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Chemical kinetics is a branch of chemistry that investigates the rates of chemical
reactions and has applications in cosmology, geology, and physiology. In this
study, we develop a mathematical model for chemical reactions based on
enzyme dynamics and kinetics, which is a two-step substrate–enzyme
reversible reaction, applying chemical kinetics-based modeling of enzyme
functions. The non-linear differential equations are transformed into
fractional-order systems utilizing the constant proportional Caputo–Fabrizio
(CPCF) and constant proportional Atangana–Baleanu–Caputo (CPABC)
operators. The system of fractional differential equations is simulated using
the Laplace–Adomian decomposition method at different fractional orders
through simulations and numerical results. Both qualitative and quantitative
analyses such as boundedness, positivity, unique solution, and feasible
concentration for the proposed model with different hybrid operators are
provided. The stability analysis of the proposed scheme is also verified using
Picard’s stable condition through the fixed point theorem.
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1 Introduction

Catalysts are protein-based molecules that convert substrates into products.
Specificity, catalytic activity, and control are all critical and result in a more efficient
chemical reaction. Enzymes reduce the reaction-free energy of activation by converting
substrates into products. They can strengthen chemical bonds between molecules by
resolving forces. Enzymes are highly specialized, catalyzing only a small percentage of
closely related substrate reactions, and they speed up chemical reactions by at least
10 million times. Enzyme kinetics is a study of the rates of enzyme-catalyzed chemical
reactions [1]. Enzymes, like all efficient catalysts, significantly accelerate a specific
reaction. The quantification, statistical formulation, and coefficients associated with this
reaction rate are the primary subjects of enzyme kinetics [2]. Enzyme kinetics is used to
calculate the reaction rate and investigate the effects of changing the reaction conditions.

OPEN ACCESS

EDITED BY

Emanuel Guariglia,
São Paulo State University, Brazil

REVIEWED BY

Tamilvanan Kandhasamy,
Kalasalingam University, India
Sripathy Budhi,
VIT University, India

*CORRESPONDENCE

Parvaiz Ahmad Naik,
naik.parvaiz@ymun.edu.cn

Zhengxin Huang,
thenewyi@gmail.com

RECEIVED 04 October 2023
ACCEPTED 31 December 2023
PUBLISHED 29 January 2024

CITATION

Naik PA, Zehra A, Farman M, Shehzad A,
Shahzeen S and Huang Z (2024), Forecasting
and dynamical modeling of reversible
enzymatic reactions with a hybrid proportional
fractional derivative.
Front. Phys. 11:1307307.
doi: 10.3389/fphy.2023.1307307

COPYRIGHT

© 2024 Naik, Zehra, Farman, Shehzad,
Shahzeen and Huang. This is an open-access
article distributed under the terms of the
Creative Commons Attribution License (CC BY).
The use, distribution or reproduction in other
forums is permitted, provided the original
author(s) and the copyright owner(s) are
credited and that the original publication in this
journal is cited, in accordance with accepted
academic practice. No use, distribution or
reproduction is permitted which does not
comply with these terms.

Frontiers in Physics frontiersin.org01

TYPE Original Research
PUBLISHED 29 January 2024
DOI 10.3389/fphy.2023.1307307

https://www.frontiersin.org/articles/10.3389/fphy.2023.1307307/full
https://www.frontiersin.org/articles/10.3389/fphy.2023.1307307/full
https://www.frontiersin.org/articles/10.3389/fphy.2023.1307307/full
https://www.frontiersin.org/articles/10.3389/fphy.2023.1307307/full
https://crossmark.crossref.org/dialog/?doi=10.3389/fphy.2023.1307307&domain=pdf&date_stamp=2024-01-29
mailto:naik.parvaiz@ymun.edu.cn
mailto:naik.parvaiz@ymun.edu.cn
mailto:thenewyi@gmail.com
mailto:thenewyi@gmail.com
https://doi.org/10.3389/fphy.2023.1307307
https://creativecommons.org/licenses/by/4.0/
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org/journals/physics#editorial-board
https://www.frontiersin.org/journals/physics#editorial-board
https://doi.org/10.3389/fphy.2023.1307307


This type of kinetics research can shed light on the catalytic
mechanism of an enzyme and its role in metabolism.
Furthermore, understanding how a drug or modifier might
affect behavior and how it might affect the reaction rate is
essential [3]. Leonor Michaelis and Maud Leonora Menten
discovered the equation expressing enzymatic rates over a
century ago. The Michaelis–Menten equation remains the
fundamental equation in enzyme kinetics [4] because it
represents such a significant improvement in the quantitative
description of enzymes. For many years, biochemistry has
prioritized understanding the molecular mechanisms
underlying allosteric control and enzyme catalysis. The
dynamics of these processes have been studied using a variety
of kinetic techniques [5–8]. Several researchers have documented
their accomplishments in the domains of mathematical
physiology and biochemistry [9–14]. Entropic theories have
sparked a lot of interest in applied science in recent years.
Guariglia demonstrated the key characteristics of the harmonic
Sierpinski gasket, as well as its application to antenna design [15].
The Hénon map, which could be linked to a Cantor-like set, is
useful in chaotic dynamical systems. The main goal of Guariglia
[16]’s investigation was to provide fresh perspectives on the
mysterious framework of the prime distribution using fractal
geometry. Nowadays, a wide variety of real-world data types
can be modeled as signals with complicated underlying
structures. Recently, certain investigators have extracted
characteristics from data using conventional algorithms like
the discrete path transform and wavelet transform [17–19].
Ragusa [20] focused on the regularity of partial differential
equations and system solutions. Khan et al. [21] investigated
the dynamics of the hepatitis B epidemic, outlined the issue, and
created control strategies that minimized the number of infected
individuals by employing two prevention methods, taking into
account different stages of infection and several transmissions. To
provide insights into the kinetics of the SARS-CoV-2 virus in
saturated antiviral reactions, Dehingia et al. [22] introduced a
discrete time delay for immune cytokines and chemokines to be
generated by uninfected epithelial cells. For quicker antiviral
reactions, the entire system had to remain stable.

Practically, fractional calculus is used in many scientific
disciplines. Recently, fractional differential equations have
gained a lot of attention due to their numerous applications
in the fields of engineering and physics [23, 24]. The newly
created fractional derivative in the complex plane by Ortigueira,
which is very helpful in e signal processing, was studied by [25].
Additionally, they studied the features of the complex plane’s
Caputo derivative after generalizing it from the real line. A
different investigation examined the Riemann zeta function’s
fractional derivative [26]. Specifically, the functional equation
and its connection to the prime number distribution have been
examined. A wavelet expansion hypothesis for positive definite
distributions over the real line was presented by [27] who
additionally defined a fractional derivative operator for
complex functions in the distribution sense. A thorough
analytical and computational study is available for the
Weierstrass function. Because of the Weierstrass function’s
fractal nature, its graphs can be repeatedly magnified to reveal
ever finer levels of detail [28]. A differentiable function’s

behavior is in sharp contrast to this function. Fractional
differential equations distinguish between the genetic and
memory features of various mathematical models, which is
their most salient characteristic. As a result, fractional-order
models seem to be more factual and empirical than normal
integer-order models [29–31]. An enzyme kinetic mathematical
model was developed in [32] using fractional-order derivatives.
The model has an optimal regulation system to increase product
output, and Euler–Lagrange optimality requirements were
obtained for this control issue. Instead of using traditional
perturbation, discretization, or linearization methods, [33]
developed an analytical solution for a time-fractional enzyme
kinetics model using the differential transformation method and
the Pade approximant. Dubey et al. [34] used the fractional
homotopy analysis transform method to obtain numerical
solutions to the biological reaction model with time-fractional
derivatives. Cite18 investigated the potential for semi-analytical
solutions of a chemical kinematics model. They developed the
conditions necessary for the existence of solutions to a suggested
enzyme kinetics model by applying methods based on the fixed
point theory. The semi-analytical results were obtained by using
the Adomian decomposition method and Laplace
transformation. To make the understanding of model
dynamics in intricate enzymatic reactions easier, Akgül and
Khoshnaw [35] investigated the application of fractional
differential equations to non-linear biological reactions using
a non-linear model of enzyme inhibitor reactions. Alqhtani and
Saad [36] used power law, exponential decay, and Mittag–Leffler
kernels to study three new models of the Michaelis–Menten
enzymatic process. Using fractional calculus and Lagrange
polynomials, they created three successive approximation
systems. Akgül [37] developed constant proportional
Caputo–Fabrizio (CPCF) and constant proportional
Atangana–Baleanu–Caputo (CPABC) derivatives, which are
more generally classified proportional derivatives. Baleanu
et al. [38] developed an even more functional constant
proportional Caputo operator. To study and track the
tuberculosis disease, [39] developed a hybrid fractional-order
model based on the CPC operator. They demonstrated that their
model performed better than the Caputo operator using
numerical simulations. Using fundamental findings from
fractional calculus, ul Haq et al. [40] employed fractional
operators to assess a fractional-order model of COVID-19.
They proved the generalized Hyers–Ulam stability using
Gronwall’s inequality and proved the uniqueness of the
system’s solution utilizing the Banach contraction principle
and the Picard–Lindelöf theorem. For an ideal approximation,
they devised a numerical method. In [41], a novel fractal-
fractional hybrid Mittag–Leffler model was created to evaluate
the influence of COVID-19 on Zika and vice versa. The
evaluation of the model’s stability at disease-free equilibrium
demonstrated that it was Hyers–Ulam stable and produced
unique solutions. The solutions to the model were graphically
approximated through the development of numerical algorithms
utilizing Newton polynomials. Sweilam et al. [42] examined a
multi-vaccination COVID-19 hybrid variable-order
mathematical model. The theta finite difference approach with
discretization of the hybrid variable-order operator was developed
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to numerically solve the model problem. In another study [43], a
fractional-order version of the CPCF operator was developed to
investigate the dynamical transmission of smoking in society. After
using the iterative Laplace transform method to conduct numerical
simulations, stability was demonstrated using the Picard stable
condition from the fixed point theorem. [44] first refined the
reiterating kernel Hilbert space approach for use in constant
proportional derivative solving of particular fractional differential
equations. Nisar et al. [45] reviewed all recent work based on the
fractional modeling of infectious and non-infectious diseases with
different fractional operators, such as Caputo, Caputo–Fabrizio, ABC,
and constant proportional with Caputo. Naik et al. [46] obtained
multiple bifurcations for a two-dimensional chemical model.

It is rare to study the kinetics of two-step reversible biological
processes with fractional-order mathematical models. The model
proposed in [3] is resolved in this work using generalized
proportional derivatives. This remainder of this article is
organized as follows:

• In Section 2, a generalized version of the model including
CPCF and CPABC derivatives is displayed with a descriptive
analysis. The foundations for generalized hybrid derivatives of
fractional order are also introduced.

• Section 3 examines the suggested model’s well-posedness and
qualitative attributes, such as the presence and uniqueness of
the solution. Picard’s stable condition from the fixed point

FIGURE 1
Two-step reversible enzymatic reaction. (A) With reverse response. (B) Without reverse response.

FIGURE 2
2D-Simulation of the reversible enzymatic reactionmodel with the CPCF operator. (A) Substrate (S), (B) Enzyme (E), (C)Complex (C), (D) Product (P).
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theorem is also used to confirm the stability of the
suggested system.

• Weanalyze the CPCF andCPABCoperators in detail in Section 4.
For these hybrid operators, we also generated eigenfunctions.

• In Section 5, we explore solutions to the fractional order two-
step reversible enzymatic reaction model using the
Laplace–Adomian decomposition method (LADM).

• The use of numerical simulations, outcomes, and conclusions
are covered in Sections 6, 7.

2 Fractional-order two-step reversible
enzymatic reaction model

We examine the issue raised by Khan et al. [3]. They described a
two-step process in which an enzyme E converts an input S into an
outputP. A complexC is first formed by the combination of E and S at a
constant rate of positive β. After that, the challenging C degrades into P,
which generates E at a positive rate ofω, S, and E oncemore at a positive
rate of λ. Some of the elements of P and E break down to generateC due
to the reverse reaction rate ψ.

The reaction strategy is schematically shown in Figure 1A.
However, because the product P is continually eliminated over
time t (minutes), the opposite response is avoided. As a result, it
is customary to assume that a reaction has a zero rate of reversal.
Therefore, the typical shape of the reaction is shown in Figure 1B.

For fractional order α, 0 < α ≤ 1, the following chemical reactions
can be expressed as a series of fractional differential equations:

CPCF
0 Dα

t S t( ) � λC − βSE,
CPCF
0 Dα

t E t( ) � λ + ω( )C − βSE,
CPCF
0 Dα

tC t( ) � βSE − λ + ω( )C,
CPCF
0 Dα

tP t( ) � ωC.

⎧⎪⎪⎪⎨⎪⎪⎪⎩ (1)

With non-negative initial conditions:

S 0( ) � S0 ≥ 0, E 0( ) � E0 ≥ 0, C 0( ) � C0 ≥ 0, P 0( ) � P0 ≥ 0.

(2)
Each of the parameters is considered to be positive for biological

consideration. The two-step reversible enzyme reaction model using
the CPABC operator is demonstrated as follows:

CPABC
0 Dα

t S t( ) � λC − βSE,
CPABC
0 Dα

t E t( ) � λ + ω( )C − βSE,
CPABC
0 Dα

tC t( ) � βSE − λ + ω( )C,
CPABC
0 Dα

tP t( ) � ωC.

⎧⎪⎪⎪⎨⎪⎪⎪⎩ (3)

Khan et al. [3] stated that the reaction speed of the current chemical
process is as follows:

V � βωe0S
λ + βS

. (4)

This equation can also be re-written as follows:

V � βVmaxS
λ + βS

. (5)
The maximum reaction speed is Vmax � e0 when the enzyme

and substrate complex has formed.

FIGURE 3
3D-Simulation of the reversible enzymatic reactionmodel with the CPCF operator. (A) Substrate (S), (B) Enzyme (E), (C)Complex (C), (D) Product (P).
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FIGURE 4
Simulation of the reversible enzymatic reaction model with the CPABC operator with 2D-plots from (A) Substrate (S), (B) Enzyme (E), (C) Complex
(C), (D) Product (P) and 3D-plots from (E) Substrate (S), (F) Enzyme (E), (G), Complex (C), (H) Product (P).
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2.1 Preliminaries

Definition 2.1: The Caputo derivative of a differentiable function
G(t) of order α ∈ (0, 1) with the starting point t = 0 is defined as
follows [47]:

CDα
tG t( ) � 1

Γ 1 − α( )∫
t

0
G′ ϕ( ) t − ϕ( )−αdϕ. (6)

Definition 2.2: The Riemann–Liouville (RL) integral [47] is
defined using the following formula, assuming that G(t) is an
integrable function with 0 < α < 1:

RLDα
tG t( ) � 1

Γ α( )∫
t

0
t − ϕ( )α−1G ϕ( )dϕ. (7)

Definition 2.3: The differential operator derived from [48] that
may be expressed as a general proportional or conformable operator
is defined as follows:

PDα
tG t( ) � Z1 α, t( )G t( ) + Z0 α, t( )G′ t( ), (8)

where α ∈ [0, 1]. Z1 and Z0 are functions of t that ensure the
subsequent criterion ∀t ∈ R:

FIGURE 5
Simulation of the reversible enzymatic reaction model with proportional Caputo operators. (A) Substrate (S), (B) Enzyme (E), (C) Complex (C), (D)
Product (P).

TABLE 1 Numerical simulation of the substrate (S).

Time (t) (minutes) <iα></i ≥ 0.975 <iα></i ≥ 0.950 <iα></i ≥ 0.925

CPCF CPABC CPCF CPABC CPCF CPABC

0.00 0.7000 0.7000 0.7000 0.7000 0.7000 0.7000

0.50 0.6884 0.7048 0.6791 0.6948 0.6643 0.6695

1.00 0.6813 0.7174 0.6629 0.6971 0.6083 0.6442

1.50 0.6428 0.6971 0.6194 0.6691 0.5207 0.5955

2.00 0.4916 0.5632 0.4826 0.5462 0.3831 0.4705

2.50 0.0809 0.1728 0.1422 0.2248 0.1660 0.1884
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lim
α→0+

Z0 α, t( ) � 0; lim
α→1−

Z0 α, t( ) � 1; Z0 α, t( ) ≠ 0, α ∈ 0, 1( ];
lim
α→0+

Z1 α, t( ) � 1; lim
α→1−

Z1 α, t( ) � 0; Z1 α, t( ) ≠ 0, α ∈ 0, 1[ ).
(9)

Consider this operator a generalization of the common
differentiation operator (DG(t) = G′(t)), which depends on α. We
are also interested in the constant proportionate, or CP, of the
specific scenario:

CPDα
tG t( ) � Z1 α( )G t( ) + Z0 α( )G′ t( ). (10)

Definition 2.1: Let 0 < α < 1 and G ∈ H1(0,T), T ∈ R+. The
Caputo–Fabrizio derivative of order α of an integrable function G(t)
is indicated by CF and is defined [49] as

CFDα
0,tG t( ) � M α( )

1 − α
∫t

0
G′ ϕ( )exp − α

1 − α
t − ϕ( )[ ]dϕ, (11)

whereH1(0,T) denotes the Sobolev space and M(α), M(0) = M(1) =
1, is a normalization function.

Definition 2.2: Let α ∈ [0, 1] and G ∈ H1(0,T), 0 < T. The
Atangana–Baleanu derivative in the Caputo sense of order α of
an integrable function G(t) is represented by ABC and is stated as
follows [50]:

ABCDα
0,tG t( ) � AB α( )

1 − α
∫t

0
G′ ϕ( )Eα − α

1 − α
t − ϕ( )α[ ]dϕ, (12)

where H1(0,T) represents the Sobolev space and AB(α) � 1 − α +
α

Γ(α) is a normalization function in which AB(0) = AB(1) = 1.

TABLE 2 Numerical simulation of the enzyme (E).

Time (t) (minutes) α = 0.975 α = 0.950 α = 0.925

CPCF CPABC CPCF CPABC CPCF CPABC

0 0.3000 0.3000 0.3000 0.3000 0.3000 0.3000

1 0.3187 0.3152 0.3094 0.3068 0.2999 0.2982

2 0.7330 0.6569 0.6553 0.5915 0.5843 0.5310

3 3.1680 2.6900 2.5620 2.1540 2.0390 1.7150

4 11.380 9.5590 8.4860 6.9370 6.2720 4.9880

5 32.110 26.900 22.240 17.880 15.250 11.750

TABLE 3 Numerical simulation of the complex (C).

Time (t) (minutes) α = 0.975 α = 0.950 α = 0.925

CPCF CPABC CPCF CPABC CPCF CPABC

0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

0.50 0.0453 0.0472 0.0446 0.0477 0.0439 0.0481

1.00 0.1100 0.1167 0.1063 0.1143 0.1024 0.1116

1.50 0.1720 0.1893 0.1640 0.1809 0.1558 0.1723

2.00 0.1822 0.2190 0.1767 0.2090 0.1700 0.1981

2.50 0.0583 0.1278 0.0819 0.1406 0.0984 0.1469

TABLE 4 Numerical simulation of the product (P).

Time (t) (minutes) α = 0.975 α = 0.950 α = 0.925

CPCF CPABC CPCF CPABC CPCF CPABC

0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

1 0.0377 0.0089 0.0354 0.0084 0.0079 0.0332

2 0.5635 0.0322 0.4851 0.0269 0.0224 0.4149

3 6.4790 2.4160 5.0540 1.8950 1.4720 3.9040

4 54.710 31.230 38.550 22.530 16.090 26.800

5 338.40 222.70 216.00 148.10 97.390 135.60
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Definition 2.3: The CP (10) and ABC (12) operators are combined
to generate CPABC, a novel hybrid fractional operator. It is defined
in [37] as follows:

CPABC
0 Dα

tG t( )�AB α( )
1−α ∫t

0
Z1 α( )G ϕ( )+Z0 α( )G′ ϕ( )[ ]exp − α

1−α t−ϕ( )[ ]dϕ
�AB α( )Z1 α( )

1−α ∫t

0
G ϕ( )Eα − α

1−α t−ϕ( )α[ ]dϕ
+AB α( )Z0 α( )

1−α ∫t

0
G′ ϕ( )Eα − α

1−α t−ϕ( )α[ ]dϕ
�G t( )·AB α( )Z1 α( )

1−α Eα − α

1−αt
α( )

+G′ t( )·AB α( )Z0 α( )
1−α Eα − α

1−αt
α( ). (13)

Definition 2.4: CPCF, a new hybrid fractional operator formed by
combining theCP (10) andCF (11) operators, is defined in [37] as follows:

CPCF
0 Dα

tG t( )�M α( )
1−α ∫t

0
Z1 α( )G ϕ( )+Z0 α( )G′ ϕ( )[ ]exp − α

1−α t−ϕ( )( )dϕ
�M α( )Z1 α( )

1−α ∫t

0
G ϕ( )exp − α

1−α t−ϕ( )[ ]dϕ
+M α( )Z0 α( )

1−α ∫t

0
G′ ϕ( )exp − α

1−α t−ϕ( )[ ]dϕ
�G t( )·M α( )Z1 α( )

1−α exp − α

1−αt( )
+G′ t( )·M α( )Z0 α( )

1−α exp − α

1−αt( ). (14)

3 Analysis of the proposed Model

3.1 Non-negative bounded solutions

The boundedness of the solution for the system (Eq. 1) can be
explained by the following equations:

CPCF
0 Dα

tN t( ) � CPCF
0 Dα

t S t( ) + CPCF
0 Dα

t E t( ) + CPCF
0 Dα

tC t( ) + CPCF
0 Dα

tP t( ).
(15)

Then,

CPCF
0 Dα

tN t( ) � 0, 0≤N 0( ) � M, (16)
where N is the aggregate number of variables included in the
proposed system and M is a constant. We have

N t( )≥M e
−Z1 α( )
Z0 α( )( ). (17)

This implies 0 ≤ N(t) as t → ∞.
0 The solutions of the system (Eq. 1) are bounded.

Theorem 3.1: All of the proposed system’s solutions for t ≥ 0 are
non-negative under the initial conditions (Eq. 2).

Proof. We have

CPCF
0 Dα

t S t( )|S�0 � λC≥ 0,
CPCF
0 Dα

t E t( )|E�0 � λ + ω( )C≥ 0,
CPCF
0 Dα

tC t( )|C�0 � βSE≥ 0,
CPCF
0 Dα

tP t( )|P�0 � ωC≥ 0. (18)
The vector field is considered to be located in the region R4

+
on each hyperplane encompassing the non-negative orthant

with t ≥ 0, according to system (Eq. 2). Consequently, we
identify the area of proposed model (Eq. 2) that is feasible
in nature:

Δ � S,E,C,P( ) ∈ R4
+: S t( ) + E t( ) + C t( ) + P t( ) � N t( )≥ 0{ }.

(19)

3.2 Existence and uniqueness analysis

The validity of the equational framework that ensures the
survival of fractional calculus is examined in this section. The
following theorem must be proved in order to accomplish this.

Theorem 3.2:Assume that there exist positive constants, χq and �χq,
such that

1. |Hq(yq, t) −Hq(yq′, t)|≤ χq|yq − yq′|, q � 1, 2, 3, 4.
2. |Hq(yq, t)|2 ≤ χq(1 + |yq|), ∀(y, t) ∈ R4 × [0,T].

Proof. Recalling our model, we obtain

CPCF
0 Dα

t S t( ) � λC − βSE,
CPCF
0 Dα

t E t( ) � λ + ω( )C − βSE,
CPCF
0 Dα

tC t( ) � βSE − λ + ω( )C,
CPCF
0 Dα

tP t( ) � ωC.

⎧⎪⎪⎪⎨⎪⎪⎪⎩ (20)

In order to simplify things, we will present the system as follows:

H1 t, S,E,C,P( ) � λC − βSE,
H2 t, S,E,C,P( ) � λ + ω( )C − βSE,
H3 t, S,E,C,P( ) � βSE − λ + ω( )C,
H4 t, S,E,C,P( ) � ωC.

⎧⎪⎪⎪⎨⎪⎪⎪⎩ (21)

We begin with the function H1 (t, S, E, C, P). Then, we will
show that

H1 t, S1,E,C,P( ) −H1 t, S2,E,C,P( )| |2 ≤ χ1 S1 − S2| |2. (22)

Then, we write

H1 t, S1,E,C,P( ) −H1 t, S2, E,C,P( )| |2 � −βE S1 − S2( )∣∣∣∣ ∣∣∣∣2
H1 t, S1,E,C,P( ) −H1 t, S2, E,C,P( )| |2 � βE S1 − S2( )∣∣∣∣ ∣∣∣∣2
H1 t, S1,E,C,P( ) −H1 t, S2, E,C,P( )| |2 ≤ 2β2|E|2{ } S1 − S2( )| |2
H1 t, S1,E,C,P( ) −H1 t, S2, E,C,P( )| |2 ≤ 2β2sup0≤t≤T|E|2{ } S1 − S2( )| |2
H1 t, S1,E,C,P( ) −H1 t, S2, E,C,P( )| |2 ≤ 2β2|E|2∞{ } S1 − S2( )| |2
H1 t, S1,E,C,P( ) −H1 t, S2, E,C,P( )| |2 ≤ χ1 S1 − S2( )| |2,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
(23)

where χ1 � 2β2|E|2∞.

H2 t, S,E1,C,P( ) −H2 t, S,E2,C,P( )| |2 � −βS E1 − E2( )∣∣∣∣ ∣∣∣∣2
H2 t, S,E1,C,P( ) −H2 t, S,E2,C,P( )| |2 � βS E1 − E2( )∣∣∣∣ ∣∣∣∣2
H2 t, S,E1,C,P( ) −H2 t, S,E2,C,P( )| |2 ≤ 2β2|S|2{ } E1 − E2( )| |2
H2 t, S,E1,C,P( ) −H2 t, S,E2,C,P( )| |2 ≤ 2β2sup0≤t≤T|S|2{ } E1 − E2( )| |2
H2 t, S,E1,C,P( ) −H2 t, S,E2,C,P( )| |2 ≤ 2β2|S|2∞{ } E1 − E2( )| |2
H2 t, S,E1,C,P( ) −H2 t, S,E2,C,P( )| |2 ≤ χ2 E1 − E2( )| |2,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
(24)

where χ2 � 2β2|S|2∞.
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H3 t, S,E,C1,P( ) −H3 t, S,E,C2,P( )| |2 � − λ + ω( ) C1 − C2( )| |2
H3 t, S,E,C1,P( ) −H3 t, S,E,C2,P( )| |2 � λ + ω( ) C1 − C2( )| |2
H3 t, S,E,C1,P( ) −H3 t, S,E,C2,P( )| |2 ≤ 2λ2 + 2ω2{ } C1 − C2( )| |2
H3 t, S,E,C1,P( ) −H3 t, S,E,C2,P( )| |2 ≤ χ3 C1 − C2( )| |2,

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(25)

where χ3 = 2λ2 + 2ω2.

H4 t, S,E,C,P1( ) −H4 t, S,E,C,P2( )| |2 � 0
H4 t, S,E,C,P1( ) −H4 t, S,E,C,P2( )| |2 ≤ χ4 P1 − P2( )| |2,{ (26)

where χ4 = 0.
The initial condition of each function is double-checked, and

then the second requirement of the above theorem will
be confirmed:

|H1 t, S,E,C,P( )|2 � λC − βSE
∣∣∣∣ ∣∣∣∣2

|H1 t, S,E,C,P( )|2 ≤ 2λ2|C|2 + 2β2|E|2|S|2
|H1 t, S,E,C,P( )|2 ≤ 2λ2sup0≤t≤T|C|2 + 2β2sup0≤t≤T|E|2sup0≤t≤T|S|2
|H1 t, S,E,C,P( )|2 ≤ 2λ2|C|2∞ + 2β2|E|2∞|S|2∞
|H1 t, S,E,C,P( )|2 ≤ 2 λ2|C|2∞{ } 1 + β2|E|2∞

λ2|C|2∞
|S|2∞{ }

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(27)

under the condition β2|E|2∞
λ2|C|2∞{ }< 1.

|H2 t, S,E,C,P( )|2 � λ + ω( )C − βSE
∣∣∣∣ ∣∣∣∣2

|H2 t, S,E,C,P( )|2 ≤ 2λ2 + 2ω2( )|C|2 + 2β2|S|2|E|2
|H2 t, S,E,C,P( )|2 ≤ 2λ2 + 2ω2( )sup0≤t≤T|C|2 + 2β2sup0≤t≤T|S|2sup0≤t≤T|E|2
|H2 t, S,E,C,P( )|2 ≤ 2λ2 + 2ω2( )|C|2∞ + 2β2|S|2∞|E|2∞
|H2 t, S,E,C,P( )|2 ≤ 2 λ2 + ω2( )|C|2∞{ } 1 + β2|S|2∞

λ2 + ω2( )|C|2∞|E|2∞{ }

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(28)

under the condition β2 |S|2∞
(λ2+ω2)|C|2∞{ }< 1.

|H3 t, S,E,C,P( )|2 � βSE − λ + ω( )C∣∣∣∣ ∣∣∣∣2
|H3 t, S,E,C,P( )|2 ≤ 2β2|S|2|E|2 + 2λ2 + 2ω2( )|C|2
|H3 t, S,E,C,P( )|2 ≤ 2β2sup0≤t≤T|S|2sup0≤t≤T|E|2 + 2λ2 + 2ω2( )sup0≤t≤T|C|2
|H3 t, S,E,C,P( )|2 ≤ 2β2|S|2∞|E|2∞ + 2 λ2 + ω2( )|C|2∞
|H3 t, S,E,C,P( )|2 ≤ 2 β2|S|2∞|E|2∞{ } 1 + λ2 + ω2

β2|S|2∞|E|2∞
|C|2∞{ }

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(29)

under the condition λ2+ω2

β2 |S|2∞|E|2∞{ }< 1.
|H4 t, S,E,C,P( )|2 � ωC| |2
|H4 t, S,E,C,P( )|2 ≤ 2ω2|C|2 + 2

|H4 t, S,E,C,P( )|2 ≤ 2ω2|C|2 1 + 1

ω2|C|4∞
|C|2∞{ }

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(30)

under the condition 1
ω2 |C|4∞{ }< 1.

As a result, the solution to our system is distinct and appropriate
in the given situation:

Max

β2|E|2∞
λ2|C|2∞

{ },
β2|S|2∞

λ2 + ω2( )|C|2∞{ },
λ2 + ω2

β2|S|2∞|E|2∞
{ },

1

ω2|C|4∞
{ }.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

< 1 (31)

3.3 Analysis of the proposedmodel’s stability

To understand the dynamical properties of the suggested model
(Eq. 1), a qualitative study is conducted.

Theorem 3.3: Let V be a self-map on the Banach space B. This
implies that the following inequality is true for all instances of V.

‖Vx* − Vy*‖≤C‖x − V*‖ + c‖x − y‖, (32)

with e ∈ [0, 1), E ≥ 0, if we suppose that V* is Picard V* stable.
Proof. Let V* be Picard V* stable. Examining the equations

associated with the proposed model (Eq. 1), we obtain

Sj+1 t( ) � Sj t( ) + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L λCj − βSjEj( )[ ],

Ej+1 t( ) � Ej t( ) + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L λ + ω( )Cj − βSjEj( )[ ],

Cj+1 t( ) � Cj t( ) + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L βSjEj − λ + ω( )Cj( )[ ],

Pj+1 t( ) � Pj t( ) + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L ωCj( )[ ],

(33)

where α+s(1−α)
M(α)Z1(α)+sM(α)Z0(α) represents the fractional Lagrange

multiplier.

Theorem 3.4: Let a self-map Q defined as

Q Sj[ ] � Sj+1 t( ) � Sj t( ) + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L λCj − βSjEj( )[ ],

Q Ej[ ] � Ej+1 t( ) � Ej t( ) + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L λ + ω( )Cj − βSjEj( )[ ],

Q Cj[ ] � Cj+1 t( ) � Cj t( ) + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L βSjEj − λ + ω( )Cj( )[ ],

Q Pj[ ] � Pj+1 t( ) � Pj t( ) + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L ωCj( )[ ]

(34)

be V* stable in the space of L1 (a, b) if

Ψ �
1 + λφ1 α( ) + βΘ1φ2 α( ) + βΘ2φ3 α( ){ }< 1,
1 + λ + ω( )φ4 α( ) + βΘ1φ5 α( ) + βΘ2φ6 α( ){ }< 1,
1 + βΘ1φ7 α( ) + βΘ2φ8 α( ) + λ + ω( )φ9 α( ){ }< 1,
1 + ωφ10 α( ){ }< 1.

⎧⎪⎪⎪⎨⎪⎪⎪⎩ (35)
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Proof. Given that Q is a fixed point, one can find
(m, n) ∈ (N × N) Â for each

Q Sy[ ] −Q Sx[ ] � Sj+1 t( ) � Sy t( ) + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L λCy − βSyEy( )[ ]

− Sx t( ) − L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L λCx − βSxEx( )[ ],

Q Ey[ ] −Q Ex[ ] � Ej+1 t( ) � Ey t( ) + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L λ + ω( )Cy − βSyEy( )[ ]

−Ex t( ) − L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L λ + ω( )Cx − βSxEx( )[ ],

Q Cy[ ] −Q Cx[ ] � Cj+1 t( ) � Cy t( ) + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L βSyEy − λ + ω( )Cy( )[ ]

−Cx t( ) − L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L βSxEx − λ + ω( )Cx( )[ ],

Q Py[ ] −Q Px[ ] � Pj+1 t( ) � Py t( ) + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L ωCy( )[ ]

−Px t( ) − L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L ωCx( )[ ].

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(36)

Without losing generality and by applying the norm to Eq. 36,
we obtain

‖Q Sy[ ] −Q Sx[ ]‖ � Sy t( ) + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L λCy − βSyEy( )[ ]��������
− Sx t( ) − L−1 α + s 1 − α( )

M α( )Z1 α( ) + sM α( )Z0 α( )L λCx − βSxEx( )[ ]��������,
‖Q Ey[ ] −Q Ex[ ]‖ � Ey t( ) + L−1 α + s 1 − α( )

M α( )Z1 α( ) + sM α( )Z0 α( )L λ + ω( )Cy − βSyEy( )[ ]��������
−Ex t( ) − L−1 α + s 1 − α( )

M α( )Z1 α( ) + sM α( )Z0 α( )L λ + ω( )Cx − βSxEx( )[ ]��������,
‖Q Cy[ ] −Q Cx[ ]‖ � Cy t( ) + L−1 α + s 1 − α( )

M α( )Z1 α( ) + sM α( )Z0 α( )L βSyEy − λ + ω( )Cy( )[ ]��������
−Cx t( ) − L−1 α + s 1 − α( )

M α( )Z1 α( ) + sM α( )Z0 α( )L βSxEx − λ + ω( )Cx( )[ ]��������,
‖Q Py[ ] −Q Px[ ]‖ � Py t( ) + L−1 α + s 1 − α( )

M α( )Z1 α( ) + sM α( )Z0 α( )L ωCy( )[ ]��������
−Px t( ) − L−1 α + s 1 − α( )

M α( )Z1 α( ) + sM α( )Z0 α( )L ωCx( )[ ]��������.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(37)

After applying triangle inequality, we have

‖Q Sy[ ] −Q Sx[ ]‖≤ Sy t( ) − Sy t( )���� ���� + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L ‖λ Cy − Cx( )‖{[
+ ‖βSy Ey − Ex( )‖ + ‖βEy Sy − Sx( )‖}⎤⎦,

‖Q Ey[ ] −Q Ex[ ]‖≤ Ey t( ) − Ey t( )���� ���� + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L ‖ λ + ω( ) Cy − Cx( )‖{[
+ ‖βSy Ey − Ex( )‖+‖βEy Sy − Sx( )‖}⎤⎦,

‖Q Cy[ ] −Q Cx[ ]‖≤ Cy t( ) − Cy t( )���� ���� + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L ‖βSy Ey − Ex( )‖{[
+ ‖βEy Sy − Sx( )‖+‖ λ + ω( ) Cy − Cx( )‖}⎤⎦,

‖Q Py[ ] −Q Px[ ]‖≤ Py t( ) − Py t( )���� ���� + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L ‖ω Cy − Cx( )‖{ }[ ].

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(38)

Considering that the solutions found play a similar role, we
conclude that

‖Sy t( ) − Sx t( )‖ � ‖Ey t( ) − Ex t( )‖ � ‖Cy t( ) − Cx t( )‖
� ‖Py t( ) − Px t( )‖. (39)

By substituting this into Eq. 38, one can obtain the relationship
shown below:

‖Q Sy[ ] −Q Sx[ ]‖≤ Sy t( ) − Sy t( )���� ���� + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L ‖λ Sy − Sx( )‖{[

+ ‖βSy Sy − Sx( )‖+‖βEy Sy − Sx( )‖}⎤⎦,
‖Q Ey[ ] −Q Ex[ ]‖≤ Ey t( ) − Ey t( )���� ���� + L−1 α + s 1 − α( )

M α( )Z1 α( ) + sM α( )Z0 α( )L ‖ λ + ω( ) Ey − Ex( )‖{[
+ ‖βSy Ey − Ex( )‖+‖βEy Ey − Ex( )‖}⎤⎦,

‖Q Cy[ ] −Q Cx[ ]‖≤ Cy t( ) − Cy t( )���� ���� + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L ‖βSy Ey − Ex( )‖{[

+ ‖βEy Cy − Cx( )‖+‖ λ + ω( ) Cy − Cx( )‖}⎤⎦,
‖Q Py[ ] −Q Px[ ]‖≤ Py t( ) − Py t( )���� ���� + L−1 α + s 1 − α( )

M α( )Z1 α( ) + sM α( )Z0 α( )L ‖ω Py − Px( )‖{ }[ ].

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(40)

Simplifying the aforementioned equation, we obtain Eq. 41
as follows:

‖Q Sy[ ] −Q Sx[ ]‖≤ Sy t( ) − Sy t( )���� ���� + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L λ‖ Sy − Sx( )‖{[

+ β‖Sy‖ ‖ Sy − Sx( )‖ + β‖Ey‖ ‖ Sy − Sx( )‖}⎤⎦,
‖Q Ey[ ] −Q Ex[ ]‖≤ Ey t( ) − Ey t( )���� ���� + L−1 α + s 1 − α( )

M α( )Z1 α( ) + sM α( )Z0 α( )L λ + ω( )‖ Ey − Ex( )‖{[
+ β‖Sy‖ ‖ Ey − Ex( )‖ + β‖Ey‖ ‖ Ey − Ex( )‖}⎤⎦,

‖Q Cy[ ] −Q Cx[ ]‖≤ Cy t( ) − Cy t( )���� ���� + L−1 α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( )L β‖Sy‖ ‖ Ey − Ex( )‖{[

+ β‖Ey‖ ‖ Cy − Cx( )‖ + λ + ω( )‖ Cy − Cx( )‖}⎤⎦,
‖Q Py[ ] −Q Px[ ]‖≤ Py t( ) − Py t( )���� ���� + L−1 α + s 1 − α( )

M α( )Z1 α( ) + sM α( )Z0 α( )L ω‖ Py − Px( )‖{ }[ ].

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(41)

Additionally, because these are convergent sequences, Sy and Ey
are bounded. However, we can obtain alternate positive constantsΘ1

and Θ2 for every t, such that
‖Sy‖<Θ1, ‖Ey‖<Θ2. (42)

Hence, we can write

‖Q Sy[ ] −Q Sx[ ]‖≤ 1 + λφ1 α( ) + βΘ1φ2 α( ) + βΘ2φ3 α( ){ }‖ Sy − Sx( )‖,
‖Q Ey[ ] −Q Ex[ ]‖≤ 1 + λ + ω( )φ4 α( ) + βΘ1φ5 α( ) + βΘ2φ6 α( ){ }‖ Ey − Ex( )‖,
‖Q Cy[ ] −Q Cx[ ]‖≤ 1 + βΘ1φ7 α( ) + βΘ2φ8 α( ) + λ + ω( )φ9 α( ){ }‖ Cy − Cx( )‖,
‖Q Py[ ] −Q Px[ ]‖≤ 1 + ωφ10 α( ){ }‖ Py − Px( )‖,

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(43)

where φi(υ), i = 1, 2, 10 are functions of L−1[L].
The mapping V+ therefore has a fixed point. Then, we show that

the previous Theorem 3.3 is correct and that V* holds true.
Assuming that Eqs 42, 43 are true, we also prove

Ψ � 0, 0, 0, 0( ),

Ψ �
1 + λφ1 α( ) + βΘ1φ2 α( ) + βΘ2φ3 α( ){ }< 1,
1 + λ + ω( )φ4 α( ) + βΘ1φ5 α( ) + βΘ2φ6 α( ){ }< 1,
1 + βΘ1φ7 α( ) + βΘ2φ8 α( ) + λ + ω( )φ9 α( ){ }< 1,
1 + ωφ10 α( ){ }< 1.

⎧⎪⎪⎪⎨⎪⎪⎪⎩ (44)

V+ satisfies all the requirements in Theorem 3.4. As a result, V+ is
Picard V+ stable.
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4 Analysis of generalized proportional
operators of the proposed model

Theorem4.1: The Laplace transform of the CPCF operator is given
as follows [37]:

L CPCF
0 Dα

t S t( )[ ] � M α( )Z1 α( )
α + s 1 − α( ) +

sM α( )Z0 α( )
α + s 1 − α( )[ ]L S t( )[ ]

− M α( )Z0 α( )
α + s 1 − α( )[ ]S 0( ),

L CPCF
0 Dα

t E t( )[ ] � M α( )Z1 α( )
α + s 1 − α( ) +

sM α( )Z0 α( )
α + s 1 − α( )[ ]L E t( )[ ]

− M α( )Z0 α( )
α + s 1 − α( )[ ]E 0( ),

L CPCF
0 Dα

tC t( )[ ] � M α( )Z1 α( )
α + s 1 − α( ) +

sM α( )Z0 α( )
α + s 1 − α( )[ ]L C t( )[ ]

− M α( )Z0 α( )
α + s 1 − α( )[ ]C 0( ),

L CPCF
0 Dα

t P t( )[ ] � M α( )Z1 α( )
α + s 1 − α( ) +

sM α( )Z0 α( )
α + s 1 − α( )[ ]L P t( )[ ]

− M α( )Z0 α( )
α + s 1 − α( )[ ]P 0( ).

(45)

Proof. Using Eq. 14, we have

L CPCF
0 Dα

t S t( )[ ] � L S t( ) × M α( )Z1 α( )
1 − α

exp − α

1 − α
t( )[ ]

+ L S′ t( ) × M α( )Z0 α( )
1 − α

exp − α

1 − α
t( )[ ]

� M α( )Z1 α( )
1 − α

L S t( )[ ]L exp − α

1 − α
t( )[ ]

+ M α( )Z0 α( )
1 − α

L S′ t( )[ ]L exp − α

1 − α
t( )[ ]

� M α( )Z1 α( )
1 − α

L S t( )[ ] × 1

s + α

1 − α

+ M α( )Z0 α( )
1 − α

sL S t( )[ ] − S 0( )( ) × 1

s + α

1 − α

� M α( )Z1 α( )
α + s 1 − α( )( )L S t( )[ ] + sM α( )Z0 α( )

α + s 1 − α( )( )L S t( )[ ]

− M α( )Z0 α( )
α + s 1 − α( )( )S 0( ).

(46)

L CPCF
0 Dα

t E t( )[ ] � L E t( ) × M α( )Z1 α( )
1 − α

exp − α

1 − α
t( )[ ]

+ L E′ t( ) × M α( )Z0 α( )
1 − α

exp − α

1 − α
t( )[ ]

� M α( )Z1 α( )
1 − α

L E t( )[ ]L exp − α

1 − α
t( )[ ]

+ M α( )Z0 α( )
1 − α

L E′ t( )[ ]L exp − α

1 − α
t( )[ ]

� M α( )Z1 α( )
1 − α

L E t( )[ ] × 1

s + α

1 − α

+M α( )Z0 α( )
1 − α

sL E t( )[ ] − E 0( )( ) × 1

s + α

1 − α

� M α( )Z1 α( )
α + s 1 − α( )( )L E t( )[ ] + sM α( )Z0 α( )

α + s 1 − α( )( )L E t( )[ ]

− M α( )Z0 α( )
α + s 1 − α( )( )E 0( ). (47)

L CPCF
0 Dα

tC t( )[ ] � L C t( ) × M α( )Z1 α( )
1 − α

exp − α

1 − α
t( )[ ]

+ L C′ t( ) × M α( )Z0 α( )
1 − α

exp − α

1 − α
t( )[ ]

� M α( )Z1 α( )
1 − α

L C t( )[ ]L exp − α

1 − α
t( )[ ]

+ M α( )Z0 α( )
1 − α

L C′ t( )[ ]L exp − α

1 − α
t( )[ ]

� M α( )Z1 α( )
1 − α

L C t( )[ ] × 1

s + α

1 − α

+ M α( )Z0 α( )
1 − α

sL C t( )[ ] − C 0( )( ) × 1

s + α

1 − α

� M α( )Z1 α( )
α + s 1 − α( )( )L C t( )[ ]

+ sM α( )Z0 α( )
α + s 1 − α( )( )L C t( )[ ]

− M α( )Z0 α( )
α + s 1 − α( )( )C 0( ).

(48)

L CPCF
0 Dα

t P t( )[ ] � L P t( ) × M α( )Z1 α( )
1 − α

exp − α

1 − α
t( )[ ]

+ L P′ t( ) × M α( )Z0 α( )
1 − α

exp − α

1 − α
t( )[ ]

� M α( )Z1 α( )
1 − α

L P t( )[ ]L exp − α

1 − α
t( )[ ]

+ M α( )Z0 α( )
1 − α

L P′ t( )[ ]L exp − α

1 − α
t( )[ ]

� M α( )Z1 α( )
1 − α

L P t( )[ ] × 1

s + α

1 − α

+ M α( )Z0 α( )
1 − α

sL P t( )[ ] − P 0( )( ) × 1

s + α

1 − α

� M α( )Z1 α( )
α + s 1 − α( )( )L P t( )[ ]

+ sM α( )Z0 α( )
α + s 1 − α( )( )L P t( )[ ]

− M α( )Z0 α( )
α + s 1 − α( )( )P 0( ).

(49)
Theorem 4.2: The Laplace transform of the CPABC operator is
given as follows [37]:
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L CPABC
0 Dα

t S t( )[ ] � L S t( )[ ] AB α( )Z1 α( )sα−1
α + sα 1 − α( ) + sαAB α( )Z1 α( )

α + sα 1 − α( )[ ]
− AB α( )Z0 α( )sα−1

α + sα 1 − α( )[ ]S 0( ),

L CPABC
0 Dα

t E t( )[ ] � L E t( )[ ] AB α( )Z1 α( )sα−1
α + sα 1 − α( ) + sαAB α( )Z1 α( )

α + sα 1 − α( )[ ]
− AB α( )Z0 α( )sα−1

α + sα 1 − α( )[ ]E 0( ),
L CPABC

0 Dα
tC t( )[ ] � L C t( )[ ]

× AB α( )Z1 α( )sα−1
α + sα 1 − α( ) + sαAB α( )Z1 α( )

α + sα 1 − α( )[ ]
− AB α( )Z0 α( )sα−1

α + sα 1 − α( )[ ]C 0( ),

L CPABC
0 Dα

t P t( )[ ] � L P t( )[ ] AB α( )Z1 α( )sα−1
α + sα 1 − α( ) + sαAB α( )Z1 α( )

α + sα 1 − α( )[ ]
− AB α( )Z0 α( )sα−1

α + sα 1 − α( )[ ]P 0( ).
(50)

Proof. Using Eq. 13, we have

L CPABC
0 Dα

t S t( )[ ] � L S t( ) × AB α( )Z1 α( )
1 − α

Eα − α

1 − α
tα( )[ ]

+ L S′ t( ) × AB α( )Z0 α( )
1 − α

Eα − α

1 − α
tα( )[ ]

� AB α( )Z1 α( )
1 − α

L S t( )[ ]L Eα − α

1 − α
tα( )[ ]

+ AB α( )Z0 α( )
1 − α

sL S t( )[ ] − S 0( )( )L Eα − α

1 − α
tα( )[ ]

� AB α( )Z1 α( )
1 − α

L S t( )[ ] × sα−1 1 − α( )
α + sα 1 − α( )

+ AB α( )Z0 α( )
1 − α

sL S t( )[ ] − S 0( )( ) × sα−1 1 − α( )
α + sα 1 − α( )

� AB α( )Z1 α( )sα−1
α + sα 1 − α( )( )L S t( )[ ] + sαAB α( )Z0 α( )

α + s 1 − α( )( )L S t( )[ ]

− AB α( )Z0 α( )sα−1
α + sα 1 − α( )( )S 0( ).

(51)

L CPABC
0 Dα

t E t( )[ ] � L E t( ) × AB α( )Z1 α( )
1 − α

Eα − α

1 − α
tα( )[ ]

+ L E′ t( ) × AB α( )Z0 α( )
1 − α

Eα − α

1 − α
tα( )[ ]

� AB α( )Z1 α( )
1 − α

L E t( )[ ]L Eα − α

1 − α
tα( )[ ]

+ AB α( )Z0 α( )
1 − α

EL E t( )[ ] − E 0( )( )L Eα − α

1 − α
tα( )[ ]

� AB α( )Z1 α( )
1 − α

L E t( )[ ] × Eα−1 1 − α( )
α + Eα 1 − α( )

+ AB α( )Z0 α( )
1 − α

EL E t( )[ ] − E 0( )( ) × Eα−1 1 − α( )
α + Eα 1 − α( )

� AB α( )Z1 α( )Eα−1

α + Eα 1 − α( )( )L E t( )[ ]

+ EαAB α( )Z0 α( )
α + E 1 − α( )( )L E t( )[ ]

− AB α( )Z0 α( )Eα−1

α + Eα 1 − α( )( )E 0( ).
(52)

L CPABC
0 Dα

tC t( )[ ] � L C t( ) × AB α( )Z1 α( )
1 − α

Eα − α

1 − α
tα( )[ ]

+ L C′ t( ) × AB α( )Z0 α( )
1 − α

Eα − α

1 − α
tα( )[ ]

� AB α( )Z1 α( )
1 − α

L C t( )[ ]L Eα − α

1 − α
tα( )[ ]

+ AB α( )Z0 α( )
1 − α

CL C t( )[ ] − C 0( )( )L Eα − α

1 − α
tα( )[ ]

� AB α( )Z1 α( )
1 − α

L C t( )[ ] × Cα−1 1 − α( )
α + Cα 1 − α( )

+ AB α( )Z0 α( )
1 − α

CL C t( )[ ] − C 0( )( ) × Cα−1 1 − α( )
α + Cα 1 − α( )

� AB α( )Z1 α( )Cα−1

α + Cα 1 − α( )( )L C t( )[ ] + CαAB α( )Z0 α( )
α + C 1 − α( )( )L C t( )[ ]

− AB α( )Z0 α( )Cα−1

α + Cα 1 − α( )( )C 0( ).
(53)

L CPABC
0 Dα

t P t( )[ ] � L P t( ) × AB α( )Z1 α( )
1 − α

Eα − α

1 − α
tα( )[ ]

+ L P′ t( ) × AB α( )Z0 α( )
1 − α

Eα − α

1 − α
tα( )[ ]

� AB α( )Z1 α( )
1 − α

L P t( )[ ]L Eα − α

1 − α
tα( )[ ]

+ AB α( )Z0 α( )
1 − α

PL P t( )[ ] − P 0( )( )L Eα − α

1 − α
tα( )[ ]

� AB α( )Z1 α( )
1 − α

L P t( )[ ] × Pα−1 1 − α( )
α + Pα 1 − α( )

+ AB α( )Z0 α( )
1 − α

PL P t( )[ ] − P 0( )( ) × Pα−1 1 − α( )
α + Pα 1 − α( )

� AB α( )Z1 α( )Pα−1

α + Pα 1 − α( )( )L P t( )[ ]

+ PαAB α( )Z0 α( )
α + P 1 − α( )( )L P t( )[ ]

− AB α( )Z0 α( )Pα−1

α + Pα 1 − α( )( )P 0( ).
(54)

4.1 Eigenfunctions of CPCF and
CPABC operators

Theorem 4.3: Consider the following system of differential
equations with the CPCF operator [37]:

CPCF
0 Dα

t S t( ) � F1 t, S,E,C,P( ),
CPCF
0 Dα

t E t( ) � F2 t, S,E,C,P( ),
CPCF
0 Dα

tC t( ) � F3 t, S,E,C,P( ),
CPCF
0 Dα

tP t( ) � F4 t, S,E,C,P( ).

⎧⎪⎪⎪⎨⎪⎪⎪⎩ (55)

Utilizing the Laplace transform and assuming S(0) = E(0) =
C(0) = P(0) = 0, we have

S t( ) � 1
M α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
i+1
t F1 t,ϖ( ) + 1 − α( )∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
i
tF1 t,ϖ( )⎡⎣ ⎤⎦,

E t( ) � 1
M α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
i+1
t F2 t,ϖ( ) + 1 − α( )∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
i
tF2 t,ϖ( )⎡⎣ ⎤⎦,

C t( ) � 1
M α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
i+1
t F3 t,ϖ( ) + 1 − α( )∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
i
tF3 t,ϖ( )⎡⎣ ⎤⎦,

P t( ) � 1
M α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
i+1
t F4 t,ϖ( ) + 1 − α( )∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
i
tF4 t,ϖ( )⎡⎣ ⎤⎦.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(56)

Proof. Using Theorem 4.1, we have
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L S t( ){ } M α( )
α + s 1 − α( ) Z1 α( ) + sZ0 α( )( )[ ] � L F1 t,ϖ( ){ },

L E t( ){ } M α( )
α + s 1 − α( ) Z1 α( ) + sZ0 α( )( )[ ] � L F1 t,ϖ( ){ },

L C t( ){ } M α( )
α + s 1 − α( ) Z1 α( ) + sZ0 α( )( )[ ] � L F1 t,ϖ( ){ },

L P t( ){ } M α( )
α + s 1 − α( ) Z1 α( ) + sZ0 α( )( )[ ] � L F1 t,ϖ( ){ },

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(57)

which equals

L S t( ){ } � 1
M α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )n

s−i−1 + 1 − α( )∑∞
i�0

−Z1 α( )
Z0 α( )( )i

s−i⎡⎣ ⎤⎦L F1 t,ϖ( ){ },

L E t( ){ } � 1
M α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )n

s−i−1 + 1 − α( )∑∞
i�0

−Z1 α( )
Z0 α( )( )i

s−i⎡⎣ ⎤⎦L F2 t,ϖ( ){ },

L C t( ){ } � 1
M α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )n

s−i−1 + 1 − α( )∑∞
i�0

−Z1 α( )
Z0 α( )( )i

s−i⎡⎣ ⎤⎦L F3 t,ϖ( ){ },

L P t( ){ } � 1
M α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )n

s−i−1 + 1 − α( )∑∞
i�0

−Z1 α( )
Z0 α( )( )i

s−i⎡⎣ ⎤⎦L F4 t,ϖ( ){ }.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(58)

We have

s−i−1L F t( ){ } � L
ti

Γ i + 1( ){ }L F t( ){ } � L F t( )◦ ti

Γ i + 1( ){ }
� L 0I

i+1
t F t( ){ }, (59)

s−iL F t( ){ } � L
ti

Γ i( ){ }L F t( ){ } � L F t( )◦ ti−1

Γ i( ){ } � L 0I
i
tF t( ){ }.

(60)

Therefore,

L S t( ){ } � 1
M α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

L 0I
i+1
t F1 t,ϖ( ){ } + 1 − α( )∑∞

i�0

−Z1 α( )
Z0 α( )( )i

L 0I
i
tF1 t,ϖ( ){ }⎡⎣ ⎤⎦,

L E t( ){ } � 1
M α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

L 0I
i+1
t F2 t,ϖ( ){ } + 1 − α( )∑∞

i�0

−Z1 α( )
Z0 α( )( )i

L 0I
i
tF2 t,ϖ( ){ }⎡⎣ ⎤⎦,

L C t( ){ } � 1
M α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

L 0I
i+1
t F3 t,ϖ( ){ } + 1 − α( )∑∞

i�0

−Z1 α( )
Z0 α( )( )i

L 0I
i
tF3 t,ϖ( ){ }⎡⎣ ⎤⎦,

L P t( ){ } � 1
M α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

L 0I
i+1
t F4 t,ϖ( ){ } + 1 − α( )∑∞

i�0

−Z1 α( )
Z0 α( )( )i

L 0I
i
tF4 t,ϖ( ){ }⎡⎣ ⎤⎦.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(61)

Utilizing the inverse Laplace transform, we obtain the
required result.

Theorem 4.4: Consider the following system [37]:

CPABC
0 Dα

t S t( ) � Q1 t,ϖ( ),
CPABC
0 Dα

t E t( ) � Q2 t,ϖ( ),
CPABC
0 Dα

tC t( ) � Q3 t,ϖ( ),
CPABC
0 Dα

tP t( ) � Q4 t,ϖ( ).

⎧⎪⎪⎪⎨⎪⎪⎪⎩ (62)

Utilizing the Laplace transform and choosing S(0) = E(0) =
C(0) = P(0) = 0, we have

S t( ) � 1
AB α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
α+i
t Q1 t,ϖ( ) + 1 − α( )∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
i
tQ1 t,ϖ( )⎡⎣ ⎤⎦,

E t( ) � 1
AB α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
α+i
t Q2 t,ϖ( ) + 1 − α( )∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
i
tQ2 t,ϖ( )⎡⎣ ⎤⎦,

C t( ) � 1
AB α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
α+i
t Q3 t,ϖ( ) + 1 − α( )∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
i
tQ3 t,ϖ( )⎡⎣ ⎤⎦,

P t( ) � 1
AB α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
α+i
t Q4 t,ϖ( ) + 1 − α( )∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
i
tQ4 t,ϖ( )⎡⎣ ⎤⎦.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(63)

Proof. From Theorem 4.2, we have

L S t( ){ } � 1
Z0 α( )AB α( ) αs−α + 1 − α( )[ ]∑∞

i�0

−Z1 α( )
Z0 α( ) s

−1( )i

L Q1 t,ϖ( ){ },

L E t( ){ } � 1
Z0 α( )AB α( ) αs−α + 1 − α( )[ ]∑∞

i�0

−Z1 α( )
Z0 α( ) s

−1( )i

L Q2 t,ϖ( ){ },

L C t( ){ } � 1
Z0 α( )AB α( ) αs−α + 1 − α( )[ ]∑∞

i�0

−Z1 α( )
Z0 α( ) s

−1( )i

L Q3 t,ϖ( ){ },

L P t( ){ } � 1
Z0 α( )AB α( ) αs−α + 1 − α( )[ ]∑∞

i�0

−Z1 α( )
Z0 α( ) s

−1( )i

L Q4 t,ϖ( ){ },

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(64)

L S t( ){ } � 1
Z0 α( )AB α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

s−i−α + 1 − α( )∑∞
i�0

−Z1 α( )
Z0 α( )( )i

s−i⎡⎣ ⎤⎦L Q1 t,ϖ( ){ },

L E t( ){ } � 1
Z0 α( )AB α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

s−i−α + 1 − α( )∑∞
i�0

−Z1 α( )
Z0 α( )( )i

s−i⎡⎣ ⎤⎦L Q2 t,ϖ( ){ },

L C t( ){ } � 1
Z0 α( )AB α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

s−i−α + 1 − α( )∑∞
i�0

−Z1 α( )
Z0 α( )( )i

s−i⎡⎣ ⎤⎦L Q3 t,ϖ( ){ },

L P t( ){ } � 1
Z0 α( )AB α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

s−i−α + 1 − α( )∑∞
i�0

−Z1 α( )
Z0 α( )( )i

s−i⎡⎣ ⎤⎦L Q4 t,ϖ( ){ }.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(65)

We have

s−α−iL Q t( ){ } � L
tα+i−1

Γ α + i( ){ }L Q t( ){ } � L Q t( )◦ tα+i−1

Γ α + i( ){ }
� L 0I

α+i
t Q t( ){ }. (66)

From Eqs 60, 66, we have

L S t( ){ } � 1
AB α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

L 0I
α+i
t Q1 t,ϖ( ){ }⎡⎣

+ 1 − α( )∑∞
i�0

−Z1 α( )
Z0 α( )( )i

L 0I
i
tQ1 t,ϖ( ){ }⎤⎦,

L E t( ){ } � 1
AB α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

L 0I
α+i
t Q2 t,ϖ( ){ }⎡⎣

+ 1 − α( )∑∞
i�0

−Z1 α( )
Z0 α( )( )i

L 0I
i
tQ2 t,ϖ( ){ }⎤⎦,

L C t( ){ } � 1
AB α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

L 0I
α+i
t Q3 t,ϖ( ){ }⎡⎣

+ 1 − α( )∑∞
i�0

−Z1 α( )
Z0 α( )( )i

L 0I
i
tQ3 t,ϖ( ){ }⎤⎦,

L P t( ){ } � 1
AB α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

L 0I
α+i
t Q4 t,ϖ( ){ }⎡⎣

+ 1 − α( )∑∞
i�0

−Z1 α( )
Z0 α( )( )i

L 0I
i
tQ4 t,ϖ( ){ }⎤⎦.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(67)
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Applying the inverse Laplace transform, we achieve

S t( ) � 1
AB α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
α+i
t Q1 t,ϖ( ) + 1 − α( )∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
i
tQ1 t,ϖ( )⎡⎣ ⎤⎦,

E t( ) � 1
AB α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
α+i
t Q2 t,ϖ( ) + 1 − α( )∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
i
tQ2 t,ϖ( )⎡⎣ ⎤⎦,

C t( ) � 1
AB α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
α+i
t Q3 t,ϖ( ) + 1 − α( )∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
i
tQ3 t,ϖ( )⎡⎣ ⎤⎦,

P t( ) � 1
AB α( )Z0 α( ) α∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
α+i
t Q4 t,ϖ( ) + 1 − α( )∑∞

i�0

−Z1 α( )
Z0 α( )( )i

0I
i
tQ4 t,ϖ( )⎡⎣ ⎤⎦.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(68)

5 Numerical scheme

Applying the Laplace transform on both sides of Eq. 1 and using
Theorem 4.1, we have

L S t( ){ } � S0

s + Z1 α( )
Z0 α( )

+ α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( ) λL C{ } − βL SE{ }( ),

L E t( ){ } � E0

s + Z1 α( )
Z0 α( )

+ α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( ) λ + ω( )L C{ } − βL SE{ }( ),

L C t( ){ } � C0

s + Z1 α( )
Z0 α( )

+ α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( ) βL SE{ } − λ + ω( )L C{ }( ),

L P t( ){ } � P0

s + Z1 α( )
Z0 α( )

+ α + s 1 − α( )
M α( )Z1 α( ) + sM α( )Z0 α( ) ωL C{ }( ).

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(69)

From Theorem 4.3, we have

L S t( ){ } � S 0( )
s + Z1 α( )

Z0 α( )
+ α

M α( )Z0 α( ) ∑∞
i�0

−Z1 α( )
Z0 α( )( )i

s−i−1 λL C{ } − βL SE{ }( )
+ 1 − α( )
M α( )Z0 α( ) ∑∞

i�0

−Z1 α( )
Z0 α( )( )i

s−i λL C{ } − βL SE{ }( ),
L E t( ){ } � E 0( )

s + Z1 α( )
Z0 α( )

+ α

M α( )Z0 α( ) ∑∞
i�0

−Z1 α( )
Z0 α( )( )i

s−i−1 λ + ω( )L C{ } − βL SE{ }( )

+ 1 − α( )
M α( )Z0 α( ) ∑∞

i�0

−Z1 α( )
Z0 α( )( )i

s−i λ + ω( )L C{ } − βL SE{ }( ),
L C t( ){ } � C 0( )

s + Z1 α( )
Z0 α( )

+ α

M α( )Z0 α( ) ∑∞
i�0

−Z1 α( )
Z0 α( )( )i

s−i−1 βL SE{ } − λ + ω( )L C{ }( )

+ 1 − α( )
M α( )Z0 α( ) ∑∞

i�0

−Z1 α( )
Z0 α( )( )i

s−i βL SE{ } − λ + ω( )L C{ }( ),
L P t( ){ } � P 0( )

s + Z1 α( )
Z0 α( )

+ α

M α( )Z0 α( ) ∑∞
i�0

−Z1 α( )
Z0 α( )( )i

s−i−1 ωL C{ }( )

+ 1 − α( )
M α( )Z0 α( ) ∑∞

i�0

−Z1 α( )
Z0 α( )( )i

s−i ωL C{ }( ).

(70)

Consider that the scheme gives the outcomes as an
infinite series:

S t( ) � ∑∞
k�0

Sk, E t( ) � ∑∞
k�0

Ek, C t( ) � ∑∞
k�0

Ck, P t( ) � ∑∞
k�0

Pk,

(71)

where the non-linear expressions can be described as

SE � ∑∞
k�0

Rk, Rk � 1
k!

dk

dηk
∑k
z�0

ηzSz ∑k
z�0

ηzEz
⎛⎝ ⎞⎠∣∣∣∣∣∣∣∣∣∣

η�0
,

k � 0, 1, 2, 3,/ .

(72)

Substituting Eqs 71, 72 into Eq. 70, we obtain

L ∑∞
k�0

S t( )⎧⎨⎩ ⎫⎬⎭ � S 0( )
s + Z1 α( )

Z0 α( )
+ α

M α( )Z0 α( ) ∑∞
i�0

−Z1 α( )
Z0 α( )( )i

s−i−1 λL ∑∞
k�0

Ck

⎧⎨⎩ ⎫⎬⎭ − βL ∑∞
k�0

Rk

⎧⎨⎩ ⎫⎬⎭⎛⎝ ⎞⎠

+ 1 − α( )
M α( )Z0 α( ) ∑∞

i�0

−Z1 α( )
Z0 α( )( )i

s−i λL ∑∞
k�0

Ck

⎧⎨⎩ ⎫⎬⎭ − βL ∑∞
k�0

Rk

⎧⎨⎩ ⎫⎬⎭⎛⎝ ⎞⎠,

L ∑∞
k�0

E t( )⎧⎨⎩ ⎫⎬⎭ � E 0( )
s + Z1 α( )

Z0 α( )
+ α

M α( )Z0 α( ) ∑∞
i�0

−Z1 α( )
Z0 α( )( )i

s−i−1 λ + ω( )L ∑∞
k�0

Ck

⎧⎨⎩ ⎫⎬⎭ − βL ∑∞
k�0

Rk

⎧⎨⎩ ⎫⎬⎭⎛⎝ ⎞⎠

+ 1 − α( )
M α( )Z0 α( ) ∑∞

i�0

−Z1 α( )
Z0 α( )( )i

s−i λ + ω( )L ∑∞
k�0

Ck

⎧⎨⎩ ⎫⎬⎭ − βL ∑∞
k�0

Rk

⎧⎨⎩ ⎫⎬⎭⎛⎝ ⎞⎠,

L ∑∞
k�0

C t( )⎧⎨⎩ ⎫⎬⎭ � C 0( )
s + Z1 α( )

Z0 α( )
+ α

M α( )Z0 α( ) ∑∞
i�0

−Z1 α( )
Z0 α( )( )i

s−i−1 βL ∑∞
k�0

Rk

⎧⎨⎩ ⎫⎬⎭ − λ + ω( )L ∑∞
k�0

Ck

⎧⎨⎩ ⎫⎬⎭⎛⎝ ⎞⎠

+ 1 − α( )
M α( )Z0 α( ) ∑∞

i�0

−Z1 α( )
Z0 α( )( )i

s−i βL ∑∞
k�0

Rk

⎧⎨⎩ ⎫⎬⎭ − λ + ω( )L ∑∞
k�0

Ck

⎧⎨⎩ ⎫⎬⎭⎛⎝ ⎞⎠,

L ∑∞
k�0

P t( )⎧⎨⎩ ⎫⎬⎭ � P 0( )
s + Z1 α( )

Z0 α( )
+ α

M α( )Z0 α( ) ∑∞
i�0

−Z1 α( )
Z0 α( )( )i

s−i−1 ωL ∑∞
k�0

Ck

⎧⎨⎩ ⎫⎬⎭⎛⎝ ⎞⎠

+ 1 − α( )
M α( )Z0 α( ) ∑∞

i�0

−Z1 α( )
Z0 α( )( )i

s−i ωL ∑∞
k�0

Ck

⎧⎨⎩ ⎫⎬⎭⎛⎝ ⎞⎠.

(73)

After applying the inverse Laplace transform on both sides of Eq.
73, we finally obtain the following iterative solutions:

Sk+1 t( ) � S0 exp −Z1 α( )
Z0 α( ) t( ) + α

M α( )Z0 α( ) ∑∞
j�0

−Z1 α( )
Z0 α( )( )j

tj

Γ j + 1( )L−1 λL Ck{ } − βL Mk{ }{ }
+ 1 − α

M α( )Z0 α( ) ∑∞
j�0

−Z1 α( )
Z0 α( )( )j

tj−1

Γ j( )L−1 λL Ck{ } − βL Mk{ }{ },
Ek+1 t( ) � E0 exp −Z1 α( )

Z0 α( ) t( ) + α

M α( )Z0 α( ) ∑∞
j�0

−Z1 α( )
Z0 α( )( )j

tj

Γ j + 1( )L−1 λ + ω( )L Ck{ }{

− βL Mk{ }} + 1 − α

M α( )Z0 α( ) ∑∞
j�0

−Z1 α( )
Z0 α( )( )j

tj−1

Γ j( )L−1 λ + ω( )L Ck{ } − βL Mk{ }{ },
Ck+1 t( ) � C0 exp −Z1 α( )

Z0 α( ) t( ) + α

M α( )Z0 α( ) ∑∞
j�0

−Z1 α( )
Z0 α( )( )j

tj

Γ j + 1( )L−1 βL Mk{ }{
− λ + ω( )L Ck{ }} + 1 − α

M α( )Z0 α( ) ∑∞
j�0

−Z1 α( )
Z0 α( )( )j

tj−1

Γ j( )L−1 βL Mk{ } − λ + ω( )L Ck{ }{ },
Pk+1 t( ) � P0 exp −Z1 α( )

Z0 α( ) t( ) + α

M α( )Z0 α( ) ∑∞
j�0

−Z1 α( )
Z0 α( )( )j

tj

Γ j + 1( )L−1 ωL Ck{ }{

+ 1 − α

M α( )Z0 α( ) ∑∞
j�0

−Z1 α( )
Z0 α( )( )j

tj−1

Γ j( )L−1 ωL Ck{ }{

(74)

Similarly, we solve the suggested model (Eq. 3) using the CPABC
operator and obtain the iterative solutions shown below:

Sk+1 t( ) � S0 exp −Z1 α( )
Z0 α( ) t( ) + α

AB α( )Z0 α( ) ∑∞
j�0

−Z1 α( )
Z0 α( )( )j

tα+j−1

Γ α + j( )L−1 λL Ck{ } − βL Mk{ }{ }
+ 1 − α

AB α( )Z0 α( ) ∑∞
j�0

−Z1 α( )
Z0 α( )( )j

tj−1

Γ j( )L−1 λL Ck{ } − βL Mk{ }{ },
Ek+1 t( ) � E0 exp −Z1 α( )

Z0 α( ) t( ) + α

AB α( )Z0 α( ) ∑∞
j�0

−Z1 α( )
Z0 α( )( )j

tα+j−1

Γ α + j( )L−1 λ + ω( )L Ck{ } − βL Mk{ }{ }
+ 1 − α

AB α( )Z0 α( ) ∑∞
j�0

−Z1 α( )
Z0 α( )( )j

tj−1

Γ j( )L−1 λ + ω( )L Ck{ } − βL Mk{ }{ },
Ck+1 t( ) � C0 exp −Z1 α( )

Z0 α( ) t( ) + α

AB α( )Z0 α( ) ∑∞
j�0

−Z1 α( )
Z0 α( )( )j

tα+j−1

Γ α + j( )L−1 βL Mk{ } − λ + ω( )L Ck{ }{ }
+ 1 − α

AB α( )Z0 α( ) ∑∞
j�0

−Z1 α( )
Z0 α( )( )j

tj−1

Γ j( )L−1 βL Mk{ } − λ + ω( )L Ck{ }{ },
Pk+1 t( ) � P0 exp −Z1 α( )

Z0 α( ) t( ) + α

AB α( )Z0 α( ) ∑∞
j�0

−Z1 α( )
Z0 α( )( )j

tα+j−1

Γ α + j( )L−1 ωL Ck{ }{

+ 1 − α

AB α( )Z0 α( ) ∑∞
j�0

−Z1 α( )
Z0 α( )( )j

tj−1

Γ j( )L−1 ωL Ck{ }{

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(75)
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6 Results and discussion

We now incorporate numerical simulation for the proposed
models (Eqs 1, 3) to examine reversible enzymatic reactions. The
fractional-order system is solved through Laplace–Adomian
decomposition. To obtain these numerical results, we use
various non-negative parameter values derived from [3]: λ =
0.2, β = 0.2, and ζ = 0.1. Our initial conditions are S(0) = 0.7,
E(0) = 0.7, C(0) = 0, and P(0) = 0. The proposed systems present
simulations as displayed in Figures 3, 4. We use a range of
fractional-order values (α = 1.000, 0.975, 0.950, 0.925, 0.900)
for these simulations. Figures 2A–D show the 2D-simulations of
the substrate S, enzyme E, complex C, and product P, respectively,
for various fractional orders under the CPCF operator. Figures
3A–D illustrate the 3-D plots under the CPCF operator. Figures
4A–D illustrate the simulations of all of these compartments for
different fractional orders under the CPABC operator. We also use
the CPABC operator to construct 3D plots for all of these
compartments, as shown in Figures 4E–H. For larger values of
fractional order (α), the concentration profiles of S and C decline,
whereas those of E and P increase. Since there will not be sufficient
C to break down into S, the deformation of C results in an increase
in the relative concentration levels of P and E, whereas a reduction
in C and S is in the same ratio. By speeding up the reaction in a few
different ways, like heating or adding the right amount of catalysts,
we can produce more products in less time. The comparison
graphs for the CPABC and CPCF operators shown in Figure 5
further illustrate the numerical simulation of the reversible
enzymatic reaction model. The numerical results of comparison
plots are shown in Tables 1–4. When non-integer values of the
fractional parameter α are used, the compartments of the proposed
models offer excellent feedback, and the increase or decrease takes
place faster in small fractional orders than in large fractional
orders. Fractional-order derivations are the most compelling
and reliable substitute; they have been demonstrated to be more
effective than classical orders in explaining physical processes.

7 Conclusion

The fractional operators CPABC and CPCF, along with the
LADM method, were used to analyze the reversible enzymatic
reaction model. Existence, singularity, and stability were among
the attributes displayed by the solutions. Numerical data were
reported, and the simulation results of the hybrid fractional
operators were compared. Regarding handling non-linear
systems of fractional order, LADM is an excellent analytical
method and a potent computational tool for understanding
physical problems. The fractional model has the advantage of
providing multiple solutions, in contrast to classical models that
only have one solution for an integer order. Constant
proportional models have more memory compared to integer-
order models, which contributes to their use in mathematically
simulating the kinetics of enzymes. By adjusting fractional

parameters, these operators can enhance the interpretation of
enzyme kinetics. Future research can examine chemical
reactions in massive reactors and in commercial, animal, and
plant environments. It can also solve current models using more
general operators.
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