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The paper proposes a low-pass filter adaptive iterative learning control (LPF-AILC)
strategy for unmatched, uncertain, time-varying, non-parameterized nonlinear
systems (NPNL systems). To address the difficulty of nonlinear parameterization
terms in system models, a new function approximator (FSE-RBFNN), which
combines the radial basis function neural network (RBFNN) and Fourier series
expansion (FSE), is introduced to model each time-varying nonlinear
parameterized function. The adaptive backstepping method is used to design
control laws and parameter adaptive laws. In the process of controller design, we
may encounter the problem of too many derivatives, which can cause parameter
explosions after derivatives. Therefore, we introduce a first-order low-pass filter
to solve this problem and simplify the structure of the controller. As the number of
iterations increases, the maximum tracking error gradually decreases until it
converges to the nearby region, approaching zero within the entire given
interval [0,T], according to the Lyapunov-like synthesis. To mitigate the
impact of initial state errors, a dynamically changing boundary layer is
introduced, along with a series to deal with the unknown error upper bounds.
Finally, two simulation examples prove the correctness of the proposed control
method.
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1 Introduction

Adaptive iterative learning control (AILC) is a useful control strategy for solving
repetitive tracking control task problems for uncertain nonlinear systems. It continuously
adjusts its control algorithm through iterative learning to gradually approach the ideal
trajectory of the unknown system. AILC has extensive application value and promising
development prospects for practical applications. Repeat systems include uncertain robotic
manipulators and uncertain hard disk drivers. The task requirements specify that it can
quickly achieve exact tracking as the number of iterations increases [1–4].

A non-parameterized nonlinear (NPNL) system refers to a dynamic characteristic that
exhibits a complex nonlinear relationship and unknown parameters, making it difficult to
design effective control strategies. It is particularly challenging to achieve high-precision
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tracking and control within a limited time frame. Traditional control
methods often require the establishment of a mathematical model
for the system, but for the NPNL system, this step is usually very
difficult or even impossible to complete. AILC technology has
become an important method for solving these problems [5, 6].

There are many challenging problems in the research of
AILC. This paper considers three difficult problems of AILC.
The first problem is the processing problem of uncertain
nonlinear parameterization terms with time-varying
parameters. In the field of control, the control problem of
nonlinear systems with uncertain time-varying parameters is
very challenging. Adaptive control and robust control are
common methods to deal with uncertain problems [7, 8].
Through learning, adaptive control can mitigate the impact of
uncertainties. In order to handle uncertain nonlinear terms,
adaptive control is often combined with some approximation
methods, such as neural networks (NNs) and Fuzzy Logic
Systems (FLSs). However, these adaptive controls only solve
the uncertain linearly parameterized disturbances and ensure
the stability of the system [7–20]. For the uncertain system, a

fuzzy AILC was presented [21]. The composite energy
function–adaptive iterative learning control (CEF–AILC) is an
effective scheme for systems with time-varying disturbances
[21–23]. Few AILC research results focus on uncertain, non-
parameterized nonlinear systems [24–26]. Specifically, for
systems with non-separable time-varying parameters, the
tracking control problem on finite time intervals is still an
open problem.

The second problem of AILC is ensuring complete tracking over
a finite time interval when the initial state has errors. In these studies
[27–31], the stability analysis section requires that initial state errors
be strictly zero. Although the research on this problem is well done
in traditional D-type or P-type ILC [32–41], it has not been well
solved based on Lyapunov analysis for AILC. Specifically, in the
presence of an initial state error, ensuring the system’s completion of
accurate tracking tasks within a specified time frame presents a
complex challenge. [39] solved the tracking control problem of the
unmatched uncertain NPNL systems. [41] solved the tracking
problem of a class of high-order nonlinear systems with random
initial state shifts, which relaxes the requirement of initial

FIGURE 1
Variation in y0, yd1 , z1,0 over time without iteration.

FIGURE 2
Variation in y50 , yd1 , z1,50 over time during the 50th iteration.

FIGURE 3
Variation in y100 , yd1 , z1,100 over time during the 100th iteration.

FIGURE 4
Variation in max(|z1,k|) according to the iteration index.
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positioning in ILC. So far, no relevant research results have been
found for AILC applied to NPNL systems with uncertain time-
varying parameters and initial state errors.

The last problem is parameter explosions after the derivative of
the virtual controller. When designing a controller, we may
encounter the problem of too many derivatives, which can cause
parameter explosions after derivatives. Addressing this issue and
streamlining the controller’s structure to ensure the effective
tracking of the non-parametric, nonlinear, time-varying system is
a challenging and crucial problem. [42–44] employed a first-order
low-pass filter to address the challenge of parameter explosions and
achieve satisfactory performance. Therefore, we introduce a first-
order low-pass filter to solve this problem and simplify the structure
of the controller.

Motivated by the above discussion, we will use a low-pass filter
AILC (LPF-AILC) method for uncertain time-varying NPNL
systems. The AILC is given by the adaptive backstepping
technique and Lyapunov-like theorem. In response to the
difficult issues discussed above, the main contributions of this
article are as follows:

1) An LPF-AILC strategy is proposed for a class of strongly time-
varying, non-parameterized, nonlinear systems combined with
a new approximation method.

2) The processing problem of uncertain time-varying nonlinear
parameterization terms was solved. This is a very important
and difficult problem. Specifically, in the field of AILC, no
relevant research results have been found.

3) The difficulty problem of AILC is ensuring complete tracking
on a given interval when the initial state has errors.

4) The problem of parameter explosions was solved by
applying a derivative to the virtual controller and
simplifying its structure.

In this paper, a combination of Fourier series expansion and
radial basis function neural network (RBFNN) (FSE-RBFNNs) is
used to model the uncertain, time-varying nonlinear dynamics by
using their uniform approximation [24, 38]. An updating time-
varying boundary layer is used to design the error function to deal
with the initial state error. A common convergence series
sequence is employed to mitigate the impact of approximation
errors on the control performance of the system. A low-pass filter
was introduced to solve the problem of parameter explosions
resulting from the derivative of the virtual controller and simplify
the structure of the controller. Theoretical analysis can
demonstrate the bounded nature of all signals within the
closed-loop system. The maximum value of errors will
gradually converge to a narrow range close to zero as the
boundary layer width satisfies the convergence condition with
the number of iterations. Finally, two simulation examples are
given to prove the effectiveness and correctness of the
control method.

2 Problem description and
mathematical foundations

2.1 Problem description

Uncertain time-varying NPNL systems are considered:

FIGURE 5
Variation in max(|z2,k|) according to the iteration index.

FIGURE 6
Variation in ‖uk‖ according to the iteration index.

FIGURE 7
Variation in ‖αk‖ according to the iteration index.
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_x1,k � x2,k + f1 �x1,k, θ1 t( )( ) + g1 �x1,k( )
_xi,k � xi+1,k + fi �xi,k, θi t( )( ) + gi �xi,k( )
_xn,k � uk + fn �xm,k, θn t( )( ) + gn �xn,k( )
yk � x1,k,

(1)

where �xi,k � [x1,k, . . . , xi,k]T ∈ Ri and x � �xn represents measurable
state vectors. uk ∈ R is the control input. yk ∈ R is the system output.
fi(�xi,k, θi(t)), gi(�xi,k), and i � 1, 2, . . . , n are uncertain time-
varying functions, and θi(t) represents unknown time-varying
parameters. k denotes the iteration time.

The design objective of this article is to find uk(t) for system (1)
to ensure that yk(t) follows the ideal trajectory yd1(t) on [0, T].

2.2 Mathematical foundations

The mathematical knowledge used in this article is provided
with relevant references, and the specific definitions and principles
will not be elaborated. Here, we only provide the conclusions that
need to be used in this article.

In system (1), the processing of unknown time-varying,
nonlinear, parameterized function terms f(χk, θ(t)) is a
challenge. Since the function θ(t) is not known, θ(t) is expanded
using Fourier series as θ(t) � MTΦ(t) + δθ(t), ‖δθ(t)‖≤ �δθ ; based
on this, uncertain time-varying nonlinear functions f(χk, θ(t)) can
be approximated as

f χk, θk t( )( ) � WT
kS χk,M

T
kΦ t( ) + δθ,k( ) + δf,k. (2)

A new FSE-RBFNN approximator is built:

G χk, t( ) � WT
kS χk,M

T
kΦ t( )( ), (3)

representing f(χk, θk(t)) as

f χk, θk t( )( ) � WT
kS χk,M

T
kΦ t( )( ) + δk χk, t( ), (4)

where

δk χk, t( ) � δf,k +WT
kS χk,M

T
kΦ t( ) + δθ,k( ) −WT

kS χk,M
T
kΦ t( )( ).

(5)

Assumption 1: In the compact domain Ωk, the weightsWk and
Mk are constrained, and ‖Wk‖≤wm,k and ‖Mk‖≤ma,k with
wm,k, ma,k being unknown positive numbers.

Lemma 1[38]: For (χk, θk(t)) ∈ Ωk, δk(χk, t) in (5) is bound, and

|δk χk, t( )|≤ δk, (6)

where δk represents the supremum of δk(χk, t).
Because Wk and Mk are unknown, we estimate them with Ŵk

and M̂k, respectively. ~Wk � Ŵk −Wk and ~Mk � M̂k −Mk are
estimation errors.

Lemma 2[38]: In the surrogate model (4), the following
conclusion holds:

WT
kS χk,M

T
kΦ t( )( ) − Ŵ

T

k S χk, M̂
T

kΦ t( )( )
� ~W

T

k S χk, M̂
T

kΦ t( )( ) − Ŝk′M̂
T

kΦ t( )( ) + Ŵ
T

k Ŝk′ ~M
T

kΦ t( ) + d,

(7)
where Ŝk′ � [ŝ1,k′ , ŝ2,k′ , . . . , ŝp,k′ ] ∈ Rm×p with ŝi,k′ �
(∂si(χk,ωk))/∂ωk|ωk�M̂kΦ(t) and i � 1, . . . , p, and the remainder
dk is bounded by

|dk|≤ ‖Mk‖F‖Φ t( )ŴT

k Ŝk′‖F + ‖Wk‖‖Ŝk′M̂T

kΦ t( )‖ + |Wk|1. (8)

For the processing of the supremum of each error term, this
article introduces the following typical series sequence:

Lemma 2[39] For a sequence Δk � { 1kl}, where k � 1, 2,/ and
l≥ 2, the following result exists:

limk→∞Σk
i�1
1
il
≤ 2. (9)

Assumption 2: The initial error value at the beginning of each
iteration should meet |zi,k(0)| � ϵi,k with ϵi,k being a convergence
series sequence, where i � 1, . . . , n.

Considering the initial errors, a new function z[34]ϕ,k is accepted:

zϕ,k � zk − ϕk t( )sat zk
ϕk t( )( )

ϕk t( ) � ϵke−ηt,
(10)

FIGURE 8
Variation in ‖Ŵ1,k‖ and ‖Ŵ2,k‖ according to the iteration index.
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where sat is the saturation function given as

sat
zk

ϕk t( )( ) �
1 if zk > ϕk t( )
zk

ϕk t( ) if zk ≤ ϕk t( )

−1 if zk < − ϕk t( )

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
,

with ϕk(t) being an updating time-varying boundary layer. When
limk→∞zϕ,k � 0 and considering assumption 2 again, we have
limk→∞|zk| � 0.

In order to prevent the problem of gradient explosion, we
introduce the first-order low-pass filter βk, which is given as follows:

_βk � −ξk βk − αk( ), (11)
where βk results from filtering an instruction with αk as its input,
with αk being the virtual controller, ξk > 0, and βk(0) � αk(0).
Because part of αk βk − αk cannot pass through the filter, an
error compensation mechanism ζk is introduced to overcome the
influence of the instruction filter. Therefore, a new function Zk is
introduced as follows:

Zk � zϕ,k − ζk. (12)

3 AILC design

Based on the above mathematical foundations, we present the
specific controller design process.

3.1 Designing the AILC controller

Step 1: Denote N1 � ω2
M1, which will be defined later. z1,k �

x1,k − yd1 and z2,k � x2,k − α1,k, where α1,k is the virtual controller.
Because the initial state values of the system have errors and gradient
explosion, the new error functions Z1,k and Z2,k are given as

Z1,k � z1ϕ,k − ζ1,k

z1ϕ,k � z1,k − ϕ1,k t( )sat z1,k
ϕ1,k t( )( )

z1,k � x1,k − yd1

ϕ1,k t( ) � ϵ1,ke−η1t,

(13)

Z2,k � z2ϕ,k − ζ2,k

z2ϕ,k � z2,k − ϕ2,k t( )sat z2,k
ϕ2,k t( )( )

z2,k � x2,k − β1,k
ϕ2,k t( ) � ϵ2,ke−η2t.

(14)

We recall that

_x1,k � x2,k + f1 �x1,k, θ1 t( )( ) + g1 �x1,k( ). (15)
Given the derivative of z1ϕ,k,

_z1ϕ,k �
_z1,k − _ϕ1,k if z1,k > ϕ1,k t( )
0 if z1,k ≤ ϕ1,k t( )
_z1,k + _ϕ1,k if z1,k < − ϕ1,k t( )

⎧⎪⎪⎨⎪⎪⎩
� _z1,k − sgn z1ϕ,k t( )( ) _ϕ1,k

� z2,k + β1,k + f1 �x1,k, θ1 t( )( ) + g1 �x1,k( )
− _yd1 − sgn z1ϕ,k( ) _ϕ1,k.

(16)

Therefore, the derivative of Z1,k with respect to time is
as follows:

_Z1,k � z2,k + β1,k + f1 �x1,k, θ1 t( )( ) + g1 �x1,k( )
− _yd1 − sgn z1ϕ,k( ) _ϕ1,k − _ζ1,k.

(17)

The error compensation mechanism is considered
as follows:

_ζ1,k � β1,k + ζ2,k − η1ζ1,k − α1,k. (18)

Using Equation 18, we can find the time derivative of the error
function as follows:

_Z1,k � z2,k − ζ2,k + η1,kζ1,k + α1,k − _yd1

+f1 �x1,k, θ1 t( )( ) + g1 �x1,k( ) − sgn z1ϕ,k( ) _ϕ1,k.
(19)

The unknown time-varying, nonlinear functions f1(�x1,k, θ1(t))
and g1(�x1,k) may be approximated by FSE-RBFNN and RBFNN,
respectively.

f1 �x1,k, θ1 t( )( ) � WT
f1Sf1 �x1,k,M

T
1ϕ1 t( )( ) + δf1

g1 �x1,k( ) � WT
g1Sg1 �x1,k( ) + δg1,

(20)

where δf1 and δg1 are the truncation errors after approximation and
Wf1 and Wg1 are weight vectors.

Consider Δk � a
kl, a> 0, and l≥ 2. The virtual control law is

designed as

α1,k � −ŴT

f1,kSf1 �x1,k, M̂
T

1,kΦ1 t( )( ) − Ŵ
T

g1,kSg1 �x1,k( )
−N̂1,k

1
Δk

Z1,k + _yd1 − η1z1,k.
(21)

By substituting Equations 20, 21 into Equation 19, we obtain

_Z1,k � z2,k − N̂1,k
1
Δk

Z1,k − ζ2,k + η1,kζ1,k

+WT
f1Sf1 �x1,k,M

T
1Φ1 t( )( ) + δf1 − Ŵ

T

f1,kSf1 �x1,k, M̂
T

1,kΦ1 t( )( )
+WT

g1Sg1 �x1,k( ) + δg1 − Ŵ
T

g1,kSg1 �x1,k( )
−η1z1,k − sgn z1ϕ,k( ) _ϕ1,k t( )

� Z2,k − N̂1,k
1
Δk

Z1,k − ζ2,k + η1,kζ1,k

+WT
f1Sf1 �x1,k,M

T
1Φ1 t( )( ) − Ŵ

T

f1,kSf1 �x1,k, M̂
T

1,kΦ1 t( )( )
+WT

g1Sg1 �x1,k( ) − Ŵ
T

g1,kSg1 �x1,k( ) + δf1 + δg1

+ϕ2,k t( )sat z2,k
ϕ2,k t( )( ) + ζ2,k

−η1z1,k − sgn z1ϕ,k( ) _ϕ1,k t( )
� Z2,k − N̂1,k

1
Δk

Z1,k + ϕ2,k t( )sat z2,k
ϕ2,k t( )( )

+WT
f1Sf1 �x1,k,M

T
1Φ1 t( )( ) − Ŵ

T

f1,kSf1 �x1,k, M̂
T

1,kΦ1 t( )( )
+WT

g1Sg1 �x1,k( ) − Ŵ
T

g1,kSg1 �x1,k( ) + δf1 + δg1

−η1z1,k − sgn z1ϕ,k( ) _ϕ1,k t( ) + η1,kζ1,k,

(22)
where Ŵf1,k, Ŵg1,k, M̂1,k, and N̂1,k are estimations ofWf1,Wg1,

M1, and N1, respectively. ~Wf1,k � Ŵf1,k −Wf1,
~Wg1,k � Ŵg1,k −Wg1, ~M1,k � M̂1,k −M1, and ~N1,k � N̂1,k −N1

are the estimation errors. It can be proved that the following
result is correct.
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−η1z1,k − sgn z1ϕ,k( ) _ϕ1,k t( ) + η1ζ1,k � −η1z1ϕ,k − η1ϕ1,k t( )sat z1,k
ϕ1,k t( )( )

−sgn z1ϕ,k( ) _ϕ1,k t( ) + η1ζ1,k� −η1z1ϕ,k + η1ζ1,k
−sgn z1ϕ,k( ) _ϕ1,k t( ) + η1ϕ1,k t( )( )

� −η1 z1ϕ,k − ζ1,k( )
� −η1Z1,k.

(23)

Using Equations 7, 23, Equation 22 can be rewritten as

_Z1,k � Z2,k − N̂1,k
1
Δk

Z1,k − η1Z1,k

+ ~W
T

f1 Sf1 �x1,k, M̂
T

1,kΦ1 t( )( ) − Ŝf1,k′ M̂
T

1,kΦ1 t( )( )
+ŴT

f1,kŜf1,k′ ~M
T

1,kΦ1 t( ) − ~W
T

g1Sg1 �x1,k( )
+d1 + δf1 + δg1 + ϕ2,k t( )sat z2,k

ϕ2,k t( )( ).
(24)

Let ω1 � d1 + δf1 + δg1 + ϕ2,k(t)sat(z2,k(t)ϕ2,k(t)), where d1 is the
remaining term of the estimation error after FSE-RBFNN
expansion, and di is also the same; then, Equation 24 becomes

_Z1,k � Z2,k − N̂1,k
1
Δk

Z1,k − η1Z1,k + ω1

+ ~W
T

f1 Sf1 �x1,k, M̂
T

1,kΦ1 t( )( ) − Ŝf1,k′ M̂
T

1,kΦ1 t( )( )
+ŴT

f1,kŜf1,k′ ~M
T

1,kΦ1 t( ) − ~W
T

g1Sg1 �x1,k( ).
(25)

Assumption 3 The remainder ωi � di + δfi + δgi +
ϕi+1,k(t)sat(zi+1,k(t)ϕi+1,k(t)) (i � 1, 2, . . . , n − 1) is bounded with |ωi|≤ωMi

and ωMi > 0.
Remark 1: This assumption is easily satisfied because 1) di, δfi,

and δgi are bounded and 2) when ηi is large enough, ϕi,k(t)sat(zi,k(t)ϕi,k(t))
is sufficiently small.

The Lyapunov-like function is chosen as follows:

V1,k � 1
2
Z2

1,k +
1
2
~W

T

f1,kΓ−1f11 ~Wf1,k + 1
2
~W

T

g1,kΓ−1g11 ~Wg1,k

+1
2
~M

T

1,kΓ−1m11
~M1,k + 1

2
Γ−1n11 ~N

2

1,k,
(26)

where Γf11, Γg11, Γm11, and Γn11 are adjustable matrices, each
being positive, definite, and symmetric. Consider the derivative of
V1,k by system (25), we obtain

_V1,k � Z1,kZ2,k − η1Z
2
1,k

+ ~W
T

f1,kΓ−1f11 Γf11 Sf1 �x1,k, M̂
T

1,kΦ1 t( )( ) − Ŝf1,k′ M̂
T

1,kΦ1 t( )( )Z1,k(
+ _̂Wf1,k) − ~W

T

g1,kΓ−1g11 Γg11Sg1 �x1,k( )Z1,k − _̂Wg1,k( )
+ ~M

T

1,kΓ−1m11 Γm11Φ1 t( )ŴT

f1,kŜf1,k′ Z1,k + _̂M1,k( )
−N̂1,k

1
Δk

Z2
1,k + ω1,kZ1,k + Γ−1n11 ~N1,k

_̂N1,k

≤Z1,kZ2,k − η1Z
2
1,k

+ ~W
T

f1,kΓ−1f11 Γf11 Sf1 �x1,k, M̂
T

1,kΦ1 t( )( ) − Ŝf1,k′ M̂
T

1,kΦ1 t( )( )Z1,k(
+ _̂Wf1,k) − ~W

T

g1,kΓ−1g11 Γg11Sg1 �x1,k( )Z1,k − _̂Wg1,k( )
+ ~M

T

1,kΓ−1m11 Γm11Φ1 t( )ŴT

f1,kŜf1,k′ Z1,k + _̂M1,k( )
−N̂1,k

1
Δk

Z2
1,k +

1
Δk

ω2
M1Z

2
1,k +

1
4
Δk + Γ−1n11 ~N1,k

_̂N1,k

� Z1,kZ2,k − η1Z
2
1,k

+ ~W
T

f1,kΓ−1f11 Γf11 Sf1 �x1,k, M̂
T

1,kΦ1 t( )( ) − Ŝf1,k′ M̂
T

1,kΦ1 t( )( )Z1,k(
+ _̂Wf1,k) − ~W

T

g1,kΓ−1g11 Γg11Sg1 �x1,k( )Z1,k − _̂Wg1,k( )
+ ~M

T

1,kΓ−1m11 Γm11Φ1 t( )ŴT

f1,kŜf1,k′ Z1,k + _̂M1,k( )
−N̂1,k

1
Δk

Z2
1,k +

1
Δk

N1,kZ
2
1,k +

1
4
Δk + Γ−1n11 ~N1,k

_̂N1,k

� Z1,kZ2,k − η1Z
2
1,k

+ ~W
T

f1,kΓ−1f11 Γf11 Sf1 �x1,k, M̂
T

1,kΦ1 t( )( ) − Ŝf1,k′ M̂
T

1,kΦ1 t( )( )Z1,k(
+ _̂Wf1,k) − ~W

T

g1,kΓ−1g11 Γg11Sg1 �x1,k( )Z1,k − _̂Wg1,k( )
+ ~M

T

1,kΓ−1m11 Γm11Φ1 t( )ŴT

f1,kŜf1,k′ Z1,k + _̂M1,k( )
− ~N1,kΓ−1n11 Γn11

1
Δk

Z2
1,k − _̂N1,k( ) + 1

4
Δk,

(27)
where for any r> 0 and mn≤ 1

rm
2 + 1

4n
2r, r � Δk.

We choose

FIGURE 9
Variation in ‖M̂1,k‖ and ‖M̂2,k‖ according to the iteration index.
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_̂Wf1,k � −Γf11 Sf1 �x1,k, M̂
T

1,kΦ1 t( )( ) − Ŝf1,k′ M̂
T

1,kΦ1 t( )( )Z1,k

_̂Wg1,k � Γg11Sg1 �x1,k( )Z1,k

_̂M1,k � −Γm11Φ1 t( )ŴT

f1,kŜf1,k′ Z1,k

_̂N1,k � Γn11
1
Δk

Z2
1,k,

(28)

so Equation 27 becomes

_V1,k ≤Z1,kZ2,k − η1Z
2
1,k +

1
4
Δk. (29)

Step 2: Denote N2 � ω2
M2, which will be defined later. Due to

initial state errors and gradient explosion, we introduce the
following error function Z3,k as

Z3,k � z3ϕ,k − ζ3,k

z3ϕ,k � z3,k − ϕ3,k t( )sat z3,k
ϕ3,k t( )( )

z3,k � x3,k − β2,k
ϕ3,k t( ) � ϵ3,ke−η3t.

(30)

The derivative of Z2,k is shown as follows:

_Z2,k � _z2,k − sgn z2ϕ,k t( )( ) _ϕ2,k − _ζ2,k
� z3,k + β2,k + f2 �x2,k, θ2 t( )( ) + g2 �x2,k( )
− _β1,k − sgn z2ϕ,k( ) _ϕ2,k − _ζ2,k.

(31)

Let the error compensation mechanism be defined
as follows:

_ζ2,k � β2,k + ζ3,k − η2ζ2,k − ζ1,k − α2,k. (32)

Using Equation 32, we can find the time derivative of error
function as

_Z2,k � z3,k − ζ3,k + η2,kζ2,k + ζ1,k + α2,k − _β1,k
+f2 �x2,k, θ2 t( )( ) + g2 �x2,k( ) − sgn z2ϕ,k( ) _ϕ2,k.

(33)

The uncertain time-varying, nonlinear functions f2(�x2,k, θ2(t))
and G2(�x2,k) are approximated by FSE-RBFNN and RBFNN,
respectively.

f2 �x2,k, θ2 t( )( ) � WT
f2Sf2 �x2,k,M

T
2Φ2 t( )( ) + δf2

G2 �x2,k( ) � WT
g2Sg2 �x2,k( ) + δg2,

(34)

FIGURE 10
Variation in ‖N̂1,k‖ and ‖N̂2,k‖ according to the iteration index.

FIGURE 11
Variation in y0, yd1 , z1,0 over time without iteration.

FIGURE 12
Variation in y15, yd1 , z1,15 over time during the 15th iteration.
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where δf2 and δg2 are reconstructed errors and Wf2 and Wg2 are
optimal weight vectors.

Let the virtual control be defined as follows:

α2,k � −ŴT

f2,kSf2 �x2,k, M̂
T

2,kΦ2 t( )( ) − Ŵ
T

g2,kSg2 �x2,k( )
−N̂2,k

1
Δk

Z2,k + _β1,k − η2z2,k − z1ϕ,k.
(35)

Substituting Equations 34, 35 into Equation 33, we obtain

_Z2,k � −z1ϕ,k + ζ1,k + z3,k − ϕ3,k t( )sat z3,k
ϕ3,k t( )( ) − ζ3,k

+WT
f2Sf2 �x2,k,M

T
2Φ2 t( )( ) + δf2 − Ŵ

T

f2,kSf2 �x2,k, M̂
T

2,kΦ2 t( )( )
+WT

g2Sg2 �x2,k( ) + δg2 − Ŵ
T

g2,kSg2 �x2,k( )
−N̂2,k

1
Δk

z2ϕ,k + ϕ3,k t( )sat z3,k
ϕ3,k t( )( )

−η2z2,k + η2ζ2,k − sgn z2ϕ,k( ) _ϕ2,k

� −Z1,k + Z3,k − N̂2,k
1
Δk

z2ϕ,k + ϕ3,k t( )sat z3,k
ϕ3,k t( )( )

+WT
f2Sf2 �x2,k,M

T
2Φ2 t( )( ) + δf2 − Ŵ

T

f2,kSf2 �x2,k, M̂
T

2,kΦ2 t( )( )
+WT

g2Sg2 �x2,k( ) + δg2 − Ŵ
T

g2,kSg2 �x2,k( )
−η2z2,k + η2ζ2,k − sgn z2ϕ,k( ) _ϕ2,k,

(36)
where Ŵf2,k, Ŵg2,k, M̂2,k, and N̂2,k are the estimators of Wf2,

Wg2, M2, and N2, respectively. ~Wf2,k � Ŵf2,k −Wf2,
~Wg2,k � Ŵg2,k −Wg2, ~M2,k � M̂2,k −M2, and ~N2,k � N̂2,k −N2

are estimation errors. It can be proved that the following results
are correct.

−η2z2,k − sgn z2ϕ,k( ) _ϕ2,k t( ) + η2ζ2,k � −η2z2ϕ,k − η2ϕ2,k t( )sat z2,k
ϕ2,k t( )( )

−sgn z2ϕ,k( ) _ϕ2,k t( ) + η2ζ2,k� −η2z2ϕ,k + η2ζ2,k
−sgn z2ϕ,k( ) _ϕ2,k t( ) + η2ϕ2,k t( )( )

� −η2z2ϕ,k + η2ζ2,k
� −η2 z2ϕ,k − ζ2,k( )
� −η2Z2,k.

(37)
Using Equations 7, 37, Equation 36 can be written as

_Z2,k � −Z1,k + Z3,k − N̂2,k
1
Δk

z2ϕ,k − η2Z2,k

+ ~W
T

f2 Sf2 �x2,k, M̂
T

2,kΦ2 t( )( ) − Ŝf2,k′ M̂
T

2,kΦ2 t( )( )
+ŴT

f2,kŜf2,k′ ~M
T

2,kΦ2 t( ) − ~W
T

g2Sg2 �x2,k( )
+d2 + δf2 + δg2 + ϕ3,k t( )sat z3,k

ϕ3,k t( )( ).
(38)

Let ω2 � d2 + δf2 + δg2 + ϕ3,k(t)sat(z3,k(t)ϕ3,k(t)), then Equation
38 becomes

_Z2,k � −Z1,k + Z3,k − N̂2,k
1
Δk

Z2,k − η2Z2,k + ω2

+ ~W
T

f2,k Sf2 �x2,k, M̂
T

2,kΦ2 t( )( ) − Ŝf2,k′ M̂
T

2,kΦ2 t( )( )
+ŴT

f2,kŜf2,k′ ~M
T

2,kΦ2 t( ) − ~W
T

g2Sg2 �x2,k( ).
(39)

The Lyapunov-like function was chosen as follows:

V2,k � V1,k + 1
2
Z2

2,k +
1
2
~W

T

f2,kΓ−1f21 ~Wf2,k + 1
2
~W

T

g2,kΓ−1g21 ~Wg2,k

+1
2
~M

T

2,kΓ−1m21
~M2,k + 1

2
Γ−1n21 ~N

2

2,k,
(40)

where Γf21, Γg21, Γm21, and Γn21 are adjustable, positive, definite,
and symmetric matrices. According to Equation 39, Assumption 3,
and Remark 1, V2,k can be expressed as

_V2,k � _V1,k + Z2,k
_Z2,k + ~W

T

f2,kΓ−1f21
_̂Wf2,k

+ ~W
T

g2,kΓ−1g21
_̂Wg2,k + ~M

T

2,kΓ−1m21
_̂M2,k + Γ−1n21 ~N2,k

_̂N2,k

≤Z1,kZ2,k − η1Z
2
1,k +

1
4
Δk − Z1,kZ2,k + Z2,kZ3,k − η2Z

2
2,k

+ ~W
T

f2,kΓ−1f21 Γf21 Sf2 �x2,k, M̂
T

2,kΦ2 t( )( ) − Ŝf2,k′ M̂
T

2,kΦ2 t( )( )Z2,k(
+ _̂Wf2,k) − ~W

T

g2,kΓ−1g21 Γg21Sg2 �x2,k( )Z2,k − _̂Wg2,k( )
+ ~M

T

2,kΓ−1m21 Γm21Φ2 t( )ŴT

f2,kŜf2,k′ Z2,k + _̂M2,k( )
−N̂2,k

1
Δk

Z2
2,k + ω2Z2,k + Γ−1n21 ~N2,k

_̂N2,k

≤ − η1Z
2
1,k +

1
4
Δk + Z2,kZ3,k − η2Z

2
2,k

+ ~W
T

f2,kΓ−1f21 Γf21 Sf2 �x2,k, M̂
T

2,kΦ2 t( )( ) − Ŝf2,k′ M̂
T

2,kΦ2 t( )( )Z2,k(
+ _̂Wf2,k) − ~W

T

g2,kΓ−1g21 Γg21Sg2 �x2,k( )Z2,k − _̂Wg2,k( )
+ ~M

T

2,kΓ−1m21 Γm21Φ2 t( )ŴT

f2,kŜf2,k′ Z2,k + _̂M2,k( )
−N̂2,k

1
Δk

Z2
2,k +

1
Δk

ω2
M2Z

2
2,k +

1
4
Δk + Γ−1n21 ~N2,k

_̂N2,k

� Z2,kZ3,k −∑2
i�1

ηiZ
2
i,k +

1
4
Δk

+ ~W
T

f2,kΓ−1f21 Γf21 Sf2 �x2,k, M̂
T

2,kΦ2 t( )( ) − Ŝf2,k′ M̂
T

2,kΦ2 t( )( )Z2,k(
+ _̂Wf2,k) − ~W

T

g2,kΓ−1g21 Γg21Sg2 �x2,k( )Z2,k − _̂Wg2,k( )
+ ~M

T

2,kΓ−1m21 Γm21Φ2 t( )ŴT

f2,kŜf2,k′ Z2,k + _̂M2,k( )
−N̂2,k

1
Δk

Z2
2,k +

1
Δk

N2,kZ
2
2,k +

1
4
Δk + Γ−1n21 ~N2,k

_̂N2,k

� Z2,kZ3,k −∑2
i�1

ηiZ
2
i,k +

2
4
Δk

+ ~W
T

f2,kΓ−1f21 Γf21 Sf2 �x2,k, M̂
T

2,kΦ2 t( )( ) − Ŝf2,k′ M̂
T

2,kΦ2 t( )( )Z2,k(
+ _̂Wf2,k) − ~W

T

g2,kΓ−1g21 Γg21Sg2 �x2,k( )Z2,k − _̂Wg2,k( )
+ ~M

T

2,kΓ−1m21 Γm21Φ2 t( )ŴT

f2,kŜf2,k′ Z2,k + _̂M2,k( )
− ~N2,kΓ−1n21 Γn21

1
Δk

Z2
2,k − _̂N2,k( ).

(41)
We choose

_̂Wf2,k � −Γf21 Sf2 �x2,k, M̂
T

2,kΦ2 t( )( ) − Ŝf2,k′ M̂
T

2,kΦ2 t( )( )Z2,k

_̂Wg2,k � Γg21Sg2 �x2,k( )Z2,k

_̂M2,k � −Γm21Φ2 t( )ŴT

f2,kŜf2,k′ Z2,k

_̂N2,k � Γn21
1
Δk

Z2
2,k.

(42)

Then, Equation 41 can be changed as

_V2,k ≤Z2,kZ3,k −∑2
i�1

ηiZ
2
i,k +

2
4
Δk. (43)
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Step i: (3≤ i≤ n − 1). Denote Ni � ω2
Mi, which will be defined

later. Because there exist initial state errors and gradient explosion,
the error functions Zi,k and Zi+1,k are defined as

Zi,k � ziϕ,k − ζ i,k

ziϕ,k � zi,k − ϕi,k t( )sat zi,k
ϕi,k t( )( )

zi,k � xi,k − βi−1,k
ϕi,k t( ) � ϵi,ke−ηi t,

(44)

Zi+1,k � zi+1ϕ,k − ζ i+1,k

zi+1ϕ,k � zi+1,k − ϕi+1,k t( )sat zi+1,k
ϕi+1,k t( )( )

zi+1,k � xi+1,k − βi,k
ϕi+1,k t( ) � ϵi+1,ke−ηi+1t.

(45)

Therefore, _Zi,k can be deduced as follows:

_Zi,k � _zi,k − sgn ziϕ,k t( )( ) _ϕi,k − _ζ i,k
� zi+1,k + βi,k + fi �xi,k, θi t( )( ) + gi �xi,k( )
− _βi−1,k − sgn ziϕ,k( ) _ϕi,k − _ζ i,k.

(46)

Let the error compensation mechanism be defined as

_ζ i,k � βi,k + ζ i+1,k − ηiζ i,k − ζ i−1,k − αi,k. (47)

Using Equation 47, we can find the time derivative of the error
function as

_Zi,k � zi+1,k − ζ i+1,k + ηi,kζ i,k + ζ i−1,k + αi,k − _βi−1,k
+fi �xi,k, θi t( )( ) + gi �xi,k( ) − sgn ziϕ,k( ) _ϕi,k.

(48)

The uncertain time-varying, nonlinear functions fi(�xi,k, θi(t))
and Gi(�xi,k) are approximated by FSE-RBFNN and RBFNN,
respectively, and reconstruction errors δfi and δgi are as
given follows:

fi �xi,k, θi t( )( ) � WT
fiSfi �xi,k,M

T
i Φi t( )( ) + δfi

Gi �xi,k( ) � WT
giSgi �xi,k( ) + δgi,

(49)

where δfi and δgi are the approximation errors andWfi andWgi are
ideal weight vectors.

Define Δk � a
kl, where a is any arbitrary number with a> 0;

meanwhile, l≥ 2. Let the virtual control be defined as

αi,k � −ŴT

fi,kSfi �xi,k, M̂
T

i,kΦi t( )( ) − Ŵ
T

gi,kSgi �xi,k( )
−N̂i,k

1
Δk

Zi,k + _βi−1,k − ηizi,k − zi−1ϕ,k.
(50)

By substituting Equations 49, 50 into Equation 48, we obtain

_Zi,k � −zi−1ϕ,k + ζ i−1,k + zi+1,k − ϕi+1,k t( )sat zi+1,k
ϕi+1,k t( )( ) − ζ i+1,k

+WT
fiSfi �xi,k,M

T
i Φi t( )( ) + δfi − Ŵ

T

fi,kSfi �xi,k, M̂
T

i,kΦi t( )( )
+WT

giSgi �xi,k( ) + δgi − Ŵ
T

gi,kSgi �xi,k( )
−N̂i,k

1
Δk

ziϕ,k + ϕi+1,k t( )sat zi+1,k
ϕi+1,k t( )( )

−ηizi,k + ηiζ i,k − sgn ziϕ,k( ) _ϕi,k

� −Zi−1,k + Zi+1,k − N̂i,k
1
Δk

ziϕ,k + ϕi+1,k t( )sat zi+1,k
ϕi+1,k t( )( )

+WT
fiSfi �xi,k,M

T
i Φi t( )( ) + δfi − Ŵ

T

fi,kSfi �xi,k, M̂
T

i,kΦi t( )( )
+WT

giSgi �xi,k( ) + δgi − Ŵ
T

gi,kSgi �xi,k( )
−ηizi,k + ηiζ i,k − sgn ziϕ,k( ) _ϕi,k,

(51)
where Ŵfi,k, Ŵgi,k, M̂i,k, and N̂i,k are the estimations of Wfi,

Wgi, Mi, and Ni, respectively. ~Wfi,k � Ŵfi,k −Wfi,
~Wgi,k � Ŵgi,k −Wgi, ~Mi,k � M̂i,k −Mi, and ~Ni,k � N̂i,k −Ni are
estimation errors. We can rephrase the final three components
on the right side of Equation 51 as

−ηizi,k − sgn ziϕ,k( ) _ϕi,k t( ) + ηiζ i,k � −ηiziϕ,k − ηiϕi,k t( )sat zi,k
ϕi,k t( )( )

−sgn ziϕ,k( ) _ϕi,k t( ) + ηiζ i,k� −ηiziϕ,k + ηiζ i,k
−sgn ziϕ,k( ) _ϕi,k t( ) + ηiϕi,k t( )( )

� −ηiziϕ,k + ηiζ i,k
� −ηi ziϕ,k − ζ i,k( )
� −ηiZi,k,

(52)

FIGURE 13
Variation in y30 , yd1 , z1,30 over time during the 30th iteration.

FIGURE 14
Variation in max(|z1,k|) according to the iteration index.
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Using Equations 7, 52, Equation 51 can be reformulated as

_Zi,k � −Zi−1,k + Zi+1,k − N̂i,k
1
Δk

ziϕ,k − ηiZi,k

+ ~W
T

fi Sfi �xi,k, M̂
T

i,kΦi t( )( ) − Ŝfi,k′ M̂
T

i,kΦi t( )( )
+ŴT

fi,kŜfi,k′ ~M
T

i,kΦi t( ) − ~W
T

giSgi �xi,k( )
+di + δfi + δgi + ϕi+1,k t( )sat zi+1,k

ϕi+1,k t( )( ).
(53)

Let ωi � di + δfi + δgi + ϕi+1,k(t)sat(zi+1,k(t)ϕi+1,k(t)), then Equation
53 becomes

_Zi,k � −Zi−1,k + Zi+1,k − N̂i,k
1
Δk

Zi,k − ηiZi,k + ωi

+ ~W
T

fi,k Sfi �xi,k, M̂
T

i,kΦi t( )( ) − Ŝfi,k′ M̂
T

i,kΦi t( )( )
+ŴT

fi,kŜfi,k′ ~M
T

i,kΦi t( ) − ~W
T

giSgi �xi,k( ).
(54)

Consider the following nonnegative function:

Vi,k � Vi−1,k + 1
2
Z2

i,k +
1
2
~W

T

fi,kΓ−1fi1 ~Wfi,k + 1
2
~W

T

gi,kΓ−1gi1 ~Wgi,k

+1
2
~M

T

i,kΓ−1mi1
~Mi,k + 1

2
Γ−1ni1 ~N

2

i,k,
(55)

where Γfi1, Γgi1, Γmi1, and Γni1 are adjustable, positive, definite,
and symmetric matrices. According to Equation 54, Assumption 3,
and Remark 1, Vi,k can be expressed as

_Vi,k � _Vi−1,k + Zi,k
_Zi,k + ~W

T

fi,kΓ−1fi1 _̂Wfi,k + ~W
T

gi,kΓ−1gi1 _̂Wgi,k + ~M
T

i,kΓ−1mi1
_̂Mi,k

+ Γ−1ni1 ~Ni,k
_̂Ni,k ≤Zi−1,kZi,k −∑i−1

j�1
ηjZ

2
j,k +

i − 1
4

Δk − Zi−1,kZi,k + Zi,kZi+1,k − ηiZ
2
i,k

+ ~W
T

fi,kΓ−1fi1 Γfi1 Sfi �xi,k, M̂
T

i,kΦi t( )( ) − Ŝfi,k′ M̂
T

i,kΦi t( )( )Zi,k + _̂Wfi,k( )
− ~W

T

gi,kΓ−1gi1 Γgi1Sgi �xi,k( )Zi,k − _̂Wgi,k( )
+ ~M

T

i,kΓ−1mi1 Γmi1Φi t( )ŴT

fi,kŜfi,k′ Zi,k + _̂Mi,k( ) − N̂i,k
1
Δk

Z2
i,k + ωiZi,k

+ Γ−1ni1 ~Ni,k
_̂Ni,k ≤ −∑i−1

j�1
ηjZ

2
j,k +

i − 1
4

Δk + Zi,kZi+1,k − ηiZ
2
i,k

+ ~W
T

fi,kΓ−1fi1 Γfi1 Sfi �xi,k, M̂
T

i,kΦi t( )( ) − Ŝfi,k′ M̂
T

i,kΦi t( )( )Zi,k + _̂Wfi,k( )
− ~W

T

gi,kΓ−1gi1 Γgi1Sgi �xi,k( )Zi,k − _̂Wgi,k( )
+ ~M

T

i,kΓ−1mi1 Γmi1Φi t( )ŴT

fi,kŜfi,k′ Zi,k + _̂Mi,k( ) − N̂i,k
1
Δk

Z2
i,k +

1
Δk

ω2
MiZ

2
i,k

+ 1
4
Δk + Γ−1ni1 ~Ni,k

_̂Ni,k

� −∑i
j�1

ηjZ
2
j,k +

i − 1
4

Δk + Zi,kZi+1,k + ~W
T

fi,kΓ−1fi1 Γfi1 Sfi �xi,k, M̂
T

i,kΦi t( )( )((
− Ŝfi,k′ M̂

T

i,kΦi t( ))Zi,k + _̂Wfi,k) − ~W
T

gi,kΓ−1gi1 Γgi1Sgi �xi,k( )Zi,k − _̂Wgi,k( )
+ ~M

T

i,kΓ−1mi1 Γmi1Φi t( )ŴT

fi,kŜfi,k′ Zi,k + _̂Mi,k( ) − N̂i,k
1
Δk

Z2
i,k

+ 1
Δk

Ni,kZ
2
i,k +

1
4
Δk + Γ−1ni1 ~Ni,k

_̂Ni,k � −∑i
j�1

ηjZ
2
j,k +

i

4
Δk + Zi,kZi+1,k

+ ~W
T

fi,kΓ−1fi1 Γfi1 Sfi �xi,k, M̂
T

i,kΦi t( )( ) − Ŝfi,k′ M̂
T

i,kΦi t( )( )Zi,k + _̂Wfi,k( )
− ~W

T

gi,kΓ−1gi1 Γgi1Sgi �xi,k( )Zi,k − _̂Wgi,k( )
+ ~M

T

i,kΓ−1mi1 Γmi1Φi t( )ŴT

fi,kŜfi,k′ Zi,k + _̂Mi,k( )
− ~Ni,kΓ−1ni1 Γni1

1
Δk

Z2
i,k − _̂Ni,k( ). (56)

We choose
_̂Wfi,k � −Γfi1 Sfi �xi,k, M̂

T

i,kΦi t( )( ) − Ŝfi,k′ M̂
T

i,kΦi t( )( )Zi,k

_̂Wgi,k � Γgi1Sgi �xi,k( )Zi,k

_̂Mi,k � −Γmi1Φi t( )ŴT

fi,kŜfi,k′ Zi,k

_̂Ni,k � Γni1
1
Δk

Z2
i,k.

(57)

Then, Equation 56 can be written as

_V2,k ≤ −∑i
j�1

ηjZ
2
j,k +

i

4
Δk + Zi,kZi+1,k, (58)

Step n: Denote Nn � ω2
Mn, which will be defined later. Because

there exist initial state errors and gradient explosion, the function
Zn,k, denoting the error, is defined as

Zn,k � znϕ,k − ζn,k

znϕ,k � zn,k − ϕn,k t( )sat zn,k
ϕn,k t( )( )

zn,k � xn,k − βn−1,k
ϕn,k t( ) � ϵn,ke−ηnt.

(59)

The derivative of Zi,k with respect to time is expressed as

FIGURE 15
Variation in max(|z2,k|) according to the iteration index.

FIGURE 16
Variation in ‖uk‖ according to the iteration index.
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_Zn,k � _zn,k − sgn znϕ,k t( )( ) _ϕn,k − _ζn,k
� uk + fn �xn,k, θn t( )( ) + gn �xn,k( )
− _βn−1,k − sgn znϕ,k( ) _ϕn,k − _ζn,k.

(60)

Let the error compensation mechanism be defined as

_ζn,k � −ηnζn,k − ζn−1,k. (61)

Using Equation 61, we can obtain the time derivative of the error
function as

_Zn,k � uk + ηn,kζn,k + ζn−1,k − _βn−1,k
+fn �xn,k, θn t( )( ) + gn �xn,k( ) − sgn znϕ,k( ) _ϕn,k.

(62)

The overall approximation capability of the RBFNN asserts that the
unknown nonlinear functionsfn(�xn,k, θn(t)) andGn(�xn,k) are capable
of approximation within a defined scope by FSE-RBFNN and RBFNN,
respectively, and reconstruction errors δfn and δgn are as follows:

fn �xn,k, θn t( )( ) � WT
fnSfn �xn,k,M

T
nΦn t( )( ) + δfn

Gn �xn,k( ) � WT
gnSgn �xn,k( ) + δgn,

(63)

where δfn and δgn are the approximation errors and Wfn and Wgn

are ideal weight vectors.
Define Δk � a

kl,where a is any arbitrary number such that a> 0;
meanwhile, l≥ 2. Let the virtual control be defined as

uk � −ŴT

fn,kSfn �xn,k, M̂
T

n,kΦn t( )( ) − Ŵ
T

gn,kSgn �xn,k( )
−N̂n,k

1
Δk

Zn,k + _βn−1,k − ηnzn,k − zn−1ϕ,k.
(64)

By substituting Equations 63, 64 into Equation 62, we can
conclude that

_Zn,k � −zn−1ϕ,k + ζn−1,k − ηnzn,k + ηnζn,k − sgn znϕ,k( ) _ϕn,k

+WT
fnSfn �xn,k,M

T
nΦn t( )( ) + δfn − Ŵ

T

fn,kSfn �xn,k, M̂
T

n,kΦn t( )( )
+WT

gnSgn �xn,k( ) + δgn − Ŵ
T

gn,kSgn �xn,k( ) − N̂n,k
1
Δk

znϕ,k

� WT
fnSfn �xn,k,M

T
nΦn t( )( ) + δfn − Ŵ

T

fn,kSfn �xn,k, M̂
T

n,kΦn t( )( )
+WT

gnSgn �xn,k( ) + δgn − Ŵ
T

gn,kSgn �xn,k( ) − N̂n,k
1
Δk

znϕ,k

−Zn−1,k − ηnzn,k + ηnζn,k − sgn znϕ,k( ) _ϕn,k,

(65)

where Ŵfn,k, Ŵgn,k, M̂n,k, and N̂n,k are the estimations of Wfn,
Wgn, Mn, and Nn, respectively. ~Wfn,k � Ŵfn,k −Wfn,
~Wgn,k � Ŵgn,k −Wgn, ~Mn,k � M̂n,k −Mn, and ~Nn,k � N̂n,k −Nn

are estimation errors. We can rephrase the final three
components on the right side of Equation 65 as

−ηnzn,k − sgn znϕ,k( ) _ϕn,k t( ) + ηnζn,k

� −ηnznϕ,k − ηnϕn,k t( )sat zn,k
ϕn,k t( )( ) − sgn znϕ,k( ) _ϕn,k t( ) + ηnζn,k

� −ηnznϕ,k + ηnζn,k − sgn znϕ,k( ) _ϕn,k t( ) + ηnϕn,k t( )( )
� −ηnznϕ,k + ηnζn,k � −ηn znϕ,k − ζn,k( ) � −ηnZn,k.

(66)
Using Equations 7, 66, Equation 65 can be reformulated as

_Zn,k � −Zn−1,k − N̂n,k
1
Δk

znϕ,k − ηnZn,k

+ ~W
T

fn Sfn �xn,k, M̂
T

n,kΦn t( )( ) − Ŝfn,k′ M̂
T

n,kΦn t( )( )
+ŴT

fn,kŜfn,k′ ~M
T

n,kΦn t( ) − ~W
T

gnSgn �xn,k( )
+dn + δfn + δgn.

(67)

Let ωn � dn + δfn + δgn, then Equation 67 becomes

_Zn,k � −Zn−1,k − N̂n,k
1
Δk

Zn,k − ηnZn,k + ωn

+ ~W
T

fn,k Sfn �xn,k, M̂
T

n,kΦn t( )( ) − Ŝfn,k′ M̂
T

n,kΦn t( )( )
+ŴT

fn,kŜfn,k′ ~M
T

n,kΦn t( ) − ~W
T

gnSgn �xn,k( ).
(68)

Assumption 4: The remainder ωn is bounded with |ωn|≤ωMn

and ωMn > 0.
Remark 2: This assumption is reasonable because 1) dn, δfn, and

δgn are constrained within the specified area by Equations 6, 8.
Let the following non-negative function be defined as

Vn,k � Vn−1,k + 1
2
Z2

n,k +
1
2
~W

T

fn,kΓ−1fn1 ~Wfn,k + 1
2
~W

T

gn,kΓ−1gn1 ~Wgn,k

+1
2
~M

T

n,kΓ−1mn1
~Mn,k + 1

2
Γ−1Nn1

~N
2

n,k,
(69)

FIGURE 17
Variation in ‖αk‖ according to the iteration index. FIGURE 18

Variation of ‖Ŵk‖ according to the iteration index.
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where Γfn1, Γgn1, Γmn1, and ΓNn1 are adjustable, positive, definite,
and symmetric matrices. The derivative of Vn,k is considered as
follows (Equation 68):

_Vn,k � _Vn−1,k + Zn,k
_Zn,k + ~W

T

fn,kΓ−1fn1
_̂Wfn,k

+ ~W
T

gn,kΓ−1gn1
_̂Wgn,k + ~M

T

n,kΓ−1mn1
_̂Mn,k + Γ−1Nn1

~Nn,k
_̂Nn,k

≤ Zn−1,kZn,k −∑n−1
j�1

ηjZ
2
j,k +

n − 1
4

Δk − Zn−1,kZn,k − ηiZ
2
i,k

+ ~W
T

fn,kΓ−1fn1 Γfn1 Sfn �xn,k, M̂
T

n,kΦn t( )( )((
−Ŝfn,k′ M̂

T

n,kΦn t( ))Zn,k + _̂Wfn,k)
− ~W

T

gn,kΓ−1gn1 Γgn1Sgn �xn,k( )Zn,k − _̂Wgn,k( )
+ ~M

T

n,kΓ−1mn1 Γmn1Φn t( )ŴT

fn,kŜfn,k′ Zn,k + _̂Mn,k( )
−N̂n,k

1
Δk

Z2
n,k + ωnZn,k + Γ−1Nn1

~Nn,k
_̂Nn,k

≤ −∑n−1
j�1

ηjZ
2
j,k +

n − 1
4

Δk − ηnZ
2
n,k

+ ~W
T

fn,kΓ−1fn1 Γfn1 Sfn �xn,k, M̂
T

n,kΦn t( )( )((
−Ŝfn,k′ M̂

T

n,kΦn t( ))Zn,k + _̂Wfn,k)
− ~W

T

gn,kΓ−1gn1 Γgn1Sgn �xn,k( )Zn,k − _̂Wgn,k( )
+ ~M

T

n,kΓ−1mn1 Γmn1Φn t( )ŴT

fn,kŜfn,k′ Zn,k + _̂Mn,k( )
−N̂n,k

1
Δk

Z2
n,k +

1
Δk

ω2
MnZ

2
n,k +

1
4
Δk + Γ−1Nn1

~Nn,k
_̂Nn,k

� −∑n
j�1

ηjZ
2
j,k +

n − 1
4

Δk

+ ~W
T

fn,kΓ−1fn1 Γfn1 Sfn �xn,k, M̂
T

n,kΦn t( )( )((
−Ŝfn,k′ M̂

T

n,kΦn t( ))Zn,k + _̂Wfn,k)
− ~W

T

gn,kΓ−1gn1 Γgn1Sgn �xn,k( )Zn,k − _̂Wgn,k( )
+ ~M

T

n,kΓ−1mn1 Γmn1Φn t( )ŴT

fn,kŜfn,k′ Zn,k + _̂Mn,k( )
−N̂n,k

1
Δk

Z2
n,k +

1
Δk

Nn,kZ
2
n,k +

1
4
Δk + Γ−1Nn1

~Nn,k
_̂Nn,k

� −∑n
j�1

ηjZ
2
j,k +

n

4
Δk

+ ~W
T

fn,kΓ−1fn1 Γfn1 Sfn �xn,k, M̂
T

n,kΦn t( )( )((
−Ŝfn,k′ M̂

T

n,kΦn t( ))Zn,k + _̂Wfn,k)
− ~W

T

gn,kΓ−1gn1 Γgn1Sgn �xn,k( )Zn,k − _̂Wgn,k( )
+ ~M

T

n,kΓ−1mn1 Γmn1Φn t( )ŴT

fn,kŜfn,k′ Zn,k + _̂Mn,k( )
− ~Nn,kΓ−1Nn1 ΓNn1

1
Δk

Z2
n,k − _̂Nn,k( ).

(70)

We choose

_̂Wfn,k � −Γfn1 Sfn �xn,k, M̂
T

n,kΦn t( )( ) − Ŝfn,k′ M̂
T

n,kΦn t( )( )Zn,k

_̂Wgn,k � Γgn1Sgn �xn,k( )Zn,k

_̂Mn,k � −Γmn1Φn t( )ŴT

fn,kŜfn,k′ Zn,k

_̂Nn,k � ΓNn1
1
Δk

Z2
n,k.

(71)

Then, Equation 70 can be written as

_Vn,k ≤ −∑n
j�1

ηjZ
2
j,k +

n

4
Δk. (72)

For the initial state, we rely on the following set of assumed
conditions:

Assumption 2: When t � 0, Ŵfi,k(0) � Ŵfi,k−1(T),
Ŵgi,k(0) � Ŵgi,k−1(T), N̂i,k(0) � N̂i,k−1(T), and M̂i,k(0) �
M̂i,k−1(T) (i � 1, . . . , n) holds true for all values of k.

3.2 Stability and convergence analysis

Theorem 1: For nonlinear system (1) with assumptions 2, 3, and
4, if we design virtual controllers (21), (35), (50), controller (64), and
parameter updating laws (28), (42), (57), (71),then all signals in the
closed-loop system are bounded within the interval [0, T].
We obtain

limk→∞Zj,k t( ) � 0, j � 1, 2, . . . , n. (73)

In other words, limk→∞|z1ϕ,k(t)| � limk→∞‖ζ1,k(t)‖
≤

�
2

√
ℵ1

η1
(1 − e−η1(t−T)), and then limk→∞|z1,k(t)|≤ ϕ1,∞(t)

+
�
2

√
ℵ1

η1
(1 − e−η1(t−T)), where ℵ1 is the boundary of the difference

between β1 and α1. Let η1 be chosen sufficiently large, ensuring that
ϕ1,∞(t) and

�
2

√
ℵ1

η1
(1 − e−η1(t−T)) can beminimized asmuch as possible

throughout the entire time interval [0, T].
Proof: In accordance with Assumption 2, we find that

‖Zk(0)‖2 � 0≤ ‖Zk(T)‖2. Consider that Vn,k′ �
Vn,k(Zk(0), Ŵfk(T), Ŵgk(T), N̂k(T), M̂k(T)). Using Equation
69, we obtain Zk � [Z1,k, Z2,k, . . . , Zn,k]T, Ŵfk �
[Ŵf1,k, Ŵf2,k, . . . , Ŵfn,k]T,Ŵgk � [Ŵg1,k, Ŵg2,k, . . . , Ŵgn,k]T,
M̂k � [M̂1,k, M̂2,k, . . . , M̂n,k]T, andN̂k � [N̂1,k, N̂2,k, . . . , N̂n,k]T.
Using Equation 72,

Vn,k′ ≤ Vn,k Z,k 0( ), Ŵfk 0( ), Ŵgk 0( ), N̂k 0( ), M̂k 0( )( )−
Σk
i�1Σn

j�1∫T

0
ηj Zj,i( )2dt + n

1
4

( )T Σk
i�1Δi( ). (74)

Let V0(k) � Vn,1(Z1(0), Ŵf1(0), Ŵg1(0), N̂1(0), M̂1

(0)) + n(14)T(Σk
i�1Δi), then Equation 74 can be rewritten as

Σk
i�1Σn

j�1∫T

0
ηj Zj,i( )2dt≤V0 k( ) − Vn,k′ . (75)

Using Equation 9, we obtain limk→∞V0(k)≤Vn,1 + 2an(14)T and
V0(k) is bounded. Vn,k(Zk(0), Ŵfk(T), Ŵgk(T), N̂k(T), M̂k(T))≥ 0, so

limk→∞Σn
j�1∫T

0
ηj Zj,k( )2dt � 0. (76)

Based on Equation 69, for any given value of k,
Vn,k(t) � Vn,k(0) + ∫t

0
_Vm,k(τ)dτ; substituting Equation 72 obtain

Vn,k t( )≤Vn,k 0( ) − Σn
j�1∫t

0
ηj Zj,k τ( )( )2dτ + tn

1
4

( )Δk. (77)

Based on Equation 76, Σn
j�1 ∫t

0
ηj(Zj,k(τ))2dτ is bounded.

According to definition 1, Δk is bounded and t ∈ [0, T], so
tn(14)Δk is also bounded. In addition, Ŵfk(0) � Ŵf(k−1)(T),
Ŵgk(0) � Ŵg(k−1)(T), M̂k(0) � M̂k−1(T), and N̂k(0) � N̂k−1(T);
based on Equation 77, for any given value of k,
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Vn,k(Zk(0), Ŵfk(T), Ŵgk(T), N̂k(T), M̂k(T)) is bounded. So,
Vn,k(0, Ŵfk(0), Ŵgk(0), N̂k(0), M̂k(0)) � Vn,k−1(0, Ŵf(k−1)(T),
Ŵg(k−1)(T), N̂k−1(T), M̂k−1(T)) is also bounded; from above all,
for any given value of k, if Vn,k(t) is bounded, then we can deduce
that xi,k, Ŵfk(t), Ŵgk(t), N̂k(t), and M̂k(t) are bounded.
According to Equation 64, uk is bounded. According to Equation
53, _Zi,k is bounded, so Zi,k is continuous uniformly. Thus, we can
deduce Equation 73.

Then, we need to prove that ℵ1 will converge to a
neighborhood that approaches 0. Initially, let αi,k(t) be a
signal satisfying |αi,k(t)|< �α and | _αi,k(t)|< Z for all t≥ 0.
The compensation error within the compensation system is
defined as

ϱi,k � βi,k − αi,k. (78)

With specified initial conditions, βi,0 � αi,0,
i.e., ϱi,0 � 0, i � 1, 2, . . . , n − 1. From (11), we obtain

_ϱi,k � −ξ i,k βi,k − αi,k( ) − αi,k
� −ξ i,kϱi,k − _αi,k

ϱi,k t( ) � −∫t

0
_αi,ke

−ξi,k t−τ( )dτ

|ϱi,k t( )| � | − ∫t

0
_αi,k τ( )e−ξi,k t−τ( )dτ|

� | _αi,k τ( )|∫t

0
e−ξi,k t−τ( )dτ|

≤ max | _αi,k τ( )|∫t

0
e−ξi,k t−τ( )dτ|

≤
Z

ξ i,k
1 − e−ξi,kt( )

≤
Z

ξ i,k
� ℵi.

(79)

As shown in Equation 79, choosing an appropriate value for ξi,k
confines the error ϱi,k within a narrow range, approximately
equating αi,k to βi,k. In addition, based on the compensation
system, the Lyapunov function is defined on the interval [0, T]
as follows:

Vζ ,k � ∑n
i�1

1
2
ζ2i,k. (80)

The derivative of Vζ ,k along systems (78) with respect to time is
expressed as

_Vζ ,k � ∑n
i�1

ζ i,k _ζ i,k

� −∑n
i�1

ηiζ
2
i,k +∑n−1

i�1
ζ i,k βi,k − αi,k( )

≤ −∑n
i�1

ηiζ
2
i,k +∑n−1

i�1
|ζ i,k‖ βi,k − αi,k( )|

� −∑n
i�1

ηiζ
2
i,k +∑n−1

i�1
|ζ i,k‖ βi,k − αi,k( )| + 0|ζn,k|

≤ −η0 ∑
n

i�1
ζ2i,k +ℵ∑n

i�1
|ζ i,k|

≤ −η0‖ζ i,k‖2 +
�
2

√
ℵ‖ζ i,k‖,

(81)

whereℵ � maxℵi, η0 � min ηi. To ensure the stability of the
compensation system, it is sufficient to satisfy

‖ζ i,k‖≤
�
2

√
ℵ

η0
1 − e−η0 t−T( )( ). (82)

Equation 82 leads to the conclusion that ‖ζ i,k‖ is bounded. Hence,
ζ i,k is also bounded. Moreover, we can choose a parameter ξi,k > 0 to
arbitrarily reduce ℵi, thereby causing the compensation ζ i,k of the
system to approach 0. In this way, by ensuring that the error Zk

approaches 0, zϕ,k will converge to the neighborhood approaching 0.
Thus, we conclude Theorem 1.

4 Illustrative examples

4.1 Number simulation

This section includes an example illustrating the effectiveness of
the proposed adaptive iterative learning controller.

The second-order pure-feedback nonlinear system described is
considered as follows:

_x1,k � x2,k + r1x1,k + r21x
2
1,k

1 + r21x
2
1,k

_x2,k � uk + sin r2x1,kx2,k( )e−r22x21,kx22,k
yk � x1,k,

(83)

where t ∈ [0, 5], x1,k, and x2,k are state variables and uk is the input
variable. Utilizing the widely recognized van der Pol oscillator as the
reference model, we obtain

_xd1 � xd2

_xd2 � −9xd1 − 6xd2 + 2
yd1 � xd1,

(84)

where xd1 and xd2 are state variables. The primary control objective
is to synchronize the output of systems (82) with the reference
trajectory yd1 generated by system (84) over the interval [0,5] under
the condition k → ∞.

In accordance with Theorem 1, the adaptive iterative learning
controller is chosen as

α1,k � −ŴT

1,kS1 �x1,k, M̂
T

1,kΦ1 t( )( ) − N̂1,k
1
Δk

z1ϕ,k + _yr − η1z1,k

uk � −ŴT

f2,kSf2 �x2,k, M̂
T

2,kΦ2 t( )( ) − N̂2,k
1
Δk

Z2,k

+ _β1,k − ηnz2,k − z1ϕ,k.

(85)

FIGURE 19
Variation in ‖M̂k‖ according to the iteration index.
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The error compensation mechanism is

_ζ1,k � β1,k + ζ2,k − η1ζ1,k − α1,k
_ζ2,k � −η2ζ2,k − ζ1,k,

(86)

where _β1,k � −ξ(β1,k − α1,k).
The parameter adaptive iterative learning laws are provided

by (57):

_̂Wfi,k � −Γfi1 Sfi �xi,k, M̂
T

i,kΦi t( )( ) − Ŝfi,k′ M̂
T

i,kΦi t( )( )Zi,k

_̂Mi,k � −Γmi1Φi t( )ŴT

fi,kŜfi,k′ Zi,k

_̂Ni,k � Γni1
1
Δk

Z2
i,k,

(87)

where i� 1,2, c1 � 5, c2 � 10,Δk � a/k2, a� 50000, Γ11 �
diag{1,1,1,1,1}, Γ21 � 10, Γ12 � diag{1,1,1,1,1}, Γ22 � 1, and ξ � 1 .

Figures 1–3 show the tracking performance of the system output
and expected output without iteration and at 50th and 100th
iterations, respectively. Figures 4, 5 show that as the number of
iterations increases, the system error may converge to a small region
near the zero point. Furthermore, observations shown in Figures
6–10 confirm that both control signals ‖uk‖ and ‖αk‖ and estimated
parameters, ‖Ŵ1,k‖, ‖Ŵ2,k‖, ‖M̂1,k‖, ‖M̂2,k‖, ‖N̂1,k‖,and ‖N̂2,k‖,
exhibit bounded behavior within the [0,5] range. The validity of
the control strategy presented in this research is reaffirmed by the
simulation results shown in Figures 11–20 over the interval [0, T].

4.2 Simulation of a single-joint robotic arm

In this section, we conducted simulation verification on a single
degree-of-freedom robotic arm system to assess the performance of
the proposed control method. The dynamic equation of a single
degree-of-freedom robotic arm is

∂2θ

∂t2
� −10 sin θ − 2

∂θ

∂t
+ u, (88)

where θ is the angle between the robotic arm and the reference
frame.u is the input of the DC motor.

∂2yd1

∂t2
� −9yd1 − 6

∂yd1

∂t
+ 2r, (89)

where yd1 is the output of the reference model. r is the reference
input signal. According to Equations 88, 89, the state equation of the
system is derived as

_x1,k � x2,k

_x2,k � −10 sin x1,k( ) − 2x 2, k( ) + uk

yk � x1,k,
(90)

and its reference model is derived as
_xd1 � xd2

_xd2 � −9xd1 − 6xd2 + 2r
yd1 � xd1,

(91)

where x1,k equals to θ can be defined as the angle between the
robotic arm and the reference frame. x2,k is the time derivative of θ,
i.e., _θ. The primary control objective is to synchronize the output of
systems (88) with the reference trajectory yd1 generated by system
(89) over the interval [0,5] under the condition k → ∞.

In accordance with Theorem 1, the adaptive iterative learning
controller is chosen as

α1,k � −N̂1,k
1
Δk

z1ϕ,k + _yd1 − η1z1,k

uk � −z1ϕ,k − c2z2,k − Ŵ
T

2,kS2 �x2,k, M̂
T

2,kΦ2 t( )( ) − N̂2,k
1
Δk

z2ϕ,k

+ _β1,k.

(92)
The error compensation mechanism is

_ζ1,k � β1,k + ζ2,k − η1ζ1,k − α1,k
_ζ2,k � −η2ζ2,k − ζ1,k,

(93)

where β1,k � −ξ(β1,k − α1,k).
The parameter adaptive iterative learning laws are provided

by (57).
_̂Wk � Γf S �x2,k, M̂

T

kΦ t( )( ) − Ŝk′M̂
T

kΦ2 t( )( )z2ϕ,k, (94)
_̂Ni,k � ΓNi

1
Δk

z2iϕ,k, i � 1, 2, (95)
_̂Mk � ΓmΦ t( )ŴT

k Ŝk′z2ϕ,k, (96)

FIGURE 20
Variation in ‖N̂1,k‖ and ‖N̂2,k‖ according to the iteration index.
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where c1 � 50, c2 � 150,Δk � a/k2, a � 50000, Γ11 �
diag{1, 1, 1, 1, 1}, Γ21 � 10, Γ12 � diag{1,1,1,1,1}, Γ22 � 1,andξ � 10.

Figures 11–13 show the tracking performance of the system
output and expected output without iteration and at 15th and 30th
iterations, respectively. Figures 14, 15 show that as the number of
iterations increases, the system error may converge to a small region
near the zero point. Furthermore, observations from Figures 16–20
confirm that both control signals ‖uk‖ and ‖αk‖ and estimated
parameters, ‖Ŵk‖, ‖M̂k‖, ‖N̂1,k‖, and ‖N̂2,k‖, exhibit bounded
behavior within the [0,5] range. The validity of the control
strategy presented in this research is reaffirmed by the simulation
results shown in Figures 11–20 over the interval [0, T].

5 Conclusion

This article presents a solution to the complete trajectory, following
challenges within a finite time frame for a category of nonlinearly
parameterized systems characterized by time-varying disturbed
functions and initial state errors. A new FSE neural network is used
to learn the time-varying, nonlinearly parameterized term. Based on this
and Lyapunov theory, we proposed the new LPF-AILC method. A low-
pass filter is used to solve the problem of parameter explosion after
obtaining the derivative of the virtual controller. The unmatched
uncertainties, nonlinear parameterization, and initial state errors are
well considered. Two simulation examples have proven the feasibility of
the control approach. This article does not mention time-delay issues,
but they often exist in practical systems. Our futurework should consider
solving the complete tracking problem on a finite time interval for these
complex systems with time delays. This is a more interesting issue. In
addition, there are two deficiencies in the controller design process: the
assumption of time-varying parameters being periodic and the jitter
issues caused by the low-pass filter. These challenges will be carefully
considered and addressed in our future work.
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