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We report results for the superconducting transition temperature and anisotropic energy gap for pure niobium based on Eliashberg’s equations and electron and phonon band structures computed from density functional theory. The electronic band structure is used to construct the Fermi surface and calculate the Fermi velocity at each point on the Fermi surface. The phonon bands are in excellent agreement with inelastic neutron scattering data. The corresponding phonon density of states and electron–phonon coupling define the electron–phonon spectral function, α2F(p, p′; ω), and the corresponding electron–phonon pairing interaction, which is the basis for computing the superconducting properties. The electron–phonon spectral function is in good agreement with existing tunneling spectroscopy data except for the spectral weight of the longitudinal phonon peak at ℏωLO = 23 meV. We obtain an electron–phonon coupling constant of λ = 1.057, renormalized Coulomb interaction μ⋆ = 0.218, and transition temperature Tc = 9.33 K. The corresponding strong-coupling gap at T = 0 is modestly enhanced, Δ0 = 1.55 meV, compared to the weak-coupling BCS value [image: image]. The superconducting gap function exhibits substantial anisotropy on the Fermi surface. We analyze the distribution of gap anisotropy and compute the suppression of the superconducting transition temperature using a self-consistent T-matrix theory for quasiparticle-impurity scattering to describe niobium doped with non-magnetic impurities. We compare these results with experimental results on niobium SRF cavities doped with nitrogen impurities.
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1 INTRODUCTION
The electronic properties of niobium (Nb) and its alloys are central to the development of superconducting radio frequency (SRF) cavity technology for particle accelerators, as well as applications to device technologies for quantum computing and sensing applications [1, 2]. In particular, the role of disorder in the low-power quantum limit for the performance of superconducting Nb SRF cavities is an active area of research [3, 4]. Nitrogen-doped (N-doped) Nb, with quality factors of order Q ≈ 1011 and accelerating gradients as high as 45 MV/m, is also the superconductor of choice for SRF cavities used for high-energy accelerators [5]. However, even for state-of-the-art cavities, there is room for improved performance, both in terms of the quality factor as well as the maximum accelerating gradient. Impurities and structural defects, nano-scale inclusions, and two-level tunneling centers all impact the electromagnetic response of the current-carrying region near the vacuum-superconducting interface, sometimes in counter-intuitive ways [6]. In order to obtain a deeper understanding of the multiple roles in which impurities and defects impact the performance of Nb superconducting cavities, films, and devices, we develop the theory of moderately disordered superconducting Nb starting from first-principles theory of pure Nb informed by experimental data for the metallic and superconducting properties of high-purity bulk Nb. This report focusses on the zero-field equilibrium superconducting properties of pure Nb obtained from Eliashberg’s theory for electron–phonon-mediated superconductivity [7] with electronic structure, phonon structure, and the electron–phonon coupling obtained from density functional theory (DFT) [8, 9]. We then investigate the effects of impurity disorder on N-doped Nb.
The anisotropy of the electron–phonon coupling, angle-resolved density of states, and thus, the pairing amplitude for different momenta on the Fermi surface, combined with quasiparticle-impurity scattering, leads to violation of Anderson’s theorem [10] and, thus, a suppression of the superconducting transition temperature that increases with the impurity scattering rate. The suppression of Tc by non-magnetic impurity disorder on conventional anisotropy superconductors such as Nb provides an excellent diagnostic of the impurity scattering rate in films and cavities. In a separate report, we build these results into a theory for the microwave response of Nb with impurity and surface disorder [11].
2 EILENBERGER/ELIASHBERG THEORY
The results reported here are based on the strong-coupling theory of electron–phonon-mediated superconductivity in metallic alloys as formulated by Eliashberg, Eilenberger, and Larkin and Ovchinnikov [7, 12–14]. We use the notation of [15] which includes development of the theory from the formal quantum field theoretical equations for interacting Fermi systems. For equilibrium states of superconductors, a central object of the theory is the 4 × 4 Nambu matrix propagator.
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The diagonal element is the 2 × 2 quasiparticle propagator, [image: image], for momenta p on the Fermi surface and Matsubara energy, ɛn = (2n + 1)πkBT. In general, the propagator is a function of spatial position r, with matrix elements labeled by αβ in the 2 × 2 spin space. The equal-time propagator defines the one-particle density matrix, from which all one-body observables can be calculated. Analytic continuation of the diagonal Matsubara propagator to the real energy axis also determines the retarded propagator, [image: image], from which the spin-averaged, local density of states for Bogoliubov quasiparticles with momenta and excitation energies near the Fermi surface can be computed, [image: image], where Nf is the normal-state density of states at the Fermi energy.
The off-diagonal element, [image: image], is the anomalous (Gorkov) pair propagator in the quasiclassical limit, ℏvf/2πkBTc ≫ λf, i.e., Cooper pair size large compared to the Fermi wavelength. The equal-time propagator defines the local Cooper pair amplitude. The lower components of the Nambu matrix define the propagators for hole-like quasiparticles and the conjugate anomalous propagator, both of which are related to [image: image] and [image: image] by Fermion exchange symmetry and particle-hole symmetry. In [15], the standard definitions for the propagators and their symmetries are shown.
2.1 Eilenberger’s equations
The quasiparticle and anomalous pair propagators, organized into 4 × 4 Nambu matrices, obey Gorkov’s equations [16]. Eilenberger transformed Gorkov’s equations into a matrix transport-type equation for the matrix propagator [13]:
[image: image]
In contrast to Gorkov’s equation, which is a second-order differential equation with a unit source term originating from the Fermion anti-commutation relations, Eilenberger’s equation is a homogeneous, first-order differential equation describing the evolution of the matrix propagator along classical trajectories in phase space (p, r) defined by the Fermi velocity, vp = ∇pɛp, where ɛp is the excitation energy of a normal-state electronic quasiparticle relative to the Fermi energy. Eilenberger’s transport equation determines the equilibrium propagator, including inhomogeneous states generated by an external magnetic field and/or a spatially varying pairing self-energy, [image: image]. The transport equation is supplemented by Eilenberger’s normalization condition [13],
[image: image]
which enforces the spectral weight implied by the source term in Gorkov’s equation. The physical properties of a particular superconducting material are encoded in the self-energy functional, [image: image], that enters Eq. 2. The self-energy includes corrections to the effective mass of electronic quasiparticles from the coupling to phonons, mean-field polarization corrections to external perturbations, and the off-diagonal pairing self-energy resulting from the Cooper instability. The self-energies can be classified by the expansion parameters of Fermi liquid theory, s = {kBT/Ef, ℏ/pfξ0, ℏ/τEf, … }, and are defined by a diagrammatic expansion in the Nambu matrix propagator for quasiparticles and Cooper pairs, [image: image] and the phonon propagator, [image: image] [15, 17].
The leading order contributions to the electronic self-energy for elemental superconductors like Nb are shown in Figure 1. The diagram in Figure 1A shows the leading order self-energy, [image: image], that defines the Fermi level, Fermi surface, and Fermi velocity in terms of bare electrons and their interactions. In Section 3, we use the DFT code developed by Quantum ESPRESSO [18, 19] (QE) to determine the electronic bands in the low-energy region near the Fermi surface, the phonon band structure, and the electron–phonon coupling strength for Nb.
[image: Figure 1]FIGURE 1 | The leading order electronic self-energy diagram (A) determines the Fermi surface, Fermi velocity, and electronic contribution to the effective mass. Next to leading order: (B) Diagram showing this exchange of a branch ν phonon of momentum q and energy ων(q) represented by the phonon propagator, [image: image], and the electron–phonon coupling gν. (C) Diagram showing the electronic self-energy generated by the screened Coulomb interaction, Vee(q, ωm) (dashed line). Intermediate states of quasiparticles and Cooper pairs are represented by the Nambu propagator, [image: image] (solid line).
2.1.1 Electron–phonon self-energy
The electron–phonon self-energy in Figure 1B provides the attractive interaction, leading to superconductivity in most elemental superconductors [7, 20]. Phonon-mediated interactions are retarded in time, and as a consequence, the self-energy, [image: image], depends on energy in the low-energy phonon bandwidth. This leads to quasiparticle mass renormalization, finite quasiparticle lifetimes, and electron–phonon-mediated pairing interactions. The self-energy corresponding to Figure 1B is
[image: image]
We use the short-hand notation p to denote a point on the Fermi surface, which, in general, will have multiple sheets within the first Brillouin zone (FBZ), ∫dp(…) ≡∫dSp n(p) (…), where the integral is over the area of the Fermi surface and n(p) is the anisotropy of the normal-state density of states normalized to ∫dp(1) ≡ 1. For conventional spin-singlet pairing, and neglecting spin-dependent interactions, the electron–phonon self-energy reduces to
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The diagonal and off-diagonal self-energies are given by
[image: image]
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where the phonon-mediated electron–electron interaction,
[image: image]
is determined by the electron–phonon coupling, [image: image]. and the equilibrium phonon propagator, [image: image], where ωm = 2πkBT m are boson Matsubara frequencies. Acoustic and optical phonons are labeled by a branch index ν and have energies ων(q) that disperse with momentum q throughout the first Brillouin zone. Each branch contributes to the phonon-mediated interaction between electrons, with momenta p and p′ and with weights determined by the electron–phonon couplings [image: image]. The spectral representation of the phonon propagator leads to a spectral representation of the electron–phonon interaction
[image: image]
where
[image: image]
is the angle-resolved electron–phonon spectral function. Equation 10 is the generalization of the Eliashberg function, α2F(ω), for anisotropic electron–phonon interactions. The latter can be defined as the Fermi-surface-averaged spectral function,
[image: image]
and is the spectral function that is often obtained from the analysis of tunneling conductance data for strong-coupling superconductors [21–23].
2.1.2 Electronic pairing self-energy
The leading order contribution to the electron–electron self-energy is represented by the diagram in Figure 1C, which is generated by the renormalized Coulomb interaction, Vee(p, p′; ɛn, ɛn′), and it represents electron–electron scattering contributions to the self-energy in both the particle–hole (Landau) and particle–particle (Cooper) channels. The renormalized electron–electron interaction that defines the electron–electron self-energy, [image: image], includes exchange. As a result, [image: image] separates into spin-singlet and spin-triplet components in both the particle–hole (diagonal) and particle–particle (off-diagonal) self-energies. The internal line in Figure 1C is the Nambu matrix propagator, [image: image], representing intermediate particle–hole or Cooper pair excitations. Since both external and internal propagators are restricted to a low-energy shell near the Fermi surface, then to leading order in s, Vee can be evaluated with momenta and energies on the Fermi surface. Thus, for homogeneous equilibrium states, the diagonal (Landau mean field) self-energy vanishes. The off-diagonal contribution to the electronic self-energy is non-zero below Tc. Although not applicable to Nb, we note that in cases where strong correlations drive the metallic ground state near to magnetic ordering, the renormalized electron–electron interaction develops frequency dependence in the low-energy bandwidth, in which case retardation effects resulting from low-frequency magnetic fluctuations need to be included in the one-loop Fermionic self-energy.
The renormalized electron–electron interaction in the Cooper channel can be expressed in terms of dimensionless interaction potentials,
[image: image]
that separate into spin-singlet (total spin S = 0) and spin-triplet (S = 1) channels, labeled by superscripts, (s, t), with corresponding interactions between pairs of quasiparticles with zero total momentum, μ(s)(p, p′) and μ(t)(p, p′), respectively. For Nb, the triplet pairing channel is at best sub-dominant to the singlet channel. Thus, we ignore triplet pairing correlations for the homogeneous equilibrium state of Nb. As a result, the electron–electron anomalous propagator and off-diagonal self-energy have the spin-singlet form:
[image: image]
where [image: image] is the spin-singlet Cooper pair propagator. The corresponding electronic contribution to the off-diagonal pairing self-energy decomposes similarly:
[image: image]
In the absence of retardation resulting from the coupling to long-lived collective excitations, e.g., spin fluctuations, then to leading order in s, we can evaluate the renormalized electron–electron interaction for momenta and energies on the Fermi surface, in which case we obtain the off-diagonal pairing self-energy generated by the renormalized electron–electron interaction in the singlet channel:
[image: image]
For electron–phonon-mediated superconductors like Nb, the Cooper instability is in the “conventional” spin-singlet, A1g, channel. Thus, we need retain only the spin singlet, A1g, component of μ(s)(p, p′). The corresponding renormalized electron–electron interaction is repulsive and competes with the attractive electron–phonon-mediated pairing interaction, suppressing the instability temperature to superconductivity.
In what follows, we neglect the angular dependence of the renormalized electron–electron interaction, in which case μ(s)(p, p′) → μ represents the isotropic average of the static screened Coulomb interaction. The accurate calculation of Coulomb interaction is beyond DFT, but it is estimated from the static screened Coulomb interaction for an electron–ion plasma, defined here as μ = NfVee. The cutoff that regulates the electron–electron contribution to the gap equation is Ω ∼ Ef ≫ ℏωD, where Ef is the Fermi energy and ωD is the Debye frequency. However, the cutoff, ωc, that we introduce to regulate the electron–phonon contribution to the gap equation is ωD < ωc ≪Ω. In Section 4.1, we describe the procedure used to determine the low energy cutoff ωc, which includes renormalization of the Coulomb interaction, μ → μ⋆, such that we obtain a single gap equation for Δ with the low-energy cutoff ωc.
The spatially homogeneous solution to Eqs 2, 3 for the Nambu matrix propagator reduces to
[image: image]
with the renormalized Matsubara energy and pairing self-energy defined by [image: image] and [image: image]. Evaluating Eqs 6, 7, 15 with the corresponding propagators and defining [image: image] and [image: image] give Eliashberg’s equations including the renormalized Coulomb interaction [17, 24, 25].
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[image: image]
If the anisotropy of the pairing self-energy is negligible, then we can simplify Eqs 17, 18 by averaging the electron–phonon spectral function to obtain Eq. 11, and the reduction of Eqs 17, 18 to the simpler set of integral-sum equations gives
[image: image]
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where the electron–phonon coupling function averaged over the Fermi surface is
[image: image]
with α2F(ω) defined by Eqs 11, 10. Isotropic Eliashberg’s equations are the correct limiting equations for strong-coupling superconductors in the extreme dirty limit, 1/τ > ωD, where the diffusive motion of electrons averages the electron–phonon interaction over the Fermi surface and the full bandwidth, ωD, of the phonon spectrum [17]. In Section 4.3, we examine the effect of scattering by a random impurity potential and calculate Tc in anisotropic superconducting Nb as a function of the quasiparticle-impurity scattering rate for disorder with 1/τ ≪ωD. Our theory for the suppression of Tc is expected to be accurate for disorder in the weak up to dirty limit, ℏ/2πτkBTc ≲ 1, with corrections of order 1/ωDτ ≪ 1.
3 ELECTRONIC STRUCTURE
The electronic structure and the superconducting state of Nb have been the subject of considerable theoretical, computational, and experimental investigation [22, 26–35]. Accurate results for the energy levels and dispersion relations for electrons and phonons, as well as the interaction between electrons and phonons, are essential for calculating the superconducting properties of Nb [17]. We first obtain the electronic band structure and phonon dispersion relations for Nb using Quantum ESPRESSO (QE) which is an integrated suite of open-source computer codes for electronic structure calculations and material modeling at the atomic scale. QE is based on DFT, plane waves, and pseudo-potentials [18, 19]. From the electronic band structure data, we then construct the Fermi surface and calculate the Fermi velocity at each point on the Fermi surface. The anisotropy of the Fermi velocity plays a central role in determining the anisotropy of the upper critical field of Nb [36, 37]. We obtain the electron–phonon interaction and phonon spectral function and use Eliashberg theory to calculate the superconducting order parameter (“gap function”) as a function of momentum on the Fermi surface and for energies within the phonon bandwidth of attraction.
Gap anisotropy plays a key role in pair-breaking processes associated with impurity and boundary scattering. In particular, the combination of branch conversion scattering induced by impurity scattering leads to suppression of the superconducting transition temperature. We compute the suppression of Tc using self-consistent T-matrix theory for quasiparticle-impurity scattering for the broad class of anisotropic superconductors and use the result to predict the suppression of Tc of Nb doped with non-magnetic impurities. We compare our results with reports of the suppression of Tc for N-doped Nb SRF cavities as well as disordered Nb films in Section 4.3.
Bulk single crystals of Nb have the BCC lattice structure with lattice constant a = 3.3 Å and atomic weight of M = 92.906. The electron configuration of the Nb atom is [Kr]4d45s1, which generates 24 electronic bands. Superconductivity develops from pairing of electrons and holes in a narrow band of energies near the Fermi surface. An accurate calculation of the superconducting order parameter (“gap”) requires numerical integration over fine grids in momentum space for the energy levels of electrons and phonons. A direct calculation of the electron and phonon band structures, as well as the electron–phonon coupling and spectral function, on fine grids is computationally demanding. A more efficient approach was developed in [38–41]. The method is to calculate the electronic bands on a coarse grid in momentum space, but over a wider bandwidth around the Fermi surface, then Fourier transform to coordinate space and find maximally localized Wannier functions. The wider energy bandwidth results in more accurate Wannier functions. Once determined, one can Fourier transform back to a finer grid in momentum space.
Figure 2 shows the two lowest-energy electronic bands of Nb that cross the Fermi energy (defined as zero) for the course grid of k = 183 points in the FBZ calculated using QE. The right panel of Figure 2 shows the electronic density of states (DOS) for the same low-energy bandwidth. Using the band structure calculated for a uniform k-grid and the value of the Fermi energy output from QE Ef = 18.096 eV, we construct the Fermi surface using the marching cube algorithm to identify the Fermi surface in momentum space [42]. The result is shown in Figure 3 for two sheets of the Fermi surface using a grid of k = 983. The left panel of Figure 3 shows the Fermi surface sheet referred to as the “jack” centered at the Γ point, while the right panel shows the open Fermi sheet referred to as the “jungle gym,” also centered at the Γ point, and the “ellipsoids” centered on the N points.
[image: Figure 2]FIGURE 2 | The red line is the Fermi energy which we define as zero energy. Shown are the two electronic bands of niobium within the phonon bandwidth that cross the Fermi energy. The right panel shows the electronic density of states in units of eV−1 per atom. The total DOS at the Fermi level is Nf ≃ 1.49 eV−1 per atom.
[image: Figure 3]FIGURE 3 | Anisotropy of the Fermi velocity shown on the two sheets of the Fermi surface. The box spans [−π/2a, π/2a] in k-space along each direction for the first sheet (left panel) and [−π/a, π/a] for the second sheet (right panel).
From the band dispersions near the Fermi energy, we calculated the group velocity, vp = ∇pεp, evaluated at the Fermi energy, i.e., the Fermi velocity, at each point on the Fermi surface. The color map shown in Figure 3 indicates the magnitude of Fermi velocity at each point on the Fermi surface. There is substantial anisotropy of the Fermi velocity with a maximum velocity of [image: image], and a minimum of [image: image]. Table 1 summarizes the average velocity, [image: image], rms average velocity, [image: image], and the standard deviation for the distribution of Fermi velocity, [image: image], where [image: image], and ⟨…⟩≡∫dp(…). Table 1 summarizes the results for the anisotropy of the Fermi velocity on the two sheets of the Fermi surface. The data for the anisotropy of Fermi velocity are important for predicting and analyzing the anisotropy of the upper critical field of Nb [37]. The contribution to the DOS from each sheet is also shown in Table 1. To determine the contributions of each band to the DOS, we have to track each band crossing the Fermi surface. For this purpose, we used our own code for calculating DOS. The data in Table 1 are obtained by computing the derivative from the number of electrons below the energies EF and EF ± 0.02 eV. We checked that the total number of electrons under the Fermi surface is in agreement with that predicted by the pseudopotential used in the DFT code. The small difference, [image: image], between the total density of state shown in Table 1 and that in Figure 2 is due to differences in the k-grids and energy windows, dEs.
TABLE 1 | Mean Fermi velocity, the rms Fermi velocity, and the standard deviation of the distribution of Fermi velocities, in units of 108 cm/s. In addition, the dimensionless anisotropy parameter, [image: image], and the contribution to the DOS at the Fermi energy in units of eV−1 per atom are given.
[image: Table 1]3.1 Phonon band structure
The phonon band structure is calculated based on the electronic structure calculations and the Born–Oppenheimer approximation. For the purposes of calculating the phonon energy levels and band structure, this allows one to decouple the dynamics of the electronic subsystem from the lattice dynamics. Thus, the ground state energy of the electronic system is calculated for the fixed ionic positions. The resulting total energy of the electronic system, Eel(R1, R2, … , RN), serves as a potential energy function for the ionic Hamiltonian. By displacing the atoms by small amounts, {ui, i = 1, .., N}, relative to the Bravais lattice sites, the electronic ground state for displaced ions is calculated. The ionic lattice energy is then expanded in displacements of the ions relative to their equilibrium BCC lattice configuration. The first derivatives of the energy functional vanish, and the set of second derivatives provides a matrix of interactions between displaced ions. The Fourier transform of this matrix with respect to relative displacements gives the dynamical matrix whose eigenvalues determine the phonon energies, ων(q), where ν is the phonon branch index and q is the phonon wavevector. The dynamical matrix is calculated using the QE code for a discrete grid of wavevectors q belonging to the unit cell in reciprocal space [9]. Since the dynamical matrix is a smooth function of q, it is usually sufficient to evaluate the matrix on a sparse grid in reciprocal space, then perform a discrete Fourier transform to the position space, restrict the inter-atomic forces to a few lattice spacings, and finally, transform back to momentum space to obtain the dynamical matrix on a much finer grid in reciprocal space. The eigenvalues of the resulting dynamical matrix generate the phonon dispersion relations evaluated on the dense grid in reciprocal space [9]. Figure 4 shows the results of our calculation of the phonon modes based on an electronic grid of k = 183 and a phonon grid of q = 63 and the comparison with the mode frequencies obtained from inelastic neutron scattering [31].
[image: Figure 4]FIGURE 4 | Calculated phonon energies (solid lines) for Nb based on QE along various directions in the FBZ. The green data points are the phonon energies obtained from inelastic neutron scattering [31].
3.2 Electron–phonon coupling
The retarded electron–phonon interaction defined by Eqs 9 and 10 depends on the electron–phonon matrix element, [image: image]. Thus, the transition temperature and superconducting order parameter depend on an accurate determination of the electron–phonon matrix element and phonon density of states, both of which are anisotropic. The matrix element for the scattering of an electron with momentum p to a state with momentum p′ by a phonon of branch ν and momentum q = p′ − p based on perturbation theory in the ionic displacement is [43]
[image: image]
[image: image]
The self-consistent electron–nucleus interaction potential, V(r − R), is calculated for small ion displacements, u = R − RBL, where RBL is an equilibrium Bravais lattice site. The directional derivative in Eq. 23 is defined by the polarization vector of the phonon, [image: image]. The nuclear mass enters via the phonon frequencies, and | ψp ⟩ is the Kohn–Sham electronic orbital for momentum p.
4 RESULTS
We use EPW, which is an integral part of QE, to compute the electron–phonon matrix elements. The calculation of these quantities requires dense grids in reciprocal space. To achieve such dense grids, it is efficient to Fourier transform the Kohn–Sham orbitals to position space, construct optimally localized Wannier functions, and then, Fourier transform back to obtain a dense grid in momentum space [43–45].
From the electron–phonon matrix elements and the phonon spectrum, the electron–phonon spectral function and pairing interaction function are computed using Eqs 9, 10. The corresponding Fermi-surface-averaged quantities, Eqs 11, 21, are calculated by averaging over the Fermi surface.
4.1 Isotropic Eliashberg theory
The isotropic electron–phonon spectral function, α2F(ω), is related to the differential conductance for NIS tunneling into strong-coupling superconductors [22, 29, 30, 32, 46]. For comparison, we show the results reported in [23] for Nb in Figure 5 in comparison with our result for the calculated spectral function using EPW. The low-frequency values are in reasonable agreement with the data from tunneling experiments; however, there are deviations for the phonon modes near the zone boundary, particularly the high-frequency longitudinal phonon near ℏωLO = 23 meV. The transverse phonon peak is calculated to be slightly higher in frequency than the experimental peak at 15.75 meV. Previous ab initio calculations also report higher spectral weight for the longitudinal phonon peak than that obtained from tunneling spectroscopy [33, 47]. As other authors have noted, determination of α2F(ω) from tunneling spectroscopy is subject to a number of interface effects that may complicate an accurate inversion of the tunneling data for the electron–phonon coupling function [22, 23, 32, 33].
[image: Figure 5]FIGURE 5 | Calculated Fermi-surface-averaged α2F(ω) as a function of phonon frequency (solid line) and experimental data (blue dots and line) derived from tunneling spectroscopy [23].
From the calculated result for α2F(ω) shown in Figure 5, the average electron–phonon coupling is calculated to be
[image: image]
This result compares with the value of 1.14 obtained in [48] based on de Hass–van Alphen measurements, as well as tunneling spectroscopy, 1.04 from [49] and 0.98 from [46].
The Fermi-surface-averaged electron–phonon spectral function α2F(ω) is used to calculate the superconducting order parameter and Tc from the isotropic Eliashberg equations, Eqs 19, 20, as a function of energy within the phonon bandwidth and as a function of temperature. For pure Nb with a transition temperature of Tc = 9.33 K and momentum grids of k = q = 513, we obtain a renormalized Coulomb interaction of μ⋆ = 0.218 for a cutoff of ωc = 3ωD. This value of μ⋆ is close to the experimentally determined value of 0.24 based on the analysis of de Hass–van Alphen data [48]. The theoretical value might be slightly smaller as μ⋆ tends to decrease for finer momentum grids. In particular, for a coarser grid with k = q = 363, we obtain μ⋆ = 0.260 with no change in Δ(T).
Figure 6 shows the calculated gap function for T = 1 K as a function of Matsubara frequency (smooth black curve), as well as both real and imaginary components of ΔR(ɛ) obtained by analytic continuation to the real frequency axis. The QE code calculates ΔR(ɛ) from the gap equation analytically continued to the real axis, as well as by numerical continuation using Padé approximates of Δ(ɛn) defined on Matsubara frequencies. The results are shown in Figure 6.
[image: Figure 6]FIGURE 6 | Superconducting gap Δ(ɛ) at T =1.0 K as a function of Matsubara energy ɛn (black circles). The real and imaginary parts of the gap function calculated from the gap equation defined on the real energy axis are labeled ‘analytic.’ The same functions obtained by numerical continuation of the Matsubara gap function using Padé approximates are labeled ‘Padé.’
For strong-coupling superconductors, the gap obtained using tunneling conductance spectroscopy is identified with Δ(ɛn → πkBT). Figure 7 shows the tunneling gap as a function of the temperature. The value of the gap at zero temperature is Δ0 = 1.55 meV and a transition temperature of Tc = 9.33 K. This result is also in reasonable agreement with the value of 1.5 meV reported by several independent studies based on tunneling spectroscopy [23, 26, 50]. This corresponds to a modest enhancement of the zero-temperature gap compared to the weak-coupling BCS prediction of [image: image]. For comparison, we also show in Figure 7 the weak-coupling BCS prediction for the gap for the same Tc.
[image: Figure 7]FIGURE 7 | Superconducting gap as a function of temperature (dots and solid line) for momentum grids of k = 513, q = 513 and μ⋆ = 0.218. The dashed line is the result for the gap calculated using the weak-coupling BCS theory.
The low-energy cutoff, ωc, is chosen such that the solution of the Eliashberg equation for [image: image] in Eqs 19, 20 becomes independent of the cutoff. In Figure 8, we plot the renormalization factors for the Matsubara energies, [image: image], and the renormalized gap ratio, Δ(ɛn)Z(ɛn)/Δ(ɛn=0), as a function of ɛn/ωD. Both ratios saturate for ɛn ≳ 3ωD. Thus, we can choose the lower cutoff as ωc = 3ωD [17]. As a check, we also carried out calculations with ωc = 10ωD and found no significant change in the value of the zero-temperature gap. However, μ⋆ includes the reduction in the Coulomb repulsion due to retardation of the electron–phonon-mediated interaction over timescales of order the inverse of phonon bandwidth 1/ωD compared to the nearly instantaneous Coulomb repulsion that operates on the much shorter timescale of 1/Ω [24]. The result is the renormalized Coulomb interaction μ⋆ given by 1/μ⋆ = 1/μ + ln(Ω/ωc), which depends weakly on ωc. For the higher cutoff, μ⋆(10ωD) ≃ 0.253 compared to μ⋆(3ωD) ≃ 0.218. Compared to the gap calculated with ωc = 3ωD, the higher cutoff leaves the average gap function unchanged. However, there is a slight change in the anisotropy of the gap corresponding to [image: image] for ωc = 10ωD compared to [image: image] for ωc = 3ωD.
[image: Figure 8]FIGURE 8 | Diagonal and off-diagonal self-energy function, derived by solving Eliashberg equations, as a function of ɛn/ωD, where ɛn = (2n + 1)πkBT is the Matsubara frequency.
4.2 Anisotropic Eliashberg theory
Anisotropy of the electron–phonon coupling function, λ(p, p′; ωm), and, thus, the superconducting gap function, Δ(p; ɛn), is an important and widely discussed topic [36, 51–58]. Our analysis implies measurable gap anisotropy for pure Nb and shows that the electron–phonon matrix element and phonon density of states are anisotropic functions of the momenta on the Fermi surface. The anisotropy of α2F(p, p′; ω) generates an anisotropic pairing self-energy, Δ(p; ɛn), obtained using EPW as the solution of anisotropic Eliashberg Eqs 17, 18. The EPW code calculates ΔR(p; ɛ) in an energy shell of order δɛ = 1 eV around the Fermi surface. This rather thick shell is required in order to obtain accurate results for the self-energies. We then determine the Fermi momentum and Δ(p; ɛn) on the Fermi surface by linear interpolation.
Our results for the magnitude of the gap evaluated at the lowest Matsubara frequency, Δ(p) ≡Δ(p; ɛ0 = πkBT), are shown in Figure 9 for T = 3.0 K, λ = 1.057, and μ⋆ = 0.218 for both sheets of the Fermi surface. The gap varies from Δmin = 1.09 meV to Δmax = 2.20 meV. However, the maximum and minimum gap values are confined to rather small regions of the Fermi surface. Table 2 provides a measure of the distribution of gap values on the Fermi surface. At low temperatures, the mean value of the gap averaged over the Fermi surface is dominated by band 2 with [image: image]. The rms average gap is slightly higher, [image: image]. This deviation plays an important role in several properties of anisotropic superconductors, including the pair-breaking effect of non-magnetic impurities on the suppression of the superconducting transition temperature discussed in Section 4.3. An important measure of the gap anisotropy is the variance in the gap relative to the average gap normalized to the rms average gap, i.e.,
[image: image]
[image: Figure 9]FIGURE 9 | The color map indicates the value of Δ(p) at T = 3.0 K at each point of the Fermi surface for the two sheets. The box spans [−π/2a, π/2a] in k-space along each direction for the first sheet (left panel) and [−π/a, π/a] for the second sheet (right panel). The average gap, rms average gap, and the dimensionless gap anisotropy parameter are given in Table 2.
TABLE 2 | The average gap, [image: image], and the rms average gap, [image: image], on the Fermi surface at T = 3.0 K corresponding to Figure 9. The data are based on the interpolation of the EPW data for the momentum dependence on grids with k = 513 and q = 513. The table is the same for T = 9.0 K.
[image: Table 2]It should be noted that this measure of the gap anisotropy varies from 0.028 at T = 3.0 K to 0.037 for T = 9.0 K, consistent with the expectation based on Eq. 18 that the anisotropy is maximum for [image: image]. Thus, the variance is [image: image]. In this limit, the anisotropy of Δ(p) reflects the anisotropic eigenfunction, [image: image], for the dominant pairing channel of the linearized gap equation.
4.3 Anisotropy, disorder, and pair-breaking
Elemental metals such as Al, Nb, Pb, Sn, and Hg are conventional superconductors in the sense that the order parameter, Δ(p), reflects the symmetry of the Fermi surface or equivalently the point group symmetry of the normal metallic phase. Anisotropy of the gap function, Δ(p), for momenta on the Fermi surface is, in principle, observable in a number of physical properties: anisotropy of the upper critical field, anisotropy of Meissner screening currents with respect to surface and crystal orientation, and more generally, the a.c. electromagnetic response.
Elastic scattering by a random potential such as a dilute concentration of impurities embedded in the metal leads to finite lifetimes for the momentum of ballistic quasiparticles and to charge diffusion after several scattering events. For non-magnetic impurities, the transition temperature and excitation gap are unmodified in isotropic (“s-wave”) superconductors. This result, widely referred to as “Anderson’s theorem,” is derived from the common renormalization of the spectrum of quasiparticles and Cooper pairs for elastic scattering by the random potential. However, anisotropy of the pairing interaction, and, thus, the Cooper pair wave function on the Fermi surface, leads to pair-breaking and violation of the Anderson theorem even for non-magnetic impurities. This effect was first studied by Markowitz and Kadanoff [59], Hohenberg [60], and Maier [61] for Born scattering by impurities. These authors obtained approximate results for the change in Tc with impurity scattering rate in several limits. Experimental studies of gases, in particular oxygen and nitrogen, dissolved in Nb showed the suppression of Tc for concentrations below a few percent [62, 63] (c.f. Figure 4 in [63]). The analyses we report further provide quantitative predictions for the pair-breaking suppression of Tc by non-magnetic impurities in anisotropic superconductors and are restricted to neither the Born limit for quasiparticle-impurity scattering nor weak anisotropy.
The theory of superconducting alloys, as originally formulated by A. Abrikosov and L. Gorkov [64] and by P. W. Anderson [10], is a generalization of S. Edwards’ theory of dilute random impurities in metals [65]. Disorder is treated as a statistical ensemble of random, homogeneously distributed, uncorrelated impurities. Thus, to calculate the effects of quasiparticle scattering by a dilute concentration of impurities on the properties of Nb, we consider the scattering of quasiparticles and pairs by a static impurity, i.e., the processes represented diagrammatically in Figure 10, corresponding to the Bethe–Salpeter equation,
[image: image]
[image: Figure 10]FIGURE 10 | Leading order impurity scattering T-matrix. The internal propagator is the self-consistently determined Nambu propagator.
The equation for the Nambu T-matrix describes multiple scattering by a single impurity, with the intermediate states defined by the self-consistently determined Nambu matrix propagator. The leading order electron-impurity self-energy is then given by the T-matrix evaluated in the forward-scattering limit,
[image: image]
and the mean impurity density, ns. This mean-field impurity self-energy omits contributions from intermediate states involving scattering off more than one impurity. These terms are higher order in the small parameter, s = ℏ/pfℓei, where ℓei = vfτei is the mean-free path for elastic scattering of normal-state quasiparticles by impurities.
For “point-like” impurities, only the s-wave scattering channel contributes significantly to the T-matrix,
[image: image]
where U0 is the s-wave matrix element of the impurity potential. The term proportional to the unit matrix does not contribute to static equilibrium properties, and the prefactor of the term proportional to [image: image] determines the normal-state quasiparticle-impurity scattering rate:
[image: image]
where the second equality is the expression for the scattering rate in terms of the normal-state s-wave scattering phase shift, δ0, with [image: image], and Γ = ns/πNf is the scattering rate in the unitarity limit. The total cross section for quasiparticle-impurity scattering is then given by [image: image]. We can express the scattering rate as [image: image], where n is electron density, Ef is the Fermi energy, and [image: image] is the dimensionless cross section normalized to the cross section in the unitarity limit, [image: image]. Thus, we can express the impurity self-energies as
[image: image]
[image: image]
In what follows, we neglect retardation effects of the electron–phonon coupling. For Nb with kBTc/ωc ≈ 0.07 [32], retardation effects are relatively small, which includes the electromagnetic response of Nb at microwave frequencies, ℏω ≪ 2Δ0 [11]. At much higher frequencies, phonons are observable in the optical absorption spectrum for frequencies just above the gap [15, 66]. Thus, for the purposes of calculating the effects of disorder on the superconducting transition, we replace λ(p, p′; ɛn − ɛn′) → λ(p, p′; 0)Θ(ωc − |ɛn|)Θ(ωc − |ɛn′|).
The anisotropy of the gap function is determined by the momentum dependence of the electron–phonon coupling and angle-resolved quasiparticle density of states at the Fermi energy via the linearized gap equation.
[image: image]
where [image: image] is a linear functional of Δ(p). It should be noted that we have absorbed −μ⋆ into λ(p, p′). Equation 31 is an eigenvalue equation for Δ(p) with a spectrum of eigenvalues, [image: image], where [image: image] is the instability temperature for Cooper pair formation with a momentum space eigenfunction, [image: image], belonging to the irreducible representation (irrep) Γ, of dimension dΓ, of the crystal point group. The pairing interaction is invariant under the point group and, thus, can be represented as a sum over bilinear products of the eigenfunctions.
[image: image]
where λΓ is the strength of the pairing interaction in the channel labeled by Γ. The most attractive interaction determines the highest instability temperature and, thus, the superconducting transition temperature, Tc. The corresponding eigenfunctions determine the pairing symmetry and gap anisotropy.
In Eq. 31, the renormalized Matsubara energy and pairing self-energy reduce to
[image: image]
[image: image]
where 1/τ is the normal-state quasiparticle-impurity scattering rate and ⟨(…)⟩ = ∫dp(…) is the average over the Fermi surface.
We project out the dominant pairing channel and set [image: image], where [image: image] is the attractive interaction in the dominant pairing channel and [image: image] is the corresponding eigenfunction.1 Thus, the order parameter has the form [image: image], where [image: image] is normalized, [image: image]. Using Eqs 33, 34, we can express Eq. 31 as an equation for the transition temperature Tc defined in terms of g, ωc, and τ.
[image: image]
It should be noted that for conventional superconductors, the superconducting order parameter is in general anisotropic but retains the full symmetry of the crystal point group; i.e., [image: image] belongs to the identity representation with every element [image: image] of the point group [image: image] giving [image: image]. Thus, for conventional superconductors, we have [image: image].
It is useful to cast the linearized gap equation as an equation for Tc as a function of 1/τ and the transition temperature, [image: image], for pure Nb in the absence of disorder, i.e. 1/τ = 0; [image: image] satisfies [image: image], where [image: image].2 Using [image: image] to eliminate [image: image] and ωc in Eq. 35 yields
[image: image]
[image: image]
which is the dimensionless measure of the gap anisotropy at Tc. For an isotropic “s-wave” superconductor, [image: image], in which case we recover “Anderson’s Theorem,” [image: image] [10]. The opposite extreme is the class of unconventional superconductors that break the orbital rotation symmetry and, thus, belong to one of the non-identity representations of the point group. In this case, [image: image] and [image: image].
Thus, in general, anisotropy of the pairing interaction combined with elastic scattering off the disorder potential leads to suppression of the superconducting transition, which is obtained from the solution of Eq. 36 with
[image: image]
For weak pair-breaking, [image: image], the suppression of Tc by scattering off the disorder potential becomes
[image: image]
It should be noted that the pair-breaking parameter, [image: image], can be expressed as the ratio of the coherence length in the clean limit, [image: image], to the transport mean-free path, ℓ = vfτ, but what is fundamental is the product of the scattering rate, 1/τ, and timescale for Cooper pair formation, [image: image]. The suppression of Tc by disorder for a wide range of gap anisotropy values is shown in Figure 11. The case [image: image], corresponding to unconventional superconductors with [image: image], is special; Tc vanishes at a disorder critical point given by [image: image]; i.e., superconductivity is destroyed for scattering rates, 1/τ ≥ 1/τc, or equivalently mean-free paths, ℓ ≤ ℓc = 3.56 ξ0.
[image: Figure 11]FIGURE 11 | Suppression of Tc by disorder over a wide range of possible gap anisotropy values. It should be noted that for [image: image], the critical point at which Tc(τc) = 0 is [image: image].
For anisotropic conventional superconductors with [image: image], the transition temperature is suppressed, but there is no critical point. Even for relatively weak anisotropy, the impact of quasiparticle scattering in the presence of anisotropic pairing can lead to significant suppression of the Tc, as is shown in Figure 11. [image: image] is suppressed by 20% for a superconductor with [image: image], i.e., into the “dirty” regime.
4.4 Tc versus disorder in Nb
The suppression of Tc for Nb with the anisotropy ratio calculated from the anisotropic Eliashberg theory using EPW is shown in Figure 12. The combination of scattering by the disorder potential and anisotropy of the electron–phonon coupling can suppress Tc from [image: image] to Tc ≃ 8.9 − 9.0 K, which corresponds to the transition temperatures of the high-Q Nb SRF cavities with nitrogen impurities reported in [11, 67, 68]. These cavities also show a negative frequency shift anomaly in a very narrow temperature range close to Tc [68]. This frequency shift anomaly is sensitive to the impurity scattering rate, 1/τ, that determines the normal metal skin depth and affects the London penetration depth, both of which conspire to determine the frequency shift anomaly [11, 69]. By fitting our theoretical prediction for the frequency shift with experimental data, we obtained a best fit value of τ which is nearly identical to that obtained from our analysis of the suppression of Tc for these same cavities, thus providing additional support for our theory of pair-breaking for these N-doped SRF cavities. Based on the predicted gap anisotropy, the level of suppression of Tc implies moderate disorder below, but approaching the clean-to-dirty limit cross-over defined by a quasiparticle-impurity mean scattering time that is approaching the Cooper pair formation time, [image: image].
[image: Figure 12]FIGURE 12 | Suppression of Tc by disorder from Eq. 36 for Nb with gap anisotropy parameter [image: image] calculated from the eigenfunction, [image: image], of the linearized Eliashberg gap equation in the clean limit, 1/τ → 0.
5 CONCLUSION
A first-principles calculation of superconducting properties of pure Nb single crystals depends on accurate determination of the electron–phonon coupling solutions of the anisotropic Eliashberg equations. We used the QE code for BCC Nb to obtain the electron–phonon spectral function that best agrees with available tunneling experiment data. Our result for α2F(ω) is in good agreement with existing tunneling spectroscopy data except for the spectral weight of the longitudinal phonon peak at ℏωLO = 23 meV. We obtain an electron–phonon coupling constant of λ = 1.057, renormalized Coulomb interaction, μ⋆ = 0.218 for a transition temperature of Tc = 9.33 K. The corresponding strong-coupling gap at T = 0 is modestly enhanced, Δ0 = 1.55 meV, compared to the weak-coupling BCS value [image: image]. The electron–phonon coupling and superconducting gap for of Nb exhibits substantial anisotropy on Fermi surfaces. We use these results to predict and analyze the distribution of gap anisotropy and compute the suppression of the superconducting transition temperature using a self-consistent T-matrix theory for quasiparticle-impurity scattering to describe Nb doped with non-magnetic impurities. These results provide a quantitative diagnostic for the level of disorder in high-Q impurity-doped Nb SRF cavities used for accelerator technology, quantum devices for computing and sensing.
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FOOTNOTES
1For simplicity and relevance to conventional superconductors such as Nb, we consider only one-dimensional irreps.
2γE ≃ 0.577216 … is the Euler–Mascheroni constant.
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