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Stochastic bifurcation
phenomenon and multistable
behaviors in a fractional
Rayleigh—Duffing oscillator
under recycling noise
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Nonlinear Dynamics and Chaos Control, Tianjin University, Tianjin, China, “Basic Course Department,
Tianjin Sino-German University of Applied Sciences, Tianjin, China, °School of Transportation
Engineering, East China Jiaotong University, Nanchang, China

This study examines the stochastic bifurcation phenomenon in a fractional and
multistable Rayleigh—Duffing oscillator subjected to recycling noise excitation.
First, using the harmonic balance method and minimizing the mean-square
error, an approximate integerorder equivalent system was derived for the original
fractional-order system. Subsequently, the steady-state probability density
function (sPDF) of the system amplitude was obtained via stochastic averaging.
The critical conditions for stochastic P-bifurcation (SPB) were then determined
using the singularity theory. The stationary PDF curves of the system amplitude
were qualitatively analyzed across regions delineated by transition set curves.
Finally, Monte Carlo simulations confirmed the analytical findings, validating
the theoretical framework. These results provide insights for improving system
response control through fractional-order controller design.

KEYWORDS

stochastic P-bifurcation, fractional damping, stochastic averaging method, transition
set curves, Monte Carlo simulation

1 Introduction

Fractional calculus extends classical calculus to non-integer orders, enabling the
characterization of memory effects in viscoelastic materials more effectively than integer-
order derivatives. The fractional derivative, expressed as a convolution, inherently represents
memory and cumulative effects over time. Consequently, it has proven to be a superior
mathematical tool for modeling memory properties [1-4] and has found applications
in various fields, including anomalous diffusion, non-Newtonian fluid mechanics, soft
matter physics, and viscoelastic mechanics. Compared to integer-order calculus, fractional
derivatives provide a more precise description of diverse reaction processes [5-9]. Given the
prevalence of ambient noise in engineering, it is crucial to investigate the dynamic properties
of stochastic systems and the influence of fractional-order parameters and noise excitations.

Recent studies have extensively examined the dynamics of nonlinear multistable systems
under various noise excitations, yielding significant results [10-14]. For integer-order
systems, research on Duffing-Van der Pol oscillators under Lévy noise [12], colored
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noise [13], and combined harmonic and random excitations [10, 11,
14] has garnered considerable attention. Wu and Hao [15] analyzed
the tri-stable stochastic P-bifurcation (SPB) in a generalized
Duffing-Van der Pol oscillator subjected to multiplicative colored
noise, deriving an analytical expression for the system’s steady-
state probability density function (sPDF) and evaluating the
effects of noise intensity and system parameters. Qian and Chen
[16] investigated the random vibration of a modified single-
degree-of-freedom vibro-impact oscillator with a recovery factor
under broadband noise and determined the sPDF of the system’s
energy and amplitude envelope using the Markov approximation.
This approach was validated through numerical examples. He
[17] proposed an improved amplitude-frequency formulation for
nonlinear oscillators and verified the reliability by considering
the solution of a Dufling oscillation. Fan [18] utilized He's
frequency-amplitude formulation to solve the Duffing harmonic
oscillator problem. The results indicated that not only is the solution
procedure simple, but also, the result obtained is valid for the whole
solution domain with high accuracy.

For fractional-order systems, Huang and Jin [19] examined the
response and sPDF of a strongly nonlinear single-degree-of-freedom
system under Gaussian white noise. Sun and Yang [20] employed the
random averaging method and the generalized harmonic function
method to assess the stability of a fractional-order energy acquisition
system under Gaussian white noise, focusing on the effects of
noise intensity, fractional derivative order, and coefficients on the
system’s stochastic response. Li et al. [21] explored bistable SPB in
a Duffing-Van der Pol system with fractional derivatives under
concurrent multiplicative and additive colored noise, demonstrating
that variations in linear damping, fractional derivative order, and
noise intensity induce SPB.

Nonlinear oscillations [22] have been widely studied because
of their relevance in energy harvesting [23], nonlinear controller
design [24], and multi-degree-of-freedom systems, including three-
degree-of-freedom auto-parametric systems [25] and six-degrees-
of-freedom rigid body systems [26]. Li and He [27, 28] proposed
a fractional complex transform to convert fractional differential
equations into ordinary differential equations so that all analytical
methods devoted to advanced calculus can be easily applied to
fractional calculus, and some examples were given to verify the
effectiveness of the proposed method. He [29, 30] proposed a new
perturbation method that does not require a small parameter in an
equation to analyze the nonlinear oscillators, and the effectiveness
of the proposed method was verified through examples. Wang and
He [31] used the variational iteration method to give an extremely
simple and elementary derivation of the temperature distribution
of a reaction-diffusion process. It was shown that the method is
very effective and convenient compared with the exact solution. He
[32] proposed an improved fractional variational iteration method
to solve the space and time fractional telegraph equations more
effectively. He and his colleagues utilized the fractal variational
principle to explore the solutions of numerous fractional equations
[33-36].

Owing to the complexity of fractional derivatives, it is generally
only possible to qualitatively analyze their parametric effects on
the vibration characteristics of fractional-order systems, making it
difficult to determine critical parameter values [37-39]. However,
identifying critical parameter conditions is essential for the analysis
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and design of fractional-order systems. Fractals are self-similar
structures with repeating patterns across scales, and the fractal
oscillators always show that the oscillator components exhibit fractal
geometry and multi-band resonance or hierarchical frequency
responses due to self-similar structures, such as the fractal micro-
electromechanical systems (MEMS). He etal. [40] mainly study
the vibration system in a fractal space. Unlike fractals, fractional
calculus introduces memory effects and power-law dynamics,
often modeling complex materials or non-local interactions.
Furthermore, fractional oscillators always indicate the dynamical

systems governed by fractional-order differential equations that
d*x(t)
dre

a non-integer, and display power-law relaxation, non-exponential

contain the fractional-order derivative element , where « is
decay, and frequency responses that diverge from classical harmonic
oscillators.

In this study, we have mainly investigated the nonlinear
vibration of fractional-order stochastic systems by examining the
effects of fractional derivatives and noise excitations. A generalized
multistable Rayleigh-Duffing system with a fractional element
excited by additive recycling noise is used as the dynamic
model. Using singularity theory and stochastic averaging, critical
parametric conditions for SPB are derived, followed by an analysis
of sPDF across different regions in the parametric plane.

2 Derivation for the isovalent system

There are many definitions of fractional derivatives. The
following definitions are introduced:

The Caputo derivative of the function x(#) defined on the interval
[a,b] is formulated as

D [x()] =

(m)
1 Jf x"(u) du, )

L(m=p) Ja(t—wtem

where p represents the order of the fractional derivative aCDP [x(1)],
m—1<p<m,meN,tela,b], I'(m) is the Euler Gamma function,
and x"(¢) is the m order derivative of x(¢).

The Riemann-Liouville derivative of the function x(¢) defined
on the interval [a, b] is formulated as

x(u)

D] = g s WL (t—u)t ™

du, (2)

where p represents the order of the fractional derivative
DPIx(1)], and m—-1<p<m,meN, te€[a,b], T(m) is the Euler
Gamma function.

The two-scale fractal derivatives with respect to ¢t and x are
defined respectively as [41]

ou
U = F (t(), x)

t—ty — At u(t,x) — u(ty,x)

=I'(1+a)lim >
(relim 2o (t—1,)" ®)
t—ty — At u(t,x) — u(ty,x)
=T(1 + a)lim 2vy Rt
1+ At#0 At
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ou
Upp = axﬁ (t X())
A t,x) —u(t,
1+/5)11m % "M, ()
x#0 (x—x,)
_Xx=xy = Ax u(t,x) — u(t, x,)
=T(1+p)1 _—
( mlmAx#O AP

where p represents the fractal in time and the order of the fractal
derivative.

He’s fractal derivative of the function x(t) is formulated as
[42-44]

() x()-x(t)

o p_p P )

where p represents the fractal in time and the order of the fractal
derivative.

Comparing with the fractional derivatives mentioned in
Equations 1-5, the initial conditions of the Caputo fractional
derivative have a clear physical interpretation and align with those
of integer-order differential equations. Therefore, it is employed in
this study and expressed as

RO
J dum<p<m+]1,
L(m=p))a(t—utrm (6)

(m)(t) p=m

CD?[x()] =

(D [x(1)] =

where p represents the order of the fractional derivative EDP [x(B)],
m—-1<p<m,meN, K (#) is the mth integer-order derivative for
x(t), and T'(m) is the Gamma function.

Slightly
definition in Equation 6 and for a deterministic physical system,

differing  from the fractional derivative’s

the initial motion time of the oscillators is ¢ =0, and the Caputo
fractional derivative is commonly adopted as

CDP[x(1)] = r(ml_P)

J~t x('")(u) " )

0 (t _ u)1+p—m

where m—1<p<m,meN.
This  study
oscillator system with the fractional-order damping element

explores the generalized Rayleigh-Dufling

described in Equation 7 and driven by recycling noise as

2 — i) i+ whx + o + BSDPx = (1), (8)

#—(—e+ax
where ¢ denotes the coefficient of linear damping, while &, «,, a5,
and a, denote the coefficients for nonlinear damping in the system.
The term gDP [x(t)] refers to the Caputo derivative with order p
(0 < p < 1). The recycling noise is represented by #(t), which can be
E(t) + ké(t - 1), where &(t) denotes the Gaussian
white noise with intensity D. 7 is the time delay, and |k| <1 is the
fraction of the secondary noise. The autocorrelation function of #(t)

indicated as #(t) =

is indicated as
{(1)0)) = 2D[(1 +K*)8(t) + kS(t - 1) + k(£ + 7)) 9
and the power spectral density for #(t) can be obtained as
S(w) = 2D[1 + K + 2k cos (w1)]. (10)

The recycling noise is strongly correlated at time # and t+ 7.
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The fractional derivative incorporates both damping and
stiffness forces [45-47]. He and Liu [48] further emphasized that the
fractal-fractional derivative combines damping and inertial forces.
Based on this, the isovalent system in this study can be denoted as

#(t) = (—e+ oy 7 — i + C(p, w) )i + (K(p, w) + w?)x + arpx® = (1),
(11)
where C(p, w) and K(p, w) represent the undetermined coefficients of
the isovalent restoring and damping forces of g DP[x(t)], respectively.

The discrepancy between the systems (Equation8) and
(Equation 11) is

e=C(p,w)x+f; CDPx — K(p, w)x. (12)

By following the isovalent principle [49] and minimizing
the mean-square error given in Equation 12, the undetermined
coeflicients C(p, w) and K(p, w) can be indicatedd as follows:

E[]/3(C(p,w)) = 0
9E[e*] /(K(p,w)) = 0

The substitution of Equation 12 into Equation 13 yields

(13)

E[ c(a)x2 +w?(a)xi— xFDpx] = hm n o JZ(—C(u)XZ +w(a)xi— XgDPx)
dt=
E[—c(a))'cx +w(a)x® - x§ Dpx] = hm —J (—c(a))’cx +w(a)x’® - ngPx)

dt=0
(14)

Assuming that the original system (Equation 8) exhibits a
stationary solution in the periodic form, as described below

x(t) = a(t) cos ¢(1), (15)

where ¢(f) = wt + 0, then

x(t) =
O

The substitution of Equations 15, 16 into Equation 14 yields

—wa(t) sin ¢(t)

—wa(t) cos o(t). (16)

L1 (T e
lim ?J ( c(a)i® + wh(a)xx — i Dpx)dt
0
T
= lim %I (~cla)a®w?sin® g — azwwz(a)sin ¢ cos ¢ + aw sin ¢S DPx)dt
2
_ 1 -1,
s + o P) Tﬂm T [(aw sin (p)J }dt
B _—c(a)azwZ 1 lJT
- 2 Ir'l1-p) T1—>H010 T),

(azwz “n (pjt sin ¢ cos(wr);cos @ sin (wt) )dt ~0
0

17)

1T . c
Th_)rréo T Jo (—ciu)xx +w(a)xx— xg Dpx)dt
= lim %J (c(a)azw sin ¢ cos ¢ + a?w?(a) cos® ¢ —a cos (pCDPx)
0

T—co
B azwz(a) 1 X(t-1)
- Top) Jim. TJ [(a cos q))JO s dr]dt
e 1 1r
=———+— lim =
2 I1-p) 7> TJ,
‘o o .
(uzw cos (PJ sin ¢ cos (wt) — cos ¢ sin (wT) )dt “o
0 ™

(18)
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To further simplify Equations 17, 18 , asymptotic integrals are
introduced as follows:

t cos (wt) _ p_1< e (PT sin (wt) -1 )
J? Ep ) dr=w T(1 p)sm( 5 >+ (W(t)P)+o((wt) )
sin (wt s _ p_ﬂ _ cos wt ey
Jo > dr=wf (F(l p)cos( 5 ) —(wt)P +0((wt) 4 ))
(19)

By inserting Equations 15, 16, and 19 into Equations 17, 18 and
executing the integral averaging of ¢, the final expressions of C(p, w)
and K(p,w) can be obtained as

Cp.r) = _ﬁW%l Sin(%)

K(p,7) = B’ cos (%’) (20)

Combining the detailed expression of Equation 20 and thus,
the equivalent oscillator corresponding to the system (Equation 11)
could be rewritten as

X —yx+ w(z)x+orox3 =&(1), (21)

where

y=—e+o,x - ayixt - ! sin(p%[).

(22)
we = w” + P cos(‘D?ﬂ)

3 Stationary PDF for the system
amplitude

To derive the sPDF of the system amplitude, we assume that
the system (Equation 21) possesses the solution with periodic form,
and following the methodology outlined in [50], we implement the
transformation as follows:

X = x(t) = a(t) cos O(t)
Y =& = —a(t)w, sin O(1), (23)
D(t) = wyt + 6(t)

where w, denotes the intrinsic frequency of the isovalent system
(Equation 21) and is described as in Equation 22, a(t) and 6(t)
denote the magnitude and temporal alignment characteristics of the
system response, respectively, and in that order, both are random
processes.

By inserting Equation 23 into Equation 21 and utilizing the
deterministic averaging approach, we can obtain

% =F,,(a,0) + Gy, (a,0)5(t)
de e
5 Fy,(a,0) + G,,(a,0)5(t)
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in which

sin®

F, (a,0) = [aw, sin ®(—¢ + a,a*w} sin® @ — aya*w sin® @

Wo
—pw?™! sin (‘l%ﬂ)) +aa’ cos3<1>]
c

os®
F,,(a,0) = T

[aw, sin @(—& + aya’*w} sin® @ — a,a*w) sin® @
0

—pwh~! sin (‘l%ﬂ)) +aga’ cos3<1>]

sin®
Gu=-
Wo
cos®
Gy =
L aw,

(25)

The stochastic differential equation in Equation 24 is interpreted
within the Stratonovich framework [51]. By incorporating
the requisite Wong-Zakai correction [52], the resulting It6
representation can be formulated as follows:

da = [F,,(a,0) + F},(a,0)]dt + 0, (a, 0)dB(¢) 26)
df = [F,,(a,0) + F,,(a,0)]dt + 0,,(a,0)dB(t) ’
where B(t) denotes the unit Wiener process and we can obtain
oG oG cos? (P
Fi5(a,0) = S(W)—= Gy + S(W) —= G, = —2)5(w)
da a0 aw;,
0G,, 0G,, sin (20)
Fzz(a, 6) = S(W) 32 Gll +S(W) Y G21 = —TWSS(W)
0,,2(a,0) = ro Gy1(a,6)Gy,(a,0,t+ h)R(h)dh
—00
) 25in%(®
_ 2sin 2( )S(w)
"o
0,,2(a,0) = j Gy,(a,6)Gyy (a,0,+ W)R(h)dh
e
_ 2cozs (ZCD)S(W)
a‘wy
(27)

Combining the expression of Equations 9, 10 and employing
the stochastic averaging approach [53], and further applying the
period averaging to Equation 26 over ®, we can derive the relevant
It6 stochastic differential formula as follows:

1 da = m, (a)dt + o,(a)dB(?)

. (28)
df = m,(a)dt + o,(a)dB(t)

The accurate expression for the averaged diffusion and drift
coefficients can be determined as:
1 -1 i 3
m(a) = —E(ﬁwp !sin (%) + s)a + ga1w§a3

5 —

5
——a,a’ +
162" " 2aw?

5 1 J 27 2sin*(d) 20
Jo2@= L[ g0 = 2T
! 2nto Wi wy > (29
3aga
my(a) = 8w,
0
219 cos2 (D
0,2(a) = ij %S(w)dcp _ 22;‘22
21 ) a‘wy awy

where w = w? + w? cos(%ﬂ), o* = D[1 +K* + 2k cos (w1)].
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Equations 28, 29 show that the averaged Itd equation for the
amplitude a(f) does not depend on 6(t); therefore, the random
process a(t) represents a one-dimensional diffusion process. Thus,
the corresponding Fokker—Planck-Kolmogorov (FPK) formula for
a(t) can be written as:

dplat) 9 19, ,
5 = g m@e@l+ 25 ((o @)@ (30)
The conditions for boundary fulfillment of p(a) in
Equation 30 are
p(a) =c,c € (—0o,+00)asa=0
9p : (31)
P(a)—>0,a — 0 asa— oo

According to the boundary conditions (Equation 31), the system
amplitude’s sPDF is expressed as:

_C a2m, (u)
pla) = alz(a) exp “ du], (32)

0 alz(u)

where C is the constant after normalization.
By inserting Equation 29 into Equation 32, the detailed equation
for the system amplitude’s sSPDF is expressed as:

2

2.2
o(a) = a‘wgA ]

0
eXx -
o p[ 76800°
in which

T
A= 3840(8 +pwP L sin (‘%)) - 14400, wia® + 800a,wia®  (33)

4 SPB for the system amplitude

The SPB phenomenon refers to the variation in the number of
peaks observed in the sPDF curves. In this section, we utilize the
singularity theory to discuss the parametric impacts on the SPB
behaviors of the system and to determine the crucial parametric
conditions.

For simplicity, p(a) is presented by

p(a) = CR(a,k,7,&,w,p, a1, ) - exp [Q(a,k, T, &, w, p, &, )], (34)
where
awy

R(a,0,6,w,p, a1, 00)) = —

2
2,2
Qa,0,e,w,p, a1, ay) = — (384O(s+ﬁw1’ sm( > ))

~1440a, wia® + 800a, wiaa*)
s
wo = w + BwP cos(%)

L 0* = D[1 +k* + 2k cos (wr)]

(35)

Based on the singularity theory [54], the system amplitude’s
sPDF must fulfill the requirements
dp(a)

da
’pla) 0
Py

(36)
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FIGURE 1
Transition set curves under additive recycling noise (taking p and D as

the unfolding parameters).

Inserting Equations 33, 34 into Equation 36, we can derive the
conditions as follows [15, 21]:

H={R +RQ =0,R"+2R'Q' +RQ" +RQ"* =0},  (37)

where H denotes the crucial condition for the variations of the
number of peaks in the sPDF curve.

Equations 34, 35, and 37 show that the fractional derivative’s
order p, the correlation time 7 in the noise, and the noise intensity
D can all induce the SPB behaviors of the system. The impacts of
the three-dimensional parametric surface are difficult to display and
describe; therefore, we only show the two-dimensional cross-section
for the transition set to reveal the influences of the noise delay 7 and
noise intensity D below.

4.1 Taking (p,D) as unfolding parameters

Taking the parameters as e= —0.2, a; =245, a, =4.6, w=
1, =1, k=1, 7=0.1, based on Equation 37, the boundary set
for SPB of the system (Equation 21) with parameters p and D
are obtained (Figure 1).

As shown in Figure 1, the transition set curve’s intercepts at
D =0 represent the bifurcation values p, =0.126 and p, = 0.388,
respectively. Under the influence of additive recycling noise, the
boundary set curve of the system (Equation 21) takes on a triangular
shape. Moreover, the unfolding parametric plane is assigned to two
sub-regions by the boundary set curve. Based on the theory of
singularity analysis , the topological structure of the sPDF curve at
various points (p, D) within the same region is qualitatively similar.

Initially, we investigated the sPDF p(a) of the system amplitude
with the joint PDF p(x,%) for a point (p,D) in the two sub-
regions shown in Figure 1 separately. Subsequently, we contrasted
the theoretical solution with the numerical result obtained through
Monte Carlo simulation (MCS) of the initial system (3) utilizing
the numerical simulation method of fractional derivative [45].
Figures 2, 3 show the respective outcomes.

As shown in Figure 2, the parametric region (p,D), where
the sPDF curves are multi-modal, is enclosed by the nearly
triangular region in Figure 1, and Region 1 can form a bi-modal
region of the sPDF curve for the system amplitude.

Considering (p,D) as p=0.3 and D =0.005 in Region 1, the
sPDF p(a) of the system has two peaks, and a stable limit cycle
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https://doi.org/10.3389/fphy.2025.1567842
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org

Lietal.

10.3389/fphy.2025.1567842

s

a b c
( )4 p=0.3,0=0.005 ( 3) 5 p=0.3,0=0.04 ( L p=0.7,0=0.002
’ * Monto Carlo simulation| : + Monto Carlo simulation
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a

FIGURE 2

PDF p(a) of amplitude in different sub-regions of Figure 1 (taking p and D as unfolding parameters). (a) Parameters (p,D) in Region 1 of Figure 1, (b)
Parameters (p,D) in Region 2 of Figure 1, and (c) Parameters (p,D) in Region 3 of Figure 1.

0.3 0.4 05 0.6
a

p=0.3,0=0.002

FIGURE 3

p=

Joint PDF p(x,x) in different sub-regions of Figure 1 (taking p and D as the unfolding parameters). (a) Parameters (p,D) in Region 1 of Figure 1, (b)
Parameters (p,D) in Region 2 of Figure 1, and (c) Parameters (p,D) in Region 3 of Figure 1.

0.3,0=0.004 p=0.7.0=0.002

Ve
!fo‘t‘o?',":,f/"”i/
e \\\‘} i

T

emerges with a corresponding amplitude a distant from the original
position. Notably, the probability around the origin is nonzero,
indicating the concurrent coexistence of the equilibrium point and
the limit cycle within the system (Figures 2A, 3A). Conversely, when
the folding parameters (p,D) set asg p = 0.3,D = 0.004 in Region 2,
the peak of the sPDF p(a) is distant from the origin, and a stable limit
cycle persists within the system (Figures 2B, 3B); thus, the system is
in a monostable state at this moment. When the folding parameters
(p, D) are considered p = 0.7 and D = 0.002 in Region 3, the peak of
the sPDF p(a) is near the origin, and the system has an equilibrium
point (Figures 2C, 3C); thus, the system is also in a monostable state
at this moment.

4.2 Taking (7,D) as unfolding parameters

Taking the folding parameters as ¢ = — 0.2, a; = 2.45, a, = 4.6,
w=1, =1, k=1, p=0.35, based on Equation 37, the critical
parametric curve (transition set) of SPB for system (21) about
unfolding parameters 7 and D can also be obtained (Figure 4).

As shown in Figure 4, the unfolding parametric plane is
segmented into three geometrically separated zones by the transition
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transition set

0.015

1 Limit cycle

o 0.01

0.005

3 Equilibrium point

0.5 2.5

FIGURE 4
Transition set curves under additive recycling noise (taking 7 and D as

the unfolding parameters).

set curve. Based on the singularity analysis theory discussed above,
the sPDF curves p(a) for different parameters (7,D) in the same
region exhibit qualitatively similar topological structures.

Here, we discuss the steady-state PDF p(a) of the amplitude with
the joint PDF p(x,%) for a given point (7,D) in each sub-region
(Figure 4). Subsequently, we contrast the theoretical outcomes with
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PDF p(a) of system amplitude in different sub-regions of Figure 4 (taking r and D as the unfolding parameters)

. (@) Parameters (r,D) in Region 1 of

Figure 4, (b) Parameters (7,D) in Region 2 of Figure 4, and (c) Parameters (z,D) in Region 3 of Figure 4.
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FIGURE 6
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Joint PDF p(x,x) in the different sub-regions of Figure 4 (taking T and D as the unfolding parameters). (a) Parameters (r,D) in Region 1 of Figure 4, (b)
Parameters (7,D) in Region 2 of Figure 4, and (c) Parameters (,D) in Region 3 of Figure 4.

the numerical result obtained by the MCS of the initial system (3)
utilizing the numerical simulation technique of fractional derivative
[45]. Figures 5, 6, respectively, show the corresponding outcomes.

In Figure 4, when the folding parameters (7, D) are adopted in
Region 1, the sPDF curve p(a) of the system amplitude exhibits a
prominent peak located at a significant distance from the origin, and
p(x,%) has a circular basin, as shown in Figures 5A, 6A. Thus, the
system only has a limit cycle (large amplitude motion) at this time.
In Region 2, the sPDF curve p(a) also has a remarkable peak near the
original point, and the probability far away from the origin point is
nonzero. p(x,x) also has a circular basin and a peak (Figures 5B, 6B).
A limit cycle and an equilibrium point exist in the given system (3)
simultaneously. Further in Region 3, the PDFs p(a) and p(x, %) both
have an apparent peak close to the origin (Figures 5C, 6C); therefore,
the system has only one equilibrium point at this time.

The results obtained above indicate that the sSPDF curve of the
system amplitude can arise in various types depending on the values
of the order p for the fractional derivative, the correlation time 7
in the noise, and the noise intensity D. The findings imply that the
sPDF p(a) could be modulated by the system parameters p, D, and
7, respectively. Additionally, comparing the numerical data derived
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from MCS and the analytical solutions derived from the stochastic
averaging technique demonstrates good alignment, validating the
conceptual analysis process.

5 Conclusion

This study investigated the SPB behavior of a fractional
bistable Rayleigh-Duffing system subjected to additive recycling
noise. Using the isovalent principle, the original fractional-order
system was transformed into an equivalent integer-order system of
comparable significance. The sPDF of the system amplitude was
derived by applying the stochastic averaging method. Furthermore,
employing the singularity theory, critical parametric conditions
for SPB were established. The results indicate that the fractional
derivative order p, correlation time 7, and recycling noise intensity
D can each induce SPB, leading to a transition from a single- to
a dual-peak sPDF curve, depending on the unfolding parameters.
By selecting appropriate unfolding parameters according to the
critical parametric conditions acquired, the system response can be
confined to minor vibrations near equilibrium, thereby mitigating
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instability and potential damage caused by nonlinear jumps or large
amplitude oscillations. These findings provide valuable theoretical
insights for system design in engineering fields such as mechanical
engineering and electrical engineering. The agreement between
numerical results obtained via MCS and analytical solutions further
validates our theoretical analysis.

However, the system studied in the article is the single-
degree-of-freedom system, and the complexity and the abstraction
of the state space increase the difficulty of analyzing the high-
dimensional dynamic system. The investigation of two-degrees-of-
freedom systems or even higher dimensional and coupled systems
driven by other noises, such as Lévy noise or Poisson noise, should
be the next focus of research .
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