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In this paper, we report a new model for passively Q-switched intracavity optical parametric oscillators (IC-OPOs), using Cr:YAG as a Q-switch crystal. The model considers the effects of thermalization in the Nd:YAG laser crystal, excited state absorption in the Cr:YAG saturable absorber, nonlinear loss due to pump depletion in the nonlinear crystal, the thermal lens effect and the mode overlap of the fields within the nonlinear crystal. The calculated pulse width for the 1,064 nm pump light was 6.2 ns compared to the experimental result of 6 ns, while the signal wave was calculated to have a pulse width of 1.75 ns compared to the experimental result of 2 ns. The model is shown to accurately calculate both the temporal and output power characteristics of the IC-OPO, which has not been previously reported to the best of our knowledge.
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1 INTRODUCTION
Passively Q-switched intracavity optical parametric oscillators (IC-OPOs) are an attractive method for achieving mid-infrared (mid-IR) emission due to their low cost, broadly tunable wavelength range, low threshold due to the intracavity structure and ability to achieve high output power [1–5]. Passively Q-switched lasers based on Nd:YAG as a laser crystal and Cr:YAG as a saturable absorber are well reported within literature [6,7]. In addition, the use of an optical nonlinear crystal such as periodically poled lithium niobate (PPLN) with the previously mentioned materials is a common way to achieve a passively Q-switched IC-OPOs.
The ability to accurately model both the power and temporal characteristics of IC-OPOs is of great importance to be able to rapidly prototype designs and ensure the output parameters are suitable for practical applications. Due to the nonlinear conversion efficiency increasing as the input pump intensity increases, it is often desirable to operate the pump laser with the highest intensity possible, which is accomplished by decreasing the initial transmission of the Cr:YAG crystal [6,7]. This has the combined effect of increasing the pulse energy while decreasing the pulse width, leading to substantial increases in the maximum achievable power. However, as the pulse widths reach the order of ns and sub ns, theoretical results for the temporal characteristics begin to deviate from experimental results [6,8,18]. The ability to accurately predict the peak output power is necessary to not only ensure the laser will meet the performance requirements but also to ensure the intensity does not exceed the damage threshold of the nonlinear crystal. To fully optimize the performance of the device, it is necessary to operate the IC-OPO as close to the damage threshold as possible which requires a model that can accurately calculate the peak intensity.
Currently, there exist many models for passively Q-switched IC-OPOs. However, none of them are able to accurately calculate the pulse width, resulting in inaccurate calculations of the peak intensity [1,4,18]. This is due to the developed models not considering the effects of the thermalization in the Nd:YAG crystal, which becomes important as pulse widths reach ns and sub ns levels. Currently, there exists no model for an passively Q-switched IC-OPO which considers both the effects of thermalization in the Nd:YAG laser crystal and the exited state absorption in the Cr:YAG saturable absorber.
In this paper we report a new model for a passively Q-switched IC-OPO which accounts for both the effects of thermalization in the Nd:YAG laser crystal, excited state absorption in the Cr:YAG saturable absorber, model overlap within the PPLN nonlinear crystal, and the thermal lens effect in the Nd:YAG laser crystal. We use this model to accurately calculate the output characteristics for both a pulsed 1,064 nm laser and a passively Q-switched IC-OPO. We show that the model is able to accurately reproduce both the output powers of pump, signal and idler, as well as accurately model the pulse width and shape of the different beams.
2 THEORY AND METHODS
2.1 Theoretical model
The equations for a continuously pumped Q-switched laser, accounting for thermalization rates in the upper and lower laser level, are given by:
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where ϕ is the intracavity photon density, tr is the round trip transit time, σe is the stimulated emission cross section of the laser crystal, na is the population of the lasing stark level of the upper laser level, nb is the population of the lower laser stark level, lg is the length of the gain medium, σ13 is the absorption cross section of Cr:YAG, ns1 is the population density of the first excited state in Cr:YAG, lcr is the length of the Cr:YAG crystal, σ24 is the absorption cross section of the excited state of Cr:YAG, ns is the total population density of the Cr:YAG, L is the residual optical loses in the cavity, R is the mirror loss, WP is the pumping rate to the upper laser level, fa is the ratio of the population density of the upper stark level and the remaining stark levels, nu is the population density of the remaining stark levels, τtherm is the thermalization time for the upper and lower laser stark levels, τa is the lifetime of the upper laser level, c is the speed of light, fb is the ratio of the lower laser stark level and the remaining stark levels in the lower laser level, nl is the population density of the lower laser level, τb is the lifetime of the lower laser level, τsa is the lifetime of the Cr:YAG excited state. The variables and their value are summarized in Table 1 at the end of the manuscript, with references provided where applicable.
TABLE 1 | Values of constants used in the rate equations.
[image: Table 1]Equations similar to Eqs 1–4 presented above have been well reported in literature and have been successfully used to accurately predict the output power of passively Q-switched lasers based on Cr:YAG [6,7]. However, when calculating the temporal characteristics of the laser pulse, the models fail and return pulse values much shorter than what is experimentally measured when the duration of the pulse is comparable to the thermalization time [8]. To account for this issue, the equations have been modified to include the thermalization effects. This requires the inclusion of two additional equations (Eqs 5, 6) to model the population densities of the remaining stark levels in the upper and lower laser level [8].
When the pulse duration is long as compared to the thermalization time, the standard values for fa and fb can be used (i.e., the population fraction at thermal equilibrium of the upper and lower laser stark level, respectively). However, when the pulse duration becomes comparable to the thermalization time, the equilibrium occupation factors can no longer be used. To understand how the inclusion of thermalization rates in the upper and lower laser level affect the performance of the Q-switched laser, let us consider a laser operating during the pulse phase. When the population inversion reaches sufficient levels, the intracavity photon density beings to rapidly grow. This results in an increase in the population density of the lower laser stark level due to stimulated emission events. Generally, when not considering the thermalization rates, it is assumed that the occupation of the lower laser stark level will be roughly equal to the Boltzmann occupation factor. This assumption requires that the thermalization time is short as compared to the pulse length. If the pulse length is comparable to the thermalization time this assumption becomes invalid. If we look at Eq. 3, we can see that by including a term for the thermalization rate, this creates a bottleneck and causes a buildup of the population of the lower laser stark value much larger than the Boltzmann occupation factor when the pulse length is short. This results in a substantial reduction in the population inversion density which lowers the rate of stimulated emission. The reduced stimulated emission results in a lower photon density, reducing the rate at which energy can be extracted from the laser crystal. Since the total population densities of the upper and lower laser level remain the same, only the distribution of the population within the stark levels is changed, the total energy able to be extracted remains unchanged. The result is that the pulse width of the laser is increased, resulting in a decreased peak power.
At low to moderate pumping levels, the time between pulses is long compared to the thermalization time allowing for the use of previously reported equations to calculate the pulse repetition rate [7]:
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where f is the repetition rate, and Wth is the threshold pumping rate. β is defined as [7]:
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where γ is the inversion reduction factor, nf is the population density of the upper laser level after the laser pulse and ni is the population density of the upper laser level when the pulse begins.
Modeling a pulsed optical parametric oscillator requires solving the coupled wave equations in both time and space. The time and spatially dependent coupled wave equations are given by:
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where As, Ai and Ap are the slowly varying signal, idler and pump amplitudes, respectively. P(z) is a periodic function which models the poling in the PPLN, taking a value of ±1 depending on if the region has a positive or negative nonlinear coefficient. Δk is the momentum mismatch given by Δk = kp - ks + ki. αs, αi, αp are the material loss values for PPLN at the signal, idler and pump wavelengths, respectively. The substitution [image: image] was made to enable the use of a single coupling constant κ, where:
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where dPPLN is the second order nonlinear coefficient d33 of PPLN, c is the vacuum speed of light, ω is the angular frequency of the respective wave and n is the refractive index of the respective wave in PPLN. Within the coupled wave equations, an additional term, β was added, which is used to account for the overlap between the relevant waves in each of the equations. The value of β ranges from 0 to 1 depending on the overlap of the two fields, with β = 1 representing perfect overlap and β = 0 representing no overlap. The overlap of two fields can be evaluated as:
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where Ei is the spatial distribution of the idler electric field and Es is the spatial distribution of the signal electric field. Calculation of the overlap parameter requires knowledge of the special distribution of the fields within the nonlinear crystal. To accomplish this an ABCD matrix method was used to model the intensity distributions of the three fields within the laser cavity.
Due to the placement of the nonlinear crystal within the laser cavity, the effect of the nonlinear conversion process on the intracavity photon pump density must be considered. In order to do this, the rate equations (Eqs 1–6) must be coupled with the nonlinear wave equations (Eqs 9–12). The first step in coupling the two sets of equations together is to use the intracavity power determined by the photon density from Eq. 1 as the input to the pump wave in the coupled nonlinear equations. The unidirectional intracavity power result from a photon density φ can be calculated as:
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where h is Plancks constant, νp is the pump wave frequency, rp is the radius of the pump beam in the laser crystal, and navg is the average refractive index of the laser cavity at the pump wavelength.
To model the loss in photon density due to the nonlinear conversion process, an additional term must be added to Eq. 1. Modifying Eq. 1 to include this term gives:
[image: image]
where ϕNL is the photon density lost due to the nonlinear conversion process. Determining ϕNL can be done by considering the underlying physics of the nonlinear conversion process. For every generated signal and idler photon, there must be a pump photon removed due to the conservation of energy. From this, it is clear that an increase in either the signal or idler photon count due to the nonlinear process must result in an equal and opposite change in the pump photon count. From this, the photon density change can be calculated by considering the mode area of the pump beam in the nonlinear crystal. This can be calculated as:
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where Pi is the change in idler power within the nonlinear crystal, νi is the idler frequency, rNL is the radius of the pump beam within the nonlinear crystal.
2.2 Numerical method
A 5th order Runge Kutta method was used to solve the system of ODEs (ordinary differential equations) for the pulsed laser [9]. The time between pulses was solved with an adaptive error method to allow for the largest possible step size to be used until the photon density (Eq. 1) began to increase. Once the photon density began to increase a constant step size was used to ensure that the numerical method used to solve the coupled nonlinear equations remained stable. During the time between pulses, the intracavity power was assumed to be 0 and hence there was no input to the coupled wave equations. This eliminated the need to solve them during the time between pulses, which greatly reduced the computation time.
To solve the coupled wave equations, a lax-wendroff method was used [10]. The intracavity operation results in the confinement of both the signal and pump beam, resulting in both waves travelling in the forwards and backwards direction. To account for this, each field was divided into two components, a forwards and backwards component, and handled separately [11]. By the conservation of energy, a forward and backwards travelling idler wave must also be generated, although both idler waves are assumed to be perfectly coupled out of the cavity. Due to the conservation of momentum from the phase matching conditions, the forwards travelling waves do not interact with the backwards travelling waves and vice versa. The boundary conditions for each wave were calculated using polynomial interpolation [12].
2.3 Experimental setup
Figure 1A shows the experimental setup used to test the 1,064 nm pulsed laser. An 808 nm fiber laser diode (Aerodiode 808LD-2-0-0) was used to pump an Nd:YAG crystal. The light from the fiber was focused into the Nd:YAG crystal to a radius of 120 μm. The input facet of the Nd:YAG crystal was antireflection (AR) coated at 808 nm and high reflection coated (HR) at 1,064 nm. The output facet of the Nd:YAG crystal was AR coated at 1,064 nm. The Nd:YAG crystal had a length of 4.9 mm. A [110] Cr:YAG crystal with T0 = 60% was used as the Q-switch crystal. The [110] orientation was used to polarize the output from the Nd:YAG crystal, which is normally unpolarized [13]. The output coupler was a curved mirror with a 100 mm radius and was HR coated at 1,064 nm (R = 99.98%). The total cavity length was 53 mm.
[image: Figure 1]FIGURE 1 | (A) Setup for 1,064 nm pulsed laser. (B) Setup for passively Q-switched IC-OPO.
Figure 1B shows the experimental setup for the passively Q-switched IC-OPO. The structure is similar to the setup presented in Figure 1A, the difference being the addition of a dichroic mirror (M1) after the Cr:YAG crystal and a PPLN crystal. The dichroic mirror had high transmission at 1,064 nm and was HR coated at the signal wavelength (1,550 nm). Both faces of the PPLN crystal were AR coated at the pump, signal and idler wavelength. The length of the PPLN crystal was 14.7 mm. The nonlinear coefficient of PPLN for second harmonic generation at 1,064 nm is reported as 25.3 p.m./V [14]. Millers rule was used to calculate the appropriate nonlinear coefficient, which was found to be 20.7 p.m./V [15]. The OC used was the same as in Figure 1A, having a partial reflection at the signal wavelength (R = 15%) and a high transmission at the idler wavelength (3,394 nm) (R < 1%). The total cavity length was 53 mm.
3 RESULTS AND DISCUSSION
3.1 Passively Q-switched 1,064 nm laser
To validate the proposed rate equations, the laser setup described in Figure 1A was investigated initially. Figure 2 shows the theoretically calculated repetition rate as compared to the experimentally measured repetition rate as a function of input laser diode power. The simulation parameters used are provided in Table 1. The theoretical repetition rate was calculated by solving the rate equations for two full pulses and then calculating the time between the two pulses. As expected, the theoretical repetition rate increases linearly with increasing input power, indicating inclusion of the thermalization rate does not affect the relationship between input power and the repetition rate. The linear relationship between the input power and repetition rate is in agreement with previously reported experimental and theoretical results [6,7]. Our experimental results exhibit a minor deviation from the expected linear increase with pump power, which is likely due to thermal instability. Above input powers of 4.5 W, the temperature of the laser diode and Nd:YAG crystal began to increase, which resulted in reduced absorption efficiency of the pump light by the Nd:YAG crystal.
[image: Figure 2]FIGURE 2 | Repetition rate of the passively Q-switched 1,064 nm laser.
As previously stated, the inclusion of the thermalization terms in the rate equations should not affect the calculated repetition rate due to the thermalization time being significantly less than the time between pulses. This was confirmed by calculating the repetition rate using Eq. 7, which was found to be in agreement with the results obtained from solving the rate equations. Additionally, the recovery time of the Cr:YAG crystal is in an order of microseconds, which would prevent the time between pulses approaching the thermalization time [7].
Figure 3 shows the measured pulse profile of the 1,064 nm laser as compared to the theoretical calculated from the proposed model. A thermalization time of 5 ns was found to produce the best results, which is in agreement with previously reported results for the thermalization time in Nd:YAG of 3–5 ns [8]. As shown in Figure 3, the model accurately predicts the asymmetric pulse shape, as well as correctly models the rise and fall time of the pulse. The theoretically calculated pulse width was 6.2 ns which is in good agreement with the experimentally measured pulse width of 6 ns.
[image: Figure 3]FIGURE 3 | Pulse shape of the 1,064 nm Q-switched laser.
It is worth noting that the experimental results cannot be explained by the previously reported models, where the calculated pulse width is generally much shorter than the experimental pulse width [6,7]. Without considering the effects of thermalization, the simulated pulse width was approximately 3 ns, half of what was experimentally measured. Additionally, when the effects of thermalization are not considered a symmetric pulse profile is returned, consistent with the pulse shape using previously reported models [6].
It is also worth mentioning that the presented model predicts average power of the passively Q-switched IC-OPO. Due to the high reflectivity of the OC at 1,064 nm used in our experiments, the average output was only able to be measured at high input powers. At an input power of 4.2 W, the average power was measured to be 800 μW, which is in good agreement with the model prediction of 820 uW. To the best of our knowledge, for the first time, the modal presented in this paper enables us to predict precisely both the pulse properties (pulse shape and pulse width) and output power of the passively Q-switched IC-OPO.
3.2 Passively Q-switched IC-OPO
The laser structure in Figure 1B was used to validate the model for a passively Q-switched IC-OPO, focusing on signal and idler pulses. The pulse repetition rate and pulse profile of the signal wave were calculated with the model and compared to experimental results. Due to equipment limitations, we were only able to measure the pulse shape of the signal wave and not the idler. The repetition rate of the IC-OPO was found to be the same as the previous laser structure which is expected as the loss due to the insertion of the PPLN into the cavity is much smaller than the loss due to the Cr:YAG crystal. Figure 4 shows the experimentally measured pulse shape of the signal as compared to the theoretical pulse shape predicted by the model. In the study, pump, signal and idler wavelength were 1,064 nm, 1,548 nm, and 3,400 nm, respectively. The material loss values at the pump, signal and idler wavelength were 0.0035 cm−1, 0.0035 cm−1, and 0.008 cm−1, respectively [16]. The model predicts the pulse shape with reasonable accuracy. The measured pulse width was 2 ns, as compared to the theoretical pulse width of 1.75 ns. It is worth noting that when the effects of thermalization were not considered, the signal pulse width was approximately 1 ns. This is consistent with the results for the 1,064 nm pulsed laser, where removing the thermalization effects resulted in a reduced pulse width.
[image: Figure 4]FIGURE 4 | Pulse shape of the signal from the IC-OPO.
As shown in Figure 4, the experimental rise time of the signal pulse was much longer than the theoretical pulse, while the falling edge of the pulse was almost identical to the experimentally measured pulse. This discrepancy between the measured results and theoretical results is likely due to either an incorrect pump beam size in the PPLN being used or errors in the poling of the PPLN reducing the effective nonlinear coefficient which was not considered in the model. If the 1,064 nm beam waist in the PPLN used in the simulation was less than the actual value, it will result in the 1,064 nm field intensity in the PPLN being higher in the simulation than in the actual laser. As a result, the conversion efficiency of the nonlinear process will increase which would result in a quicker pulse buildup, as seen in Figure 4. Errors in the PPLN poling could also be responsible for the discrepancy as this would result in a reduced conversion efficiency in the experiment, leading to a longer pulse buildup time in the experimental case.
The rapid increase in the signal intensity is consistent with previously reported results for Q-switched IC-OPOs [2,17], although the OC reflectivity at the signal wavelength was much larger than in our setup. The lack of a rapid rise in the signal pulse in our experimental results is likely due to limitations of the time resolution of the oscilloscope used in our experiments. Therefore, it is likely that the minor discrepancy between the theoretical and experimental results (both the pulse width and the rise time) is due to the oscilloscope used.
In addition to the consideration of the thermalization effects, our model for signal and idler pulses also considers the spatial intensity variation of the pump, signal and idler within the nonlinear crystal. If the spatial variation in the pump wave within the nonlinear crystal is not considered, which arises due to pump depletion from the nonlinear conversion process with a high efficiency, the calculated conversion efficiency will likely be overestimated [17]. From Eq. 15, we can see that the increased nonlinear loss term would cause the cavity photon density to decrease faster which in turn would produce a shorter pulse; consistent with what the authors observed from their model. We tested this conclusion with our own model by multiplying Eq. 16 by a constant, with a value greater than 1, and found that it did result in a decreased pulse width as expected. The pulse width decreasing as the nonlinear conversion efficiency increases is consistent with previously reported results where only the time dependence of the three fields in the cavity was considered [17].
The measured average output power of the signal as compared to the theoretically predicted value is presented in Figure 5. As shown in Figure 5, the theoretical results match the linear trend observed in the experimental results and accurately predict the average power values. The deviation in the experimental results from the theoretical ones is likely due to thermal instability resulting in an inconsistent repetition rate. Another discrepancy can be caused by the uncertainty in the laser mode size in the Nd:YAG crystal. Since the mode size determined by the cavity geometry, calculated with an ABCD matrix, is larger than the beam waist of the 808 nm pump laser, the laser mode size will be determined by the 808 nm beam radius. However, as discussed in-depth previously by other authors [18], lasing is not able to be achieved over the entire area illuminated by the 808 nm laser beam. Instead, an effective area must be used. Using the same method [18], we estimate the effective beam area of the 808 nm laser to be roughly 70% of the actual 808 nm beam area. We set the area of the 1,064 nm laser mode in the Nd:YAG crystal to be equal to the effective area of the 808 nm laser diode. As a result, it is difficult to determine the exact 1,064 nm spot size, and hence the pulse energy.
[image: Figure 5]FIGURE 5 | Average output power from the IC-OPO at the signal wavelength.
Although the theoretical results show the expected linear trend, the theoretically simulated curve is not smooth as is generally expected. This is due to the inclusion of the thermal lens in the Nd:YAG crystal. As the input power changes, the value of the thermal lens changes, which results in a small change in the pump radius within the PPLN. The change in pump radius results in a change in the conversion efficiency of the nonlinear interaction, causing the pulse energy of the signal to change. Since the repetition rate does not change, this results in slight deviation from the expected linear curve.
To investigate the mid-IR idler wave generated from the IC-OPO, the calculated idler power as compared to the measured idler power is shown in Figure 6. A germanium filter was placed between the OC and power meter and was used to filter all wavelengths besides the idler wavelength. An initial linear growth in both the theoretical and experimental results is seen, until the output rate beings to decrease. This is likely due to temperature instability in the Nd:YAG crystal and pump fiber laser, which results in a reduced pulse repetition rate due to the 808 nm LD pump depletion. Another reason for this is the changing of the pump beam waist due to a change in the thermal lens focal length in the Nd:YAG crystal. Increasing the input power from the 808 nm laser will decrease the focal length of the thermal lens, changing the pump beam radius in the PPLN crystal.
[image: Figure 6]FIGURE 6 | Average output power form the IC-OPO at the idler wavelength.
We also measured the profile and divergence angle of the pump and signal beams. Figures 7A, B show the measured beam profile of the pump and signal beams, respectively, 18 cm after the OC. The radius of the pump and signal at the point of measurement were 1.1 mm and 2.4 mm, respectively. The divergence angle of the pump and signal beams were measured to be 3.7 and 11 mrad, respectively. Using these values, we can estimate the beam waist of the pump and signal at the OC to be 0.43 mm and 0.42 mm, respectively. Both values are in good agreement with the calculated values from the ABCD matrix method which was used. Additionally, both fields have a gaussian intensity distribution which was assumed when using the overlap integral and is required for the ABCD matrix method to be valid. We also measured the wavelength of the signal beam and found it to be 1,553 nm, which results in an idler wavelength of 3,379 nm.
[image: Figure 7]FIGURE 7 | (A) Profile of the pump beam. (B) Profile of the signal beam.
4 CONCLUSION
We have developed a theoretical model to calculate the output characteristics of passively Q-switched lasers with Nd:YAG as the laser medium and Cr:YAG as the saturable absorber. The model accounts for the effects of thermalization between the stark levels of the upper and lower laser levels as well as excited state absorption within the Cr:YAG saturable absorber. To validate the proposed model we compared the results against experimental data for Nd:YAG/Cr:YAG passively Q-switched laser. A pulse width of 6 ns was experimentally measured from the passively Q-switched laser, while a pulse width of 6.2 ns was calculated demonstrating the accuracy of the proposed model. Additionally, the repetition rate was also found to agree well with the experimental values and not be affected by the inclusion of thermalization effects as expected.
The developed model for the passively Q-switched laser was modified to include an intracavity nonlinear crystal to simulate the theoretical performance of a passively Q-switched IC-OPO. The IC-OPO model considers both the time and spatial variation of the pump, signal and idler fields, and uses a nonlinear loss parameter to couple it to the passively Q-switched laser model to account for pump depletion due to the nonlinear process. A passively Q-switched IC-OPO was developed to gather experimental results to validate the model. The model was found to be in good agreement with experimental results, returning a signal pulse width of 1.7 ns compared to the experimentally measured pulse width of 2 ns. The developed model is the first model, to the best of our knowledge, to allow for the accurate prediction of temporal characteristics of passively Q-switched IC-OPOs.
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