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Real-time monitoring of key water quality parameters is essential for the scientific management and effective maintenance of aquatic ecosystems. Water quality monitoring networks equipped with multiple low-cost electrochemical and optical sensors generate abundant spatiotemporal data for water authorities. However, large-scale missing data in wireless sensor networks is inevitable due to various factors, which may introduce uncertainties in downstream mathematical modeling and statistical decisions, potentially leading to misjudgments in water quality risk assessment. A high-dimensional and incomplete (HDI) tensor can specifically quantify multi-sensor data, and latent factorization of tensors (LFT) models effectively extract multivariate dependencies and spatiotemporal correlations hidden in such a tensor to achieve high-accuracy missing data imputation. Nevertheless, LFT models fail to adequately account for the inherent fluctuations in water quality data, limiting their representation learning ability. Empirical evidence suggests that incorporating bias schemes into learning models can effectively mitigate underfitting. Building on this insight, this study proposes an adaptive biases-incorporated LFT (ABL) model with four-fold ideas: basic linear biases to describe constant fluctuations in water quality data; weighted pretraining biases to capture historical prior information of data fluctuations; time-aware biases to model long-term patterns of water quality fluctuations; and hyperparameter adaptation via particle swarm optimization (PSO) to enhance practicality. Empirical studies on large-scale real-world water quality datasets demonstrate that the proposed ABL model achieves significant improvements in both prediction accuracy and computational efficiency compared with state-of-the-art models. The findings highlight that integrating multiple bias schemes into tensor factorization models can effectively address the limitations of existing LFT models in capturing inherent data fluctuations, thereby enhancing the reliability of missing data imputation for water quality monitoring. This advancement contributes to more robust downstream applications in water quality management and risk assessment.
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1 INTRODUCTION
Due to massive industrial production and individual activities, phytoplankton have proliferated rapidly, disrupting the balance of marine and freshwater ecosystems, which is recognized as a matter of global concern [1, 2]. Researchers deploy multi-sensor monitoring networks to assess real-time variation trends of water quality parameters. Indeed, sensor-based monitoring data is precious for water quality prediction and assessment, since continuous observed values with high spatiotemporal resolution is essential to detect slight changes in the ecosystem [3, 4]. However, the issue of missing data is still ubiquitous in real-time monitoring networks, owing to sensor failure, equipment routine maintenance, data corruption, breakdown of data communication, data refinement, and otherwise reasons [5, 6]. The large-scale missing data severely affect the subsequent tasks of statistical analyses and modelling efforts, and even result in misleading decisions to water authorities. Therefore, how to find efficient ways for handling missing data in water quality monitoring networks is urgently needed.
Data reconstruction is an essential strategy to substitute missing values in water quality data. Most current studies attempt to develop prediction approaches for imputing missing water quality data [7]. These techniques range from single imputations that replace each missing value with a precise value to multiple imputations that require consideration of the conditional distribution of missing values within observed data. Recently, machine-learning techniques that can handle multivariate inputs have been adopted to predict large-scale spatiotemporal data [8, 9]. Nevertheless, few works are involved in predicting relevant water quality parameters, especially for real-time monitoring data. It is well known that in-situ online water quality monitoring values are often considered less quantitative than manual measurements due to the inherent fluctuation and nonstationarity of high-frequency readings. For this reason, large-scale missing data from sensor-based networks is a great challenge to solve with conventional machine-learning methods, such as random forest [10], k-nearest neighbors [11], and support vector regression [12]. Moreover, although sophisticated deep-learning techniques can effectively capture multidimensional information and possess strong representation learning abilities, their high computational and storage costs make them impractical in real-world water quality monitoring scenarios, like multi-directional recurrent neural network [13], sequence-to-sequence imputation model [14], and transfer learning-based long short term memory [5]. Hence, there is a significant demand for robust and high-efficiency approaches to predict unobserved values from online monitoring data.
The water quality data generated by a multi-sensor monitoring network can be expressed as a high-dimensional and incomplete (HDI) tensor. Such a tensor can adequately preserve multivariate, spatiotemporal and structural patterns of the original data, giving it inherent advantages in describing water quality parameters [15, 16]. Moreover, a tensor factorization method is gaining attention due to its ability to extract various desired patterns hidden in an HDI tensor [17–20]. To date, a tensor factorization method is successfully applied in diversified areas like quality of service, link prediction, and intelligent transportation system [21–23]. Representative models of this kind include a Candecomp/Parafac (CP) weighted optimization model [17], a fused CP factorization model [18], a regularized tensor decomposition model [19], a non-negative tensor factorization model [20], and a coupled graph-tensor factorization model [56]. Few studies have explored their environmental monitoring applications. To do so, exploring their performance in handling large-scale missing water quality data becomes meaningful.
In general, existing tensor factorization models are efficient in predicting large-scale missing data. However, water quality data display strong fluctuations due to variable transformations and spatiotemporal changes, thereby vastly limiting the representation learning ability of these models. As unveiled by prior studies [24–26], bias schemes can precisely capture inherent fluctuations of complex data to prevent a learning model from underfitting. These methods can handle systematic measurement errors or baseline shifts, enabling a learning model adaptive adjustments to localized anomalies [53, 54]. Specifically, Luo et al. [24] incorporate a basic linear bias scheme into a latent factorization of tensors (LFT) model for perceiving constant data fluctuations. Wu et al. [22] introduce pretraining biases for pre-calculating the statistical deviations between sampled averages and observed values. Xu et al. [54] extend the linear biases on each dimension of tensor for describing more complex data fluctuations. However, existing studies typically employ a single bias scheme to capture data fluctuations caused by a singular factor, fundamentally limiting their representation learning ability in addressing complex water quality data with coupled fluctuation mechanisms. To this end, Yuan et al. [25] prove that the linear combination of different bias schemes can further improve the prediction accuracy of a learning model. Koren et al. [26] integrate time-changing bias scheme and gradual drift bias scheme into a learning model to capture the time-varying fluctuations. Therefore, it is essential to systematically integrate bias schemes into the learning objective.
Inspired by the above studies, this work aims to incorporate reasonable bias schemes into a tensor factorization-based model for achieving accurate prediction of missing water quality data. On the other hand, the hyper-parameters of current tensor factorization-based models are mostly tuned manually through grid-search strategy that consumes immense computing resources and human efforts. Therefore, practical hyper-parameter adaptation mechanism is also desired [27]. To address the above issues, this study innovatively proposes an adaptive biases-incorporated latent-factorization-of-tensors (ABL) model. It seamlessly combines diversified bias schemes with the tensor factorization method to perceive inherent fluctuations of water quality parameters, thereby achieving a robust model with high prediction accuracy for large-scale missing data. Moreover, it designs a reasonable hyper-parameter self-adaptation mechanism to alleviate the resource waste caused by grid-search. By doing so, this work makes the following contributions:
	• An ABL model. It combines the merits of diversified bias approaches to integrate three bias schemes into a latent factorization of tensors (LFT) model for ensuring accurate prediction. Furthermore, its hyper-parameters are self-adaptive following the principle of particle swarm optimization (PSO) to enhance practicability.
	• Algorithm design and analysis. It offers a specific explanation for researchers to accomplish an ABL model for analyzing large-scale HDI data.
	• Detailed empirical studies. We execute experiments on real-world water quality datasets to illustrate that an ABL model exceeds other state-of-the-art models in terms of efficiency and accuracy for predicting missing values.

The rest of this paper consists of the following parts. Section 2 gives the preliminaries. Section 3 provides a detailed description of ABL. Section 4 reports the experimental results. Finally, Section 5 concludes this paper.
2 PRELIMINARIES
2.1 Symbol appointment
Adopted symbols in this study are concluded in Table 1. A variable-station-time tensor is taken as an elementary input data resource when performing missing water quality data prediction. Note that as mentioned in Section 1, the target water quality tensor Y possesses HDI nature, and contains numerous unknown entries due to unobserved monitoring values, the schematic diagram of an HDI water quality tensor is displayed in Figure 1. Thus, we define the target water quality tensor as:
TABLE 1 | Adopted symbols and their descriptions.	Symbol	Description
	Y	Target three-way HDI tensor
	X	Rank-one tensor to form the approximation to Y
	Ŷ	Low-rank approximation to Y
	yijk, xijk, ŷijk	A single entry in Y, X, and Ŷ
	I, J, K	Sets of variables, sites, and time points
	R	Rank of Ŷ and dimension of the latent factor space
	V, S, T	Latent factor matrices
	vr, sr, tr	The rth latent factor vectors in V, S, and T
	vir, sjr, tkr	Single entries in V, S, and T
	bvi, bsj, btk	Single basic linear biases
	pvi, psj, ptk	Single pretraining biases
	tvil, tsjl, ttkl	Single time-aware biases
	ℝ	Real number domain
	||⋅||F	Frobenius norm of an enclosed tensor
	°	Outer product of two vectors
	|.|	Cardinality of an enclosed set
	α, β	Regularization coefficients
	η	Learning rate
	|.|abs	Absolute value of an enclosed number
	Λ, Δ, Ω	Training, validation, and testing sets
	c1, c2	Acceleration coefficients in PSO.
	r1, r2	Uniformly distributed random numbers in [0, 1]
	M, m	The number of particles, mth paricle
	D, d	The search space, d-dimensional space
	w	Inertia weight
	fmd	Velocity of the mth particle in dth dimension
	pmd	Position of the mth particle in dth dimension
	pbmd	Best position of the mth particle in dth dimension
	gbd	Best position of the whole swarm in dth dimension
	f͝d,f⌢d	Upper and lower bounds for a particle’s velocity
	p͝d,p⌢d	Upper and lower bounds for a particle’s position
	n	Training iteration count


[image: Three-dimensional matrix representation of HDI water quality tensor Y, showing a grid with known entries in blue and unknown entries in white. Axes are labeled as time, station, and variable.]FIGURE 1 | An HDI tensor Y of variable-site-time showing water quality parameter values.Definition 1. (HDI variable-station-time water quality tensor): Given entity sets I, J, and K, let Y|I|×|J|×|K|∈ℝ be a variable-station-time tensor where each entry yijk represents a water quality parameter value by variable i∈I on station j∈J at time point k∈K [22, 24]. Y is an HDI tensor if it contains amounts of unknown entries.
2.2 Latent factorization of tensors
In this paper, we achieve LFT on Y in the form of CP tensor factorization, which is actually a special case of Tucker tensor factorization [28, 29]. Compared with CP, although Tucker takes into account entries of a core tensor to realize higher representation ability of a target tensor than CP does, it has the following disadvantages: Tucker consumes more computing resources by noting the extra computational cost proportional to the size of a core tensor, the mathematical form of Tucker is much more complicated to understand than CP [28, 29]. Hence, this work adopts CP tensor factorization as a basic scheme for deriving an LFT model.
With CP tensor factorization, Y is decomposed into R rank-one tensors, that is, X1, X2, … , and XR, where R is the rank of the achieved approximation Ŷ to Y. Identifying R on a given tensor is a nondeterministic polynomial problem [24], it is generally predefined. Specifically, a rank-one tensor is defined as:
Definition 2. (Rank-one Tensor): Xr|I| × |J| × |K| ∈ℝ is a three-way rank-one tensor if it can be written as the outer product of three latent factor (LF) vectors vr, sr, tr with length |I|, |J|, and |K|, respectively [28, 30], as Xr = vr°sr°tr.
Thus, we get the detailed expression of each entry xijkr in Xr as xijkr = virsjrtkr. Subsequently, LF matrices V|I|×R, S|J|×R, and T|K|×R consist of R LF vectors, where the rth column vector in V, S, and T is coupled to form the rth rank-one tensor Xr, as shown in Figure 2. With these R rank-one tensors, we accomplish Y’s rank-R approximation Ŷ as Equation 1:
Y^=∑r=1RXr,
where each entry ŷijk in Ŷ is formulated as:
y^ijk=∑r=1Rxijkr=∑r=1Rvirsjrtkr.
To gain the expected LF matrices V, S, and T, we construct an objective function ε to measure the difference between Ŷ and Y, which relies on the frequently-used Euclidean distance [21, 26]. It is worth noting that LFT is also compatible with other objective functions [24], such as Lp,q-norms or KL-divergences. With it, the objective function ε is defined as:
ε=Y−Y^F2=∑i=1I∑j=1J∑k=1Kyijk−∑r=1Rvirsjrtkr2.
As drawn in Figure 1, Y contains numerous unknown entries. Thus, we define ε on known entry set Λ to denote Y’s known information exactly [30, 31]. Following this, Equation 3 is reformulated into:
ε=∑yijk∈Λyijk−∑r=1Rvirsjrtkr2.
Previous studies have shown that ε is ill-posed due to the imbalanced distribution of Y’s known entries [24, 31]. Thus, we integrate Tikhonov regularization into Equation 4 to enhance its generality:
ε=∑yijk∈Λyijk−y^ijk2+α∑r=1Rvir2+sjr2+tkr2,
where α denotes the regularization coefficient for each LF in V, S, and T. Note that ε adopts the density-oriented strategy to build the regularization terms, enabling the model to achieve further generality [32]. By employing a reasonable learning algorithm to minimize the loss in ε [33], an LFT model is achieved. Figure 3 illustrates the process of predicting missing data adopting an LFT model.
[image: Diagram illustrating the decomposition of an HDI water quality tensor \\(Y\\) into low-rank matrices and vectors. The tensor \\(Y\\) is shown on the left, containing blue-highlighted sections with question marks. It is decomposed into lower-rank matrices \\(T\\) and \\(S\\), and further into vectors \\(t_r\\), \\(v_r\\), and \\(s_r\\). These components are recombined through an outer product to form a rank-one tensor \\(X_r\\) on the right.]FIGURE 2 | Latent factorization of an HDI tensor Y for handling numerous missing water quality data.[image: Illustration of a process involving tensors. The HDI water quality tensor Y is partially filled with unknown values. The central image shows a Rank-R approximation tensor, and the resultant tensor on the right is fully populated. Below, a dashed box shows multiple tensor outputs labeled X sub 1 to X sub R, demonstrating a transformation process labeled LFT leading to the output.]FIGURE 3 | Missing data prediction by performing LFT on a water quality tensor.2.3 Particle swarm optimization
A PSO algorithm establishes a swarm of M independent particles searching in a D-dimensional space [27, 34]. Each particle is controlled by its velocity vector fm = [fm1, fm2, … , pmD] and position vector pm = [pm1, pm2, … , pmD] to find the optimal solution. Following the principle of PSO, the update process of the mth particle at the nth iteration is as follows:
∀m∈1,...,M,d∈1,...,D:fmdn=wfmdn−1+c1r1pbmdn−1−pmdn−1+c2r2gbdn−1−pmdn−1,pmdn=pmdn−1+fmdn.(6)
where w denotes inertia weight, c1 and c2 are acceleration coefficients, r1 and r2 are uniformly distributed random numbers in [0, 1], pbmd denotes best position of the mth particle in dth dimension, gbd represents best position of the whole swarm in dth dimension, and PSO iteratively updates the velocity fmd and position pmd of each particle until it meets the convergence conditions.
3 PROPOSED ABL MODEL
3.1 Diversified bias schemes modeling in LFT
Due to a series of external factors such as seasonal characteristics of parameters, variable transformations, and spatiotemporal changes, water quality data exhibit inherent fluctuations, as shown in Figure 4. According to prior studies [24–26], the representation learning ability and stability of a learning model can be improved by integrating bias schemes into its learning objective, when analyzing such fluctuating data. To this end, we introduce three types of bias schemes into an LFT model for capturing water quality fluctuations.
[image: Two graphs depict water temperature variations. Graph (a) shows temperature fluctuations over time, ranging from 5Â°C to 35Â°C, with notable peaks and troughs. Graph (b) displays temperature variations across different station IDs, with readings between 10Â°C and 17Â°C, also featuring multiple peaks and troughs.]FIGURE 4 | Water quality data fluctuation: (a) values of a particular variable collected by a particular station at different time points, (b) values of a particular variable collected by different sites at the same time point.In HDI data analysis tasks, the basic linear bias method is commonly employed to prevent a learning model from underfitting [24, 35, 36], which effectively characterizes constant fluctuations of historical data. In our context, for a three-way water quality tensor Y|I|×|J|×|K|, the basic linear biases can be modeled through three bias vectors bv, bs, and bt with length |I|, |J|, and |K|, respectively. By incorporating the corresponding elements in these vectors into Equation 2, we obtain the new entry ŷijk in Ŷ as Equation 7:
y^ijk=∑r=1Rvirsjrtkr+bvi+bsj+btk.(7)
Therefore, the learning objective Equation 5 is reformulated as Equation 8:
ε=∑yijk∈Λyijk−∑r=1Rvirsjrtkr+bvi+bsj+btk2+ α∑r=1Rvir2+sjr2+tkr2+βbvi2+bsj2+btk2.(8)
Note that the regularization on biases in ε is also connected to each known entry yijk∈Λ to reflect the density-oriented strategy.
As indicated in previous research [25, 37, 38], the pretraining bias approach perceives non-stationary fluctuations of known data based on historical prior information before the training process, thereby diminishing the initial error between unobserved values and their corresponding estimates. We reasonably infer that such a method is also applicable for integration into an LFT model. Notice that pretraining biases are not trained together with LFs, but rely on a prior estimator, which may cause their effects on a learning model to be negative in certain iterations. To eliminate the negative effects, we introduce weighted pretraining biases into an LFT model. Thus, each entry ŷijk in Equation 2 is reformulated into Equation 9:
y^ijk=∑r=1Rvirsjrtkr+λipvi+φjpsj+γkptk.(9)
It is worth noting that weight coefficients λi, φj, and γk are trained together with LFs. Since pretraining biases can be acquired by various statistical estimators, and a reasonable estimator is able to enhance the prediction accuracy of a learning model [22, 25]. With it, pvi, psj, and ptk are formulated as Equation 10:
pvi=∑yijk∈Λiyijk−μ/θ1+Λi,psj=∑yijk∈Λjyijk−μ/θ2+Λj,ptk=∑yijk∈Λkyijk−μ/θ3+Λk,(10)
where Λ(i), Λ(j), and Λ(k) denote subsets of Λ linked with entities i∈I, j∈J, k∈K, respectively. θ1, θ2, and θ3 denote the threshold constants associated with the average of Λ(i), Λ(j), and Λ(k). The global average μ represents the statistical characteristics of Λ [22, 25]. By introducing weighted pretraining biases into Equation 5, yielding Equation 11:
ε=∑yijk∈Λyijk−∑r=1Rvirsjrtkr+λipvi+φjpsj+γkptk2+α∑r=1Rvir2+sjr2+tkr2+βλi2+φj2+γk2.(11)
Generally speaking, water quality data fluctuate slowly over time. Such a phenomenon indicates that fluctuations of a specific water quality variable between two consecutive collection time points are usually small, while fluctuations between peaks and valleys are commonly obvious, as drawn in Figure 3a. Hence, it is significant to capture the time-changing fluctuation patterns of water quality data to perceive their seasonal and periodic characteristics. Inspired by previous studies [26], this work introduces a time-aware bias approach to describe long-term fluctuations in water quality data. Accordingly, we construct L bins to hold a number of |K| time points, where each bin l∈L puts |K|/L consecutive time points. By doing so, we incorporate these time-aware biases into Equation 2 as Equation 12:
y^ijk=∑r=1Rvirsjrtkr+tvil+tsjl+ttkl.(12)
Notice that l∈L corresponds to the bin k∈K belongs to. The objective function ε is obtained as Equation 13:
ε=∑yijk∈Λyijk−∑r=1Rvirsjrtkr+tvil+tsjl+ttkl2+ α∑r=1Rvir2+sjr2+tkr2+βtvil2+tsjl2+ttkl2.(13)
Overall, by modeling basic linear biases, weighted pretraining biases, and time-aware biases into an LFT model, we achieve the biases-incorporated learning objective as:
ε=∑yijk∈Λyijk−y^ijk2+α∑r=1Rvir2+sjr2+tkr2+βbvi2+bsj2+btk2+βλi2+φj2+γk2+βtvil2+tsjl2+ttkl2,(14)
where each entry ŷijk is unfolded as Equation 15:
y^ijk=∑r=1Rvir⁢sjr⁢tkr+bvi+bsj+btk+λi⁢pvi+φj⁢psj+γk⁢ptk+tvil+tsjl+ttkl.(15)
With Equation 14, we derive the objective function of an ABL model. It should be noted that the ABL model only requires approximately (|I| × R+|J| × R+|K| × R) training parameters to represent (|I| × |J| × |K|) samples, significantly saving the computational and storage costs. Next, we present its hyper-parameter adaptation.
3.2 Adaptive parameter learning scheme
When constructing an LFT model, stochastic gradient descent (SGD) is predominantly employed as the learning algorithm to optimize the non-convex objective function of the model by extracting desired LFs and biases, owing to its lightweight structure and efficient implementation [39, 40]. Therefore, we choose SGD as a base algorithm to solve Equation 14. With it, the learning scheme for LFs and biases is derived as:
∀i∈I,j∈J,k∈K,l∈L,r∈1,...,Rvir←vir1−ηα+ηeijksjrtkr,bvi←bvi1−ηβ+ηeijk,sjr←sjr1−ηα+ηeijkvirtkr,bsj←bsj1−ηβ+ηeijk,tkr←tkr1−ηα+ηeijkvirsjr,btk←btk1−ηβ+ηeijk,λi←λi1−ηβ+ηeijkpvi,tvil←tvil1−ηβ+ηeijk,φj←φj1−ηβ+ηeijkpsj,tsjl←tsjl1−ηβ+ηeijk,γk←γk1−ηβ+ηeijkptk,ttkl←ttkl1−ηβ+ηeijk,(16)
where eijk = yijk-ŷijk represents the instant error on yijk. Based on Equation 16, we arrive at an SGD-based parameter learning scheme. Notice that a group of controllable hyper-parameters, i.e., η, α, and β, require to be tuned trough grid-search strategy, which is time-consuming and weakens the practicality.
Existing studies indicate that sophisticated optimization algorithms are capable of achieving self-adaptation for a set of hyper-parameters [41–43]. The main advantages of PSO are fast convergence and high compatibility. It is suitable for learning models with multiple hyper-parameters and expensive optimization costs, like an improved LFT model defined on an HDI tensor. Hence, we select PSO to implement hyper-parameters adaptation in Equation 16. To do so, we construct a swarm of M particles in a D-dimensional space, where D = 3 corresponds to η, α, and β. Note that mth particle is applied to the same group of LFs and biases. Equation 17 gives the velocity vector fm and position vector pm of mth particle:
fm=fm1,fm2,fm3=fηm,fαm,fβm,pm=pm1,pm2,pm3=ηm,αm,βm.(17)
By substituting it into Equation 6, we realize the evolution strategy of the hyper-parameters. As illustrated in Equation 6, the mth particle evolves based on its personal best position vector pbm and the global best position vector gb during each iteration, with its update scheme formulated as Equation 18:
∀m∈1,...,M:pbmn=pbmn−1,Fpbmn−1≤Fpmn,pmn,Fpbmn−1>Fpmn;gbn=gbn−1,Fgbn−1≤Fpmn,pmn,Fgbn−1>Fpmn.(18)
To enhance the adaptability of whole swarm to HDI water quality data, we employ the following fitness function as a performance criterion for PSO:
F=ρ∑yijk∈Ψyijk−y^ijk2/Δ+1−ρ∑yijk∈Ψyijk−y^ijkabs/Δ,(19)
In Equation 19, the balance coefficient ρ is typically set to 0.5 [44], Δ denotes the validation set. Moreover, the velocity and position of each particle need to be constrained within a predefined range, as shown in Equation 20:
∀d∈1,...,D:fmdn=f͝d,fmdn>f͝d,f⌢d,fmdn<f⌢d;pmdn=p͝d,pmdn>p͝d,p⌢d,pmdn<p⌢d.(20)
Furthermore, we set f͝d=0.2×p͝d−p⌢d and f⌢d=−f͝d based on prior research [41].
As a swarm consists of M particles, each evolution iteration is composed of M sub-iterations. Specifically, in the mth sub-iteration of the (n+1) th iteration, the learning rule for LFs and biases is expressed as Equation 21:
∀i∈I,j∈J,k∈K,l∈L,r∈1,...,R,m∈1,...,Mvm,irn+1←vm,irn⁢1−ηmn⁢αmn+ηmn⁢em,ijkn⁢sm,jrn⁢tm,krn,bvm,in+1←bvm,in⁢1−ηmn⁢βmn+ηmn⁢em,ijkn,sm,jrn+1←sm,jrn⁢1−ηmn⁢αmn+ηmn⁢em,ijkn⁢vm,irn⁢tm,krn,bsm,jn+1←bsm,jn⁢1−ηmn⁢βmn+ηmn⁢em,ijkn,tm,krn+1←tm,krn⁢1−ηmn⁢αmn+ηmn⁢em,ijkn⁢vm,irn⁢sm,jrn,btm,kn+1←btm,kn⁢1−ηmn⁢βmn+ηmn⁢em,ijkn,λm,in+1←λm,in⁢1−ηmn⁢βmn+ηmn⁢em,ijkn⁢pvm,in,tvm,iln+1←tvm,iln⁢1−ηmn⁢βmn+ηmn⁢em,ijkn,φm,jn+1←φm,jn⁢1−ηmn⁢βmn+ηmn⁢em,ijkn⁢psm,jn,tsm,jln+1←tsm,jln⁢1−ηmn⁢βmn+ηmn⁢em,ijkn,γm,kn+1←γm,kn⁢1−ηmn⁢βmn+ηmn⁢em,ijkn⁢ptm,kn,ttm,kln+1←ttm,kln⁢1−ηmn⁢βmn+ηmn⁢em,ijkn,(21)
where the subscript m on each parameter denotes that its current state is linked with the mth particle. Consequently, we accomplish an adaptive parameter learning scheme for an ABL model. To clearly demonstrate the training process of ABL, we design a flowchart as shown in Figure 5.
[image: Flowchart illustrating the process of updating LFs and biases. It starts with initialization and proceeds through iterative loops until convergence. The process updates variables using specific equations (e.g., equations 18, 19, 20, and 21) and checks conditions such as convergence or maximum iterations, ultimately achieving desired LFs and biases.]FIGURE 5 | Flowchart of an ABL model.3.3 Theoretical proof of a bias scheme
This study establishes a rigorous theoretical proof to demonstrate how the bias schemes fundamentally enhance the prediction accuracy of an ABL model. Specially, we employ a basic linear bias scheme as an example. The theoretical proof consists of the following four steps.
	Step 1: assuming that an observed value yijk in Y can be decomposed into Equation 22:

yijk=yijk*+bvi*+bsj*+btk*,(22)
where y*ijk is a low-rank interaction term, bv*i, bs*j, and bt*k are true systematic biases. Thus, we have rank (y* ijk) = R*.
	Step 2: in a non-biased LFT model, a low-rank approximation value ŷijk requires three factor vectors vr, sr, and tr to fit both systemic biases and interaction term as Equation 23:

y^ijk=∑r=1Rvirsjrtkr≈yijk*+bvi*+bsj*+btk*.(23)
Since bv*i, bs*j, and bt*k are essentially rank-one tensors [31], non-biased LFT needs at least R ≥ (R*+3) to accurately characterize yijk, otherwise it inevitably suffer from underfitting. In contrast, a biased LFT model explicitly builds bias terms, and vr, sr, and tr only need to fit y*ijk as Equation 24:
y^ijk=∑r=1Rvirsjrtkr+bvi+bsj+btk≈yijk*+bvi*+bsj*+btk*.(24)
Hence, a biased LFT model only requires R ≥ R* to achieve the approximate prediction accuracy as a non-biased LFT model. Consequently, the required rank of LFs in a biased LFT model is reduced, thus intrinsically mitigating underfitting risks.
	Step 3: since LFs and biases undergo decoupled optimization, where the bias term governs rapid fitting of systematic biases bv*i, bs*j, and bt*k, while LFs focus on interaction term y*ijk, thereby ensuring a stable and efficient optimization process.
	Step 4: under the premise that step 1 holds, the error upper bound for a biased LFT model is defined as Equation 25:

Y−Y^F2≤Y*−Y^F2+bv*−bv22+bs*−bs22+bt*−bt22,(25)
while the error upper bound for a non-biased LFT model is defined as Equation 26:
Y−Y^F2≤Y*+bv*+bs*+bt*−Y^F2.(26)
Therefore, under equivalent rank settings in R*, a biased LFT model demonstrates strictly lower error upper bound through systematic biases integration.
In summary, this methodological framework fundamentally establishes a biased LFT model’s enhanced imputation accuracy relative to a non-biased LFT model. The derivation methodology extends analogously to the remaining bias schemes.
3.4 Algorithm design and analysis
According to the above inferences, we design the algorithm of an ABL model, as displayed in Algorithm 1, the primary task in each iteration is to update LFs and biases. Consequently, its computational complexity is given as:
CABL≈Θn×M×R×Λ+Δ.(27)
[image: ]ALGORITHM 1 | ABL.Equation 27 utilizes the condition that max{|I|, |J|, |K|}≪|Λ|, which is usually satisfied in real applications. Since n, M, and R are positive constants in practice, the computational complexity of an ABL model is linear with (|Λ|+|Δ|) in an HDI tensor. Additionally, according to prior research [30], the computational complexity of an LFT-based model is generally Θ(n × R × (|Λ|+|Δ|)), the only difference is the constant M. The primary reason is that the hyper-parameters in ABL are self-adaptive following the principle of PSO algorithm, whose swarm is made up by M particles. Nevertheless, ABL consumes less iterations to converge. Thus, the proposed model is competitive in computational complexity, which is supported by the experiment results in Section 4.
Its storage complexity relies on three factors: arrays caching the input (|Λ|+|Δ|) and the corresponding estimates, auxiliary arrays caching M independent LFs and biases, and auxiliary arrays caching the storage costs required for hyper-parameter adaptation in PSO. Therefore, by reasonably ignoring lower-order terms and constant coefficients, we achieve the storage complexity of ABL as:
SABL≈ΘI+J+K×M×R+Λ+Δ.(28)
Equation 28 is linear with an HDI tensor’s input count, the swarm size in PSO, and LF count. Section 4 executes experiments to verify the performance of an ABL model.
4 EXPERIMENTAL RESULTS AND ANALYSIS
4.1 General settings
4.1.1 Evaluation metrics
To prevent gradient explosion or disappearance of a learning model caused by inconsistent data magnitude and unit of different water quality parameters, we first adopt a logarithmic normalizer to improve the stability of test models [31]. Then, the evaluation protocol is set as the missing data prediction, which is a widely-used protocol for testing the performance of learning models on HDI tensors. To do so, we adopt root mean squared error (RMSE) and mean absolute error (MAE) as the evaluation metrics [24, 44]:
RMSE=∑yijk∈Ωyijk−y^ijk2/Ω,MAE=∑yijk∈Ωyijk−y^ijkabs/Ω.(29)
In Equation 29, for a tested model, the smaller RMSE and MAE stand for the higher prediction accuracy.
4.1.2 Experimental data
The online water quality data was collected from 22 monitoring stations in the Three Gorges Reservoir, China. Such a multi-sensor monitoring network obtains eight important water quality parameters, including water temperature (°C), pH, dissolved oxygen (mg/L), electrical conductivity (μS/cm), turbidity (NTU), chemical oxygen demand (mg/L), total phosphorus (mg/L), and total nitrogen (mg/L). Their collected frequency was set to every 4 hours from 1 January 2020 to 30 June 2023, resulting in 7662 consecutive sampling points. Subsequently, we get a water-quality tensor with the size of 22 × 8 × 7662. The dataset contains 1,248,061 samples, and the data density is about 92.55%, which is high compared with most practical applications. Thus, in the experiments, we build four simulated testing cases, their detailed information is shown in Table 2. Notice that the data density in Table 2 is calculated by Equation 30:
Density=Λ+ΔV×S×T×100%.(30)
TABLE 2 | Detailed settings of testing cases.	Case	|Λ|:|Δ|:|Ω|	|Λ|	|Δ|	|Ω|	Density
	D1	40%:40%:20%	499,224	499,224	249,613	74.04%
	D2	30%:30%:40%	374,418	374,418	499,225	55.53%
	D3	20%:20%:60%	249,612	249,612	748,837	37.02%
	D4	10%:10%:80%	124,806	124,806	998,449	18.51%


Specifically, considering D1, its |Λ|:|Δ|:|Ω| is 40%:40%:20%, representing that we randomly choose 40% from 1,248,061 samples as training set Λ and 40% as validation set Δ to establish a learning model, the remaining 20% as testing set Ω to verify the performance of each model. For each testing case, the random splitting of |Λ|, |Δ| and |Ω| is repeated for 50 times to obtain 50 independent experimental sets for eliminating possible deviations caused by data splitting. Moreover, the standard deviations metric is included in the analysis [30]. As one of the core metrics for quantifying prediction uncertainty, it specifically characterizes the dispersion of prediction values around their mean. A larger standard deviation indicates lower reliability of the prediction values. This metric directly determines the width of the confidence interval, thereby quantifying the confidence range of the prediction results. For all tested models, the LF space dimension R is fixed at 20 to balance the computational cost and prediction accuracy [31], and PSO-related parameters are consistent with empirical values [34], i.e., M = 10, w = 0.729, and c1 = c2 = 2. Moreover, to avoid gradient disappearance or explosion of learning models caused by inconsistent value ranges of different water quality variables, we employ a normalizer for each entry yijk to improve the stability of the experimental results [31].
4.1.3 Training settings
The training process of a tested model terminates if its expended iteration count arrives 1,000, or the training error difference between two consecutive iterations is less than 10−5. The training error of a model is tested on Δ. Its output RMSE and MAE are tested on Ω. All tested models are executed on a server equipped with a 3.2 GHz i5 CPU and 128 GB RAM, adopting JAVA SE 7U60 as the operating platform.
4.2 Hyper-parameter sensitivity
In this section, we validate the effects of hyper-parameter adaptation in an ABL model. For this purpose, we omit the hyper-parameter adaptation component from an ABL model, and tune these hyper-parameter through manual grid-search to obtain the optimal predictive performance. The searching range and its optimal hyper-parameters for the grid-search strategy are recorded in Table 3. Subsequently, we compare the performance of manual grid-search and PSO-based adaptation, with the comparison results presented in Table 4. The experimental results clearly demonstrate the positive effects by the hyper-parameter adaptation in an ABL model. From it, we get some important findings.
TABLE 3 | Searching range and optimal values via grid-search.	Setting	Range	D1	D2	D3	D4
	η	[0.0001, 0.001]	0.0005	0.0008	0.0006	0.0003
	α	[0.001, 0.01]	0.003	0.001	0.008	0.005
	β	[0.01, 0.1]	0.06	0.04	0.07	0.01


TABLE 4 | Performance comparison between two methods in RMSE and MAE.	Case	Method	RMSE	Iterations	aTotal	bTune	MAE	Iterations	aTotal	bTune
	D1	Manual	0.2727±0.0022	177±9	15±1	7683	0.1494±0.0022	326±90	27±7	13,831
	PSO-based	0.2709±0.0013	18±1	17±1	——	0.1473±0.0008	63±23	58±20	——
	D2	Manual	0.2871±0.0053	179±45	11±2	5618	0.1584±0.0059	274±85	17±4	8733
	PSO-based	0.2838±0.0016	19±1	13±1	——	0.1552±0.0011	61±27	42±21	——
	D3	Manual	0.3009±0.0035	144±12	6±1	3043	0.1652±0.0021	428±32	18±2	9115
	PSO-based	0.2976±0.0017	16±1	7±1	——	0.1618±0.0009	71±13	30±9	——
	D4	Manual	0.3211±0.0033	259±42	7±2	3217	0.1843±0.0032	541±93	14±3	7046
	PSO-based	0.3068±0.0009	15±1	4±1	——	0.1739±0.0014	47±28	13±7	——


a Total: Total time cost in Seconds.
b Tune: Tuning time cost in Seconds.
The bold values denote the optimal values.
With hyper-parameter adaptation, an ABL model substantially improves its prediction accuracy. For instance, as shown in Table 4, the MAE of an ABL model with PSO-based adaptation is 0.1739 on D4, while the MAE of an ABL model with manual grid-search is 0.1843. Hence, the hyper-parameter adaptation enables an ABL model to accomplish the accuracy gain at 5.64%. Similar results are encountered on other testing cases. The primary reason is that the grid-search strategy fixes hyper-parameters throughout the training process, potentially causing the model to converge to suboptimal local minima. Conversely, PSO-based adaptation dynamically adjust hyper-parameters at a finer granularity, enabling the model to escape local optima and realize superior solutions.
An ABL model’s hyper-parameter adaptation alleviates the time cost immensely. It can be seen from Table 4 that the time cost of an ABL model with manual grid-search is comparable with that of an ABL model with PSO-based adaptation. Nevertheless, seeking the optimal hyper-parameters through grid-search is time-consuming. For instance, on D1, the grid-search strategy consumes 7683 s to choose the optimal hyper-parameters to arrive the lowest RMSE, which is about 452 times of that by PSO-based adaptation. Other testing cases yield similar results, as recorded in Table 4.
It should be noted that the time cost per iteration for an ABL model with PSO-based adaptation is significantly higher than that of an ABL model with manual grid-search, whereas its convergence iteration count is substantially lower. This is attributed to the PSO algorithm’s structure, where each iteration comprises M sub-iterations to evolve hyper-parameters. Consequently, the time cost per iteration is approximately M times that of grid-search, but the iteration count and overall time cost are dramatically reduced.
4.3 Comparison with state-of-the-art models
This set of experiments compares an ABL model with several state-of-the-art models to verify its performance. Their details are as follows:
M1: A CP-weighted optimization model [17]. It adopts a first-order optimization method to solve the weighted least squares issue.
M2: A non-negative tensor factorization model [20]. It adopts CP to complete an HDI tensor with the consideration of non-negativity, and updates LFs via a multiplicative update scheme.
M3: A high-dimension-oriented prediction model [21]. It models multi-dimensional data via concepts of tensor, and predicts the missing data via reconstructed optimization algorithms.
M4: A tensor completion model [45]. It employs a gradient descent-based mechanism to enhance the prediction accuracy by imputing the missing entries in an HDI tensor.
M5: A depth-adjusted non-negative LFT model [30]. It presents a joint learning-depth-adjusting strategy to escape frequent training fluctuation and weak model convergence.
M6: A biased non-negative LFT model [24]. It integrates linear biases into the model for describing fluctuations, and designs a non-negative multiplicative update rule to update LFs and biases.
M7: An SGD-based LFT model [36]. It utilizes SGD algorithm as its parameter learning scheme, and incorporates bias terms to improve its prediction accuracy.
M8: An ABL model proposed in this paper. It presents diversified biases to capture inherent fluctuations in water quality data, and introduces PSO-based adaptation to boost its practicability.
Figure 6 records each compared model’s convergence iteration count. Table 5 illustrates their time costs. Table 6 depicts the RMSE and MAE of the compared models. From these results, we draw several interesting findings.
[image: Four bar charts labeled (a) to (d) show iteration counts for models M1 to M8 using RMSE and MAE metrics. Each chart represents different parameter settings: (a) 40%:40%:20%, (b) 30%:30%:40%, (c) 20%:20%:60%, and (d) 10%:10%:80%. Bars vary in height, reflecting performance differences among models.]FIGURE 6 | Convergence iteration count of eight models on four testing cases: (a) iteration count on D1, (b) iteration count on D2, (c) iteration count on D3, (d) iteration count on D4.TABLE 5 | Time cost of each compared model in seconds.	Case	M1	M2	M3	M4	M5	M6	M7	M8
	D1	RMSE-Cost	461±67	165±18	1760±227	891±66	391±55	244±10	74±2	17±1
	MAE-Cost	458±62	379±20	1755±227	974±68	940±113	468±43	74±3	58±20
	D2	RMSE-Cost	467±32	73±7	1160±236	719±56	483±176	168±18	62±6	13±1
	MAE-Cost	410±38	242±46	1158±244	835±44	967±107	330±36	63±5	42±21
	D3	RMSE-Cost	514±178	33±3	785±266	554±15	678±262	74±2	55±6	7±1
	MAE-Cost	506±179	83±19	784±265	576±14	749±126	198±21	57±5	30±9
	D4	RMSE-Cost	351±64	19±6	335±77	405±25	447±2	24±2	40±2	4±1
	MAE-Cost	346±65	27±3	335±73	429±7	449±3	52±6	40±2	13±7
	Loss/Win	0/8	0/8	0/8	0/8	0/8	0/8	0/8	-


The bold values denote the optimal values.
TABLE 6 | Lowest RMSE and MAE of each compared model.	Case	M1	M2	M3	M4	M5	M6	M7	M8
	D1	RMSE	0.3586±0.0061	0.3377±0.0067	0.3349±0.0065	0.3093±0.0009	0.3301±0.0018	0.3179±0.0011	0.3031±0.0014	0.2709±0.0013
	MAE	0.1803±0.0016	0.1777±0.0012	0.1716±0.0045	0.1699±0.0011	0.1724±0.0015	0.1665±0.0012	0.1674±0.0012	0.1473±0.0008
	D2	RMSE	0.3951±0.0029	0.3622±0.0135	0.3441±0.0052	0.3205±0.0011	0.3608±0.0021	0.3352±0.0075	0.3131±0.0021	0.2838±0.0016
	MAE	0.2153±0.0034	0.1945±0.0058	0.1791±0.0034	0.1763±0.0013	0.1876±0.0017	0.1795±0.0021	0.1727±0.0017	0.1552±0.0011
	D3	RMSE	0.4477±0.0251	0.3988±0.2238	0.3797±0.0254	0.3408±0.0018	0.3933±0.0026	0.3668±0.0064	0.3325±0.0031	0.2976±0.0017
	MAE	0.2374±0.0069	0.2238±0.0114	0.2019±0.0204	0.1893±0.0011	0.2125±0.0033	0.1978±0.0032	0.1819±0.0021	0.1618±0.0009
	D4	RMSE	0.6489±0.0448	0.5054±0.0463	0.4493±0.0196	0.3933±0.0024	0.4809±0.0035	0.4098±0.0051	0.3809±0.0061	0.3068±0.0009
	MAE	0.3127±0.0271	0.2883±0.0231	0.2562±0.0151	0.2201±0.0021	0.2864±0.0036	0.2323±0.0054	0.2112±0.0049	0.1739±0.0014
	Loss/Win	0/8	0/8	0/8	0/8	0/8	0/8	0/8	-


The bold values denote the optimal values.
M8, i.e., a proposed ABL model, converges much faster than its peers do. According to Figure 6a, M8 only takes 18 iterations to complete the convergence in RMSE, while M1-M7 takes 212, 100, 775, 559, 256, 145 and 556 iterations to achieve the convergence in RMSE on D1, respectively. As for MAE, as shown in Figure 6b, M1-M7 consume 304, 208, 833, 689, 810, 249 and 667 iterations, respectively, to ensure model convergence on D2. By contrast, M8 requires only 61 iterations. Similar results can be found on D3 and D4, as displayed in Figures 6c,d. From these results, we can clearly see that the convergence rate of an ABL model is significantly higher than its peers. Therefore, utilizing the PSO-based adaption in an LFT-based model is feasible and high-efficiency.
M8 achieves remarkable efficiency gain over the advanced models. As depicted in Table 5, M8 realizes the lowest time cost on four testing cases. For instance, on D4, M8 consumes about 13 s to converge in MAE, which is 3.76% of 346 s by M1, 48.15% of 27 s by M2, 3.88% of 335 s by M3, 3.03% of 429 s by M4, 2.90% of 449 s by M5, 25% of 52 s by M6, and 32.50% of 40 s by M7. Similar outputs are gained on D1-D3. As shown in Algorithm 1, the computational cost of an ABL model chiefly depends on an HDI water quality tensor’s known entries. Moreover, its PSO-based adaptation possesses fast convergence and high compatibility. Hence, we can conclude that such a modeling strategy is highly appropriate for analyzing large-scale water quality data.
M8 exhibits strong competitiveness in predicting large-scale missing water quality data. As recorded in Table 6, M8 acquires the lowest predication error across all testing cases. For instance, on D1, M8 realizes the lowest MAE at 0.1473, which is about 18.30% lower than 0.1803 by M1, 17.11% lower than 0.1777 by M2, 14.16% lower than 0.1716 by M3, 13.50% lower than 0.1699 by M4, 14.56% lower than 0.1724 by M5, 11.53% lower than 0.1665 by M6, and 12.01% lower than 0.1674 by M7. Furthermore, on D4, M8 achieves the lowest RMSE at 0.3068, which is about 52.72% lower than 0.6489 by M1, 39.30% lower than 0.5054 by M2, 31.72% lower than 0.4493 by M3, 21.99% lower than 0.3933 acquired by M4, 36.20% lower than 0.4809 acquired by M5, 25.13% lower than 0.4098 acquired by M6, 19.45% lower than 0.3809 by M7. A similar phenomenon are achieved on D2 and D3. The primary reason for M8’s performance gain lies in its integration of diversified biases to characterize inherent fluctuations in water quality data, combined with a PSO-based hyper-parameter adaptation mechanism that enhances the fitting for an HDI tensor. Thus, M8 possesses highly competitive prediction accuracy for large-scale missing water-quality data.
The performance gain of M8 is statistically significant in our experiments. To further measure the performance of the above compared models, we employ the Friedman test [46] to verify their statistical significance given in Tables 5, 6. The average rankings of efficiency and accuracy across compared models are compiled in Table 7. Assuming that go p is the ranking of the compared model on corresponding testing case, where o represents the oth one of O compared models and p represents the pth one of P testing cases. The Friedman test calculates the average ranking of each model’s performance on all testing cases, i.e., Ho=∑p=1Pgpo/P. Then, we compute the Friedman value as Equation 31:
χF2=12POO+1∑o=1OHo2−OO+124.(31)
TABLE 7 | Average ranking of all compared models.	Rank	M1	M2	M3	M4	M5	M6	M7	M8
	Efficiency	5.3	2.6	7.2	6.6	6.8	4.0	2.5	1.0
	Accuracy	8.0	7.0	5.0	3.1	5.9	3.9	2.1	1.0


The bold values denote the optimal values.
Subsequently, the testing score is given as Equation 32:
FF=P−1χF2PO−1−χF2.(32)
Notice that the testing score conforms to the F-distribution with (O-1) and (O-1) (P-1) degrees of freedom [44]. Thus, if FF is higher than the corresponding critical, we can reject the null hypothesis with the critical level σ.
For instance, to compare accuracy, eight models are tested on eight testing cases, i.e., O=P=8, and the degrees of Friedman freedom for FF is (7, 49). If we set σ = 0.05, the critical value of F (7, 49) is 2.20. Hence, the null hypothesis is rejected if the testing score FF is greater than 2.20. According to Tables 5, 6, we calculate that the testing score of efficiency is 61.67, which is obviously higher than the critical value of 2.20. Similarly, when we set σ = 0.05, the critical value of F (7,49) for accuracy is also 2.20 and the testing score is 240.58. Therefore, we prove that M1-M8 have a remarkable performance difference at the 95% confidence level. As recorded in Table 7, we can accurately deduce that M8 has the lowest average ranking values, which denotes that it outperforms its peers in terms of prediction accuracy and computational efficiency.
For further validating M8’s performance gain, we consider the Nemenyi analysis [46], whose main idea is that if the ranking difference between arbitrary two models is more significant than the critical value, the performance of the two models is significantly different. The critical value is formulated as Equation 33:
CD=qσOO+16P,(33)
where the constant qσ is based on the studentized range statistics [46]. With eight compared models, we get a critical value qσ = 2.78 with the critical level σ = 0.1 [25]. Regarding efficiency, by substituting O=P=8, we gain CD = 3.40, which means that two models with a ranking difference greater than 3.40 have significantly different in performance with a confidence level at 90%.
From the Nemenyi analysis results depicted in Figure 7, M8 obviously outperforms M1, M3, M4, and M5 according to computational efficiency. Considering prediction accuracy, M8 significantly outperforms all compared models except M4, M6 and M7. Therefore, we conclude that an ABL model is competitive in prediction accuracy and computational efficiency.
[image: Two panel bar charts comparing performance rankings of eight models (M1 to M8). Panel (a) shows efficiency rankings, with varying spreads for each model. Panel (b) displays accuracy rankings, also with diverse ranges for each. Models are on the x-axis, rankings on the y-axis. Error bars indicate variability.]FIGURE 7 | Results of Nemenyi analysis: (a) efficiency of M1-8, (b) accuracy of M1-8.5 CONCLUSION
This study aims at precisely representing an HDI water quality data, thereby realizing high efficiency and accuracy for large-scale missing water quality data prediction. To do so, we propose an ABL model. It incorporates diversified biases into an LFT model to precisely describe the inherent fluctuations hidden in water quality data. Moreover, it executes PSO-based adaptation to reduce the time costs caused by hyper-parameter tuning. Compared to state-of-the-art models designed for HDI data, an ABL model achieves higher computational efficiency and prediction accuracy.
Considering the future plans, the following issues need to be addressed. Firstly, more advanced hyper-parameter adaptation algorithms [47, 48] may be compatible with an ABL model to achieve better performance gain. Secondly, due to the diversity of bias schemes [49, 50], how to design a robust ensemble framework to further perceive the inherent fluctuations in water quality data is still a meaningful challenge. Additionally, the computational efficiency of an ABL model may be significantly improved through parallel computing techniques [51, 52], enabling its application to high-volume online water quality monitoring datasets. Moreover, since real-world water quality data generally contain additional attributes like depth profile, which a higher-order tensor can naturally describe [55], extending the proposed model to handle such a tensor can further validate the model’s applicability in complex environments. We plan to address these issues in our future work.
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