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We carry out an evolutionary study of the COVID-19 pandemic, focusing on the case of Lebanon. The disease spread exhibits four eruption phases or waves. Chaos theory tools point toward a correlation of events, essentially obeying a quasi-deterministic chaotic regime. The analysis of the time series yields a largest Lyapunov exponent of 0.263, indicative of a chaotic trend. The review of past and recent analyses and modeling of pandemics could assist in the predictabilty of their course of evolution, effective management and decision making for health authorities.
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1 INTRODUCTION
The Coronavirus Disease (COVID-19) pandemic has emerged as one of the most global health crises in recent history [1]. Caused by the Severe Acute Respiratory Syndrome Coronavirus 2 (SARS-COV-2), the disease was first identified in December 2019 in Wuhan, China. Due to close human-to-human contacts, the transmission of SARS-COV-2 occurred and extended swiftly to cross geographical boundaries, resulting in a global outbreak [2]. Since then, COVID-19 has been affecting every region around the globe, inducing viral pneumonia with distinct symptoms [3]. Unfortunately, infectious diseases continue to pose a substantial risk to the entire human population [4]. For this, almost all countries have enforced serious preventive measures among their citizens in a hope to mitigate the spread of the emerging SARS-COV-2 outbreak [5]. These included, but were not limited to, travel restrictions and complete or partial national lockdowns, in addition to mandatory wearing of face masks, social distancing, and quarantining after exposure to a suspected or confirmed case of COVID-19 [1]. Last but not least, the pandemic has imposed a lengthy chain of online classes and online meetings throughout the world.
Focusing on Lebanon, the first confirmed case of COVID-19 was announced on 21 February 2020 [4]. Up till 31 December 2022, the number of cases in Lebanon had already reached a total confirmed cases surpassing 1,222,808, and a total of 10,747 lives lost due to this infectious disease [6]. The Lebanese Government announced a state of emergency in the country and implemented stringent health and social measures to reduce the transmission of SARS-COV-2 and its variants. Additionally, the national vaccine campaign was successfully launched in due time, leading to a gradual reduction in the number of reported cases and rates of incidence [1].
To better understand the pandemic, researchers usually analyze aspects of COVID-19 in terms of pathology behavior and sociology perspectives. Besides, they also study its method of infection, propagation, and the estimation of future outcomes. While observing the complex network of the disease spread, researchers identify approaches for prediction and modeling purposes [7]. More specifically, chaos theory has been a powerful approach used to define an ongoing pandemic through analyzing its propagating dynamics and extracting its major deterministic components [8]. Recently, chaotic behavior of pandemics have been extensively reported in literature such as the Plague epidemic in Bombay, India [9], and the Ebola Virus epidemic in West Africa [10]. Consequently, developing an efficient mathematical model will help predicting the future outcomes of an emerging virus outbreak, and will also contribute to create prompt control strategies [8].
In the present research, we aim to investigate the spread of COVID-19 in Lebanon, as a case study covering a considerable period of time, to detect eventual chaos from real-time data provided by the Lebanese Ministry of Public Health (LMOPH). For this objective, we extracted publicly accessible data about COVID-19 from the LMOPH Epidemiologic Surveillance Unit’s up until 31 December 2022. These data include daily confirmed new cases and new deaths across the period from the month of February 2020 till the last day of year 2022 [11]. To address the missing data in MOPH’s online portal, we sought information from the World Health Organization (WHO) data sources for COVID-19 in Lebanon [12].
Through daily visualizations of case variations over the mentioned period of time, especially after introducing vaccination to the community, we attempt to assess the burden of the COVID-19 pandemic on the Lebanese population. Subsequently, the purpose of this research relies on underlining the chaotic course of COVID-19 epidemic in Lebanon to understand its complex behavior and better predict effective measures for the future.
2 THE PANDEMIC IN LEBANON
Lebanon received its first batch of COVID-19 vaccines on Saturday, 13 February 2021 with aid from the World Bank, which said it would monitor the inoculation drive to ensure the shots go to those most in need. About 28,500 doses of the Pfizer-BioNTech vaccine landed at Beirut airport, the first of 2.1 million doses set to arrive in stages throughout the year. A truck carrying the first batch of doses of the Pfizer/BioNTech vaccine against the COVID-19 arrives at Rafik Hariri University Hospital, in Beirut, Lebanon, on 13 February 2021 [13].
We start by depicting the variation of the positive cases and deaths from February 2020 until December 2022. Figure 1A, shows the variation of the number of cases with time (in days) from February 2020 until December 2022. The evolution of the disease spread shows four essential phases (labeled 1-4 on the graph), referred to here as waves. Figure 1B displays the graph of the number of deaths over the same period, showing an obvious correlation.
[image: Figure 1]FIGURE 1 | (A) Time evolution of the COVID-19 cases in Lebanon, over the period 2020–2022. (B) Time evolution of the number of deaths.
The minimum reached after the first wave on day 507 (21 June 2021, with 43 cases and 3 deaths) clearly reveals the effect of the vaccination, started on day 378 (13 February 2021; recall that day 1 falls on 1 February 2020). On the scale of months, we also see that the month of June shows the least number of cumulative cases; please refer to the blue curve in Figure 2A, again reflecting the effect of the vaccination operation. It is interesting to remark here that the beginning of the alarming increase in the number of deaths in 2020 (green curve in Figure 2B) coincides with the minimum number of cases in 2021 (the month of July), following the effect of the vaccines. Thus, we conclude that the panic era of the pandemic spanned almost exactly 1 year. The second minimum after the inevitable eruption of the second wave occurs on day 633 (25 October 2021). Both the second and the third wave peaks (maxima at days 558 and 733) are attributed to the increase in socialization gatherings, and hence the lack of observation of social distancing during the months of August 2021 (summer break) and February 2022 (Christmas and end-of-year break). Finally the third minimum appears on day 836 (16 May 2022). The epidemic has then subsided, after a mild fourth and last wave.
[image: Figure 2]FIGURE 2 | (A) Monthly variation of the COVID-19 cases in Lebanon, over the years 2020, 2021, and 2022. (B) Monthly variation of the number of deaths over the years 2020, 2021 and 2022.
3 NONLINEAR DYNAMICAL ANALYSIS
We now present an analysis of the dynamical evolution of the pandemic and investigate the deterministic nature of the disease spread.
3.1 Return maps
Figure 3 displays the point scatter of a return map with a time delay of 1 day. The scatter is clearly distributed around a central correlation line with slope 0.97 ± 0.04.
[image: Figure 3]FIGURE 3 | Return map for the entire set of data, with time delay of 1 day.
We now aim at studying the dynamics within a given wave, and select wave 1 for that purpose. Figure 4A shows the time evolution of the number of cases N over the wave-1 time span (first 500 days). We notice three eruption phases (labeled A, B, and C). To select the time lag T, we construct the autocorrelation function C(T) as follows [14]:
[image: image]
[image: Figure 4]FIGURE 4 | (A) Time evolution of the SARS-COV-2 cases during the first wave (days 1–500). (B) Plot of the autocorrelation function (Eq. 1) for the determination of the minimum time delay. (C) Return map with a time delay of 3.75 days.
where:
[image: image]
By applying this protocol to the first wave, we determine that the first minimum occurs at a value of T = 3.75 days, as depicted in Figure 4B. We therfore construct the first wave return map by plotting N(t) versus N (t–3.75). The corresponding plot is shown in Figure 4C. The three phases of frame 4A are visibly separated as clear, independent phases, yet having a correlative character.
3.2 Phase portraits
We now seek another assessment of the dynamical evolution of the pandemic, by constructing phase portraits. Figure 5 displays a phase portrait for the entire set of data.
[image: Figure 5]FIGURE 5 | Phase portrait over the entire two-years duration of the disease caused by the COVID-19 virus.
For convenience, we focus our attention on wave 1 (see Figures 1, 4A), and examine the phase portraits. Figure 6A shows the phase portrait, restricted to the first wave data. It clearly indicates quasi chaotic behavior, revealing a kind of deterministic correlation between the successive days of the pandemic. In parallel, a correlation relation with the evolution of the enire set (Figure 5) is discerned. Figure 6B displays the cross section of the latter portrait with the plane N (x) = 0, shown here as disjoined points. We notice a trajectory reminiscent of that for a strange attractor.
[image: Figure 6]FIGURE 6 | (A) Phase portrait for the first wave spread of the COVID-19 cases in Lebanon. (B) Cross section plane at N(t) = 0, yielding a strange attractor trajectory.
3.3 Lyapunov exponents
Given any two trajectories N (t), separated by a distance δN(t), the deviation between the two trajectories is described by the expression |δN(t)| = eλt|δN0|, where δN0 is the separation at time t = 0. The exponent λ is the Lyapunov exponent, which measures the rate of separation (convergence/divergence) of the two infinitesimally close trajectories [15, 16]. Hence, the Lyapunov exponent can be defined as:
[image: image]
It can be shown [16] that, for a discrete time system (map or fixed point iterations) with an interpolation function f (Nt), the Lyapunov exponent reduces to:
[image: image]
Here, we choose to calculate the Lyapunov exponent for the first wave with a time interval of 1 day. The points N (t) are interpolated into a function f (Nt), then the derivative is evaluated, and λ is calculated from Eq. 3. The resulting Lypunov exponent is plotted at increments of 0.028 in Figure 7.
[image: Figure 7]FIGURE 7 | Lyapunov exponent for the first wave of COVID-19 cases. The positive value of 0.263 for the largest Lyapunov exponent is indicative of correlative chaos.
Here again, we reobtain the behavior of a chaotic evolution, indicated by a positive Lyapunov exponent over the near early and long time evolution of the series. The largest Lyapunov exponent is found to be equal to 0.263 ± 0.083.
4 CONCLUSION
The present study showed that the spread of the COVID-19 disease obeys a quasi chaotic dynamical evolution, in spite of the sudden, unpredictable outburst of the pandemic. The disease spread featured essentially four main waves, interrupted by minima attributed to various factors such as vaccination, lockdowns, distancing, and face mask protection. Each wave (exemplified here by the study of wave 1) exhibits a series of correlated dynamical oscillations.
The current analysis, coupled to other existing dynamical studies on past and recent pandemics, no doubt correlates to the predictability and evolution of future pandemics, and hence helps in the management and decision making by health authorities. Research studies conducted on the COVID-19 pandemic in a number of countries including China, Japan, South Korea and Italy [17] have demonstrated chaotic behavior. The intensive research campaign launched worldwide to release the vaccines as early as possible was a breakthrough and helped speed up the attenuation, subsiding and eventual extinction of the pandemic, as well as increase the immunity to the disease. As pointed out in Section 2, and illustrated in Figures 1, 2, the tremendous decrease indicated by the minima in the evolution of the pandemic reveals the effect of the aggressive vaccination campaign.
As a whole, we can confidently say that the vaccination campaign in Lebanon has been well managed. The sharp increase in the number of cases (up to [image: image] 10000) followed by the sudden, tremendous inhibition (revealed notably by Figure 1) over the successive waves illustrate the negative and positive correlation factors respectively.
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