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This study explores the propagation properties of orbital angular momentum (OAM) carried by a vector anomalous vortex beam (VAVB) in maritime atmospheric turbulence, utilizing the Rytov approximation. A comparative analysis is conducted between the VAVB and Laguerre-Gaussian beam, revealing that the VAVB exhibits a higher detection probability under specific circumstances. This suggests that the VAVB is more suitable for scenarios where maximizing detection probability is critical. The detection probability of the signal OAM mode is affected by the characteristics of maritime atmospheric turbulence and propagation distance, but can be significantly improved by manipulating beam parameters such as wavelength, beam order, beam waist, and quantum number, while considering the characteristics of maritime atmospheric turbulence. Hence, the use of VAVB has the potential to facilitate reliable optical communication in challenging maritime environments.
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1 INTRODUCTION
Free-space communication systems using laser beam, also known as lasercom, have garnered significant interest due to the growing demand for high data transmission rates in various applications, including satellite communications for downlink/uplink, 6G communication links, and connections between buildings where fiber optics are not suitable [1]; [2]; [3]; [4]. However, the propagation of laser beams through turbulent media is greatly affected by the fluctuations in refractive index, resulting in beam spreading, beam wander, irradiance fluctuation, angle-of-arrival fluctuations, loss of spatial coherence, and random phase fluctuations [1]; [5]; [6]; [7]; [8]; [9]. Several methods have been employed to overcome these detrimental effects of turbulence, such as phase correction using adaptive optics, increasing the receiver aperture size, and utilizing partially coherent or vector beams [10]; [11]; [12]; [13]; [14]. It has been observed that vector beams are more resilient to turbulence compared to scalar ones, mitigating the turbulent effects and reducing the spreading of orbital angular momentum (OAM) spectrum [11]; [12]; [13]; [14].
The behavior of laser beam propagation in the marine environment differs from terrestrial atmospheric turbulence due to factors such as high humidity, temperature fluctuations, irregular movement of seawater, changes in wind velocity, and their interactions [6]; [15]; [16]; [8]. Experimental data obtained over the Salton Sea has shown significant amplification of characteristic turbulence features of marine turbulence when compared to terrestrial atmospheric refractive spectra [17]; [18]. C. Jellen et al. have experimentally confirmed that the refractive index structure constant varies with respect to the time and depends on other turbulence parameters such as water-air temperature difference and pressure [19].
Various vortex beams, including Laguerre–Gaussian beams, Bessel–Gaussian vortex beams, hollow Gaussian vortex beams, and Airy vortex beams, have been generated in laboratories and extensively studied [16]; [20]; [21]; [22]; [23]; [24]; [25]; [26]; [27]; [28]; [29]. The OAM spectrum of Laguerre–Gaussian beams, Airy beams, Hankel–Bessel beams, and modified Bessel–Gaussian beams in the maritime atmospheric turbulence has been theoretically investigated based on the Rytov method [20]; [16,30]; [21]. Anomalous vortex beams (AVBs), a recent model of vortex beams, offer several advantages that make them promising for diverse applications [22]; [23]; [31]; [25]; [32]; [24]; [26]; [27]; [28]; [29]. AVBs can be generated in the laboratory using spatial light modulator [22]; [31]. Additionally, circularly polarized AVBs can be employed to generate Airy vortex beams [32], trap particles [26]; [27], facilitate lidar detection, and enable imaging in strong turbulent atmospheres [29]. Z. Dai discovered that the beam width of AVBs propagating through strongly nonlocal nonlinear media can remain invariant and periodically compressed or broadened [24]. Furthermore, it has been demonstrated that the spiral spectrum of scalar AVBs in weak atmospheric turbulence retains more power and carries a larger information capacity than scalar Laguerre–Gaussian beams [28]. The propagation characteristics of AVB beams through atmospheric turbulence depend on turbulence parameters, topological charge, and beam order [23]; [28]; [29]. In some cases, it has been observed that the spiral spectrum of partially coherent AVBs is higher than that of partially coherent Laguerre-Gaussian beams [23]. However, the propagation model of vector anomalous vortex beams (VAVBs) and their OAM modes require further investigation to develop an efficient model for carrying OAM mode for optical communication in maritime atmospheric turbulence.
In this paper, we investigate the propagation properties of VAVBs in maritime atmospheric turbulence using the multiple phase screen method. We also examine the detection probability of OAM of optical communication links utilizing VAVBs based on the Rytov approximation. In Section 2, we present a theoretical method for calculating the detection probability. In Section 3, we provide numerical simulations of the intensity distribution of VAVBs in maritime atmospheric turbulence, as well as the detection probability under different beam and turbulence parameters. Finally, we summarize our findings and present a conclusion in Section 4.
2 THEORETICAL MODEL
In cylindrical coordinate system (r, ϕ, z), the initial electric field of the vector anomalous vortex beam at the source plane z = 0 can be expressed as two perpendicular scalar components vortex beams in x and y directions as follows [33]:
[image: image]
where s is the topological charge or quantum number of the beam which may take either positive or negative integer values, ϕ0 is the initial phase angle that gives radial and azimuthal polarization for 0 and π/2, respectively. The electric field [image: image] of the anomalous vortex beam is expressed as [22].
[image: image]
where E0 is a constant, w0 is the beam waist radius of the fundamental Gaussian beam and n is the beam order. This equation can be reduced to a Gaussian beam when n = s = 0, a hollow Gaussian beam when n ≠ 0 and s = 0, Gaussian vortex beam when n = 0 and s ≠ 0.
Under the paraxial approximation, the electric field of anomalous vortex beam propagated in free space at distance z from the source plane, based on the Huygens–Fresnel integral, can be given as [22]:
[image: image]
with
[image: image]
where [image: image] is the wave number with wavelength λ, [image: image] is the associated Laguerre polynomial and [image: image]. The last equation should be multiplied by (−1)sfor s < 0. To clearly understand the propagation properties of AVB in free-space, the normalized intensity distribution is illustrated in Figure 1. AVB is a type of laser beam with self-focusing properties, which means that AVB can focus itself without the need for external optical components like lenses. The self-focusing point of AVB can be controlled by adjusting its beam parameters such as topological charge (OAM) and beam order. The medium through which the beam is propagating can also affect the self-focusing point.
[image: Figure 1]FIGURE 1 | Normalized longitudinal intensity distribution, transverse normalized intensity and phase diagrams at z = 0, 1,2 and 3 km of scalar anomalous vortex beam propagated in free space with parameters n = 8, s = 2, w0 =0.02 m and λ = 1550 nm.
The two components of VAVB in free space can be decomposed into positive and negative vortex beams that encoded into a right circularly polarized and left circularly polarized beams, respectively, with equal intensity and opposite spiral phases as follows.
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In turbulent mediums the intensity distribution and phase of the beam are distorted. Based on the Rytov approximation, the propagated electric field of the vector vortex beams in turbulence can be treated similarly to scalar vortex beams [34]; [11]. Therefore, the x-polarized component of electric field for VAVB after propagating through maritime atmospheric turbulence at the receiver plane can be expressed as [5].
[image: image]
where ψ(ρ, φ, z) is the phase perturbation of the propagated beam through maritime atmospheric turbulence. The complex amplitude of VAVB disturb due to the refractive index fluctuations of the turbulence causing spreading of OAM to neighboring states. Based on the method of Fourier series expansion and the superposition theory of the spiral harmonics, the received electric field of VAVB can be expressed as [35].
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where am,x(ρ, z) is the Fourier coefficients, that can be obtained by Fourier inversion as
[image: image]
Now, the probability density distribution with mode m of VAVB in the paraxial channel can be given as
[image: image]
where [image: image] is the ensemble average and the asterisk represents the complex conjugate. Substituting Eq. 7 into Eq. 10
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Based on the quadratic approximation of the wave structure function, the mid term in the last formula, the phase correlation function can be given as
[image: image]
where ρ0 represents the coherence length of a spherical wave propagating through non-Kolmogorov maritime atmospheric turbulence that is given by [15]; [30]; [36].
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since Φn(κ) is the power spectrum of refractive-index fluctuations in non-kolmogrov and isotropic maritime atmospheric turbulence with [image: image], that is expressed as [5].
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where A(α) = Γ(α − 1) cos(πα/2)/(4π2); α is the non-Kolmogrov parameter; [image: image] in unit m3−α is the generalized refractive index structure constant that can be reduced to the structure constant with units m2/3 when α = 11/3; (a1, a2) = (−0.061, 2.836) and (1.802, −0.254) for maritime atmospheric turbulence and terrestrial turbulence, respectively; κ0 = 2π/L0 with outer scale of turbulence L0; κH = c(α)/l0 with inner scale of turbulence l0; and c(α) is expressed as [30].
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Substitute Eq. 14 into Eq. 13 and use the integral form of the second kind of a hypergeometric function U(p; q; x) that is defined as follows [37].
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The spatial coherence length can be expressed as
[image: image]
The probability of the OAM mode with quantum number s of VAVB after propagating in the maritime atmospheric turbulence of the x-polarized electric field component can be expressed as
[image: image]
Substituting Eqs 5, 11, 12 into Eq. 18, the probability density distribution of OAM modes of VAVB in the case of x − polarization direction can be obtained as
[image: image]
Based on the orthogonality of OAM mode and using following integral formulae Gradshteyn and Ryzhik [38].
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WhereIn(η) is the modified Bessel function of the first kind of order l, we conclude
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where d is the diameter of receiving aperture. With same procedure the detection probability of OAM mode for Laguerre–Gaussian beam of order n and quantum number s is given as
[image: image]
where [image: image] and [image: image] represents the Rayleigh range. Herein, the electric field through free space of Laguerre-Gaussian beam is expressed as
[image: image]
where
[image: image]
At the receiver plane, the normalized detected probability of a signal OAM mode with quantum number s for the VAVB of order n after propagating in maritime atmospheric turbulence can be expressed as
[image: image]
The mode probabilities of the OAM carried by VAVB in the x and y polarization directions have to detect independently and separately in order to measure the opposite signs of OAM modes and treated as a positive modes for both cases −s and +s. Therefore, the detection probability of s mode can be express as Yuan et al. [34]; Cheng et al. [11].
[image: image]
3 NUMERICAL ANALYSIS AND DISCUSSION
In this section, the intensity distribution of the propagated VAVB through maritime atmospheric turbulence is discussed based on the multiple phase screen method [11]. After that, the numerical results for the OAM spectrum and received power or OAM mode detection probability are presented and discussed based on Eqs. (22)-25). The simulation parameters are E0 = 1, λ = 1.55 μm, w0 = 0.02 m, s = m = 3, n = 3, d = 0.20 m, the distance between two phase screens △z is 10 m with grid 512 × 512, α = 11/3, [image: image], z = 1 km, L0 = 10 m, and l0 = 5 mm unless otherwise specified.
To better understand the propagation characteristics of OAM carried by the VAVBs in maritime atmospheric turbulence, we first demonstrate the evolution of intensity distribution through free space and through maritime atmospheric turbulence. Figure 2 compares the normalized intensity distributions of propagated VAVBs and vector Laguerre-Gaussian vortex beams (VLGBs) in free space and maritime atmospheric turbulence, with different values of beam order (n = 1, 3, and 4) and quantum number (s = 1 and 4) at four different propagation distances (z = 0 m, 1,000 m, 2000 m, and 3,000 m). As shown in Figure 2, it can be seen that both VAVBs and VLGBs are vector beam types capable of carrying OAM, which enables them to maintain their shape and hollow intensity profile over long distances. However, when these beams propagate through atmospheric turbulence, they are subject to various effects caused by random fluctuations in the refractive index of the medium. These effects include beam spreading, scintillation, and wavefront distortion, which can cause the vortex beam to lose its hollow profile, and increase the size of the dark spot at the center of the beam as the distance of propagation increases. It is important to note that the specific effects may vary depending on the properties of the beam and the turbulence conditions. One significant difference between VAVBs and LG beams is their phase structure. LG beams have a singular helical phase front, whereas VAVB beams exhibit a more intricate phase structure around the singularities, featuring higher-order helicoidal structures. This complex phase structure allows VAVBs to be less susceptible to distortion and spreading under long-distance turbulent conditions compared to LG beams. Furthermore, VAVBs with high quantum numbers have a larger hollow size, which indicates that the diffraction and turbulence effects on the propagated beam are more significant. As a result, the intensity distribution of VAVBs with high beam orders may be more distorted than those with low beam orders. However, the self-focusing property of VAVBs becomes more pronounced with increasing beam order, which can counteract the distortions in the beam profile during long-distance propagation. In summary, the propagation of VAVBs through a medium with atmospheric turbulence is a complex phenomenon that depends on several parameters, including the beam order, quantum number, and propagation distance. Understanding these effects is crucial for optimizing the performance of OAM carried by VAVBs in various applications.
[image: Figure 2]FIGURE 2 | Intensity distribution of vector anomalous vortex beam and vector Laguerre-Gaussian beam propagated in maritime atmospheric turbulence.
Figure 3 shows the comparison of the detection probabilities of the signal OAM mode for VAVBs and VLGBs propagated through maritime atmospheric turbulence, as a function of beam order n and quantum number s. At short distances, both VAVBs and VLGBs with lower beam orders and quantum numbers exhibit higher detection probabilities for the signal OAM mode. The increase in beam size with increasing beam order and quantum number leads to more diffraction and turbulence effects, resulting in a reduction of the signal OAM detection probability, particularly for VLGBs. This reduction becomes more pronounced at high quantum numbers. However, at longer distances, the situation reverses for VAVBs, with higher beam orders demonstrating higher detection probabilities compared to lower-order VAVBs. This reversal can be attributed to the self-focusing property of VAVBs, which becomes more pronounced for high beam orders. As a result, for distances smaller than 700 m, the signal OAM mode detection probabilities of VAVBs for all values of s are higher than those of VLGBs, using the parameters mentioned earlier. It is worth noting that VAVBs are only superior in short distances with small beam orders. For large propagation distances, VLGBs may be more suitable than VAVBs. Therefore, the choice of which type of beam to use depends on the specific application and the required propagation distance.
[image: Figure 3]FIGURE 3 | Detection probability of the signal OAM for the propagated VAVB through maritime atmospheric turbulence with beam order n (A,B) and quantum number s (C,D) along the propagation distance z. (A,C) and (B,D) adopt VAVB and VLGB as the source, respectively.
Figure 4 illustrates the detection probability of VAVB’s signal OAM mode with different beam waist and wavelength. It is shown that both the beam waist and wavelength affect the detection probability of VAVB’s signal OAM mode, with the beam waist becoming the dominant factor at longer propagation distances. A larger beam waist helps minimize diffraction losses and maximize detection probability. As the beam waist increases, the detection probability curve becomes steeper and exhibits more pronounced changes in slope, eventually reaching a smooth saturation zone. In scenarios where the propagation distance is relatively short, a smaller beam width of VAVB can result in a higher detection probability of the signal OAM mode. This is because a smaller beam width allows for a tighter confinement of the signal OAM mode, which can help to reduce the degree of diffraction and increase the probability of detection. However, as the signal propagates over longer distances, the smaller beam width of VAVB can also lead to a higher degree of diffraction, which can cause the signal to spread out and decrease the detection probability of the signal OAM mode. In this case, a larger beam width of VAVB can be more effective in maintaining a higher detection probability of the signal OAM mode, as it allows for a wider confinement of the signal OAM mode and reduces the degree of diffraction. Additionally, the detection probability is higher for VAVBs with larger wavelengths (corresponding to smaller wave numbers). This suggests that VAVBs with larger wave numbers experience reduced turbulence effects, while those with smaller wave numbers encounter more turbulence effects.
[image: Figure 4]FIGURE 4 | Detection probability of propagated vector anomalous vortex beams through maritime atmospheric turbulence with beam width w0 (A) and wavelength λ (B) along the propagation distance z.
To clarify, Figure 5 shows the effect of the inner and outer scales of maritime atmospheric turbulence on the detection probability of the signal OAM mode. The figure illustrates that larger values of the inner scale correspond to higher signal OAM mode detection probabilities. This is because larger inner scale eddies in turbulence correspond to fewer turbulence eddies, and hence the signal OAM mode experiences less diffraction. Conversely, the signal OAM mode detection probability decreases as the inner scale sizes decrease, indicating that the OAM mode experiences more diffraction due to the increasing turbulence eddies. These results can also be interpreted as a larger inner scale size implying a smaller κ0 value and less maritime atmospheric turbulence effects. The outer scale of turbulence has a relatively small effect on the detection probability compared to the inner scale, there is a slight decrease in the signal OAM detection probability as the outer scale increases from 1 to 3 m with a constant inner scal. Beyond this range, the effects of the outer scale can be neglected. This can be understood as larger outer scales having similar effects to those that are large enough to cause reflection on the propagated beam Yong et al. [39]. These effects are consistent with the increasing receiver plane distance, which leads to a general reduction in the signal OAM mode detection probability. This is because greater distances entail more maritime atmospheric turbulence.
[image: Figure 5]FIGURE 5 | Signal OAM detection probability of the signal OAM for propagated vector anomalous vortex beam through maritime atmospheric turbulence versus the outer scale L0 and the inner scale l0 of maritime atmospheric turbulence at z = 1000 m (A) and z = 2000 m (B).
Figure 6 illustrates the behavior of the detection probability of the received signal OAM mode as a function of the refractive index structure constant and the propagation distance, considering different values of the beam order (n) and quantum number (s). It is observed that a high signal OAM detection probability can be achieved with weak maritime atmospheric turbulence and a short propagation distance. In the case of weak maritime atmospheric turbulence, a high detection probability is attainable even with a long propagation distance for various values of both the beam order and quantum number, as shown in Figures 6A–D. VAVBs with smaller beam orders exhibit higher detection probabilities at short distances compared to VAVBs with higher beam order, as demonstrated in Figures 6, 7. On the other hand, high beam orders and low quantum numbers yield high signal OAM detection probabilities at long distances, and these differences depend on the strength of the turbulence. Furthermore, it can be observed that the decrease in signal OAM detection probability occurs more rapidly in strong maritime atmospheric turbulence, as depicted in Figure 6C. This indicates that low beam order VAVBs are only preferable for short distances, while high beam order VAVBs are more suitable for long distances.
[image: Figure 6]FIGURE 6 | Signal OAM detection probability of the signal OAM for propagated vector anomalous vortex beams through maritime atmospheric turbulence versus [image: image] and propagation distance z for s = 1 & n = 1 (A), s = 3 & n =1 (B), s = 1 & n = 3 (C) and s = 3 & n = 3 (D).
[image: Figure 7]FIGURE 7 | Signal OAM detection probability of the signal OAM for the propagated VAVB through maritime atmospheric turbulence versus the propagation distance z for [image: image] (A), 1 ×10−15m−3/2 (B) and 1 × 10−14m−3/2 (C).
To investigate the impact of non-Kolmogorov maritime atmospheric turbulence on VAVB’s OAM mode, the behavior of the detection probability of the signal OAM mode is analyzed in relation to the non-Kolmogorov parameter (α) with inner and outer scales of maritime atmospheric turbulence, as depicted in Figure 8. It is observed that the variation of the non-Kolmogorov parameter has a significant influence on the received signal OAM mode. In weak maritime atmospheric turbulence, there is a notable increase in the detection probability with increasing α, reaching a saturation point when α = 3.55, as shown in Figures 8A, D. As α approaches 3, a slight increase in the detection probability is observed from its minimum value at α = 3.1. However, in the case of moderate and strong maritime atmospheric turbulence, the detection probability decreases as the outer scale increases and the inner scale decreases. This is due to the fact that both humidity and temperature play a role in the refractivity spectrum of maritime atmospheric turbulence. Figures 8D, F demonstrate that the detection probability sharply decreases to its lowest value when the inner scale sizes approach 1 mm. This is because the inner scale sizes in maritime atmospheric turbulence are typically in the range of 1–2 mm. The decreasing detection probability is a consequence of the effect of these small scales on the propagation of the OAM mode in the turbulent medium. The detection probability of the signal OAM mode is significantly affected by the non-Kolmogorov parameter, with different behaviors observed in weak, moderate, and strong maritime atmospheric turbulence. In particular, weak maritime atmospheric turbulence shows an increase in the detection probability with increasing α, while moderate and strong turbulence exhibit a decrease in the detection probability as the inner scale sizes decrease.
[image: Figure 8]FIGURE 8 | Detection probability of the signal OAM for propagated vector anomalous vortex beams through maritime atmospheric turbulence versus α with L0 (A–C) and l0 (D–F).
4 CONCLUSION
To summarize, this study investigated the behavior of the intensity distribution and the signal OAM mode detection probability for VAVBs in maritime atmospheric turbulence. The intensity distribution of VAVBs exhibits self-focusing behavior which makes them useful for applications such as optical sensing and communication. This self-focusing property allows the VAVBs to maintain their profile and improve their performance along the propagation distance. The detection probability of the signal OAM mode was found to be influenced by several factors, including the beam waist, beam order, quantum number, wavelength, and turbulence scales. The signal OAM of VAVBs with high beam orders and low quantum numbers perform better over long distances, indicating that higher-order VAVBs are more suitable for long-distance applications. Changes in humidity and temperature cause fluctuations in the refractive index spectral, making the effects of turbulence scales more prominent. The inner scale size in particular has a significant impact on detection probability, with smaller sizes reducing detection probability. Overall, this study provides insights into the behavior of VAVBs in maritime atmospheric turbulence and highlights their potential for optical sensing and communication in turbulent media. The findings suggest that careful consideration of various parameters is necessary when designing systems based on VAVBs, and the self-focusing property of VAVBs should be leveraged for optimal performance.
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