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A novel particle has been and still is an intriguing option to explain the strong
evidence for dark matter in our universe. To quantitatively predict the dark matter
energy density, two main ingredients are needed: interaction rates and the history
of expansion of the universe. In this work, we explore the interplay between the
recent progress in the determination of particle production rates and modified
cosmological histories. For the freeze-out mechanism, we focus on Sommerfeld
and bound-state effects, which boost andmake darkmatter pair annihilationmore
efficient. As regards the freeze-in option, we include thermal masses, which enter
the decay processes that produce dark matter, and we find that they can suppress
or enhance the dark matter yield. We consider a class of modified cosmological
histories that induce a faster universe expansion, and we assess their effect in
combination with improved particle interaction rates on the dark matter energy
density.
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1 Introduction

One of the major open challenges across cosmology and particle physics is to understand
the content of our universe. There is mounting evidence that the fundamental building
blocks of the StandardModel (SM) of Particle Physics account only for a small fraction of the
matter in the cosmos, whereas the bulk appears to be some sort of non-luminous and non-
baryonic particles. Complementary measurements of galaxy formation, gravitational lensing,
large-scale structures, and the cosmic microwave background (CMB) point to the
astounding conclusion that more than 80% of the matter consists of dark matter (DM).
Nowadays, the DM energy density is very accurately determined by temperature anisotropies
of the CMB, and it amounts to ΩDMh

2 = 0.1200 ± 0.0012 [1], where h is the reduced Hubble
constant.

Although this is not the only viable option, it is well possible for DM to be a new, yet
undiscovered particle. The fervent interplay with particle physics-driven motivations for new
physics has produced a plethora of models and rather different DM candidates (see, e.g.,
[2–3]) for extensive reviews. In order to establish whether a given DM model is
cosmologically viable, one has to compare the corresponding prediction for the energy
density and check its consistency with the Planckmeasurement. In practice, one needs to link
the Lagrangian field content and parameters, most notably masses and couplings, with a
production mechanism in the early universe. In this work, we consider the freeze-out [4–6]
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and freeze-in [7–9] mechanisms. In the former scenario, dark matter
particles follow an equilibrium abundance when the temperature is
larger than their mass and are kept in chemical equilibrium via pair
annihilation, which is very efficient till T/M ≈ 1/25. Around this
temperature, dark matter particles decouple from the thermal bath
and their abundance is frozen ever since. The freeze-in mechanism
entails the opposite situation: dark matter particles never reach
equilibrium due to very small couplings with the plasma
constituents. Typically, dark matter particles are generated
through the decays of heavier accompanying states in the dark
sector, as well as 2→ 1 annihilations and 2→ 2 scatterings that may
involve SM particles. Dark matter particles only appear in the final
state of the relevant processes, and their abundance increases over
the thermal history. For renormalizable operators, the more
important temperature window for freeze-in production is T ≳
M, which is complementary to that typical of the freeze-out scenario.

For both the freeze-out and freeze-in mechanisms, the
interaction rates that are used for the prediction of the DM
energy density are sometimes incomplete even at leading order.
This is mainly due to a rather involved field content of realistic, and
non-minimal, dark matter models, which triggers a series of
compelling (thermal) phenomena. In this work, we consider two
exemplary situations: (i) non-perturbative effects on non-relativistic
annihilations for the freeze-out mechanism and (ii) the role of
thermal masses in 1 → 2 decays driving the freeze-in production.

Around the freeze-out temperature, dark matter particles are
non-relativistic and slowly moving objects in the early-universe
thermal environment. Such a kinematical condition calls for a
scrutiny and the inclusion of near-threshold (or non-perturbative)
effects, that may be rather impactful depending on the details of the
particle physics model. In many models, DM particles or
accompanying states of the dark sector often interact with gauge
bosons or scalar particles, which trigger self-interactions between
dark sector particles. The typical manifestations of long-range
interactions as induced by a repeated mediator exchange in the
soft-momentum region are the Sommerfeld enhancement (for an
attractive potential) [10, 11] and bound-state formation (BSF)
[12–13]. The latter is caused due to transitions of DM pairs from
a scattering state (or above-threshold state) into a bound state (or
below-threshold state), and it can occur via different processes in a
thermal environment [13–16]. In the non-relativistic regime,
Sommerfeld factors and bound-state formation are formally a
leading-order effect. Unless the coupling between the DM
particles and force carriers is quite small, the inclusion of
Sommerfeld and bound-state formation is crucial for a correct
estimation of the DM energy density. Bound-state formation and
decays especially work as an additional efficient channel to deplete
the DM population. The effective annihilation cross-section is
increased, and one typically finds larger DM masses that are
compatible with the measurement of the Planck satellite for a
fixed value of the DM couplings. Recent and ongoing efforts
have shown that bound-state effects can substantially change the
model parameter space that is compatible with the observed energy
density. A research program that aims to reassess the reach of
present and forthcoming experiments searching for DM, namely,
direct and indirect detection, as well as collider searches, has been
started only very recently (see, e.g., refs. [17–25] for exemplary
studies).

As far as the less explored freeze-in mechanism is concerned, a
systematic derivation of thermal cross-sections and widths is also
being researched. Here, the relativistic (T ~M) and ultra-relativistic
(T ≫ M) regimes are relevant, hence anticipating a prominent
impact from plasma effects. Only recently has the use of a
Maxwell–Boltzmann distribution been replaced by a more
appropriate Fermi–Dirac/Bose–Einstein distribution for the
decaying particle [26–28]. Despite the actual DM particle being
feebly interacting, it is usually produced in multi-particle collisions
or decays of equilibrated states in the thermal environment. This
condition, which is largely model-independent, calls for a scrutiny of
various thermal effects that are triggered by the interactions
responsible for the equilibrium of such states, either SM gauge
interactions or those of some hidden sector. Most notably, frequent
interactions with a dense medium induce thermal masses and
multiple soft scatterings. The latter, which is oftentimes called
the Landau–Pomeranchuk–Migdal (LPM) effect, typically
enhances the 1 → 2 decays and makes other effective 1 ↔ 2
processes possible [29–31]. At high temperature, 2 → 2
scatterings have to be treated with care when a soft-momentum
region appears in the relevant processes [30, 32]. For all the
mentioned processes, thermal masses have a significant role,
which is the aspect we focus on in this work.

A thermal interaction rate on its own is almost meaningless
unless it is compared with the expansion rate of the universe,
namely, the Hubble rate. Irrespective of the production
mechanism, either departing from thermal equilibrium (freeze-
out) or never reaching it (freeze-in), the Hubble rate sets the
clock that measures the efficiency of particle interactions. The
main difficulty is that we do not know much about the
expansion history of the universe at epochs prior to the Big Bang
nucleosynthesis (BBN). Even though the early universe had to be
radiation-dominated at the onset of the BBN, which occurred at
O(1) MeV temperatures, any scenario that implies higher
temperatures should admit the possibility for different
cosmological histories. The common approach is to extrapolate
the condition of the early universe at the BBN backward in time
and at (much) larger temperatures. As we usually are open-minded
about the diversity of new-physics models, we owe the early universe
the same. The implications of a modified expansion rate has been
considered in the literature for many DMmodels, and the impact on
the DM yield can be quite large (see, e.g., [33–37] for scalar and
fermionic singlet dark matter, Higgs and Z portal models [38–40],
inert doublet and triplet scalar dark matter models [41], Higgsino
[42] and neutralino dark matter [43–45], and axion-like particles
[46]). Here, we aim to explore the interplay between ameliorated
thermal rates with modified cosmological histories. This is the main
original contribution of the present work. More specifically, we
include near-threshold effects for the thermal freeze-out and
thermal masses for freeze-in-produced dark matter, which may
enhance or reduce the corresponding thermal rates, and combine
them with a modified expansion history.

The paper is organized as follows. Section 2 describes near-
threshold effects for DM pairs within the framework of potential
non-relativistic effective field theories (pNREFTs). We discuss two
exemplary models with a vector and scalar force carrier and
highlight similarities and differences. Freeze-in via 1 → 2 decays
is addressed in Section 3 for t-channel DMmodels, where we include
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thermal mass effects in the DM production rate. Section 4 presents a
self-contained summary of modified cosmological histories that
feature a faster expansion rate of the universe before the BBN
epoch. Numerical results that show the interplay between
improved thermal rates and modified cosmological histories are
discussed in Section 5, whereas conclusions and outlook are offered
in Section 6.

2 Near-threshold effects for DM
freeze-out

Non-relativistic DM particles are susceptible to non-trivial
dynamics whenever they interact through some force carrier.
This happens in many ultraviolet completions of the SM, as well
as in simplified DM models, where DM particles and/or co-
annihilating partners interact via gauge bosons or scalar fields. If
the mediator is sufficiently light to induce long-range interactions,
DM pair annihilations can be severely affected. Typically, the
Sommerfeld enhancement increases the annihilation cross-section
for a pair in an attractive channel, which implies larger dark matter
masses are compatible with the observed relic density. Moreover,
there is yet another manifestation of multiple soft exchanges,
namely, the existence of bound states: whenever they form in the
early universe and are not efficiently dissociated, DM can also be
depleted via bound-state decays. Hence, an additional efficient
annihilation channel is active and, for a fixed value of the
coupling strength, the corresponding dark matter energy density
is further reduced.

In order to illustrate such effects, we consider the two following
models: (i) Dirac dark matter fermion with a vector mediator in
Section 2.2; (ii) Dirac dark matter fermion with a scalar mediator in
Section 2.3. We first discuss some general features of non-relativistic
dark matter pairs in a thermal environment within the framework of
NREFTs and pNREFTs. Then, we specify the form of the low-energy
theories for the two models and list the main observables that are
necessary for the determination of the DM energy density.

2.1 pNREFTs for dark matter, Sommerfeld
factors, and bound-state formation

The treatment of interacting non-relativistic particle pairs in a
thermal environment is rather complicated because of the presence
of many energy scales. To begin with, there are the dynamically
generated scales by relative motion: (i) the momentum transfer,
which is also proportional to the inverse of the typical size of the
pair; (ii) the kinetic/binding energy of the pair. Such scales are
hierarchically ordered with the DM mass for near-threshold states
moving with relative non-relativistic velocities vrel, namely,
M≫Mv rel ≫Mv2rel. The relative velocity of the pair is fixed by
the virial theorem to be vrel ~ α for Coulombic bound states.
Therefore, the corresponding hierarchy is M ≫ Mα ≫ Mα2,
where α = g2/(4π) is the fine structure constant in terms of the
coupling g between the DM particle and the force mediator. The in-
vacuum scales are useful to define the hard, soft, and ultrasoft energy
modes of a given particle theory. Along with the in-vacuum scales,
there are thermodynamical scales, namely, the plasma temperature

T and the Debye massmD, which is the inverse of the chromoelectric
screening length for a weakly coupled plasma mD ~ gT. We do not
include the effect of thermal masses in the following treatment of the
freeze-out mechanism. Such a multi-scale system is well-suited for a
treatment in terms of effective field theories (EFTs). We assume the
following hierarchy of scales:

M≫Mα≫Mα2 ≳T, (1)
which we write specifically for the bound states.1

In this work, we exploit the framework of NREFTs [47, 48] and
pNREFTs [49, 50] when dealing with interacting dark matter pairs
and the observables of interest, namely, cross-sections and widths.
We find convenient indicating pairs in a scattering state with
(X �X)p, where p = Mvrel/2 denotes the momentum of the relative
motion, whereas a fermion–antifermion pair in a bound state is
indicated by (X �X)n. n ≡|nℓm〉 stands for the set of quantum number
of a given bound state. The main relevant processes include DM pair
annihilations into light mediators (scalar or vector fields), which can
occur both for scattering states (X �X)p and bound states (X �X)n, and
for bound-state formation. A detailed derivation and discussion of
the pNREFTs for vector and scalar mediators, with an explicit
application to dark matter are given in [51–54] and references
therein. We summarize the main steps and streamline the
derivation of the towers of low-energy theories.

Since the ultimate goal is to address near-threshold effects at the
ultrasoft scale, we integrate out the hard and soft energy modes in a
two-step construction of the low-energy Lagrangian. The first step
accounts for integrating out the hard energy/momentum modes of
order M. The corresponding low-energy theory, which we
generically indicate with NREFTDM, describes non-relativistic
dark fermions and antifermions and low-energy mediators, and it
is organized as an expansion in 1/M and α. The Lagrangian splits
into a bilinear and a four-fermion sector. The former comprises
interactions between non-relativistic fermion (and antifermions)
with the force mediator. The four-fermion Lagrangian is especially
relevant because the imaginary part of the corresponding matching
coefficients originate from the particle–antiparticle annihilation
diagrams [48]. In the so-obtained EFT, the soft scale (Mα) and
ultrasoft scales (Mα2 and the temperature) are still intertwined.

The next step is to integrate out the typical relative distance
among fermions and antifermions, which is induced by the soft-
momentum exchange of the force mediator. As a result, the degrees
of freedom are interacting dark matter pairs and ultrasoft mediators
(see Figure 1 for a diagrammatic representation). The so-obtained
low-energy theory is termed pNREFTDM. The potential between a
fermion and an antifermion appears as a matching coefficient, and it
is derived in a field theoretical fashion, namely, relativistic and
quantum corrections can be computed. Moreover, there is a power
counting that helps in estimating contributions to a given
observable. Threshold phenomena affect fermion–antifermion
pairs; hence, it is convenient to project the EFT on the
fermion–antifermion space and express it in terms of a

1 Depending on the details and degrees of freedom of the DM model, T ≳
Mα2 may induce thermal masses and modify the Coulomb potential (see,
e.g., [14, 15, 111] and [112, 113] for previous studies about heavy
quarkonium).
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fermion–antifermion bilocal field φ(t, r, R),2 where r ≡x1 − x2 is the
distance between a fermion at x1 and an antifermion at x2, which is
typically of the order 1/(Mα), and R ≡ (x1 + x2)/2 is the center of the
mass coordinate, which is of the order 1/(Mα2). In order to ensure
that the mediators are ultrasoft, the corresponding fields are
multipole expanded in r. Hence, a generic pNREFTDM

Lagrangian density is organized as an expansion in 1/M and
α(M), inherited from NREFTDM, and an expansion in r and α(1/
r), and it reads schematically

LpNREFTDM
� ∫ d3r φ† t, r,R( ) i∂0 −H r, p,P, S1, S2( )[ ]φ t, r,R( )
+Lint

ultrasoft φ t, r,R( ),Φ t,R( )( ) + Lmediator
ultrasoft Φ t,R( )( ),

(2)
where

H r, p,P, S1, S2( ) � p2

M
+ P2

4M
− p4

4M3
+ V r, p,P, S1, S2( ) +/ , (3)

V r, p,P, S1, S2( ) � V 0( ) + V 1( )

M
+ V 2( )

M2
+ V 4( )

M4
. . . , (4)

and S1 = σ1/2 and S2 = σ2/2 are the spin operators acting on the
fermion and antifermion, respectively. Then, in the second line of
Eq. 2, we display (i) the interaction Lagrangian that involves the
bilocal field and the mediator Φ(t, R), where the latter does not
depend on r; (ii) the Lagrangian term that comprises only mediator
fields, which have been multipole expanded.

In the limit of the massless mediators considered in this study,
the leading-order term V(0) in Eq. 4 is the Coulomb potential. The
imaginary part of the potential terms V(2)/M2 and V(4)/M2 consists of
local operators and describes the annihilation process
(X �X)p → ΦΦ for a scattering state and (X �X)n → ΦΦ for a
given bound state. We single out from V(r, p, P, S1, S2) in Eq. 4
the annihilation terms up to order 1/M4, which account for the
annihilation of scattering and bound states in S- and P- waves
[55, 56],

Lann
pNREFTDM

� i

M2 ∫ d3rφ† r( )δ3 r( ) 2Im f 1S0( )[ ] − S2 Im f 1S0( )[ ] − Im f 3S1( )[ ]( )[ ]φ r( )
+ i

M4 ∫ d3rφ† r( )T ij
SJ∇

i
rδ

3 r( )∇j
r Im f 2S+1PJ( )[ ]φ r( )

+ i

2M4 ∫ d3rφ† r( )Ωij
SJ δ3 r( ),∇i

r∇
j
r{ }Im g 2S+1SJ( )[ ]φ r( ),

(5)

where S is the spin of the pair (S2 = 0 for spin singlets and S2 = 2 for
spin triplets), while T ij

SJ and Ωij
SJ are spin projector operators (cfr.

e.g., [55–56]). We did not write the R and t dependence in the
argument of the field φ to avoid cluttering the notation. The
spectroscopic notation is 2S+1LJ where S, L, and J are, respectively,
the spin, orbital angular momentum, and total momentum of the
annihilating pair. It turns out to be quite useful to identify each
partial-wave contribution to the pair annihilations so that one can
easily associate Sommerfeld factors for the scattering states. By
computing the annihilation cross-section for the scattering states
and the decay width for the bound states in pNREFTDM, the
factorization between hard and soft modes is manifested.
Multiple Coulomb scatterings are encoded in the wave function
of the annihilating pair.

The bound state formation process (X �X)p → (X �X)n + Φ is
triggered by the ultrasoft interaction Lint

ultrasoft(φ(t, r,R),Φ(t,R)),
and its explicit form depends on the relativistic theory, or
equivalently, on the dark matter model one starts with. In this
paper, we focus on the bound-state formation via the radiative
emission of the mediators (for complementary bound-state
formation processes, which demand a richer dark sector (see
[14–16, 52])). Ultrasoft interactions are also responsible for
transitions among different bound states, which may further
boost the relevance of bound-state effects for the DM energy
density [22, 53, 57, 54, 58].

2.2 Dark matter with a vector mediator

In this section, we consider a simple model where the dark sector
consists of a dark Dirac fermion X that is charged under an abelian
gauge group [59–63]. The Lagrangian density reads

L � �X iD/ −M( )X − 1
4
Fμ]F

μ] + Lportal, (6)

where the covariant derivative isDμ = ∂μ + igVμ,Vμ is the vector field,
and Fμ] = ∂μV] − ∂]Vμ; we define the corresponding fine structure
constant α ≡ g2/(4π). The term Lportal encompasses additional

FIGURE 1
One-loop self-energy diagrams of a scattering state (X �X)p in pNRQEDDM (left) and pNRYγ5 (right). The internal lines are bound states, a vector
mediator (wiggly line) and a scalar mediator (dashed line). The electric dipole is shown with a cross-vertex, whereas the quadruple with a diamond vertex.
The zooming of the scattering state shows the actual content of the bilocal fields in pNREFTs, namely, interacting pairs.

2 In order to clarify on the distinction between soft and ultrasoft mediators,
and to introduce the degrees of freedom of pNREFTDM, we project onto the
particle–antiparticle sector, ∫d3x1d3x2φij(t, x1 , x2)ψ†

i (t, x1)χ†c,j(t, x2)|ΦUS〉,
where i, j are spin indices, while the state |ΦUS〉 contains no heavy
particles/antiparticles and an arbitrary number of mediators with energies
much smaller than Mα.
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interactions of the dark photon with the SM degrees of freedom. A
common realization of the portal interaction is a mixing with the
neutral components of the SM gauge fields [64, 65]. Such
interactions are responsible for the eventual decay of the dark
photons so that their number density does not dominate the
universe at later stages. In this work, we do not consider the
portal interaction term and neglect it in the following sections.

The low-energy theory at the ultrasoft scale, which is obtained
from the model Lagrangian (6), is expressed in the form of pNRQED
[49, 66]. The scrutiny of the corresponding derivation in the context
of dark matter is given in ref. [54]. By integrating out the hard and
soft scales, one arrives at the following Lagrangian:

LpNRQEDDM
� ∫ d3r φ† t, r,R( ) i∂0 −H r, p,P, S1, S2( )[
+g r · E t,R( )]φ t, r,R( ) − 1

4
Fμ]F

μ], (7)

where we added the subscript in order to remind that the low-energy
theory is for the abelian dark matter model in Eq. 6 and not for QED.
We note that LpNRQEDDM

is of the general form as in Eqs. 2, 5. Dark
matter-pair annihilation is accounted for in the imaginary part of the
local potential in H(r, p, P, S1, S2) and reorganized in Eq. 5. The
matching coefficients of the four-fermion operators of NRQED read,
at order O(α2), as follows [48, 67]

Im f 1S0( )[ ] � πα2, Im g 1S0( )[ ] � −4
3
πα2, (8)

Im f 3P0( )[ ] � 3πα2, Im f 3P2( )[ ] � 4
5
πα2. (9)

We only display the non-vanishing matching coefficients.
Depending on the two-particle states one projects onto,
i.e., scattering and bound states, one obtains a cross-section or a
decay width. The annihilation cross-section manifestly shows the
factorization of hard and soft contributions, and it reads

σannvrel X �X( )p → γγ( ) � Im f 1S0( )[ ]
M2 + p2 Im g 1S0( )[ ]

M4( )|R0 0( )|2

+ Im f 3P0( )[ ] + 5Im f 3P2( )[ ]
3M4 R1′ 0( )∣∣∣∣ ∣∣∣∣2

� πα2

M2 1 − v2rel
3

( )S0 ζ( ) + 7πα2v2rel
12M2 S1 ζ( ),

(10)

where Rℓ(r) is the radial wave function of a Coulombic scattering
state with ℓ = 0, 1, and the S- and P-wave Sommerfeld factors are
connected to the squared wave function via

R0 0( )| |2 � 2πζ
1 − e−2πζ

≡ S0 ζ( ),
R1′ 0( )∣∣∣∣ ∣∣∣∣2 � p2S0 ζ( ) 1 + ζ2( ) ≡ p2S1 ζ( ),

(11)

where ζ = α/vrel. The corresponding observable for a bound state is a
decay width. The expressions for nS and nP states exhibit the
analogous hard versus soft factorization

ΓnSann X �X( )n → γγ( ) � |RnS 0( )|2
πM2

Im f 1S0( )[ ] + En

M
Im g 1S0( )[ ]{ }

� Mα5

2n3
1 + α2

3n2
( ),

(12)

and

ΓnPJ
ann X �X( )n → γγ( ) � |RnP′ 0( )|2

πM4
Im f 3PJ( )[ ]

�
Mα7

24n5
n2 − 1( ), J � 0

Mα7

90n5
n2 − 1( ), J � 2

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩ , (13)

where the bound-state wave functions and energy levels are taken at
leading order, namely, |RnS(0)|2 � 4/(n3a30) and
|RnP′ (0)|2 � 4(n2 − 1)/(9n5a50), with a0 = 2/Mα as the Bohr radius.

The ultrasoft vertex governs the transitions among dark matter
pairs. For a vector mediator and in pNRQEDDM, the leading term is
the electric dipole interaction of the dark fermion–antifermion pair
with ultrasoft dark photons (see Eq. 7), which comprises thermal
photons as well. The dipole interaction is needed to compute the
bound-state formation process (X �X)p → γ + (X �X)n, and one can
extract the corresponding cross-section by taking the imaginary part
of the self-energy diagram displayed in Figure 1 (left diagram). In the
thermal field theory version of pNRQEDDM, the inclusive bound-
state formation cross-section is (see ref. [13] for the original
derivation with a Bethe–Salpeter approach and refs. [52, 54] for
recent derivations within pNREFTs)

σ bsf v rel( ) p( )∣∣∣∣vector �∑
n

σnbsf v rel( ) p( )
� 4α

3
∑
n

1 + nB ΔEp
n( )[ ]|〈n|r|p 〉|2 ΔEp

n( )3. (14)

The appearance of the Bose enhancement for the emitted
mediator through the Bose–Einstein distribution comes naturally
from pNRQEDDM at finite temperature. The subscript serves to
distinguish the cross-section from the corresponding one in the case
of a scalar mediator (cfr. Eq. 23). The energy splitting between a
scattering state and a bound state, or equivalently the energy carried
away from the emitted massless vector, is

ΔEp
n ≡ Ep − En � M

4
v2rel 1 + α2

n2v2rel
( ), (15)

which holds at the leading order. As a reference, and for later
comparison with the scalar mediator case, we provide the explicit
expression of the bound-state formation of the ground state, which
reads

σ1Sbsfv rel( ) p( )∣∣∣∣vector � 29

3
πα2

M2
S0 ζ( ) ζ4

1 + ζ2( )2 e−4ζarccot ζ( ) 1 + nB ΔEp
1( )[ ].
(16)

2.3 Dark matter with a scalar mediator

As in the previous model, we assume the DM particle to be a
Dirac fermion that carries no charge under the SM gauge
group. Dark matter fermions experience, however, an interaction
that is mediated by a scalar particle of the hidden sector via Yukawa-
type interactions. The Lagrangian density of the model reads
[68–70]
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L � �X i∂/ −M( )X + 1
2
∂μϕ ∂

μϕ − 1
2
m2

ϕϕ
2 − �X g + ig5γ5( )Xϕ − λϕ

4!
ϕ4

+ L portal,

(17)
where X is the DM Dirac field and ϕ is a real scalar. The scalar self-
coupling is denoted by λϕ, whereas the scalar and pseudo-scalar
couplings with the fermion are g and g5, respectively. For simplicity,
we assume the scalar self-coupling to be negligible, playing no role in
our analyses.3 The mass of the scalar mediator mϕ is assumed to be
much smaller than the DM mass and, in order to compare the
relevant observables with the gauge-invariant model where mγ = 0,
we restrict to the situationmϕ ≪Mα2. To a good approximation, we
can then treat the corresponding bound states as Coulombic.

In this work, we consider the case where the scalar coupling is larger
than the pseudo-scalar coupling, i.e., α ≡ g2/(4π)≫ α5 ≡ g2

5/(4π). In
doing so, we ensure that the dominant non-perturbative effects are
originated from a scalar-type interaction, which induce an attractive
potential, and we can largely neglect the mixed scalar–pseudo-scalar
and pure–pseudo-scalar-induced contributions [71, 53]. The
presence of pseudo-scalar interactions induces S-wave pair
annihilation for this model, cfr. Eq. 21. Portal interactions are
important for the model phenomenology and consistency. The
scalar mediator of the dark sector couples to the SM via a Higgs
portal interaction (see, e.g., [72]). As in the vector mediator case, and
for the sake of extracting the relic density, the details of the portal
Lagrangian are not needed, and we neglect the corresponding term
in the following sections.

The low-energy theory that is obtained via a two-step matching
from the model in Eq. 17, and with the hierarchy of scales (1), results
in a pNREFT-like Lagrangian [73, 53]

L pNRYγ5
� ∫ d3r φ† r,R, t( ) i∂0 + 2

r

M
+ 2

R

4M
+ 4

r

4M3 − V p, r, σ1, σ2( ){
−2gϕ R, t( ) − g

rirj

4
∇i
R∇

j
R ϕ R, t( )[ ] − gϕ R, t( ) 

2
r

M2}φ r,R, t( )

+1
2
∂μϕ R, t( )( )2 − m2

ϕ

2
ϕ R, t( )2 − λϕ

4!
ϕ R, t( )4,

(18)
where the square brackets in the second line of Eq. 18 indicate that
the spatial derivatives act on the scalar field only, which is multipole
expanded. It is worth mentioning the difference between the
ultrasoft vertices of pNRYγ5 and pNRQEDDM. In the second line
of Eq. 18, we observe the appearance of amonopole and a quadrupole
interaction as well as an interaction involving the derivative in the
relative distance, whereas the dipole interaction is absent (see Eq. 7).

The annihilation of heavy DM pairs into scalar particles is
described by the universal Lagrangian in Eq. 5. One just has to
obtain the specific matching coefficients for the model at hand. At
leading order, the imaginary parts of the hard matching coefficients
are [53]

Im f 1S0( )[ ] � 2παα5, Im g 1S0( )[ ] � −8π
3
αα5, (19)

Im f 3P0( )[ ] � π

6
5α − α5( )2, Im f 3P2( )[ ] � π

15
α + α5( )2. (20)

They enable extracting the annihilation cross-section for
scattering states and bound-state decay widths. The former
observable reads

σannvrel � 2παα5

M2
1 − v2rel

3
( )S0 ζ( ) + π 9α2 − 2αα5 + α25( )v2rel

24M2
S1 ζ( ),

(21)
where the Sommerfeld factors are the same as the vector case (cfr.
Eq. 11) because they are obtained from the wave function of dark
matter pairs that satisfy the same Schrodinger equation with a
Coulomb potential. We note that the pseudo-scalar interaction
introduces a velocity-independent S-wave contribution for the
annihilation cross-section in Eq. 21, which would be a pure P-
wave in the limit α5 → 0. Projecting the operators of the Lagrangian
in Eq. 5 onto bound states, one obtains, as counterparts of the decay
widths in Eqs. 12, 13, the following decays into scalar pairs:

ΓnSann �
Mα4α5
n3

1 + α2

3n2
( ),

ΓnPJ
ann �

Mα5 5α − α5( )2
432n5

n2 − 1( ), J � 0

Mα5 5α − α25( )
1080n5

n2 − 1( ), J � 2

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩ . (22)

The bound-state formation (X �X)p → ϕ + (X �X)n is driven by
the ultrasoft vertices of pNRYγ5 . At variance with the vector
mediator, the relevant interactions involve a quadrupole and a
derivative vertex. The monopole interaction, namely, the first
term in the second line of Eq. 18, does not contribute to the
transitions between a scattering and a bound state because of the
orthogonality of the corresponding wave functions. The bound-state
formation cross-section is extracted from the imaginary part of one-
loop thermal self-energy diagrams (see the exemplary diagram in
Figure 1 (right panel)). The inclusive thermal cross-section reads

σbsf vrel( ) p( )∣∣∣∣scalar � α∑
n

ΔEp
n( )5

120
|〈p|r2|n〉|2 + 2|〈p|rirj|n〉|2[ ]{

+2ΔEp
n 〈p

∇2
r

M2

∣∣∣∣∣∣∣∣ ∣∣∣∣∣∣∣∣n〉∣∣∣∣∣∣∣∣ ∣∣∣∣∣∣∣∣2 − ΔEp
n( )3

3

Re 〈p ∇2
r

M2

∣∣∣∣∣∣∣∣ ∣∣∣∣∣∣∣∣n〉〈n|r2|p〉[ ] } 1 + nB ΔEp
n( )[ ],
(23)

where three different matrix elements appear, at variance with the
sole dipole matrix element in the vector case. Owing to the power
counting offered by the pNREFT, and comparing the matrix
elements, one can already note that the bound-state formation
cross-section in Eq. 23 is α2-suppressed with respect to the case
of a vector mediator. The bound-state formation for the ground
state is

σ1Sbsfv rel( ) p( )∣∣∣∣scalar � πα4

M2
S0 ζ( ) 2

6

15

ζ2 7 + 3ζ2( )
1 + ζ2( )2 e−4ζarccot ζ( ) 1 + nB ΔEp

1( )[ ].
(24)

3 Such an interaction would be responsible for the generation of a thermal
mass for the scalar mediator in the early universe, mthermal � T

�����
λϕ/12
√

.
Moreover, it induces bound-state formation via the emission of two scalar
mediators [114].
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3 Thermal masses and dark matter
freeze-in via decays

Asmentioned in the Introduction, the production of dark matter
via freeze-in involves temperatures larger than and of the order of
the dark matter mass [8, 9] (see also [74] for a recent review). This
calls for a careful scrutiny of thermal effects. A common
modification for particles in a high-temperature environment is
the appearance of thermal masses, which have only recently been
addressed in the context of DM [75–80]. In these studies, the effect
of thermal masses has been explored in decay processes, which
would be forbidden at zero temperature and, instead, open up in a
thermal plasma, and in combination with phase transitions in the
early universe. In this paper, we consider a situation where thermal
masses can either suppress or enhance the decay process that sources
the DM production. At variance with the effects that we have
discussed in Section 2, which increase particle interaction rates,
here we focus on a situation where the particle production is less
efficient due to thermal masses. We discuss an exemplary class of
models where this situation occurs in the following section.

3.1 Majorana dark matter and t-channel
mediators

Due to the increasing elusive characteristic of the dark matter
particle, it is well-justified to assume it to be a SM gauge singlet. Of
the different portal realizations, a quite rich phenomenology is
offered by DM coupled to the visible sector via an accompanying
component of the dark sector. The latter is taken to be charged under
some (or all) gauge groups of the SM, and hence it triggers
experimental prospects for direct and indirect detection, as well
as collider searches. This class of models is often referred to as t-
channel mediator models [81–83]. Here, the mediator stands for the
particle of the dark sector that links the actual dark matter with SM
fields, and it is not understood as a mediator of long-range
interactions as in Section 2. The dark matter particle and the
mediator carry a Z2 charge (they are odd under this symmetry),
which makes the DM candidate stable in the first place upon
assuming that it is the lightest state of the dark sector. Dark
matter can be either a scalar or a fermion, and depending on the
SM fermion it interacts with, the gauge quantum numbers for the
mediator can be fixed (see [81] and [84]).

We consider two models where the DM is a Majorana fermion
that interacts with (i) a right-handed up quark or (ii) a right-handed
lepton. In both cases, the mediator is a scalar, either a triplet or a
singlet under QCD, indicated by η. The Lagrangian can be written as
follows:

L � L SM + 1
2

�X i∂/ −M( )X + Dμη( )†Dμη −M2
η η

†η − λ2 η†η( )2
−λ3 η†ηH†H − y η �XPRf − y*η† �fPLX,

(25)
where PL(R) are the chiral projectors, X is the Majorana fermion dark
matter, f = q, ℓ is a SM fermion,H is the SMHiggs doublet,Mη is the
mass of the mediator, and M is the mass of the DM particle, with
Mη >M to ensure a stable dark matter component. In the context of
minimal flavor violation, we consider the coupling with one SM

fermion generation at a time. The hypercharge of the η particle is
then fixed to be Yη = −Yf. The covariant derivative comprises the
corresponding relevant gauge fields (only Bμ for the interaction with
a right-handed lepton and both Bμ and Aa

μ, with a = 1, . . ., 8 for the
interaction with right-handed quarks).4

In the freeze-in scenario, the DM fermion only appears in the
final state of the relevant processes. DM production occurs via 1→ 2
decays in this model, namely, η → Xf and its complex conjugate, as
well as through 2 → 2 scatterings with SM particles. The latter are
especially relevant for a compressedmass spectrum ΔM ≡Mη −M≪
M. We note that additional thermal phenomena can occur, which
have been more carefully investigated for leptogenesis [29, 31, 32],
such as multiple soft scatterings, namely, the LPM effect. The latter
typically increases the production rate of a feeble interacting particle
via effective 1 + n ↔ 2 + n processes (see [85] for their inclusion in
the context of freeze-in DM). In this work, we aim to highlight the
subset of thermal effects as restricted to thermal masses, which can
make the production rate smaller. Such an approach already goes
beyond the standard treatment in the present literature, where 1→ 2
decays are estimated with in-vacuum masses [86, 19, 84, 87, 88].

We derive the DM production rate in the formalism offered by
the spectral function. For practical calculations, the spectral function
of the produced particle can be related to the imaginary part of its
retarded correlator at finite temperature ImΠR [89–91]. At leading
order, one has to compute the imaginary part of the thermal one-
loop self-energy of the dark matter particle (see Figure 2). The main
advantage of such a formalism is that one can easily generalize a
given process to a higher order and include thermal effects. The
imaginary part of the retarded correlator enters the rate equation
that governs the evolution of the DM particle. As we are in the
freeze-in scenario, there is no loss term, and the rate equation is
[85, 90]

_nX + 3HnX � 2|y|2∫
k

nF k0( )
k0

ImΠR, (26)

where ∫k ≡∫d3k/(2π)3 and the factor of 2 counts the helicity states of
the Majorana fermion. We consider only 1 → 2 decays as
contributing to ImΠR; however, we assess the modification that
may occur when including thermal masses.

In the high-temperature limit, which corresponds to
temperatures larger than any in-vacuum mass scale, repeated
interactions with the plasma constituents generate the so-called
asymptotic masses. For the scalar mediator, SM right-handed quarks
and leptons, they read [92, 93, 15]

�XηPRq: m2
η �

g2
3CF + Y2

qg
2
1

4
+ λ3

6
( )T2,

m2
q �

T2

4
g2
3CF + Y2

qg
2
1 + |hq|2( ), (27)

�XηPRℓ: m2
η �

Y2
ℓ
g2
1

4
+ λ3

6
( )T2, m2

q �
T2

4
Y2

ℓ
g2
1 + |hℓ |2( ), (28)

4 It is worth mentioning that thermal masses have been considered in the
production of heavy neutrinos from charged scalar decays in ref. and in the
context of see-saw type I leptogenesis in refs. [29, 32]. Despite the models
being different with respect to phenomenology, the topology of the
relevant diagrams is indeed quite similar.
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where CF � (N2
c − 1)/(2Nc) is the quadratic Casimir of the

fundamental representation; g1 and g3 are the SM U(1)Y and
SU(3) gauge couplings, respectively, and hf is the Higgs–fermion
Yukawa coupling. We distinguish the two models explicitly and
show the corresponding thermal masses mi (capital letters are
instead used to indicate the in-vacuum masses). The thermal
mass for the DM is negligible since it is proportional to
|y|2 ≪g2

3, g
2
1, λ3, |hq|2; for the freeze-in production to be

applicable, the coupling of the DM with other particles is
y≲O(10−8) [8, 9]. As we restrict to temperatures above the
electroweak scale, the thermal masses for the right-handed
fermions are the only source of a mass term.5 This is not true for
the scalar particle η: the asymptotic thermal mass of the scalar is not
a good approximation when the vacuum mass Mη is no longer
negligible with respect to thermal scales. When Mη ≳ T, one must
include it in the determination of the thermal self-energy of the
scalar, which in turn provides the thermal contribution to the
thermal mass mη. We can adapt the result from ref. [85], with
minimal modifications, and include an accurate temperature
dependence for the scalar mediator mass, which decomposes in
an in-vacuum and thermal contributions M2

η ≡ M2
η +m2

η. The
thermal mass m2

η for T ~ Mη can be found in ref. [85] for the
interaction with SM quarks.

We can now proceed with the calculation of the thermal process
η → Xf, which is sometimes referred to as the Born approximation
because it corresponds to the leading process that drives the freeze-
in production. We present the result with finite thermal masses first,
which corresponds to the right diagram in Figure 2 (red bubbles
stand for resummed propagators with thermal masses). Then, we
show the in-vacuum limit mi = 0, which originates from the left
diagram in Figure 2. The production rate reads

ImΠR,η→Xf � Nf
c

16πk
∫pmax

pmin

dp M2
η −M2 −m2

f − 2k0 Ep − p( )[ ]
× nB k0 + Ep( ) + nF Ep( )[ ], (29)

where we have explicitly indicated that we single out the process η→
Xf. Then, Nq

c � 3 for a quark and Nℓ

c � 1 for a lepton, Ep ��������
p2 +m2

f

√
and the integration boundaries are

pmin , max �
M2

η −M2 −m2
f

2M2
k0

�������������������
1 − 4M2m2

f

M2
η −M2 −m2

f( )2
√√

∓ k

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣∣∣∣∣∣.
(30)

It is useful to perform the in-vacuummass limit, which yields an
analytical expression for the Born rate, and serves as a reference for
the corresponding result with thermal masses. It reads

ImΠR,η→Xf

∣∣∣∣mi�0 �
Nf

c M2
η −M2( )

16πk
∫pmax

pmin

dp nB p + k0( ) + nF p( )[ ]
� Nf

c T M2
η −M2( )

16πk
ln

sinh β k0 + pmax( )/2( )
sinh β k0 + pmin( )/2( )( )[

−ln cosh βpmax/2( )
cosh βpmin/2( )( )], (31)

where

pmin �
M2

η −M2

2 k0 + k( ), pmax �
M2

η −M2

2 k0 − k( ). (32)

The Born rate is our key factor to extract the DM energy density
(cfr. Eq. 26) and to assess the interplay with modified cosmological
histories. The corresponding numerical results are given in Section
5.2. Figure 3 shows the production rate ImΠR for the top-quark case
(left panel) and a right-handed lepton (right panel). By choosing the
top quark, we can inspect the impact of a finite Yukawa coupling hf
in Eq. 27, which would be negligible for the other quarks and all the
leptons. The in-vacuum masses of the dark sector particles, M =
2 TeV and Mη = 5 TeV, are chosen such that the freeze-in
contribution to ΩDMh

2 is largely dominant with respect to the
one from the super-WIMP mechanism (see [19, 85]).6 For this
choice of the masses, the 2 → 2 scatterings are also moderate with
respect to the DM production from decays (see refs. [19, 85]). For a

FIGURE 2
One-loop self-energy diagrams for the Majorana fermion dark matter X (solid double line). The scalar mediator and the SM fermion are displayed
with dashed and solid lines, respectively. The left diagram shows a scalar mediator and SMwith in-vacuummasses, whereas resummed propagators with
thermal masses are shown in the right diagram.

5 For temperatures smaller than approximately Tc ≃ 150 GeV, the SM Higgs
boson undergoes a crossover, and then, the top-quark and the mediator η
thermal masses would acquire a more complicated form. Despite this
aspect being interesting, it is not expected to qualitatively change the
effect on the DM production, and we leave it for future investigations.

6 In this class of modes, the super-WIMP mechanism comes along with the
freeze-in. The former takes place at much smaller temperatures T ≪ Mη,
and the relevant process is the freeze-out of the mediator η and its
subsequent late decays into DM particles.
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top-philic DM, the inclusion of thermal masses always suppresses
the production rate with respect to the in-vacuum result (solid-blue
line). Moreover, different values of the portal coupling λ3 ∈ [0, 1]
have a rather marginal impact on ImΠR. A different effect due to
thermal masses is instead found in the lepton case. Here, the
outcome holds equally for each family since hℓ ≪ 1 for electrons,
muons, and taus. The thermal correction to mη that is proportional
to λ3 (see Eq. 28) plays a more important role, and it can make the
production rate even larger than the in-vacuum limit (at high
temperatures, the two-body phase space is increased by a large
mη). For λ3 = 0, one finds again a suppressed rate with respect to the
vacuummasses, although the Born rate with in-vacuum and thermal
masses are closer with respect to the top-philic scenario. Section 5.2
focuses on scenarios where thermal masses inhibit DM production
with respect to the in-vacuum mass limit. We then fix λ3 = 0, which
reduces the number of free parameters of the models, while
preserving their rich phenomenology.7

4 Modified cosmological histories

The extraction of the DM energy density depends on the thermal
history of the universe via the Hubble rate. This is the clock that
measures the efficiency of a given particle rate in an expanding
background. The standard procedure is to assume that the DM
freeze-out and freeze-in occur in an epoch of radiation domination,
where the SM is the dominant component at temperatures
T≫O(1)MeV. However, there are no obvious reasons for
limiting ourselves to such cosmological history. The paradigm of

inflationary cosmology calls for a stage of reheating that goes along
with well-motivated different expansion histories, which include
early matter dominated phase, moduli fields, and quintessence fluids
[94–99, 33]. The latter option has ties with the current accelerated
expansion of the universe. In this paper, we do not select a particular
ultraviolet completion, and we consider a family of modified
cosmological histories that provides a faster expansion rate before
the BBN. More specifically, we follow the framework proposed in
ref. [100].

4.1 A faster universe expansion

Following the approach given in ref. [100], a modification of the
universe expansion history is achieved by introducing another
species φ, that redshifts as φ ∝ a−(4+n), where a is the universe
scale factor.8 For n > 0, the energy density of φ dominates the
radiation component at early times, while it becomes completely
negligible at later times. We label the corresponding energy densities
as ρφ and ρrad, respectively. In order to be quantitative on the relative
importance of the additional fluid during the thermal history, one
has to choose some reference temperature. We use the prescription
given in ref. [100], and we take the reference temperature Tref as the
temperature at which ρφ = ρrad. On general grounds, the smaller Tref

the longer and the faster the expansion takes place and modifies the
standard picture. A variety of cosmological scenarios are accounted
for by two parameters (Tref, n). For example, the case n = 2 describes
the quintessential scenario [98, 99], which is also motivated by the
discovery of the accelerated universe expansion. Such a case is also

FIGURE 3
Production rate ImΠR/N

f
cT

2 for η→ Xf decay processes as a function of the temperature. The left panel is for a right-handed top quark, and the right
panel is for a right-handed lepton. The production rates are taken for a fixed value of the DM momentum k = 4T.

7 An important and relevant consequence for λ3 ~ O(1) is the possibility to
trigger a first-order electroweak phase transition for the lepton scenario
(see refs. [116, 117]).

8 The same symbol is also used to indicate the bilocal field of the low-energy
pNREFTs in Section 2. Here, n enters the exponent of the scale factor,
whereas it was used to label bound states in Section 2.

Frontiers in Physics frontiersin.org09

Biondini 10.3389/fphy.2023.1285986

https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2023.1285986


referred to as the kination regime, where the kinetic energy of the
fluid is indeed dominant. Alternative realizations to the quintessence
option, that still have the same redshift behavior, are described in
refs. [101, 102]. Examples of cosmological scenarios with n > 2 are
found in refs. [100, 103–105]. For the purpose of this study, the main
point to be made is that, for temperature larger than Tref, the
universe expands faster. Consequently, the predicted dark matter
energy density may change because the particle interaction rates
become less effective.9

In order to provide a self-contained discussion, we streamline
the derivation of the main quantities that we need for the numerical
extraction of the DM energy density. The steps for defining a
modified effective number of relativistic degrees of freedom are
as follows. First, one has to consider the conservation of the total
entropy and assume that the standard radiation and additional
specie φ dominate the universe energy budget, namely, ρ = ρrad +
ρφ. This way, one can express the ratio of the energy density ρφ ∝
a−(4+n) at two different temperatures, which reads

ρφ T( )
ρφ Tref( ) �

heff T( )
heff Tref( )( )4+n

3 T

Tref
( )4+n

, (33)

and use this condition to express the energy density ρφ with the
radiation temperature. The total energy density can be written as
follows:

ρ T( ) � π2T4

30
geff T( ) + geff Tref( ) heff T( )

heff Tref( )( )4+n
3 T

Tref
( )n⎡⎢⎣ ⎤⎥⎦, (34)

where we have used the definition ρφ(Tref) = ρrad(Tref) and geff(T) is
the temperature-dependent number of relativistic degrees of
freedom. From Eq. 34, one can define a generalized number of
relativistic degrees of freedom for the modified cosmologies (Tref, n)

gφ
eff T, Tref , n( ) ≡ geff T( ) + geff Tref( ) heff T( )

heff Tref( )( )4+n
3 T

Tref
( )n

. (35)

Let us remark that the limit to the standard cosmology is not
recovered by setting n = 0. Rather, in this case, one has a double copy
of a radiation-like fluid, which yields a factor of 2 for T = Tref in Eq.
35. The Hubble rate that is added to the relevant Boltzmann
equations in Section 5 then reads

Hφ �
���������������
4π3

45
gφ
eff T, Tref , n( )

√
T2

MPl
, (36)

where MPl ≃ 1.22 × 1019 GeV is the Planck mass. Before concluding
the section, let us briefly recall that an unavoidable constraint on the
energy density of the additional field/fluid φ has to be imposed.
Indeed, a faster expansion rate has to be limited at times (or
temperatures) before the Big Bang nucleosynthesis, which occurs
at TBBN ≃ 4 MeV [103, 106]. The remarkable agreement between the
predictions and measurements of light-element abundances sets a
cornerstone of particle cosmology. If the universe expands too fast at
around the BBN epoch, then the light elements could not even form

or, in any case, their abundance would sensibly change. The effect of
the additional component φ is parameterized in terms of an effective
number of relativistic degrees of freedom, more specifically adding
up to the number of effective neutrinos, and we adopt a limit on the
reference temperature, namely, Tref ≥ (15.4)1/n MeV [100]. We note
that, by considering DM candidates with masses M≳O(100) GeV,
reference temperatures quite larger than such a lower bound are
sufficient to highlight the effect of modified cosmologies. In Section
5 we do not consider reference temperatures smaller than the QCD
crossover, i.e., Tref ≥ 154 MeV [107].

5 DM energy density

In this section, we combine the improved interaction rates
obtained in Sections 2, 3 with the modified cosmological histories
of Section 4. Our aim is to quantitatively show the interplay of a
faster expansion rate of the universe with (i) larger cross-sections
from non-perturbative effects for the freeze-out scenario; (ii) a
reduced particle production due to thermal masses in the case of
freeze-in.

5.1 Freeze-out

In order to capture the DM annihilation in the form of bound
states, we rely on an effective description, which is commonly
adopted in the literature and was originally proposed in ref.
[108]. In the most general case, the situation is rather complex
because there is an equation for the DM particle number density,
denoted by nX, and an equation for the number density of each
bound state. A network of coupled Boltzmann equations would then
need to be solved. However, whenever the reactions that drive the
rate of change of the bound states are faster than the Hubble rate, the
network of Boltzmann equations for the bound states significantly
simplifies and turns into algebraic equations [108].10 The relevant
particle rates are the bound-state dissociation rate and the bound-
state decay width, which are both much larger than the Hubble rate
for the mass parameters and couplings considered in this work. We
have carefully checked that, even in the case of a faster universe
expansion as discussed in Section 4, these conditions hold for the
considered masses and couplings. As a result of such
approximations, a single Boltzmann equation for nX is found,
where the reprocessing of fermion–antifermion pairs into bound
states and their decays is accounted for by an effective cross-section:

dnX
dt

+ 3HnX � −1
2
〈σeff vrel〉 n2X − n2X,eq( ). (37)

The factor of 1/2 on the right-hand side of Eq. 37 appears
because we consider Dirac DM particles (hence not self-conjugated)
[6]. For the Hubble rate, we will adopt the one in a standard
cosmological history, i.e., H � �����

8πe/3
√

/MPl, with the radiation
energy density e = π2T4geff/30, as well as the more general

9 In a recent work [118], the option where the universe expands slower than
the standard cosmological history was considered, and its impact on the
DM relic density is discussed.

10 Such treatment has been very recently revisited in [22, 119] to include
transitions among bound states, which make bound-state effects more
prominent.
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expression in Eq. 36, which accounts for a faster expansion before
the BBN epoch. The SM contribution to geff is taken from ref. [109].
The effective thermally averaged cross-section, upon neglecting
bound-to-bound transitions, yields

〈σeff vrel〉 � 〈σann vrel〉 +∑
n

〈σnBSF vrel〉
Γnann

Γnann + ΓnBSD
, (38)

where the sum runs over all bound states. The thermal averaging is
carried out in the standard way, i.e., we take Maxwell–Boltzmann
distributions for the incoming DM fermion and antifermion [6, 13].
The Sommerfeld-corrected annihilation cross-sections and the BSF
cross-section are given in Eqs. 10, 14 for the vector mediator,
whereas Eqs. 21, 23 give the scalar mediator. The decay widths
Γnann are found in Eqs. 12, 13, 22. The bound-state dissociation width,
which corresponds to the breaking of the bound state via the
absorption of a mediator from the thermal bath, can be obtained
from the bound-state formation cross-section via detailed balance
[13], also known as theMilne relation for the particular case.We will
consider excited states up to n ≤ 2 in the following text ; hence, we
include the bound states 1S, 2S, and 2P (the latter state comprises
three states for the magnetic quantum number degeneracy).

We present some numerical results where we aim to highlight
the combination of larger particle rates and a modified cosmological
history. The same version of each plot is presented for the two
benchmark models, i.e., DM fermion with a vector and scalar
mediator as discussed in Sections 2.2, 2.3. Figure 4 displays the
DM energy density as a function of the reference temperature Tref.
The DMmass and the couplings are indicated at the top label of each
plot. The minimal reference temperature is well above the lower
bounds Tmin

ref ≃ 3.9, 1.9 MeV for n = 2 and n = 4, respectively. The
dashed-green and dashed-orange lines stand for the DM energy
density as obtained with free and improved cross-sections for the
kination option n = 2, whereas solid magenta and purple lines
correspond to an alternative cosmology with n = 4. As a general

common feature, one may note how the DM energy density
converges to the values that are obtained in the standard
cosmology (solid-thin horizontal lines) for large enough reference
temperatures, here Tref ≳ 100 GeV. This is traced back to the freeze-
out happening at temperatures where the standard expansion rate is
recovered. The situation changes substantially for smaller Trefs,
which progressively make a faster expansion last longer. The
annihilation cross-section becomes less effective, and therefore
larger DM abundance is found. This holds irrespective of free or
improved cross-sections, where non-perturbative effects are
included. For the specific choice of the mass and couplings, it is
worth noting that modified cosmologies open a window for Tref,
where the observed DM energy density ΩDMh

2 = 0.012 ± 0.012 is
reproduced. Indeed, both for the vector and scalar mediator models
with a standard cosmological history, the predicted energy density is
either a fraction of the observed value or would overclose the
universe (see solid-thin lines). The pseudo-scalar coupling is
fixed to α5 = 0.1α in the following text (see ref. [25] for a more
detailed study on the dependence of near-threshold effects with
varying α5).

We next look at the contours that account for the Planck
measurement of the DM energy density. Figure 5 shows the (M,
Tref) plane for a fixed coupling strength (α = 0.1) and for two
expansion histories (n = 2, 4). The DM mass that reproduces the
experimental energy density within the standard cosmology can be
inferred by looking at the vertical asymptotes for high enough Tref.
The two sets of curves in each panel correspond to the DM relic
density as obtained with a free annihilation cross-section,
i.e., without non-perturbative effects, and with Sommerfeld and
bound states, respectively. Bound-state effects are more prominent
for the vector mediator case. For the vector model, the DMmass that
is compatible with the observed energy density with the standard
cosmology is M = 2.85 TeV (M = 5.90 TeV) for a free (non-
perturbative) annihilation cross-section. As long as we consider

FIGURE 4
Darkmatter energy density for the vector and scalar mediator models, (left and right panels, respectively) as a function of the reference temperature
Tref. The coupling between the DM fermion and the mediator is set to α = 0.1 and M = 2 TeV (for the scalar mediator model α5/α = 0.1).
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Tref ≲ 200 GeV, a faster universe expansion demands larger cross-
sections in order to agree with the observed DM energy density, and
therefore smaller DM masses are needed. The effect of an
increasingly longer and faster expansion is quite important, and
the DM mass is progressively reduced up to approximately an order
of magnitude for Tref = 154 MeV (we take the QCD phase transition
as the minimal reference temperature in Figure 5). The faster
expansion for n = 4 bends the contours further toward smaller

values of the DM mass. Moreover, one can clearly observe how the
non-perturbative effects move the contours to larger DM masses
(free versus SE+BSF curves), whereas the faster expansion pushes
toward smaller masses for Tref ≲ 200 GeV.

There are two observations worth making about some
degeneracy that is introduced when considering improved
interaction rates and modified expansion histories. We refer to
the vector mediator model for the specific values of the

FIGURE 5
DMenergy density contours forΩDMh

2 = 0.012 in the plane (M, Tref) for the vector (left panel) and scalar mediator models (right panels). Here, α=0.1,
α5/α = 0.1, and we show two options for the modified cosmologies (n = 2, 4).

FIGURE 6
DM energy density contours for ΩDMh

2 = 0.1200 in the parameter space (M, α) for the vector (left panel) and scalar mediator models (right panels).
Here, we consider different reference temperatures, whereas we fix n = 2 to identify the kination/quintessence option for a modified expansion history.
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parameters. Similar statements hold for the scalar mediator model
(mass and Tref benchmarks are indicated in Figure 5). First, the pair
(M ≃ 800 GeV, Tref ≃ 1 GeV) is obtained when using the free
annihilation cross-section and a modified cosmology with n = 2
or with non-perturbative effects and a modified cosmology with n =
4 (see intersecting dashed-green and solid-purple curves in
Figure 5). Second, the dark matter mass M = 2.85 TeV, which
provides the observed energy density for the standard cosmology
and free cross-section, can be obtained with the inclusion of non-
perturbative effects and modified cosmologies, respectively, for
(Tref ≃ 9 GeV, n = 2) and (Tref ≃ 16 GeV, n = 4).

A final look at the interplay between particle rates and a faster
universe expansion is explored in the parameter space (M, α) for
different reference temperatures. The results are shown in Figure 6
for the vector and scalar mediator models. Here, we restrict to the
case n = 2, which describes the case of kination domination or
quintessence. As mentioned before, we extract the contours that
account for the observed DM energy density; however, we use the
annihilation cross-section with the inclusion of non-perturbative
effects. The purple-dashed curve is the reference case for the
standard cosmology; such a curve is also reproduced by modified
cosmologies with Tref ≳ 103 GeV and for DM masses M ≲ 10 TeV.
Then, for the vector model, the curves for Tref = 100 GeV and Tref =
20 GeV progressively deviate from the standard cosmology upon
increasing the dark matter mass. This is because the freeze-out
occurs more toward the epochs when the expansion is different from
the standard setting (the freeze-out temperature is proportional to
the DM mass). Smaller reference temperatures have a rather large
impact, and the corresponding curves for Tref = 1 GeV and Tref =
0.154 GeV shift away from the standard scenario. Here, the observed
energy density can only be maintained for large α and small DM
masses. For example, for α = 0.1 in the vector model, modified
cosmologies require a DMmass ofM = 0.97 TeV andM = 0.43 TeV
for Tref = 1 GeV and Tref = 0.154 GeV, respectively, instead of the

standard cosmology caseM = 4.9 TeV. Finally, we note a degeneracy
of the predicted parameters (M, α) between the reference scenario
given by the black-solid-thin line (standard cosmology and free
annihilation cross-section) and modified cosmologies with Tref =
20 GeV and Tref = 10 GeV for the vector and scalar models,
respectively (see dashed-orange lines overlapping with the black-
solid-thin lines; for the vector case, the orange-dashed line gradually
detaches at large couplings because of more relevant non-
perturbative effects with respect to the scalar model).

5.2 Freeze-in

In this section, we present the numerical results for the DM
energy density that are extracted with the Born rate with and without
thermal masses (cfr. Eqs. 29, 31) and its interplay with a modified
expansion history of the universe. The rate equation for the DM
abundance has been given in Eq. 26. We further introduce (i) the
yield variable YX = nX/s; (ii) the actual production rate, that has
indeed the dimension of an energy and comprises the Yukawa
coupling y, together with its thermal average as follows [89, 91]

Γ k( ) � |y|2ImΠR k( )
k0

, 〈Γ〉 ≡ ∫ d3k

2π( )3 Γ k( ) nF k0( ). (39)

Both Γ(k) and 〈Γ〉 inherit the temperature dependence of ImΠR

as shown in Figure 3. Our integration variable is x ≡ ln(Tmax/T), with
Tmax as the maximal temperature, and we start the evolution with
vanishing DM abundance YX(x = 0) = 0. We present the numerical
results for the top-quark and lepton options. For the SM couplings,
we take them running at one loop (see [85] for the renormalization
group equations).

Figure 7 shows the DM energy density as a function of the
temperature. One may see how the DM abundance grows from a
vanishing initial value and adjusts to a constant, i.e., freezes in,

FIGURE 7
DM energy density as a function of the temperature. Thermal and in-vacuum masses are included in the production rate. The parameters of the
modified cosmological history are Tref = Mη/10 and n = 2. The mediator–Higgs coupling is λ3 = 0.
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for T ≲ Mη/10, as indicated with the gray vertical line. As a
reference to single out the impact of a faster universe expansion,
the energy density is given for the standard cosmological scenario
without and with the inclusion of thermal masses by solid-blue
and dot-dashed magenta lines, respectively. The Yukawa
coupling y is tuned to reproduce the observed ΩDMh

2 for the
in-vacuum mass case and with a standard cosmological history.
Thermal mass effects change the final frozen-in density. The
suppression of the production rate with thermal masses (dot-
dashed magenta) is more important for the top-quark option,
where a correction of approximately 25% is found, whereas in the
lepton case, corrections are about few percentages for our choice
of the parameters. When considering the effect of a faster
expansion rate with Tref = Mη/10 and n = 2 (dashed-green
lines) and thermal masses, the predicted energy density
decreases quite visibly irrespective of the SM fermion–DM
interaction. It is worth highlighting that the specific choice of
the reference temperature Tref = Mη/10 makes the faster
expansion relevant for the entire duration of the DM
production. An important comment is in order. As noticed
earlier in ref. [110], and at variance with the freeze-out
scenario, a faster expansion rate induces a smaller DM energy
density as a result of a less effective production rate over the
thermal history. Thermal masses make this feature even more
prominent.

Finally, in Figure 8, the DM energy density is given as a
function of the reference temperature for two values of the
modified cosmology parameter n = 2, 4. Dashed-green and
dashed-orange lines stand for n = 2, whereas solid-magenta and
solid-purple curves stand for n = 4. The observed DM energy
density is attained with vacuum masses for Tref ≫ Mη, M. Indeed,
the values of the Yukawa couplings have been set to obtain
ΩDMh

2 = 0.1200 with in-vacuum production rates and a

standard cosmology (see solid-blue lines in Figure 7). By
decreasing the reference temperature, the effect of a faster
expansion becomes more important and reduces the DM energy
density of about one order of magnitude for the smallest
temperature that we consider, Tref = 200 GeV, and for n = 4.
Moreover, one may see a rather different role of the thermal masses
for the two DM–SM fermion interactions. Comparing the left and
right panels of Figure 8, one may single out which effect is
dominant for the colored or purely weak interacting mediator.
First, the suppression of the production rate from thermal masses
is more important for the interaction of the DM with a top quark,
as one can note by looking at the relative separation of the green-
dashed and orange-dashed (solid-magenta and solid-purple) lines
for n = 2 (n = 4). Conversely, the curves are much closer in the case
of a leptophilic DM particle. Second, for smaller Tref, there is a
progressive approach of the DM energy density as obtained with
in-vacuum or thermal masses. This feature is more visible in the
top-quark scenario, and it originates from the shape of the thermal
rates ImΠR (see Figure 3). More specifically, in the whole
temperature window, which includes the region close to the
peak of the particle production, ImΠR and ImΠR,mi�0 are more
far apart for the top-philic case than the corresponding rates for
the model with lepton interactions.

6 Conclusion

In view of recent advancements in particle interaction rates in
the early universe, an update of the cosmologically viable parameter
space for various darkmatter models is underway. Inmost cases, this
is done by assuming the rather conservative radiation-dominated
scenario, which is extrapolated at temperatures much higher than in
the Big Bang nucleosynthesis. In this paper, we considered the

FIGURE 8
Dark matter energy density as a function of Tref, left panel for the top-quark scenario and right panel for leptophilic DM. Two cases of modified
cosmologies are shown.
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interplay between improved interaction rates, which are the particle
physics input for extracting the DM energy density, and modified
cosmological histories.

For realistic and next-to-minimal DM models, various
phenomena can play a role and be relevant when computing the
corresponding particle interaction rates. We considered non-
perturbative effects for DM thermal freeze-out and the role of
thermal masses for freeze-in-produced dark matter as triggered
by 1 → 2 decays. The ameliorated rates can yield corrections as
large as one order of magnitude to the predicted DM energy density.
We have interfaced improved particle rates with modified
cosmological histories in the extraction of the DM energy
density. More specifically, we focused on a family of cosmological
histories that feature a faster expansion and that make particle
interactions in the early universe less efficient.

For dark matter freeze-out, we have included near-threshold
effects on the annihilations of non-relativistic pairs. Here,
Sommerfeld factors and bound-state formation and their decays
boost DM annihilation and reduce the relic density for a given
choice of the model parameters. We have considered fermionic dark
matter with a vector or a scalar force mediator and summarized, in
the framework of potential non-relativistic effective field theories,
the cross-sections and widths that enter an effective Boltzmann
equation. On one hand, non-perturbative effects tend to decrease the
DM abundance. On the other hand, a faster expansion rate makes
the annihilation process less efficient and triggers the opposite trend,
namely, a larger DM abundance at the freeze-out. We have assessed
the interplay between enhanced cross-sections and a faster universe
expansion through complementary visualizations of the model
parameter space. We found that modified cosmologies may open
DM mass windows that are compatible with the observed DM
energy density. Moreover, there is some degeneracy when
extracting the DM energy density with the following two options:
(i) standard particle rates and cosmology and (ii) improved
annihilation cross-sections and modified cosmological histories
(see Figures 5, 6). The latter observation may turn out useful
when introducing experimental constraints for the parameter
space that is compatible with the observed energy density, which
may also apply to modified cosmological histories for a specific
choice of the reference temperature. Improvements to the present
treatment are in order, such as the inclusion of bound-state effects
beyond the no-transition limit and a larger number of excited bound
states.

As for the freeze-in scenario, we have picked one of the various
effects that play a role in the ultra-relativistic and relativistic regime,
namely, thermal masses. At high temperatures, higher than any in-
vacuum mass scales, thermal masses modify the two-body phase
space and the temperature dependence of the decay processes that
produce DM particles. We have inspected the effects of thermal
masses for t-channel mediator models that encompass a rich
phenomenology even in the case of a feeble interaction between
the DM and the visible sector. We found a qualitative difference
between a top-philic and leptophilic DM candidate, which was not
noticed in former studies, on the thermal production rate. Owing to

rather different Yukawa couplings between SM fermions and the
Higgs boson, thermal masses suppress the production rate in the
top-quark case, whereas it can be enhanced for DM interacting with
leptons. When comparing with modified cosmologies, we restrict to
choices of the couplings that induce a suppressed production rate in
both models. For freeze-in dark matter, a faster expansion history
induces an opposite effect with respect to freeze-out. Since the DM
abundance builds up over all the thermal history, which includes
temperatures larger than the DM mass and accompanying states of
the dark sector, a faster expansion inhibits the dark matter
production and a smaller abundance is found. For the parameter
choice of this work, thermal masses add up to a faster expansion in
reducing the DM population. For a more rigorous assessment of the
interplay with modified cosmologies within this class of models, we
note that the complete set of high-temperature thermal effects,
i.e., multiple-soft scattering 2 → 2 scatterings, should be
included, especially when considering smaller mass splittings ΔM.
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