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Due to the numerous applications of the Nizhnik-Novikov-Veselov system
(NNVS) in fluid mechanics, thus, the current investigation is focused on
studying the fractional form of this model to reveal the ambiguity around many
nonlinear phenomena that arise in different fluid medias. Accordingly, we aim
to derive several families of symmetric solitons and traveling wave solutions
to the (2 + 1)-dimensional fractional asymmetric NNVS (FANNVS), defined in
conformable fractional derivatives’ sense. For this purpose, a groundbreaking
analytical technique known as the modified extended direct algebraic method
(MEDAM) is utilized to solve and analyze the FANNVS. According to this
method, four cases with several families of soliton-like solutions are derived. Our
research uncovers various soliton solutions, including solitary waves, periodic
waves, shocks, dual shock waves (lump waves), and anti-shock waves. These
solutions are graphically discussed to understand their dynamical proprieties
against the fractional parameters. This broad range of soliton-like solutions
supports the relevance of our findings and demonstrates the effectiveness of
our methodology. These findings significantly advance the field by deepening
our understanding of solitonic behavior in FANNVS and demonstrating the
effectiveness of the medium approach in solving challenging nonlinear systems.

KEYWORDS

nonlinear fractional partial differential equations, modified extended direct algebraic
method, fractional asymmetric Nizhnik-Novikov-Veselov system, conformable
fractional derivatives, variable transformation, solitary-type wave, shallow water wave

1 Introduction

The Fractional partial differential equations (PDEs) are very significant mathematical
tools for modeling and describing complex phenomena joined with the memory effect,
and we may hope that even more general results are necessary to be obtained in the
future. Therefore, the contribution is to review various works on fractional differential
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equations or to discuss properties and fundamental solutions
from the point of view of essential mathematical tools. Thus,
these types of differential equations are discussed in describing
several natural phenomena, such as anomalous diffusion, wave
propagation in different physical mediums (e.g., plasma physics,
optical communications, and fluid), and multi-scale dynamics [1-5],
and others [6-11]. Therefore, fractional PDEs (FPDEs) are the
optimal and most suitable option for representing various physical
phenomena, engineering, and technical challenges, allowing for a
more profound comprehension of the intricacy of natural events.

The exact solutions of FPDEs play a significant role in
the study of nonlinear science because they give precise and
clear mathematical expressions, provide deeper insights, and do
away with the approximation mistakes that come with numerical
approaches. Therefore, when feasible, explicit solutions are favored
over numerical ones. Several effective analytical techniques have
been created to solve different types of nonlinear FPDEs (NFPDEs),
such as Backlund transformation [12], Darboux transformation
[13], inverse scattering transform [14], unified method [15], (G’/G)-
expansion method [16, 17], tanh and tanh-coth methods [18-20],
modified extended direct algebraic method (mEDAM) [20-22], and
numerous others [23-27]. The mEDAM stands out among these
methods as a straightforward and helpful approach for locating exact
soliton solutions for NFPDEs.

Soliton solutions have recently garnered considerable attention
due to their presence in several environments, including nonlinear
optics, plasma, shallow-water waves, and Bose-Einstein condensates
[28-33]. Solitons are self-sustaining wave solutions that retain their
shape and velocity while propagating [34-40]. The main objective
of this study is to extensively explore soliton phenomena within
the context of the (2 + 1)-dimensional fractional asymmetric
Nizhnik-Novikov-Veselov system (FANNVS), which is a fractional
generalization of ANNVS [41], using the unique analytical
technique mEDAM. The mathematical representation of this model
is introduced in the following manner:

Dep+ D (D% (Dlp) ) + 3D (pg) = 0,

(1)
Dip-Dig=0,

0<a,pB,0<1,

where p=p(x,y,t) & g=p(x,yt) are the components of the
(dimensionless) velocity. Equation 1 is the solely known isotropic
Lax extension of the Korteweg-de Vries (KdV) equation. The
derivative operators DY, Df, and D‘; are conformable fractional
derivative operators. The FANNVS plays an important role for
nonlinear phenomena including shallow-water waves, long internal
waves, and acoustic waves that occur in incompressible fluids and
in physics of plasmas. The physics of plasma is one of the most
critical physical disciplines, rich in many nonlinear phenomena that
arise and propagate in different plasma systems. Plasma physics is
also a crucial specialty widely used in many different applications,
whether in industrial, medical, agricultural, engineering, and many
others. There are many different evolution/wave equations, such as
KdV-type equations [42-45], damped KdV-type equations [40, 46,
47], Kawahara-type equations [48-53], and nonlinear Schrédinger-
type equations [42, 54-57], which are derived from different plasma
systems and are used to describe nonlinear waves, such as solitary
waves, shock waves, rogue waves, cnoidal waves, etc. Therefore,
The FANNVS can be essential in analyzing and solving these wave
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equations in their fractional forms to study the fractional effect on
these phenomena.

Many academics have used various methods to investigate the
NNVM. For instance, to obtain multi-wave solutions of the time-
FANNVS in a modified Riemann-Liouville context, Osman [58]
used a generalized unified technique. Researchers have investigated
the FANNVS utilizing a variety of methods. Similarly, Sagar
and Ray [59] used the Kansa approach and multi-quadrics as
their radial basis functions to examine numerical solitons for
time-FANNVS. Liu [60] established the generalized fractional
subequation approach and used it to find several accurate solutions
to the FANNVS. Our main goal in this study, which builds on the
literature, is to propose the simple approach known as mEDAM
for producing novel soliton solutions for FANNVS, emphasizing
kink wave and shock wave. Kink and shock solitons are two
different forms of solitons in the FANNVS. When moving from one
equilibrium state to another, kink solitons show a smooth transition,
but shock solitons show abrupt discontinuities that resemble shock
waves. The derived soliton solutions for the FANNVS possess a
variety of soliton behaviors, including singular and periodic kinks,
shock and anti-shock wave solutions, and dual shock waves (lump
waves). We anticipate using this approach to comprehend the
complex solitonic behavior inside the FANNVS thoroughly, hence
advancing our understanding of nonlinear wave phenomena.

2 Methods and materials
2.1 Conformable fractional derivative

The fractional derivatives presented in Equation1 are

conformable fractional derivatives. This derivative operator of order
B is described as [61]:

Py +v)-pw)
) s
Dyp(y) = lim - T ’

§€(0,1]. (2)

The following properties of this derivative are used in transformation
of FPDE in Equationl into a nonlinear ordinary differential
equation (NODE):

Dy =, )
Dy (rp ) £ (W) = iDL (W) £nDl (1) (@
DiZl9(w)] =G (1) = DRGNS )

where {(y) & ¢(y) are arbitrary differentiable functions, whereas k,
11, & r, signify real constants in the current context.

2.2 Methodology of mMEDAM

This section outlines EDAM’s operational procedures. Think
about the generic FPDE [20, 22] that follows:
Q(q, a;*q,a’,iq,aﬁq,qafq, ) =0, 0<apB,0<1, (6)

where g = f(t,x,).
We follow these procedures for addressing Equation 6:
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1. Firstly, a variable transformation of the form gq(t,x,y) = Family 2: When F > 0 & C # 0, we get
Q(y) where:
s B VRtanh ( % \/l_h//)
Ky Ve(W)=—or - —————,
y=2 —k—+—+§ , (7) 2C 2C
« P 5 VReoth(1VRy)
is carried out. Vo (y) = Yol 2C ’
Equation 6 is converted into a NODE of the following form: VR (tanh ( Vﬁ‘l/) N ( \/j_lsech ( \/1—(1//) ))
T(QQ,Q'Q...)=0, 8) Vst =-3c~ 2C ’
where Q in Equation 8 has derivatives with respect to y. To get B VR (COth ( \/_w) (\/—ZCSCh ( ‘/_l//)>>
the integration’s constant, Equation 8 may occasionally be integrated Vo (y) = “3¢" C ,
once or more. s VR{anh (V) -com (4 VRy))
2. 'The solution for Equation 8 is thus assumed to be as follows: 10(¥) = 2 4C )
n Family 3: When AC > 0 & B = 0, we get
Q) = Y m(V), )

I=—n

where V= V(y) is the general solution of the following ODE, and A
my(l= —n,...,0,...,n) are unknown constants that will be obtained Vi) = C tan(VACy),

later: A
Vi, (y) = —\/i cot (VACy),
V' =A+BV+CV2 (10)
Vi) =2 (an 2 Ay ) = (s V).
where (A, B, C) are constants. 13(¥) \/; an W \/—sec v
3. The positive integer n appearing in Equation 9 is obtained by Viu(y) = —\/g(cot 2VA 1// (\/_lcsc 2 VACy ))
taking the homogeneous balance between the highest order | 2 . )
derivative and the largest nonlinear component in Equation 8. Vis(w) = 3 \/g (tan ( 3 VACV/) —cot ( 3 \/ACI[/)) .

4. Then, we insert Equation 9 into Equation 8 or the equation
created by integrating Equation 8, and last, we compile all
the terms of V(y) that are in the same order and produce Family 4: When AC> 0 & B = 0, we get
an expression in V(y). A system of algebraic equations in
my(I= —n,...0,...,n) and additional parameters is produced

. . . . . A
by equating all the coe.fﬁaents in an. expression to zero using Vie(y) = — /__ tanh (mw)’
the concept of comparison of coefficients. C

5. Thisset of. algebraic equations is resolvec.i using Maple software. Vi, (y) = - }_ A coth ( \/ICI//) X
6. Then, using the V(y)(general solution of (10) and the C

calculated unknown coefficients and other parameters, the Vg (@) = — /_% [tanh (2 mw)i<i\/ﬁsechA (2 mw)ﬂ,

soliton solutions to Equation 6 are examined. The following

families of soliton solutions can be produced by the general Vi (v) = - A [coth (2 VZAC V/) . ( \/j—lcsch (2 VZAC ‘//))]
1) =-\"5% t ,

solution of (Equation 10);

Family 1: When F< 0 & C # 0, we get Vao(y) = _% \/% [tanh(% v _AC‘/’) + COth(% v _AC‘//)] .
5 \/_tan( \/_‘/’) Family 5: When C= A & B =0, we get
VI(W):_E-FT’
v, (v) __B _ M Vy (v) =tan(Ay),
2T ac 2C ’
V,, (y) = —cot(Ay),
V. (o) = B \/j?(tan(\/_Fv/) (\/_lsec(ﬁW)>) V. (1//):tan(ZAy/)i(\/j_lsec(ZAw)),
3 V/)——E+ 7 R 23
5 VF(cot (V) 2 ((filese(Vy))) Vau () = —cot2ay) + (\filesc 24p)),
Valh) =3¢~ 2C ’ Vs (y) = tan(lAl//)—%cot(%At//).
B \/_(tan( \/_FV/) cot(i\/j:v/))
s =g+ ic :

Family 6: When C= - A & B =0, we get
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Vi (v) = —tanh (Ay),
Vy7 (y) = —coth (Ay),

Vis (¥) = — tanh (2Ay) + (1\/]—1 sech (2A1p)),
Vi (¥) = —coth (2Ay) + (\/]_l csch (2Aw)),

1 1 1 1
Vo (9) = -5 tanh ( EAI//) -3 coth < EAV/) .
Family 7: When F = 0, we get

A(By +2)

Vi, (y) = 2
31 (¥) By

Family 8: When B = y, A = zu(z + 0) and C = 0, we get
V() =V —z.
Family 9: When B = C = 0, we get
Vi3 (y) = Ay.

Family 10: When B = A = 0, we get

Family 11: When A =0, B+ 0 and C # 0, we get

Vis () = C(cosh (By) — sinh (By) + /) ,
V(- - Blcosh(By) +sinh(By)

* C(cosh (By) +sinh (By) + 1)’

Family 12: When B =y, C = zu(z # 0) and A = 0, we get

jetv

Vo (y) = —2——.
(V) j—zletV

Here, F= (B*-4AC) and j,I> 0 are referred to as deformation
parameters.

3 Execution of mEDAM

In this section, we proceed to use the mEDAM for addressing
FANNVS. Now, to get the soliton solution for system (1), we
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start through transforming the variables as stated in Equation 7,
by transforming Equation 1, the system of NODEs listed below
is produced:

—kP"?P""" -3(PQ)’ =0

11
AP =2Q, an

By integrating system (11) relative to y for zero constant, the
following result is obtained:

—kP+ AP —3PQ =0,
P=Q.

(12)

The following single NODE results is obtained by putting the second
component of system (12) into the first part:

—kP+)\2P'"? = 0. (13)

The value of n can be obtained by balancing the highest order
derivative P'' and the nonlinear term P? which leads to n+2 =
2n, i.e., n = 2. By substituting n = 2 into Equation 9, we obtain the
following series form solution for Equation 13.

2
P(y)= ) si(V)' =s,(V) 245, (V) +55+5,(V)! +5,(V)2. (14)
i=2
We generate an expression in V=V(y) by putting
Equation 14 in Equation 13 and collecting every term with the same
powers of V. A system of nonlinear algebraic equations is formed
by equating all coefficients to zero. Using Maple to solve the system
yields the following four sets of symmetric solutions:

Case 1

myB m,C 1 -myF
m_, =0,m_y =0,my=mgy,m, A ’mz__A > =E_AC ,
1 my
A==4-2— 15
2 AC (13)
Case 2
6 myBC 6 myC>

m_,=0,m_, =0,my=m,,m,; = y My = >
2 ! 0T T S Ac+B Y 2ACHB?

3m,F
L Ly W I S S (16)
2AC+B? 2AC+ B?

Case 3
myA myB 1 —-myF
m_, = C ,m_y = T,mo =mgy,my =0,m, =0,k= >TAc”
m
A=ty T (17)
2 AC
Case 4
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6m,A* 6m,AB 0 0
m_, = SMm_, = —— , My =My, m; =0U,m, =0,
2T oac+B Y 24ceB O ’
3myF m,
= C _A=43 . (18)
2AC+B? 2AC+B?

Considering case 1 and using system (14) and corresponding
general solutions of Equation 10, suggest the following families of
soliton solutions for system (1).

Family 1.1: When F< 0 & C# 0, we get

mo(4CA - B2 - F(tan (3 V=Fy))’) |

Uy (6,1 = 1 CA (19)
g (4 CA — B> - F(cot l\/:31// :
(630 = 5 of Cg € »>, (20)
my (—F— 2 Fsin(V=Fy) - Fjl)
U5 (6, =~ R (21)
4 CA(cos(\/_FV/))
1 m (F+2F cos(\/_Ft//) \/_l+F]l)
IESHIE (22)
4 CA(—1+(cos(\/j:w)) )
Uy 5 (%, p,t) = F
v i CA(cos(1VTFy) )’ (-1 + (cos (1 VFy))")
(23)
Family 1.2: When F> 0 & C # 0, we get
my (4CA - B + F(tanh (1 VFy))’
g (e yt) = + o Cg 0) ), (24)
my (4 CA - B* + F(coth l\/1—31// :
Uy (xp,t) = 1 0( CEX (2 )) >> (25)
my (—F+ 2F sinh (Vy) \/j—l+Fjl)
ug(xyt) == > , (26)
CA(cosh(\/l_:u/))
m, (F+ 2F cosh ( \/1—31//) \/]_l + F]l)
U (3,0 = = 3 (27)
4 CA((cosh(\/l_:v/)) —1)
and
Uy 10 (% 358) = L ZmOF 2 >
16 CA(cosh( \/731//)) ((cosh(i\/ﬁu/)) - 1)
(28)
Family 1.3: When AC > 0 & B =0, we get
gy (e t) = —— (29)
| (cos (VCAY))
Frontiers in Physics
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My
( > :t) == > (30)
T (cos(Vaay))
mo(l +2 sin (2 VCAy) \/j—l+jl)
uy 13 (6 pt) = > (31)
(cos (2 \/at//))
(1 +2 cos (2 VCAy) \/_l+]l)
uy 14 (6 pt) = N (32)
-1+ (cos (2 @w))
and
Uy 15 (X, 9,1) = 1 ™o (33)
T 4 (cos(1VTAY) ) (<14 (cos (AVEAY)))
Family 1.4: When AC < 0 & B =0, we get
Uy 16 (65 1) = L — 7> (34)
(cosh( V—CAI//))
U7 (6 y,t) = - o 3 (35)
(cosh(V—CAu/)) -
( 1+36 sinh (2 V=CAy) \jl+ 324 Jl)
(oy,t) = (36)
st (cosh (2 V—CAy/))
m (1 +2 cosh (2 \/—CAV/) \/j_l+jl)
( > ) t) == (37)
B (cosh (2 V-Cay))’ -
and
Uy 50 (X, )51) = —1 Mo
4 (cosh (1v=Cay))’ ((cosh (1 v=CAy))’ -1)
(38)
Family 1.5: When C= A & B =0, we get
0y (o) = —0 (39)
' (cos (Ap))?
Y P R— (40)
’ -1+ (cos (At//))2
(1 +2sin(2Ay) l+]l>
thias (B30 = (cos (2Ap))> )
m (—1 +2cos(2Ay) \/j—l—jl)
.24 (07,1) = -1+ (cos (ZAI//))2 ’ (42)
and
Uy o5 (6 pt) = == (43)

4 (COS(%AI//))Z (—l + (cos (%Ay/))z) ’

Family 1.6: When C= — A & B =0, we get
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Uy 56 (6 0,1) = L, (44)
’ (cosh (Ay))?
Uy o7 (6, 1) == ™o (45)

(cosh(Ayp))> -1’

m <1 +56 sinh (2Ay) \/j—l— 784jl)

s (51o0) = (cosh (2Ay))? 9

m <—1 +2 cosh(2Ay) \/j_l—jl>

s (51o0) = (cosh (2Ay))2— W

and

My

* (o (3a9) (cosn G -1)

(48)

Uy 30 (x,,1) =~

Family 1.7: When F = 0, we get

my (AB*y? -2 A (By +2) B>y + 4 C(A (By +2))?)
AB*y? ’
(49)

Uy 31 (1) =

Family 1.8: When B =y, a = zu(z # 0) and C = 0, we get

my (AB*y? — 2 A (By +2) B3y + 4 C(A (By + 2))?)

AB'y? ’

(50)

U3 () =

with

yol _2@[_<l —moF>ﬁ+£+y_6],
2 AC 2 AC Ja B &

This section examines several soliton solutions that arise
from our investigation of the (2 + 1)-dimensional FANNVS.
Our investigation focuses on the unique classification of solitons
into kink and shock solitons within this system. By utilizing
the innovative mEDAM to obtain these soliton solutions, one
can understand the intricate dynamics of the FANNVS system.
Graphical depictions clearly show the range of soliton behaviors,
such as solitary kinks, periodic kinks, shock waves, dual shock
waves (lump waves), and anti-shock waves. The connection between
different soliton types, propagation patterns, and interactions is
graphically illustrated. This graphical investigation emphasizes
the importance of our findings and supports the mEDAM’
effectiveness in resolving challenging nonlinear systems. In the
end, these graphical presentations highlight the revolutionary
contributions of the mEDAM approach in solving complicated
nonlinear phenomena while advancing our understanding of
solitonic behavior in the (2 + 1)-dimensional FANNVS.

Given this study’s abundance of derived solutions, we will focus
on evaluating a select few to comprehend the mechanics of the
resultant waves. Similarly, we may analyze the remaining solutions
using the same approach. The soliton solution (Equation 19) is
discussed graphically, as shown in Figure 1 at various values for
fractional parameters « and §. The analysis indicates that the
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fractional parameter o causes a positive shift of the wave along the
x-axis, while the fractional parameter § causes a negative shift of the
wave along the x-axis as illustrated in Figures 1A,B, respectively.
Similarly, the soliton solutions (Equation 24), (Equation 29),
(Equation 34), (Equation 39), (Equation 44), and (Equation 46) for
case 1 are graphed using identical values of the pertinent parameters
that have been used in Figure 1. Additionally, it is observed that the
fractional parameter « causes a displacement of the wave towards
the positive side of the x-axis while the fractional parameter § causes
a displacement of the wave towards the negative side of the x-axis
for both positive and negative solitons, as illustrated in Figures 2-7.

Considering case 2 and using system (14) and corresponding
general solutions of Equation 10, suggest the following families of
soliton solutions for system (1):

Family 2.1: When F< 0 C# 0, we get

mo(4AC— B? -3 F(tan (1/2 V=Fy))’)

1
taaGor =5 2AC+ B > 6D
L m <4AC B - 3F(cot(1/2V=Fy)) )
12 (6= 2AC+B? &2
( -3 F+2 Feos(V=Fy)’ ~ 6 Fsin(V-Fy) \/j_l—3Fjl)
(oy0) = ,
e cos(VFy) (24C+ F)
(53)
o (F-+2F(cos(VFy))* + 6 F cos (V=Fy) il + 35l
Uy 4 (X, 9,1) = 3 5
<71+(cos(ﬁw)) )(ZAC+32)
(54)
and
2 4
s Gy f) = 1 my (+3F— SF(cos(é—li \/:?1//)) + 8F(cos(i \/:?w)) ) ’
) 8 (cos(1/4 \/:31[/))2 (—1+(cos(1/4 ﬁw))z)(ZAC+B2)
(55)
Family 2.2: When F>0 C# 0, we get
mo(4AC— B? + 3 F(tanh (1/2 VFy))’)
s (620 = 3 2AC+ B > 58)
| o (4AC— B+ 3F(coth (1/2VFy))’)
g GopB) =5 2AC+B 7
L m < (cosh(\/—y/)) -3F+ 6Fsmh(\/l—31//) \/—l+ 3F]l)
== , (58
aa (o) 2 (cosh(\/l_:w)) (2AC+B?) 8
o (F+2F(cosh (VEy)) + 6 F cosh (VEy) \fi+ 3l
Uyo(x,,) = = 3 . (59)
2 ((cosh(\/l—’v/)) —1)(2AC+BZ)
and
. m <4F(cosh (l \/1—31//))2 - 4F(cosh(i \/1—31//))4 + 3F)
Uy 10 (% )51) = 3 60)

(cosh( —1)(2AC+BZ) ,

Fy))((cosh (5 VEy))’
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FIGURE 1
The soliton solution (Equation 19) is plotted against (A) the fractional parameter « for (8,8) = (1,1) and (B) the fractional parameter § for (a,8) = (1,1).
Here, A=1,B=0,C=1mg=1andy=1
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FIGURE 2

The soliton solution (Equation 24) is plotted against (A) the fractional parameter « for (8,8) = (1,1) and (B) the fractional parameter § for (a,) = (1,1).
Here, A= -1,B=0,C=1mg=1andy=1
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FIGURE 3
The soliton solution (Equation 29) is plotted against (A) the fractional parameter « for (8,6) = (1,1) and (B) the fractional parameter 8 for (a,8) = (1,1).
Here, A=1,B=0,C=1mg=1andy=1
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The soliton solution (Equation 34) is plotted against (A) the fractional parameter « for (j3,6)
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The soliton solution (Equation 46) is plotted against (A) the fractional parameter « for (,6)
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= (1,1) and (B) the fractional parameter § for (a,f) = (1,1).

Family 2.3: When AC > 0 and B = 0, we get

m (2 (cos(mw))z - 3)

( > )t) == (61)
e (cos(VACY))
my (1+2(cos(VACY))
Uy 1y oyt =- O< ( ( ‘//)2) >, (62)
-1+ (cos(\/A_Cv/))
my (=2 (cos (2 VACY))" + 3+ 6 sin (2 VACy) \ji+3i1)
s (528) = (cos (2 VACY)) - (69
o (1+2(cos (2 VACY))* + 6 cos (2 VACy) i+ 31
Uy 14 (6, 1) == . (cos (2 \/A_Cl[/))z , (64)
and
iy (3,0 = 1 my (—8 (cos(%\/A_Cy/))2 +8 (cos(%\/A_Cy/))4 + 3) (65)
' 4 (cos(%\/ﬁw))z (—1+(cos(%\/ﬁw))2)
Family 2.4: When AC < 0 and B = 0, we get
m, (2 (cosh ( V—ACI//))Z - 3)
Uy 16 (%, p,8) =— 3 ) (66)
(cosh(V—ACq/))
my( 2 (cosh( V-ACy |
y 17 (6 ,1) = — o(2(cosh( ) ) (67)

(cosh ( \FAC(//))2 -1
m, (2 cosh (2 V=ACy)” - 3+ 108 sinh (2 V-ACy) \/j_l+ 972 jl)

(oyt) ==
fan i cosh (2 \/—ACI(/)Z
(68)
2 . .
m, <2 cosh (2 V—ACv/) +1+6 cosh (2 \/—ACw) \/]—l+ 3]1)
Uy 19 (X, 1) = = . (69)

cosh (2 V—ACu/)2 -1
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and
1 Mo (8 (cosh(% \/—ACW))4 - 8(cosh(% \/—ACI//))Z + 3)
u Xt =——
0=y (cosh (4 V=ACy))” ((cosh (1/2V=ACy))’ ~1)
(70)
Family 2.5: When C = A and B = 0, we get
. omy (2(cos (Ap))* - 3)
Uy (x,0,1) = (cos (Al[/))z ) (71)
my (1 +2(cos (Ap))?)
s )ot) =— , 2
Ham (o) = any 72
my (—2 (cos 2AY))* +3+6sin(2Ay) \/j_l+ 3jl)
Uy 3 (x,p,1) = 3 ,
(cos(2Ay))
(73)
"y (1 +2(cos (2Ay))? +6 cos (2 Ay) \jl+ 3]'1)
Uy o4 (X )5t) = = 2 >
-1+ (cos(2Ay))
(74)
and
1 2 1 4
1 Mo (—8 (cos (EAI//)) +8 (cos(qux)) + 3)
Uy 55 (x,9,1) = 1 - > ; B ,
(cos(;Aw)) (—1 + (cos(EAz//)) )
(75)
Family 2.6: When C= — A and B = 0, we get
_omy (2(cosh (Ay))* - 3)
Uy 26 (X ),1) = (cosh (Ay)? ) (76)
2
oy Ciht) = - myg (2 (cosh (Ay))* + 1)’ 77

(cosh (Ay))* -1
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m (2 (cosh(ZAl{/))2 —3+168sinh (2Ay) \jl+ 2352jl>

Uy o5 (X, p5t) = = (cosh (2Ap)? (78)
- (z (cosh (2Ay))* + 1 +6 cosh (2 Ay) \fjl+ 3 jl)
oz (o3 1) == (cosh(2Ay))* -1 ’ 79)
and

1Mo (8 (cosh(%Al//))4 -8 (cosh(%At//))2 + 3)
Uy 50 (60,0 ==~ >

4 (cosh(%Aw))z((cosh(%Aw))z— 1)

(80)
Family 2.7: When F = 0, we get
Uy 31 (%,3:1)
mo (2 B'y*AC+B®y* — 12 CA (By +2) B>y + 24 C*A(By +2)?) (1)
- (2AC+B)B* '
Family 2.8: When A =0, B# 0 and C # 0, we get
(6 7,) = my —6 i
M232 1500 = M0 =0 (By) — sinh (By) + 1
2
6 o : (82)
cosh (By) — sinh (By) + I*
and
Copnf) = my (cosh (By) + sinh (By))
H233 00 = o = cosh (By) + sinh (By) + 1
p mgcosh (By) + sinh (Bl//)2 , (83)
cosh (By) + sinh (By) + P

Family 2.9: When B =y, ¢ = zu(z # 0) and A = 0, we get

Up 34 (X,}/, t)

mg (p2 ~2pzlet ¥V + 2PV + 6 zjel Vp— 6 2% 2 F Y1+ 6 2 Pe V’)

>

(84)

—p+zlet V2

=3 m, [_( 3m,F >ﬁ+;¢_ﬂ+)1_‘s]
2AC+B? 2AC+B*/a B 8]

Here, we can discuss some derived solutions for case 2.
The soliton solutions (Equation 51), (Equation 56), (Equation 66),

with

(Equation 71), and (Equation 76) are discussed graphically at
different values for fractional parameters & and § as evident in
Figures 8-12, respectively. The analysis shows that the fractional
parameter « results in a rightward wave shift along the x-axis. In
contrast, the fractional parameter § leads to a leftward wave shift
along the x-axis, as depicted in Figures 8-12.

Considering case 3 and using system (14) and corresponding
general solutions of Equation 10, suggest the following families of
soliton solutions for system (1):
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Family 3.1: When F < 0 & C # 0, we get

o[ 1408~ F{an (Y F))'

(,8) = . (85)
R (B V=Fran(1VFy))?
s (600) = — |40 5~ H{cot (3 V)] (86)
e (B+VFeot(AVFy)}
Uy (6,9, 1) =
3,3 C|:_l 5,1 \fp(tan(\/ﬁux)d-\/j»lseC(\/pr)) :|2
2C 2 C
+ By +my,
c<_l 5, VF(tan( V) isec(vVF) >
2C 2 C
(87)
Amy,
ES S .
C<_l§ 1 ﬁ(cot(ﬁw)ﬂ/ﬁcsc(ﬁw)))
2¢ 2 C
88
+ Bm0 o, (88)
o[ T
2C 2 C
and
Us 5 (x,,1) = Armg
o c<‘l B 1 VoR{tan(; VRy)-coi(; V-Fy) )2
2¢ "1 C
89
. — Bn::?F — . (89)
c<_§g 1 Y ) el R )
Family 3.2: When F > 0 & C # 0, we get
~ my(4AC— B+ F(tanh (5 VFy))’)
Us g (6 ),1) = 1 - (90)
(B + \/T:tanh(z \/ﬁw))
37 (6, 01) = mo (44C— B + Flcoth (§ VFY))') (o1)
o (B+VEeoh (IVFy)Y
ot mo(—F+2Fsinh(\/1_~“v/)\/j_l+Fjl> -
Uz g (x,),t) = (92
(B cosh ( \/fl//) + VFsinh ( \/f:w) N \/T:\/]_l)z
my (F+ 2F cosh(\/ﬁw) \/j_l+ Fjl)
Uso (6, ),1) = (93)
(s (V) VEcon(VEy) « VE)
and
my (-4 F(cosh (X VFy * + 4F(cosh 1 VEy *LF
uz 10 (o)1) = 0( ( (4 )) - ( (4 )) ’ >, (94)

2B cosh(i \/1—31//) sinh(i \/1—11//) :
+VE(sinh (1 VFy))’ - VE(cosh (L VEy))
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FIGURE 8
The soliton solution (Equation 51) for case (2) is plotted against (A) the fractional parameter « for (8,8) = (1,1) and (B) the fractional parameter § for

(o,) =(1,1).Here, A=1,B=0,C=1,mg=1andy=1
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FIGURE 9
The soliton solution (Equation 56) for case (2) is plotted against (A) the fractional parameter « for (8,6) = (1,1) and (B) the fractional parameter & for

(.p) =(1,1). Here, A=1,B=0,C=-1,mg=1andy=1
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FIGURE 10

The soliton solution (Equation 66) for case (2) is plotted against (A) the fractional parameter a for (8,6) = (1,1) and (B) the fractional parameter § for
(,f) =(1,1). Here, A=1,B=0,C=-1mg=1andy=1
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FIGURE 11
The soliton solution (Equation 71) for case (2) is plotted against (A) the fractional parameter « for (,6)

(a,f) =(1,1).Here, A=1,B=0,C=1mg=1andy=1
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The soliton solution (Equation 76) for case (2) is plotted against (A) the fractional parameter « for (8,9)

= (1,1) and (B) the fractional parameter ¢ for

Family 3.3: When AC > 0 and B = 0, we get and
U3 15 (% ),1) = o (99)
3,15 (6 1) = )
my (1+ (tan (VACY))’) 1-4(cos (3 VACy))" + 4(cos (5 VACY))'
Uy (o pt) = 3 (95)
(tan(VACY))
Family 3.4: When AC < 0 and B = 0, we get
my (1 + (cot(mw))z)
Uy 1, (6 p,1) = 3 (96) ,
(cot(VACY)) o (-1 + (tanh (V=ACY)Y)
Uz 16 (x5 1) = > , (100)
(tanh(\/—ACw))
(1+251n(2 \/_Cy/ l+]l) m0<—1+(coth(mw))2)
Uz 3 (6, t) = , (97) us 7 (%6 p,t) = > , (101)
 (cos(2 VACY))* + 2sin (2 VACY) \l+ /1 (coth(V=ACy))
m0(1+2cos(2 \/_Cq/)\/_lﬂl) - mo(—1+36 sinh (2 V=ACy) il + 324]‘1) o
Us, (x)}’» t) = (98) Uz X,y,t = 2 5
“4 (cos(2 VACY)) +2 cos (2 VACY) i +1 (sinh (2 v=ACy) + 181
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m0(1+2cosh(2 \/ICI//) \/j_l+jl)

(103)

Uz 19 (e pt) = 2 >
(cosh(2 V—ACl//) + \/]_l)
and
My
Uz 2 (x,51) =

1
2

Family 3.5: When C = A and B = 0, we get

(et -
u X)) = ———————>
321 (%) —1+ (cos (Ay))?
My
Uz 05 (X3, 1) = W’

1y (1 +2sin(2Ay) \/j_l+jl>

Uz 3 (%, 3,1) = >

1 - (cos (2Ay))? +2 sin (2 Ay) \/ﬁ+jl
m <—1 +2cos(2Ay) \/ﬁ—jl)

Us o (X5 1) = >

—(cos (2A1//))2 +2cos(2Ay) \/]—l —jl
and
gy
Us 05 (%, 1) =

1-4 (cos (%Aq/))z +4 (COS(%AI//))4 )
Family 3.6: When C= — A and B = 0, we get

(o) o
U (X)) = ———m————,
326150 (cosh (At//))2 -1

my

(cosh (Ay))*’
my (1 +56 sinh (2Ay) \/]_l - 784jl>
(—sinh (2Ay)+28 \/]—l)2

my (—1 +2 cosh(2Ay) \/j_l—jl>

Uz 29 (6, ,8) = - >

(—cosh(2A1/1)+ \/]—1)2

Us oz (X,}’, )=

Uz g (x,y, t)=-

>

and

m

((sinh (24y))? + (cosh (24y))*)’

>

Us 30 (x,51) =

Family 3.7: When F = 0, we get

mo (AB*y? —2B>y A (By +2) +4C(A By +2))?)

o

o (00) = C(A By +2))
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((sinh (2 V=ACy))? + (cosh (1 V=ACy))’)”

(104)

(105)

(106)

(107)

(108)

(109)

(110)

(111)

(112)

(113)

(114)

(115)
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Family 3.8: When A =0, B# 0 and C # 0, we get

my (cosh (By) —sinh (By) +1—)

Uy 3 (6, ,1) = - ; (116)
and
U3 33 (%, 5 ) = =mgl (cosh (By) — sinh (By)), (117)
Family 3.9: When B = y, C = zu(z # 0) and A = 0, we get
mg (e7#Vj—zl+ zj)
Uz 34 (% 351) = _ (118)

Z]

m —-myF\ t* d
1//:1 _2_0 _<l 0 >t_+x_ﬁ+y_ .
2V ac\ \27ac Ja "B
Here, we can explore many derived soliton solutions for case 3.
The soliton solutions (Equation 86), (Equation 96), (Equation 101),

with

(Equation 105), and (Equation 111) are visually analyzed for
various values to the fractional parameter (,0), as depicted in
Figures 13-17, respectively. The study indicates that the fractional
parameter « causes a displacement of the wave towards the right
along the x-axis. Conversely, the fractional parameter § causes a
wave shift towards the left along the x-axis.

Considering case 4, and using system (14) and corresponding
general solutions of Equation 10, suggest the following families of
soliton solutions for system (1):

Family 4.1: When F < 0 & C # 0, we get

24A4%C” - 10AB*C- 2BFV~=Ftan (3 V-Fy)
" (B - 240F) (tan (AV"Fy)) 4 B

Uy, (5 p,t) = : :
(2AC+ B*)(B- ﬁtan(zﬁw))
(119)
24A42C ~ 10AB>C+ B* + 2 BFVFeot (1 V=Fy)
gy o) = o —(2AC+BZ)F(cot(%ﬁ.,,))Z
o (ac ) (B Fe(VF)]
(120)
2
Uys (XJ’, t) = 6\/@A = ‘ — .
(ZAC+BZ) _% §+% —F(tdn( —Fu/)(-;\/;lsec( -FW))>
+ 6myAB
V=F( tan(V=F ilsec( V=F ?
(2AC+BZ)<%§+% F{tan( F”/);@ (V)
(121)
2
Ugy (X»)’, t) = 6\?14 = — .
—F| —Fi il oy
(2AC+BZ)<_% LI (cot( W)Cﬂﬁm( w)))
+ 6myAB .
0>
V=F( cot( V=F ilese( V=F
(2AC+BZ)<%g ATl )
(122)
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FIGURE 13
The soliton solution (Equation 86) for case (3) is plotted against (A) the fractional parameter a for (8,8) = (1,1) and (B) the fractional parameter ¢ for
(wp) =(1,1). Here, A=1,B=0,C=1,mg=1,andy =1
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FIGURE 14
The soliton solution (Equation 96) for case (3) is plotted against (A) the fractional parameter « for (8,6) = (1,1) and (B) the fractional parameter § for
(a.p) =(1,1). Here, A=1,B=0,C=1,mg=1andy=1
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FIGURE 15
The soliton solution (Equation 101) for case (3) is plotted against (A) the fractional parameter « for (8,6) = (1,1) and (B) the fractional parameter § for

(,f) =(1,1). Here, A=1,B=0,C=-1mg=1andy=1
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FIGURE 16
The soliton solution (Equation 105) for case (3) is plotted against (A) the fractional parameter « for (8,6) = (1,1) and (B) the fractional parameter ¢ for
(a,f) =(L,1). Here, A=1,B=0,C=1my=1andy=1
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FIGURE 17
The soliton solution (Equation 111) for case (3) is plotted against (A) the fractional parameter a for (8,6) = (1,1) and (B) the fractional parameter § for

(@B) = (L1). Here, A=1,B8=0,C= -1,mg=1,andy=1.

and Family 4.2: When F> 0 & C # 0, we get
opd) 6 myA*
Uy 5 (X% )51) = 5
(2AC+BZ)<—1 B " 1 ﬁ(tan(iﬁ‘i)*mt(%ﬁ‘l’)) )2 u45(X,}/, i’) _ 6 mOA
pes ¢ ’ o 1 B 1 Vunh(lvEy)?
6myAB (2AC+B*) -2 2 -1 Phiiieia Sk 74
+ 0 +my 2 C 2 c
V=F(tan l\/jﬁ[/—cotl\/jw ’ 6 myAB
(2AC+BZ)(‘§§+i Lont c> () + 0 Tt (124)
2y( 1B _ 1 Vitanh(; V)
(123) (2AC+B)<—2C 1 Yoo )
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6 myA*
g (o) = . VEcoth( 1 VEy)?
(AC+BY)-1 21—
6 myAB (125)
+ +my,
oy( 1B 1 VEcoth(; VEy) 0
(2AC+B )(—EE_ET
2
uyg (x,,t) = 6:’?‘4 - \f — .
F( tanh( VF ilsech( VF
(2AC+B2)<_§ L (tanh( v);f ( w)))
. 6myAB .
m g,
VE( tanh( VFy)++jlsech( VF
(2AC+BZ)<_%(E;_% F{tanh( Fw)c\@ H(VFy))
(126)
(o9 t) 6myA*
Uy (X, )51) = -
VF( coth( VFy)++jlesch( VF
(2AC+BZ)<_§ L Fcomn( FW)CW a va)))
. 6myAB X
m g,
VF( coth(VF jlesch( VF
(2AC+BZ)<_%(§;_% F( th( Fw);\ﬁ h( F\y))
(127)
and
2
o en 0= 6\/mﬁ(th 1 \Fy)-coth( L VF 2
(2AC+BZ)(7% E_1 anh( 5 WC-CO (i w)))
+ 6myAB
-1 VE(tanh( 1 VFy)-coth( 1 vFy)) |’
(24C+B?) (% 51 AL
(128)
Family 4.3: When AC > 0 and B = 0, we get
2
my (3+(tan(VAC1//)) )
u4,11 (-x’y> t) = > R (129)
(tan(\/ACy/))
m0(3+(cot(\/ACq/))2)
u4,12 (x))’) t) = 3 R (130)
(CO'[(VACI//))
(5100 my(2(cos (2 VACY))" + 1+ 2:sin (2 VACy) \fi + ) 131)
Uy 15 (6 ) =~ ’
4,13 _]+(cos(2\/A_C1//))2_25in(2\/A_C1//)\/j_l—jl
(o) my (=342 (cos (2 VACY))" -2 cos (2 VACy) i~ 1) (132)
Uy 14 (6 ) 1) =— ’
o cos(2 VACy)) +2 cos(2 VAC il + il
4 V) \il+]
and
s o) = mo(—S(cos(%\/A_Cw))2+8(cos(%my/))471)
415 (%) 0) ==

1~ 4(cos(5VACy) )+ 4(cos (LVACY))*
(133)

Family 4.4: When AC < 0 & B =0, we get
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my (—3 + (tanh ( mV/))z)

Uy 16 (6 p51) = , (134)
e (tanh (V=ACy))’
i (—3 + (coth ( V—ACV/))Z)
Uy 7 (6 p,t) = D R (135)
(coth(\/—ACV/))
my (72 cosh (2 V=ACy)’ - 1+36 sinh (2 V-ACy) \jl+ 324]'1)
Uy 15 (6),1) = ,
" sinh (2 V=ACy) +18 \/ﬁz
(136)
m (—2 cosh (2 V—ACu/)Z +3+2 cosh (2 \/—ACV/) \/j_l+jl)
Uy 19 (X, )1) = s
. cosh (2 V—ACV/) + \/]Tl2
(137)
and
m, (8 (cosh (% \/—ACl//))4 -8 (cosh (% \/—Any))2 - 1)
Uy 00 (% )51) = = 5 e . (138)
((sinh(% V=ACy)) +(cosh(; V-ACy)) )
Family 4.5: When C= A & B =0, we get
1y (2 (cos (Ap))? +1)
b)) =— 139
oz 05221) ~1+ (cos (Ay))? (139
my (=3 +2(cos (Ay))?)
1) =— s 140
Uy 2y (%,7,1) (cos (Ay))? (140)
™y (2(cos(2A1//))2 +1+2sin(2Ay) jl+jl)
Uy oz (X ,1) = ,
1 - (cos (2AY))? +2 sin (2 Ay) \/jl + ]l
(141)
my (—3 +2(cos (ZAI(/))2 +2cos(2Ay) \/]—l —jl>
gy (X, 0,1) = >
~(cos(2Ay))? +2 cos 2 Ay) -l
(142)
and
my [—8 (COS(%AI[/))Z +8 (cos(%At//))4 - 1]
Uy s (X,y, t) =" 1 2 1 4 >
1-4 (cos(zAV/)) + 4(cos(5A1//))
(143)
Family 4.6: When C= — A & B=0, we get
g [2 (cosh (Ay))* +1]
S )ot) = — , 144
tazs (0121) (cosh(Ay))? -1 (149
my [2 (cosh (Ay))? -3
Uy (X,)51) = — ol 14 ] R (145)

(cosh (Al[/))2
my [2 (cosh (2AY))? + 1+ 56 sinh (2 Ay) \/jl - 784 jl]

(sinh 2Ay)-28 \/J_z)z

Uy g (X ),1) ==

(146)
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my [2(cosh (249)) -3 +2 cosh (24y) i - jl]
Uy g (xp,t) = - >

(cosh (2Ay) - \/]_l)2

(147)
and
my [8 (COSh(%AV/))4 -8 (COSh(%AI//))Z - 1]
[(sinh ( %Aw))z + (cosh ( %At//))z]z

U0 (X p,0) ==

(148)

Family 4.7: When F = 0, we get

my

3A’B*y* -6 ABy A (By +2)
+4 (A (By +2))*AC+2 (A (By +2))*B>

1
u X).t) == >
110620 = (2AC+B?) (A (By +2))*
(149)
Family 4.8: When B=y, A = zu(z # 0) and C=0,
my (2 +4ze"V + e*V)
Uy (x,p,1) = > (150)

(V=)

with

o3 m, [_( 3myF )ﬁ X ys]
2AC+B? 2AC+B*) a B &)

4 Conclusion

In this work, the ground-breaking modified extended direct
algebraic method (mEDAM) has been used to thoroughly analyze the
(2 + 1)-dimensional fractional asymmetric Nizhnik-Novikov-Veselov
system (FANNVS). Based on the proposed method, four different
cases/criteria for the parameters related to solutions of FANNVS have
been obtained. Several families of soliton-type solutions and other
physical solutions have been derived according to each mentioned
case. The graphical analysis of the derived solitons was conducted to
comprehend their propagation methods and attributes, focusing on
the changes in the soliton profiles against the fractional parameters.
Also, graphical representations demonstrated the dynamic character of
these solitons. Our study has shown various soliton solutions that may
contribute to understanding some of the mysterious phenomena that
arise in various fluid mediums. Our research clarifies the behavior of
FANNVS solitons and highlights the mEDAM method’s effectiveness
in resolving complex nonlinear systems. Our study broadens the
applicability of the mEDAM technique to nonlinear systems. It
considerably advances our understanding of soliton processes in the
(2 + 1)-dimensional FANNVS, opening up new opportunities for
scientific and engineering fields and understanding the behavior of
many nonlinear waves propagating in fluid mediums.
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