& frontiers | Frontiers in Physics

’ @ Check for updates

OPEN ACCESS

EDITED BY
Pedro Sarriguren,

Spanish National Research Council (CSIC),
Spain

REVIEWED BY
Jonathan Engel,

University of North Carolina at Chapel Hill,
United States

Vladimir Zelevinsky,

Michigan State University, United States

*CORRESPONDENCE
Jouni Suhonen,
jouni.t.suhonen@jyu.fi

RECEIVED 27 June 2024
ACCEPTED 23 July 2024
PUBLISHED 15 August 2024

CITATION
Ramalho M, Suhonen J, Neacsu A and Stoica S
(2024) Spectral shapes of second-forbidden
single-transition nonunique B decays assessed
using the nuclear shell model.

Front. Phys. 12:1455778.

doi: 10.3389/fphy.2024.1455778

COPYRIGHT

© 2024 Ramalho, Suhonen, Neacsu and Stoica.
This is an open-access article distributed under
the terms of the Creative Commons Attribution
License (CC BY). The use, distribution or
reproduction in other forums is permitted,
provided the original author(s) and the
copyright owner(s) are credited and that the
original publication in this journal is cited, in
accordance with accepted academic practice.
No use, distribution or reproduction is
permitted which does not comply with these
terms.

Frontiers in Physics

TvPE Original Research
PUBLISHED 15 August 2024
Dol 10.3389/fphy.2024.1455778

Spectral shapes of
second-forbidden
single-transition nonunique f
decays assessed using the nuclear
shell model

Marlom Ramalho?, Jouni Suhonen®?*, Andrei Neacsu?® and
Sabin Stoica?

!Department of Physics, University of Jyvaskyla, Jyvaskyld, Finland, 2International Centre for Advanced
Training and Research in Physics (CIFRA), Magurele, Romania, *Horia Hulubei National Institute of
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Experimental and theoretical studies of  electrons (electrons emitted in f~-decay
transitions) and their B-electron spectra have recently experienced a rapid
expansion. These f3 spectral shapes have been used to study total 8 spectra of
fission-product nuclei in the quest for explanation of the reactor-flux anomalies,
and individual  transitions in search for f spectral shapes sensitive to the effective
value of the weak axial coupling ga. In the former case the TAGS (total absorption
gamma-ray spectroscopy) can be efficiently used to measure the total 8 spectral
shapes and in the latter case dedicated measurements of the involved forbidden
nonunique f transitions have been deployed. The fourth-forbidden nonunique
decay transitions *Cd(1/25,) — **In(9/2;,) and "In(9/2;,) — >Sn(1/2;

represent theoretically and experimentally much-studied cases where the
total B spectra consist of these single transitions. In these particular cases the
TAGS method could be used to assess the effective value of ga. In the present
work we have identified five more interesting cases where a total  spectrum
consists of a single transition. These spectra correspond to second-forbidden
nonunique transitions and are ga and/or sSNME dependent, where sNME denotes
the so-called small relativistic vector nuclear matrix element. These studies have
been performed using the nuclear shell model with well established effective
Hamiltonians. With this we target to f3 transitions that would potentially be of high
interest for the TAGS and present and future dedicated -spectrum experiments.

KEYWORDS

beta decay, nuclear matrix elements, nuclear structure, nuclear shell model, weak axial
coupling, small relativistic matrix element, electron spectral shapes

1 Introduction

Search for beyond-the-standard-model (BSM) physics involves typically rare-events
experiments measuring single and double beta decays [2, 9, 14, 15]. In particular, the
neutrinoless double beta (0vBf) decay has attracted a lot of theoretical and experimental
attention due to the impact of its potential discovery on neutrino masses, lepton-number
conservation and fundamental nature of the neutrino. Experimental and theoretical studies
of single 8 decays are important in the context of resolving the anomalies related to the
antineutrino flux from nuclear reactors [24, 49, 52, 65] and in assessing the common
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backgrounds in the rare-events experiments themselves [48].
Measurements of 8 decays of very low decay energies (Q values)
are also important for direct determination of the (anti)neutrino
mass [3, 12, 16-18, 28, 46, 50].

It is important to note that the 0vff half-life is proportional to
the inverse 4th power of the weak axial coupling ga [60]. The
calculations of the nuclear matrix elements (NME) of the 0vff decay
rate are typically done in nuclear many-body approaches which
neglect the meson-exchange two-body currents [39] and have
deficiences in the many-nucleon description of the nuclear
structure, like too small single-particle valence spaces, incomplete
many-nucleon configurations, neglect of three-nucleon forces, etc. It
has been shown that these deficiencies lead to the necessity of forcing
the concept of effective axial coupling in the form of “quenching”
relative to the bare-nucleon value g = 1.27, as discussed in [59, 61,
62]. Hence, this quenching of g, should be interpreted as effective
renormalization of the spin-isospin operator in nuclear many-body
calculations. If these deficiencies are corrected, it has been shown for
light nuclei that essentially no quenching is needed to properly
reproduce the measured f3-decay rates [21]. Since for the heavier
nuclei, relevant for the 0vf3f decays, the flawed models are still
needed in the calculations, the pinning down of the effective value of
ga is crucial and a great incentive for present and future -decay
experiments able to tackle this problem.

The quenching of g can be accessed by measuring f-decay
(partial) half-lives and energy distributions of f3 electrons (electrons
emitted in  transitions), the so-called f(-electron) spectra. The f8
spectra of forbidden f transitions [8], in particular the nonunique
ones, are of special interest for the latter experiments since the
nonunique decays involve numerous NME and phase-space factors
allowing g, dependence of the spectral shape [14], unlike in the
cases of the allowed and unique forbidden ones [58]. Only in very
special cases the value of g, is enhanced [32]. Combined with
theoretical calculations the effective value of ga can be assessed, as
done using the spectrum-shape method (SSM) [22, 23] or an
enhanced version of it (enhanced SSM) [34, 35]. Recently the
spectral moments method (SMM) was introduced in [31]. In the
SSM the effective value of ga can be gained by trying to find a match
between the computed template 3 spectra, for different values of ga,
and the measured one.

The enhanced SSM and the SMM exploit yet an extra degree of
freedom, the so-called small relativistic NME (sNME) in order to fit
simultaneously the measured (partial) half-life and the 8 spectral
shape. Despite its smallness, the SNME can influence the (partial)
half-lives and shapes of S-electron spectra quite strongly [31, 33, 47].
The sSNME is particularly hard to calculate in the nuclear shell model
(NSM), used in this work, leading usually to a zero value of it.
However, the sSNME can be related to the so-called large vector
NME, I-NME, by using the CVC (conserved vector current)
hypothesis [8]. Contrary to the sNME, the I-NME can be reliably
calculated in the framework of the NSM. Although the CVC value of
the sSNME is an idealization, strictly applicable to an ideal nuclear
many-body calculation [8], it still serves as a good reference in
searches for realistic values of the sSNME. In the present study we fit
the measured half-life of a given f§ transition by varying the value
of the sSNME.

As mentioned earlier, the reactor antineutrino spectra need to be
addressed both theoretically and experimentally. This needs
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measurements of the total § spectra of numerous fission-product
nuclei. This has been recently accomplished by the TAGS (total
absorption gamma-ray spectroscopy) measurements [4, 5, 13, 20, 51,
63]. Such kind of measurements would also be highly important in
the context of the rare-events experiments in order to verify the
validity of the computed total spectra in, e.g., [48]. There is also an
interesting prospect for these experiments in the case the total f
spectrum consists of a single transition. In these particular cases the
TAGS method could be sensitive to the effective value of g,. There
are already identified cases where the considered single § transition
exhausts 100% of the decay Q window. Recently combined theory-
experiment analyses of such f decays have already been performed
for the decay transitions 113Cd(1/2;&) — B3Ip (9/24) [10,33] and
115In(9/2g&) — 115Sn(1/2gs‘) [36, 42], which are fourth-forbidden
nonunique, and for the decay *Tc(9/2f,) — 99Ru(S/Zg'S') [44],
which is second-forbidden nonunique. Very recently this decay
was discussed using the sSNME to fit the half-life of **Tc in [48].
A similar interesting spectral shape candidate, exhausting 100% of
the total S-decay Q  window is the transition
29Bi(1,,) — 210pg (03,) (141, first-forbidden
nonunique. Measurements of similar S spectra are being

which is

extended also to other potentially sensitive candidates, like in the
case of the ACCESS Collaboration [43]. Additionally, an interesting
new method for measuring 8 spectral shapes is offered by the one
recently developed at the Ton Guide Isotope Separator On-Line
facility at the Accelerator Laboratory of Jyvaskyld [19].

In our present work we investigate five more interesting cases
where the total  spectrum consists of a single transition, leading to a
100% branching. These spectra correspond to second-forbidden
nonunique transitions and are g and/or sSNME dependent. We
determine the values of the sSNME by fitting the experimental half-
lives, and the dependence of the  spectral shape on the SNME
comes from the fact that there are always two values (or none at all)
of the sNME that reproduce the measured branching of a f
transition. These studies have been performed using the nuclear
shell model with established effective Hamiltonians. In these
investigations we have discovered f3 transitions that would
potentially be of high interest for the TAGS, as also for the
present and future dedicated rare-events experiments.

2 Outline of the theoretical aspects

The half-life of a ~ transition can be written as

) (1)

tip =

O =

where « is a constant [34, 35] and C is the integral of the shape
function C over the electron energy:

o jw°c<we)pwe (wo — WP Fo (Zow)K (Zowdw,  (2)

where the lowercase w, and w, are the electron and end-point
energies W, and W respectively, scaled by m,.c?. Fo(Z,w,) is the
Fermi function, accounting for the Coulomb interaction between the
emitted electron and the daughter nucleus, and K (Z, w,) contains
radiative, screening, and atomic exchange corrections. C(w,)
includes phase-space factors and NMEs in a next-to-leading-
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order expansion of the leptonic and hadronic weak currents, as
discussed in detail in [22, 23]. The simplest shape function concerns
the allowed transitions, namely, the Fermi and Gamow-Teller ones
for which the electron spectral shape is universal and independent of
the value of the axial coupling. For the allowed transitions the total
orbital angular momentum of the emitted leptons (in the case of
transition, the electron and its antineutrino) is £ = 0, whereas for the
n-fold forbidden S~ transitions the leptons carry a total orbital
angular momentum of ¢ =n. Due to the increase in the orbital
angular momentum, each unit of increase in the forbiddenness »
increases the f3-decay half-life by roughly 4 orders of magnitude.
Hence the forbidden transitions are not completely forbidden, but
much suppressed relative to the allowed transitions. There are two
categories for the forbidden transitions, namely, the unique and
nonunique ones. The unique transitions have only one involved
nuclear matrix element and hence the related electron spectral shape
is universal. The nonunique transitions are characterized by the full
complexity of the shape function and no universal electron spectral
shape can be identified, but rather spectral shapes which depend on
the nuclear wave functions through the many involved NMEs. For
these f3 transitions there also opens up the possibility that the related
electron spectral shape could be g, dependent.

Fortunately, the highly complex shape function C for the
forbidden nonunique 3~ transitions can be cast in a very simple form

C(w,) = gf,Cv (we) + giCA (we) + gvgaCva (we), (3)

where w, is the total (rest-mass plus kinetic) energy of the emitted
electron. For the weak vector coupling constant we adopt the CVC-
protected value gy =1.0. The sensitivity of the shape of the
B-electron spectrum to the value of gn stems from the subtle
interference of the combined vector Cy(w,) and axial Cy (w,)
parts with the mixed vector-axial part Cya (w,) of Equation (3)
[23]. For some nuclei, as charted up to present days in [14, 48], this
causes measurable changes in the f3 electron spectra.

2.1 B- spectral shapes and their dependency
on the small relativistic NMEs

The small relativistic NME (sNME) plays a crucial role in
the combined analysis of beta spectral shapes and partial half-
lives (branching ratios) [31, 33, 35, 48]. In these studies, the
sSNME is used as a fitting parameter alongside g, to
simultaneously fit the experimental S spectral shapes and
branching ratios. In nuclear-structure calculations, the SNME
accounts for contributions outside the major nucleon shells
where the proton and neutron Fermi surfaces lie. Due to the
limitations of the NSM valence space, which is confined to these
shells, the sSNME value becomes unrealistic (essentially zero) in
NSM calculations.

Ideally, with infinite valence spaces and a perfect nuclear many-
body theory, the sSNME value is linked to the large vector NME
(I-NME) by the Conserved Vector Current (CVC) hypothesis [8].
This relationship is expressed as:

[

(~-Muc?+Mpc2+Wo) xR
VM(O) — ffc + gocZ
Kren JKQ2K+1) xR

(4)

V r 4(0)
)X Mo
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where the left side represents the SNME, and the right side involves
the I-NME, with K denoting the order of forbiddenness (K = 1 for
first-forbidden decays and K = 2 for second-forbidden decays). The
symbols M, and M, refer to neutron and proton masses,
respectively; Wy is the available endpoint energy for the decay, %
is the reduced Planck constant, « is the fine-structure constant, c is
the speed of light, Z is the atomic number of the daughter nucleus,
and R = 1.2 A is the nuclear radius in femtometers and A, the
nuclear mass number. Contrary to the case of SNME, the value of the
I-NME can be reliably computed by the NSM as its main
contributions come from the major shells housing the nucleon
Fermi surfaces. Hence, the CVC value of the sNME serves as a
reliable reference for its proper value.

In our B~ decay calculations, we fit the SNME to match each
individual 8~ decay half-life, incorporating screening, radiative, and
atomic exchange corrections. The atomic exchange correction [41],
particularly noticeable at low electron energies, was originally
derived for allowed S decays and accounts for the upward tilt
seen in all curves at the very low electron kinetic energies. In the
sNME fitting, the experimental half-lives are sourced from the
ENSDF [1] database.

The quadratic dependence of the computed half-lives on the
sNME value results in two sSNME values for each decay transition
that reproduce the experimental half-life. In some cases, only
complex-conjugate pairs of solutions exist, indicating that the
experimental data cannot be reproduced with the adopted NSM
Hamiltonian. One of these two sNME:s is closer to the CVC value,
often defining the “optimal” beta spectral shape. By choosing the
sNME value closest to its CVC value, we obtain the most probable
spectral shape for a given f-decay transition.

Therefore, while the “optimal” choice of sNMEs can be
theoretically justified, its true validation depends on experimental
data. Future experimental efforts are necessary to confirm whether
this theoretical choice accurately represents the physical processes
occurring during 8 decay. However, in our current study, we shall
always plot both options of values. This approach allows for a
comprehensive analysis and comparison with future experiments,
providing a clearer understanding of the potential variations in the
beta-electron spectra and the impacts of different SNME values.

2.2 Nuclear shell-model computations

The NSM calculations were performed using the software
KSHELL [54] with the following Hamiltonians: ca48mhl, used in
[53]; fpgotb [56], obtained by modifying the two-body matrix
elements in the fpg interaction [55] to fit Nickel isotopes; gxpfla
[25] and gxpf1b [26], derived from the Bonn-C potential and fitting
the single-particle energies and two-body matrix elements to nuclei
in the fp-region; the semi-bare G-Matrix effective interaction glekpn
[38]; jj45pnb, a two-nucleon potential with a perturbative G-matrix
approach, with the Coulomb single-particle energies adjusted to
reproduce recent results in [37]; and SVD, a CD-Bonn nucleon-
nucleon potential with the single-particle energies fitted to the
region of 1927132y [45].

For the A =60 computations, the model space for ca48mhl
includes the proton orbitals 7(1f75), m(1fsz), m(2psn), and
m(2p12), along with the neutron orbitals v(1fs2), v(2p3p),
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FIGURE 1
Comparison of the experimental and NSM-computed electric quadrupole moments Q (in units of ebarn), and magnetic dipole moments u (in units of the

nuclear magneton py) for (A) the isotopes *°Co, (B) **Mo, **Ru, and (C) *2°Sn, **°|, and #°Xe. The experimental values are taken from the evaluation [1]. Evaluated
data are displayed twice when two ranges of experimental values are available and are described as Eval (1) and Eval (2). The adopted effective charges are e‘;” =
1.5e and e = 0.5e and the bare g factors g;(p) = 1, g;(n) = 0, gs(p) = 5.585, and gs (n) = —3.826 were used for the magnetic moments.

v(2p112), and v(1gg2). In contrast, the proton model spaces for For the A = 94 and A = 98 studies, the glekpn model space includes
1pgotb, gxpfla, and gxpfib are identical to that of ca48mhl but with  the proton orbitals 7 (1f75), 7(1fs2), m(2p3p), m(2p12), and
the neutron orbitals v(1f7,2), v(2p312), V(1 f5:), and v(2p12). m(1gep), along with the neutron orbitals v(1gen), v(1g972),
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TABLE 1 Assessment of experimental and theoretical energy values for parent and daughter isotopes involved in non-unique second-forbidden beta decays.
This table presents initial and final nuclear states with their corresponding J” values, alongside both measured (Exp.) and predicted (Theory) excitation
energies in keV. Theoretical computations are based on nuclear shell-model Hamiltonians, see Section 2.2. Note: Square brackets indicate experimental
uncertainties in angular-momentum assignments.

Isotopes Parent (keV) Daughter (keV)
Initial (37) Final (J7) Interaction Exp Theory Exp Theory

“Fe (0%) “Co (2%) ca48mhl 0 0 58.59 270
fpgoth 0 84

gxpfla 0 0

gxpflb 0 0
*INb (6%) Mo (4%) glekpn 0 332 1573 1692
jj45pnb 88 1583
*Te ([6]%) *Ru (4*) glekpn 0 641 1397 1011
jj45pnb 482 1456

128 (0%) 298b ([2]*) SVD 0 0 128 190
121 (7/2%) Xe (3/2%) SVD 0 299 40 178

v(2ds)2), v(2d312), and v (3s1,2). In the present calculations, this model
space was truncated to treat the 77 (1 f7,,) and v(1ge,) orbitals as part
of the closed core, and to ensure at least four protons occupy the
7 (1 f5,) orbital. These truncations are justified by the magic numbers
28 and 50, while the 7(1f5/,) adjustment is due to computational
constraints and is not expected to affect the results, as only ground states
and low excited states are of interest in this study. The jj45pnb model
space comprises the proton orbitals 7 (2py2), 7 (2p312), (2 f51), and
7(1g9y2), along with the neutron orbitals v (1g7/2), v(2dsy), v(2ds3)2),
v(3s12), and v(1hyy;), and no truncations were used in our
computations.

Finally, the SVD model space, used for A =126 and A = 129
studies, includes the proton orbitals 7(1g7,), 7(2ds5), m(2d32),
7(3s1/2), and 7 (1hyy52), along with the neutron orbitals v(1g7),
v(2dsp), v(2d3;), v(3s12), and v(lhyyz), again without any
truncations made.

3 Results and analyses
3.1 Nuclear observables

To assess the reliability of our adopted nuclear wave functions,
we first calculate their electromagnetic properties, specifically the
electric quadrupole moments (Q) in units of ebarn and the magnetic
dipole moments (y) in units of the nuclear magneton (y). These
computed values, along with the computed energies, are compared
with the available experimental data, as shown in Figure 1; Table 1.
There the properties of the involved initial and final states are
analyzed both from the electromagnetic and energy points of view
through comparison of our computed values, using the various
shell-model Hamiltonians, with the available data. In Table 1, we
present the predicted energies for the ground states of the parent
isotopes and the daughter states involved in the second-forbidden
non-unique beta decays. This comparison provides a measure of the
reliability of the applied Hamiltonians, as also the one of Figure 1,
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which illustrates the comparison of the predicted and evaluated
nuclear moments.

For the decay of “’Fe to “Co, the interaction ca48mhl shows
significant discrepancies compared to the experimental data, failing
to accurately predict both the energy levels and the nuclear
moments. The fpg9th interaction works much better, and shows
good agreement with the data. In contrast, the gxpfla and gxpflb
interactions reproduce the data less well, suggesting that these
Hamiltonians should be regarded with caution, like also the
ca48mhl Hamiltonian.

For the isotopes **Nb, **Mo, *Tc, and **Ru, the interactions
glekpn and jj45pnb have been applied. It is not immediately clear
which of the two interactions is more reliable, as they each agree with
the experimental results in different aspects. In particular, the glekpn
Hamiltonian struggles to systematically predict the level schemes,
despite maintaining nuclear-moment observables within acceptable
limits. The jj45pnb interaction, however, consistently provides better
predictions for the level schemes of the studied isotopes and shows a
strong agreement with the nuclear observables of the daughter
states. Overall, jj45pnb appears to be more reliable of the two, as
also supported by previous studies in this mass region [48].

Lastly, the isotopes '*°Sn, *°Sb, *’I, and '*’Xe have been studied
using the SVD Hamiltonian. This Hamiltonian shows promising results
in terms of the level-scheme predictions. However, for the odd-mass
nuclei I and *Xe, there is a bit larger disparity in the predicted
energies. This is expected, as odd-mass nuclei typically have a higher
density of states, making it more challenging to accurately reproduce
their experimental level schemes. The predicted electric quadrupole
moments generally agree with the experimental data, except for the
'Xe (3/2%) state, which is the daughter of the I — '*Xe second-
forbidden non-unique decay. In contrast, the computed magnetic
dipole moments show more deviations from the data, but still
mostly within acceptable limits. Despite some small deviations from
the data, the SVD interaction seems a valuable tool for nuclear-structure
computations in this mass region, and in particular a reliable starting
point for our spectral-shape analyses.
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Computed B spectral shapes of the second-forbidden non-unique ®°Fe (0*)— 6°Co(2*) decay for various interactions: ca48mh1 (A), fpg9tb (B),
gxpfla (C), and gxpflb (D). The f8 spectral plots are shown with the weak axial coupling within the range of gi“ = 0.8 - 1.2 and the corresponding SNME
solutions that reproduce the experimental half-life. Solid lines represent Solution 1, and dashed lines represent Solution 2, with asterisks denoting the
solution closest to the shown CVC-Value. All areas under the curves have been normalized to unity. Experimental half-life data is taken from [1].
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Similar plot as Figure 2 for the second-forbidden non-unique decays of **Nb (6*)— **Mo (4*) with interactions glekpn (A), ji45pnb (B) and
9%Tc (6%)— 28Ru(4") for interactions glekpn (C), and jj45pnb (D). The normalized to unity plots reproduce the experimental half-life for the same previous

eff

9
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range, except for (C), as glekpn could not reproduce the experimental half-life with g3

eff

07

= 1.2. Experimental half-life data is taken from [1].
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Similar plot as Figures 2, 3 for the second-forbidden non-unique decays of 2°Sn(0*)—126Sh (2*) (A) and **°I(7/2*)— 2°Xe (3/2*) (B) with the

interaction SVD. The normalized plots reproduce the experimental half-life for the same previous gi”

ranges. Plot (A) is a special case where the closest to

the CVC-Value sNME changes between solution sets due to the CVC-value being roughly equidistant to both solutions. Experimental half-life data is

taken from [1].
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3.2 p-spectral dependency on the weak axial
coupling and the small NME

As previously mentioned, we use the sNME as a fitting
parameter to match, for each selected value of the axial coupling
ga, the computed and measured half-lives of the  decays of interest.
For each value of g4, we obtain two solutions for the value of SNME,
giving two ranges of SNME values corresponding to our adopted
range ga = 0.8 — 1.2. These sNMEs are then compared with the
CVC-value of the sNME computed with Equation (4).

Figures 2-4 depict the two sets of SNMEs and indicate which of
the two sets is the so-called “optimal” or closest to the CVC

*

predicted value, denoted with the * symbols. The solid lines
denote sSNME solution one and the dashed lines, solution 2. Only
in the case of the '*°Sn decay, see Figure 4A, does the closest-to-
CVC-solution fall within two different solution sets. This, however,
is a matter of definition of the two sets and only the experimental
data on the S spectral shapes, when compared with the
corresponding computed shapes, will decide which set of the

sNME values is the realistic one.

3.3 Spectral analysis

Analyzing Figure 2, which depicts the second-forbidden non-
unique decay of “Fe(0%) — %°Co(2"), we observe that the four
interactions consistently demonstrate a dependency of the spectral
shape on the effective g. Notably, there is a clear separation in the
electron energy spectra below 20 keV. This suggests that if the
experimental method used to measure the beta electron spectra has
sufficient resolution within this range, it would be feasible to
determine the weak axial coupling for this isotope. On the other
hand, the experiment would also be sensitive to the shell-model
Hamiltonian, which is an interesting by-product of the
present analysis.

In contrast, there is a discrepancy regarding the effect of the
sNME on the spectral shape between plots (a, b) and (c, d). While
plots (a) and (b) exhibit distinct differences between solution sets
1 and 2, plots (c) and (d) show nearly identical shapes for both sets,
indicating very weak sSNME dependence. Previous analyses, based
on the predicted electric and magnetic moments, demonstrated that
the Hamiltonian of plot (c) had the best agreement with the data, the
Hamiltonians of plots (b) and (d) a satisfactory agreement and the
Hamiltonian of plot (a) did not produce consistent results for the
moments. Based on this, we could expect that this decay exhibits a
rather strong dependency on ga, and possibly a rather weak
dependency on the sNME.

Figure 3 depicts the decays of *Nb(6%) — **Mo(4") and
*%Tc(6%) — ®Ru(4%). For the **Nb decay,
disagreement between the Hamiltonians producing the spectral

there is a

shapes in plots (a) and (b). Specifically, plot (a) shows no
and very weak sNME
dependency, whereas plot (b) demonstrates a strong dependency
on the effective g and a weak SNME dependency. Given the better

dependency on the effective ga

agreement with nuclear observables, the Hamiltonian jj45pnb of plot
(b) can be considered more reliable. This conclusion is in line with
previous studies in this mass region, such as [48], which have shown
similar disagreements between these two interactions for *Tk,
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favoring the jj45pnb interaction. Taking the proximity of **Nb to
*Tc into account as an additional factor, we expect that the
*Nb(6') — **Mo (4*) decay is likely dependent on g and only
weakly dependent on sNME.

For the *Tc(6%) — ®Ru(4") decay, plots (c) and (d) both
indicate consistently a strong dependency on the effective g, and
sNME below some 100 keV of electron kinetic energy. Based on the
arguments of the above A =94 case, plot (d) would be the
favored one.

Lastly, Figure 4 presents the decays of '*Sn(0*) — !26Sb(2")
and '1(7/2%) — '2Xe(3/2") using the SVD interaction. Although
the isotopes differ, their spectral shapes appear similar due to the
normalization on the dN/dE axis and the energy scaling of the plots.
Both decays exhibit a strong dependency on the sSNME and a weak to
almost negligible dependency on the effective ga. These
characteristics make them particularly useful for studies focused
on the sNME.

There is yet another way to characterize the sensitivity of the f3
spectral shape to ga, namely, the mean f energy (E)s. This mean
energy is shown in Table 2 for the g, range and decays of interest to
this work. The table is indicative of the speed of change of the mean
B energy as a function of the value of the axial coupling. It also clearly
indicates the differences between the two sets of SNME values when
the (E); ranges are very different, the decay of **Tc being a good
example. Also, overwhelmingly, the mean energy of the Solutions
1 decreases with increasing g, and vice versa for the Solutions 2. It is
clear that the computed mean energy helps in identifying the proper
values of both gy and sSNME when compared with the measured
one. The same trick can be used even when the measured spectral
shape has a low-energy threshold since the integration can be started
from this threshold upwards as done in the SMM, see [31].

4 Why should one measure more f8
spectral shapes?

A natural question arises why should one measure the presently
discussed f spectral shapes and other ones already identified or
potentially discovered in the future. Firstly, measured decay half-
lives of 8~ transitions and the corresponding electron spectral shapes
are together stringent tests of nuclear many-body frameworks. In
particular, those nuclear models dedicated to description of the 0vff
decay, reactor antineutrinos and backgrounds in dark-matter and
rare-events experiments will profit from these two constraints to
their Hamiltonians and their parametrizations. In particular, the
capability to properly compute the value of the sSNME is a crucial
probe for the adequacy of the nuclear model’s valence and
configuration spaces.

Secondly, some theory frameworks can access the 0v3 NMEs
without resorting to the use of the closure approximation by
computing the virtual transitions through all the multipole states
J* of the intermediate nucleus. These models include the pnQRPA
(proton-neutron quasiparticle random-phase approximation), NSM
and IBFFM-2 (microscopic interacting boson-fermion-fermion
model), see the references in [14]. In these models the quenching
of ga can be accessed multipole by multipole, for each J* separately.
A lot of information for the 1* multipole exists through the Gamow-
Teller and 2vBB studies [62] but quite scarsely for the other
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TABLE 2 Computed (E); (mean p-energy in keV) for second-forbidden non-unique decays, associated with the interactions shown in Figures 2—4,
categorized into two solution sets, Sol 1 and Sol 2, as described in the figures. The isotopes listed represent the parent nuclei involved in the decay
processes.

GOFe 94Nb QBTC 126Sn
ca48mhli fpg9tb gxpfla gxpflb glekpn Jj45pnb glekpn Jjj45pnb SvD
Sol 1
0.8 53.165 58.624 64.746 65.291 155.984 165.785 81.503 106.718 66.837 50351
0.9 50.970 55.923 63.218 63.945 155.618 160.191 78.292 99.457 66.030 50.367
1.0 48.746 53.109 61.587 62510 155.251 154.509 79.149 92.845 65.222 50383
1.1 46.512 50.223 59.864 60.993 154.885 148.790 90.099 87.426 64.414 50.398
1.2 44.295 47.310 58.063 59.404 154.518 143.080 - 83.507 63.607 50.414
Sol 2
0.8 68.224 65.092 59.785 59.134 161.038 152.832 163.132 152.692 90.800 39.904
0.9 69.076 66.715 61.369 60.616 161.398 158.315 160.083 157.071 91.222 39.853
1.0 69.705 68.020 62.850 62.017 161.758 163.660 152.240 160.077 91.622 39.801
11 70.087 68.967 64.217 63.329 162.116 168.818 132.989 161.280 92.000 39.751
1.2 70.200 69.510 65.459 64.543 162.474 173.742 - 160.127 92.355 39.698

multipoles, in particular for the first- and higher-forbidden
intermediate transitions. The presently studied cases help in
accessing the second-forbidden contributions to the 0v33 NMEs
in the NSM calculations, and in other calculations when performed
sometime in the future: The pnQRPA-based calculations of the 0vS
NMEs profit from the cases of “Fe(0*) — ®Co(2*) and
12660 (0*) — 126Sb(2*) since these transitions are directly
calculable using the pnQRPA. The cases *'Nb(6%) — Mo (4*)
and **Tc(6") — *Ru(4%) are calculable by using the MCM

(multiple-commutator model) [11, 57], being a higher-QRPA

In the case of reactor-antineutrino spectra some of the first-
forbidden S -decay transitions of the fission residues show
dependence on the value of ga [24]. This was noticed also in the
calculation of the total B spectrum of **Rb in [49]. In [24, 49] the
extra dimension brought in by the sSNME was not yet exploited but
should have been in order to enable correct reproduction of the
measured branching ratios of the f3 transitions in the calculations.
Many of the f emitters relevant to the reactor flux anomalies are
situated in the mass regions of the presently discussed nuclei and
thus the calculated decay half-lives and 8 spectral shapes help in

approach  related to the pnQRPA. The transition pinning down the proper values of the sNME in nuclei relevant for
21(7/2%) — PXe(3/2%) is calculable using the MQPM the reactor-antineutrino flux. Furthermore, reactor-antineutrino
(microscopic  quasiparticle-phonon  model) and IBFM-2  spectra can be used for remote monitoring and diagnostic

(microscopic interacting boson-fermion model), both used in
previous spectral analyses [10, 33, 36, 42] and related to nuclear
models used in double-beta calculations, as well.

Thirdly, the presently discussed 3~ decays are relevant for the
0¥ B~ decays of 7°Zn — °Ge, ***Zr — ***Mo, **'“Mo
N 98’100Ru, 122,124Sn N 122'124Te, 128,130Te N 128’130Xe, and
134136Xe — 134136B, allowing to estimate the effective value of ga
for forbidden transitions in these 0vff decays.

A further incentive for studies of the presently discussed
decay transitions, and potentially others in the future, arises from
needs in nuclear astrophysics [64]. First-forbidden f decays play
an important role in astrophysical scenarios, like in the context of
r-process waiting-point nuclei [66]. In [66] a strong quenching of
both ga and gy was obtained for the first-forbidden f decays.
This discrepancy, in particular for gy, could likely be resolved by
a proper account of the value of the sNME, guided by the
spectral-shape studies in the regions of magic neutron
numbers N = 50, 82,126, N = 50 being relevant for the present
study. Also second-forbidden nonunique decays can be
astrophysically relevant, containing the SNME aspect as shown
in [29, 30].

Frontiers in Physics

purposes in fission reactors [27] or as delineated in
nonproliferation projects such as WATCHMAN [6].

Lastly, even the more modern databases for f3 spectra, such as the
BNBSL [7], rely on approximations for forbidden unique and non-
unique decays using the code BETASHAPE [40] due to the
impracticality of treating the entire nuclear database with detailed
nuclear-structure calculations like those presented here. In this same
study [7], uncertainties related to forbidden non-unique decays are
noted for the case of **Tc, which is also examined in our work. These
approximations can accumulate uncertainties, exacerbating the
issues highlighted in the reactor antineutrino anomaly. Therefore,
our work represents a step forward in addressing the complexities
involved in forbidden non-unique cases and their nuclear-structure
sensitivities, such as the SNME or the g, shape dependencies.

5 Summary and conclusion

In this article, we conduct a comprehensive survey of potential
second-forbidden non-unique -decay transitions that are sensitive
to the effective value of the weak axial-vector coupling, ga. This
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sensitivity facilitates the determination of g, through a comparison
of computed and experimentally measured electron spectral shapes,
utilizing an enhanced spectrum-shape method (SSM) introduced in
this study. This enhanced method exploits the additional dimension
of fitting the measured branching ratio of a 8 transition by using the
small relativistic vector NME, sNME, as a fitting parameter.

We focus on the decays of ®Fe(0") — °Co(2%),
94Nb(6+) N 94M0(4+),98TC(6+) N 98Ru(4*), 126Sn(0+) N 126Sb(2+),
and 1(7/2%) — PXe(3/2%), selected for their 100% branching
ratios which are conducive to the realistic implementation of
B spectral-shape measurements. Additionally, for the first three of
these transitions, multiple well-established Hamiltonians of the
nuclear shell model (NSM) are available, providing a basis for a
rough estimation of the uncertainties in our NSM calculations.

Our investigation has identified five f3-decay transitions of
significant interest for spectral-shape measurement studies. These
transitions can be categorized into four distinct categories as
previously defined in [48].

e Category I: Includes those transitions that are sensitive to the
values of both g, and sNME.

e Category II: Contains all 8 transitions that have a strong ga
dependence but a weak SNME dependence.

e Category III: Includes the f3 transitions that are rather weakly
sensitive to g, but strongly sensitive to sSNME.

e Category IV: Comprises those 8 transitions that are rather
weakly sensitive to both g, and sNME.

Building on the shape decomposition in Equation 3, we can map
the four categories to specific components within this equation:
vector (Cy), axial (C,), and vector-axial (Cy,) terms. Category I
arises under two scenarios: initially, when the vector-axial
component with a significant SNME dependency, is dominant,
leading to a shape influenced by both g, and sNME.
Alternatively, it emerges when all three components exhibit
comparable magnitudes, and the sensitivity to the SNME in either
the vector or vector-axial components fosters a similar dependence.

Category 1II is characterized by the dominance of the axial
component or a dominant vector-axial component with weak sNME
sensitivity. Both scenarios result in shapes primarily influenced by ga,
albeit with slight to no SNME sensitivity. Conversely, Category III is
defined by a dominant vector component sensitive to SNME variations,
which makes the decay shape predominantly dependent on sSNME with
minimal influence from gy.

Lastly, Category IV describes situations where a dominant
vector component, insensitive to sSNME variations, leads to a
decay shape unaffected by both g, and sNME. This
categorization provides a comprehensive framework for analyzing
B-decay transitions in terms of their component sensitivities and the
dominant influences affecting their spectral shapes.

Based on the f spectral shapes and mean energies, we can then
describe the computed decays as follows.

e “Fe(0*) — %°Co(2%):
e For ca48mhl and fpg9tb, it falls under Category I due to its
sensitivity to both gy and sNME.
e For gxpfla and gxpfIb, it is classified as Category II because
of its strong dependence on g, and weak sensitivity to
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sNME. Overall, the consensus between the interactions
places this transition in Category II.
e “Nb(6") — Mo (4%):
o glekpn shows characteristics of Category IV, indicating weak
sensitivity to both g5 and sNME.
e jj45pnb aligns with Category II whilst showing a better
match with experimental observables.
e *Tc(6%) — *Ru(4"): Both interactions fall into Category I,
highlighting their sensitivity to both gs and sNME.
e 12661 (0%) — 126Sb(2*) and '°I(7/2*) — 2°Xe(3/2*): These
transitions are best described by Category III, indicating
strong sensitivity to sSNME and weaker dependence on gj.

Transitions from Category III play a crucial role in determining
the appropriate value of the small relativistic vector nuclear matrix
element (sNME). Specifically, they help establish whether the fitted
value, ideally close to the Conserved Vector Current (CVC) value of
sNME—termed the ‘optimal’—represents the correct physical
choice. These transitions also aid in predicting which of the
potential solutions is most likely to be real. This strategy is
equally applicable to the S-decay transitions in Category I.

Furthermore, the transitions within Category I and Category II
provide avenues to assess the effective value of the axial coupling.
The transitions in Category II offer a more direct approach, enabling
straightforward evaluations through direct measurements and
comparisons with the predicted spectra.
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