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Some novel exact solutions for
the generalized time-space
fractional coupled
Hirota-Satsuma KdV equation

Yueling Cheng*, Siyuan Hong, Shujun Yang, Xu Chi and
Jinghao Yang

School of Mathematical Sciences, Jiangsu University, Zhenjiang, China

In this paper, two efficient methods, namely the modified (G'/G,1/G)-expansion
method and the G'/(bG’ + G +a)-expansion method, are employed to obtain
novel exact wave solutions for the generalized time-space fractional coupled
Hirota-Satsuma KdV equation. Various types of analytical explicit solutions,
including well-known bell-shape solitons, mixed solitary wave solutions, and
periodic wave solutions are obtained. These solutions are of great significance
for revealing the nonlinear interaction between two long waves with different
dispersion effects. The two-dimensional and three-dimensional distribution
maps and contour plots corresponding to partial solutions are simulated
to visually display the evolution process of relevant physical quantities over
time. Moreover, the potential applications of these solutions in nano/micro
devices and systems, especially in MEMS (Micro-Electro-Mechanical Systems)
are discussed. It is demonstrated that the methods and processes utilized have
strong applicability for constructing analytical solutions of nonlinear evolution
equations.

time-space fractional coupled Hirota-Saturma KdV equation, the modified (G'/G,1/G)-
expansion method, the G'/(bG’ +G+a)-expansion method, blow-up, analytical solutions

1 Introduction

As we all know, nonlinear partial differential equation models are applied to almost
every corner of social life. For example, various nonlinear soliton equations can be
used to describe wave phenomena in many natural sciences and engineering fields
such as fluid physics, solid state physics, laser physics, astrophysics, geophysics, lattice
vibration, optical fiber communication, quantum mechanics, geomechanics, oceanography,
superconductivity, field theory, transportation, etc. Since fractional order nonlinear systems
can describe these nonlinear processes more accurately than integer order systems,
studying the solution of fractional order nonlinear systems is particularly important
in the development of natural sciences, and has always been a hot topic for domestic
and foreign scholars. Till now, people have given many forms of fractional derivative
definitions for different situations. For example, Riemann-Liouville definition [1], Caputo
definition [2], Jumaries’s definition [3], Atanganas definition [4], Atangana-Baleanu-
Riemann definition [5], conformable definition [6], Abu-Shady-Kaabar definition [7], He’s
definition [8], etc. [9-15]. Each definition has its own advantages and disadvantages,
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for example, the Riemann-Liouville definition is to consider the derivative of the integral factor, the Caputo definition is to consider the
integration of the derivative factor, the Jumaries’s definition is to consider the influence of the initial value and the Hes definition takes into
account the more general problem of initial values, etc., and their efficiency varies in the process of solving some specific problems. In order
to find the analytical solutions of nonlinear fractional partial differential equations, many domestic and foreign scholars have made great
efforts, and the existing methods mainly include the Bicklund transformation method [16], the homogeneous equilibrium method [17], the
Riccati equation expansion method [18], the F-expansion method [19], the Jacobi elliptic function expansion method [20], the generalized
expansion method [21], the Darboux transform method [22], the Lie symmetry method [23], the Adomian decomposition method [24], The
homotopy perturbation method [25], the variational iterative method [26], and so on [27-29]. These methods have their own advantages
and characteristics, providing powerful tools for exploring the solutions of complex nonlinear equations.

Furthermore, the applications of these solutions are not limited to traditional fields. In the era of rapid development of nano/micro
technology, they have potential applications in nano/micro devices and systems, especially in MEMS (Micro-Electro-Mechanical Systems)
[30]. MEMS technology combines mechanical elements, sensors, actuators, and electronics on a microscale, and understanding the behavior
of fractional partial differential equations can contribute to the design, optimization, and performance improvement of MEMS devices [31].
For example, in the field of sensors, fractional order models can help analyze and predict the response of micro-sensors to various stimuli
more accurately. In actuators, the solutions of fractional equations can provide insights into the dynamic behavior and control strategies [32].
Additionally, in integrated micro-systems, the understanding of fractional order phenomena can enhance the functionality and reliability of
the overall system [33, 34].

The study of fractional order nonlinear partial differential equations and their solutions is not only of theoretical significance but also
has practical applications in a wide range of fields, especially in the emerging field of nano/micro devices and systems such as MEMS. Our
research is based on the definition of M-fractional derivative proposed by Sousa and Oliveira recently [35], this new fractional derivative
definition generalizes the conformable derivative by a truncated Mittag-Leffler function of one parameter [6]. By adopting the ideas of
generalized Jacobi elliptic function method [36], modified (G' /G, 1/G)-expansion method [38, 39] and G'/(bG' + G + a)-expansion method
[40], using the homogeneous equilibrium principle [41] and mathematical symbolic calculation software, to study a class of generalized
time-space fractional coupled Hirota-Satsuma KdV system arising in interaction of two long waves with different dispersion effects under

the definition of M-fractional derivative,

13
ut = Zuxfx + 3uu€ +3(— + w)i,

1 3
:—vafx 3uv’f, &y

wi = ;wifx 3uu£,0 <a,f<1.

where ()] = DX/‘[:;X( ), (- )ﬁ DyZﬁ( ), ( ifx = Dxflf(Dyz (Dy2 (- ))) mean the M-fractional derivative [35, 39, 42, 43], u = u(x,t),v = v(x,t),w =
w(x, t). If we select a = 1, 3 = 1, we get the well-known integer order coupled Hirota-Satsuma KdV equation. The equation is mainly used to
describe the interaction between two columns of long waves with different dispersion relations [44]. Ref. [45] studies the case when w =0,
and Ref. [46] obtains the general form when w # 0 through a matrix spectrum problem. Ref. [47] studies its elliptic sine function solution
by direct expansion method. Refs. [48, 49] use the modified Riccati expansion method and the extended elliptic function expansion method
to study its exact solutions in various forms. Ref. [50] studies the Darboux transformation of the equation, and the branch structure of the
equation is studied by the theory of plane dynamic system in reference [51]. Under the definition of conformable fractional derivative with
B =1, Ref. [52] studies the analytical solutions of system (1) by using auxiliary equation method and series expansion method, and Ref. [53]
uses (G'/G) expansion method to study the solitary wave solution and trigonometric function periodic solution of system (1). Additional
relevant studies on the system can be referred to Refs. [54-58]. Let’s first introduce several relevant definitions and properties.

Definition 1: For a function f(#):[0,00) — R, We defined the M-fractional derivative operator of f(t) of order « as [35].

tE, (et™)) — f(t
Dxftf(t)zyi%w)yzo,0<aﬁl. @)

(o8]

A . .
where E, () = g T 182 Mittag-Leffler function of parameter .

Property 1: The M-fractional derivative operator of f(t) of order « have the following important properties [35, 39, 42, 43]:

1 _ o df(y
(1) Dy fn = oo 42
(2) D)y (af(t) +bg(t)) = aD}; () + bD tg(t),Va,b eR.
(3) DV“<f<r)g<r)) f(t)D”g(t)+g(t)D 0
() D”(f(r)/g(t))—[g(o tf(t) f(OD)g(t)]/g*(0).

(5) Dyy(fe9)(h) = f (@DD}yig(t) = = F e &2,
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Definition 2: The M-fractional derivative system (1) determined by Definition 1 and Equation 2 performs the following travelling wave
transformation:

u=u(x,t)=u(),v=v(x,t) = v(&),w = w(xt) = w(&) (3)

CT0atD) T4
B

where k, C are undetermined constants, y,,y,¢, are arbitrary constants.

§

Ct*+&,,9,,7,20,0<a, <1 (4)

Substituting Equations 3, 4 into Equation 1, we obtain the following system of ordinary differential equations:

Cu' =2I3u" + 6kuu' — 12kw' + 6kw’,
Cv' = -4V — 6kuv', (5)

Cw' = —4lw" — 6kuw'.
where

dé ag dé ag dé a8

2 Description of the two methods

2.1 The modified (G'/G,1/G)-expansion method

Consider the following nonlinear M-fractional nonlinear partial differential equations:

El(u, uf‘,uf,uuf,v, v‘,",vf,vvf,w, w‘,",mf,wmf,uvﬁi,u!«/ﬁ,vwf,m) =0,
Ez(u, uf‘,ué,uuﬁ,v, vf‘,fx,vvf,w,wf‘,u/ﬁ,wuf, uvﬁx,uu/ﬁ,vwg,m) =0, (6)
Es(u,u’t",uﬁ,uuf,v, vy X,W,W;X,M/‘,i,wwﬁ,uvﬁx,uu/ﬁ,vwﬁ,m) -0
By using the wave transformation (4), Equation 6 is converted into a nonlinear ordinary differential equations (ODE):
Oy (u,u',ud v, v, W' s wow' , ww! ,uv’ uw’ ,vw', ) = 0,
O, (u, v’ ,urd v, v, W' s wow' , ww! u’  uw’ ,vw', ) = 0, (7)
O;(u, v’ urd v, v, W', wow' , ww! ,u' ,uw’ ,vw', ) = 0.

Assume that Equation 7 has the following solution:

M M M-1

u= Zu,«// + ijqS’ + Z ay'e,
=0 j=1 i=1
N N N-1

: v:%dﬂ,ﬁ+2ej¢f+ > fw'e (®)
1= Jj= i=1
P P-1

P
w= Zg,y/ + th/)’ + Z Ly'¢.
i=0 j i=1

Py

where M, N, P are balance numbers, ¢ = ¢(¢) = %, v=uy) = é, a
The G is a solution of the following auxiliary ODE:

bj, ¢ d; € o8 hj, I; and variable function & = £(x, t) are determined later.

i

G" =eG-ep. 9)
where ¢ = + 1, is an arbitrary real number. It satisfies the following constrained conditions:

o' =e—euy— ¢ v =gy, ¢ = e - 2euy —e(b? e - )y (10)

where arbitrary constants y, b, ¢ satisfied the relation ¢? + b* + y* # 0. Equations 9, 10 admit the following solutions
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Case 1: When ¢ = 1, we have G = b cosh & + ¢ sinh & + p, thus

o= g’ bsinh &+ ccosh &€ _1 1 (1)
G bcoshf+cs1nhf+yW_G_bcoshf+csinh£+‘u'

Case 2: When ¢ = — 1, we have G = b cos &+ ¢ sin & + y, thus

G’ —bsiné+ccosé 1 1
==t S e (12)
G bcos$+cs1nf+y G beosé+csiné+y
Substituting Equations 8, 10 into Equation 7 and setting coefficients of ¢i1//(i =0,1,j=0,1,2,3,4,--+) to zero yield a set of algebraic
equations (AEs) for a;,b;,c;.d; e f8, 1 b, .k, C. After solving the AEs and substituting each of the solutions ¢(&),y(¢) from
Equations 11, 12 along with (4) into Equation 1, we can get the analytical solutions of Equation 1.

Remark 1: Due to the arbitrariness of taking values of b, c, 4, this method can encompass a lot of other methods, for example, when y = 0, it
includes the results of (G'/G) method and generalized (G'/G)-expansion method in Refs. [59, 60], if selecting special values of b, ¢, i, we can
easily obtain all results of the Riccati equation method generalized in literature and the Kudryashov method generalized in Refs. [48, 61, 62].
Therefore, the method is highly applicable.

2.2 The G'/(bG' + G +a)-expansion method

Assume that Equation 7 has the following solution

M / i
Sal 9,
= \bG'+G+a
N .
Gl >1
=Y bl —— 13
! ,Zl<bG’+G+a 1
P .
3 GI )1
W_;Ci(bG’+G+a '

where M,N,P are balance numbers. Parameters a;,b;,¢; are determined later. G = G({) satisfies the following second-order ordinary
differential equation:
Aoy U ¥

G'=-2g-Lg- L 14
b 207 (14)

Set F= hG,— then F satisfies

1 1
=(A-u-1)P+=-(u-A)F-= 15
(#)+b(ﬂ)b2.‘4 (15)
Equations 14, 15 admit the following solutions.

Case 1: When A = A% — 4y > 0, we have the solitary wave solution

G= —u+CleTllv(_"_\FA)f+Czezib(_“\@)f (16)

L G VR) e VA)e E -
bC(A -2+ VA) +bCy(A -2~ VA)e s

Case 2: When A =A% — 4y < 0, we have the periodic wave solution

Gzez’ziza&(C1 cos<\/2;_Af>+Czsin<\/2;_bA£>)—a (18)
(ACl—ﬂCz)co (gf) ()LC2+\/_C1)sm<rf)
F= (19)
b(()L—Z)Cl—\/ECZ)co (Ebf)+b(()t 2)C2+\/_C1)sm(\/zzf)
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Case 3: When A=)>— 4y = 0, we have the rational function solution

g _Ag
G=Cie 2 +Cyle #°—a (20)

2bC, —AC, —AC,E

- (21)
20°C, +b(2 - 1)(C, + C,)E

Substituting Equations 13, 15 into Equation 7 and setting coefficients of F/(i = 0,1,2,3,4, ---) zero yield a set of AEs for a;, b;, ¢, b, A,y k, C,

1
after solving the AEs with the aid of mathematical software, the wave solutions of Equation 1 can be obtained by these solutions and

Equations 4, 16-21.

3 Exact solutions to the Hirota-Satsuma KdV equation
3.1 Solving Eq. (1) by the modified (G'/G,1/G)-expansion method

From the homogeneous equilibrium principle [41], we can get M = 2, N = 2,P = 2 in Equation 8. We assume that Equation 5 has solutions
in the following form

u=ag+ay+ aztyz +az¢p+a,yd+ a5¢2,
v="by+byy+ byt +byd+byd + bsd?, (22)
w=cy+y+ czlpz + 30+ ey + CS¢2.

where a;,b;,¢,(i=0,--,5) are undetermined constants.

Substituting Equations 22, 10 into Equation 5, and setting the coefficients of ¢i1[/(i =0,1,j=0,1,2,3,4,---) to zero yield a set of algebraic
equations (AEs) for a;,b;,¢;, b, ¢, .k, C.

v:Cepay — 2k* 2 pay — 6keyagas + 6kea,as — Cea, + 2k°e%a, + 6keaya, — 18ke’ pazas + 6ke’a,as + 12keub,b,
— 12keb, by — 12kebyb, + 36ke> ubsbs — 12ke?b,bs — 6kepcs + 6kec, = 0,
¢y: — Cay +2kea, + 6kaya, — 6keuas + 6keaza, + 2Ceuas — 4k’ > pas — 12kepayas + 6kea,as — 12ke*pa’
— 12kbyb, + 12kepubs — 12keby by + 24kepbybs — 12keb, by + 24ke*ub? + 6kc, — 12kepcs = 0,
Yb?Ceay — PCelay — 8b* kP e2ay + 82k as — Ceulay + 14K e y*as — 6b%keagas + 6¢*ke*aga, + 6kepagay
— 18kepa, a; + 12keaya; + 3Cepa, — 30k ua, — 18kepaga, + 12kea, a, — 18b*ke*azas + 18c*ke® azas + 54ke?y*asa;
— 42k’ pa,as + 12b%kebyb, — 127 ke*byby — 12kep’byb; + 36keub, by — 24keb, by + 36keubyb, — 24keb, b, + 36b°ke* b3 bs
—36°ke>bybs — 108ke®* by bs + 84keub,bs — 6b%kecs + 6¢*ke>c, + 6kep’ c; — 18kepic, = 0,
¢yP: — 12k epa, + 6ka? — 2Ca, + 16k’ ea, + 12kaya, — 6b*keas + 6cke*aj + 6key’aj — 24kepaza, + 6kea;
+2b%Ceas — 2¢°Celas — 16b°k> 2 as + 162 k>3 a5 — 2Cep’as + 40k 2y as — 12b%keayas + 12c7 ke ayas
+ 12kep’agas — 24keya, as + 12keayas — 12b%ke*al + 12cke az + 36ke?y*az — 12kbt — 24kbyb, + 12b%keb;
- 12¢%ke* b — 12kep? b3 + 48keubs b, — 12keb] + 24b°kebbs — 24c”ke*bybs — 24keu”bybs + 48keub, bs — 24keb, by
+24b°ke’b; - 24c°ke’ b} — 72ke’ 1P b} + 12ke, — 12b7kecs + 12¢7ke? c5 + 12kep’cs = 0,
VP24bM 3 pay - 24070 S pay - 24Kyl ay — 12b%kea ay + 12 ke?a as + 12kepa, ay — 30kepayay + 267 Cea,
-2 Ce*a, — 402K e*a, + 40K e a, — 2Cep*a, + 100k° P a, — 12b%keaga, + 12 ke*aga, + 12kep* aga,
— 30kepa, a, + 18kea,a, + 54b°ke’ pazas — 54c*ke’ pasas — 54ke* y’ azas — 30b%ke?a a + 307 ke a as
+90ke?y*a a5 + 24b%keb, by — 247ke? by by — 24kep® b, by + 60keub, by + 24b*kebyb, — 24 ke byb, — 24ke?byb,
+60keub, b, — 36keb,b, — 108b°ke?ub;bs + 108c* ke’ ubybs + 108ke? 4> b3bs + 60b* ke by bs — 60c*ke> b, bs
— 180ke* b bs — 12b%kec, +12¢%ke?c, + 12key?c, = 0,
¢y — 120°Kea, + 128K ay + 12Ky’ ay — 60K epa, + 18kay a, — 18b*keaza, + 18c°ke* aza, + 18key*aza, — 18kepay
+ 847K’ ua; — 84c° k> € pas — 84k’ €%’ ag — 18b°kea, as + 18c*ke>ay a5 + 18key’a as — 36kepa,as + 36b*ke” pa;
- 36c°ke’ paz — 36ke* > az — 36kb, b, + 36b°kebs b, — 36 ke>byb, — 36keu*bs b, + 36keuby; + 36b*keb, bs — 36¢°ke?b, by
— 36keu*b, bs + 72keub, by — 72b%ke*ubz + 72¢7ke® ub’ + 72ke’ bl = 0,
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vh120 K2 a, - 240X PP a, + 12 K et a, - 247K P as + 240K E it ay + 12K 2yt a, — 18bkeaya, + 18c%ke?a,a;
+ 18keplaya, + 1200k’ pa, — 120 K> > pa, — 120k°* > a, — 18b%kea, a, + 18c*ke*a a, + 18key’a, a, — 42keua,a,
+18b*ke*asas — 36b* ke’ azas + 18c*ke*asas — 36b* ke’ yPazaq + 36¢°ke> y*azas + 18ke’u*asas + 78b*ke*ya,as
~78¢’ke> payas — 78ke*ula,as + 36b7keb, by — 36¢*ke>byby — 36key’b, by + 36b*keb, b, — 367 ke’ by b, — 36kep*b, b,
+ 84keub,b, — 36b* ke’ b bs + 7267 ke bybs — 36 ke bybs + 720°ke? u?bybs — 7267 ke’ 4P bbs — 36keut by bs
—156b%keub,bs + 156¢* ke’ ub,bs + 156keyu>b,bs = 0,
Pyt — 487K ea, + 48k’ e?a, + 48K et a, + 12kal — 12b%keal + 12 ke? a), + 12kep*al + 486K 2 a5 — 96b* Pk ag
+48c* et as — 960K Pyt as + 96k € pPas + 48K eyt ag — 24b%keaya; + 247 ke? aya5 + 24kep’ ayas + 12b*ke* az
—24b° ke’ + 12c ket al — 2407 ke y* as + 247 ke’ P ak + 12ke? yt az — 24kb) + 24b%keb; — 24c*ke* b, — 24keu’b;
+48b°keb, by — 48 ke>b,bs — 48kep’b,bs — 24b*ke* b} + 4857 *ke’ by — 24c ke bl + 48b°ke* bz — 48c7 ke’ yu* bl
- 24ke’y*b? = 0,
v:d8b kP ela, — 96b° PP a, + 48c K eta, — 967K P a, + 96K ¥yt a, + 48K 2 uta, — 24b%keaya, + 24c% ket aja,
+24kepaya, + 24b* ke aas — A8LP kel a as + 24ct ket a a5 — 48V ke’ P a as + 48P ke’ P a as + 24k yta as
+48b°keb,b, — 48c*ke’byb, — 48keu*b,b, — 48b*ke?b,bs + 96b*c*ke*b,bs — 48c*ke*b b + 96b°ke? yu* b, bs — 967 ke’ 4P b by
—48ke*u*b,bs = 0,
v — 6keasb, + Ceubs + 4k> b, + 6kepayb, + 6ke*pash, — Ceb, — 4k>e*b, — 6keayb, — 6ke*ash, + 12ke’pazbs = 0,
y: — Cb, — 4k>eb, — 6kayb, — 6keasb, + 6kepas by — 6keaz b, + 2Ceubs + 8k> e ubs + 12kepaybs + 12ke’ pashs = 0,
v*:12kepasb, — 6kea,b, — 12keasb, + b*Ceby — 2 Ce?b, + 1607k 2 b, — 1662k €3 b, — Cep? b, — 28K 24 by + 6b*keay b,
— 6%ke?ayby — 6kepagbs + 6keua, by + 6b*ke*ashy — 62 ke’ ash, — 18ke* u*agby + 3Ceub, + 60k> b, + 18keuayb,
— Gkea, b, + 30ke’pasb, + 12b%ke*azbs — 12c%ke> asbs — 36ke* y?azbs + 12kepa,bs = 0,
dyP:24k eub, — 6ka, b, + 12kepash, — 2Cb, — 32k’ eb, — 12kayb, — 12keasb, + 6b*keas by — 6¢*ke*azby — 6key*azby
+ 6kepa, by + 18kepasb, — 6keayb, + 2b>Cebs — 2¢* Ce?bg + 32b°k>e2bs — 3262 k> €3 bs — 2Cep’bs — 80k €24 b
+ 12V%keagbs — 12¢°ke’agbs — 12kep* agbs + 12kepa, bs + 12b*ke*asbs — 12¢%ke* asbs — 36ke’y*ashs = 0,
vP:6b%*keasb, — 62 ke azb, — 6keytazb, + 12keua,b, + 24kepasb, — 12keayb, — 4802 K> e ub, + 482 k> > by + 48k €2 by
+6b%kea, by — 6¢2ke?a, b, — 6key’a, by + 6kepa, by — 18b*ke pasbs + 18c2ke’ pasb, + 18ke’ > asby + 2b*Ceb, — 22 Ce?b,
+80b% Kb, — 802 K>e b, — 2Cep?b, — 200k > u* b, + 12b%keayb, — 127 ke’ ayb, — 12key*ayb, + 18keya, b, — 6kea,b,
+18b%*ke?ash, — 18c*ke’agh, — 54k’ u*ash, — 36b* ke’ pazbs + 36¢7ke> pasbs + 36ke* i’ asbs + 12b%ke?a,bs — 12 ke a, by
- 36ke*u*a,bs = 0,
¢y :24b% K eb, — 247K e*b, — 24Kk ey’ b, — 6kay b, + 6b*keash, — 6c*ke*ash, — 6kep*ash, + 120k’ eub, — 12ka, b, + 24keuasb,
+6b%*keayby — 6 ke ay by — 6key*ayby + 12b%keazb, — 12¢%ke*asb, — 12kep*azb, + 18keua, by — 16807k > ubs + 168k ubs
+ 168k’ bs + 12b%kea, bs — 1267 ke a, bs — 12kepa, bs + 12kepa, bs — 36b°ke? pashs + 36¢*ke> pasbs + 36ke* i’ ashs = 0,
v*6b*kea,b, — 6 ke ayb, — 6key*ayb, + 120%keazb, — 12¢°ke’asb, — 12kep*asb, + 24kepa, b, — 246 k> e2bs + 480>k,
—24c e D, + 487K 2P b, — 48K 1P by — 24K Xyt by + 6b*kea, by — 6¢2 ke a, by — 6keyta,by — 6b ke?ash,
+12b% ke ashs — 6t ket asby + 12b%ke* yPashs — 12¢%ke> yPash, — 6ke’ pt asby — 24002 k3> ub, + 240K ub,
+240K° 13 b, + 12b%kea, b, — 12¢%ke?a, by — 12key?a, b, + 18kepa,b, — 42b* ke’ pasb, + 42c°ke’ pasb, + 42ke*u’asb,
—12b%ke?abs + 24b7 Pkel azbs — 12t ket asbs + 24b%ke* uP asbs — 24c7ke® uPaybs — 12ke’ u*az bs — 36b* ke pa, by
+36¢%ke> pa,bs + 36ke* > a by = 0,
dyt:96b°k eb, — 962K €*b, — 96k’ ey’ b, — 12ka, by + 12b%keash, — 127 ke*ash, — 12kepash, + 12b%kea, b,
—12c%ke’a by — 12kep*a,b, — 96b* K> e2bs + 19207 Pk ¥ bs — 96¢ K e*bs + 1920 K> 24> bs — 19267k € 42 b,
— 96K utbs + 12b%kea, bs — 12c*ke? a, bs — 12key’ a,bs — 12b%ke? asbs + 24b* ke ashs — 12¢ ket asbs
+ 240k’ ashs — 24 ke yPashs — 12ke*utasbs = 0,
vo:12b%keayb, — 12¢°ke’a by — 12kep*ayby — 960 K3e?b, + 19267 Pk’ b, — 96¢ K etb, + 1920 K> u*b, — 1927k 4P b,
- 96k>e? b, + 12b%kea,b, — 127ke*a,b, — 12kep*a,b, — 12b*ke*asb, + 24b° ke ash, — 12c*ketasb, + 24b* ke’ yasb,
—24c*ke pPash, — 12k’ utash, — 12b%ke*a by + 24b* ke’ a,bs — 12¢t ke a, bs + 24b% ke’ P a,bs — 247 ke’ *a, by
—12ke*ua,bs =0,
y: — 6keayc, + Cepicy + 4k> e ey + 6kepagcs + 6ke?pasc; — Cec, — 4k>e*c, — 6keaye, — 6ke*asc, + 12ke’pascs =0,

@y — Cc, — 4k ec; — 6kagc, — 6keasc, + 6kepasc — 6keasc, + 2Ceucs + 8k>e>ucs + 12kepagcs + 12ke*pascs = 0,
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y?:12kepasc, — 6kea,c, — 12keasc, + b*Cecy — *Ce’cy + 160K e%c; — 162k e3 ¢, — Cep’ e, — 28K ey
+6b%*keayc; — 6 ke agc, — 6keytayc, + 6kepa, c; + 6b*ke*agc, — 6c7ke>asc; — 18k’ y’asc, + 3Cepicy
+ 60Kk’ uc, + 18kepayc, — 6kea, c, + 30ke’pagc, + 12b%ke*ascs — 122 ke’ ayeq — 36ke* u*azcs + 12ke*pa,cs = 0,
pyP:24k euc, — 6kayc, + 12kepage, — 2Cc, — 32k ec, — 12kayc, — 12keasc, + 6b’keayc; — 6c7ke?asc, — 6kepasc,
+ 6kepa,cs + 18kepasc, — 6keayc, + 2b° Cecs — 2c2Ce?cs + 3207k e%c5 — 3267k ¢ — 2Cepi® c5 — 80K 2y cs
+ 12b%keagcs — 12¢°ke’agcs — 12key* ages + 12kepa, cs + 12b%ke* ascs — 12¢2 ke’ ases — 36ke* u*ascs = 0,
v*:6b%keasc, — 62 ke’ aye, — 6kelasc, + 12kepa,c, + 24kepasc, — 12kea,c, — 4807k pc, +48c°K e ey + 48K 2y,
+6b%kea, c; — 62 ke*a, c; — 6kepa, c; + 6kepa,c, — 18b* ke’ pasc, + 18c2ke> pascs + 18ke* i’ asc, + 2b*Cec, — 22 Ce’e,
+80b%k>e%c, — 80k e3 ¢, — 2CepPc, — 200k u* ¢, + 12b%keayc, — 1267ke? ayc, — 12key*age, + 18keya, ¢, — 6keayc,
+18b*ke?asc, — 18c*ke® asc, — 54ke’ i’ asc, — 36b* ke’ paycs + 36¢7ke> pascs + 36ke* P aycs + 12b%ke?a e — 12kea,cs
- 36ke’y*a,c5 = 0,
oy 24b% K ec, - 24K e, — 24k ey e, — 6kayc, + 6b%keasc, — 6¢*ke*asc, — 6kep*asc, + 120k euc, — 12ka, ¢, + 24kepasc,
+6b%kea,c; — 6¢ke?a ey — 6keutaycs + 12b%keayc, — 12¢ ke ase, — 12kep’aycy + 18kepa,c, — 168b% k> 2 uc
463 463 B a46s 364 364 Hascy Haycq Hes
+ 168K es + 168k 2> c5 + 120%kea, c5 — 12¢°ke’a, c5 — 12key’a, cs + 12kepa, cs — 36b°ke’ pagcs + 36¢°ke> pascs
+36ke’u’ascs = 0,
yh6b%keayc, — 662k’ a e, — 6keplayc, + 12b%keasc, — 12 ke ayc, — 12kep’asc, + 24kepa,c, — 246k ¢, + 480>k e
=24c* P ey + 48b7 P Py — 48K E P ¢y — 24K Ryt ¢y + 6bPkeay oy — 6P kel aycy — 6kepaycy — 6b*ke?asc
3 He W #e 263 263 HaxCs 503
+ 1202 ke ascy — 6¢*ketascy + 120°ke? pascy — 12 ke’ uPasc, — 6ke’ it ascy — 24007k 2 uc, + 240k e uc
563 503 $ascs H#ascs #ascs Hey Hey
+240K° 13 ¢, + 12b%kea, ¢, — 12ke?ay ¢y — 12kep*a, ¢y + 18kepayc, — 42b* ke’ pasc, + 42k pasc, + 42ke’p*asc,
— 12b*ke*ascs + 24b* ke ayes — 12¢ ket agcs + 24b* ke P ascq — 24 ke uPay e — 12ke?y* azcs — 36b% ke’ paycs
+36c%ke> paycq + 36ke* ula,cs = 0,
dyt96b° K ec, — 962k e%c, — 96k ey’ c, — 12ka, ¢, + 12b%keasc, — 12c%ke®asc, — 12kep*asc, + 12b%keayc, — 12¢%ke®a ¢,
— 12kepa e, — 96b* K e cs + 19202 PR3 e3¢5 — 96¢ K et o +1920% K3 2 c5 — 192673 3P e — 96K 2 e + 12b%kea ¢s
—12¢%ke?a s — 12kep’aycs — 12b*ke? ascs + 240> ke ages — 12¢ ket ascs + 24b* ke P ascs — 24 ke ulascs
—12ke*utascs = 0,
v:12b%kea,c, — 127ke*a 0, — 12kep*a e, — 960 K3 e c, + 19207 Pk ¥, — 96 P et e, + 19207k e, — 19232 K3 ye,
—96k> eyt c, + 12b%keayc, — 127ke? a ¢, — 12kep*ayc, — 12b*ke* asc, + 24b* ke asc, — 12c ket age, + 24b* ke’ u*asc,
-24c%ke’ P asc, — 12k’ ptasc, — 12b% kel aycq + 24b*Pke’a s — 12 ket a cq + 2407 ke P aycs — 24c7ke i a ¢
— 12ke’y*a, c5 = 0.
Solving the equations by Mathematical software can get the following solutions, where the unstated parameters are taking any constant.
Case 1: Whene =1,

(1) a,=4k’ua,=as=a,=as=0,b, = 2k*u,by = by = b, = bs = 0,¢; = —4(2a,k>u — bk’ u + k*y),
¢ =¢3=¢, =5 =0,b =2 +u2,C=-2(3a5k +2k>).

() a,=4kua,=4k*(b* - —u?)a;=a, = as = 0,b, = ik\/4k2(2b2 —2c2 — p2) + 8ag(b? — 2 — u?),
by = by = by = by = 0,6, = —4k( 2agku-+ K by I (20 - 262 —42) 4 20,0 - 2= 2) ),
6 =c3=¢4 =5 =0,C=-2(3apk +2K%).
(3) a, =8kKua,=-8ku*a;=a,=as=0,b, = —4k’u,b, = 4k’u>,by = b, = bs = 0,¢, = —8k*(2a, + by + k*)p,
¢, = 8K*(2ay + by + k) c5 = ¢, = ¢5 = 0,b = +¢,C = —2(3apk + 2k%).

(4) ay=ay=ay=a,=0,a5s=-2k*b, =b,=b;=b, =0,bs = +k*,c, = ¢, = ¢; = ¢, = 0,

¢s = 2(2a0k* £ byk* — 2k*),b = £/ + 112, C = —2(3apk — 4K%).
(5) ay=a5=a5=0,a, = 2R2(b - 2),a, = 2V-0k + kL, b, = b, = by = 0,b, = (b — 2)k3(2a, + K2),

by = £ -k2(2a, + k2),c; = 2b\/(62 — 2)k3(2ay + K2).c; = £2by\| k(20 +K2).c = ¢, = ¢5 = 0,

1 =0,C=—6agk - 4k.
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FIGURE 1
When a=0.9,=1,k=0.2,b=45,c=45u=40,a0=0.1,y, =1, =0, t = 0.1, the 3D plot, 2D plot and contour plot of the solitary wave pulse u,.
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FIGURE 2
When a=0.9,=08,k=1b=c=-2,u=1,a0=bg =Co =1, y,=y,=5¢,=0,x=1, the 3D plot, 2D plot and contour plot of the solitary wave pulse ws.

According to Equations 4, 11, 22, we can get the solutions of Equation 1 when e =1

- 4k2[l
u; =ay+ )
+\2+p2cosh & +csinh & +p

2k%u

vi=by+
+4/c2 +p2cosh & +csinh & +pu
4(2agk*u — bokPu + k)

Wy =co—
t\ 2 +p?cosh & +csinh & +pu

2k (y, +1) 2I(y, +1)
= 2P ; (3agk +2K3)t + &,.

kfl_ B

Remark 2: When a =3 =1,y, =y, =0, the system of solutions (u;,v;, w;) converted to the first set of solutions in the Ref. [48]

4k2(b2 _2 —[12)

4k
+ + ,
beosh&+csinh &+ (bcosh &, +csinh & +p)?

U, =4ay

k\/4k2(2b2 22— u?) +8ay(b* — 2 — )
=b, + >
2= % bcosh &, +csinh &, +pu
4k(2a0ky +Ku+b, \/kz(Zb2 —2c2—p2) +2ay(b* - 2 - /42))
M2 n b cosh & +csinh & +pu ’
2kT(y, +1 2I(y, +1
&= (); )xﬁ— (y; )(3a0k+2k3)t"‘+50.

% + p?, then the system of solutions (u,,v,,w,) converted to the system of solutions (1, v, w,).

Remark 3: If weset b=
08
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FIGURE 3

The 3D plot, 2D plot and contour plot of vg with « =0.8,=1,k=0.2,b = 45,

8k%u 8i?
Uy =ay + - ,
P70 tccosh & +csinh &+ (#c cosh & + ¢ sinh & + p)?
4k 4k’
v3=by— : * - 2’
) tccoshéy+csinh&+p (¢ cosh & + ¢ sinh & + p)
8Kk*(2aq + by + K Ju 8K*(2ag + by + k2 )u?
W3 =Co— : + - 2>
tccosh&y+cesinh &5+ p (¢ cosh & + csinh & +p)
2kT(y,+1) , 20(y, +1) N
L= ﬁz pr - ; (3agk +2K° )t + &,

i\/msinhf4+ccosh€4
i\/mcoshf4+csinhf4+y ’
bk i\/msinh&ﬁccoshﬁ4 ’
R ner i\/mcosh&ﬁcsinh&ﬁy
i\/msinh & +ccosh,
i\/mcosh£4+csinhf4+y )

(3a0k - 4k3)t"‘ +&.

u4:a0—2k2

>

wy = ¢ +2(2agk? £ bok® - 2k*)

2kT(y, +1) 5 20(y; +1)
= xF — “

4
B
212 2 .
Us = ag+ 2k (b —C) 2+2\/m bSlnhf5+CCOSh€5 -,
(b cosh & + ¢ sinh & + ) (b cosh & + ¢ sinh & + )
b? — 2)k*(2a, + k? i
vs=by+ \/( ) ( 0+ k) +/-k*(2a, + k?) bsinh g + C_COSh & ,
] bcosh &+ csinh &+ bcosh &+ csinh & +u
2b,\(b* — c2)k?*(2a, + k?) b sinh h
Ws=co+ 0\/ - ’ +2by\-K*(2a, + K?) sinh § + C,COS & ,
beosh & +csinh & +u beosh & +csinh & +p
2kI'(y, +1 2L (y, +1
&= ()/;2 )x/}— ()’; )(3a0k+2k3)t“+vfo.

Case 2: whene= -1,

(6) ag=0,a, = 4k, a, = —4k*(b* + ¢ —y?),a5 = a, = 0,b, = £2k*\[2b> + 2¢2 — 2,
by = by = by =0, = ~4( K by 27 428 = 2 ).cy = ¢; = ¢, = 0,0 = 2(3agk + 20°).
@) a,=+4V0? + 2K ay = ay = a, = 0,b, = £2Vb? + k% by = by = b, = O, = + V2 + b2,
o= i(Sao\/c2 + D22 — 4N + b2kt + 4by (b + 62)k4),¢:2 =¢3=¢, =0,C=—6a,k +4k>.
(8) a, =-8K*u,a, = —8Kk*(b* +¢* — y?),ay = ay = 0,b, = +4k*u, b, = F4k*u?, b, = b, = 0,b = +ic,
¢, = 8(2aok*u + bk — k), ¢, = 8K*(—2ay F by + k*)p?, ¢5 = ¢, = 0,C = —6a,k + 4k°.
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(9) a,=a,=ay=a,=0,a5=-2k*b,=b,=by=b, =0,bs =+k>,c, =c,=c3 = ¢, =0,
¢s = 2(2ayk% £ bk? + 2k*),u = + V2 + b2, C = —2(3agk + 4K3).
(10) a,=ay=as=0,a,=-2k*b*+c),a, = -2(b* + )kt by =b, =bs=0,c,=¢c, =¢5 =0,
by = V(b2 + )kA(~2ay + k), by = £\KX(~2a4 + k2), ¢, = £2by\ (B + )k (~2ay + K2),

¢; = +2by \k2(=2ay + k), 4 = 0,C = —6a,k + 4K°.

According to Equations 4, 11, 22, we could get solutions of the system (1) ase = —1

4k 43 (b* + - u?)
Ug=— - ,
©7 beoség+resinég+pu (b cos &+ csin & +p)’
2k*72¢2 + 207 — 2
Ve=byt - ,
beosés+csiné +pu
4(k2;4 +bok?\2c2 +2b% - y2>
We=6~ beoség+cesinég+pu
2kT(y, +1 2I'(y, +1
£ = ()[;2 )x/”+ (Y;C )(3a0k+2k3)t“+£0.

Remark 4: When a=f=1,y, =y, =0, if we let 4 = Vc? + b%, then the solution group (ug,v,, ws) can be transformed into the fifth set of
solutions in Ref. [48].

4V + 2P
U; =4, + >
beos& +csiné, £ V2 + b2
N 2VB? + 2P
7=bp % ,
beos& +csin &, + V2 + b?
8a, V2 + bk — 4V + bk + 4by\ (b + )k
wy=cot ,
beos& +cesin, £ V2 + b2
2kT(y, +1 2I(y, +1
= ()/;2 )xﬂ + (0t 1) (=3agk +2K%)t* + &,.
8k*u 8k2(b* + ¢ — u?)
ug = ay— - i
870 siccos&g+csinég+p (ic cos & + ¢ sin & + p)?
4k 41
vg=by+ “ F #

+ >
ticcos§g+csinég+y  (xic cos & + ¢ sin &g +p)?
8(2agkPu+ bykPu—kiu)  8K*(-2ayF by + k)P

Wg = N ; . s 2’
ticcos&g+esindg+p (kic cos &g + ¢ sin &g + )
2kT(y, +1 2T(y, +1
<2t D) s 0D ke v,
e 2 +p?sin &y +ccos éy
9 = dg ,

+1/c +p?cos &g +csin &y +p
2
5 +4/¢% +p?sin & + ¢ cos &

vg=bytk s

1 2 +p?cos & +csin &g+
2
e+ p?sin & + ¢ cos &
,

+£1/c2+p2cos &y +csinéy +p

(3apk +4K>)t* + &

wy = ¢ +2(2agk? £ byk® + 2k*)

- 2k1“(;;+ Do ZF(y;+ 1)
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FIGURE 4

The 3D plot, 2D plot and contour plot of v; with =0.9,=1,k=0.4,b = 2,

' “2H(b+ & = bsi
oy =g + (b*+¢%) : ok sin &g +ccos &

(bcoség+csinéy+pu (bcos &g +csin &g + )

2 2\12(_ 2 .
Vip= by + \/(b + W20+ k) +\k* (=24, + K?) bsindjo + ¢ cos by

beosé +csinéy+u bcos &g +csin g+’
+2b, \/(bz +c2)k*(-2a, + k%) ;) v bsing,+ccos gy,
Wip =+ . +2by\ K2 (-2a + k?) - ,
beosé&y+csiné ) +u beoséy+csiné; +u
2kI(y, +1) 2T(y, +1)
S0 = o
. B o
By selecting different parameters, we can get some graphical simulation including the famous bell-shape soliton solutions and blow-up
pattern wave solution of system (1) in Figures 1, 2. Some simulation of the above periodic wave solutions are shown in Figures 3, 4.

(3agk —2K3)t* + &,.

c=Lu=1lay=1,9 =2,§=0,t=0.55.

c=Lu=1a,=2,y =1,§=100,t=0.42.

3.2 Solving Eq. (1) by the G'/(bG + G + a)-expansion method

Suppose Equation 5 has solutions of the following form:

! ! 2
u:a0+a1( ¢ )+a2( G ) =ay+a,F+a,F,

bG'+G+a bG' +G+a
¢ b S A 23)
v=by+b = + + N
O\ bG + Gra 2\bG' +Gra 0rT 2
( Gf ) ( GI 2 F F2
=cy+ + =cy+c F+c,F.
Y=aTa bG' +G+a “ bG' +G+a fora 2

Where a;,b;,¢;(i = 0,1,2) are constants to be determined.
Substituting Equations 23, 15 into Equation 5, and setting the coefficients Fi(i=0,1,2,3,4,---) to zero, we could get a set of algebraic

equations about a;, b;, ¢;, b, A, 4, k, C. Without losing generality, we let b = 1:

FO:— Cua, + 2k 2 ua, + 4% Pa, — 12K\t ay + 12K P a, + 6kuaga, + 12k P a, — 24Kk uP a, — 12kubyb, + 6kuc, = 0,
F:— Cha, +2k°*a, + 2Cua; + 16k \ua, — 28KV pa, — 32k pu*a, + 72k’ \*a, — 48Ky a, + 6kAaga, — 12kuaya,
+6kuat — 2Cua, +28k°A pa, + 32k 1P a, — 144k° P a, + 144K° 1P a, + 12kpaya, — 12kAbyb, + 24kub,b,
—12kub? — 24kubyb, + 6kAc, — 12kuc, + 12kuc, =0,
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F*:— Ca, + Cha, +14k*A*a, — 14k°A%a, — Cua, + 16K>ua, — 88k>\ua, + 86k>A*ua, + 88k>u*a, — 144k>\y*a,
+72Kya, + 6kaga, — 6kAaya; + 6kuaga, + 6kAa’ — 12kua; — 2Cla, + 16k°Aa, + 4Cua, + 104k*Aua,
—200k*A*pa, — 208Kk u2a, + 504k Al a, — 336K u’a, + 12kAaya, — 24kuaya, + 18kua,a, — 12kbyb,
+12kAbyb, — 12kubyb, — 12kAb? + 24kub? — 24kAbyb, + 48kub, b, — 36kub, b, + 6kc, — 6kAc, + 6kuc,
+12kAc, — 24kuc, = 0,

F:24k30a, — 48Kk°)%a, + 243N %a, — 48K pa, + 144k Aua, — 96k°A*pa, — 96k>u*a, + 120k \u*a, — 48k 1’ a,
+6ka; — 6kAa? + 6kua; — 2Ca, +2Cha, + 76k°A2a, — 76k’ a, — 2Cua, + 80k> pa, — 464k> \ua, + 460k*A*pa,
+464k°u*a, — 768I° A\t a, + 384Kk i’ a, + 12kaga, — 12kAaga, + 12kuaga, + 18kAa, a, — 36kua,a, + 12kua;
—12kb? + 12kAb? — 12kub; — 24kbyb, + 24kAbyb, — 24kubyb, — 36kAb, by + 72kub, b, — 24kubj + 12k,
—12kAc, + 12kpc, = 0,

F412Ka, - 36k Aa, + 36K°Aa; — 12k°Aa; + 36K pa, — 72k Aua, + 36k°A*pa, + 36k>u*a, — 36k°A\y*a,
+12K°p*a, + 108k*Aa, — 216k°A2a, + 108k°A%a, — 216k ua, + 648k>Aua, — 432k°\2pa, — 432k y*a,
+540k°\y*a, — 216k’ a, + 18ka, a, — 18kAa, a, + 18kua, a, + 12kAa3 — 24kuas — 36kb, b, + 6kAb, b,
—36kub, b, — 24kAb? + 48kub’ = 0,

F*:48K3a, — 144k Aa, + 144Kk*)%a, — 48K°A%a, + 144K ua, — 288Kk>\ua, + 144k°A2pa, + 144K y*a,
—144k° M2 a, + 48K a, + 12ka — 12kAas + 12kua — 24kb3 + 24kAb3 — 24kub3 = 0,

FO:— Cub, — 4k°A2ub, — 8K>u*b, + 24k Au* b, — 24K > b, — 6kuayb, — 24k A* b, + 48K 1> b, = 0,

F:— CAb, — 4k>A%b, +2Cub, — 32k Aub, + 56k A2 ub, + 64k>u*b, — 144k Au*b, + 96k> 13 b,

—6kAayb, +12kuayb, — 6kua, by — 2Cub, — 56k>A\2ub, — 64k 1*b, + 288k Ay’ b, — 288k’ b,
—12kuayb, = 0,
F*:— Cb, + CAb, = 28K°A%b, +28k°A°b, — Cub, — 32K>ub, + 176k Aub, — 172k A2 ub, — 176k u*b,
+288K3 A’y — 144K 13 b, — 6kayb, + 6kAayb, — 6kuayb, — 6kAa, b, + 12kua, b, — 6kua,b,
—2C\Ab, — 32K°A%b, + 4Cub, — 208k b, + 400k3A*ub, + 416Kk° 4> b, — 1008k* A’ b,
+672ku3b, — 12kAayb, + 24kuagb, — 12kua, by = 0,

FP: = 48K°\b, + 96Kk3A%b, — 48K°A°b, + 96k ub, — 288k Aub, + 192k°A2ub, + 192k b,
240K\ by + 96K 1’ b, — 6ka, b, + 6kAa, b, — 6kua, b, — 6kAa,b, + 12kua,b, — 2Cb,
+2CAb, — 152k°A%b, + 152k°A3b, — 2Cub, — 160k ub, + 928k Aub, — 920k°A2ub,

—928k>u?b, + 1536k A’ b, — 768Kk 1’ b, — 12kayb, + 12kdayb, — 12kuayb, — 12kAa, b,
+24kua, b, — 12kua,b, =0,

F =24, + 72K Ab, — 72K°A*b, + 24K A3 by — 72K ub, + 144k Aub, — 72K\ ub, — 72k b,

+72)3 AP b, — 24K 1 b, — 6ka,b, + 6kAa,b, — 6kua,b, — 216k°Ab, + 432k°A%b,

—216K3A%b, + 432Kk ub, — 1296k Aub, + 864k>A>ub, + 864k>u*b, — 1080k°Au>b,

+432)3 13 b, — 12ka, b, + 12kAa, b, — 12kua, b, — 12k a,b, + 24kua,b, = 0,

= 96k’b, + 288k Ab, — 288k>A*b, + 96k>A>b, — 288k>ub, + 576k>Aub, — 288k>A*ub,

—288Kk>u*b, + 288Kk \u*b, — 96k>u’b, — 12ka, b, + 12kAa, b, — 12kua,b, = 0,

FO: — Cuc, — 4KV pc, - 8K3uPc, + 24k AP e, — 24K3 P ¢, — 6kuage, — 24k AP c, + 48k uPc, = 0,

F:— Chey — 4k ¢; +2Cuc; — 32k huc, + 56k A uc, + 64k uPc; — 144k M e, + 96K 1 ¢,

—6kAagc, + 12kuagc; — 6kuayc, — 2Cuc, — 56k°A\2uc, — 64k y*c, + 288k \u*c, — 288k y’c,
—12kpayc, =0,

F?:— Cc, + Che, - 28k°A2c; + 28k A ¢, — Cuc, — 32K e, + 176k huc, — 172N uc, — 176k 1,
288K A, — 144K 1P ¢, — 6kagyc, + 6khayc, — 6kuagc, — 6kAa,c, + 12kua,c, — 6kuayc,
—2C\c, — 32k°A3¢, +4Cuc, — 208k Auuc, + 400k°Auc, + 416k 4, — 1008k Au*c,
+672K 1> ¢, — 12kAagyc, + 24kuayc, — 12kua,c, = 0,

FP:—48K3Ac, +96k> A2, — 48K A ¢, + 96k e, — 288k Auc, + 192k A e, + 192K ¢,
240k M e, + 96K 1 ¢, — 6ka, ¢, + 6kAa,c, — 6kua,c, — 6kAa,c, + 12kua,c, — 2Cc, + 2CAc,
—152k*A%¢c, + 152k°A3 ¢, — 2Cuc, — 160> uc, + 928k Auuc, — 920k A% uc, — 928k e,
+1536k* >, — 768k 1 ¢y — 12kayc, + 12kAagc, — 12kuagc, — 12kAa; ¢, + 24kua, c,

oy
=]

—12kpa,c, =0,
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F: =24k ¢, + 723 A, — 72K A%, + 24K X3¢, — 72K e, + 144K Ae, — 72k N uc, — 72K e,
+72k3 Mt ey - 24K P ¢, — 6kayey + 6kAayc, — 6kpayc, — 216k3Ac, + 432k A%, — 216k°A3 ¢,
+432K3 uc, — 1296k Auc, + 864k>A2uc, + 864k> i’ c, — 1080k Ay’ c, +432k%u>c, — 12kayc,
+12kAa, ¢, — 12kpa, c, — 12kAa,c, + 24kpa,c, =0,

F:—96k’c, + 288k Ac, — 288Kk A% ¢, + 96k°A3 ¢, — 288K uc, + 576k Muc, — 288Kk A *uc,
288K P c, + 288Kk M c, — 96K P ¢, — 12ka, ¢, + 12kAa,c, — 12kuayc, = 0.

After solving the above AEs, we can get the following solutions, where the parameters not specified are arbitrary constants.

(11) a,=0,a, = -8K*(~1+p)%, by = 0,b, = 4k* (-1 + )" A = 2u, A = 1> — 4p = 4pu(u - 1),
¢; =0,y = =8K* (=1 + u)*(=2ay — by — 8K2u + 8k*?), b = 1,C = =2(3apk + 16k>u — 16k 4?).
(12) b=1l,a; =4[\ +2u(1 +u) = A(1+3u)],a, = —4k*(1 = A + )%, by = 0,
by = +2k—(1-A+p)* [2a, + K*(A* = 8\ + 4pu(1 +2u)] /s by = 0,¢, = 0,
;= =4k [N+ 2u(p +1) = A1+ 3u) ] [2a0 + K2 (A% — 8Ap + 4u(1 +2u)],
C = —6agk — 4k*(A* + 2 — 6Au + 6442).
According to Equations 4, 17, 19, 21, 23, we obtain the following solutions for system (1):

uyy = ag — 8k} (=1 + u)*F2,
vy, = by +4K* (=1 + p)* P,
wyy = o — 8KA(=1 + u)*(=2a, — by — 8K2u + 8k* ) F2,

2kT(y, +1 2T(y, +1
L= ();32 )xﬁ— (y; )(3a0k+16k3;4—16k3;42)t“+€0.

= ag + 4K A%+ 2u(1 + 1) = M1 +3p) | F - 4K*(1 = A+ u)* P2,
viy = 42k = (1= A+ p)* [2a0 + K\ = 8Ap + 4u(1 +2p)] VF,
Wiy = o = 4K [A? +2p(p + 1) = A(1 +3p) ] [2a, + K2 (A* — 8Ap + 4u(1 + 2u) ],

2kI(y, +1 Iy, +1
o= D T a0 - o)

We can determine the following solutions.
Case 1: A> 0, whenu <0oru> 1.

. VE 2
2C, +2C, eV
g = ag— 8K (=1+p)’| 1+ 1 = VA VAE
Cl(—2+)t+ VA)+C2(—2+A— A)e 11

VAE 2

2C, +2C,eVAs

Vi = bo+ 4P (-1 +u)?| 1+ ! 2 ,
Cl(—2 +A+ VA) + CZ(—Z +A- \/A)e‘/&“-l

2C, +2C, VB :
W1 =6~ 8k2(—1 ‘W)Z(_Z“o —by -8k’ u+ 8k2/42) 1+ - ; VA )
Cy(-2+1+ VA) + Cy(-2+ 1 - VA)eV2hu
2kI(y, +1 2T(y, +1
1= ();; )xﬁ— (y; )(3a0k+ 16k u — 16K )" + &,

VAL
2C 2C 121
Uiy = g+ 4K A+ 2u(1+p) = A(1+3p)]| 1+ 1+28se
Cl(—2+/1+ VA) + Cz(—2+/1— \/A)e\/&m

: :

2C 2C 12.1

—4k*(1-A+p)*[ 1+ 1ot ,
cl(—z +A+ VA) + Cz(—z +A- VA)e‘/Efm

VAE
2C, +2C. 121
Vigg = 22k — (1= +u)* [2a5 + K (A* = 8+ 4u(1+2u)] 4| 1+ Bl
Cl(—z +A+ VA) + CZ(—Z +A- VA)e‘/&rm

2C, +2C,e VA4
Wi21 :Co_4k2[)‘2+2.‘4(ﬂ+1)_/\(1+3H)][2a0+k2(/12_8/\#+4.”(1+2.“)] I+ VA, ,
cl(—z +A+ \/Z) + CZ(—Z +A- \/Z)e P
2kI(y, +1 I(y, +1
121 = (); )xﬁ - (yla ) [6aok +4k> (A* + 20 — 6 + 647) |1 + &
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Case2: A< 0,when0<pu<1.
2

”11,z=a0—8k2(—1+y)2 (Acl—mcz)cos(\/; >+(AC2+\/_C1)sm<—fnz> |

(020,250, (020, V56, n 26,
V11,2=b0+4k2(—1+‘u)2 (/\C1 \/—_Cz)cos<£ )+(A +\/1C1)sin(;£11'2) 2
) (A=2)C, = V=2, ) cos (2811, ) + (A-2)C, + V=AC, )sin (524,45 )

2

(/\Cl - MCZ)COS<§EIL2) + ()LC2 + \/ECI) sin(%fn'z)
A-2)C, - MC»cos(%flu) + ((/1 -2)C, + MCI) sin(%flu)

W2 =6~ 8k2(—1 + H)z(—zao —by - 8k2M + 8k2[42)

—~

2kI(y,
B

+1 2I(y, +1
&L= )xﬁ - o0 )(3a0k+ 16K u — 16K u?)t* + &,
k a

Uppg = g+ 4K (A% +2u(1+ ) = M1+ 3p) | Fpp - 47 (1 -1 +P‘)2F%2.2>

Vips = £2k\~(1 - 1+ ) [2ag + K22 — 8Apu-+ 4u(1 +24) ] Fy
Wipy = Co— 4PN+ 2u(p +1) =M1+ 3u)] [2a0 + K> (A* — 8Au + 4u(1 +2u)] s 5

2kD +1 T +1
$22= ();),2 )xﬂ* (YIoc )[6a0k+4k3(/12+2[/t*6)tﬂ+6[/t2)]t"‘+fo.

()LC1 - MCZ) cos(@flu) + (/1C2 + \/Ecl)sin(@fm)
(()L -2)C, - \/ECZ) cos(@flz_z) + ((/\ -2)C, + \/ECJSin(@flz_z)

Fip,=

Case 3: A =0, when u = 0.

U s=a —8k2< Lo >2
113 = % 2C,+ (2-M)(Cy+Cyéy 5
2C, -AC, -AC :
V1143:b0+4k2<2C : 1 N >
) L+ 2-M)(C+C)E 5
2C, - AC, —AGyE ?
820 b Y 1 25113 >
Wi13 =6 (-2ay 0)<2C2 +2-M(C+ G5
2KT(y, +1) F(y +1)
I e COLLERS
2C, - AC, —Aczfna — 4201 —A)2<
2C, + (2 =A)(C, + Cy)é 5 5
2C,-AC,-AC
Vs = i2k\/—(1 —/\)2(2a0+k2/\2) 2 1 2512.3 .
| 2C, + (2= )(C, +Cy)E 55
2C, - AC, —ACy¢
Wias = o = 4k (V7 = 1) (20 + K1) 7 +(;—)L)(1C +C2)€ ’
, 11 C2)8123

I'(y, +1
P (YIa )(6u0k+4k3)tz)t“+€0.

2C2 _Acl _AC2£12A3 >2

(4,5 = 0y + 42 (22
Uy = ag +4k*( ) 2C, +(2=M)(Cy + G5

2k1“(y2 + 1)
512.3 = B

Selecting different parameters, we can get some graphical simulation of above solutions o =1,8=1 (Figures 5, 6) and a=0.8,=

1 (Figure 7) as follows:

Y =0,&=0,t=002,C, =1,C,=2.
Y =0,&=0,t=002,C, =1,C, = 2.

Yy =1, =10,t=0.12,C, =3,C, = 0.3.

Remark 5: All of the above results have been checked by computer programs, and they are founded for the first time to our knowledge.
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FIGURE 5
The 3D plot, 2D plot and contour plot of uyy; with u=3,1=6,k=1,by=1,co=1a,=1,

>

FIGURE 6
The 3D plot, 2D plot and contour plot of vy, , with = %,/1 =Lk=1by=1cyo=La5=1

Wi1a
120f
1.8}
Wii3 1.6}
14
1.2
. . . 1.of ‘ . ‘
15 ~10 _5 5 10 15
FIGURE 7
The 3D plot, 2D plot and contour plot of wy; 3 with p= 0,1 =1.5,k=3,by =1,c =10,a5 =3,

3.3 Results and discussion
We have obtained many types of new analytical solutions of the system (1) by two efficient methods, which include the famous bell-shaped

solitary wave u,, this smooth solution reveals a balance of nonlinear effects and dispersion effects, the blow-up wave w; which is distorted
between the interval (0.190, 0.192) etc. There are also many forms of periodic waves, and these periodic wave solutions embody different
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a=1,=1

FIGURE 8
Fractional evolution of u, in (A) and vg in (B) over time under different parameters.

properties. For example, the waveform of v, alternates up and down in both directions, periodicity of v, and v, , are only reflected in one
direction. If we choose different parameters and orders, we could find that the waveform of system (1) will evolve with time t. The Figures (a)
and (b) in Figure 8 show the evolutionary process of u,, v with time fractional order with parameters ay=b, =¢,=1,b=1,c=1,u=1,k=
-Lt=Ly,=y,=2B=1landay,=by=cy,=1,b=45c=1,u=1,k=02,t=055,9, =2, y, =0, =1 respectively. Numerical simulations
show that the waveform shifts to the right as the time order increases, and these properties may be of great significance for revealing the
internal structure of system (1). However, In MEMS, the understanding of nonlinear wave phenomena and the availability of exact solutions
can contribute to the design and optimization of various components. For example, in MEMS sensors, these solutions can help analyze the
response to external stimuli and improve the sensitivity and accuracy.

4 Conclusion

In conclusion, by utilizing the modified (G’ /G, 1/G)-expansion method, the G’ /(bG' + G + a)-expansion method and the travelling wave
transform under the definition of M fractional derivative, twelve new types of exact solutions of the generalized time-space fractional coupled
Hirota-Satsuma KdV system are obtained successfully. These solutions include complex solitary wave solutions, trigonometric periodic wave
solutions, and rational function solutions. These solutions can be transformed into integer order cases under special parameter selection,
and they have important theoretical guiding value for profoundly revealing the interaction between two nonlinear long waves with different
dispersion effects. The waveforms of partial solutions and their characteristic images of time evolution are obtained by numerical simulation.
It is proved by practice that these two methods can be applied to many other nonlinear equations including the MEMS. Additionally, in
integrated MEMS systems, the knowledge of these solutions can enhance the functionality and reliability. However, the proposed definition
of M-fractional derivatives still has some limitations, and it is difficult to characterize the necessary connection between two real number or
complex number order derivatives. On the other hand, the unified definition of fractional derivatives definition needs to be further explored
and developed for us in the future. Once our definition has been substantially refined, then we work on perturbation theory, dynamical
system theory, soliton theory, etc., will be better developed [63-65]. How to extend this method to discretely-coupled nonlinear systems
with arbitrary subhigher dimensions is still worth further study. This will open up new avenues for exploring more complex nonlinear
phenomena and expanding the application scope of these methods in the field of nano/micro devices and systems.
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