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The quantum effects of space charge on electron field emission have been widely
investigated since the last century. When electrons energy and their mean spacing
approach the Hartree level and the de Broglie wavelength respectively, the
influence of the quantum effects on the field emission current becomes
significant. In this work, by developing an in-house software, we self-
consistently solve the one-dimensional Poisson-Schrödinger equation together
with the Wentzel-Kramers-Brillouin-Jeffreys (WKBJ) model for metal-vacuum-
metal nanogaps, after considering the anode screening effect, space charge
Coulomb potential and exchange-correlation effects simultaneously.
Employing the method, the electron field emission characteristics were studied
by varying the nanogap spacing (D) and the electric field strength (F), and four
different emission regimes including quantum regime (QR), space charge limited
regime (SCLR), direct tunnelling regime (DTR) and field emission regime (FER) are
defined. The influences of space charge field components on the field emission
characteristics and space charge distribution are analyzed for different emission
regimes in nanogap. In addition, the impact of using different exchange-
correlation functionals (LDA, GGA and meta-GGA) on Jacob’s ladder for
describing the quantum effects of space charge on the electron emission
current density was analyzed. Finally, electron field emission properties of one-
dimensional (1-D) nanogaps consisting of refractory metals (W and Mo) as well as
the three-dimensional (3-D) nano-tip are discussed to elucidate the impact of the
exchange-correlation effects on the enhanced field emission process at
nanoscale.
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1 Introduction

Filed emission phenomenon commonly occurs in micro- and nano-electronic devices
when the local electric field on the surface of the metal electrode is high enough. Many
modern technologies crucially rely on the electron field emission process such as electron
microscopes (scanning electron microscopy and transmission electron microscopy), X-ray
tube, high power microwave sources, surface conduction electron emitter displayer, and
MEMS systems [1–8]. Moreover, the electrode spacing in field emission devices nowadays
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can even reach the nanometer in nanogap resistance switches and
nanogap scanning probe microscopes [9, 10].

The underlying physics of field emission phenomenon has been
extensively studied since the beginning of the 20th century, leading
to the famous Fowler-Nordheim (FN) law which is widely used to
calculate the emission current density for electron field emission
devices [11–15]. Nevertheless, the validity of F-N law is very often
questioned for small gap with large emission current density [16]. In
the latter case, the classical Child-Langmuir (CL) law should be used
to calculate the space-charge-limited current density [17]. However,
both FN law and CL law could fail to accurately calculate the field
emission characteristics in a nanogap. Additional mechanisms must
be considered for predicting field emission properties of nanogap,
including the image charge potentials between space charges and
electrodes (cathode and anode), and space charge potentials such as
Coulomb potential and exchange-correlation potential. Those
physical effects could directly influence the electron emission
barrier heights and tunnelling probability in nanogap system [18].

As for the study of electron field emission in a nanogap, few
representative works are worth mentioning here. In 1963, Simmons
extended the FN law in calculating the field emission characteristics
of nano-gap by including the anode screening effect in terms of
image charge potential [19]. Simmons model could explain the
electron direct tunnelling phenomenon in nano-gap system, but the
image charge potential in the model is approximated by the classic
Coulomb potential. In addition, Simmons model does not consider
the space charge potentials, i. e., the Coulomb interaction and
exchange-correlation effects among emitted electrons. Later on,
Y. Y. Lau studied the space charge effects on electron field
emission in nanogaps, and also derived the famous quantum CL
law for large current regime of nanogaps in 1990 [20]. Furthermore,
after including the exchange-correlation effects of space charges, L.
K. Ang found a new scaling relationship for emission current density
versusV1/2 and D−4 in the quantum CL law [21]. More recently, W. S.
Koh and L. K. Ang proposed a one-dimensional quantum field
emission model which includes the space charge Coulomb potential,
exchange-correlation effects, and image charge potentials between
space charges and electrodes [22]. To eliminate the singularities in
the image charge potential at the boundaries between electrodes and
vacuum due to the use the classic Coulomb potential form in the FN
law and Simmons model, the modified Thomas–Fermi free electron
model is employed for computing image charge potential [18].

Previous studies have demonstrated the transitions from the
classical field emission regime to the quantum regime, or from the
classic FN law (low current density) to the space charge limited CL
law (large current) in a nanogap. However, significance of the
exchange-correlation effects has not been thoroughly studied in
the quantum electron field emission regime. The transitions between
different electron field emission regimes and their corresponding
boundaries are not well understood in nanogaps. On the other hand,
local density approximation (LDA) has been employed to treat the
exchange-correlation effects among space charges, which may not
properly describe the non-uniformity of space charge density
distribution in nanogaps. Other semilocal exchange-correlation
density functionals such as generalized gradient approximation
(GGA) and meta-generalized gradient approximation (meta-
GGA) are expected to provide more reliable description for the
quantum effects of non-uniform space charges in nanogaps [23–25].

In this work, we developed an in-house code for calculating the
electron field emission density with the inclusion of space charge
quantum many-body effects under the Wentzel-Kramers-Brillouin-
Jeffreys (WKBJ) framework. The one-dimensional modified Poisson-
Schrödinger equation combined with WKBJ electron field emission
model is solved numerically to understand the field emission
characteristics in metal-vacuum-metal nanogaps. In the modified
model, the space charge Coulomb potential, exchange-correlation
potential and image charge potential are all included using the
appropriate forms. Furthermore, the exchange-correlation effects of
space charges are not only numerically considered using local density
approximation (LDA), but also other higher level semilocal density
functionals on Jacob’s ladder of density functional theory (DFT) such as
GGA and meta-GGA forms. Based on the current self-consistent
numerical results, four distinct electron field emission regimes are
recognized based on a better understanding of the dominant physical
effect in electron emission by varying the electrode spacing (D) and
external E-field strength (F). Besides, we also address the influence of
different exchange-correlation functional forms on the electron emission
characteristics especially in the quantum regime. Four different systems
including “W-Vacuum-W”, “W-Vacuum-Mo”, “Mo-Vacuum-W” and
“Mo-Vacuum-Mo” were also studied. Finally, three-dimensional (3-D)
ED-MD-PIC simulations were performed using different exchange-
correlation functionals to treat the exchange-correlation effects of
space charges for a realistic nano-emitter.

2 Theory and methods

To study the field emission phenomenon in a nanogap, we
consider the one-dimensional planar “metal-vacuum-metal” system.
The electrodes are applied a DC voltage Vg with a spacing D to
produce a steady-state electron emission current density J, which is
calculated by

J � e∫∞

−∞
N(E)Db(E)dE. (1)

Here we use free electron gas model to obtain N(E), which gives
the total number of electrons supplied by electron emitter along the
x direction (normal to emission surface) with energy between E and
E + dE [26]. We adopt the extended Simpson’s rule with rectangular
equidistant grids to solve the integral term, as described in detail in
A(3) in the Appendix.

N(E) � mekBT

2π2Z3
ln[1 + exp( −E

kBT
)] (2)

The Wentzel-Kramers-Brillouin (WKBJ) method (Kemble
formula) is used to calculate the electron transmission probability
Db(E) when an electron penetrates a potential barrier U(x) [27].

Db(E) � 1
1 + exp(G(E)) (3)

G(E) �
����
8me

√
Z

∫x2

x1

��������
U(x) − E

√
dx (4)

U(x) � ΦWF + ϕa(x) + ϕic(x) − ϕsc(x) + ϕxc(x) (5)
In Eq. 4, x is the distance from the emitting surface, x1 and x2 are

the two intersection points of U(x) with E. When the incident
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electrons have energy above the maximum value of the potential
barrier, the intersection points diminish. In this case, electrons can
directly overcome the potential barrier and emit into the vacuum,
giving Db(E) = 1. In Eq. 5, U(x) includes five terms: (i) The work
function ΦWF of cathode; (ii) The applied electrostatic potential
ϕa(x) � −xeVg/D; (iii) The image charge potential ϕic(x) between
space charges and electrodes (anode and cathode); (iv) The space
charge Coulomb potential ϕsc(x); (v) The exchange-correlation
potential ϕxc(x) of the space charges.

Specifically, the image charge potential ϕic(x) is determined in
the framework of the Thomas–Fermi free electron model in terms of
Green function method by solving Eq. 6 [28].

ϕic(x) � − e2

4πε0
∫∞

0
pdp[Dvac(p, x, x′) + 1

2p
] (6)

Here, the Green function of a longitudinal self-consistent field
Dvac (p, x, x’) describes the screened Coulomb interaction between
the charges at points x and x’, and p is the wavevector along the x
direction (field emission direction). Comparing to the classical
image charge potential form, the singularities at the interface
between electrodes and vacuum are eliminated.

As for the space charges emitted from cathode and which
propagate and accumulate in the nanogap, the planar wave
function ψ(x)e−iEt/- is usually employed to describe emitted
electron fluid density. Therefore, the macroscopic electron
number density is obtained as n � ψψ*. This approach represents
a semi-classic treatment of the quantum nature of space charges in
the nanogap. Then, the one-dimensional Schrödinger equation is
coupled with Poisson equation to calculate the electron density
profile and space charge Coulomb potential inside the nanogap for a
given emission current [21, 22]. The finite difference method (FDM)
is used to discretize and to solve the one-dimensional Poisson-
Schrödinger equation, as shown in A(1) and A(2) in the Appendix.

q″ + λ2

D2
[ϕsc − ϕxc

eVg
+ x

D
− 4
9
μ

q4
]q � 0 (7)

ϕsc″ � 2
3

eVg

D2
q2 (8)

Here q indicates the normalized wave amplitude, q″ and ϕsc″
denote the second derivative of q and ϕsc with respect to x,
respectively. λ � D/λ0 is the normalized gap spacing, and the
normalized scale λ0 �

���������
-2/2emeVg

√
is the electron de Broglie

wavelength at Vg. The boundary conditions for Eq. 6 and 7 are
q(1) � ����

2μ/3
√

, q(1)′ � 0, ϕsc(0) � 0, ϕsc(1) � 0. The normalized
electron current density is given by μ � J/JCL, J is calculated
from Eq. 1, and the JCL is obtained using the CL law [17].

JCL � 4ε0
9

���
2e
me

√
Vg

3/2

D2
(9)

Regarding the quantum effects of space charges, we use density
functional theory (DFT) [29] to calculate the exchange-correlation
potential ϕxc according to the scaled electron density n � q2n0,
where n0 � 2ε0Vg/3eD2 is the density scale. LDA, GGA, and
meta-GGA functionals implemented in the open-source library
LIBXC [29] are employed to obtain the normalized exchange-
correlation energy density Exc. In the calculation, the normalized
electron density �n � na30 is used, where the Bohr radius a0 �

4πε0-
2/mee2 � 0.0529 nm. As can be seen from Eq. 10, the local

density approximation (LDA) only requires the local electron
density (space charge density) profile in nanogap to evaluate the
exchange-correlation energy. Otherwise, the electron density
gradient and the Laplacian of density are also needed together
with electron density when employing other semilocal density
functionals such as GGA and meta-GGA.

ELDA
xc � ELDA

xc [�n(�x)]
EGGA
xc � EGGA

xc [�n(�x), �∇�n(�x)] (10)

EmGGA
xc � EmGGA

xc [�n(�x), �∇�n(�x),∇2�n(�x)]
Where, �∇�n and ∇2�n are the gradient and second derivative of

the normalized electron density with respect to the normalized
distance �x � x/a0, respectively. Then, the following equation is
used to calculate the normalized exchange-correlation
potential Vxc.

FIGURE 1
The workflow of the developed algorithm for self-consistently
solving Poisson-Schrödinger equation and WKBJ model to calculate
electron emission current density in nanogap.
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Vxc � δExc

δ�n(�x) (11)

Then, ϕxc ≡ ϕx + ϕc � VxcEH, where the normalized scale EH �
e2/4πε0a0 � 27.2 eV is the Hartree energy.

The whole workflow of the numerical calculation is presented in
Figure 1, including four steps.

i) Solving Eqs 1 – 5 with WKBJ method to obtain electron
emission current density J in nanogap. Solving Eq. 6 to find
image charge potential ϕic(x) and initially setting ϕsc � ϕxc �
0.

ii) Substituting the normalized current density μ � J/JCL into the
1D Poisson-Schrödinger equation, we solve Eq. (7) and (8) with
FDM, obtaining the space charge potential ϕsc and the electron
density n

iii) LDA, GGA, and meta-GGA functionals are used to obtain the
exchange-correlation potential ϕxc by solving Eqss 10, 11 for a
given n.

iv) Updating the barrier potential U in Eq. 5 with new ϕsc and
ϕxc, and iterating steps (i) - (iii) until convergence is
achieved. Then, self-consistent solutions are obtained,
including electron emission current density J, electron
density n, space charge potential ϕsc and the exchange-
correlation potential ϕxc.

In order to determine the quantum regime, we calculate the
normalized electron emission current density μ = J/JCL, β = J/JFN,
where JCL and JFN are the electron emission current densities using
CL law and FN law (Murphy and Good formula) [30], respectively.
The classic FN law is given by Eq. 12.

JFN � AFN
E2
0

ΦWFt2(y) exp[−BFNv(y)Φ3/2
WF

E0
] (12)

Here, AFN � 1.5414 × 10−6 A eV V−2 and BFN � 6.8308 × 109

eV-3/2 V m-1, t2(y) and v(y) are Nordheim parameters, where
y � C

���
E0

√
/ΦWF, C � 3.79 × 10−5 V−1/2 m1/2 eV and the applied

electric field E0 � Vg/D.
The methodology addressed before was realized in an in-

house code, and all related numerical algorithms were
implemented using the C++ programing language. Our in-
house code can be compiled with the standard C++ compiler
on most Linux operating systems. The extension of the 1D-
model for nanogaps consisting of planar metal electrodes to the
full three-dimensional (3-D) nanogap between the planar and
needle-like electrodes was realized using the more advanced
hybrid multi-physics and multi-scale modelling method, as
available in the FEcMD code [31]. In the hybrid simulation
algorithm, the multi-scale self-adaptive finite element meshes
were generated and updated dynamically with the atomic
structure evolution of metal nano-tip which is treated as the
cathode in the typical field emission setup. Such methodology
has been routinely employed before to understand the
correlation between the electron field emission process and
the thermal runaway mechanism of metal nano-tips [32–34].
For 3-D field emission model, the electric field and the emission
current density were obtained locally from a quasi-planar like
emitter.

3 Results

3.1 Benchmark tests

Here, we apply the in-house code to calculate the electron field
emission characteristics of the benchmark Ba-vacuum-Ba nanogap
with a spacing 1 nm to confirm the validity of the methodology and
its numerical implementations. The field emission current density
versus the applied electric field (F) in a range from 1 V/nm to 100 V/
nm for Ba-vacuum-Ba system has been reported before in Ref. [18]
by solving Eqs 7, 8. Using the same parameters and PW-LDA
functional to those of Ref. [18], the normalized emission current
density versus F is shown in Figure 2 for Ba-vacuum-Ba
nanogap. For comparison, the same profile obtained in Ref. [18]
is also illustrated in Figure 2. The profile obtained from our in-house
code is in good agreement with Ref. [18] in a wide range of the
applied F value, confirming the validity of our numerical algorithms.

3.2 Characteristics of different electron
emission regimes

We consider “Ba-Vacuum-Ba” nanogap, where the Fermi
Energy (EF) and work function ΦWF of barium (Ba) are given as
2.317 eV and 2.48 eV [35], respectively. The temperature T is set to
room temperature 300 K. The exchange and correlation potentials
are obtained by employing the LDA in terms of “Slater exchange”
and “Perdew and Wang” [23] (fit to the RPA energy) correlation
functionals, respectively.

To study the quantum effect on the I-V characteristics of
electron emission, the normalized electron emission current
density μ = J/JCL is obtained by applying an electric field F from
1 to 100 V/nm with a gap spacing D from 1 nm to 10 nm. For
comparison, the classic electron emission current Jclasscial is
calculated by setting ϕxc ≡ 0 in Eq. 5. Note that both classic and

FIGURE 2
The normalized electron emission current density μ = J/JCL as a
function of Vg = 1–100 V/nm at D = 1 nm using PW-LDA exchange-
correlation functionals for “Ba-Vacuum-Ba” system using our in-
house code, compared to that of Ref. [18].
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quantum electron field emission models include space charge
Coulomb potential and image charge potential. The exchange-
correlations effects are only considered in the quantum electron
emission model to calculate the emission current J.

In Figure 3A, it is shown that when the applied electric field is
large enough (F > 10 V/nm), the normalized electron emission
current density is close to the classic CL law (μ → 1) in space
charge limited regime (SCLR). However, when exchange-correlation
effects are considered in a nanogap as shown in Figure 3B, the
obtained emission current density can surpass the limit of the
classical CL law (μ> 1). The results indicate that the exchange-
correlation effects could significantly enhance electron emission at
certain D and F values.

To determine the enclosed boundary of the quantum electron
field emission regime where the exchange-correlation effects of
space charge play important role in determining the electron
transmission energy barrier profile, we calculate the ratio of α =
J/Jclassical by varying both F and D, and the results are shown in
Figure 4A. It can be seen that the ratio is significantly large (α > 5) in
the quantum regime (QR) when the electric field F is about between

2 V/nm and 10 V/nm, and which decreases gradually as the increase
of gap spacing. For the very large gap spacing, the field emission
current approaches to that of the classic Fowler-Nordheim law.

It is known that space charge effect suppresses the electron
emission, because the Coulomb repulsion of space charge in the gap
can increase electron tunnelling energy barrier height [36]. On the
contrary, the exchange-correlation potential of space charges
decreases the electron tunnelling potential, enhancing the
electron emission. Therefore, we calculate the difference of the
mean absolute exchange-correlation potential minus the mean
absolute space charge potential 〈 ϕxc 〉 − 〈 ϕsc 〉|

∣∣∣∣∣∣∣∣∣∣∣∣ to investigate the
cause for the increasing of electron emission current. Here, the mean
absolute potential is calculated as 〈|ϕ|〉 � ∫D

0
|ϕ(x)|dx/D in the

gap. As shown in Figure 4B, the exchange-correlation potential
dominates (〈 ϕxc 〉 − 〈 ϕsc 〉> 0|∣∣∣∣∣∣∣∣∣∣∣∣ ) in the quantum regime (QR), while
the space charge potential plays the key role (〈 ϕxc 〉 − 〈 ϕsc 〉< 0|∣∣∣∣∣∣∣∣∣∣∣∣ ) in
space charge limited regime (SCLR).

When the applied electric field is relatively small (F < 2 V/nm) in
a nanogap, the electron current density is very low so that the
influence of space charge potentials (Coulomb and exchange-

FIGURE 3
The two-dimensional (2-D) contour plots show the normalized electron emission current density μ = J/JCL as a function of gap spacing (D =
1–10 nm) and E-field strength (F = 1–100 V/nm) for (A) the classical model and (B) the quantum model.

FIGURE 4
The 2D contour plots show (A) the ratio of electron emission current density of the quantummodel to that of the classical model α = J/Jclassical as a
function of D = 1–10 nm and F = 1–100 V/nm. The black dash line presents α = 5. (B) The color represents the difference of mean absolute exchange
correlation potential minus mean absolute space charge potential 〈 ϕxc 〉 − 〈 ϕsc 〉|

∣∣∣∣∣∣∣∣∣∣∣∣ as a function of D = 1–10 nm and F = 1–100 V/nm for the quantum
model.
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correlation potentials) is greatly weakened. Figure 5A presents the
normalized electron emission current density β = J/JFN when D =
1–10 nm and F = 1–100 V/nm. It shows that the electron current
density is close to FN law (β → 1) in field emission regime (FER),
while the current surges (β > 100) in direct tunnelling regime (DTR).
The normalized mean electron emission energy is shown in
Figure 5B, and which is obtained from
〈E〉 � ∫∞

−∞ D(E)N(E)EdE/∫∞
−∞ D(E)N(E)dE.The normalized

average emission electron energy 〈E〉/eVg is much smaller than
the Fermi energy (EF � 0) in DTR. Otherwise, it is also found
that <E> is much smaller than the Fermi energy in the QR when
the gap spacing is sufficiently small (D < 1.5 nm).

Figure 6 illustrates four different electron field emission regimes
including the QR, SCLR, DTR and FER when D = 1–10 nm and F =
1–100 V/nm in our numerical calculations after considering space
charge potentials (image charge, Hartree and exchange-correlation
potentials). Otherwise, the different space charge potential
components are illustrated in Figure 7 for different electron field
emission regimes in nanogaps. Furthermore, the obtained electron

wave amplitudes are displayed in Figure 8 for different regimes,
showing the effects of space charge potentials on the electron
emission intensity in nanogap.

Specifically, the electron emission in the quantum regime (QR)
is characterized by a small gap spacing and electric field values in a
specified range (2 V/nm < F < 20 V/nm). In this regime, exchange-
correlation potential of space charges determines the electron
tunnelling energy barrier profile in nanogap. Quantitatively, as
shown in Figure 7A, the exchange-correlation potential (φxc) is
significantly more negative than that of image charge potential (φic)
in the nanogap except for the proximity of electrodes. The space
charge Hartree potential (φsc) represents the Coulomb repulsion
among emitted electrons in the nanogap, and which is a positive
number. Therefore, the exchange-correlation potential plays the role
to reduce the energy barrier height in WKBJ model, enhancing the
electron emission in QR. Otherwise, the variation of φxc profile in
QR is not as strong as that of either φic or φsc. Furthermore, the φxc
profile gets less negative when going from left side to right side in
nanogap, because the charge density must decrease from the cathode
to anode due to the charge continuity condition, i.e., few emitted
electrons are found on the right-hand side in nanogap when they are
accelerated to a much higher velocity than electrons on the left
before reaching the anode. As can be seen from Figure 8A, the
obtained electron wave amplitude indeed declines continuously
from the cathode to anode in the nanogap. From the same
figure, we also clearly see that the inclusion of space charge
exchange-correlation potential can greatly boost the field
emission current density, compared to all other numerical
solutions without such quantum many-body effects. The
observed oscillation of q(x) profile in Figure 8A is obviously
attributed to the use of a roughly linear triangular potential well
(F) in the nanogap for solving the time-independent Schrödinger
equation for space charges based on the semi-classical WKBJ model.
The oscillating Airy functions are the expected analytical solution
for such a potential well. Interestingly, the exchange-correlation
potential profile also shows the similar oscillations in Figure 7A,
implying that the space charge density determines its magnitude. In
conclusion, the field emission property in QR is characterized by the
prominent exchange-correlation effects of space charges in the

FIGURE 5
Normalized field emission parameters as functions of D and F: (A) The normalized electron emission current density β= J/JFN and (B) the normalized
average emission electron energy <E>/e Vg as a function ofD = 1–10 nm and F = 1–100 V/nm for the quantummodel. The black dash line on the bottom
left side presents β = 100, and that on the bottom right side presents β = 1 in (A). The Fermi energy EF = 0 in (B).

FIGURE 6
Four different electron emission regimes QR (quantum regime),
SCLR (space charge limited regime), DTR (direct tunnelling regime),
FER (field emission regime) are divided when D = 1–10 nm and F =
1–100 V/nm for the quantum model.
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nanogap. However, the overall shape of space charge potentials
resembles that of image charge potential.

The space charge limited regime (SCLR) is characterized by the
relatively large applied electric field (F > 20 V/nm), as shown in
Figure 6. In the SCLR, the electron emission current density is high
due to the very large applied electric field value, resulting in the high
space charge density in nanogap. As can be seen from Figure 7B,
both φic and φxc are negative inside the nanogap. Meanwhile, the φsc
gives a very large positive contribution to the overall potential profile
(φic + φxc - φsc). The magnitude of the net potential profile is largely
determined by φsc in the nanogap for SCLR. Nevertheless, the high
space charge density indicate that space charge fields (Hartree and
exchange-correlation potentials) are also strong, but Hartree
potential plays the dominant role in determining the overall
electron tunnelling energy barrier profile. The calculated electron
wave amplitudes (q(x)) are depicted in Figure 8B for SCLR with and
without the inclusion of space charge potentials. We observe a
significant decreasing of q(x) in the nanogap by including the φsc in
the field emission model, compared to that of standard WKBJ result
(VWF + φa + φic) with no space charge fields. Further considering the
exchange-correlation effects in the calculation enhances the electron
wave amplitude, indicating the role of exchange-correlation
potential in SCLR is similar to that of QR. Notably, q(x) profile
does not oscillate strongly in this case as compared to that of
Figure 8A in QR. Due to the very large applied electric field

value and small electrode spacing, the energies of space charges
approach to that of classic limit where Airy functions exhibit very
large quantum numbers. Finally, in Figure 6, we clearly see the
transition from the QR to the SCLR by increasing the electric field
value. Traditionally, the CL law can be used to evaluate the electron
emission current in SCLR.

The direct tunnelling regime (DTR) occurs at the very small gap
spacing (D < 2 nm) and the small applied electric field (F < 2 V/nm),
as can be seen from Figure 6. In this case, the electron emission
current is extremely low, indicating that the space charge potentials
(φxc + φsc) are negligible, compared to that of image charge potential.
From Figure 7C, it is concluded that the image charge potential
determines the electron tunnelling energy barrier. Due to the very
small gap spacing, the image charge potential narrows significantly
so that electrons below the Fermi level can direct tunnel though the
potential barrier into the vacuum. The image charge potential
represents the long-range exchange-correlation effects between
space charges in the vacuum and electrons that are remain
confined in the electrodes (anodes and cathodes in nanogap)
[37]. Thus, its origin resembles that of space charge exchange-
correlation potential. The image charge potential (φic) can
effectively lower the electron tunnelling barrier at the interface
between the cathode and vacuum, probably enhancing the
electron emission current density in nanogap. The effects of φxc
and φsc on the obtained space charge density are plotted in

FIGURE 7
The calculated potential profiles in the nanogap for various components in different electron field emission regimes: (A): QR (D = 1 nm and F = 5 V/
nm); (B): DTR (D = 1 nm and F = 1 V/nm); (C): SCLR (D = 1 nm and F = 100 V/nm); (D): FER (D = 10 nm and F = 1 V/nm). In all plots, φic denotes the image
charge potential, φxc refers to the exchange-correlation potential, and φsc represents the space charge Hartree potential. Obviously, φic + φxc + φsc means
the summation of all three potentials. Note that space charge Hartree potential is always positive, and its minus value is shown in all graphs here.
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Figure 8C. In the case of DTR, the space charge Hartree potential
plays a negligible role in determining the space charge density
distribution. Otherwise, the obtained space charge wave
amplitude is slightly increased after including the exchange-
correlation effects in our self-consistent numerical calculation.

Finally, field emission regime (FER) shows up at large gap
spacing (D > 2 nm) with a relatively small applied electric field
(F < 2 V/nm) (See Figure 6). As shown in Figure 7D, the exchange-
correlation effects (φxc) and the space charge Hartree potential (φsc)
can be ignored, because the emission electron density is relatively
small in the nanogap with a relatively large gap spacing. The overall
space charge field profile is mainly attributed to the image charge
potential (φic). Therefore, the electron tunnelling energy barrier
profile is obtained from work function (VWF), applied electrostatic
potential (φa) and the image charge potential (φic). As a result, the
including of either φxc or φsc almost has no effects on the calculated
space charge wave amplitude in the nanogap for FER, as shown in
Figure 8D. The electron emission current density in FER is expected
to approach that of classic FN law.

3.3 Effects of exchange-correlation density
functionals

In this section, we further investigate the effects of using
different exchange-correlation density functionals on the
calculated electron emission characteristics. Three widely used

local and semilocal density functionals on the first-three rung of
Jacob’s ladder are employed in our numerical calculations including
the local density approximation (Slater exchange and Perdew-Wang
correlation or Perdew-Zunger correlation) [23, 38, 39],
Perdew–Burke–Ernzerhof (PBE) [40], strongly constrained and
appropriately normed (SCAN) [41]. The normalized electron
emission current density μ = J/JCL is obtained for Vg = 1–100 V
at D = 1 nm using different exchange-correlation functionals, and
the results are plotted in Figure 9A. Besides the emission current
density profile obtained from PW-LDA functional, PZ-LDA, PBE
and SCAN exchange-correlation functionals predict the very similar
normalized emission current density profiles for nanogap (1 nm) by
varying the applied electric field value (F). Notably, the lower
emission current density is found for PZ-LDA, PBE and SCAN
functionals than that of PW-LDAmethod especially in the quantum
regime (QR), as shown in Figure 9A. As a result, the QR is
prominent in a wide range for gap spacing using PW-LDA
method. The QR shifts to relatively larger gap spacing when
using PZ-LDA, PBE and SCAN functionals. Nevertheless, the
inclusion of exchange-correlation potential of space charges in
the current electron emission model significantly boosts the
emission current density in the QR, compared to that of the
classic model without considering the quantum many-body
effects. Otherwise, all considered exchange-correlation functionals
predict that the normalized emission current density approach to
that of the quantum CL law (QCL) at large F. Meanwhile, without
including the exchange-correlation effects of space charges, the

FIGURE 8
The calculated electron wave amplitudes in the nanogap after turning on various space charge potential components in different electron field
emission regimes: (A): QR (D= 1 nm and F= 5 V/nm); (B): SCLR (D= 1 nm and F= 100 V/nm); (C): DTR (D= 1 nm and F= 1 V/nm); (D): FER (D= 10 nm and
F = 1 V/nm). In all plots,VWF is the work function of electrode, and φa refers to the applied electronic potential. For other terms, one may refer to Figure 7.
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obtained emission current density eventually coincides with the
classic CL law. In Figure 9B, the exchange, correlation, and
exchange-correlation potential profiles of PW-LDA, PZ-LDA,
PBE and SCAN functionals are displayed for D = 1 nm and F =
10 V/nm. The correlation potential of PW-LDA function is more
negative than that of PZ-LDA, PBE and SCAN functionals.
Meanwhile, the exchange potential profiles of the four functionals
do not differ significantly. As a result, the lower electron emission
barrier and a higher emission current density are obtained using
PW-LDA in the quantum regime. The calculated potential profiles
are relatively smooth in nano-gap for PW-LDA, PZ-LDA and PBE
methods, compared to those of SCAN functional. Nevertheless,
small oscillations are also observed in all exchange or correlation
potential profiles obtained from PW-LDA, PZ-LDA and PBE
solutions. For those three semilocal density functionals, the
oscillations in the exchange or correlation potential profiles
reflect the fact that the space charge density distribution shows
similar oscillating behavior when solving the Schrödinger equation
for the linear triangular potential well in the nanogap. In the case of
SCAN, strong counteractive oscillations are seen in the exchange
(φx) and correlation (φc) potential profiles across the nanogap. As a
result, the exchange-correlation potential (φxc = φx + φc) profile of
SCAN functional is remarkably like that of either PZ-LDA or PBE.
Therefore, the predicted electron emission current density profiles
by PZ-LDA, PBE and SCAN are almost identical. It is also
interesting to note that oscillations observed in exchange and
correlation potential profiles are indeed more prominent in PBE
and SCAN functionals, compared to the potential profiles of LDA.
The main difference between LDA and PBE or SCAN functionals is
that the former method only needs the electron density profile in
nano-gap to calculate the exchange-correlation potential (φxc) and
their components (φx and φc). On the other hand, the electron
gradient ( �∇n �r)( ) and density Laplacian (∇2n �r)( ) are also evaluated
for space charge density profile, and which are used together with
electron density (n �r)( ) to calculate the potential profiles for PBE and
SCAN. It might be reasonable to assume that the non-uniformity in

the space charge density profile contributes to the oscillations in
exchange and correlation potential profiles especially in the case of
SCAN functional [42, 43].

Finally, it is also worth noting that all semilocal functionals
employed in this work for calculating the quantum effects of
space charges only require the electron density and its gradients
as the inputs, the wavefunctions or orbitals of space charges are
not evaluated. It is known that most semilocal functionals
exhibit self-interaction errors in treating the quantum many-
body effects by means of exchange-correlation effects. Whether
the presence of self-interaction errors in the employed density
functionals significantly affecting the space charge density
distribution as well as the electron tunnelling barrier profile
in the nanogap for the electron emission process require the
development of the methodology that goes beyond the current
theoretical framework mainly based on density functional
theory. The electron self-interaction errors in both exchange
and correlation effects are partly corrected in the construction of
SCAN functional [36]. Nevertheless, the overall exchange-
correlation potential of SCAN is in close agreement with
those of PBE and PZ-LDA in numerical calculations. In
current methodology, computing the electron transmission
probability and tunnelling barrier profile in the nano-gap
only relies on the exchange-correlation potential rather than
the use of either of the terms separately. Thus, we do not see a
great change of space charge density distribution in the nano-
gap by employing the semilocal functionals at various rungs
except that of PW-LDA. Overall, we may conclude that the
stronger electron field emission is anticipated in the nanogap for
the exchange-correlation functional that predicts the more
negative potential profile in WKBJ theory, leading to a
further expansion of the quantum electron emission regime in
Figure 5 in general. Treating the space charge density as the
uniform electron gas locally remains a valid approximation to
calculate the exchange-correlation effects of space charges in
nanogap.

FIGURE 9
The calculated emission current density and potential profiles using different exchange-correlation functionals: (A) The normalized electron
emission current density μ = J/JCL as a function of Vg = 1–100 V/nm atD = 1 nm by employing (i) “Perdew andWang” (fit to the RPA energy) (solid line) (ii)
“Perdew and Zunger” (PZ), “Perdew, Burke and Ernzerhof” (PBE) and ‘Sun, Ruzsinszky, and Perdew’ (SCAN) functionals (dashed lines) for the quantum field
emission model, respectively. The dotted-dashed line is for (iii) the classical model. The dotted lines represent the well-known Fowler-Nordheim
(FN) law without space charge effect, the Child-Langmuir (CL) law and the quantum Child-Langmuir (QCL) law. (B) The exchange-correlation potential
φxc, the exchange potential φx and the correlation potential φc of PZ (dashed line), PBE (dotted line) and SCAN (solid line) functionals when D = 1 nm and
F = 10 V/nm.
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3.4 Applications to other 1-D nano-gap
configurations

Here, we further apply the methodology to investigate the
electron field emission characteristics of nanogaps consisting of
like and unlike refractory metals such as W and Mo. Specifically,
four different nano-gaps including “W-vacuum-W”, “W-vacuum-
Mo”, “Mo-vacuum-W”, and “Mo-vacuum-Mo” configurations are
studied in the self-consistent numerical calculations. The spacing of
all nanogaps is fixed to 1 nm. In all calculations, the Fermi energies
of W and Mo are taken as 5.782 eV and 5.873 eV respectively.
Meanwhile, the work functions of W and Mo are given by 4.40 and
4.41 eV respectively [44]. The normalized field emission current
density versus the applied E-field value is illustrated in Figure 10.
Frist of all, it is noticed that the obtained emission current densities
for the four metal-vacuum-metal configurations are almost
indistinguishable from each other. However, in the magnified
inset, the “W-vacuum-W” and “W-vacuum-Mo” configurations
give higher emission current densities than those of “Mo-
vacuum-W” and “Mo-vacuum-Mo” cases. It is straightforward to
see that W has a slightly lower work function and Fermi energy than
those of Mo. Therefore, the cathode determines the field emission
current density in the nanogap for QR (quantum emission regime).
Secondly, the electron emission current density can be higher than
that of classic Child-Langmuir law for F > 10 V/nm. Finally, the
emission current density recovers that of classic Child-Langmuir law
when the F has a very large value. Our results are fully consistent
with the findings of Ref. [18].

3.5 Results for 3-D nanotip in nano-gap

Lastly, we expand the use of current algorithm for characterizing the
electron field emission properties with the quantum many-body effects
of space charges from the 1-Dmodel to the 3-Dmetal nano-emitters. To
further investigate the quantum effects of space charge on three-
dimensional electron field emission under a nanogap, we performed

electrodynamics coupled molecular dynamics with particle-in-cell
simulations (ED-MD-PIC) [45–47] for a copper tip (D = 10 nm, r =
1 nm, h = 100 nm) under an electric voltage of 30 V and gap spacing
10 nm or 3 GV/m. All numerical calculations are conducted using the
in-house code named FEcMD software [31]. Specifically, as shown in
Figure 11, we construct a cathode nano-tip with a total length of 100 nm.
To save computational time, the nano-tip is divided into two parts. The
upper half part enclosed by the box represents atomic structure of the
apex which is subjected to the molecular dynamics simulation
dynamically coupled with the electrodynamics. Otherwise, the lower
half coarse-grained section is treated as an extended base, serving as
boundary conditions for charge continuity and heat balance equations.
In the finite element calculation, the initial distance between the lower
nano-tip and the upper anode is set to 10 nm. The Dirichlet boundary
condition is applied to the anode with φ = 30 V. The initial temperature
of nano-tip is set to 300 K. The standard LIBXC library [29] is interfaced
with FEcMD software to treat exchange-correlation effects of space
charges at various levels on the Jacob’s ladder of density functionals,
including PW-LDA, PZ-LDA, PBE and SCAN functionals in this paper
[23, 38–41].

In the current implementation of WKBJ model to evaluate the
electron emission for 3-D nano-tip, the electric field is calculated on
the finite-element grid, and the emitted electron trajectory is aligned
in the direction of electric field that is normal to emission surface.
The quasi-planar emitter is adopted locally to calculate the electric
field value locally, and to obtain the emission current density. This
procedure is regarded as a valid approximation for computing the
field emission characteristics of nano-emitter within a relatively
large spacing with anode.

In Figures 12A,B, distributions of space charge density and the
corresponding exchange-correlation potential aremapped on the apex of
nano-emitter. The simulations reveal that the space charges emitted into
the vacuum are non-uniformly accumulated near the top of the nano-
emitter because of the high local E-field strength in the same region. The
strong exchange-correlation effects are clearly seen in the area where the
space charge density is high on the apex of nano-emitter. Figure 12C
shows the 1-D electron transmission potential barrier profile
perpendicular to the emission surface on a position with the
maximum local E-field value at the apex of the nano-tip. After
considering the exchange-correlation effects of space charges, the
transmission barrier height is lowered, compared to that of without
including such effects. Therefore, the field emission process on the nano-
emitter is enhanced. Otherwise, the employed exchange-correlation
functionals behavior differently for decreasing the electron
transmission barrier on a nano-emitter. The barrier height is lowered
most by using PW-LDA with Slater exchange method. Meanwhile, PZ
with Slater exchange, PBE and SCAN functionals give almost identical
barrier profiles shown in Figure 12C.

Certainly, the enhanced electron field emission process directly
affects the local E-field evolution on the apex region of metal nano-
emitter during the ED-MD-PIC simulation. In Figures 12D,E, we
compare the calculated total field emission current and the local
E-field strength of nano-emitter during the whole ED-MD-PIC
simulation. The large sparks observed in Figures 12D,E after running
simulations for certain times within different treatment of the quantum
many-body effects of space charges are an indication of electric pre-
breakdown caused by structural failure [32–34]. In Figure 12D, it is
found that the initial emission current is highest for PW-LDA method,

FIGURE 10
The normalized electron emission current density (μ) versus the
applied electric field value (F) for four different nano-gap
configurations including W-vacuum-W, W-vacuum-Mo, Mo-
vacuum-W and Mo-vacuum-Mo. All calculations are performed
for nanogap spacing fixed to 1 nm.
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and the other three exchange-correlation functionals output very similar
results. The lowest emission current is obtained without including the
exchange-correlation effects at all in the WKBJ method. As a result, the
obtained local E-field value has the highest value initially in ED-MD-PIC
simulation due to the least space charge screening effect, as shown in
Figure 12E. The field emission process leads to the Joule heating and
Nottingham heating (cooling) mechanisms that critically determine the
atomic structural evolution of metal nano-emitter in MD simulation.

The fluctuations seen in Figure 12 for either total emission current or
E-field value reflect the changes in atomic structure, shape, and
geometries of nano-emitter under the electric stress, thermal stress,
and interatomic interactions in typical ED-MD-PIC simulation [32–34].

Finally, it is worth noting that Cabrera and coworkers systematically
studied the current versus voltage characteristics of a diode-like tunnel
junctions consisting of a sharp W cathode and a planar electrode as the
electron collector with the typical nanogap spacing spanning from 3 nm

FIGURE 11
Multi-scale atomic structure and finite element mesh grids of nano-emitter in 3-D field emission calculations: (A): The typical initial configuration of
metal nano-emitter consists of a coarse-grained stand (the blue region enclosed by black box) and the realistic atomic structure of apex (All atoms are
represented by small red balls); (B): multi-scale finite element mesh grids of physical fields.

FIGURE 12
The 3-D ED-MD-PIC simulations for electron emission process of the conical metal nano-emitter (r = 1 nm, h = 100 nm) with an voltage of 30 V
applied to a nano-gap of 10 nm at the beginning: (A) The space charge density distribution near the surface of the nano-tip; (B) The distribution of
exchange-correlation potential in the same region calculated from SCAN; (C) The electron transmission barrier height profiles for PW-LDA, PZ-LDA, PBE
and SCAN functionals and without considering the quantum-many body effects (woQE); (D) The total emission current versus the time; (E) The
maximum local E-field value versus the time.
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to 300 nm and the applied voltage between 10 V and 80 V [48]. On the
other hand, the field induced phase transitions in Si nanotip have been
experimentally investigated using the transmission electron microscopy
in situ at the relatively low electric field (0.6–1.65 V/nm) and with the
gap distance about several hundred nanometers (200–500 nm) [49].
Clearly, the methodology developed in the current paper could be very
helpful to understand experimental works on the electron field emission
characteristics and atomic structure evolutions in the nanogaps with
different spacings and the applied voltages in the future works.

4 Conclusion

In this paper, we consider the image charge potential (anode
screening effect), space charge Coulomb potential and exchange-
correlation effect at the same time for one-dimension metal-vacuum-
metal filed emission model. By self-consistently solving the one-
dimensional Poisson-Schrödinger equation in the combination with
WKBJ model in metal-vacuum-metal nanogap, four different electron
emission regimes are defined and characterized, including the quantum
regime (QR), the space charge limited regime (SCLR), the direct
tunnelling regime (DTR) and the classic field emission regime (FER).
In the QR, the quantum effects in terms of exchange-correlation
potential of space charges have a significant effect on the emission
current, andwhich could increase the emission current density above the
limits of the classical CL law in nanogap. In addition, the use of different
exchange-correlation density functionals also impact the predicted
emission current density in the QR. Besides, to investigate the impact
of different electrode materials on field emission, we performed
simulations for W and Mo as electrode materials, finding that the
property of cathode materials determined the emission current density.
Finally, to investigate the quantum effects on thermal runaway, three-
dimensional ED-MD-PIC simulations were performed with different
exchange-correlation functionals for a nano-tip under a gap of 10 nm
with 30 V. The quantum effects with different exchange-correlation
functionals also impact the current andmaximum E-field value at initial
and pre-breakdown time. Overall, recognizing different electron field
emission regimes is vital to understand the field emission characteristics
of nanogap in modern field emission devices.
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Appendix

For the one-dimensional Poisson-Schrödinger as shown in
Equations (7) and (8), we employed FDM for discretization and
solution:

qi+1 + qi−1 − 2qi
dx2

+ λ2

D2
[ϕsc i − ϕxc

eVg
+ x

D
− 4
9

μ

qi4
]qi � 0 (A1)

ϕsc i+1 + ϕsc i−1 − 2ϕsc i

dx2
� 2
3

eVg

D2
q2i (A2)

Regarding all the integral formulas mentioned in the paper, such
as the integral terms in Equations (1), (4), and (6), we adopted the
classical formula with equidistant abscissas for discrete integration.
To enhance computational accuracy, the extended Simpson’s rule
was utilized to solve the integral terms.

∫xN

x1

f(x)dx � h[1
3
f1 + 4

3
f2 + 2

3
f3 + 4

3
f4 +/ + 2

3
fN−2 + 4

3
fN−1

+1
3
fN] + O( 1

N4
) (A3)

Here, f (x) represents the integrand, and N denotes the number of
points determined by the user. Typically, a higher number of points leads
tomore accurate integration results but requiresmore computation time.
To achieve a good balance between computational efficiency and
accuracy, we chose N = 200 points for the integration calculations.

Notably, the current methodology allows us to explore different
electron field emission regimes within the same set of equations. Each
component in the space charge fields can be employed in the calculation,
and its influences on the electron emission properties in nanogap can be
investigated. It is also worth mentioning that one may recast the
equations A1 and A2 into a single time-independent Schrödinger
equation by ignoring both space charge Hartree potential (φsc) and
exchange-correlation effects (φxc). This corresponds to the field emission
process without considering any space charge fields (φsc and φxc).
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