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Damped Burger’s equation describes the characteristics of one-dimensional nonlinear shock waves in the presence of damping effects and is significant in fluid dynamics, plasma physics, and other fields. Due to the potential applications of this equation, thus the objective of this investigation is to solve and analyze the time fractional form of this equation using methods with precise efficiency, high accuracy, ease of application and calculation, and flexibility in dealing with more complicated equations, which are called the Aboodh residual power series method and the Aboodh transform iteration method (ATIM) within the Caputo operator framework. Also, this study intends to further our understanding of the dynamic characteristics of solutions to the Damped Burger’s equation and to assess the effectiveness of the proposed methods in addressing nonlinear fractional partial differential equations. The two proposed methods are highly effective mathematical techniques for studying more complicated nonlinear differential equations. They can produce precise approximate solutions for intricate evolution equations beyond the specific examined equation. In addition to the proposed methods, the fractional derivatives are processed using the Caputo operator. The Caputo operator enhances the representation of fractional derivatives by providing a more accurate portrayal of the underlying physical processes. Based on the proposed two approaches, a set of approximations to damped Burger’s equation are derived. These approximations are discussed graphically and numerically by presenting a set of two- and three-dimensional graphs. In addition, these approximations are analyzed numerically in several tables, including the absolute error for each approximate solution compared to the exact solution for the integer case. Furthermore, the effect of the fractional parameter on the behavior of the derived approximations is examined and discussed.
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1 INTRODUCTION
There has been a growing interest in fractional differential equations (FDEs) in recent years. The fractional approach is a strong modeling paradigm in mechanics and materials, wave propagation, anomalous diffusion, and turbulence. Natural phenomena exhibit anomalous diffusion, in which the underlying stochastic process does not follow Brownian motion. Compared to the Gaussian process, the mean-square variance may rise more quickly for superdiffusion or more slowly for subdiffusion. Due to long-range correlations in dynamics or anomalously large particle jumps, non-Gaussion diffusion models can be constructed utilizing nonlocal-in-time or nonlocal in-space operators, such as Caputo or Riemann–Liouville derivatives. The advantage of the fractional model is that anomalous diffusion is well described [1–11]. The singularity of the kernel poses a difficulty for the authors of Caputo and Riemann derivatives. Considering the fact that the kernel is utilized to clarify the memory impact of the physical system, it is indisputable that this limitation restricts both derivatives from accurately assessing the full effect of the memory. Caputo and Fabrizio (CF) [12] introduced a novel fractional operator with an exponential kernel during the mid-1990s as part of their effort to do so. The utilization of the nonsingular kernel of this derivative produces more logical outcomes when compared to the conventional method. A compilation of CF operator implementations has been expanded around in Ref. [13–15]. The research articles cited encompass a diverse range of topics within the field of control systems, vibration isolation, and neural network approximation. Guo et al. delve into fixed-time safe tracking control and non-singular fixed-time tracking control of uncertain nonlinear systems [16, 17] 3. Lu et al. focus on nonlinear vibration isolation systems with high-static-low-dynamic stiffness [18, 19]. Additionally, Luo et al. explore adaptive optimal control of affine nonlinear systems using identifier-critic neural network approximation [20]. These studies contribute valuable insights and advancements to their respective areas, showcasing the ongoing innovation and research efforts in control theory and engineering applications.
Determining an exact solution to partial differential equations (PDEs) of fractional order is exceedingly challenging. The ability to precisely and numerically solve such equations is critical in applied mathematics. As a result, innovative approaches have been developed to obtain analytical solutions that demonstrate a significant level of accuracy compared to the precise solutions [21–23]. The resolution of differential equations often involves the utilization of integral transformations. Employing integral transformations makes resolving IVPs and BVPs in differential and integral equations possible efficiently. An extensive array of scholars examined the consequences of various integral transforms applied to distinct classes of differential equations [24–26]. The Laplace transform is the integral transform that is most commonly utilized [27]. In 1998, Watugala [28] introduced the Sumudu transform, which proved to be an efficient approach to addressing control engineering and differential equations challenges. In 2011, T. Elzaki and S. Elzaki proposed the “Elzaki Transform” as an innovative integral transform; its utilization in the resolution of partial differential equations has since become widespread [29]. In 2013, Aboodh additionally presented the “Aboodh Transform (AT)” and applied it to the resolution of PDEs [30]. A variety of transformations are documented in the literature.
Omar Abu Arqub created the RPSM in 2013 [31]. The RPSM combines the residual error function with Taylor’s series. After that, this approach was used to find convergence series approximations for both nonlinear and linear differential equations. The RPSM was first introduced in 2013 to solve fuzzy differential equations. More improvements were made to this technique. For instance, Arqub et al. [32] developed a novel collection of RPSM algorithms to promptly find power series solutions for ordinary DEs. Furthermore, Arqub et al. [33] introduced a novel and appealing RPSM method for fractional-order nonlinear boundary value problems. El-Ajou et al. [34] introduced an innovative iterative approach utilizing RPSM to approximate fractional-order solutions to the KdV-burgers equations. A novel approach was introduced by Xu et al. [35], which involved fractional power series solutions for Boussinesq DEs of the second and fourth orders. Zhang et al. [36] synthesized least square methods and RPSM to develop a robust numerical technique. Consult [37–39] for additional readings on RPSM in greater depth.
Scientists utilized two distinct methodologies to solve fractional-order differential equations (FODEs). A sequence of solutions to the new equation form is obtained by mapping the original equation onto the space produced by the AT [40]. The solution to the original equation is obtained by applying the inverse Aboodh transform. Components of the Sumudu transform, and the homotopy perturbation approach are combined in this novel method. As power series expansions, the novel technique, which does not require discretization, linearization, or perturbation, can solve both linear and nonlinear PDEs. The determination of the coefficients can be accomplished through a limited number of calculations, in contrast to RPSM, which necessitates numerous iterations of fractional derivative computations during the solution phases. The proposed methodology has the potential to yield an accurate and closed-form approximation by leveraging a rapid convergence series.
For solving fractional differential equations, the Aboodh transform iteration method (ATIM) [41–43] and the Aboodh residual power series method (ARPSM) [44, 45] are regarded as the most straightforward techniques. These methods generate numerical approximations for solutions to linear and nonlinear differential equations without requiring discretization or linearization and immediately and visibly display the symbolic terms of analytical solutions. Comparing and contrasting the effectiveness of ARPSM and ATIM in solving nonlinear PDEs, specifically damped Burger’s equation, is the primary objective of this study. It is worth mentioning that these two methods have been employed to resolve many fractional differential problems, both linear and nonlinear.
2 FUNDAMENTAL CONCEPTS
Definition 2.1. [46] It is assumed that the function Θ(ζ, η) is of exponential order and piecewise continuous.
For τ ≥ 0, the AT of Θ(ζ, η) is defined as follows:
[image: image]
Below is a description of the inverse of AT:
[image: image]
Where [image: image] and [image: image].
Lemma 2.1. [47, 48] Two functions of exponential order, Θ1(ζ, η) and Θ2(ζ, η), are defined. They are piecewise continuous on [image: image]]. Let us assume that A[Θ1(ζ, η)] = Λ1(ζ, η), A[Θ2(ζ, η)] = Λ2(ζ, η) and λ1, λ2 are real constants. Thus, the following features are valid:
1. A [λ1Θ1 (ζ, η) + λ2Θ2 (ζ, η)] = λ1Λ1 (ζ, ϵ) + λ2Λ2 (ζ, η),
2. A−1 [λ1Λ1 (ζ, η) + λ2Λ2 (ζ, η)] = λ1Θ1 (ζ, ϵ) + λ2Θ2 (ζ, η),
3. [image: image],
4. [image: image].
Definition 2.2. [49] The Caputo defines the fractional derivative of the function Θ(ζ, η) in terms of order p.
[image: image]
where [image: image] and [image: image] is the R-L integral of Θ(ζ, η).
Definition 2.3. [50] The power series has the following form.
[image: image]
where [image: image] and [image: image]. This kind of series is called a multiple fractional power series (MFPS) for η0, where the variable is η and the series coefficients are ℏr(ζ)′s.
Lemma 2.2. Let us assume that Θ(ζ, η) is the exponential order function. In this case, A[Θ(ζ, η)] = Λ(ζ, ϵ) is the definition of the AT. Therefore,
[image: image]
where [image: image] and [image: image] and [image: image]
Proof. We can demonstrate Eq. 2 via induction. The following outcomes arise from selecting r = 1 in Eq. 2:
[image: image]
For r = 1, Lemma 2.1, part (4), asserts that Eq. 2 is valid. By changing r = 2 in Eq. 2, we get
[image: image]
In light of Eq. 2’s left-hand side, we can conclude
[image: image]
Eq. 3 may be expressed in the following way:
[image: image]
Let us assume
[image: image]
Thus, Eq. 4 becomes as
[image: image]
The use of the Caputo type fractional derivative results in a modification of Eq. 6.
[image: image]
The R-L integral for the AT is found in Eq. 7, which makes it possible to derive the following:
[image: image]
Equation 8 is transformed into the following form by using the differential characteristic of the AT:
[image: image]
From Eq. 5, we obtain:
[image: image]
where A [z (ζ, η)] = Z (ζ, ϵ). Therefore, Eq. 9 is converted to
[image: image]
According to Eq. 2, then Eq. 10 is compatible. Let us assume the validity of Eq. 2 for r = K. This allows us to change r = K in Eq. 2:
[image: image]
Proving Eq. 2 for the value of r = K + 1 is the next step. Based on Eq. 2, we may write
[image: image]
After analysis of the LHS of Eq. 12, we get
[image: image]
Suppose that
[image: image]
Equation 13 yields
[image: image]
By using the R-L integral formula and the Caputo fractional derivative, we may convert Eq. 14 into the following expression.
[image: image]
Equation 11 is unitized to provide Eq. 15.
[image: image]
Moreover, Eq. 16 yields the following result.
[image: image]
Therefore, Eq. 2 holds for r = K + 1. Thus, we used the mathematical induction approach and shows that Eq. 2 holds true for all positive integers.
Extending the concept of multiple fractional A lemma demonstrating Taylor’s formula is shown below. The ARPSM, which will be covered in more detail later on, will benefit from this formula.
Lemma 2.3. Assume that the function Θ(ζ, η) behaves exponentially order. The statement A[Θ(ζ, η)] = Λ(ζ, ϵ) represents the AT of Θ(ζ, η), and it is multiple fractional Taylor’s series expressed as:
[image: image]
where, [image: image].
Proof. Now we examine the fractional order of Taylor’s series as
[image: image]
Equation 18 may be transformed using the AT to get the following equality:
[image: image]
For this, we use the AT’s characteristics.
[image: image]
Hence, in the AT, we obtains (17), a new version of Taylor’s series.
Lemma 2.4. Define the MFPS representation of the function expressed in the new form of Taylor’s series (17) as A[Θ(ζ, η)] = Λ(ζ, ϵ). Next, we have
[image: image]
Proof. The subsequent is derived from the new form of Taylor’s series:
[image: image]
The required result, denoted by Eq. 20, is obtained by applying limϵ→∞ to Eq. 19 and performing a brief computation.
Theorem 2.5. Let us suppose that the function A[Θ(ζ, η)] = Λ(ζ, ϵ) has MFPS form given by
[image: image]
where [image: image] and [image: image]. Then we have
[image: image]
where, [image: image].
Proof. This is the revised version of the Taylor’s series that we have.
[image: image]
Using Eq. 21 and the limϵ→∞, we are able to get
[image: image]
Taking limit, we arrive at the equality that follows:
[image: image]
Following is the result that is obtained by applying Lemma (2.2) to Eq. 22:
[image: image]
Through the use of Lemma (2.3) to Eq. 23, the equation is changed into
[image: image]
Once again, by taking into consideration the new implementation of Taylor’s series and assuming limit ϵ → ∞, we have arrived at the result that
[image: image]
Lemma (2.3) leads us to get the following:
[image: image]
With the help of Lemmas (2.2) and (2.4), Eq. 24 is transformed into
[image: image]
When we apply the same method to the subsequent Taylor’s series, we obtain the following results:
[image: image]
The final equation can be found by applying Lemma (2.4).
[image: image]
So, in general
[image: image]
Thus, the proof comes to an end.
In the succeeding theorem, the conditions that determine the convergence of the new version of Taylor’s formula are established and detailed in further depth.
Theorem 2.6. The revised formula for multiple fractional Taylor’s, given in Lemma (2.3), is denoted by the expression A[Θ(ζ, η)] = Λ(ζ, ϵ). The new version of multiple fractional Taylor’s formula’s residual RK(ζ, ϵ) satisfies the following inequality if [image: image], on 0 < ϵ ≤ s is associated with 0 < p ≤ 1:
[image: image]
Proof. To start the proof, Let assume: For r = 0, 1, 2, … , K + 1, [image: image] is defined on 0 < ϵ ≤ s. Let, [image: image]. Based on the revised version of Taylor’s series, determine the following relationship:
[image: image]
Applying Theorem (2.5) allows for the transformation of Eq. 25.
[image: image]
It is necessary to multiply ϵ(K+1)a+2 on both sides of Eq. 26 which leads to
[image: image]
The use of Lemma (2.2) to Eq. 27 results in
[image: image]
Equation 28 is obtained by applying the absolute sign to the equation.
[image: image]
By applied the condition given in Eq. 29, we can arrive at the result as will be given below.
[image: image]
Equation 30 yields the required result.
[image: image]
Hence, a novel criterion for series convergence is established.
3 A ROUTE MAP DESCRIBING THE METHODS
3.1 Solving time-fractional PDEs with variable coefficients by use of the ARPSM process
We detail the ARPSM rules that was used to resolve our underlying model.
Step 1:. Finding the general equation’s simplified form yields
[image: image]
Step 2:. The AT is applied on both sides of Eq. 31 in order to get
[image: image]
The use of Lemma (2.2) transforms Eq. 32 into.
[image: image]
where, A [ζ(ζ, Θ)] = F (ζ, s), A [N(Θ)] = Y(s).
Step 3:. You should take into consideration the form that the solution to Eq. 33 takes:
[image: image]
Step 4:. In order to proceed further, you will need to follow these steps:
[image: image]
Through the use of Theorem 2.6, the following results are derived.
[image: image]
[image: image]
[image: image]
[image: image]
Step 5:. After Kth truncation, get the Λ(ζ, s) series in the following way:
[image: image]
[image: image]
Step 6:. Consider both the Aboodh residual function (ARF) from equation Eq. 33 and the Kth-truncated ARF separately to get
[image: image]
and
[image: image]
Step 7:. Instead of its expansion form, put ΛK(ζ, s) into Eq. 34.
[image: image]
Step 8:. To solve Eq. 35, multiply both sides of the equation by sKp+2.
[image: image]
Step 9:. With respect to lims→∞, evaluating both sides of Eq. 36.
[image: image]
Step 10:. By solving the provided equation, determine the value of ℏK(ζ).
[image: image]
where K = w + 1, w + 2, ⋯.
Step 11:. Replace the values of ℏK(ζ) with a K-truncated series of Λ(ζ, s) to get the K-approximate solution of Eq. 33.
Step 12:. The K-approximate solution ΘK(ζ, η) may be obtained by solving ΛK(ζ, s) with the inverse of AT.
3.2 Problem 1
Let us consider the following time fractional PDE [51]:
[image: image]
with the following IC’s:
[image: image]
and the following exact solution
[image: image]
Equation 38 is used, and AT is applied to Eq. 37 to get
[image: image]
Thus, the kth-truncated term series are
[image: image]
The ARFs read
[image: image]
and the kth-LRFs as:
[image: image]
To find fr (ζ, s). We solve the relation lims→∞(srp+1) repeatedly, multiply the resulting equation by srp+1, and substitute the rth-truncated series Eq. 41 into the rth-ARF Eq. 43 where r = 1, 2, 3, ⋯, and [image: image]. The first few terms read
[image: image]
[image: image]
[image: image]
[image: image]
and so on.
After putting fr (ζ, s), for r = 1, 2, 3, … , in Eq. 41, we obtain
[image: image]
By applying the inverse of AF, the following approximation to problem 1 is obtained
[image: image]
3.3 Problem 2
Let us considered the following fractional damped Burger’s equation [51]
[image: image]
with the following IC’s:
[image: image]
and the following exact solution
[image: image]
Using Eq. 51 along with the application of AT to Eq. 50 results in the following:
[image: image]
Therefore, the term series that are kth truncated are as follows:
[image: image]
The ARFs read
[image: image]
and the kth-LRFs as:
[image: image]
To find fr (ζ, s). We solve the relation lims→∞(srp+1) repeatedly, multiply the resulting equation by srp+1, and substitute the rth-truncated series Eq. 54 into the rth-ARF Eq. 56. r = 1, 2, 3, ⋯, and [image: image]. The first few terms are as follows:
[image: image]
[image: image]
[image: image]
and so on.
Equation 54 is used to get the values of fr (ζ, s) for r = 1, 2, 3, … ,.
[image: image]
Applying Aboodh’s inverse transform, we finally get the following approximation to problem 2:
[image: image]
The approximation (49) is graphically evaluated, as depicted in Figure 1. This figure illustrates how the fractional parameter p influences the behavior of the wave described by this approximation. It is found that the increase of the fractional parameter leads to the enhancement of the amplitude of the wave described by this approximation. Additionally, approximation (49) is graphically compared with the exact solution (39) to the integer case, as shown in Figure 2. Moreover, we conducted a numerical analysis to compare the absolute error of the approximation (49) with the exact solution (39) for the integer case to confirm the inferred approximation’s accuracy, as shown in Figure 3; Table 1. Moreover, the analytical results indicate that the derived approximations are consistently stable across the study domain. This is one of the most essential features of ARPSM, which gives more accurate and stable approximations throughout the study domain. The investigation shows that this improves the effectiveness of ARPSM in evaluating problem 1 and other strong nonlinear and more complicated fractional evolution equations.The approximation (61) is analyzed graphically against the fractional parameter p and for different values of η as evident in Figures 4, 5. It is shown that the amplitude of the wave, which is described by approximation (61), increases with increasing the fractional parameter p. To make sure that the approximation (61) is highly accurate, we calculated its absolute error compared to the exact solution (52), which can be seen in Figure 6; Table 2. Furthermore, the numerical results indicate that the derived approximations are consistently stable across the study domain. This is one of the most essential features of ARPSM, which gives more accurate and stable approximations throughout the study domain. These results also enhance the efficiency of ARPSM in analyzing many nonlinear and most complicated evolution equations, such as various evolution equations used in plasma physics to study the properties of nonlinear structures that arise in this fertile medium for many researchers.
[image: Figure 1]FIGURE 1 | The approximation (49) to problem 1 using ARPSM is considered against the fractional parameter p: (A) The approximation (49) is plotted in (ζ, η)-plane and (B) The approximation (49) is plotted against η at (ζ = 5).
[image: Figure 2]FIGURE 2 | The approximation (49) to problem 1 using ARPSM at p = 1 is compared with the exact solution (39) for the integer case: (A) The two solutions are plotted in (ζ, η)-plane and (B) The two solutions are plotted against η at (ζ = 5).
[image: Figure 3]FIGURE 3 | Here, we considered the absolute error of the approximation (49) as compared to the exact solution (39) for the integer case, i.e., p = 1.
TABLE 1 | The approximation (49) to problem 1 using ARPSM is considered against the fractional parameter p = 1.
[image: Table 1][image: Figure 4]FIGURE 4 | The approximation (61) to problem 2 using ARPSM is considered against the fractional parameter p: (A) The approximation (61) is plotted in (ζ, η)-plane and (B) The approximation (61) is plotted against η at (ζ = 0.1).
[image: Figure 5]FIGURE 5 | The approximation (61) to problem 2 using ARPSM at p = 1 is compared with the exact solution (52) for the integer case: (A) The two solutions are plotted in (ζ, η)-plane and (B) The two solutions are plotted against η at (ζ = 0.1).
[image: Figure 6]FIGURE 6 | Here, we considered the absolute error of the approximation (61) as compared to the exact solution (52) for the integer case, i.e., p = 1.
TABLE 2 | The approximation (61) to problem 2 using ARPSM is considered against the fractional parameter.
[image: Table 2]3.4 Concept of the Aboodh transform iterative method (ATIM)
Let us consider a general PDE of fractional order in space-time.
[image: image]
Initial conditions
[image: image]
Assuming Θ(ζ, η) as the unknown function, while [image: image] may be a nonlinear or linear operator of [image: image] and[image: image]. Applying the AT to both sides of Eq. 62 yields the following equation; Θ(ζ, η) is represented by Θ for simplicity.
[image: image]
The problem may be solved by using the inverse of AT, which results in:
[image: image]
An infinite series is used to represent the solution that is achieved by the iterative processing of the AT technique.
[image: image]
Since [image: image] is either a nonlinear or linear operator which can be decomposed as follows:
[image: image]
In order to derive the succeeding equation, it is necessary to substitute Eqs 67 and (66) into Eq. 65 to yield
[image: image]
[image: image]
Equation 62 may be stated in the following manner, which provides the analytically approximate solution for the m-term expression:
[image: image]
3.4.1 Anatomy Problem (1) using ATIM
Let us consider the following time fractional PDE [51]:
[image: image]
with the following IC’s:
[image: image]
and the following exact solution
[image: image]
By using AT on both sides of Eq. 71, we get the following outcome:
[image: image]
In order to produce the following, we apply the inverse of AT on both sides of Eq. 74.
[image: image]
The equation that we get by applying the AT in an iterative manner can be described as follows:
[image: image]
Through the application of the RL integral to Eq. 71, we are able to get the equivalent form.
[image: image]
Utilizing the ATIM, the following are some of the terms that may be obtained:
[image: image]
The final approximation is obtained as follows:
[image: image]
[image: image]
3.4.2 Anatomy Problem (2) using ATIM
Let us considered the following time fractional damped nonlinear Burger’s equation [51]:
[image: image]
with the following IC’s:
[image: image]
and the following exact solution
[image: image]
The application of AT to either side of Eq. 80, we are able to get the following equation:
[image: image]
Applying the inverse of AT to Eq. 83 yields
[image: image]
Using the iterative procedure of AT, we get
[image: image]
Using the RL integral results in the equivalent form being obtained from Eq. 50.
[image: image]
The ATIM resulted in the following few terms being produced.
[image: image]
We finally get
[image: image]
[image: image]
Here, we graphically and numerically analyzed the derived approximations (79) and (88) using AITM for problems 1 and 2, respectively, as illustrated in Figures 7–12; Tables 3, 4. These figures demonstrate the impact of the fractional parameter p on the behavior of the wave described by this approximation and the absolute errors for these approximations as compared to the exact solutions for the integer case. We can observe the effect of the fractional parameter on the behavior of the deduced approximations and the accuracy and stability of these approximations along the study domain. This is one of the most essential features of AITM, which gives more accurate and stable approximations throughout the study domain. In the last part, we discussed comparing the approximations derived by ARPSM and those derived by AITM, as evident in Tables 5, 6. It is observed from the comparison results that both approaches give more accurate and stable approximations throughout the study domain, but ARPSM differs somewhat in its accuracy from AITM, i.e., the derived approximations using ARPSM are more accurate than AITM.
[image: Figure 7]FIGURE 7 | The approximation (79) to problem 1 using ATIM is considered against the fractional parameter p: (A) The approximation (79) is plotted in (ζ, η)-plane and (B) The approximation (79) is plotted against η for (ζ = 5).
[image: Figure 8]FIGURE 8 | The approximation (79) to problem 1 using ATIM at p = 1 is compared with the exact solution (73) for the integer case: (A) The two solutions are plotted in (ζ, η)-plane and (B) The two solutions are plotted against η at (ζ = 5).
[image: Figure 9]FIGURE 9 | Here, we considered the absolute error of the approximation (79) as compared to the exact solution (73) for the integer case, i.e., p = 1.
[image: Figure 10]FIGURE 10 | The approximation (88) to problem 2 using ATIM is considered against the fractional parameter p: (A) The approximation (88) is plotted in (ζ, η)-plane and (B) The approximation (88) is plotted against η at (ζ = 0.1).
[image: Figure 11]FIGURE 11 | The approximation (88) to problem 2 using ATIM at p = 1 is compared with the exact solution (83) for the integer case: (A) The two solutions are plotted in (ζ, η)-plane and (B) The two solutions are plotted against η at (ζ = 0.1).
[image: Figure 12]FIGURE 12 | Here, we considered the absolute error of the approximation (88) as compared to the exact solution (83) for the integer case, i.e., p = 1.
TABLE 3 | The approximation (79) of problem 1 using AITM is considered against the fractional parameter.
[image: Table 3]TABLE 4 | The approximation (88) of problem 2 using ATIM is numerically against the fractional parameter p.
[image: Table 4]TABLE 5 | The absolute error between the derived approximations and the exact solutions for the integer cases (p = 1) is compared for both NITM and APRSM, for problem 1.
[image: Table 5]TABLE 6 | The absolute error between the derived approximations and the exact solutions for the integer cases (p = 1) is compared for both NITM and APRSM, for problem 2.
[image: Table 6]4 CONCLUSION
The damped Burger’s equation and many other associated equations with the dissipative term arise in plasma physics due to taking the viscosity force in the fluid equations that govern a plasma model. On the other side, the damped effect occurs due to considering the collisional effect between the charged plasma particles. Motivated by these applications, thus, this study analyzed this equation by employing advanced mathematical techniques known as the Aboodh residual power series method (ARPSM) and the Aboodh transform iteration method (ATIM). The fractional derivatives were processed using the Caputo operator. The use of this operator is due to its ability to enrich modeling by considering fractional derivatives, which contributes to a more accurate representation of the fundamental dynamics of the equations under study. We have derived a set of precise highly approximations using the suggested strategies. The derived approximations have been analyzed and examined graphically and numerically by plotting some two- and three-dimensional graphics. Moreover, we discussed the obtained approximations numerically in some suitable tables and estimated the absolute errors compared to the exact solutions for the integer cases. The suggested methods proved effective for getting highly accurate and more stable approximations of more complicated fractional differential equations. Moreover, the obtained results demonstrated the high accuracy, efficiency, and rapid calculations of the suggested methods in analyzing damped Burger’s equation. The comparison results between the obtained approximations using ARPSM and AITM demonstrated that the derived approximations using ARPSM are more accurate than AITM.
The study offers valuable insights into the dynamic behavior of solutions to Damped Burger’s equation, demonstrating the effectiveness of the suggested strategies in dealing with the difficulties presented by nonlinear fractional partial differential equations. This inquiry enhances mathematical modeling and numerical analysis by highlighting the effectiveness of ARPSM and ATIM in solving intricate equations in different scientific fields. Therefore, it is expected that the results of this study will serve many physics researchers interested in the field of plasma physics, fluids, electronics, and optical fibers to study the characteristics of nonlinear phenomena that arise and propagate in these physical systems.
5 FUTURE WORK
The suggested approaches can be used in analyzing many strong nonlinear and more complicated evolution equations that are derived from the fluid equations to some plasma models, such as KdV-type equations with third-order dispersion [52–54], Burger’s-type equations [55–57], Kawahara-type equations with fifth-order dispersion [58–60], nonlinear Schrödinger-type equations [61, 62], and many other evolution equations. Therefore, the characteristics of the many nonlinear phenomena that can be generated and propagated in various plasma systems can be accurately described and examined by studying the effect of the fractional parameters on the behavior of these phenomena, such as solitons, dissipative solitons, shocks, dissipative shocks, rogue waves, dissipative rogue waves, periodic waves, dissipative periodic waves, etc., which are among the most famous phenomena that spread in multicomponent plasmas.
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