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When does the mean network
capture the topology of a sample
of networks?

Francois G. Meyer*

Applied Mathematics, University of Colorado at Boulder, Boulder, CO, United States

The notion of Fréchet mean (also known as “barycenter”) network is the
workhorse of most machine learning algorithms that require the estimation of
a “location” parameter to analyse network-valued data. In this context, it is critical
that the network barycenter inherits the topological structure of the networks in
the training dataset. The metric—which measures the proximity between
networks—controls the structural properties of the barycenter. This work is
significant because it provides for the first time analytical estimates of the
sample Fréchet mean for the stochastic blockmodel, which is at the cutting
edge of rigorous probabilistic analysis of random networks. We show that the
mean network computed with the Hamming distance is unable to capture the
topology of the networks in the training sample, whereas the mean network
computed using the effective resistance distance recovers the correct partitions
and associated edge density. From a practical standpoint, our work informs the
choice of metrics in the context where the sample Fréchet mean network is used
to characterize the topology of networks for network-valued machine learning.

network-valued data, network barycenter, network topology, statistical network
analysis, Fréchet mean, network distance

1 Introduction

There has been recently a flurry of activity around the design of machine learning
algorithms that can analyze “network-valued random variables” (e.g. [1-8], and references
therein). A prominent question that is central to many such algorithms is the estimation of
the mean of a set of networks. To characterize the mean network we borrow the notion of
barycenter from physics, and define the Fréchet mean as the network that minimizes the
sum of the squared distances to all the networks in the ensemble. This notion of centrality is
well adapted to metric spaces (e.g., [4, 9, 10]), and the Fréchet mean network has become a
standard tool for the statistical analysis of network-valued data.

In practice, given a training set of networks, it is important that the topology of the
sample Fréchet mean captures the mean topology of the training set. To provide a
theoretical answer to this question, we estimate the mean network when the networks
are sampled from a stochastic block model. The stochastic block models [11, 12] have great
practical importance since they provide tractable models that capture the topology of real
networks that exhibit community structure. In addition, the theoretical properties (e.g.,
degree distribution, eigenvalues distributions, etc.) of this ensemble are well understood.
Finally, stochastic block models provide universal approximants to networks and can be
used as building blocks to analyse more complex networks [13-15].
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In this work, we derive the expression of the sample Fréchet mean
of a stochastic block model for two very different distances: the
Hamming distance [16] and the effective resistance perturbation
distance [17]. The Hamming distance, which counts the number of
edges that need to be added or subtracted to align two networks defined
on the same vertex set, is very sensitive to fine scale fluctuations of the
network connectivity. To detect larger scale changes in connectivity, we
use the resistance perturbation distance [17]. This network distance can
be tuned to quantify configurational changes that occur on a network at
different scales: from the local scale formed by the neighbors of each
vertex, to the largest scale that quantifies the connections between
clusters, or communities [17]. See ([18-20], and references therein) for
recent surveys on network distances.

Our analysis shows that the sample Fréchet mean network
computed with the Hamming distance is unable to capture the
topology of networks in the sample. In the case of a sparse stochastic
block model, the Fréchet mean network is always the empty
network. Conversely, the Fréchet mean computed using the
effective resistance distance recovers the underlying network
topology associated with the generating process: the Fréchet
mean discovers the correct partitions and associated edge densities.

1.1 Relation to existing work

To the best of our knowledge, we are not aware of any theoretical
derivation of the sample Fréchet mean for any of the classic
ensemble of random networks. Nevertheless, our work share
some strong connections with related research questions.

1.1.1 The Fréchet mean network as a
location parameter

Several authors have proposed simple models of probability
measures defined on spaces of networks, which are parameterized
by alocation and a scale parameter [5, 21]. These probability measures
can be used to assign a likelihood to an observed network by
measuring the distance of that network to a central network,
which characterizes the location of the distribution. The authors in
[5] explore two choices for the distance: the Hamming distance, and a
diffusion distance. Our choice of distances is similar to that of [5].

1.1.2 Existing metrics for the Fréchet mean network

The concept of Fréchet mean necessitates a choice of metric (or
distance) on the probability space of networks. The metric will
influence the characteristics that the mean will inherit from the
network ensemble. For instance, if the distance is primarily sensitive
to large scale features (e.g., community structure or the existence of
highly connected “hubs”), then the mean will capture these large
scale features, but may not faithfully reproduce the fine scale
connectivity (e.g., the degree of a vertex, or the presence of triangles).

One sometimes needs to compare networks of different sizes; the
edit distance, which allows for creation and removal of vertices, provides
an elegant solution to this problem. When the networks are defined on
the same vertex set, the edit distance becomes the Hamming distance
[22], which can also be interpreted as the entrywise £; norm between
the two adjacency matrices. Replacing the £; norm with the ¢, norm
yields the Frobenius norm, which has also been used to compare
networks (modulo an unknown permutation of the vertices—or
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equivalently by comparing the respective classes in the quotient set
induced by the action of the group of permutations [4, 10]). We note
that the computation of the sample Fréchet mean network using the
Hamming distance is NP-hard (e.g, [23]). For this reason, several
alternatives have been proposed (e.g., [3]). Both the Hamming distance
and Frobenius norm are very sensitive to the fine scale edge
connectivity. To probe a larger range of scales, one can compute the
mean network using the eigenvalues and eigenvectors of the respective
network adjacency matrices [14, 24, 25].

1.2 Content of the paper: our main
contributions

Our contributions consists of two results.

1.2.1 The network distance is the
Hamming distance

We prove that when the probability space is equipped with the
Hamming distance, then the sample Fréchet mean network
in probability to the
(computed using the majority rule), in the limit of large sample

converges sample median network
size. This result has significant practical consequences. Consider the
case where one needs to estimate a “central network” that captures
the connectivity structure of a training set of sparse networks. Our
work implies that if one uses the Hamming distance, then the sample
Fréchet mean will be the empty network.

1.2.2 The network distance is the resistance
perturbation distance

We prove that when the probability space is equipped with the
resistance perturbation distance, then the adjacency matrix of the
sample Fréchet mean converges to the sample mean adjacency matrix
with high probability, in the limit of large network size. Our theoretical
analysis is based on the stochastic block model [12], a model of random
networks that exhibit community structure. In practical applications,
our work suggests that one should use the effective resistance distance
to learn the mean topology of a sample of networks.

1.3 Outline of the paper

In Section 2, we describe the stochastic block model, the
Hamming and resistance distances that are defined on this
probability space. The reader who is already familiar with the
network models and distances can skip to Section 3 wherein we
detail the main results, along with the proofs of the key results. In
Section 4, we discuss the implications of our work. The proofs of
some technical lemmata are left aside in Section 5.

2 Network ensemble and distances
2.1 The network ensemble

Let G be the set of all simple labeled networks with vertex set
def

[n]={1,..

networks in G,

.,n}, and let S be the set of n x n adjacency matrices of
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S= {A € {0,1}™"; where a;; = aj,and a;; = 0; 1Si<j£n}. (1)

Because there is a unique correspondence between a network G =
(V, E) and its adjacency matrix A, we sometimes (by an abuse of the
language) refer to an adjacency matrix A as a network. Also, without
loss of generality we assume throughout the paper that the network
size n is even.

We define the matrix P that encodes the edge density within
each community and across communities. P can be written as the
Kronecker product of the following two matrices,

Pz[p 1 ® Jup (2)

q°p

where ], is the n/2 x n/2 matrix with all entries equal to 1. We
denote by G(n, p,q), the probability space S equipped with the
probability measure,

vAeS, PA)= [] p“[1-pI"™ ] a“[1-4]"". ©)

Lsisn/2 Lsisn/2
1<j<n/2 n/2+1<j<n

G(n,p,q) is referred to as a two-community stochastic
blockmodel [12]. One can interpret the stochastic blockmodel
as follows: the nodes of a network G € G(n, p, q) are partitioned
into two communities. The first #/2 nodes constitute community
C;; the second community, C,, comprises the remaining #/2
nodes. Edges in the graph are drawn from independent
Bernoulli random variables with the following probability of
success: p for edges within each community, and g for the
across-community edges.

2.2 The Hamming distance
between networks

Let A and A’ be the adjacency matrices of two unweighted
networks defined on the same vertex set. The Hamming distance
[16] is defined as follows.

Definition 1. The Hamming distance between A and A’ is
defined as

dy (4, 4') = J1A - Al (4)
where the elementwise £, norm of a matrix A is given by [|A[; =
lei,jgn'aiJ"'

Because the distance dp is not concerned about the locations
of the edges that are different between the two graphs, dy (A4, A’)
is oblivious to topological differences between A and A’. For
instance, if A and A’ are sampled from G(n, p,q), then the
complete removal of the across-community edges induces the
same distance as the removal, or addition, of that same number of
edges in either community. In other words, a catastrophic change
in the network topology cannot be distinguished from benign
fluctuations in the local connectivity within either community.
To address the limitation of the Hamming distance we define the
resistance distance [17].
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2.3 The resistance (perturbation) distance
between networks

For the sake of completeness, we review the concept of effective
resistance (e.g., [26, 27]). Let A denote the adjacency matrix of a
network G = (V, E), and let D denote the diagonal degree matrix,
dii = Z;l:ﬂij- We consider the combinatorial Laplacian matrix [28]
defined by

L=D-A. (5)
We denote by L' the Moore-Penrose pseudoinverse of L. Let i, j be

two nodes of the network, the effective resistance between i and j is
given by

gttt T
Rij _Lii+ij_2Lij' (6)
Intuitively, R;; depends on the abundance of paths between i and j.

We have the following lower bound that quantifies the burgeoning
of connections around the nodes i and j,

| —

1
-+ESRU’ (7)

RN

where d; and d; are the degrees of nodes i and j respectively. As
shown in [29], this lower bound is attained for a large class of graphs
(see also Remark 3).

The resistance-perturbation distance (or resistance distance for
short) is based on comparing the effective resistances matrices R and
R’ of G and G’ respectively. To simplify the discussion, we only
consider networks that are connected with high probability. All the
results
explained in [17].

can be extended to disconnected networks as

Definition 2. Let G = (V,E) and G' = (V,E') be two networks
defined on the same vertex set [#]. Let R and R’ denote the effective
resistances of G and G’ respectively. We define the resistance-
perturbation distance [17] to be

drP(G,G’): Z |Rij—R,{,'|2. (8)

1<i<j<n

3 Main results

We first review the concept of sample Fréchet mean, and then
present the main results. We consider the probability space (S,P)
formed by the adjacency matrices of networks sampled from
G(n, p,q). We equip S with a distance d, which is either the
Hamming distance or the resistance distance. Let AP 1<k<N
be adjacency matrices sampled independently from G (n, p,q).

3.1 The sample Fréchet mean

The sample Fréchet function evaluated at B € S is defined by

N
F,(B) = % > d*(B,AW). 9)
k=1
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The minimization of the Fréchet function F, (B) gives rise to the
concept of sample Fréchet mean [30], or network barycenter [31].

Definition 3. The sample Fréchet mean network is the set of
adjacency matrices fi[IP] solutions to

4[P] = argmin — ZdZ(B A® ) (10)

BeS

Solutions to the minimization problem in Equation 10 always
exist, but need not be unique. In Theorem 1 and Theorem 2, we
prove that the sample Fréchet mean network of G (1, p, q) is unique,
when d is either the Hamming distance or the resistance distance.

A word on notations is in order here. It is customary to denote by
u[P] the population Fréchet network of the probability distribution IP,
(e.g., [31]), since the adjacency matrix p[P] characterizes the location
of the probability distribution IP. Because we use hats to denote sample
(empirical) estimates, we denote by g [IP] the adjacency matrix of the
sample Fréchet mean network.

3.2 The sample Fréchet mean of G(n,p,q)
computed with the Hamming distance

The following theorem shows that the sample Fréchet mean
network converges in probability to the sample Fréchet median
network, computed using the majority rule, in the limit of large
sample size, N.

Theorem 1. Let g[P] be the sample Fréchet mean network
computed using the Hamming distance. Then,

Ve>0,3N,, VN = No, P(dy (a[P], m[P]) <e)>1 - (11)

where m[P] is the adjacency matrix computed using the
majority rule,

1 if SY,al 2 Np,

12
0 otherwise. (12)

Vi, j € [n], m[P];= {

Remark 1. The matrix m[P] is the sample Fréchet median network
(e.g., [32], solution to the following minimization problem [21],

m[P] = argmin F,(B),
BeS

(13)

where F, is the Fréchet function associated to the sample Fréchet
median, defined by

F,(B) = (14)

N S n(a.5).

Remark 2.
constant; the convergence in probability in Theorem 1 happens

The network size n in Theorem 1 is assumed to be

when the sample size N — co. The proof of theorem 1 involves
constants that are sublogarithmic functions of # (see a and f3 in the
proof of lemma 3 in Section 5.2.)

One could envision a scenario where the network size n would
grow with the sample size N. In that case, we need N = w (log#) to
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ensure that lemma 3 provides a useful bound. This is a very weak
upper bound on n, satisfied for instance for n = exp (N°¢), with
0 < ¢ < 1. Finally, theorem 1 holds for any values of the edge densities
p and g (whether these depend on # or N), as long as they are always
distinct from 1/2 (to avoid the instability that occurs when
estimating g#[P]; see lemma 4 for details).

Before deriving the proof of theorem 1, we present an extension
of the Hamming distance to weighted networks. We remember that
the sample Fréchet mean network computed using the Hamming
distance has to be an unweighted network, since the Hamming
distance is only defined for unweighted networks. This theoretical
observation notwithstanding, the proof of theorem 1 becomes much
simpler if we introduce an extension of the Hamming distance to
weighted networks; in truth, we extend a slightly different
formulation of the Hamming distance.

Let A,B € S be two unweighted adjacency matrices. Because
dy (A, B) counts the number of (unweighted) edges that are
different between the graphs, we have

= 2wt ) b2 ) aby.

1<i<j<n 1<i<j<n 1<i<j<n

dy (A, B) (15)

Now, assume that A and B are two weighted adjacency matrices,
with a;;, b;; € [0, 1]. A natural extension of Equation 15 to matrices
with entries in [0,1] is therefore given by

Z a,'j‘l' z b,-]-—2 Z a,-]-bi]-.

1<i<j<n 1<i<j<n 1<i<j<n

8(A,B) = (16)

The function J, defined on the space of weighted adjacency matrices
with weights in [0,1], satisfies all the properties of a distance, except
for the triangle inequality.

We now present the sample probability matrix P and the sample
correlation p. Let AW, 1<k<N be adjacency matrices sampled
independently from G(n, p,q). We define

P B 1L ¥ 4w (17)
j [a’l] NI; ij
and
by E B[ ] 5L S aWah, (18)
ij,i'j ij,i'j N ij “i'j

We can combine the definitions of § and P to derive the following
expression for the Fréchet function F, for the sample median,
defined by Equation 14,

F,(B) = §(B,P). (19)
The proof of this simple identity is very similar to the proof of
lemma 1, and is omitted for brevity. We are now ready to present the
proof of theorem 1.

Proof of Theorem 1. The proof relies on the observation
(formalized in lemma 1) that the Fréchet function £, (B) can be
expressed as the sum of a dominant term and a residual. The residual
becomes increasingly small in the limit of large sample size (see
lemma 3) and can be neglected. We show in lemma 2 that the
dominant term is minimum for the sample Fréchet median network
m[P] [defined by Equation 12]. We start with the decomposition of
F, (B) in terms of a dominant term and a residual.
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Lemma 1. Let B € S. We denote by £(B) the set of edges of the
network with adjacency matrix B, we denote by £(B) the set of
“nonedges.” Then

Fz(B) :62(B,i))— Z (ﬁijﬁi',j' _E[Pij,i'j'])

1<i<js<n
I<i'<j'<n

+4 ) (ByPry-Elpy])

lis)eE B)
[7,'1e (B)
where P is defined by Equation 17, and p is defined by
Equation 18.
Proof. The proof of lemma 1 is provided in Section 5.
To call attention to the distinct roles played by the terms in
Equation 20, we define the dominant term of F, (B),

B F(BP) - Y [PyPry—E[p,.]] 1)
S
and the residual (y is defined by
{(n(B) =4 Z (PiPry ~Elpyr]), (22)
R

so that F5(B) = F(B) + (y (B).

The next step of the proof of theorem 1 involves showing that
the sample median network, #[P], [see Equation 12], which is the
minimizer of F; (B) [see Equation 14], is also the minimizer of F(B).

Lemma 2. m[P] satisfies: VB € S, F (m[P]) < F (B).
Proof of lemma 2. We have

FB) =&(BP)- Y (PyPyy—E[p,.;])

l<i<js<n
1<i'<j' <n

(23)

Because ##1[P] is the minimizer of F; (B) = § (B, P) [see Equation
19], m[P] is also the minimizer of &%(B,P). Finally, since
Y icicien (j)ijj)i,’j, _E[Pij,i’j’]) does not depend on B, m[P] is

1<i'<j'<n .
the minimizer of F (B).

We now turn our attention to the residual and we confirm in the
next lemma that {y (B) = Op (ﬁ); to wit { (B)VN is bounded
with high probability.

Lemma 3. Ve>0,3c >0,V N>1,

]P’(A(k) ~G(np.9); Cx (B)I<%>>1—f- (24)

Proof. The proof of lemma 3 is provided in Section 5.2.

The last technical lemma that is needed to complete the proof of
theorem 1 is a variance inequality [31] for F. We assume that the
entries of P are uniformly away from 1/2 (this technical condition on
P prevents the instability that occurs when estimating fi[P]
for p;; = 1/2).

Lemma 4. We assume that there exists #>0 such that
1<i<j<n,|p;j—1/2|>#. Then, 3a>0

VBeS, alB-m[P}<|F(B)-E@m[P]) (25)
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with high probability.

Proof. The proof of lemma 4 is provided in Section 5.3.

We are now in position to combine the lemmata and complete
the proof of theorem 1.

Let a[P] be the sample Fréchet mean network, and let m2[P] be
the sample Fréchet median network. By definition, @[P] is the
minimizer of Fz, and thus

E(a[P)) = F, (a[P]) - {y (a[P)) < E, (i [P]) - {y (a[P])  (26)

Now, by definition of Fin Equation 21, we have

> ([P]) =y (a[P]) = F (m[P)) + C (m[P]) =y (4[P]), (27)

and therefore,

0<F(@[P]) - F(m[P]) <y (m[P]) - Oy (&[P]).  (28)

This last inequality, combined with Equation 24 proves that
F (a[P]) - F (m[P]) converges to zero for large N. We can say more;
using the variance inequality Equation 25, we prove that
dy (a[P],m[P]) = ||@[P] — m[P]||, converges in probability to
zero for large N.

Let €>0, from lemma 4, there exists a >0 such that

P(AY ~G(n.p.q);  ala[P] - m[Pll> <|E@[P]) - E(a[P))])>1 -e.
(29)

The term (y (m[P]) — i (@[P]) is controlled using Lemma 3,

3C,VN > 1,P<V]P> €S, [Cn (m[P)) - {y (A[P])] < %) >1-¢
(30)
Combining Equations 28-30 we get
VN=1, P |a[P]-m[P]|,>< ¢ >1-¢ (31)
>1, I U SN .
We conclude that IN; such that
VN>N,, P(la[P]-m[P]l,<e)>1-¢ (32)

which completes the proof of the theorem.

3.3 The sample Fréchet mean of G(n,p,q)
computed with the resistance distance

Here we equip the probability space (S,P) with the resistance
metric defined by Equation 8. Let A®,1<k<N be adjacency
matrices sampled independently from G(n, p,q), and let R® be
their effective resistances. Because the resistance metric relies on the
comparison of connectivity at multiple scales, we expect that the
sample Fréchet mean network recovers the topology induced by the
communities.

In the following, we need to ensure that the effective resistances
are always well defined for networks sampled from G (n, p,q), and
we therefore require a very mild condition of the edge density. We
assume that p = w(logn/n) and q = w (logn/n). For instance, this
condition is satisfied if p = a; (log™ n)/n, and q = a, (log™ n)/n, with
ay,a, >0, cp,c>1.
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The next theorem proves that the sample Fréchet mean
converges toward the expected adjacency matrix P (see Section
2) in the limit of large networks.

Theorem 2. Let i [P] be the sample Fréchet mean computed using
the effective resistance distance. Then

A[P] =E[A] = P, (33)

in the limit of large network size #n, with high probability.

Proof of theorem 2. The proof combines three elements. We first
observe that the effective resistance of the sample Fréchet mean is
the sample mean effective resistance.

Lemma 5. Let g[P] be the sample Fréchet mean computed using
the resistance distance. Then

N
A def N 1
Ry= Ry (a[P)) = 1 Y R (34)
N =
Proof of lemma 5. The proof relies on the observation that the
Fréchet function in Equation 10, is a quadratic function of

Ri; = R;j (@[P]). Indeed, we have

1 & N |2
N2 X [Ri-RP[= ¥

1Y ) [2
> > w2 |Ro RS (35)
k=1 l<i<j<n 1<i<j<n k=1
where we have used the definition of the effective resistance distance
given by Equation 8. The minimum of Equation 35 is given by
Equation 34.

The second element of the proof of theorem 2 is a concentration
result for the effective resistance R;; for networks in G (, p, g), when
the network size n becomes large. Our technique of proof is different
from that of Theorem 1. In Theorem 1, we rely on laws of large
numbers (for large sample size N) to compute the minimum of the
Fréchet function F,.

In contrast, the proof of theorem 2 follows a different line of
attack, where we replace the law of large number with a
concentration result for the effective resistance R;; of G(n, p,q)
for large network size n. Our estimates are independent of the
sample size N; they only become sharper as the graph size n — co.
Others have derived similar results (e.g., [29, 33-36]).

In the next lemma, we prove that (1/N )Z,I;’:IR,-(J-") concentrates
around R*;; in the limit of large network size #.

Lemma 6. Let G = (V, E) a graph sampled from G (n, p,q). Let i, j
be two nodes in V. Then the effective resistance R;; between i and j is

given by
1
Rij = R*,‘j + 0p<—>, (36)
n
where
4 .y L .
—_— if iand j are in the same community,
e | PFa)
ij =
4 + (p-q) zi if iand j are in different communities.
n(p+a) (p+q)rq
(37)

Before deriving the proof of lemma 6 we make a few remarks to
help guide the reader’s intuition.
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Remark 3. We justify Equation 37 with a simple circuit argument.
We first analyse the case where i and j belong to the same
community, say C;. In this case, we can neglect the other
community C, because of the bottleneck created by the across-
community edges. Consequently, C; is approximately an Erdds-
Rényi network wherein the effective resistance R;; concentrates
around 4/(n(p+q)) [29], and we obtain the first term in
Equation 37.

On the other hand, when the vertices i and j are in distinct
communities, then a simple circuit argument shows that

Rij = 2 +l+ 2
T on(prq) k n(p+aq)

(38)

where k is the number of across-community edges, creating a
bottleneck with 1/k between the two
communities [37]; each term 2/(n(p+q)) accounts for the

effective resistance
effective resistance from node i (respectively j) to a node
incident to an across-community edge. Because the number of
across-community edges, k, is a binomial random variable, it
concentrates around its mean, gn?/4. Finally, 1/k is a binomial
reciprocal whose mean is given by 4/(gn®) + 01/n® [38], and we
recover the second term of Equation 37.

Our proof of lemma 6, requires that we introduce another
operator on the graph, the normalized Laplacian matrix (e.g.,
[28]). Let A be the adjacency matrix of a network (V,E), and let
D be the diagonal matrix of degrees, d; = Z;‘:lai ;. We normalize A in
a symmetric manner, and we define

A=D"AD"?, (39)

where D2 is the diagonal matrix with entries 1/+/d;. The
normalized Laplacian matrix is defined by

L=1-A4, (40)

where I is the identity matrix. £ is positive semi-definite [28], and we
will consider its Moore-Penrose pseudoinverse, Ct
Proof of lemma 6. The lemma relies on the characterization of R

in terms of £ [28],
Rij = {ui — uj, £T(ui - uj)>> (41)

where u; = (1/ \/—d—l )e;, and e; is the i™ vector of the canonical basis.
Let 1=X1>A>...1,> -1 be the eigenvalues of A, and let

II;, ..., II, be the corresponding orthogonal projectors,
A=) )00, (42)
m=1

where II; :T’ldl/zd”ZT, with d'? = [Vd, - d, 1", and
7 =1, d;. Because II; is also the orthogonal projection on the
null space of £, we have

C'=+m)! -M=(1-(A-m))" -1,

Ay
_I—H1+—1_A2H2+Q, (43)
where
n Am
- n 44
Q mzs T (44)
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Substituting Equation 43 into Equation 41, we get

Rij = (ui—uy, (I- Hl)(ui - uj)> + lf—zlz {u; - ujsHZ(ui - uj)>

+ {u; — uj, Q(“i - uj)>
(45)

The first (and dominant) term of Equation 45 is

1 1
—+—

(u; - uj, (I- Hl)(ui - uj)> = (u; — Ui, uj — uj> = ]

g (40)

<

Let us examine the second term of Equation 45. Lowe and Terveer
[39] provide the following estimate for A,

p—1q

3 2logn
+q+w(n),wherew(n)—(’)< 7n(p+q) ) (47)

p

Aa

The corresponding eigenvector z is given, with probability (1 — O1),
by [40],

Z; (48)

1 1
=0—=+ol—|
"Vn \n
where the “sign” vector @, which encodes the community, is given by

oo 11
1

We derive from Equation 48 the following approximation
to {w;, Thu;),

ifl1<i<n/2,

ifn/2+1<i<n. (49)

Cui, pu;)y = uiTzzTuj = (50)

1 1 (1)
zZiZ; = 0;0; +op|l — ).
\/H:H; J n\/a,ﬂ; / P\n
We therefore have

o1 2
" nd; nd; n\/did;

The degree d; of node i is a binomial random variable, which

(ui—uj,l'lz(u,- —u]-)) Uiaj +0P(7ll)' (51)

concentrates around its mean, p(n/2 —1)+gn/2 = n(p + q)/2 for
large network size n. Also, 1/d; is a binomial reciprocal that also
concentrates around its mean, which is given by 2/((p + q)n) +
o1/n? [38]. We conclude that in the limit of large network size,

(1 - aiaj) + 0})(%).

4

<u,‘ - u]-,l'Iz(ui - u])> = m

(52)

Combining Equations 47, 52 yields

(o) 4 (1-am)
(p+q)mq 2

A
; _2A21'[2(u,- - u])>

{u; —

uj,

We note that

(p-q) 4 (1-00))

(pra)mq 2
4 . N .
—_ if iand j are in the same community
_ | n(ptq)
4 - 4
(p-q) —— ifiand jarein different communities,
n(p+q) (p+aq)n’q
(54)
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which confirms that {u; —uj, lf—ilﬂz (u; —uj)) provides the
correction in Equation 37 created by the bottleneck between the
communities. Finally, we show in Section 5.4 that the last term in the
expansion of R;; Equation 45 can be neglected,

1 1) 82
k”‘“ﬁQ@VWJﬂS(E+Eﬁ

— (55)
)2
This concludes the proof the lemma.

almost surely.

(np

Remark 4. Lemma 6 can be extended to a stochastic block model of
any geometry for which we can derive the analytic expression of the
dominant eigenvalues; see (see e.g., [39, 41]) for equal size
communities, and (see e.g., [42]) for the more general case of
inhomogeneous random networks.

We can apply Lemma 6 to derive an approximation to the
sample mean effective resistance.

Corollary 1. Let AW, 1<k<N be adjacency matrices sampled
independently from G(n, p,q), and let R® 1<k<N be the
respective effective resistance matrices. Then

1iRW R+ (w
— = ii opl — |,
NG 7

(56)

where R*;; is given by Equation 37.

Lastly, the final ingredient of the proof of theorem 2 is Lemma 7
that shows that matrix R*, given by Equation 37, is the effective
resistance of the expected adjacency matrix of (S, P), R* = R[E[A]].

Lemma 7. Let R be the n x n effective resistance matrix of a
network with adjacency matrix A. If

Gt
p+qniq

4

n(p+q)

(57)

where J = J,,, and K is the n x n matrix associated with the cross-

s

Then A = P, where P is given by Equation 2.

community edges,

01

10 (58)

® Jup-

Proof of lemma 7. The proof is elementary and relies on the
following three identities. First, we recover L', the pseudo-inverse of
the combinatorial Laplacian L = D — A, from R,

L1y, 1 1
L:——P——dRP——d. (59)
2 n n
We can then recover L from L'; for every a # 0, we have
-1
L:[U+f4 _%y (60)
n n

Finally, A = —L + diag(L).
This concludes the proof of theorem 2.

4 Discussion of our results

This paper provides analytical estimates of the sample Fréchet
mean network when the sample is generated from a stochastic block
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model. We derived the expression of the sample Fréchet mean when
the probability space G (n, p,q) is equipped with two very different
distances: the Hamming distance and the resistance distance. This
work answers the question raised by Lunagémez et al. [5] “what is
the “mean” network (rather than how do we estimate the success-
probabilities of an inhomogeneous random network), and do we
want the “mean” itself to be a network?”.

We show that the sample mean network is an unweighted
network whose topology is usually very different from the
average topology of the sample. Specifically, in the regime of
networks where min p;; <1/2 (e.g., networks with on® but w(n)
edges), then the sample Fréchet mean is the empty network, and is
pointless. In contrast, the resistance distance leads to a sample
Fréchet mean that recovers the correct topology induced by the
community structure; the edge density of the sample Fréchet mean
network is the expected edge density of the random network
ensemble. The effective resistance distance is thus able to capture
the large scale (community structure) and the mesoscale, which
spans scales from the global to the local scales (the degree of
a vertex).

This work is significant because it provides for the first time
analytical estimates of the sample Fréchet mean for the stochastic
blockmodel, which is at the cutting edge of rigorous probabilistic
analysis of random networks [12]. The technique of proof that is
used to compute the sample Fréchet mean for the Hamming
distance can be extended to the large class of inhomogeneous
random networks [43]. It should also be possible to extend our
computation of the Fréchet mean with the resistance distance to
stochastic block models with K communities of arbitrary size, and
varying edge density.

From a practical standpoint, our work informs the choice of
distance in the context where the sample Fréchet mean network
has been used to characterize the topology of networks for
network-valued machine learning (e.g., detecting change
points in sequences of networks [2, 8], computing Fréchet
regression [6], or cluster network datasets [7]). Future work
includes the analysis of the sample Fréchet mean when the
distance is based on the eigenvalues of the normalized
Laplacian Wills and Meyer [20].

5 Additional proofs
5.1 Proof of lemma 1

We start with a simple result that provides an expression for the
Hamming distance squared. Let A, B € S, and let £(B) denote the
set of edges of B, and £ (B) denote the set of “nonedges” of B. We
denote by |£(B)| the number of edges in B. Then, the Hamming
distance squared is given by

Y o

d;, (A,B) = |E(B) + 2|6(B)|[
[ii]e€®

S ay
[#.j'] € (B)
2

—4 Z aija,"j' + [ Z ai]] (61)
[i)j]eg(B) 1<i<j<n
[i',j']€€ (B)
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The proof of Equation 61 is elementary, and is omitted for brevity.
We now provide the proof of lemma 1.

Proof of lemma 1. Applying Equation 61 for each network G,
we get

F,(B) = |E(B) +2I€(B)|

1< 1 <
| X gral- ) el
(

i,j]e& (B) k=1 [1.]e€®) st
1 N (k 1 N 2
) 5 R @®
—4 z [ﬁ Za,-j ai,j,] N Z Z a! 62)
li-j]<€ (B) k=1 k=1 L1<i<j<n
[i',j'1€€ (B)

Using the expressions for the sample mean Equation 17 and
correlation Equation 18, and observing that

2
1 ¥ - A
~ W = 15 w w_
VI ] 2 kB 3 e
= <i<js<n 1<i<j<n k=1 L<icj<n
I<i'<j'<n 1<i'<j'<n
(63)

we get

F,(B) = |EB) + 2|5(B)I[

AR pj]

[ii]€€® [#.i'] £ (B)

-+ Y Elpnlt 3 Bl Y
[i,j1e€ (B) 1<i<j<n
[i",j'1€€ (B) 1<i'<j' <n

Also, we have

€ (B)I* +2|5(B)|[

> Py- Y p]]

[i.i]€€B) [i"i']e€®)
=[E®l -2 ) ﬁ;/,,.er(B)Hz Y ﬁ,-,}
(i.j")eE(B) (ij)e (B)
+4 Y PPy
(i.jl€€ (B)
li'j'1€€ (B)

Whence

1€ (B)I* + 2|5(B)I[

AR p]]

[i.i]e€® [i".']e€®)
=lE@ 2 ) Py
(i'.j")e€ (B)
X |S(B)|—2 Z p,"’j'+2 Z i),‘j +4 z piji)i',j'
(ij")e€®) 1<i<jsn [i,jle€ (B)
li',j'1€€ (B)
2
=[UEB 2 ) Pyl +2
(i'.j') e £(B)
2
x Y PyllEBI-2 Y Py +[ i),-j] +4
1<i<j<n (,/]')55(3) 1<i<j<n
2
x ) Pisz",j’—[ Y Pij]
li,jle€ (B) 1<i<jsn
li',j'1e€ (B)
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Completing the square yields

PARIEED) pJ]

IEBF + 2|8(B)|[
[i-i]€€®) [i".']e€®)

2
S[E®I-2 Y Puyr Y Byl 4 X Pyby
(1) ce® 1<i<j<n [ii]€€®
()€ B

{2]

I<i<j<n

2

Z (1 _2Pi’,j’) + P,]:| +4 z P,‘jP,-l,j'
(.)€ (B) L<i<jsn li.j1€€ (B)
[i",j']€€ (B)

- z Piji)i’,j"

1<i<jsn
I<i'<j'<n

(65)

We can then substitute Equations 63, 65 into Equation 64, and we
get the result advertised in the lemma,

2

ﬁZ(B) = z (1 —21‘A)ij)+ Z ﬁl] - Z i)ijf)i’,j/ﬁi”j'
[i,j] <€ (B) 1<i<j<n 1<i<js<n
I<i'<j'<n
- E[pij,i’j’] +4 Z PPy~ ]E[pij,i’j’]’
[i,j1€€ (B)
[i',j'1€€ (B)

where we recognize the first term as 8% (B, P).

5.2 Proof of lemma 3

Proof of lemma 3. We recall that the residual { (B) is a sum of
two types of terms,

{n(B) = (67)

Z PijPi,,j, _E[Pij,i'j,]'
lij1€€ (B)
[i',j'1€£ (B)

The sample mean ﬁij, Equation 17, is the sum of N independent
Bernoulli random variables, and it concentrates around its mean
pij. The variation of ﬁ,-,» around p;; is bounded by Hoeffding
inequality,
Vi<i<j<nVN=1, P(AY ~G(n p,q);
lﬁl,l - P,]i > 8) <exp (—ZN(SZ)

Let £€>0, and let ocd:ef\llog(n/ V/¢e/2), a union bound yields

(68)

VN> 1,P<A(k’ ~G(mpq)iVl<i<j<n |P;-pyl s%)

>1—£/4.

The sample correlation, ﬁij,i’j” Equation 18, is evaluated in

Equation 67 for [i,j] € £(B) and [i',j'] € £(B). In this case,
the edges [i, j] and [i', j'] are always distinct, thus ai(}‘)

(69)

and
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(k)

a,; are independent, and al gk

ij Gy s a Bernoulli random
variable with parameter p;;p;y. We conclude that p;; ;. is the
sum of N independent Bernoulli random variables, and thus

concentrates around its mean, p;;p; ;.
Let &> 0, and let B /log (n2/+/2¢ ), Hoeffding inequality and a
union bound yield
VN >1,
(7 # 125 b B lpyay] - popes| s> 1-¢ /2,
o VN
(70)

P(l<i<j<n1<i'<j' <n,

Combining Equations 69, 70 yields

Ve>0, Jag, a, YN 21, v I<i<j<nV1<i'<j' <n,

ot N a X 1
i, 7] # [, '], |P;j - pii s\/—lﬁ, |P; ;i — piyl SN
and 'I@[pij,i,j,] —pijp,-:jr‘ S\/iﬁ, (71)

with probability 1 — e. Lastly, combining Equations 67, 71, we get the
advertised result,

Ve>0,3¢>0,VN2>1,

PN ~ (o
PP — piipis —E|p..ow| + Diipir | < —
P z 1yt i,y p’]pl} [Pz},z]] p’]plj = [ )
< li.jl€€ (B) N
li',j'1€€ (B)
C

5.3 Proof of lemma 4

We first provide some inequalities (the proof of which are
omitted) that relate § to the matrix norm || ||;.

Lemma 8. Let A, B and C be weighted adjacency matrices, with
a;j, bij, cij € [0,1]. We have

1 1
EIIA - Bl <4(A,B), andzllA -Cl,<6(A,B)+5(B,C). (73)

Proof of lemma 4. Let B, m[P] € S. From the definition of F (see
Equation 21) we have

F(B) - F ([P)]) = °(B, P) - & ([P, P)
= (8(B, P) - 8(rir[P), P))
x (8(B, P) + 8(rn[P], P)) (74)
Because of Lemma 8, we have
8(B, P) + 8(rin[P], P) > |B — rin[P]]],. (75)

Also,

8(B,P) - 8(m[P),P) = Y by-m[Pl;-2 Y p,(by—m[Pl;)

1<i<j<n 1<i<j<n
= Z (l_zﬁij)(bﬁ"h[mu)'
1<i<j<n

(76)

The entries of #[IP] are equal to 1 only along & (#[P]), and 0 along
& (m[P)). Therefore,
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8(B,P) - 8(r[P], P) =

+ )

[i.j] €€ Ga(PY)

2

[i.j] €€ GintPY)

(1-b;)(2p; - 1)

by(1 —2[7,.].)

(77)

Let £€>0, because of the concentration of 131 ;= ﬁij around Dij>

ANy, VN > Ny,
]P’(IS1<]S71, |i);]_p1]|<£/2)>1_& (78)

We recall that we assume that |p;; — 1/2|>7,
therefore we get that for all 0 <e <2y,

1<i<j<n, and

P(1<i<j<n, |2P;-1|>2n-¢)>1-c. (79)
Because m[P] is constructed using the majority rule, we have
. 2p; -1 it [i,j] € Em[P]),
2P, -1| = { 1-2p, it [ij]egemp). 0

Substituting the expression of |213ij — 1| in Equation 79 yields the
following lower bounds, with probability 1 — ¢,

{ if [i, j] € £(m[P)),

it [i,j] € E(m[P)).
Inserting the inequalities given by Equation 81 into Equation 77

2p,; - 1>2n—¢
1-2p,;>2n-¢ (81)

gives the following lower bound that happens with probability 1 — ¢,

S(B,P) - 8([P], P) > (21— ¢)

2 )

>< [
[i.j] €€ (rinTP)) [i.j] €€ (mlP1;;)
We bring the proof to an end by observing that

IB-m[Pll, = ) |by;—ri[P]]

I<i<j<n

2

[i.j] €€ (P

2

[i.7] €€ ([P

(1-by) + by | (82)

|b,']' - 1| +

2

[i.j] €€ (sin[P1)

2

[i:7]€E [P

[b]

(1 _bij)+ bij) (83)

whence we conclude that
3(B, P) — §(rin[PP), P) > (21 - &) |IB — s [P]]], (84)

with probability 1 - e. Finally, combining Equations 75, 84, and
letting ad=6f211 — ¢, we get the inequality advertised in Lemma 4,

al|B - m[P]|[{ < |F (B) - F (m[P])], (85)
with probability 1 - e.
5.4 Proof of Equation 55
We  show  that  [Cw—u;, Qu—uj))|< (5 + dij) (iz)z;

almost surely.
Proof. Let i, j € [n]. We have.

n

'<ui - uj)Q(ui - uj)>| = [Kw; —u;, z T

m=3
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1] & A,
< {di +d—j}IImZ:3 i (87)
Now
”i Am - "2—i - 2"1_[ "z<i2|/\ PITL 1 < 2| miaxiA, | 2
Xl = Y s 32 P <2 o]

(88)

because the II,, are orthonormal projectors such that Y, _ II,, = I.
Using the following concentration result (e.g., Theorem 3.6 in [44]),

almost surely. (89)

n 8
max|A,,| < —
m=3 1/7’117

we conclude that

1 1) 82
|(ui —uj, Q(u,- —uj))l < (Z-f—d—])

W

almost surely. (90)
(np
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