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In this paper, we consider the following quasilinear Schrédinger system.

k 2a
~Au+u+ = [Alul]u = = u|2uvf, x e RV,
a

2 +p
k 2

~Av+ v+ [AWP]v = —ﬁlu|“|v|ﬁ_2v, x e RN,
2 a+p

where k < Oisarealconstant, «>1, f>1, and a + 8 < 2*. We take advantage of the
critical point theorem developed by Jeanjean (Proc. R. Soc. Edinburgh Sect A.,
1999, 129: 787-809) and combine it with PohozZaev identity to obtain the
existence of a ground-state solution, which is the non-trivial solution with the
least possible energy.
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1 Introduction

This article is concerned with the following quasilinear Schrodinger system:

k 2
~Au+u+ = [Aullu= —a|u|“'2u|v|ﬁ, x e RN,
2 a+p w1

k 2
~Av+ v+ [A]]v = —ﬁ|u|“|vlﬁ_2v, x e RN,
o

2 +B
where k < 0 is a real constant.

Many scholars have made significant contributions to the study of the quasilinear
Schrodinger system. Wang and Huang proved the existence of ground-state solutions
for a class of systems by establishing a suitable Nehari-PohoZaev-type constraint set
and considering related minimization problems in [2]. The existence of infinitely
many solutions was established for the quasilinear Schrodinger system by the
symmetric Mountain Pass Theorem; see [3]. The existence of positive solutions
was obtained by using the monotonicity trick and Morse iteration in [4]. Chen and
Zhang proved the existence of ground-state solutions by minimization under a
convenient constraint and concentration compactness lemma in [5].

The quasilinear Schrodinger system (1.1) is in part motivated by the following
quasilinear Schrodinger equation:
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iedz = —eAz + W (x)z - 1(|z*)z

- keAh(lzI)H (1z1*)z, for x e RN, N >2, (1.2)

where W(x) is a given potential, k is a real constant, and [ and h are
real functions that are essentially pure power forms. The quasilinear
Schrédinger Equation 1.2 describes several physical phenomena
with different h; see [6-8].

Let the case h(s) =s,1(s) = ;451%1 and k > 0. Setting z(t, x) =
exp(—iFt)u(x), one can obtain a corresponding equation of elliptic
type which has the formal variational structure:

u>0xeRY, N>2,
(1.3)

eAu+V (x)u — ek (A(|ul?))u = plul’u,

where V(x) = W(x) - F is the new potential function. The problem
(1.3) has been studied by many academics. In [9], the existence
results of multiple solutions were studied via dual approach
techniques and variational methods when k > 0 was small
enough. The existence of soliton solutions was established by a
minimization argument; see [10]. The Mountain Pass Theorem is
combined with the principle of symmetric criticality to establish the
multiplicity of solutions in [11]. In [12], the author proved the
existence of soliton solutions via making a change in variables and
creating a suitable Orlicz space. The minimax principles for lower
semicontinuous functionals were used to find solutions in [13].

In [14], the authors used the method developed by [1, 15] to
divide the energy functional into two parts and established the
existence of ground-state solutions for a type of quasilinear
Schrédinger equation like 1.3. Inspired by [14], we try to find
the existence of ground-state solutions for system 1.1. This
achievement can enrich the relatively few existing results
about this system.

The main result of this paper is the following:

Theorem 1.1. When k<0, « > 1, B> 1, and a + 3 < 2%, then (1.1)
has a ground-state solution.

This paper is organized as follows. In Section 2, preparation
work is completed. In Section 3, we reformulate this problem and
prove Theorem 1.1. In this defined as
different constants.

paper, C is

2 Reformulation of the problem and
preliminaries

First, we explain that L9(R") denotes the Lebesgue space with
the norm

1

P
= Pdx |,
Jul, (jRNM x)

where 1 < p < co. L9 = L1(R"N) x L1(RY) with the norm

Il = (ijlqux)" + (jR |v|de)”,

where 1 < p < oo.

H' = {w,v): u,v e I? (]RN),Vu, Vvel? (]RN)}
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with norms

[ICees VI = Nuall + v

1 1

- (LR (IVul + 1) dx>2 + (LR (IVol* ++2) dx>f

2 2 2
Gt V™ = fluell”™ + VI

and

The embedding H'<>L? is continuous and compact for g €
(2, 2%).

In (1.1), the Euler-Lagrange functional associated with Equation
1.1 is given by

1 1
I(u,v) = EJRN (1 - ku?)|Vul’ dx + EJ'RN lu)* dx

1 1 2
+7J (l—kvz)IVvlzdx+fj Ivlzdx——l [ul*|v)P dx.
2) N 2)rN oc+ﬁ RN

For (u, v), constructing the variable like [16, 17], we have
dz = V-kV1 - ku?du,

= %\/—_ku 1-—ku?+ %ln(\/—_ku+ m),

dw = V=kV1 — kvidv,

= % —kvV1—kv? + %ln(\/——kv+ m)

z=h(u)

w=h(v)

Since h is strictly monotone, it has a well-defined inverse
function f and u = f(z), v = fiw). Note that

\/—_ku,|u|<<\/_zk

h(u) ~ . W (u) = V=kV1 —ku?
%kulul, |u| > \/—Ik
and
Lz |z| < \/T
& —k
f(2)~ V& _
\izr = ! >>\/—:k
f'(2)

1 1 1
- h,(u)_ \/—-k\/l—kvz B \/:E ’l—kf(z)z

Similarly, the same operation holds true for v = f(w).
Using the variable, (1.1) will become

1 L a-2 B N
kAz +f(2)f'(2) = a+ﬁ|f(2)| f@If (w), x e RY,
Laws f@f @ = U@ @ f ), x e RY
k a+f ’ ’
(2.1)

where f: [0,00) — R and

;L 1
RCREE

on [0, 00), f(0) =0, and f(—t) = f(t) on [0, co0). From the above facts, if
(z, w) is a weak solution for (2.1), then (u,v) = (f(z), f(w)) is a
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weak solution for (1.1). The energy functional I(u, v) reduces to the
following functional:

M varaes M e
¢(z,w) = ZJ‘IIRN \/—_kIWZl dx + ZJ]fo (z)dx i
+EJ'RM/—__kIVw|2 dx + EI]RNfz (w)dx - a—Jrﬁ,[RN |f(z)|ﬂ‘|f(w)|l3 dx.

(2.2)

There are some properties of f: R — R as follows, which are
proved in [16, 17].

Lemma 2.1. The function f(t) and its derivative satisfy the following
properties:

(i)@—»last—»O;

(i) ft) < |t] for any t € R;

(iii) f (t) <2i/f] for all t € R;
(iv) D2 <tf (1) f' (t)< f2(t) for all t € R;
(v) there exists a positive constant C such that

clel, if

If(®)]= .
o {Cltlf, if

t<1,

t>1;

i) If O f' ()l < g5 forall t € R.

3 Proof of theorem 1.1

In this section, we will complete the proof of Theorem 1.1. First,
we will recall the critical point theorem in [1], which is crucial for
proving Theorem 1.1.

Theorem 3.1. Let (X, || (-, )|l) be a Banach space and L C R, an
interval. Consider the following family of C'-functionals on X:

D, (z,w) = A(z,w) + AB(z,w), A€L,

with B being non-negative and either A(z, w) — +00 or B(z, w) —
+00 as || (z, w)|| — oco. Assume that there are two points (zy, wy), (2,
wy) C X such that

¢y = inf max
Yelu (t1,62)€[0,1]x[0,1]

D) (y(t1-t2))

> max{®, (z,,w), D) (zp,w,)} forall Lel,

where Ty = {y € C([0, 1] x [0, 1], X): y(0, 0) = (21, wy), (1, 1) = (25,
w,)}. Then, for almost every A € L, there is a sequence {(z,, w,)} ¢ X
such that

(i) (z,,, wy) is bounded;

(ii) Op(z, w) — oy
(iii) ®F (24, wy) — 0 in the dual X' of X.
Moreover, the map A — ¢, is non-increasing and continuous
from the left.

Let A € L be an arbitrary but fixed value where cj exists, where ¢}
is the derivative of ¢, with respect to A. Let {A,} C L be a strictly
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increasing sequence such that A, — A. To prove Theorem 3.1, we will
show the following lemmas:

Lemma 3.1. There exists a sequence of path {y,} ¢ T and K =
K (c1) >0 such that

(@) lly, (t1, I <K if yu(ty, 1) satisfies

@, (y, (ti, 1)) 21 — (A= An); (3.1)

(if) max s, 1,)e[0,1]Pn (¥, (t1,12)) Scr + (=i +2) (A = Ay).
Proof. The proof is standard; see [1].
Lemma 3.1. means that there exists a sequence of paths {y,} ¢ T

such that

D, ()/,, (t1, tz)) — C)s

max
(t1,12)€[0,1]%[0,1]

for all n € N sufficiently large; starting from a level strictly below c;,
all the “top” of the path is contained in the ball centered at the origin
of fixed radius K = K (c{) > 0. Now, for a > 0, we define

F,={(z,w) € X: |[(z,w)| <K+ 1and |D, (z,w) — c;| < a},

where K is given in lemma 3.1.

Lemma 3.2. For all a« > 0,

inf{|®] (z,w)|: (z,w) € F.} =0. (3.2)

Proof. We assume that (3.2) does not hold. Then, there exists « >
0 such that for any (z, w) € F,, we obtain

||<D,{ (2, w)|| >a. (3.3)

Without loss of generality, we can assume that

1
O0<a< 5 [ex — max{®) (z1, wy), D) (22, w,)}]-
A classical deformation argument then says that there exists € €
[0, a] and a homeomorphism #7: X — X such that

nw) =u, if |[O)(z,w)-al=>a, (3.4)
D) (n(z,w)) <Oy (z,w), V(z,w)e€X, (3.5)

Q) (n(z,w))<cr—¢ V(z,w) € X, satisfying [I(z, w)|
<Kand®, (z,w)<c, +e€.

Let {y,} c T be the sequence obtained in lemma 3.1. We choose

and fix m € N sufficiently large in order that
(el +2)(A =L <e (3.7)

By lemma 3.1 and (3.4), n(y,,) € I. Now if (z, w) = y,(t,
t,) satisfies

(D)L (Z, IU) <c - (/1 - Am):
then (3.5) implies that
D) (n(z,w)) < — (A= A). (3.8)
If (z, w) = yu(ty, 1) satisfies

D) (z,w)>cy — (A= Ap),
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w) such that || (z, w)|| < K with
w) < ¢y + €. From (3.6), we obtain

by lemma 3.1 and (3.7), we obtain (z,
D) (2,

D) (n(zw))<a—e<cr— (A=A (3.9)

Combining (3.8) with (3.9), we obtain

comax Oy, (o)) sa = (A=),
which contradicts the variational characterization of c;.

Next, we prove theorem 3.1.

Proof. Since lemma 3.2 is true, there exists a PS sequence for ®,
at the level ¢, € R, which is contained in the ball of radius K + 1
centered at the origin. Hence, this is proved.

Let L = [%, 1], we define the following energy functional:

D) (z,w) = %JRN <ﬁ|Vzl2 +22 \/_Ile +w >dx
—AJRA (1 @ -f@+w - f W)+ If(z)l |f(w)|‘3>dx

(3.10)

where A € L. Moreover, let

1 1 1
Alz,w) = = I v 20 R R 2 2
(z,w) ZJRN<\/—_k|VZ| +z +\/__k|Vw| +w >dx

and

B(z,w)z)LJ’R (1 (22 - f22) +w* - fA(w)) + e

If(Z If( W)|ﬁ>

Letting || (z, w)|| — + oo, then A(z, w) — +00 and B(z, w) > 0.
By a standard argument in [18, 19], we have the following
Pohozaev-type identity:

Lemma 3.3. If (z, w) € H' is a critical point of (3.10), then (z,w)
satisfies Py(z, w) = 0, where

Py (z,w) ::?JRWL_ (V2P + [VwP) dx
A
] P @ P w)dx —%j V@I )P dx.

(3.11)

Similar to [9], we obtain the following lemma:

Lemma 3.4. ®,(z, w) meet the conditions as follows:

(i) there exists (z, w) € H' \{(0, 0)} such that ®,(z, w) < 0 for all
AeL;
(ii) for c), we obtain

) = inf @) (y(t1,12)) > max{®, (0,0), D, (z, w)},

max
yel  (t1,t2)€[0,1]x[0,1]
for all A € L, where

={y € C([0,1] x [0, 1], H"): y(0,0) = (0,0), (1, 1) = (z, w)}.

Proof. (i) Let (z, w) € H' \{(0, 0)} be fixed. For any A € L = [%, 1],
we obtain
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D) (z,w) < (D% (z,w)

ML v+ vap
= ZJRNH (IVzl® + [Vw|*) dx
+ﬂRN (2 + f () +w + f? (w))dx - %ﬁj If @11 f ()|’ dx.

As [20,21], we consider ¢, ¢ € Cg° (R) such that 0 < ¢(x) <1,0 <

¢(x) <1 and
1, if 1, if
$(x) = {0, if p(x) = {0, if

By Lemma 2.1 (ii) and (v), we obtain
If (t¢)|>Cltg| >Cf (£)¢$.

By Lemma 2.1 (ii),

x| <1,
x| =1,

lxl <1,
|x| > 1.

D) (119, 129) < J ( [V o>+ £2¢° )dx

z (\/—IVtngIZ tg(p2>dx
(X+ﬂj If ()" |f(t2(p)|ﬁ dx
12 .
e
5 (L
2 JrN \/__k
C(If eI+ 1f (1))
a+pf

It follows that @, (t;¢, t,¢) — —o0 as (t;, t,) — (+00, + 00). Thus,
there exists (¢3, t;) > 0 such that ®,(t;¢, t4¢) < 0. Thus, taking (z,
w) = (t3¢, t49), we obtain @,(z, w) < 0 for all A € L.

(ii) As [20, 22], there exists C > 0 and p; > 0 small enough
such that

,_.

|Vgo|2 + q)2> dx

j 81l dx.
RN

1 2 2 L 2 2
JRN<ﬁ|VZI +f (Z)+_\/:%|VLU| +f (w)>d~x2C”(z>w)">

for ||(z,w)||<p,. From Lemma 2.1 (iii) and Holder inequality,
we obtain

0, (z,w) %JRN\%_szP + f(2)dx + %JRN\/%_kwa + £ (w)dx

1 « 8
- ﬁfw'f(f" If @)F dx
>Cllewl = 5[ If@PIf (w)F dx

2 Cllz w)l - Cl I ], forall l(zw)l<p,

where &; = a or %, By = ﬁorg, and (%+

@, has a strict local minimum at 0, and hence, ¢, > 0.

ﬁ) = 1. It can conclude that

By Theorem 3.1, it is easy to know that for every A € [%, 1], there
exists a bounded sequence (z,,, w,,) C H' such that ®,(z,, w,,) — ¢,
and @ (z,,, w,) — 0.

Lemma 3.5. If (z,,, w,) C H' is the sequence obtained above, then for
almost every A € L = [%, 1], there exists (z), wy) € H' \{(0, 0)} such
that ®y(zy, wy) — ¢y and O} (zy, wy) — 0.

Proof. Since (z,, w,,) is bounded in H', up to a subsequence, there
exists (z), wy) € H' such that
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(Zn) u)n)_k (Z/b w/l) in Hl,
(zpywy) = (z),w))in L* forall 2 < s < 2%,

(24 (%), wy, (%)) = (22 (%), wy (x))a.e.in RY.
Since ®@j (z,, w,,) — 0, by the Lebesgue dominated convergence
theorem, it is easy to get @f(z,, w,) — ®i(zy,wy), that is,

@, (z3, wy) =0, as shown in [23]. Similar to [22, 24, 25], there
exists C > 0 such that

.. <ﬁ|vm 20+ (f (2 (20) - F () (2) (2 - zn) dx

>Cllz, - zill%, (3.12)
| RN<ﬁ|\7<wn —w)P + (F () (wn) — f () (w) (w, - wn) dx
>Cllw, - w|*. (3.13)

By Hoélder inequality and Lemma 2.1(ii) and (iv), we deduce that

pe IULCR R TCA T C IO CRER PR
2

] @I @I f ) f )

a+p

2
X (w, —wy) dx < j Nzl w,lf (2, - 22) dx

(X+ﬁ RN
28

2« 1 ! (-1p

- P

+ —j Nzal*wal* ™ (W, - wy) dx < — j |2 [Flw, |7 dax lzw = zall,,
a+ Blry a+p\ ey

B-1)a

2« 1 1 (

+7(J‘ Vlzy,|tf4|w,,|« dx) lw, —wall,, =0,
R

(3.14)

where p; = 75 Uﬁ and p, = (ﬂfl)a. Similarly, we obtain

g @ e @l ol 2, - 2 d

] L EOPL @l ) f )

w, —w,)dx — 0.
(3.15)

Following (3.12), 3.13, 3.14, and .3.15, we obtain

wy))
= J‘RN<\/—|V(ZVL_ZA)| +f(zn_z)u)f n T 2) (ZW_Z)L)>

0 — (D (2, wy) — O (21, wn), (24 — 22, Wy —

+J‘RN (Tlv (wn - wl)l + f(wn - wl)f’ (wn - wl) (wn - w/\)) dx

ey | MG CATCATECRTY
-If @I f @) f @) f )] (2, - 1) dx
4 o] D @ )P ) )
=1 EOILF )P £ (W) £ ()] (w, - wy) dx

Clizn = 2al* + Clw, — wal* + 0, (1),

v

(3.16)

which implies that (z,,, w,,) = (23, wy) in H'. Thus, (z), wy) is a non-
trivial critical point of ®,(z, w) with @,(z), wy) = ¢,.

Next, we prove Theorem 1.1.

Proof. At first, using Theorem 3.1, for arbitrary A € L = [%, 1],
there is a (z), w)) € H' such that

(Zm wn)_\ (Z,\, wA) + (Or 0) in Hl)

D) (z,, w,) — ¢3 and DY (z,,, w,) — 0.

By Lemma 3.5, we obtain
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D) (21, wy) = rand @ (23, wy) = 0.

Thus, there exists A,, C [%, 1] such that
An - 1, (Zln,w)m) € Hl,
CD,{" (zln,w;‘n) =0and (D)m (Z,\n,wAn) =C),-
Next, we prove that {(z),w),)} is bounded in H'. From

Lemma 3.4

), (z2,,wn,) =c,  @F, (2, wy,) =0,

1
2

it follows that

a2z ®),(z1,,w,)

= D), (21,,w),) — P (21, w1,)
N-2 2 1
= WJRN (m s (IVzy,I* + 1Vwy, ) + £ (=20,) + f2 (w;tn)) dx.
(3.17)

By Lemma 2.1 (v) and Sobolev inequality, it follows that

J zindeCJ‘ (=) dx, J w; dstj f2(wy,) dx
1l <1 RN " RN

[wy, <1

and

2

2
z; dx< zi dx<C |Vzy,[Pdx |,
Iz, l>1 " Iz, l>1 " RN
M An

3
J wf\ndxsj windeCJ IVwAnlzdx .
[wy, | >1 [wy,|>1 RN

Therefore,

2 2

IRN(ZAn + wAn)dx

_ 2 2 2 2

- Lz;nmlzh« dx + J‘\z,\n\>lzln dx + J‘\w,\nlglw/\n dx + J-|w,\n\>lw/\n dx

< Cl o f(z,)dx + CJ'RNf2 (wy,) dx

+C<J |VzAn|2dx> +C<j |Vw,1n|2dx>.
RN RN

Combining (3.17) and (3.18), we infer that there exists C > 0

such that
2
J RN (z'\" ’

Thus, there exists C > 0 independent of # such that

(3.18)

win) dx<C.

(a0 wn,)

- J,RN(W%IZ +2, ) dx + JRN(W%P +u? )dx<C.

Next, we can assume that the limit of @, (z),, w),) exists. By
Theorem 3.1, we know that A — ¢, is continuous from the left. Thus,
we obtain

0< lim (DA” (ZA,,w w)m) <c1.
n—00

Then, by using the fact that

@ (21, wy,) = Dy, (21, wn,)

" (Atxg l)jRN%/jU(ZAn)l“If(wM)Iﬁ dx
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and
(@' (23, wp, ), (¢ ¥)) = Do, (21,wn,): (6, ¥))

+(/\nﬁ— l)jm‘wiﬁ
(/ln—l)J' 2

o o+ f

If @I (20)91f (wn,)If dx
Lf ()L (wn )P £ (wn, )y dx,

+

for any ¢, v € Cy° (RN) and || (zy,, wy )| <C, it follows that

lim ®(z),,w,) = ¢

lim @' (z,, w),) = 0.
n—o00 n—oo

Up to a subsequence, there exists a subsequence (z,,w;,)
denoted by (z,, w,) and (zp, wo) € H' such that (z,,, w,) — (2o,
wp) in H'. Using the same method as Lemma 3.5, we will obtain the
existence of a non-trivial solution (zy, w,) for ® and @'(zo, wy) = 0
and ®(zy, wy) = ¢;.

To find ground-state solutions, we need to define that

m = inf{® (z,w): (z,w) # (0,0),?'(z,w) = 0}.

By Lemma 3.3, it follows that

P(z,w) =P, (z,w) =0.

According to (3.17), we have m > 0. Let (z,, w,,) be a sequence
such that

@' (z,, w,) = 0and O (z,, w,) — m.

Similar to Lemma 3.5, we can prove that there exists (z', w') € H'
such that

D' (Z,w') =0and @ (2", w') = m,

which implies that (u',v') = (f(2'), f(w')) is a ground-state
solution of (1.1). The proof is complete.
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