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The present study systematically investigates the peak amplitude dependence of nonlinear Thomson scattering radiation under an applied magnetic field through theoretical modelling and numerical simulations. A framework is established for the analysis of electron dynamics, spatial patterns and spectral distribution in combined fields of tightly focused circularly polarised Hermite-Gaussian lasers (a0 = 1–20) and magnetic fields (B0 = 0.5 kT). The findings of the study indicate a non-monotonic relationship, whereby optimal performance is observed at a0= 10, accompanied by exceptional collimation (angular divergence <2.5°) and peak intensity (approximately 107).This represents a 1,000-fold enhancement over low-amplitude regimes (a0 < 3). Spectral analysis reveals supercontinuum harmonics extending to ω/ω0 > 4,000, with maximum power concentrated at polar angles θm ≈ 2.5°. These findings advance magneto-optical control of relativistic scattering and provide guidelines for the optimisation of compact X-ray sources.
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1 INTRODUCTION
Laser electron acceleration has attracted worldwide attention for its application potential in medicine [1,2], science and industry [3–6], and other fields. Several schemes utilizing tightly focused Gaussian pulses for electron acceleration have also been proposed [7,8]. Thanks to the chirped pulse amplification technique [9,10], the magnitude of high-intensity lasers has been dramatically increased, especially peta-watt (PW) class laser facilities [11–15], and ultrashort laser technology has achieved great advances over the decades, which in turn has contributed to the vigorous development of physics. Recent breakthroughs in magneto-plasma control have laid important foundations for understanding nonlinear scattering dynamics [16–18].
A number of scholars have carried out relevant studies of relativistic electrons moving in a laser field and thus producing Thomson scattering. The use of Thomson scattering of a laser beam as a diagnostic technique for laboratory plasmas was discussed [19] as early as 1966. In 1993, a more summarized view of nonlinear Thomson scattering of laser pulses and plasmas was studied by Esarey et al. [20]. The idea that the scattering spectrum is determined by the phase and amplitude of the electron motion was first proposed in 2003 by Lau et al. Schwoerer et al. found in 2006 that relativistic electrons accelerated by a laser produce collimated X-rays [21]. The Thomson scattering formed by the collision of an intense laser with relativistic electrons can produce X-rays with good properties. The study of nonlinear Thomson scattering as an ideal source of X-rays has been widely researched. In recent years, many scholars have carried out more analyses or reviewed the study of Thomson scattering.
Numerous studies have been conducted on the effects of laser pulse parameters on laser–electron interactions. Wang et al. investigated the static electron motions and spatial radiation characteristics under laser pulses of varying intensities [22]. Yu et al. investigated the influence of beam waist radius [23]. On one hand, previous studies analyzed the effects of various laser parameter variations on a particular radiation characteristic. This paper comprehensively studies multiple perspectives of electron motion characteristics, radiation spatial distribution, and spectral distribution.
On the other hand, in contrast to the previous work, which focused more on the effects of the interaction of lasers with electrons, we are interested in what happens when a magnetic field is added. The addition of a magnetic field can extend rich studies. In this paper, we study the interaction of a tightly focused circularly polarized laser pulse with a stationary electron in a vacuum, to which a magnetic field is applied. Under the combined action of the laser and the magnetic field, the electron acquires higher energy, and the dominance of the effects on the electron of the laser pulse versus those of the magnetic field changes with time, resulting in a more complex relativistic motion of the electron and a change in the characteristics of the resulting radiation. We carried out numerical simulations and calculations of the interaction of a tightly focused circularly polarized laser pulse with a stationary electron in a magnetic field using MATLAB, in order to study the effects on the motion and radiation properties of the electrons as the laser pulse peak amplitude varies. (The hardware is an Intel I5 CPU with 16 GB of RAM.) In this way, we explore the effects of laser peak amplitude on the motion and radiation characteristics of the electron.
In this paper, we analyze and obtain the optimal laser peak amplitude under specific conditions to produce more effective collimated radiation with higher power at lower cost, which can be useful for scientific research and other fields. The paper is divided as follows: in Section 2, we describe the physical processes and formula in detail, Section 3 is the analysis and description of the numerical results, and finally, we summarize the work and innovations in the conclusion.
2 MATERIALS AND METHODS
Consider a combined field consisting of a tightly focused circularly polarized Hermite–Gaussian laser pulse and an external magnetic field. In this paper, we study an underdense plasma consisting of electrons with a distance of [image: image] or more between every two electrons. We can ignore the influence of the electric field that each electron is subjected to by the electrons around it, and they can be regarded as free electrons.
Under this premise, it is assumed that a single electron is initially stationary at the origin of the coordinates and subsequently undergoes nonlinear Thomson scattering in the presence of the combined fields described above. After normalizing the spatial coordinate by [image: image], which is the reciprocal of the laser’s wave number, and normalizing the temporal coordinate by [image: image], which is the reciprocal of the angular frequency, the combined field mentioned above can be expressed by the vector potential as
[image: image]
where [image: image] and [image: image] denote the unit vectors along the [image: image] and [image: image] directions, respectively. The first term on the right-hand side of Equation 1 describes a Hermite–Gaussian laser pulse with tightly focused circular polarization, [image: image], as the laser pulses in this article are circularly polarized. We assume that the laser pulse propagates along [image: image]. The peak amplitude of laser is [image: image], and the laser intensity [image: image] has been normalized by [image: image], where [image: image], [image: image], [image: image], and [image: image] denote electron static mass, the light velocity in vacuum, the circular frequency of the incident laser, and a single electron’s charge, respectively. [image: image], where [image: image], [image: image] is pulse width of the laser, and [image: image], [image: image] represents the radius of the light spot at a distance of z from the beam waist. To be more specific, [image: image] is the minimum radius of laser’s beam waist, and [image: image] is the Rayleigh distance. In terms of the phase [image: image] in Equation 1, it can be described as [image: image], where [image: image] stands for the laser pulse’s initial phase, [image: image] is the Gouy phase shift, [image: image] is the spherical wave phase shift, and [image: image] represents the radius of curvature of the isophase surface of the beam. To simplify the arithmetic, the inverse of [image: image] is set as [image: image]. Then, it is easy to get [image: image]. The second term on the right-hand side of the Equation 1 describes an external magnetic field along the direction of [image: image]. [image: image] is the strength of the external magnetic field. All the units to [image: image] below are in [image: image] [24]. The geometry of the combined field, the initial position of the electron, and the spatial distribution of radiation in the coordinate system are shown in Figure 1.
[image: Figure 1]FIGURE 1 | Schematic diagram for a tightly focused circularly polarized Hermite–Gaussian laser pulse and an external magnetic field. A relativistic electron is initially stationary at the origin of the coordinates. The length of the arrow indicating the direction of the magnetic field corresponds to the magnetic field strength at the corresponding location. We can obtain the spatial and frequency spectra of the radiated power from the observations, which are on the right side of the figure.
The equation of motion of an electron in an electromagnetic field can be obtained from the Lagrangian equation and the electron energy expression [16,24].
[image: image]
[image: image]
where [image: image] is the relativistic factor, [image: image] denotes the electron velocity that has been normalized by [image: image], [image: image] represents the electron momentum that has been normalized by [image: image], and [image: image] is the combined field vector potential expressed in Equation 1. [image: image] acts only on [image: image].
According to Equation 1, the components of [image: image] on [image: image], [image: image] can be expressed in the following forms, respectively, and we can get Equation 4 below,
[image: image]
Then, combining Equations 1–3, we can use Equation 5 to calculate the velocity and acceleration of the electron motion in the combined field in the components on the [image: image], [image: image] and [image: image] directions, respectively.
[image: image]
where [image: image], [image: image], and [image: image] denote the electron velocity components in the [image: image], [image: image], [image: image] directions, respectively. Having determined the state of electron motion, the electromagnetic radiation in the combined field can be calculated. The power per unit angle, indicating the angular distribution of the instantaneous power, can be calculated using Equation 6:
[image: image]
where the radiated power is normalized by [image: image], [image: image] denotes the direction of radiation, [image: image] represents the electron velocity, [image: image] denotes the moment when the radiation occurs, and [image: image] is the moment at which the radiation is received by the observer.
The energy radiation per unit solid angle per unit frequency interval can be expressed as
[image: image]
which is normalized by [image: image]. In Equation 7, [image: image], where [image: image] is the frequency of the harmonic radiation.
3 RESULTS
Consider a combined field consisting of a tightly focused circularly polarized Hermite–Gaussian laser pulse and an external magnetic field. In this paper, we study an underdense plasma consisting of electrons with a distance of [image: image] or more between every two electrons. We can ignore the influence of the electric field that each electron is subjected to by the electrons around it, and they can be regarded as free electrons.
3.1 Comparison of electron trajectories at different peak amplitudes of a laser pulse
As shown in Figure 2, observing the electron motion trajectories, the electron is undergoing spiral motion in every plot, where the rotation axis is roughly along the [image: image] direction. We denote the [image: image] direction as the transverse direction in the following. During this process, the transverse velocity [image: image] and radial velocity [image: image] of the electron are changing.
[image: Figure 2]FIGURE 2 | Trajectory driven by lasers with peak amplitude (a) [image: image]; (b) [image: image]; (c) [image: image]; (d) [image: image]; (e) [image: image]; (f) [image: image]; (g) [image: image]; (h) [image: image]; (i) [image: image]; (j) [image: image]; (k) [image: image]; and (l) [image: image]. The pulse width [image: image], beam waist [image: image], and the strength of the external magnetic field [image: image]. Note the differences between the ranges of the coordinates of each plot. The solid curve in the [image: image] plane represents the curve of the dependence of the electron energy on the z-coordinate value. The different colors on the trajectory curves indicate the corresponding position’s radiated power in the direction where the electron has the highest radiated power, which is normalized by the peak value of radiated power in each plot.
In order to better demonstrate the process of changes in electron energy as well as the radiated power during electron motion, we plot the electron trajectory, electron energy, and radiated power in every single plot, in which the curve of changes in electron energy is plotted in the [image: image] plane, and the curve is plotted in different colors to vividly demonstrate the radiated power at the corresponding position in the direction of the greatest radiated power.
Note that in each plot, we have scaled down the height of the solid curve representing the electron energy by an equal amount to fit the range of the x- and y-coordinates on this plot. Therefore, this solid curve only reflects the change in electron energy with the z-coordinate in each plot, not the change in electron energy from plot to plot. In addition, in each plot, such radiated power is normalized by its peak in this plot. The ranges of the coordinates of each plot change to better show the trajectories under each group of parameters. In the first seven plots (a,b,c,d,e,f,g), the ranges of the x-coordinate and y-coordinate are both [image: image], while the range of the z-coordinate varies. In the last five plots (h,i,j,k,l), the ranges of the x- and y-coordinates are [image: image], and the range of the z-coordinates is [image: image].
When [image: image] (Figures 2a–f), the electron motion trajectory can be divided into two sections in the transverse direction in each trajectory plot. The first section’s radial distance from the rotation axis becomes smaller and larger with time, and the envelope takes on an olive shape. In this process, electron motion is mainly affected by the laser pulse. When the electron passes through the rising edge of the laser pulse, the electron energy increases, and the radius of the electron motion increases; when the electron passes through the falling edge of the laser pulse, the electron energy decreases, and the radius of the electron motion becomes smaller. The radial distance of the latter section remains relatively stable, and the envelope surface shows a cylindrical shape. This is because, at this time, the electron has been detached from the laser pulse and is only influenced by the applied magnetic field. That is to say, in the latter section, the electron makes a spiral motion with a constant radial distance, and the sparsity of the trajectory also remains constant. Then, the radial velocity [image: image] and the transverse velocity [image: image] undergo periodic changes, while the energy of the electron remains constant. The colors of the curves at different positions of the electron trajectory reflect the spatial variation of the radiated power. As time passes, the curve becomes redder, which means that the radiated power becomes larger. After the reddest point of the curve, the curve becomes bluer, meaning the radiated power becomes smaller. In the following parts of the paper, we describe the first and second sections of the spiral motion of the electron trajectory in terms of the olive and cylindrical forms, respectively, according to the above rules.
The variation of the electron trajectories with increasing peak amplitude, [image: image] (Figures 2a–f), is discussed further specifically below. We analyze the olive state in the first section. In Figures 2a–f, the transverse displacements experienced by the electron during the period of the olive shape increase significantly with the increase of the peak amplitude [image: image], and the transverse displacements range from approximately [image: image] (Figure 2a) to approximately [image: image] (Figure 2f). As the peak amplitude [image: image] increases, the trajectory at the corresponding position becomes thinner and thinner, the transverse displacement of the electrons moving to the maximum radial distance increases, and the maximum radial distance increases by a small amount. This is because, as [image: image] increases, the electron is accelerated more strongly by the rising edge of the laser, and the maximum radial distance increases as a result. This further leads to an enhancement of the Lorentz force generated by the radial velocity [image: image] on the electron, leading to an increase in the transverse velocity [image: image] of the electron. Therefore, the trajectories at the corresponding positions on the different plots become thinner and thinner as [image: image] increases, and the transverse displacement at which the maximum radial distance is reached increases as a result.
In the cylindrical shape of the latter section, the electron is no longer subjected to the laser pulse but moves in a spiral motion at a certain energy under the action of the magnetic field alone. In Figures 2a–f, the radial radius of the trajectories in this section increases significantly with the increase of the peak amplitude [image: image], and the radial radius goes from close to [image: image] (Figure 2a), to [image: image] (Figure 2c), to [image: image] (Figure 2e), and to [image: image] (Figure 2f). The radiative power in this position becomes smaller and the electron helical trajectory becomes thinner and thinner. Interestingly, more and more ends of the olive shape are replaced by the cylindrical shape at the connection between the two shapes. Although the radial distances of both the olive and cylindrical shapes are increasing, the growth rate of the latter is much larger than that of the former, so it appears that the cylindrical shapes gradually annex the olive form. This is because, as stated above, an increase in [image: image] leads to an increase in radial velocity [image: image], transverse velocity [image: image], and these lead to an increase in the Lorentz force. The increase in [image: image] causes the external magnetic field to have a strong effect on the electron trajectory. Even the process where the electron moves in a smaller radial distance in response to the falling edge of the laser pulse is no longer complete. The second half of this process is replaced by a spiral motion with constant radial distance caused by the strong Lorentz force.
When [image: image] (Figures 2g–k), the electron motion trajectory observed from the viewpoint shown in Figure 2 takes on the shape of a closed left side and an open right side. The electron starts to move from the action of the laser pulse, and the radial distance away from the rotation axis first becomes larger and larger with time, after which the electron moves in a spiral motion, with a radial distance that tends to be constant, and the energy of the electron also remains constant. At this time, as the peak amplitude [image: image] increases, the number of electrons rotating through the circle decreases when the electron in the acceleration process reaches the maximum radial distance. The radial distance also increases with [image: image] as it eventually remains stable. This is because under the action of the external magnetic field, the Lorentz force, which becomes stronger and stronger as the peak amplitude [image: image] increases, makes the process of decreasing radial distance brought about by the falling edge of the laser pulse to be completely absorbed by the helical motion afterward. The transverse velocity [image: image], which increases with [image: image], allows the electron to reach the peak position of the laser pulse more quickly, so the rotational period spent becomes shorter. The larger peak amplitude causes stronger acceleration, and the final radial distance increases as a result.
Interestingly, in this phase, the color change of the trajectory reflects the brand-new pattern of change of the radiant power. On the one hand, the general trend shows that the radiant power first increases before decreasing to a steady stage. It is easy to understand. We know that electrons experience the sequential action of the rising and falling edges of the pulse. During the rising edge portion, the gradient becomes larger first. Then, somewhere before the pulse peaks, the gradient begins to decrease. Thus, a change in the gradient results in a change in electron acceleration. This process typically involves an initial increase followed by a decrease, which in turn affects the radiated power in a similar manner. On the other hand, by observing the localized variations of the radiated power, it can be noticed that there are localized oscillations in the phase of the overall upward trend of the power discussed above. This is due to the competition between the applied magnetic field and the electric field under the laser pulse. As the peak amplitude increases, such a competitive relationship becomes more pronounced. This is because an increase in the peak amplitude causes an increase in the gradient, and the electric field becomes stronger. Based on what has been analyzed above, it can be seen that a greater radial distance in this case results in a stronger magnetic field. As a result, there is a larger tug of war between the stronger electric field and the stronger magnetic field, so the amplitude of the oscillations becomes larger, thus leading to a more pronounced change in the color of the curve in the plots.
When [image: image], because there is no obvious change in the electron motion trajectory in this process with the increase of the peak amplitude [image: image], only the most obvious feature [image: image] (Figure 2l) is selected for analysis. When [image: image], as time progresses, the radial distance from the rotation axis first increases, then decreases, and eventually stabilizes. In addition, similar trajectory shapes occur when [image: image] is small. There are cases when the radial distance is small in [image: image] at approximately [image: image] (Figure 2a), and in [image: image], at about [image: image] (Figure 2f). In comparison, at [image: image], the radial distance is very large when the trend of decreasing radial distance ends and remains stable at approximately [image: image]. The phenomenon of increase in radial distance followed by a decrease is increasingly significant as the peak amplitude increases. This is because when [image: image], due to the further increase of the peak amplitude [image: image], the falling edge of the laser pulse becomes steeper, then the effect of the falling edge is more significant compared with the effect of the applied magnetic field. Then, the effect of the falling edge gradually regains the dominant position. In this situation, the trajectory of the electron again appears to change in a similar way as before, with the radial distance becoming larger and then smaller.
We know that the rising edge of the laser pulse increases the electron energy, and the falling edge decreases the electron energy. By applying a magnetic field, we find that the parameter [image: image] (Figure 2k) gives the electron a higher energy. At this point, the electron does not undergo the process of decreasing radial distance caused by the falling edge. Parameter [image: image] gives the electron the largest final radial radius of all peak amplitude parameters that satisfy this condition.
3.2 Comparison of spatial radiation at different peak amplitudes of laser pulse
In the full space, for each unit of solid angle, we find the radiated power when it reaches its maximum value throughout the process, and then we define this power as this unit of solid angle’s maximum radiated power in full time, which is expressed by [image: image]. We abbreviate it as the radiated power per unit of solid angle. The maximum of the [image: image] of all unit solid angles in the whole space is taken as the maximum value [image: image]. In the following content, we will call it the maximum radiated power per unit solid angle. The direction in which this solid angle is located is defined as the direction of maximum radiated power per unit solid angle, denoted by [image: image]. Then, the space radiation brought about by electron scattering is plotted in a column coordinate system. Specifically, the direction of the unit solid angle in space is represented on a plane, and the vertical height of the three-dimensional figure is used to represent the radiated power per unit of solid angle [image: image], as shown in Figure 3. On the surface of a sphere of radius 1, the coordinates of a point P are [image: image], which is at a distance of [image: image] from the coordinate origin [image: image], and [image: image] denotes the unit vector in the direction of radiation. [image: image], [image: image], denoting the horizontal and vertical coordinates of point P in the plane, respectively. The spatial radiation at different peak amplitudes of the laser pulse is shown in Figure 3, where the logarithm of 10 is taken for [image: image]. The value of the radiated power per unit of solid angle can not only be reflected by the height on the vertical axis; it can also be reflected by the color temperature, where a higher color temperature means that [image: image] is larger.
[image: Figure 3]FIGURE 3 | Distribution of maximum radiated power per unit solid angle [image: image] for electron scattering in lasers with peak amplitude (a) [image: image]; (b) [image: image]; (c) [image: image]; (d) [image: image]; (e) [image: image]; (f) [image: image]; (g) [image: image]; (h) [image: image]; (i) [image: image]; (j) [image: image]; (k) [image: image]; and (l) [image: image]. The pulse width [image: image], beam waist [image: image], and the strength of the external magnetic field [image: image].
When [image: image] (Figures 3a–f), the shape of the spatial radiation distribution of electron Thomson scattering approximates the shape of a volcano with a large opening in the center. As the polar angle [image: image] gradually changes from [image: image] to [image: image], the radiated power per unit solid angle [image: image] first increases at a slower rate as the polar angle [image: image] gets smaller until it reaches the maximum value [image: image]. Subsequently, as the polar angle [image: image] continues to decrease from [image: image], the radiated power [image: image] decreases to zero at a very rapid rate.
The variation of the maximum radiated power per unit solid angle with the increase of the peak amplitude [image: image] in the case of [image: image] (Figures 3a–f) is discussed further below. As the peak amplitude [image: image] of the laser pulse increases, the opening at the upper end of the shape becomes significantly smaller, indicating that the polar angle [image: image] in the direction of the maximum radiated power becomes substantially smaller. In addition, the maximum radiated power in full space and full time also increases significantly with the increase of the peak amplitude. In particular, for [image: image] (Figure 3a), the shape of the graph is more like a blood cell, as evidenced by its larger [image: image] and smaller value of [image: image].
When [image: image] (Figures 3g–k), every plot takes on an inverted eddy shape that is wound around itself from the outer ring to the center, and its height gradually increases. Figuratively speaking, the swirl here is narrow at the top and wide at the bottom, upside down from the eddy of water and wind in nature. In general, on the basis of the original volcanic shape of the outer rim, high-power radiation with a steeply increasing height and a radius concentrated around [image: image] appears in the inner rim. Specifically, as the polar angle [image: image] gradually changes from [image: image] to [image: image], the texture of the swirl gradually turns into a protrusion of a tangible inverted eddy. As for the change in power, as the polar angle [image: image] becomes smaller, the radiated power per unit of solid angle [image: image] first increases slowly. Then, this increase to the maximum value [image: image] is particularly noticeable. After that, it decreases sharply to zero. In addition, the spatial distribution of the radiated power appears to be significantly asymmetric due to the appearance of an inverted eddy pattern.
The variation of the maximum radiated power per unit solid angle with increasing peak amplitude [image: image] for the case [image: image] (Figures 3g–k) is discussed below. As [image: image] increases, the maximum radiated power angle [image: image] slowly becomes smaller, and the collimation of radiation has a weak enhancement. The maximum radiated power is affected by the peak amplitude and shows a rapid increase.
It is worth noting that the maximum radiated power per unit solid angle, [image: image], does not continuously increase with the peak amplitude [image: image]. The [image: image] in [image: image] (Figure 3k) is significantly larger than that in [image: image] (Figure 3l).
This is seen below in conjunction with the electron trajectory diagram in Figure 2. The direction of radiation coincides with the direction of electron velocity, which is the tangent direction of the electron trajectory [17]. In Figure 3, as the peak amplitude becomes larger, the electron acquires a larger transverse velocity [image: image], which in turn causes the component of the radiation direction in the [image: image] direction to appear to be dramatically increased. While the electron is subject to the successive effects of periodic acceleration and deceleration of the magnetic field in the radial direction, the velocity direction, which is the component of the radiation direction in the [image: image] and [image: image] directions, varies by a small amount. Therefore, the radiation direction generally shows a tendency of constant inclination to the [image: image] direction, which is consistent with the phenomenon that the radiation collimation becomes better with the increase of the peak amplitude, as presented in Figure 3.
3.3 Comparison of spatial spectra of laser pulses at different peak amplitudes
The power spectrum at [image: image] in the angular range of [image: image] is presented in Figure 4, using [image: image] and [image: image] as horizontal and vertical coordinates, respectively, where the range of values of [image: image] is uniformly [image: image]. The logarithm of 10 is taken for the radiated power in order to better present the process of change between each plot. The color temperature reflects the value of the radiant power, where a higher color temperature indicates a higher radiant power. With this section, we analyze the distribution of the radiated power spectrum over different polar angles.
[image: Figure 4]FIGURE 4 | Spectra of radiated power in the direction of each polar angle [image: image] at the azimuth of maximum radiation, where the peak amplitude of the laser pulse in each graph is (a) [image: image]; (b) [image: image]; (c) [image: image]; (d) [image: image]; (e) [image: image]; (f) [image: image]; (g) [image: image]; (h) [image: image]; (i) [image: image]; (j) [image: image]; (k) [image: image]; and (l) [image: image]. The pulse width [image: image], beam waist [image: image], and the strength of the external magnetic field [image: image].
When [image: image] (Figures 4a–f), the polar angle [image: image] can be divided into two ranges, [image: image] and [image: image], which correspond to the figure’s upper and lower parts bounded by [image: image], respectively. To omit repetitive descriptions, only the range of [image: image] is described below because the two parts are roughly symmetrical on the axis of [image: image]. We know that when [image: image] takes a particular value, it enables the power spectrum to have the maximum cutoff frequency with the maximum power and the radiated power to reach the maximum. It is the angle that we mentioned in Section 3.2, which is the polar angle [image: image] where radiated power becomes maximum. We investigate the power spectrum in the direction of [image: image]. Starting from the fundamental frequency, as the number of harmonics increases, the power increases rapidly. After peaking, it falls back to zero. In each plot, the cutoff frequency of the power spectrum in each [image: image] direction becomes first larger and then smaller as [image: image] decreases. Whereas [image: image] lies in the angular range of [image: image], where the harmonics in the power spectrum can be observed more clearly. For the part outside the angular range of [image: image], there are almost no high harmonics, and the cutoff frequency is very small. As the number of harmonics increases, the power decreases to 0 very quickly, but a very small amount of power occurs at higher frequencies.
When [image: image] (Figures 4g–k), there are very pronounced high harmonics in the direction of [image: image]. Interestingly, in this case, the cutoff frequency no longer shows a gradual increase as the polar angle gets closer to [image: image] in (Figures 4a–l). In fact, in the vicinity of [image: image], the positions of the distributions of a series of cutoff frequencies at different [image: image] directions appear as a clearly spaced sequence of peaks and valleys. That is to say, the polar angle directions with larger cutoff frequencies occur at intervals. The peaks correspond to the direction of the polar angle with the larger cutoff frequency, while the valleys between the two peaks correspond to the direction of the polar angle with a smaller cutoff frequency. The phenomenon is consistent with the morphology of the inverted eddy described in Section 3.2, in which there is a certain gap between each of the polar angles with large radiated power, observed from the same [image: image] position.
The spectrograms at different peak amplitudes are compared below. As the peak amplitude increases, the cutoff frequency increases. Specifically, in the case of [image: image], the radiated power at [image: image] has already shown a large attenuation when [image: image], while in the case of [image: image], there is still a large radiated power at the position of [image: image]. In addition, [image: image] decreases with increasing peak amplitude, which suggests that an increase in peak amplitude can greatly improve the collimation of radiation. When the peak amplitude continues to increase from [image: image], [image: image] decreases at an extremely slow rate and finally tends to a stable value.
We are more interested in the spectrum in the direction of the polar angle [image: image], where radiated power becomes maximum, rather than the direction of other ordinary polar angle [image: image] where the power is less and the number of harmonics is lower. In Figure 4, we slice the location of [image: image] as shown in Figure 5 below. In the following, we further investigate the spectrum specifically in the direction of [image: image].
[image: Figure 5]FIGURE 5 | Spectrogram of the maximum radiated power in the direction of [image: image], where the peak amplitude of the laser pulse in each graph is (a) [image: image]; (b) [image: image]; (c) [image: image]; (d) [image: image]; (e) [image: image]; (f) [image: image]; (g) [image: image]; (h) [image: image]; (i) [image: image]; (j) [image: image]; (k) [image: image]; and (l) [image: image]. The pulse width [image: image], beam waist [image: image], and the strength of the external magnetic field [image: image]. Note the difference in the range of horizontal and vertical coordinates for each of the smaller plots appended in (a–g) and the difference in the range of horizontal coordinates for the larger plots in (a–g). The vertical coordinate is normalized by [image: image].
When [image: image] (Figures 5a–f), the radiated power per unit solid angle increases rapidly as the peak amplitude increases. Taking the maximum power [image: image] in each plot as an example: the maximum power in [image: image] (Figure 5a) is approximately 780, and then it gradually becomes approximately 15,000 ([image: image], Figure 5d) and increases again to hundreds of thousands ([image: image], Figure 5e). In addition, the number of harmonics keeps increasing. For ease of description, in the case of different peak amplitudes, we name the number of harmonics at which the power decays to one-tenth of the maximum power value as [image: image]. As the peak amplitude increases, [image: image] varies from the initial [image: image] (Figure 5a), to [image: image] in [image: image] (Figure 5b), and, to [image: image] in [image: image] (Figure 5g). It can be seen that only a small increase in peak amplitude from [image: image] to [image: image] causes a significant increase in harmonic number.
When [image: image] (Figures 5g–k), the maximum radiated power per unit solid angle [image: image] continues to increase as the peak amplitude increases, but the increase is small, and the order of magnitude does not change. At the highest point, for example, the orders of magnitude all remain at [image: image]. On the other hand, the number of harmonics continues to increase, from [image: image] when [image: image] (Figure 5h), to [image: image] when [image: image] (Figure 5i), to [image: image] when [image: image] (Figure 5k). However, when [image: image] (Figure 5l), the maximum radiated power per unit solid angle [image: image] is smaller than that in [image: image], and [image: image] is also smaller at 3,584.
It is worth noting that this is not a discrete spectrum but a supercontinuous spectrum. This is because a portion of the radiation in the vicinity of the direction of maximum radiation [image: image] can also be observed in the direction of [image: image]. Although the radiated power observed in the direction of [image: image] is dominated by the radiated power that is generated exactly in the direction of [image: image], we actually observe the superposition of the spectra in more than one direction. This is why Figure 5 presents a continuous spectral distribution.
3.4 Dependence of maximum radiated power per unit solid angle on magnetic field strength
With specific parameters ([image: image], [image: image], [image: image]), we plotted the variation of maximum radiated power per unit solid angle [image: image] with the magnetic field strength [image: image]. The results are shown in Figure 6.
[image: Figure 6]FIGURE 6 | A line graph showing the dependence of maximum radiated power per unit solid angle [image: image] on the magnetic field strength [image: image]. The horizontal coordinate magnetic field strength [image: image] is in the range [image: image]. The vertical coordinate maximum radiated power per unit solid angle [image: image] is in the range [image: image]. The laser pulse peak amplitude [image: image], pulse width [image: image], beam waist [image: image], and the strength of the external magnetic field [image: image]. Note that the maximum radiated power per unit solid angle is normalized by [image: image].
The graph above describes the dependence of maximum radiated power per unit solid angle [image: image] on the magnetic field strength [image: image] when [image: image], [image: image], [image: image]. The horizontal coordinate magnetic field strength [image: image] is in the range of [image: image]. The vertical coordinate maximum radiated power per unit solid angle [image: image] is in the range of [image: image]. Note that the maximum radiated power per unit solid angle is normalized by [image: image].
As can be seen from the above figure, with the above parameters, as the magnetic field strength increases, the maximum radiated power per unit solid angle also increases significantly. That is, the addition of the magnetic field greatly enhances the [image: image]. This is consistent with our previous analysis. The radial distance of electron motion increases when the electron is accelerated by the rising edge of the laser. The greater magnetic field strength at the greater radial distance enhances the Lorentz force on the electron generated by the radial velocity [image: image], resulting in an increase in the electron’s transverse velocity [image: image]. The increase in [image: image] results in the electron being subjected to an even greater radial Lorentz force, and so the radial distance is further increased. The addition of the magnetic field causes a large increase in the total velocity u of the electrons and a corresponding increase in the maximum velocity that the electrons can achieve. The larger the magnetic field strength [image: image] is, the more significant the enhancement of electron velocity is.
We analyze the following according to Equation 6. The rise of the total velocity [image: image] makes the denominator [image: image] at the right side of Equation 6 get closer and closer to 0, and then the whole equation increases. That is, the increase in the maximum electron velocity increases [image: image].
Overall, the addition of the magnetic field greatly enhances the [image: image], and as the magnetic field strength [image: image] increases, the maximum radiated power per unit solid angle [image: image] increases.
3.5 Dependence of the polar angle where radiated power becomes maximum and the maximum radiated power per unit solid angle on the peak amplitude of the laser pulse
A two-coordinate plot was drawn based on the polar angle [image: image] where the radiated power becomes maximum, and the maximum radiated power per unit solid angle can be described by [image: image] at different peak amplitudes [image: image]. This is shown in Figure 7.
[image: Figure 7]FIGURE 7 | A biaxial plot showing the dependence of the polar angle [image: image], where the radiated power becomes maximum (dashed curve), and the maximum radiated power per unit solid angle can be described by [image: image] (solid curve) on the laser pulse peak amplitude [image: image], respectively. The horizontal coordinate peak amplitude [image: image] is in the range [image: image]. The pulse width [image: image], beam waist [image: image], and the strength of the external magnetic field [image: image]. Note that the maximum radiated power per unit solid angle is normalized by [image: image].
The graph above describes the dependence of the polar angle [image: image], where the radiated power becomes maximum, and the maximum radiated power per unit solid angle can be described by [image: image] on the laser pulse peak amplitude [image: image], respectively. The horizontal coordinate peak amplitude [image: image] is in the range [image: image]. The solid curve indicates the variation of [image: image] and corresponds to the left vertical axis. The dashed curve shows the variation of [image: image] and corresponds to the right vertical axis. Note that [image: image] is normalized by [image: image].
We first analyze the dependence of the polar angle [image: image], where the radiated power becomes maximum on the laser pulse peak amplitude [image: image] (dashed curve).
Overall, [image: image] decreases with increasing peak amplitude. Specifically, the rate at which [image: image] decreases is significantly different for different ranges of [image: image]. When [image: image], [image: image] decreases dramatically with increasing peak amplitude. From [image: image], to [image: image], to [image: image], the polar angle [image: image] decreases by nearly a quarter. That is to say, the collimation of the radiation becomes significantly better at this stage. When [image: image], [image: image] decreases more slowly as the peak amplitude increases. After that, when [image: image], [image: image] decreases very little and hardly changes, and finally [image: image] is about 2.5°. In terms of [image: image], the peak amplitude [image: image] should be as large as possible in order to obtain the best collimation. However, the variation of collimation is extremely slight after [image: image]. Considering the cost and difficulty of realization in engineering, [image: image] can be approximated as the best point of collimation in the range of [image: image].
We continue to analyze the dependence of the maximum radiated power per unit solid angle [image: image] on the laser pulse peak amplitude [image: image] (solid curve).
From the general trend, [image: image] increases and then decreases with [image: image] as the boundary. When [image: image], [image: image] changes slightly. When [image: image], [image: image] appears to rise sharply as the peak amplitude increases. It is noteworthy that when [image: image], [image: image] decreases slowly, although the peak amplitude further increases. Therefore, the peak of [image: image] is reached at [image: image].
In summary, when [image: image], we can obtain not only the best collimation but also the strongest radiated power. Therefore, when the pulse width [image: image], and the beam waist [image: image], the strength of the external magnetic field [image: image], and the optimal parameter for the peak amplitude is [image: image].
4 DISCUSSION
First, we discuss Figure 2. When [image: image] (Figures 2a–f), the envelope of the electron trajectory presents a combination of olive and cylindrical shapes. When [image: image] (Figures 2g–k), the envelope of the electron trajectory presents a shape with a closed left side and an open right side. When [image: image], the radial distance of the motion trajectory becomes larger and then smaller. Among the above parameters, we find that the parameter [image: image] (Figure 2k) enables the electron to obtain higher energy. At this point the electron both happens to not undergo the process of decreasing radial distance caused by the falling edge. [image: image] is the parameter that gives the electron the largest final radial radius of all the peak amplitude parameters that satisfy this condition. A discussion of Figure 3 follows. When [image: image] (Figures 3a–f), the shape of the spatial radiation distribution approximates the shape of a volcano with a large opening in the middle. When [image: image] (Figures 3g–k), every plot takes on an inverted eddy shape that is wound around itself from the outer ring to the center, and its height gradually increases. As the peak amplitude increases, the polar angle in the direction of the maximum radiated power [image: image] decreases rapidly before gradually increasing.
Where [image: image] (Figure 3k), this parameter has the maximum radiated power while ensuring good enough collimation. In Figure 4, as the peak amplitude increases, the spectrum appears as a supercontinuous spectrum, and the number of harmonics increases. Therefore, considering all sections of the analysis, it can be concluded that [image: image] has not only the best collimation but also the highest radiated power.
5 CONCLUSION
In conclusion, we have theoretically and numerically investigated the motion characteristics and radiation properties of a single electron in the combined field of a tightly focused circularly polarized Hermite–Gaussian laser pulse and an external magnetic field, under different laser pulse peak amplitudes. On the basis of the basic model of the laser pulse and a stationary electron, this paper creatively introduces an external magnetic field along the [image: image] direction. The magnetic field strength varies linearly with the coordinates of the [image: image] axis of the position where it is located, and new electron motion and radiation characteristics are observed. As the peak amplitude increases, the polar angle [image: image] where the radiated power becomes maximum becomes smaller, while the maximum radiated power per unit solid angle [image: image] initially increases before declining. Through our study, the optimal parameter for the peak amplitude can be obtained as [image: image] with the pulse width [image: image], beam waist [image: image], and strength of the external magnetic field [image: image]. Our efforts can provide a basis and reference for laboratory studies of Thomson scattering and provide a creative solution for modulating high-energy rays.
This paper focuses on the interaction of a single electron with a laser pulse in a strong magnetic field. Our future work will study the interaction of electrons with lasers in the steep flanks of the tight focus to analyze the influence of superposition.
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