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This research paper studies the consensus tracking control problem for a class of
uncertain non-affine non-linear multi-agent systems (MASs). First, different from
the separation design scheme using the mean value theorem in previous works,
this research paper not only uses the mean value theorem but also introduces the
Taylor decoupling method to decouple the complex unknown non-affine
structure. Second, to solve the difficulty of unknown non-linear functions in
non-linear MASs, an intelligent technique based on neural networks was used.
In addition, compared with the existing traditional event-triggered control
strategy based on the relative threshold, an improved event-triggered control
strategy based on the decreasing function of error variables was introduced to
reduce the waste of unnecessary resources. The theoretical result shows that the
whole closed-loop system is stable under the action of the proposed control
protocol. Finally, the simulation experiment verifies the effectiveness of our
control method.
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1 Introduction

In recent years, with the rapid development of computer technology, problems related to
MASs have also been the focus of many scholars. The system is mainly used in the fields of
robotics, transportation, and human-machine interactions [1-7]. Particularly, MASs have
higher performance and efficiency compared with expensive single systems; however, their
control is more complex. The large-scale complex control problem of MASs can be solved
through information exchange and coordination among agents. One of the most significant
and essential areas of study in MAS cooperative control is the consensus problem. Early
studies conducted extensive research on the consensus tracking control of linear MASs
[8-10]. However, in recent years, consensus tracking control of non-linear MASs has
received increasing attention [11,12].

In real-world industrial production, many objects cannot be modeled as systems with
affine forms; therefore, the control design of non-affine non-linear systems has always been a
key problem [13-17]. Furthermore, due to the needs of some practical tasks, such as
supersonic vehicles and magnetic levitation systems [18-20], theoretical research on non-
affine non-linear MASs is more meaningful and some non-affine non-linear MAS control
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methods have been proposed. Using a new class of implicit function
and fuzzy logic technology, under the condition of switching
topologies, the containment control problem of uncertain non-
affine non-linear MASs with many dynamic leaders has been
addressed [21]. Regarding the control problem of non-affine
non-linear MASs, Wang and Song [22] proposed a distributed
neural adaptive control scheme under the condition that the
control gain is uneven. The aforementioned research showed that
the implicit function or median theorems are widely used for
controller decoupling. In contrast, the Taylor method used in the
present study provides a new approach for controller decoupling.

The previous literature has shown that the event-triggered
control (ETC) strategy is a good way to reduce sample data and
traffic to design control strategies. In recent years, many researchers
have adopted the ETC strategy to design control strategies [23-28].
An ETC strategy that follows the switching threshold was
introduced to save communication resources, and the tracking
control problem for stochastic non-linear pure-feedback MASs
was solved [29]. Wu et al [30] proposed an improved ETC
strategy that included ETC input and tracking error reduction
function to update the actual control input. However, the
aforementioned event-triggered strategies do not take into
account the triggering rate, which is worth considering in the
development of more efficient ETC strategies, and which
motivates our work.

Based on the aforementioned findings, this research paper
focuses on the consensus tracking control problem for non-affine
non-linear MASs. According to the Taylor decoupling technique, a
scheme of control input separation design for non-affine non-linear
MASs is proposed to ensure the boundedness of all signals and
achieve good consensus tracking. By introducing an improved ETC
strategy, unnecessary resource waste is reduced. The following is a
summary of the contributions made by this research paper: 1) to
solve the coupling problem of non-affine non-linear MASs, the
Taylor decoupling technology was used to effectively decouple the
non-linear coupling functions. In addition, an intelligent technology
based on neural networks was used to approximate unknown non-
linear functions. 2) The previous literature used the fixed threshold
ETC strategy to change the size of the control amplitude, with a
constant measurement error [31]; in contrast, the relative threshold
ETC considered in this study can adjust the system performance
more flexibly. This research paper adopts an improved relative
threshold ETC strategy to design the controller for each agent
and introduces a decreasing function of error variables, which
improves the efficiency of the ETC strategy by reducing the
waste of communication resources.

2 Problem formulation and
preliminaries

2.1 Graph theory

Consider the topological structure of a MASs with one leader
and multiple followers, which is represented by a G = (V, &) with
V= {vo, V1, ..., vn} representing the node set, where v, is an agent
associated with the leader, and £ = ¥ x V denoting the edge set. An
edge (i, j) € Vin G means that the agent i can get information from
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the agent j directly. The adjacency matrix is denoted as A =
[aij] e RVN with aj > 0. The set of neighbors of node i is
denoted by N;= {] = (j,i) € (‘:‘} The diagonal matrix D =
diag(dy,d,,...,dN) e RVN s the definition of the in-degree
matrix, where d; = ¥, jen;@ij- The Laplacian matrix is defined as
L =D - A, where L € RV,

2.2 System formulation

We consider the following class of non-affine non-linear MASs:

Kik = Gik (Dig)Xigknr + fir (Bik) + 0" (Mg
xi,n; = fi,n,' (Ais ui) + (Pi,n,-T (Ai)rli,n,- + di (t), (1)
Yi = Xi1,

)T € RN A = [xi1, %10, ., Xy )T € R
are the system state vectors. y; € R, u; € R, d; € R are the control
output, the input, and the additive disturbance, fix (-); gix (): RF SR
represents the known smooth functions, fi,; and ¢;; (-) represents the
unknown smooth functions. #;; € R? denotes the unknown parameter
vector.

where Ajx = [xi1,Xi2, .-

Our goal is to ensure that: 1) all signals in the closed-loop system
fall within the specified compact set; and 2) the system output
tracking error e; = y — y, converges to zero.

Assumption 1: The external disturbance d;, the reference signal

ya and its kth-order derivatives y‘gk), k=12, ..., n are all

continuous and bounded. In addition, |y4l<yj, Iy;k)|£y;k)*,

and |d;| <d;*, where y;,yék)*

bounds.

and d;* are the unknown upper

Assumption 2: G contains a spanning tree, the root which is
called the leader y,.

Assumption 3 [30]: Based on Assumption 1, for a given compact
set Qp € R”, there exist two positive constants f* and f such that
this research paper deals with a class of non-affine non-linear MASs
tracking control systems with uncertainties

afi,n, (A> 0) <

O<fi<——2——<fi 2)

where arbitrary A € Q,.

2.3 Preliminaries

Lemmal: Let Q5 be given compact set of R™, then the non-
linear coupling function f,, (A;,u;) can be changed into

Fin (Bt i) = fin (D8, 0) + Gir, (A )15, (3)

Then, we use Taylor’s theorem to separate u; from g,

B 0Gin; (A, 0) 1 azgi,n,- (A, 0) ,
G (Ais i) = Gi, (A, 0) + o u; + 5 ou? u+
1 "gi, (A;,0
+— Mun + Rimer (Ais 1), (4)

n;! ou! i
where gi,, (A, u;) = (WIFW) with u, = cu, ¢ € (0, 1) and

y+1 .
Rin1 (A 1) L P00 et it o < {<u;

= Dl o i

Substituting Eq. 4 into Eq. 3, we obtain
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Fin (Bisti) = fin (D5, 0) + G, (As, 0)1t; + 1y, (A 147) (5)
= Gin (A, 0)u; + C(A)),
where C(8) = fin (84 0) + g, (), 1, (81,0 = T
P Gin (A, iy (A '
21’ gau( O)u? nll galu( 0) n+1 + 9{111+1 (A,,M )141

Therefore, from Egs 3-5, Eq. 1 can be rewritten in the following
affine form:

Xig = Gige (X)) Xigar + fige (1) + (/’i,kT (xi)ﬂ,-,k,

(6)

i = Gim (B3, Ot + C (&) + 9,7 (x1,,, + i (1),
Vi = Xi1.
Lemma 2 [32]: Define the diagonal matrix B= diag{l;i} e RN,
then L+B is non-singularLemma 3 [32]: Define E; =

ernenn.en)’ LY = (nya ) Ye = Do Yoo 30
then

1Y - Y| <|EIB(L+B), 7)
where B(L+B) is the minimum singular value of L+ B.

Lemma 4 [32]: For any constant « € R and any variable ¢ > 0,
the following inequality holds:
o
0<|a| -« tanh(;) < ke, (8)

where x = 0.2785.

2.4 Radial basis function neural networks

Radial
approximate

(RBFNNs) can
[11,33-35].
Specifically, the unknown non-linear functions F(I) can be

basis function neural networks

arbitrary  non-linear  functions

approximated over a compact set I' ¢ Qr C R!

F(I) =®TS() +46(D), 9)

where ®* = [@, D, ..., D;]" € R is the ideal weight vector, § (T) is
the approximation error satisfying |8 (I')| < 7 with a precision level
7> 0. S(0) =[S, (1), 5, (D), ..., 5(I)]" € R is the basis function,
where [ > 1 is the node number of s RBFNNS. Particularly, the basis

function can be chosen as
§:(T) = exp[-(T - &) (T - &) /], L

where §; = [, .. >fz‘l]T
and #; is the width of the Gaussian function.

i=1,.. (10)

is the center of the receptive field center

3 Main result

This section provides an efficient adaptive ETC strategy based on the
adaptive neural approximation technique and a backstepping scheme.
The following error variables are defined:

N
= Zﬂij(}’i —)’j) +bi()’i _)’d)’

(11)
=
€ik = Xik — Uik-1> (12)
where u;;_; is the virtual controller designed in step k.
Step 1: First, the derivation of e;; along (Eq. 11) is
Frontiers in Physics
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€ = (l;x + &i)(gi,l (xi)xiy + fi,l (%) + (le (xi)ﬂ,-,l)
N

- (13)
~biyy = Y ai(g5 (%)% + i Ge) + 08, (%))
=
The Lyapunov function is
1 -2
Vil = Ee?" + %6,-,1 , (14)

where y;; is a positive design parameter, 6, is the estimation of 6, ,
and 9,',1 = 91')1 — 9,',1.
From Egs 13, 14, the derivative of V;; is computed as

. 6. I
Vit =eiéi1 — 9

=eil [(b + d )(gi,l (xi)xip + fia (x1) + (Pfl (xi)”l,-,l)

J 15
=Y aii(gia () xja + £ () =
j=1
1%
+ o5 (xi)m)] = o
Vi1
Consequently, taking Eq. 15 into account yields
Vi,l =€ [(Ez + &1) (gi,l (x:)eir + gia (xi)ui,l)
2 - (16)
+F11 (Ty) - 912_1] - ﬁei,b
i1
where
Fi,l Iy = ( z~+ ;l )(fi,l () + 9’{1 (xx')m,l) - gij/d
d(g l(xj)x]2+f]1(xi) (17)
€,
i (%)) + 5

Due to F;; (T;) contains unknown functions. Hence, the RBENN
is introduced to approximate the unknown functions
Fiy (1) = ;8 (1) + 8, (L) |1 (T)] < 7ty (18)
where 7;; > 0, T; = [x{l,le,yd,j/d]T € Q.
Furthermore, combining Lemma 4 with Eq. 18 and Young
inequality results in
2 2

e, T
= 19
5 (19)

2

01
erlel(r)<2C2 121 i1

i,1

2
(F)Sn(F)+*

where ¢;; is a positive constant.
The virtual control u;; is constructed as

1 O o R
Uiy = == | —aiei — 5, €S, (I)S; (Ti)], (20)
' b+ d)g () [ T e, S 0%
where a;; is a positive constant.
According to Assumption 3 and Eqs 17-20, we obtain
Vi,l < —a 1‘3-2 + (l;z + &1) (gi,l (xi)ei,lei,z)
b :
B LS s -0:)
i1
cin T2i,1
2 27
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Then, the adaptive law 6;; and the positive design parameters

‘Ll,')l are
éi,l = 2); etlsll(rzl)stl(rtl) 911; (22)
2 72 921.
yl—c‘—’1+ﬂ+—‘l. (23)
222y,

Substituting Eqs 22, 23 into Eq. 21, we obtain

~2

6.
L yu. (24)
2y, ’

i1

Vi< - ai,1€i1 + (51 + az) (gi1 (x1)eirein) =
Step k(2<k=<n; — 1): We choose the Lyapunov function as

1 1
Vik=Vi + —e? + —6,' . 25
& et €k 270 & (25)

Similar to Eqs 14-17 in Step 1, the derivative of V;; can be
computed as

Vi,k = Vi,k—l + ei,k[gi,k (x)Xijerr + fin (i) + ?’Zkﬂ,-,k

0
_Z Z u]k 1(9j,z(xj)xj,z+1 +f,-,z(xj) +¢£’"1’l) (26)

I=1 jeN;

Z 6ulk l 1l:| - %éi,k>

o 60 Yik

aulk 1 .

where y;, is an arbitrary constant.
In the same way, as in Eq. 15, we get

Vi,k = Vi,k—l + ez‘,k[gi,k (xi) (ei,k+1 + ui,k)

€, é,‘ ~ (27)
+F1k( ) (b +d)gtk 1€ik-1 — Zk] y’kai,k:
ik
where
Fi,k ;) = fzk(xx + (P;Fkr]lk
du
‘Z 2 a]k ~(931(x5) x50 + fa()
121 jen; 9%jl
(28)
T auzk 1 . uzk 1
+‘Pj,z771,1) IZ: 831 0:

+e;—’k + (bz + di)gi,k—lei,k—la

where for k = 2, take (l;i + &i) = (E;i + tf,-), and for 3 <k <n; -1, take

l;i + di =1. Similar to Eq. 18, the equation F,-,k (Ty) =

O (T)Six (T1) + 8ix (1), 18:x (T;)| < Tix can be obtained easily.
Therefore, we obtain

2
=+

el (T) < G’kez SL(T)S; (r.)+§+ﬁ Lk
ik L ik \Li 2C ikOik \Li)Oik \Li 2 2 2 .

ik
Designing the virtual control u;; as

1 Ok or =
U = ——— | —aireir — ——eixS: . (I1)Sik () |, 30
k= e | T T 5, o e (L) Sik (1) (30)
where ¢;; > 0 is the design constant.
We then get
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k k-1 éz‘z
5 1,
Vie < = ) auely + gu (xi)esseinn = ), 2

I=1 1=1 yi,l

_k< _ elkszk(rlk)slk( i,k)_éi,k> (31)
1k

k-1

!‘;k 1T lige

The adaptive law 6 and the positive design parameters y;  are
designed as

Vit

éi,k 20, 6‘, kS,k(rzk)Szk(rxk) 0; s> (32)
& 1, O
=St S (33)
Vik
Substituting Eqs 28-33 into Eq. 31 yields
. k g l
Viks = Z aije}; + gix (Xi)eixeigin — Z - Z i
I=1 2y I
Step n;: At this step, define e;,, = xiy, — Uiy, ,. We add an

unidentified positive constant D such that |C (x;) + d;| <|C (x;)| +
|d;| <D for all A; € Q.
The Lyapunov function is

Vi = Vipr + ;em imé?’"” (34)
Then,
Vi,n1 < Vi,n;—l + ei,n,(gi,ni (xi O)u; + <Pzn, (xn;,
+D -1, ) - 9’—"9,” (35)
where

a 1,1
uzn,l z l;x: (gzl x:)le+1 +fll xz)+(P,171,1)

Bu],,x
5 25
I=1 jeN;
-1
m1 Z ”’lx
I=1

l,

(gﬂ( )x] 11t f;z(x,) (36)

+‘P§-‘,z’1 j,l)
From Egs 35, 36, the derivative of Vi,niis computed as

Vi,n,» < Vi,ni—l t €ip (gi,n,. (%5, 0) i — Gim—1€im—1
, i\ B (37)
+Fy (Ti) = ) - 2,

i,

where

n-1

Fxn,( 1) (P,n X)T’]”,l+D Z axtl
(gzl (%)X + fi,l (i) + ‘Pi,l”li,l)
Uy
—Z > u’ (gj,l(xj)xjm +fu(x) 38

I=1 jeNj;
”1 ni—1 . Z 6”1 Mi—
i,
=1 6911

du; ki1

+‘P£z n j,l)

ei,m
+ 2 +gi,nrlei,nrl~

frontiersin.org


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2023.1231313

Wang et al.

Furthermore,

2 2 2

l"i Sin» l"i + L + L + 1,n,'. 39
(008, () + B S T 39

f 61' 7 ol
ei,n;Fi,n,' (rl) < 2x ei,nis,‘,ni
in;

Hence, the virtual control signal is designed as

éi,n, T o
ZCTei,n,- i (TS (L), (40)

Ui, = —AinCin; —
where a;,, is the positive constant.

Substituting Eqs 34-40 into Eq. 35, we have
o 2

. ni 9 . n;
Vim< = Z aie;; - Z 2y,l, + ZH,-,I + i, (Gim (X0)thi = Ui,).  (41)
I=1 I=1 il =1

Furthermore, the actual ETC input strategy is as follows:
vi(t)=¢' (1+ QO)(u,-,,i tanh(m)
€

O1€in €,€in
+0, tanh(—1 l’"') +e, tanh(—" 1‘"‘)),
€ €

u;i () = vi(fe), Vi€ [t tin), (43)
ti = inf{t € R | lec ()] 2 ,lu(t)] + woe, +vo},  (44)

(42)

where e (t) = v(t) — u(t), e, = [1/Zz_llek ()] + Kl] and k; >0, ¢y > 0,
0 < 9o <1, wy>0,and v, > 0 are positive design parameters such that
G < farwofy<l=epvofy<or(l-gp)

According to Eq. 44, v(t) —u(t) = Ao () (g, |u ()] + woe, (£) +
vo) where A4(1) is a continuous function and Ay(;) = 0, Ag(txr1) = %1,
(1) = A(1), |Ao(H)| < 1, and |A ()] < 1, Vt € ty, tgsr. Sincea € R, e >

einVi(t) _ einvi(t)
0, —atanh (%) <0, e;,v; () <0, and Tl (g, S Tray -
Then,
v; (t Ao (t)o,e Ao (B)v
i (t) = i (1) _ o()Qoo _ o (H)vo ] (45)
1+ Al (t)QO 1+ Al (t)QO 1+ A,l (t)QO
Substituting Eqs 42-45 into Eq. 41, one obtains
n; n; éz
. il
Viw <= ayel =) 5o~ leallein] = a1fei]
=1 =1 “Yii
& *woleol|ein Vol€in
+Zﬂi,1+fb ol 0|| w|+fb 0| ,.|+3K6 (46)
=1 1-g 1-¢

n i

i 1
< - Z a;ie;, — z % + Z‘uu + 3ke.

11 = <Y o
Remark 1: The newly introduced decreasing function e, (t) gives a
higher triggering threshold when the tracking error ey, k=1,2,...,n
is very small. According to le. (t)| = g,lu (t)| + woe, + vo, choosing
the fixed threshold v, and parameters appropriately, w, and g, can
achieve the expected tracking performance.

4 Stability analysis

We are now prepared to state the main results of this research
after the analysis mentioned previously.

Theorem 1: Consider the non-linear MASs (Eq. 1) satisfying
Assumption 2. For bounded initial conditions, the virtual control
signals (Eqs 20, 30, 40), adaptive laws (Eqs 22, 31), and the
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tracking control protocol (Eq. 43) based on Assumptions 1-3 are
obtained. The whole controller design process ensures that the
signals of all closed-loop systems are bounded.

Proof: The derivative of V7, is rewritten as

Vi < = @iV, + B (47)

m
where f; = z,uu +3ke, @; = min{Za,-,l, yi,l}. The total Lyapunov

candidate fulrzllction VisV = ZQIV,-,”{.
From Eq. 47, one obtains
V< -aV+p, (48)

i=1,2,...,N}and B =YV B,
Furthermore, Eq. 48 satisfies

where ® = min{®;,

0<V () <e®V(0) + g (1-¢). (49)

From Eq. 49,

IE.|* <2e®V (0) + % (1-e). (50)

Theoretically, the following inequality can be made to hold by
choosing the design parameters a;, ¢;, y; correctly based on the
definitions of @ and f3

9=
el
[ 8]

(8(z+B)), Q)

<

|

where arbitrary ¢ > 0.

Lemma 3 states that the result lim, ,o||Y-Y < ¢ may be
obtained by selecting the proper parameters, which implies that
the system output is guaranteed to converge to a tiny finite error.

We can find ¢ > 0 such that the {tx,; — tx} >t*, Vk € z*. For
e(t) = v()- u(t), Vt € [ty, try1), we get

d . . ;
T lec| = sign (e.)é. < |v(t)|. (52)

We know that v (¢) is continuously bounded. Consequently, there is
a positive constant v such that |v(¢)| <v. Furthermore, e(t) = 0 and
lim; ;e (t) = m, the lower bound #* that satisfies t*>" can be
obtained. The issue with the Zeno behavior is, therefore, resolved.

5 Simulation study

In this section, we will verify the effectiveness of the designed
control strategy through a numerical example. Consider the
following second-order non-affine non-linear system. The
system’s communication structure is shown in Figure 1, where
node 0 represents a virtual leader. It is obvious that only follower
1 is capable of receiving the leader’s signal. The system model is

given by the following formula:

Xin = Gin (x)xi2 + fin (%) + ‘PL (xi)’1,-,1
Xiz = fiz (A i) + (sz (x)n;, + di(t) (53)
Yi = Xi1-

The aforementioned non-linear functions are g;; = 1 + sin(x; +
1), fir = 0.6cos(x11), g12 = 1 + sin(x1,), C; = 2cos(x1,), dy =
0.1sin(x12), g1 = sin(xpy; + 1), fo1 = 0.8cos(xz1), g2 = 1 —
§in(x,,), G, = 0.8 cos(x,), dp = 0.1e" 7, g1 = sin(xs; + 1), 351 =
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Trajectories of the tracking error. Trajectories of the control input us.
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FIGURE 8
Threshold value of the proposed improved method compared
with those of other methods.

0.5c08(x31), g32 = 1 + sin(xs, + 1), C5 = 0.5 cos(x3,), ds = 0.3 sin(x3,),
and ;= e i, i=1,2,3, j=1,2,3.The signal of the leader is
chosen as y; = 0.6 sin(t) + 1. We choose the initial values (0) = [1,1]7,
%5(0) = [1,1]7, x3(0) = [L,1]", x4(0) = [0,0]", x5(0) = [0,0]", and x6(0) =
[1,1]". The design parameters are selected as a;; = 1,a;, =10, a,, = 1,
ap=Tliay =las, =1,y;;=1,i=1,2,3,j=1,2,3,k;, = 30, ky, = 40,
Koy = 28, kyy = 35, ks, = 40, and ks, = 30.

Concomitantly, we get the simulation results in Figures 2-7.
Figure 2 shows that the actual output of the studies’ systems can
track well with the expected trajectory y,. Figure 3 shows the error
between the output signals and the expected signal. Figure 4
shows the adaptive parameter curves of each follower. The
curves of the controller are shown in Figures 5-7. Figure 8 shows
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the event-triggered times and the threshold value comparisons of the
two methods.

6 Conclusion

This research investigates the consensus tracking control
problem for a class of non-affine non-linear MAS and proposes a
design scheme for control input separation. The Taylor decoupling
technology is used to successfully decouple the control inputs with
the non-affine non-linear terms. Then, the unknown non-linear
functions that exist in the non-affine non-linear MASs are
approximated using RBFNNs. Moreover, an improved ETC
strategy is proposed, which introduces a decreasing function to
improve the performance of the ETC strategy. This ETC strategy
burden of the
communication process and achieves better control objectives.

significantly ~reduces the computational
The designed control strategy ensures the boundedness of all
signals and achieves good consensus tracking performance. In the
future, we will focus on extending the proposed method to MASs

with more general structures and malicious attacks.
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