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The need to achieve high energies in particle accelerators has led to the
development of new accelerator technologies, resulting in higher beam
intensities and more compact devices with stronger accelerating fields. In such
scenarios, beam-loading effects occur, and intensity-dependent gradient reduction
affects the accelerated beam as a consequence of its interaction with the
surrounding cavity. In this study, a power-diffusive partial differential equation is
derived to account for this effect. Its numerical resolution has been implemented in
the tracking code RF-Track, allowing the simulation of apparatuses where transient
beam loading plays an important role. Finally, measurements of this effect have been
carried out in the CERN Linear Electron Accelerator for Research (CLEAR) facility at
CERN, finding good agreement with the RF-Track simulations.
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1 Introduction

When a beam of charged particles travels through an accelerating structure, surface
currents are generated in the surrounding conducting walls. These currents create
electromagnetic (EM) fields that act on the beam, thus compromising the performance
of the accelerator [1, 2]. When it comes to radiofrequency (RF) cavities, the impact of these
fields can be such that a reduction in the accelerating gradient takes place. This
phenomenon is known as the beam-loading (BL) effect [3–5].

The simplest model to understand the BL effect is to consider a pillbox. The
calculation of the EM modes excited by a charged particle traveling on-axis [6–8]
shows that, among others, the fundamental accelerating mode (TM01) is excited. This
exhibits a non-negligible on-axis longitudinal electric field (Ez), which effectively reduces
the accelerating gradient.

Most accelerating structures showhigh-quality factors for the fundamentalmode [9, 10]. This
implies that any excitation induced by the beam, such as the one described above, will persist in
the cavities after the exciting bunch leaves the cavity. Therefore, a long-range transient effect is
expected, meaning that late bunches will be decelerated by the EM field left by earlier bunches.

Beam-induced excitations are often described by wakefield formalism [8, 11]. In this
context, the BL effect can be understood as a consequence of long-range longitudinal
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wakefields. For this reason, some tracking codes, like ELEGANT
[12] or PLACET [13], implement self-consistent wakefield
calculations based on the single-cell damped-oscillator model.
However, this is a simple model that does not account for the
effect of cavity coupling, which is crucial when considering BL in
traveling-wave (TW) structures, where power flows from cell to cell.

ELEGANT and PLACET also offer the possibility of introducing
externally computed wake functions with EM solvers like CST
Studio [14] or GdfidL [15]. However, the biggest drawback of
this approach is the computational time required by these
calculations since the simulation of complete realistic structures
usually takes days, which limits the performance of beam dynamic
simulations and beam parameter tuning.

An alternative perspective of the BL effect is given in [16], where the
beam-induced field in standing-wave (SW) cavities is explained in
terms of phasors for electron storage rings, and in [3, 17, 18], where the
BL effect is presented in terms of a power-diffusive partial differential
equation (PDE), which is analyzed for beam-loading compensation.

In this paper, an implementation of the BL effect in the tracking
code RF-Track [19] is proposed, allowing the performance of beam
dynamics simulations considering this phenomenon. For this, a unified
description of the BL effect in both TW and SW structures overcoming
ultrarelativistic assumptions (v ≃ c) is required. This has been achieved
using a power-diffusivemodel similar to themodel presented in [17,18].

Therefore, the starting point of this work is the derivation of a PDE
accounting for gradient reduction in TW structures. From this equation,
an analogous expression for SW structures is obtained, allowing the
generalization of the BL effect to non-ultrarelativistic scenarios such as
electron photo-injectors. The resolution of these PDEs has been
implemented into RF-Track, and simulations of the BL effect in
realistic scenarios are shown and compared with measurements in
the CERN Linear Electron Accelerator for Research (CLEAR) [20].

2 Power-diffusive model

2.1 Quasi-static assumption

The consideration of transient scenarios requires describing EM
fields under the quasi-static (QS) assumption [21]. In such a case, Ez is
expressed as

Ez r, t( ) � Re Ẽz r, t( )ejωt[ ], (1)
with j � ���−1√

representing the imaginary unit, ω representing the
RF frequency, and Ẽz representing the so-called quasi-static phasor.
This extension of the standard phasorial formalism admits that the
amplitude of the harmonic EM fields depends on time, and its
variation is much slower than the RF oscillation itself.

Let E1 = E1(z, t) and E2 = E2(z, t) be two electric fields whose time-
dependent quasi-static phasors are ~E1 and ~E2, respectively.
Furthermore, let �f be the time average of a quantity f over an RF

period T � 2π
ω , defined as �f(t) � 1

T∫t+T
t

f(τ) dτ. Then, the following
properties hold:

E1 z, t( )E2 z, t( ) � 1
2

Re ~E1 z, t( )~E2 z, t( )*[ ] + Re ~E1 z, t( )~E2 z, t( )e2jωt[ ]( ),
(2)

E1 z, t( )E2 z, t( ) � 1
2T

∫t+T

t
Re ~E1 z, τ( )~E2 z, τ( )*[ ]dτ

≃
1
2
Re ~E1 z, t( )~E2 z, t( )*[ ], (3)

∂E1 z, t( )E2 z, t( )
∂t

� ∂

∂t

1
2
Re ~E1 z, t( )~E2 z, t( )*[ ]( )

≃
∂

∂t

1
2
Re ~E1 z, t( )~E2 z, t( )*[ ]( )

� ∂E1 z, t( )E2 z, t( )
∂t

. (4)

Eq. 2 is obtained using the standard phasorial formalism, Eq. 3 is
a direct consequence of the QS approximation [22], and Eq. 4 is
obtained using Eqs 2, 3.

A first implication of the QS assumption is the temporal
dependency of the following quantities defined in terms of the
electric (E) and magnetic (H) fields:

Volumetric density of stored EMenergy

u r, t( ) ≡ 1
2
ε0‖E r, t( )‖2R3 + 1

2
μ0‖H r, t( )‖2R3 , (5)

Time − averaged stored EMenergy density

�u r, t( ) ≡ 1
2
ε0‖~E r, t( )‖2C3 + 1

2
μ0‖ ~H r, t( )‖2C3 , (6)

Stored energy per unit length in a cell

w zk, t( ) ≡ 1
L
∫

Vk

�u r, t( ) dV, (7)
Time − averaged dissipated power in a cell

�Pdiss zk, t( ) ≡ 1
2
∫

Vk

Rs‖ ~H tan r, t( )‖2C3 dV, (8)
Time − averaged dissipated power per unit length

pdiss zk, t( ) ≡ �Pdiss z, t( )
L

, (9)
Time − averaged power flow throughSk

�Pflow zk, t( ) ≡ vg zk( )w zk, t( ). (10)

where ε0 and μ0 represent the electric permittivity and magnetic
permeability of vacuum, respectively; ‖x‖2

R3 (C3) � ∑3
i�1x

2
i represents

the squared norm of an arbitrary real (complex) vector x �
(x1, x2, x3) ∈ R3 (C3); vg represents the group velocity in the cell
[23]; Rs represents the surface resistance; and ~Htan represents the
magnetic field tangential to the surface. zk denotes the beginning of
the k–th cell, L denotes its length, andVk denotes its volume, as shown in
Figures 1A and B.

From Eqs 4–6, the following identity emerges as a consequence
of the QS approximation:

∂u r, t( )
∂t

� ∂�u r, t( )
∂t

. (11)

The definition of the effective accelerating gradient in a cell (Geff)
is also affected by the QS assumption:

Geff zk, t( ) ≡ 1
L
∫zk+L

zk

Re Ẽz z, t( )ejωtq z( )[ ]dz, (12)

where tq(z) is the time of flight of a particle with charge q that enters the
cell at time t0. In a single cell within the RF period, particles are assumed
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to travel with a constant velocity v, expressed in terms of the speed of
light c, through the factor β as v = βc. Under this consideration, the
expression of the time of flight is [24]

tq z( ) ≡ t0 + ∫z

zk

dz′
v

� t0 + z − zk
βc

. (13)

From a physical point of view, Geff is the mean electric field that
affects a particle during its flight. The design of TW structures often
requires on-crest acceleration, achieved when tq is such that the field
affecting the particle is |~Ez(z, t)|. In this case, Geff matches the
accelerating gradient (G), defined as

G zk, t( ) ≡ 1
L
∫zk+L

zk

|~Ez z, t( )| dz. (14)

The magnitude relating G and Geff is the time-transit factor (T ):

T zk, t( ) ≡ Geff zk, t( )
G zk, t( ) �

∫zk+L
zk

Re Ẽz z, t( )ejωtq z( )[ ]dz
∫zk+L
zk

|Ẽz z, t( )| dz
. (15)

To relate G with the stored EM energy and the dissipated power,
the quality factor (Q) and the normalized shunt impedance per unit

length ( r
Q) should be examined. These magnitudes, which depend

only on the dimensions of the cell and its material [25], lead to the
following relations [23, 24]:

pdiss zk, t( )Q zk( ) � ωw zk, t( ), (16)
G zk, t( )2 � ω

r

Q
zk( )w zk, t( ). (17)

2.2 Derivation of a gradient reduction PDE in
TW structures

The starting point for the derivation of a PDE describing gradient
reduction in an accelerating structure is the Poynting theorem. Applied
to the kth cell (see Figure 1B), it is expressed as [2]

−∂u r, t( )
∂t

�  · S r, t( ) + E r, t( ) · J r, t( ), r ∈ Vk, t ∈ 0,∞[ ), (18)

where S is the Poynting vector and J is the current density. Under the
paraxial approximation (vz ≫ vx, vy), the current density can be
expressed as

J r, t( ) ≡ ρ r, t( )v r, t( ) ≃ ρ r, t( )cβz zk, t( )ẑ, (19)
where ρ is the volumetric charge density and βz is assumed to be
constant within a cell and period.

Eq. 18 is time-averaged over a period. Using Eqs 1, 11, and
19, considering only the on-axis longitudinal electric field,
we obtain

−∂�u r, t( )
∂t

�  · �S r, t( ) + Re ~Ez z, t( )βz zk, t( ) 1
T
∫t+T

t
cρ r, τ( )ejωτ dτ[ ].

(20)
Then, Eq. 20 is integrated over the cell volume (see

Figure 1B) and divided by L. Using the definition from Eq. 7
and denoting the longitudinal charge density as λq, this results
in

−∂w zk, t( )
∂t

� 1
L
∮ �S r, t( ) · dS

+ 1
L
∫zk+L

zk

Re ~Ez z, t( )βz zk, t( ) 1
T
∫t+T

t
cλq r, τ( )ejωτ dτ[ ]dz.

(21)

For the second term, it should be recalled that the Poynting
vector relates to the power balance in the cell as [2]

∮
S
S r, t( ) · dS � Pdiss zk, t( ) + Pflow zk + L, t( ) − Pflow zk, t( ). (22)

Regarding the time integral of the last term of Eq. 21, if a
Gaussian bunch of charge qbunch and bunch-size σz are assumed,
then λq(z, t) � qbunch��

2π
√

σz
exp(−(t−tq(z))2

2σ2z/c
2 ). Considering tq(z) ∈ [t, t + T]

and σz/c ≪ T, it can be simplified as

FIGURE 1
Cell considerations: (A) sectional cut of an S-band structure showing two complete cells. (B) Cell schematic representation and dimensions.
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βz zk, t( ) 1
T
∫t+T

t
cλq r, τ( )ejωτ dτ � ejωtq zk( )βz zk, t( ) qbunch

T
e−ω

2σ2z/2c2

� ejωtq zk( )~I zk, t( ).
(23)

Substituting Eqs 22, 23 into Eq. 21 and using the definitions in
Eqs 7–14, we obtain

−∂w zk, t( )
∂t

� pdiss zk, t( ) + Pflow zk + L, t( ) − Pflow zk, t( )
L

+ Geff zk, t( )~I zk, t( ). (24)

For structures exhibiting high-resonant frequencies, their cells
are short enough to assume the limit L→ 0 Eq. 24. This leads to the
following expression:

−∂w z, t( )
∂t

� pdiss z, t( ) + ∂�Pflow z, t( )
∂z

+ Geff z, t( )~I z, t( ). (25)

Finally, substituting Eqs 10, 15–17 into Eq. 25, after
manipulation, one obtains

−∂G z, t( )
∂t

� vg z( ) ∂G z, t( )
∂z

+ ∂vg z( )
∂z

− vg z( )
r
Q z( )

∂ r
Q z( )
∂z

+ ω

Q z( )
⎛⎝ ⎞⎠G z, t( )

2

+ ω r
Q z( )T z, t( )~I z, t( )

2
. (26)

Equation 26 shows that the gradient reduction in accelerating
cavities takes place because of the power flow between cells, heat
dissipation, and the beam–cavity interaction. The last term of Eq. 26
is called the beam-loading term, and it captures the influence of the
beam in gradient reduction. It depends linearly on the charge and
the normalized shunt-impedance per unit length, i.e., the design of
the cavity.

For the case of an ultrarelativistic beam with on-crest
acceleration (T � 1) and point-like bunch (σz → 0), Eq. 26
matches the proposed expression in [17].

2.3 The particular case of a SW
photo-injector

Standing-wave accelerating structures do not exhibit the power
flow from cell to cell, meaning that the net input power entering the
kth cell, Pinput, has to be considered in the power balance since no
flow from an external cell (coupler) feeds the structure. Therefore,
the flux of the Poynting vector across the cell surface (see Figure 1B)
has to be reconsidered as

∮
S
S r, t( ) · dS � Pdiss zk, t( ) − Pinput zk, t( ). (27)

For the input power Pinput, the transient response of a resonator
to the power provided by the source has to be considered as follows:

Pinput zk, t( )
L

� Gunloaded zk( )2
r zk( ) 1 − exp

ωt

2〈Q〉( ), (28)

with Gunloaded being the unloaded steady gradient that builds up in
the cavity long-enough after the RF is turned on and 〈Q〉 being the
loaded quality factor of all cells. However, r/Q is a geometrical factor
that does not depend on coupling, so the following relation holds:
rloaded/Qloaded = runloaded/Qunloaded ≡ r/Q [8].

Starting from Eq. 21 and using Eqs 27, 28, and following the
same steps as before, the following PDE is derived for gradient
reduction in SW structures:

−∂G z, t( )
∂t

� ω

2Q z( )G z, t( ) − ω

2Q z( )
Gunloaded z( )2

G z, t( ) 1 − exp
ωt

2〈Q〉( )
+ ω r

Q z( )T z, t( )~I z, t( )
2

.

(29)

3 Methods

3.1 Numerical implementation of the BL
effect in RF-track

RF-Track [19] is a tracking code developed at CERN, which
allows arbitrary particle tracking under the effect of external and
self-induced forces. It is written in parallel C++, and it is
imported into Python and Octave as a pre-compiled library.
This software program offers a flexible accelerator description,
handling complex 3D fieldmaps and computing self-consistent
single-particle and collective effects such as space-charge,
incoherent synchrotron radiation, or short-range wakefields,
among others.

A dedicated BL module has been implemented in RF-Track
based on the resolution of Eqs 26, 29 using the finite-difference
method, which requires the discretization of longitudinal and
temporal coordinates [26]. For this purpose, let Ltotal be the total
length of the accelerating structure where tracking is to be
performed and Tend be the time at which the considered beam
leaves the structure.

Then, a two-dimensional space–time mesh of N × M is
created, where the longitudinal spacing is Δz � Ltotal

N−1 and the
temporal spacing is Δt � Tend

M−1. Each point of the mesh (n, m)
refers to the position zn = nΔz and time tm = mΔt, with n = 0.(N −
1) and m = 0.(M − 1). As a consequence, the functions defined in
Eqs 26, 29 are expressed as vectors and matrices evaluated in
those mesh points.

Afterward, the derivatives are discretized by Taylor-
expanding them to the first order. This leads to the
following expression for the calculation of the gradient in
TW structures:

G n,m + 1( ) � ΔtB n( )G n,m( ) + Δt vg zn( )
Δz G n − 1, m( )

− C n,m( ), n � 1. N − 1( )
m � 1. M − 1( ) , (30)

where

B n( ) � 1
2

dvg
dz

∣∣∣∣∣∣∣zn +
dr/Q
dz

∣∣∣∣∣∣∣∣zn
vg zn( )

2r/Q zn( ) −
ω

2Q zn( ) −
vg zn( )
Δz + 1

Δt, (31)
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C n,m( ) � Δt
ω r

Q zn( )~I zn, tm( )
2

. (32)

For a SW structure, the gradient is expressed as

G n,m + 1( ) � 1 − ωΔt
2Q zn( )( )G n,m( ) − C n,m( )

+ ωΔt
2Q n( )

G n, 0( )2
G n,m( ) 1 − e

ωmΔt
2〈Q〉( ). (33)

At each tracking step (where particles have a position rpart and
time tpart), the BL effect is computed by applying an additional kick
(FBL). For this, a TM01 look-alike EM field (E01, B01) with gradient
G* is calculated by solvingMaxwell’s equations.G* is defined asG* =
G(zpart, tpart) − G(zpart, 0) and is obtained by cubic-interpolating the
result of Eqs 30, 33. Therefore, the BL kick is

FBL rpart, tpart( ) � q E01 rpart, tpart( ) + v rpart, tpart( ) × B01 rpart, tpart( )[ ].
(34)

Two different BL algorithms have been implemented in RF-
Track depending on the velocity of the bunch. For ultrarelativistic
bunches (v ≃ c) in TW structures, Eq. 32 can be precomputed prior
to tracking, speeding up the overall process. If not, Eq. 32 has to be
re-examined at each step of tracking. The flowcharts and differences
of both approaches are shown in Figure 2.

3.2 Benchmark of the BL effect
implementation in RF-track

The performance of the new RF-Track BL modules has been
assessed by simulating two well-studied scenarios of the compact
linear collider (CLIC), a TeV-scale high-luminosity linear
electron–positron collider under development by international
collaborations hosted by CERN [9].

The two situations where beam-loading effects have been
reproduced are CLIC accelerating structures (CLIC ASs), which
consist of an X-band TW structure where the main beam is
accelerated, and CLIC power extraction and transfer structures
(CLIC PETS), which are passive cavities where CLIC’s drive beam is
decelerated due to the BL effect and power is extracted to feed CLICAS.

The structural specifications required for the simulations are
shown in Table 1.

3.2.1 Gradient reduction in CLIC AS
A train of 312 bunches with qbunch = 500 pC and a bunch injection

frequency of fb = 2.0 GHz has been tracked alongCLICTWaccelerating
structures. Figure 3 shows the gradient reduction due to BLwhen such a
train enters the structure. The solid blue line illustrates the initial
gradient along the structure. When the mentioned beam enters the
structure, a gradient reduction (illustrated by red-dashed lines) occurs
until a steady state is reached (solid red line).

On one hand, Figure 3A illustrates the analytical solution of Eq. 26, as
shown in [17], making use of the Laplace transform method, which has
also been benchmarked with HFSS [27] simulations. On the other hand,
Figure 3B corresponds to the gradient reduction calculated with
RF-Track.

Good agreement can be found between these two procedures,
both in the magnitude of the fields and the time at which the steady
state is reached. This happens at the so-called filling time (tfill),
defined for TW structures and calculated for CLIC AS as

tfill ≡ ∫Ltotal

0

dz
vg z( ) � 62.2 ns. (35)

3.2.2 CLIC PETS
The case of a beam of 2,928 bunches with qbunch = 8.42 nC,

bunch injection frequency fb = 12.0 GHz, an initial energy (E0) per
bunch of 2.40 GeV going through 1492 CLIC PETS is shown in
Figure 4, where the longitudinal phase space of the beam (Figure 4A)
and the bunch 20 (Figure 4B) are displayed.

Due to the beam-induced field, an energy loss of bunches takes
place, as can be seen by comparing the initial and final energies in
Figure 4A. This energy loss is not the same for all bunches since a
transient regime takes place. In this case, the filling time is tfill =
1.6 ns and corresponds to the time needed to reach the steady state,
coinciding with the time when the bunch 11 leaves the structure.

This simulation enables the calculation of the power-extraction
efficiency factor (ηextr), defined and calculated for this case as

ηextr ≡
E0 − Emin

E0
� 90.6%. (36)

Similar CLIC PETS beam dynamics simulations and ηextr
calculations were carried out in [28] with PLACET. A similar
behavior of the bunches is reported, as well as an η-value of
ηextr = 90%, which deviates 0.7% from RF-Track’s result in Eq. 36.

PETS are conceived in PLACET as specific elements where a
group velocity-dependent flow of the longitudinal wakefield is
admitted for this particular situation. However, this flowing wake
strategy is not implemented in arbitrary TW structures, thus
disabling the computation of this effect in externally fed structures.

In this sense, RF-Track constitutes an alternative for PETS
simulation, which, in addition, generalizes the physics behind this
effect to both TW and SW structures, allowing beam dynamics
simulations and gradient calculation in such situations.

3.3 Beam-loading measurements in the
CLEAR experimental setup

The CERN Linear Accelerator for Research at CERN is a
versatile user facility providing a 200-MeV electron beam for
accelerator R&D, irradiation studies for space, and medical
applications [29]. It consists of a 25-m-long electron beam
injector, called CALIFES [30], and a 16-m-long user beamline.
The BL measurements have been performed in CALIFES, whose
schematic representation is shown in Figure 5.

The electron beam is generated on a Cs2Te photo-cathode upon
laser incidence and is captured by an RF gun [31]. Thereafter, three
4.5-m-long TW structures are placed to bunch and accelerate the
beam. Both the RF-gun and the TW structures are fed by two
independent 3-GHz modulators/klystrons, and a rich set of beam
diagnostics is set along the beamline to monitor the beam. The main
parameters of the accelerating structures are displayed in Table 1.
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3.3.1 BL measurements in CALIFES’ photo-injector
Gun-loop voltage measurements can be carried out in CALIFES

over an RF cycle. This allows the calculation of the beam-induced
voltage reduction by comparing the voltage of an unloaded cycle
(Vul) with the voltage of a beam-loaded cycle (Vl).

This can be seen in Figure 6A, where a voltage drop occurs when
the beam is injected. The beam-induced energy loss from the first-
to-last bunch (Eloss, BL) is defined as

Eloss,BL ≡ e ·max
t
Vul t( ) − Vl t( )( ). (37)

FIGURE 2
Flowchart of the beam-loading algorithms in RF-Track. (A) The left plot illustrates the non-ultrarelativistic SW case. (B) The right plot shows the
ultrarelativistic TW case.

TABLE 1 Accelerating structure specifications [9, 17, 20, 28].

Magnitude Unit CLIC AS CLIC PETS CLEAR RF gun CLEAR TW structure

r/Qaverage kΩ/m 16.2 2.29 3.10 6.91

Qaverage · 103 5.64 7.20 5.93 15.2

vg,average %c 1.21 45.3 - 1.38

f GHz 12.0 12.0 3.00 3.00

Ltotal mm 213 211 175 4.50 · 103

Gt=0, average MV/m 120 - 26.9 9.44–14.1

FIGURE 3
CLIC accelerating structure gradient diminution with time when a beam of 312 bunches with qbunch = 500 pC is injected with an injection frequency
fb = 2.0 GHz. (A) Figure extracted from [17]. (B) RF-Track calculation.
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Beam-induced energy losses for beams with varying bunches
(Nbunches) and varying charge per bunch (qbunch) were measured
following this procedure. For each beam configuration, a set of

20 data points {Es
loss,BL}20s�1 were obtained. The results in Section 4.1

refer to the average value of the set, and the uncertainty bars cover
3σ, with σ being the standard deviation of the set of measurements.

FIGURE 4
Longitudinal phase space for a beam of 2,928 bunches with qbunch = 8.42 nC, bunch injection frequency fb = 12.0 GHz, and E0 = 2.40 GeV after
leaving 1492 PETS at a time tleave. (A) First 20 bunches. (B) 20th bunch.

FIGURE 5
CALIFES schematic representation. The beam goes from right to left [31].

FIGURE 6
Beam-loading measurements at CLEAR. (A) Voltage read in the CLEAR RF gun loop. (B) Beam at the VESPER spectrometer and energy distribution.
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3.3.2 BL measurements in the VESPER
spectrometer

The Very energetic Electron facility for Space Planetary Exploration
missions in harsh Radiative environments (VESPER) [32] is a high-
energy electron beamline for radiation testing that is part of CLEAR, as
shown in Figure 5. Its spectrometer, consisting of a deflecting dipole and
a screen (BTV0420), was used to measure the energy distribution of the
beam after CLEAR TW accelerating structures.

Charged particles undergo dispersive effects in such a
setup. Therefore, there is a relationship between the position x at
which particles arrive at the screen and the energy E of them. This is
shown in Figure 6B, where the image of the beam at BTV0420 allows
the reconstruction of the beam energy spectrum.

Beams of varying Nbunches and qbunch were sent through the
structure, and for each configuration, the mean energy of the train
(〈E〉), the energy range (Erange), and the energy spread (σE) were
recorded. A set of 20 measurements was obtained

TABLE 2 Statistical indicators of the simulation–measurement agreement.

Case (y,x) mexp [keV/pC] mRF-Track [keV/pC] δm ≡ |mexp−mRF−Track |
mexp

r2

(Eloss, BL, qbunch) 0.56 ± 0.03 0.577 ± 0.024 3.4% > 0.99

(Eloss, BL, Nbunches) — — — 0.98

(〈E〉, qbunch) −22.5 ± 2.4 −23.67 ± 0.17 5.2% > 0.98

(Erange, qbunch) 42 ± 5 44.8 ± 0.3 5.9% > 0.99

FIGURE 7
Beam-induced energy loss of a train of 150 bunches with a bunch spacing of 2T as a function of qbunch in the CALIFES gun. (A) Experimental
measurements. (B) RF-Track simulation.

FIGURE 8
Beam-induced energy loss of a train with qbunch = 294 ± 24 pC
and bunch injection frequency fb = 1.5 GHz as a function of the
number of bunches in CLEAR RF-gun.

FIGURE 9
Time-transit factor evolution with time in the CLEAR RF gun.
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{〈E〉s, Es
range, σ

s
E}20s�1, and the results in 4.2 show the averaged values

of the previous quantities.

4 Results and discussion

The experimental validity of the power-diffusive model and the
accuracy of the two BL modules implemented in RF-Track have
been assessed by a direct comparison of the simulation with
measurements of the BL effect carried out in the CLEAR facility.
A summary of the involved cavities can be found in Table 1.

4.1 CLEAR standing-wave photoinjector

A beam of 150 bunches with fb = 1.5 GHz was injected into the
CLEARRF gun. For different qbunch, the beam induced energy losses have
been measured as exposed in Eq. 37. The results are shown in Figure 7A.
The same scenario was simulated with RF-Track, and the beam-induced
energy loss (Eloss, BL) dependency with qbunch is illustrated in Figure 7B.

A linear dependency of the beam-induced energy loss with
qbunch is found, as reflected by the high value of the r2 coefficient
from the linear fit of both experimental and simulation data. This is
consistent with the beam-loading term in Eq. 29, which depends
linearly on ~I and therefore on charge.

The positive sign of the slope (m) confirms that the higher the
charge of the injected bunch, the greater the gradient reduction due
to BL. A good agreement is found between the slopes obtained from
the experimental data and RF-Track’s simulation, as shown in
Table 2, where a slope deviation (δm) of 3.4% is obtained
for this case.

The validity of the BL model in non-ultrarelativistic SW
structures relies on experimental results as to the knowledge of
the authors, no tracking code incorporates this feature yet for β < 1.
For that reason, additional measurements were taken in the CLEAR
gun. In this case, a beam with a fixed charge per bunch of qbunch =
294 ± 24 pC was injected into the structure.

Figure 8 shows the dependency of Eloss, BL on the number of
bunches. A similar conclusion can be drawn from this comparison:
larger charges lead to greater energy losses as a consequence of
beam-loading-induced gradient reduction, and accordance between
simulations and measurement is obtained, as reflected by the large r2

value shown in Table 2.
Finally, Figure 9 shows the evolution of the bunch-averaged

time-transit factor from bunch to bunch. A slight variation in the
time-transit factor from bunch to bunch is observed due to the BL-
induced gradient reduction. Lower energy gains lead to lower
velocities along the structure, which result in particles arriving at
different times to the starting position of the cell, thus seeing a
different phase of the accelerating electric field.

FIGURE 10
Beam-loading measurements for a train of 50 bunches with an injection frequency of 1.5 GHz going through CLEAR accelerating structures as a
function of the charge per bunch. (A) Experimental mean energy. (B) RF-Track simulation for mean energy. (C) Experimental energy range. (D) RF-Track
simulation for the energy range.
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4.2 CLEAR start-to-end performance

A beam of 50 bunches is injected into CLEAR, and its energy
is measured in VESPER, as shown in Section 3.3.2. Several
measurements have been taken for different values of the
charge per bunch, ranging from 100 to 400 pC. Figures 10A, C
show the dependency of 〈E〉 and Erange with the charge per
bunch. Figures 10B, D show the analogous simulations in
RF-Track.

For both 〈E〉 and Erange, an agreement is found between
measurements and simulations since results deviate only up to
5.9% and high r2 values are reported (see Table 2). In addition,
the results indicate the same dependency of energy loss with beam
charge, which is consistent with Eqs 26, 29.

5 Conclusion

Starting from the Poynting theorem, a power-diffusive model
for both TW and SW structures has been derived and
implemented into the tracking code RF-Track. The figures of
merit employed for the deduction of Eqs 26, 29 are time-averaged
over a period, thus limiting the validity of the BL module
developed in RF-Track to timescales greater than T. As a
result, it captures the long-range interaction from bunch-to-
bunch but no intra-bunch effects.

As a consequence, the BL effect was implemented as a
flexible module as described in Eqs 31–35, which can be
supersposed to the other effects available in RF-Track. The
designed tool captures the transitivity of the BL effect and
reflects how this transition to a steady-state depends on the
filling time of the structure. This allows the simulation of
realistic scenarios where transient beam loading plays an
important role, resulting in different energy losses from
bunch to bunch (see Figures 4, 6).

Moreover, the simulation results show great agreement
with experimental measurements in the CLEAR facility, as
shown in Table 2, as well as consistency with the proposed
physical model and previous theoretical results for
particular cases [17].

In conclusion, a unique and accurate simulation tool accounting
for the BL effect has been designed and implemented into the
tracking code RF-Track, exhibiting rapid simulation
speed—orders of magnitude below EM solvers, thus allowing
tracking at runtime of these fields. This opens the door to novel
accelerator designs where the BL effect is relevant, such as energy
recovery LINACs, multi-species accelerating structures, such as
positron sources for future colliders, or compact accelerator-
based neutron sources.
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