–21Ne comagnetometer, which is complementary to the conclusion in this study that low-frequency magnetic field errors are suppressed by active magnetic field gradient compensation.
5 CONCLUSION
In conclusion, this paper analyzes the influence of magnetic field gradients on the steady-state response and frequency response of the K–Rb–21Ne comagnetometer. The bias magnetic field sensitivity model of SERFC is modified, and the influence of magnetic field gradients on low-frequency magnetic errors is considered. We experimentally verify that the magnetic field gradient of the K–Rb–21Ne comagnetometer can be measured in situ through the relationship between the relaxation rate and magnetic field gradient. In addition, the LFBMS can be suppressed by optimizing the vapor cell temperature and the pump light power density and using the magnetic field gradient coil to actively compensate for the magnetic field gradient, and it is verified that the magnetic error suppression method proposed in this paper can reduce the LFBMS of SERFC. After the vapor cell temperature is optimized from 170°C to 190°C, the suppression factor and bias instability are optimized by 72.19% and 55.41%, respectively. After the pump power density is optimized from 85 mW/cm2 to 149 mW/cm2, the suppression factor and bias instability are optimized by 20.24% and 20.84%, respectively. After the magnetic field gradient is compensated from −10 nT/cm to 0 nT/cm, the suppression factor and bias instability are optimized by 69.86% and 27.63%, respectively. This work provides an experimental and theoretical basis for measuring the magnetic field gradient of the K–Rb–21Ne comagnetometer and suppressing the low-frequency magnetic field error.
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