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and Statistics, Zhengzhou University, Zhengzhou, China

In this work, we present two finite-dimensional Lie—Poisson Hamiltonian systems
associated with the Hirota—Satsuma modified Boussinesq equation by using the
nonlinearization method. Moreover, the separation of variables on the common
level set of Casimir functions is introduced to study these systems which are
associated with a non-hyperelliptic algebraic curve. Finally, in light of the
Hamilton—Jacobi theory, the action-angle variables for these systems are
constructed, and the Jacobi inversion problem associated with the
Hirota—Satsuma modified Boussinesq equation is obtained.
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1 Introduction

The Boussinesq-type equations are typical nonlinear integrable equations in
mathematical physics and mechanics. We consider the Hirota-Satsuma modified
Boussinesq equation

1 2
Uy + §<uxxx - guzux - 2ux8;lut> =0, (1)

introduced in Hirota and Satsuma [1], which is derived from
2 2
Up = —Uyy + guux + 2V, V= 3 (=Upxx + Ul + ULV — UVy) (2)

by canceling the variable v. Here, ;' stands for an inverse operator of = 9/dx under
conditions 39,' = 9;'d = 1. This equation was initially proposed by Hirota and Satsuma [1]
from a Backlund transformation of the Boussinesq equation

1
Wi ¥ g (w"x - 4w2)xx =0,

which describes the motion of long waves which are propagated in both directions in shallow
water under gravity. Similarity solutions to Eq. 1 are discussed in Quispel et al. [2]; Clarkson
[3]. It is shown that this equation has a Lax pair associated with the 3 x 3 matrix spectral
problem, from which the Darboux transformation is derived with the help of gage
transformation Geng [4]. The corresponding finite-dimensional completely integrable
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systems in the Liouville sense were derived. As an application,
solutions to Eq. 1 are decomposed into solving two compatible
Hamiltonian systems of ordinary differential equations Dai and
Geng [5]. The explicit Riemann theta function representations of
solutions for the Hirota-Satsuma modified Boussinesq hierarchy
were studied in He et al. [6].

The separation of variables for finite-dimensional integrable
systems is important for constructing action-angle variables. A
series of literature studies shows research on finite-dimensional
integrable systems associated with hyperelliptic spectral curves
(see, e.g., Kuznetsov [7]; Babelon and Talon [8]; Kalnins et al;
[9]; Eilbeck et al; [10]; Harnad and Winternitz [11]; Ragnisco
[12]; Kulish et al; [13]; Qiao [14]; Zeng [15]; Zhou [16]; Zeng
and Lin [17]; Cao et al; [18]; Derkachev [19]; Du and Geng [20]; Du
and Yang [21]). However, the study on integrable systems associated
with non-hyperelliptic spectral curves is much more complicated
(see, e.g., Sklyanin [22]; Adams et al; [23]; Buchstaber et al; [24];
Dickey [25]; Derkachov and Valinevich [26]).

Sklyanin introduced a powerful method of constructing the
separated variables for the classical integrable SL (3) magnetic
chain, which is associated with a non-hyperelliptic algebraic
curve Sklyanin [22]. By this effective way, more general cases are
studied Scott [27]; Gekhtman [28]; Dubrovin and Skrypnyk [29].
We follow this method to construct the separable variables for the
Lie-Poisson Hamiltonian associated with the Hirota-Satsuma
modified Boussinesq Eq. 1 on the common level set of Casimir
functions and define action-angle variables with the help of the
Hamilton-Jacobi equation. Furthermore, the Jacobi inversion
problem for the Hirota-Satsuma modified Boussinesq equation is
obtained with action-angle variables.

This paper is organized as follows. In the following section, we
will review the Lie-Poisson structure associated with 3((3). In
Section 3, in the framework of the Lie-Poisson structure on
8[(3), two Lie-Poisson Hamiltonian systems associated with the
Hirota-Satsuma modified Boussinesq Eq. 1 are presented by using
the nonlinearization of the adjoint representations of the 3 x 3
spectral problem and auxiliary spectral one. Moreover, the
involution property of conserved integrals is discussed by using
the generating function method. In Section 4, on the common level
set of Casimir functions, the separated variables are introduced to
study these Lie-Poisson Hamiltonian systems. In Section 5, in light
of the Hamilton-Jacobi theory, the generating function S for
obtaining the canonical transformation from separated variables
to action-angle variables is obtained. In Section 6, in terms of the
evolution of action-angle variables, the functional independence of
conserved integrals is elucidated. Finally, the Jacobi inversion
problems for those Lie-Poisson Hamiltonian systems and the
Hirota-Satsuma modified Boussinesq Eq. 1 are built.

2 Preliminary
In this section, we introduce some basic notations of
Lie-Poisson structures associated with Lie algebra 81(3).
The Lie algebra 3I(3) has an invariant nondegenerate
symmetric form <A,B> =tr(AB) by means of which we can
make an identification 81 (3) = 81 (3)*. For convenience, we choose
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3
81(3) = {aloc = ) e tr(a) = 0}>

ij=1

3
8L(3)* = {yly = VE;ptr(y) =0 }

ij=1
where
E;; = (6mi6nj)a 1<4,j<3,

are the basis of Lie algebra 8[(3)*, and the dual bases are given by
{e;j = Ej, 1 < i, j < 3}. We can confirm that these bases satisfy the
commutation relation

[Eij:Ekl] = §xEqp — 8 Ex;.
Thus, for F(y), G(y) € C*®(8L(3)*), the
corresponding Lie-Poisson bracket at the point y € 8[(3)* is

{F,G}(y) = <y, [VF.VG)) = tr(y[VF,VG]), 3)

any functions

with the gradient VF € 31(3) defined as

The Hamiltonian vector field associated with (3) by a smooth
function F(y) € C*(31(3)*) is represented as

Xp = [VF, y].

The Lie-Poisson structure equations in terms of variables {y”, 1 < i,
j < 3} are

‘{J’lk» )’mn} = <, [Ex» Eam] > = 81 y™ = 8y, 1<n,m,Lk<3.
(4)

The two Casimir functions of the Lie-Poisson structure Eq. 3 are
tr(y?), ().

If we take the direct product of N copies of 81 (3)*, the Lie-Poisson
structure becomes

N 3
{F,GY(y;) =Y <yp [V;FV,G], V;F= ) %ekl, (5)
= j

k=1

and the Hamiltonian vector field associated with a smooth function
Fis

Xy =[VFy], j=1....N,
and the 2N Casimir functions

tr(y?), t(y}), j=1,....,N.

3 The Lie—Poisson Hamiltonian systems
for the Hirota—Satsuma modified
Boussinesq equation

According to the Lie-Poisson bracket Eq. 5 on N copies of
31 (3)*, we discuss the finite-dimensional Lie-Poisson Hamiltonian
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systems associated with the Hirota-Satsuma modified Boussinesq
Eq. 1:

J’jx:[VjH’)’j]’ j=L...,N, (6)
and
Vit = [Vijyj], j=1...,N, (7)
with Hamiltonians
H=r'+rd + 12 +3rrd - 2(1’(1)2)3, (8)
and
H, = (r(l)l)2 +riry + (1’(2)2)2 +r2 et ) = 2r )

+ r(l)zriz, 9)

with Ay, ..., Ay being N distinct parameters and r* = Z?Ll/\;" y’;l .
In fact, the Lie-Poisson Hamiltonian systems Eqs 6, 7 are
derived from the 3 x 3 matrix spectral problem

o8 010
o, =Up, 9= 9, U= vuld] (10)
9, 100
and the auxiliary spectral problem
2 1
—SUx tV —u A
3 3
2 1 1 1 1
¢, =V V= A= Zug+vetsuv —sup+ b +v M |,
3 3 3 3 3
2
3
(11)

where u, v are the potentials and A is a constant spectral parameter.
The adjoint representations of the spectral problems Eqs 10, 11 are
given by

yx = [U.]; (12)

and

ye=[V.yl, (13)

respectively. In order to obtain the Lie-Poisson Hamiltonian
systems associated with the Hirota-Satsuma modified Boussinesq
Eq. 1, we take N copies of (12)

yie=[UN)yi] j=1....N, (14)
and N copies of (13)
yi=[V(%). ), j=1....N. (15)
Now, under the constraint
u=3r2 v=32_6(r2y, (16)

Eqs 14, 15 are nonlinearized into the Lie-Poisson Hamiltonian
systems Eqgs 6, 7, respectively.

The Lax representation and the involution property of
conserved integrals are also given by using the generating
function method.

Since the Lie-Poisson structure Eq. 5 has 2N Casimir functions

tr(y?), tr(y;), j=1,...,N,
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thus to prove the integrability of the Lie-Poisson Hamiltonian
systems Eqs 6, 7, it is necessary to find 3N functionally
independent Poisson commuting integrals. By using the
constraint Eq. 16, after a direct calculation, we can get the

following proposition.

Proposition 1. The Lie-Poisson Hamiltonian systems Eqs 6, 7
admit the Lax representations

4y vy
dx A= >V AD
and
d
—V,=[V,Vy],
il [V, Vil

respectively, where

0 1 0
U=\ 32-6(r2) 32 1|,

1 0 0
2ryt +r ra? A
V=l A+rd =2rP +r 2r2 410 Ard? |,
—2r? 1 0
and
N y i
_(v.. _ j
Vi=(Viy),, = BQA) +JZ oA (17)
with

0 0 1
B = ( 1 0 1o )
AE 2 AT -r2) 0

It follows that the integrals of motion for the Lie-Poisson
Hamiltonian systems Eqs 6, 7 are provided by the spectral
invariants of Lax matrix V). Therefore, one has the generating
function of integrals for systems Eqs 6, 7:

1 1
Furthermore, substituting Eqs 17, 18, we have
1
.7'-2 (/1) = Etr(Vi)
1 Noog N hy: © FS
= —tr(B(V)?) + L4 L= L 9
2 ;A—AJ- ;(A_Aj)z ;A“
where
Notr(yiye
qij = tr([;()t)yj) + Z —A(4 —J)L ), hyj = —tr(y?),
k#j k
N N
Fl =Y Nay+1) Ay, 1=1,..,
= =
and
1 1 N q2j N qs3j
Fsh) ==tr(V3)==tr(BO)) + Ty !
’ 3 VT3 }Zl)t—)lj ;(A—)Lj)z
N 00 T
h3j Fl
+ )y ——— = I (20)
j; (A—/\])?’ ;Al 1

where
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te(yiyyi + yiyive)
Ak - A,‘

(B + BMyey;) + Z

i#k,j

wlih

N tr( vy - y2yx)

Zi&@:&wﬁt@mmhz :
2 k#j (AJ' _Ak)
@) = tr(ﬁ(/\)ﬁ) + k# A(.y_jik)’ hsj = %tr(J’?),
]

Fl = z/\jq21+lz/v g5 + —l(l 1)21“113,,1_01

j=1

From the expressions of F, (1) and F3 (A) in (19) and 20, we
know that for j = 1, ..., N, q1j, 42 q3; provide 3N generators of
conserved integrals for systems Eqs 6, 7. The Hamiltonian
functions Eqs 8, 9 can also be written as

H=F" (21)
and
Hl = Ff, (22)

respectively.

Denoting the variables of 7, (1)-flow and F3 (1)-flow by £,, and
ts1, respectively, let V3= (v, i(A)sx3 then, the Hamiltonian
equations for F;, (1) and F5(A) are

Yia = [ViFe W), yj] = ﬁ (Vi yi] + [Mes ys) k=23, )
J

=1,...,N,
(23)

where
0 0 -A'Vis(d)
A= < Vi (A) - 2/171V13 A o —/17le3 (7‘) )
0 0 0
0 0 —/1711/13 (A)
A, = < vs (A) - 2/1_11/13 ) o —/\_1"23 (o)) )
0 0 0

Taking the sum of Eq. 23 with respect to j from 1 to N, we have

N
ZJ’jtu = |:Ak I’ZJ’J
=

from which we arrive at

[VELBW).

B(0),, = ﬁ [VEL B0 -] + [A B k=23 (24)

For Casimir functions tr (y]-), 1 <j <N, it is evident that
tr(yj)tu =0, k=2,3. (25)

Proposition 2. The Lax matrix V satisfies the Lax equations along
the Fi (A)-flows:

d
—V,=|—VE e ALV, k=23
dty [A— Ok
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Proof. By using (23), (24), and (25), we have

a; ‘Z

1 _
= [mvf Ly Ak,l,V,] +B (1),

yﬂ’k}. + ﬁ(T 758

- L VB0 ] - (BB

1
_ [—yv’fl ‘B vﬂ]. 26)

p -

Based on Proposition 2, for any A, 7, it is easy to verify that for /,
k=23,

4 d
(F1(0). FL D) = 3 -F1() = tr<—V’>

dt
]
I A-1 * 0T
from which we have {qh]-, Qmt=0,h,i=1,2,3,j,m=1,...,N.

Corollary 1. 5, FZT, 1> 1 are in involution in pairs with respect to
the Lie-Poisson bracket Eq. 5.

By observing Eqs 21, 22, we know that {H, H;} = 0. Thus,
some solutions of the Hirota-Satsuma modified Boussinesq Eq. 1
can be obtained by solving two compatible Hamiltonian systems
of ordinary differential equations.

Proposition 3. Let y; be a compatible solution of the Lie-Poisson
Hamiltonian systems Eqs 6, 7, then

L6y

solves the Hirota-Satsuma modified Boussinesq Eq. (1).

_ A 12 a2
u=3ry", v=23r;

4 Separation of variables

In this section, we construct the separable variables on the
common level set of the Casimir functions

{yl,. e Vs ..,yNItr(yﬁ) = G, tr(yjf) =c j=1,.. .,N}
(27)
to deal with the Lie-Poisson Hamiltonian systems. The

characteristic polynomial of Lax matrix V, for the

Hirota-Satsuma modified Boussinesq Eq. 1 is an

independent constant with variables x and ¢ in the expansion
det(zI -V))=2"-F,Vz - F;(A), (28)

which defines a non-hyperelliptic algebraic curve of genus G = 3N — 2
by introducing variable { = a(A)z:

C+a MF, W -a® WFs (D) =0,

where

a(A)—H(A ).

J=

frontiersin.org
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With the application of Sklyanin’s method given in Sklyanin
[22], a half of the variables of separation y; (i=1,...,3N —2) should
be defined as zeros of some polynomial B(A) with degree 3N — 2, and
the corresponding conjugate variables »; (i = 1, ..., 3N — 2) are

related to y; by the secular equation
v, = Falu)vi = Fs(u;) = 0. (29)

It follows from (28) that v; should be an eigenvalue of the matrix V,,..
Therefore, there must exist such a similarity transformation

5 -1
Vi =V = KV, K;

for each i that the matrix \7#{ is block-triangular

Var (i) = Vi (1) = 0, (30)
and v; is the eigenvalue of V, split from the upper block
v =V (). (31)

Therefore, the problem is reduced to a determination of the matrix
K; and polynomial B(A). Let us consider K(k) to be as follows:

K (k) = ( )
V) = K(k)V) K™ (k)

Vit () -kVi (1) Viz(Y) Vis (1)
= VaW)+kViu Q) —k(kVia (D) + V() Va(A) +kVia () Vas +kVi5 (1)
Vi (1) —kVs (1) Vi (1) Vi (A)

100
k10
001

Note that the matrix

)

depends on two parameters A and k. Hence, we can consider
condition Eq. 30 as the set of two algebraic equations

{

for two variables A and k. By eliminating k from (32) yields the

Vo (1)
Vi ()

=Va W) +kVi (V) -k(kVp (W) + V(1) =0,
=Va(A) -kVi (W) =0

(32)
polynomial equation for A:
Vi MVa D[V (D) =V D] + Ve (D) Ve (V) = Vi A Vi (A).
=0.
(33)
Based on (33), we can define the polynomial B(A) of degree 3N as
B =V WV D[V (D) =V (V] + Vi (1)*Va (1)

2 _ n\)
-V (M) V(). = a—()t)3’ (34)
where
3N-2 N N ‘
n(A) = l_[ (A-w), ah) = H(A —/\j) = zajANﬁ (ap=1).
i<l 1 =

(35)

Expressing k from V(M) =0 as k = V;5,(1)/Vs()) and
substituting it into the definition Eq. 31 of v; yields

Vi () Va ()

, i=1,...
Vi (1)

%=V () =Vu(w) -
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thereby giving rise to 3N pairs of variables y;, v;. Let

Vi (MVs (1)

A(A) =Vy (/\) - Vi (d)

, (37)
with the help of (4) and (17), it is easy to see that
Vi (7), Vi (M)} = /\1? [(Vike () = Ve M)t = (Vi (T) = Vi (M) k]

from which, together with the definitions of B by (34) and A by (37),
the Lie-Poisson brackets for B(1) and A(7) satisfy

B(T)>.

Proposition 4. {y;, v;, 1 <i< 3N} are canonical coordinates, that is,

{P‘i’.”j} =0, {Vi, Vj} =0, {Vin“j} = ;.

{A(1), AW} =0,
{B(1), B(M)} =0,

1 (38)
(A, BV} = E(B”) -

Ve
ng (1)

Proof. The commutativity of Bs Eq. 38 obviously entrains the
commutativity of y; (zeros of B(1)). The Poisson brackets including
v; can be calculated by using the implicit definition of y;. From B
(u) =0, for j=1,..., 3N, it follows that

0= {F’B(l‘j)} = {E, B}y, + B’(I‘j){F’ ”j}
or
{F, B(W},
B'(g;)

for any function F, in the same way, we have

(F.s) =- , )

(i F} = {A (), F} = {A (), FYlmy, + A" () {1 F}-

Now, we turn to prove {v; y;} = §;. Starting with

{vowi} = {A@), e, + A () {1} = {A W), 1 s

using (39) and the third equation of (38), we arrive at

JAG@BONTL 1 (vi(w)
B/(Vj) B Ui~ H; (ng () Bl) - B(”j))'

The last expression vanishes for y; # y; due to B (4;) = B (4;) = 0 and

{”i’/‘j} =

is evaluated via L’Hopital’s rule for y; = y; to produce the proclaimed
result. The commutativity of ¥s can be shown in the same way,
starting from the first equation of (38).

5 Action-angle variables and Jacobi
inversion problems

Let us start with

Qi _
A=A

%tr(ﬂ W) +)
j=1

Loy y I
gr(ﬁ())-'—;/\—A]

+
M=

frontiersin.org
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where

bz (A) = IIAN72 + 12AN73 A
by (1) = AN 4 AN 4

+ IN_3A.2 + IN_z/l +1In_1,

40
4+ IinosA + Ianea, (40)

from which we can rewrite the

Fr(A), Fs3(A) as

generating  functions

b)) <« Gy Cy RV
(/\) Z ZAHI = (A— ])2 - az(/\),

(=) A

F2(A) =

(41)

() Q Cs;
fa(A)—az(N;( ) ZW Jl(k_ij)y (42)

with R, (1) = a(1)b, (A) +a? (A) Z @C—M Coj =10sj, Cij= 1)
j=1

The comparison of the coefficients of A' (I = 0, N-1)in
equation
00 S
b (M) = a(A)<Z A’fl)
I=1
and the comparison of the coefficients of M(I=0,1,...,2N-1)in

equation

N R
bs (1) = a* (V) Z;uﬂ ,

1=0

respectively, yield

j
L=Yaf,j=1...N-1,
i=1
k+1
Iy = ZM; frap k=0,...,2N 2.
1=0 \ 520
=]
Let
aS
vi=— i=1,...,3N =2,
o,

with the help of Eq. 29, we have the completely separable
Hamilton-Jacobi equations:

as\ (b, oy \as
<aﬂi> ( a(u;) JZ;' (y /\-)2> OH;
bs ( H,) _
(az (.“1 z ([,t, A ) ) =0

, 3N -2, from which we can obtain an implicit complete

fori=1,...
integral of Hamilton-Jacobi equations for the generating functions
F>(A) and F3(A):

3N-2 3N-2
S = Z Sj(‘uj):S(‘Ml,...,[,13N_2;11,...,I3N_2)— z JOZdA
=1 =1
(43)

where z satisfies Eq. 28.
Now, let us consider a canonical transformation from (y, v) to
(¢, I) generated by the generating function S:
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3N-2 3N-2

> wdu+ Y ¢,dl;=dS,

i=1 i=1
which satisfies

y=B 8
l_aﬂi’ gbi_ali.

From Eqgs 28, 41-44, we have

oS N2 (wioz
L % a
¢ ol; = Jo al;

3N-2 N-i-1
M,a(A)Z/\ .
Zj Ry il

= 3N 2 3N (45)
b d\, i=N

].; o R

where R(1) = 3a’(1)z> = Ry(A). Thus, by using (40), (41), and
(42), the generating functions of integrals can be rewritten as

=y G
2A) =) —3
1 (A-4)
IAY? 4+ Iy
- i * N1’:KZ(II:H-)IN—I:A):]:.’;(/\)
a(l)
_ i GCsj
- T N3
j=1 (A - /\])
DR N9 ARy SV
+ = az()t) 2= Ks(Ins .. s Isno,A).
The variables I, . . ., Isy_, will be variables of action type, and the

conjugate variables ¢;, ... , ¢sn_, will be the corresponding
angles.
The Hamiltonian canonical equations for the generating

functions F, (1), F3(A) in terms of action-angle variables I;, ¢;,

j=1,...,3N -2 are
oK, (1) _ AV .
B T 1o M ) 10}
Py = oK, () > i =TT
T N<j<3N-2 i
j
=0, 1<j<3N -2,
(46)
0K; (1) .
631_ =0, 1<j<N-1 3K )
— J —
P = aK, (1) AN , i =54
3L :az—m, N<j<3N -2 j
J
=0, 1<j<3N-2.
(47)

Proposition 5. Let t,; and ts; be the variables of Fi-flow and
F,T-ﬂow, respectively; then, we have

49 d¢ % d¢ _(Qu 0 (48)
dtr, " dh N dtsy T dEs o 0 Qn )/

where
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1 A A - Ano 1 By B, ** Byna
1 A - AN—3 1 B - BZN—3
Qu = . » Qn = L.
1 A 1 B,
1 1

with Ays being the coefficients in the expansion

> Ag
au ZT

N
which could be represented through the power sums of A, 8 = Z)Lk,
I=1

1
Ay=1, A =8, A =E(62+8f),

with the recursive formula
1
Ak:% (Sk+ E 6,‘Aj 5

i j21
=3

and B,s are the comparison of the coefficients of ', r =0, 1, ... in

AZN
m—(Z ;u«) -2 5
B, =) AiA;

which can be written as By = A} = 1, By = 2A,,..

with the supplementary definition A_y = B_; = 0, k =1, 2,’3;”,
Proof. According to the definition of the Lie-Poisson

bracket,

< 1 < 1 dI; Cad
Iﬂu = l:zo AZH {IJ’F}S} ; W FZJJ’ Ijtﬂ = z AIH {I FT}
&1 dl 1 o 1dg,
= Z PG dt] ¢qu = Z AL {¢ ’Fls} Zo AT in’
B 00 1 n oo 1 d¢
¢jt3). - ; F{gbj’Fl } - ; AHI dt_3,l’

(49)

forj= ., 3N — 2. By using Eqs (46), (47), and 49, it is easy to see
that
00 1 s [ 1 ; ‘
Z l+1{Ij>Fl}:Z l+1{1j’Fl}_O> ]:1, 3N -2,
=0 A l:(z)vl- 1
< 1 A - 00 Ak
2 Frj = = L j=1,..,N-1,

;/\lﬂ {¢J l} a(l) ,;))Lk”“ ]
ZAM{"SJ"FI}:O) j=1....N-1,
34

S| — -
]_Zo:/\ln{%’Fz}—O,]—N, 3N -2,
i 1 T ASNV"Z 00 Bk .
;AHI {¢j,Fl } = HZ(A) = Z, Ak+j+27N’ j =N...,3N -2. (50)

By comparing the coefficients of A" in (50), we get the Lie-Poisson

brackets
{Ij,F,S}—o {I,Fl} =0, j=1,...,3N -2,
{,F} = Ay {¢,, FI} =0, j=1,...,N-1, (51)
{¢,F} =0, {¢,,F[} =Bun_j, j=N,...,3N -2,

Frontiers in Physics

10.3389/fphy.2023.1285301

thereby providing the nondegeneracy matrix Eq. 48.
Proposition 6. FS, ..., FS, |, FL,...,FL,_| given in Eqs 19, 20 are
functionally independent.

Proof. We only need to prove the linear independence of the

gradients:
s S T T
VFS,...,VFS, ,VF',---VFT, .
Suppose
N-1 2N-1
Y cVE+ Y cxuma V), =0,
k=1 m=1
we have
—1 2N-1
0= addp Fif+ X evona (8, F
=1 m=1
N-1 2N-1
=Y A e Y cvmig
k=1 tak m=1 t

Hence, ¢; = ¢, = *-* = c3y_» = 0 since the coefficient determinant
is equal to 1 by matrix Eq. 48.Remark. Corollary 1 and the
present Proposition completely prove the Liouville integrability
of the Lie-Poisson Hamiltonian systems Eqs 6, 7 with the
Hamiltonians Eqs 21, 22, and 3N — 2 integrals Ff,...,Fi,_l,
FT,...,Fl,_,, which are involutive in pairs and functionally
independent.

After fixing the values of the 2N Casimir functions in (27), based
on (51), using (21), the solution of system Eq. 6 in terms of action-

angle variables ¢;, I; is

. (0), j=1,...,N-1,
L (x) = 1;(0), ¢;(x) = {¢j(0)+BN,jx, ji=N,....3N-2.

(52)

Thus, combining Eq. 45 with (52) yields the Jacobi inversion
problem for the Lie-Poisson Hamiltonian system Eq. 6

_ z J-'uk A)Z/\ dA,)

¢'j(0) j=1,...,N—1,
3N2 ASN]Z

¢j(0)+BN7jx: Z _[0 dA, j=N,...,3N -2
a0 RA

For the Lie-Poisson Hamiltonian system Eq. 7 with respect to
Lie-Poisson bracket Eq. 51, using (22), we obtain the solution of
system Eq. 7 in terms of action-angle variables ¢;, I;

¢.(0) + Ay_jt,

j=1,...,N-1,
Ij(t) :Ij(o)’ ¢j(t) = ¢](0)
;L0)s

i=N,...3N-2. ®3
According to Eqs 45, 53, we have the Jacobi inversion problem for
the Lie-Poisson Hamiltonian system Eq. 7

N-jo1

¢;(0)+ At = Z _l’m{ /\)ZA dA, j=1,...,N -1,
3N2 /131\1]2

$,(0) =; v Ry W S N3N -2

The compatible solution of systems Eqs 6, 7 in terms of action-angle
variables I, ¢ is
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1;(x,1) = 1;(0,0), ¢, (x,1)

B {¢j(0,0)+A1,jt, j=L...,N-1,

$,(0,0)+ Byyx, j=N,....3N-2.

From (45) and (54), we finally obtain the Jacobi inversion problem
for the Hirota—Satsuma modified Boussinesq Eq. 1:

3N-2
=y “k“(AZA " j=1,...

k=1
3N-2 ASN]Z

2 [ Roy

$,(0,0)+ Ayt

$,(0,0) + By_jx = d\, j=N,...,3N -2.

6 Conclusion

In this paper, two finite-dimensional Lie-Poisson
Hamiltonian systems associated with a 3 x 3 spectral
problem related to the Hirota-Satsuma modified Boussinesq
equation are presented. Separation of variables for the
integrable systems with non-hyperelliptic spectral curves is
constructed by using the method proposed by Sklyanin.
Then, 3N-2 pairs of action-angle variables are introduced
with the help of Hamilton-Jacobi theory. The Jacobi
these

Hirota-Satsuma

inversion problems for Lie-Poisson Hamiltonian
and the

equation are discussed. Furthermore, based on the Jacobi

systems modified Boussinesq
inversion problems, we may use the algebro-geometric
method to obtain the
solutions, which will be left to future research. The methods

multi-variable sigma-function
in this paper can be applied to other systems of soliton
hierarchies with 3 x 3 matrix spectral problems, even 4 x 4
matrix spectral problems.
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