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In order to explore better electron radiation properties, we introduce laser pulses with different chirps and different pulse widths to drive electrons to produce relativistic nonlinear Thomson scattering. We numerically simulate electron radiation.The relativistic electron dynamics and resulting Thomson scattering spectra are calculated using a nonlinear model, incorporating the electronic response function under chirped conditions. We found that under the influence of chirp, the laser pulse width produces a regular change in the radiation properties of excited electrons. The peak radiation pulse increases and then decreases with increasing pulse width, while the FWHM decreases with increasing pulse width, Almost 103 orders of magnitude larger in chirped condition than in no-chirp condition, and the radiation characteristics of negative chirp are Almost an order of magnitude less than positive chirp for the same pulse width and the same absolute value of chirp parameter. In addition, we verify that the electronic response function still holds under chirp conditions, and we are surprised to find that the electronic response function can also be used to measure the gain of chirp on the radiated power, which provides a brand new perspective for the deep understanding of the role of chirp. This work suggests potential applications in high-field physics and compact radiation source design, where chirp engineering could enhance performance.
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1 INTRODUCTION
Since the first demonstration of laser acceleration of electrons in 1962 [1], laser particle acceleration has received much attention from the laser physics community, and along with the emergence and development of chirp amplification technology [2–4], there has been a major breakthrough in laser physics, the use of ultra-short and ultra-intense lasers has become another possibility for the acceleration of charged particles, and the interaction between electrons and lasers is one of its important applications. The interaction of electrons with lasers to produce X-ray radiation sources is one of its important applications [5, 6], the X-rays so produced have a wide range of applications in fields such as medicine [7–9], materials science [10–12], astrophysics [13], and nuclear physics [14].
Past work has shown that the radiation properties of stationary electrons vary according to the parameters of the laser pulse. The parameters of nonlinear Thomson scattering including pulse width [15–17], beamwidth radius [18], laser intensity [19] etc., Have been well investigated and this lays the foundation for the introduction of chirped laser pulses. Khachatryan et al. [20] reported for the first time that the chirped laser pulses can lead to a nonzero net energy gain for the electrons, which further validates the feasibility of our introduction of chirped laser pulses for better electron radiation properties.
There have been many attempts in laser physics to start with chirped laser pulses. Tong Xu et al. [21] discussed the effect of the energy chirp of an accelerated electron beam on the spectral bandwidth of the final radiation. Szabolcs Hack et al. [22] proposed a possibility of separating out an attosecond pulse at the energy of [image: image] using chirped laser pulses driving electrons. Amol R. Holkundkar et al. [23] found that the frequency and intensity of electron Thomson scattering emitted radiation is significantly enhanced under the introduction of negative chirp conditions Sharma, V. et al. Investigated the effect of different Gaussian profiles on the energy gain of electrons in the acceleration of the laser wake field [24]. Liu et al. [30] realized a wavelength-tunable chirped pulse amplification system based on thulium-doped fiber.
The model of stationary electrons with circularly polarised chirped laser pulses studied in this paper (Figure 1) is established in the framework of classical nonlinear Thomson scattering, where the chirped laser pulses have phase-varying properties, and therefore adjusting the pulse width of the chirped laser pulses amplifies the action time with its phase-varying properties, which in turn has a large impact on the electrodynamic and radiative properties of the electrons. In addition, we verify the relationship between the electron radiated power and the electron motion in the chirp case, and furthermore point out the numerical solution of the chirp for the measure of the radiated power gain. Finally, we propose a theoretical method to produce optical pulses of 10-1zs level under chirp conditions.
[image: Figure 1]FIGURE 1 | Geometric schematic of relativistic nonlinear Thomson forward scattering of stationary electrons driven by Gaussian circularly polarised intense laser pulses with three chirped modulations (positive chirp, negative chirp, and zero chirp).
2 THEORY AND FORMULA
Firstly, it is stated that the wavelength of the chirped laser pulse used in this paper is chosen as λ0 = 1μm . It is evident that all the formulas involved in the following have been normalised in time and space coordinates by ω0-1 and k0-1, respectively. With ω0 = 2πc/λ0 being the circular frequency of the incident laser, k0 = 2π/λ0 being the wave number of the laser in vacuum, and c being the speed of light.
In a 3D coordinate system, the phase of a circularly polarised focused chirped laser pulse φ can be expressed as
[image: image]
Where r = z-ct , is an auxiliary quantity characterising the coherence of space and time, and c0 is the chirp parameter of the laser pulse. From Equation 1, it can be seen that the chirp characteristic mainly affects the phase of the laser, which in turn affects the electron trajectory, and further affects the radiation characteristics of high-energy electrons. ψR is the phase associated with the curvature of the wavefront. ψG is the Guoy phase associated with the additional displacement generated by the propagation of the Gaussian beam from [image: image] to [image: image], and [image: image]is the initial phase of the laser pulse. They can be described respectively by the following equations:
[image: image]
[image: image]
Where [image: image] is the radius of curvature of the beam front, while [image: image] corresponds to the Rayleigh distance of the laser, and b0 is the radius of the beam waist of the laser.
In this paper, by solving the near-axis approximate solution of the Helmholtz equation, the circularly polarised chirped laser field can be represented as [25, 26]:
[image: image]
Where ρ2 = x2+y2 , [image: image] , denote the spot radius of the laser at the corresponding z coordinates, and [image: image] is the peak laser amplitude normalised by [image: image] . For tightly focused laser pulses, the accurate fifth-order expression for the laser divergence angle ε = b_0/z_r is essential for the accuracy of the relativistic laser field expression. Therefore, a circularly polarised Gaussian laser pulse can be expressed by the following electric and magnetic field components:
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Where [image: image] , [image: image] , [image: image] , [image: image] and [image: image] describing the phase are shown below:
[image: image]
In a laser field with a Gaussian envelope, the equations of motion for relativistic electrons can be introduced via the Lorentz equation and the Lagrangian function as [27]:
[image: image]
where, [image: image], [image: image] is the electron energy defined by the Lorentz factor, [image: image] is the speed of light, [image: image] is the electron static mass, [image: image] is the electron velocity, and [image: image] is the electron momentum equal to [image: image].
In order to realise the spatial and temporal discretisation of the electron motion, we derive the full-time partial differential equations for the acceleration, velocity and energy of the electron moving in the chirped laser field. Accordingly, the full-time, full-space trajectory of the electron can be determined as:
[image: image]
Where [image: image] , [image: image] and [image: image] are the velocity components of the electron in the direction of [image: image] , [image: image] and [image: image] respectively. According to the knowledge of electrodynamics, electrons in relativistic accelerated motion emit electromagnetic radiation. And the radiated power per unit steradian angle of an accelerated electron can be derived from the Poynting vector as follows [28]:
[image: image]
where the radiated power [image: image] is normalised by [image: image] , [image: image] characterises the direction of radiation, [image: image] characterises the interaction time of the electrons with the chirped laser pulse, and [image: image] observes the point time and the relative delay time, which are related as
[image: image]
Here [image: image] is the distance between the observation point and the point of action of the electron and laser pulses. We assume that the observation point is far enough away from the region of action. Therefore, the formula for the radiant energy per unit steradian angle and per unit frequency interval during the interaction between the electron and the laser pulse can be derived from Parseval’s theorem as [25]:
[image: image]
Where, [image: image] is normalised by e2/4π2 , ω is the radiation frequency, s = ωsb/ω0 , ωsb are the frequencies of the higher harmonics generated by scattering. The full-space, full-time and full-spectrum radiation characteristics of Thomson nonlinear scattering can be obtained by solving the equations.
3 RESULTS AND DISCUSSION
In this section we study relativistic nonlinear Thomson forward radiation produced by stationary electrons on the drive axis of three Gaussian circularly polarised chirped laser fields. In this case, the initial energy of the electron is [image: image], and the incident excitation light pulse propagates along the [image: image] axis with zero as the angle of incidence and its wavelength [image: image] . The light intensity parameter [image: image],the beam waist radius [image: image] is normalised to [image: image] ,and the corresponding length is [image: image] . We vary the pulse width from [image: image] to [image: image] unit by unit, and select the three chirp parameters [image: image] , [image: image] ,and [image: image] for the cross parameter study. According to Equations 4–16, we can obtain the electron trajectories, spatial radiation, time spectrum and frequency spectrum of nonlinear Thomson scattering under chirped conditions.
3.1 Electrodynamic properties
According to Figure 2, we note that the basic motion trajectories of the electron nonlinear Thomson scattering are the circumferential-like helical motion around the direction of a certain deflection angle along the direction of action of the laser pulse ([image: image]) as well as the straight line motion after the end of the helical motion. From Fig. (Ⅱ), we conclude that the effect of pulse width on the electron trajectory lies in the extension of the helical motion of the electrons, which is mainly determined by the nature of the laser pulse itself. As shown in Figure 1, the pulse width characterises the axial length of the laser pulse, or the duration of the laser pulse on the time axis, and the increase or decrease of this variable affects the range of the laser pulse interaction with the electrons in the most intuitive manner, which in turn the spreading of the helical motion.
[image: Figure 2]FIGURE 2 | Electron motion trajectories for different pulse widths and different chirp parameter crossover conditions. (I) group includes (a–d), (II) group includes (e–h), and (III) group includes (i–l). (I) group c0=-0.02 , (II) group c0=0, (III) group c0=+0.02, where the x-axis and y-axis coordinate ranges of (I) and (III) groups are contracted to 20 times of that of (II) group for better observation of the features.
Meanwhile, as shown in Figure 2II, the nature of the front and back helix of the laser pulse along the winding direction is different. For ease of presentation, we refer to the electron helical motion from the beginning to the pitch maximum as the front helix and from the maximum pitch to the end of the helical motion as the back helix. In Figures 2e,f, we find that the front helix and the back helix are fundamentally symmetric, and thus the electron trajectory under the action of this smaller pulse width laser pulse exhibits an ellipsoidal shape. In contrast, in Figures 2g,h, the front helix is obviously shorter than the back helix, and the overall structure is spread out at the tail end, evolving from an ellipsoid shape to a teardrop shape. The root of this phenomenon lies in the influence of the pulse width on the two exponential terms of the amplitude of the laser field. For the radial exponential term [image: image] containing the pulse width L , the increase of the pulse width L directly leads to the overall increase of the exponential term as well as reduces the decreasing rate of the exponential term; for the longitudinal exponential term [image: image] , we need to realise that the spot radius b is positively correlated with the z and, in the back helix, the value of z is much greater than that in the front helix, and [image: image] tends to be close to 1, so that the longitudinal exponential term is mainly shorter than the front helix in the back helix. Therefore, in the back helix, the longitudinal exponential term mainly depends on [image: image], and it can be concluded that the longitudinal exponential term in the back helix process is decreasing, and the laser action in the back helix part mainly relies on the radial exponential term [image: image] , which is specifically embodied in the pitch decrease rate in the back helix part. According to Figures 2g,h, we find that the falling edge of the back helix of the pulse width L = 9 is obviously steeper than that of the back helix of the pulse width L = 12.
Observing Figures 2I,III, we find that the electron motion with the chirped laser pulse follows the basic motion trajectory while generating new features. The most obvious change is the increase in the number of circles during the helical motion, and the feature actually associated with it is the decrease in the pitch of the electron helical motion. Here we can draw the tentative conclusion that the chirped laser pulses act mainly to help the electrons to concentrate more in the winding axis, thus increasing the number of winding circles. This is easy to understand, because the chirp modulation only changes the rate of change of the phase of the laser pulse without affecting the parameters related to the energy carried by the laser pulse, in other words, the chirp modulation ultimately changes the process of excitation of electrons by the laser pulse. The chirped laser field obviously has a higher rate of change in the direction of the time-varying electromagnetic field than that of the general electromagnetic field, and the motion of the electrons is the same as that of the increased density of the winding.
Comparing the subplots in Figure 2 vertically, we find that the chirped laser pulse has almost no effect on the range of electron helical motion determined by the pulse width, but this does not mean that the chirp does not affect the results of the pulse width action. Looking at Figures 2b,f,j, we find that the helical motion paradigm of the electron trajectory under chirp in the enlarged window is about 1λ0 more than that of the unchirped case, and the trailing phenomenon occurs earlier. This phenomenon is due to the fact that the radial distance of the electron motion under chirp [image: image] decreases by an order of magnitude and the longitudinal exponential term [image: image] increases in the range towards 1, which means that the closing time of the longitudinal exponential term is delayed, and thus the laser-electron interaction is dependent on the increase in the range of the radial exponential term [image: image] , which leads to an increase in the pulse width L which can be shown earlier in chirp action.
Meanwhile, observing Figures 2I,III, we find the difference between positive and negative chirps. In Figures 2d,l, there is an obvious difference in the direction of electron winding, and the difference in the direction of winding is actually the embodiment of the difference in the winding rate, which is also well explained, because there is a difference in the direction of change in the amplitude chirp modulation, the positive chirp is a change in the direction of frequency increase, and the negative chirp is the opposite. In the electron trajectory we are not yet sure of the advantages and disadvantages of which, but to the electronic radiation characteristics, the negative chirp will show its superiority.
3.2 Spatial radiation features of electron radiation
Observing Figure 3II, we conclude that the spatial radiation distribution of electron Thomson scattering is vortex-like distribution, and this vortex-like distribution will produce new structural changes with the change of parameters. Here, we define the bright yellow part on the figure as the peak radiation region. According to Figures 3g–h, with the increase of pulse width, the number of layers of this vortex-like distribution increases, which is specifically reflected in the figure that the peak radiation region becomes obviously thicker. At the same time, we also notice a detail that this increase in the number of vortex layers is from outside to inside. These two details correspond to the changes in the electron motion in Figure 2II, where the change in the radiated power of the inner ring actually corresponds to the change in the back helix--the tail of the back helix spreads out while the number of radiated vortex layers increases. However, we should also realise that the number of turns of the back helix far exceeds the number of turns of the front helix when the pulse width is large, and the gain for the peak radiation region is not proportional, i.e., the peak radiation region is very little affected by the radiation generated by the back helix part, and the peak radiation region is mainly affected by the front helix part.
[image: Figure 3]FIGURE 3 | All-angle distribution and projection of electron radiation for different pulse widths and different chirp parameter crossover conditions. (I) group includes (a–d), (II) group includes (e–h), and (III) group includes (i–l). (I) group c0=-0.02, (II) group c0=0 , (III) group c0=+0.02 , where the z-axis is quadratically divided by the respective peak power of radiation.
Under the action of chirped laser pulses, the electron space radiation produces structural changes. Longitudinally comparing Figures 3a–l, we find that the vortex structure of the spatial radiation evolves whether positively or negatively chirped, whereas multiple layers of vortices coupled to each other produce a circular structure with an overall thickening of the peak radiation region. This is also explained in Figure 2, where this circular structure is essentially due to the more concentrated radial displacement of the electron trajectories, resulting in the concentration of the generated radiation into a finite space, which is coupled to each other and evolves into a circular structure. It has been demonstrated above that the peak radiation region is mainly affected by the front helical part, and the number of layers of the overall helical motion of the electrons increases under the effect of chirp, so that the peak radiation region as well as the overall angular range of the radiation increases to a certain extent.
Comparing Figures 3I,III, we note that the difference in the effect of positive and negative chirp on the radiation structure is limited and difficult to observe, but the difference in the numerical value of the radiated power is obvious. It is observed that the peak radiated power of the negative chirp is always greater than that of the positive chirp for the same pulse width, which will be discussed in more detail in Section 3.4.
3.3 Time spectrum of radiation in the maximum direction
As shown in Figure 4b, the time spectrum in the direction of maximum radiated power for nonlinear Thomson scattering from a single stationary electron is a multi-peak structure. We find that the chirp-free time spectrum in the direction of maximum radiated power has only three peaks. In Figures 4a,c, we find that the number of secondary radiation peaks of the time spectrum under the influence of chirp increases by leaps and bounds, and all of these radiation peaks conform to the envelope of a new overall peak. This allows us to invert the chirp-free time spectrum, which should similarly follow this law. The generation of ultra-multiple secondary peaks in the chirp scenario echoes the effect of chirp on the electron trajectory, and fundamentally it is the tight confinement of the region of electron motion under the effect of chirped laser pulses that leads to an increase in the number of radiation pulses received in the direction of the maximum radiated power, resulting in the evolution of the time spectrum into an ultra-dense multi-peak structure.
[image: Figure 4]FIGURE 4 | Time spectrum of electron radiation in the maximum direction with different chirp parameters at pulse width L = 3. c0=−0.02 in (a), c0=0 in (b), and c0=+0.02 in (c). Obviously the radiation time spectrum is a multi-peak structure, We refer to the peak where the peak radiated power occurs as the main radiated peak and the others as secondary radiated peaks, while the main radiation peak is shown in the figure window.
However, we are actually more concerned with the radiative properties of the radiative main peak, which are divided into two aspects; the core property is the peak radiated power, while the secondary property is the full width at half maximum (FWHM) of the radiative main peak. For this reason, we focus on the comparison in Section 3.4.
3.4 Two properties of the main radiation peak
Observing Figure 5, we find that the chirped laser pulses completely change the FWHM as well as the peak radiated power variation rule with pulse width. For the FWHM, the two line plots of chirp in Figure 5a show a negative exponential decreasing trend, while the curve of zero chirp shows an increasing trend. Note that the chirp FWHM order of magnitude, which reaches [image: image] order of magnitude, is about one order of magnitude lower than the chirp-free FWHM. Also, the FWHM of the negative chirp is always smaller than that of the positive chirp. For example, when [image: image], [image: image]. We notice that at [image: image], the positive chirp can match the FWHM of the negative chirp by increasing the pulse width; however, when the pulse width is larger, the FWHM decreases more slowly. And in this case, in order to guarantee the same FWHM as the negative chirp, the pulse width often has to be paid for several times, which is practically uneconomical.
[image: Figure 5]FIGURE 5 | Plot of full width at half maximum (FWHM) and peak radiated power versus pulse width for three chirp cases. (a) shows the relationship between FWHM and pulse width. (b) shows the relationship between peak radiated power and pulse width. Where the half height full width unit is zs and negative chirp c0=−0.02 and positive chirp c0=0.02.
For the peak radiated power, the unchirped curve in Figure 5b shows a decreasing trend, while the two line plots for chirp show an increasing and then decreasing trend. We first note the great advantage of the chirp case, for the gain of peak radiated power, which can reach about [image: image] order of magnitude, and similarly, the negative chirp case always has a larger peak power than the positive chirp. For example,, when [image: image], [image: image] ,where the radiated power [image: image] is normalised by [image: image]. While noting the saturation point of the chirp curve, we find that the negative chirp has reached its extreme at [image: image], while the positive chirp reaches its extreme at [image: image]. This indicates that the positive chirp requires more reaction time to excite the electrons, and the reaction time required to excite the electrons is different between the two.
The above discussion shows that the variation rule of the peak radiated power and FWHM of the main peak of radiation under the chirp effect with the pulse width is changed. For FWHM, the increase in pulse width directly leads to the increase in the explosive level of secondary radiation peaks, while at the same time, the time range shared by these radiation peaks remains constant, so the FWHM shifts to a negative exponential decreasing trend. For the peak radiated power, we conclude that it is the result of the mutual coupling of the velocity and acceleration of the electron motion, before reaching the maximum value, the electron acceleration is large while the velocity is small, and the increase of the velocity makes the peak radiated power show a rising trend. After crossing the maximum value, the electron velocity is large while the acceleration tends to level off, so the subsequent peak radiated power starts to decrease slowly.
Combining the two graphs in Figure 2, we summarise the following law--for the unchirped laser pulse, the effect of pulse width on radiation is unidirectional, taking [image: image] can obtain ultra-short and ultra-intense radiation pulse. For chirped laser pulses, on the other hand, the effect of pulse width on the FWHM is unidirectional. There is an optimal solution of the peak radiated power with respect to the pulse width. The negative chirp outperforms the positive chirp in both characteristics. Based on the principle of priority of core characteristics, we believe that the chirp modulation should be selected as negative chirp modulation and the pulse width [image: image] to obtain the higher peak radiated power and lower FWHM。
3.5 Positive correlation of peak radiated power
Yang [29] in his study of laser pulses and electron cross collisions suggested that [image: image] holds in the case of laser pulses and electron cross collisions. We are curious to see if this law still holds after the introduction of chirp modulation in order to further understand the process of electron Thomson scattering and the effect of chirp. As shown in Figure 6, we compare the full-time radiation power and the electron response function [image: image] is still positively correlated with the full-time radiation power, but also shows the asymmetry between positive and negative chirp,where the negative chirp [image: image] is higher than the positive chirp [image: image] . What is even more encouraging is that the gain of [image: image] between the chirp and the zero chirp is the same as that in the full-time radiation power , and there is an [image: image] order of magnitude gain. For example , in the case of the negative chirp, [image: image] , [image: image] , within a certain margin of error, [image: image] . This means that in future studies we can measure the gain relationship of the chirp by the electron response function [image: image].
[image: Figure 6]FIGURE 6 | Plot of peak radiated power dP(t)/dΩ against its positive correlation value Re(t) for three chirps. The pulse width L=6 is taken here. c0=−0.02 in (a), c0=0 in (b), and c0=+0.02 in (c).
With the aid of the electron response function [image: image] , we may be able to get a glimpse of the role of chirp. In Section 3.1, we find that the radial contraction of the electron trajectory occurs under the chirped laser pulse, where we can conclude that the radial contraction of the electron trajectory is actually a manifestation of the increase of [image: image] in electron trajectory. The first role of chirp is to increase the rate of change of the radial velocity. [image: image] also contains an item [image: image] , [image: image] for the whole process of net electron energy gain, which characterises the second effect of chirp, chirp increases the net electron energy gain.
3.6 Spectrum of radiation in the maximum direction
According to Figure 7b, we find that the effect of the pulse width on the spectrum of the chirpless electron radiation is twofold, one of which is to make the spectral spectrum tend to be noisy, which we believe is due to the increase in the number of secondary radiation peaks in the maximal direction caused by the increase in the pulse width, and the other is the overall Doppler redshift of the spectrum with the increase in the pulse width.
[image: Figure 7]FIGURE 7 | Maximum radiated power distribution of electrons per unit steradian angle and per unit frequency interval for different pulse widths. c0=−0.02 in (a), c0=0 in (b), and c0=+0.02 in (c).
In contrast, in Figures 7a,c, the spectrum is broadened by the chirp effect, while the increase in pulse width causes the spectrum to be Doppler blueshifted. In addition, the overall height of the chirp spectrum spectral lines in the high pulse width case is higher than that of the chirp spectrum spectral lines in the low pulse width case, and it should also be noted that not all the values of the frequency components for low pulse widths are necessarily lower than those of the frequency components for high pulse widths. Overall, the chirp spectrum is richer in frequency components.
4 SUMMARY AND CONCLUSIONS
In summary, we have investigated the nature of tightly focused circularly polarised relativistic nonlinear Thomson scattering in the framework of classical electrodynamics and have gained some insight into the effect of chirp on the radiation properties. The effect of chirp modulation on Thomson scattering arising from the synergistic effect of chirp modulation and laser pulse width is explored through theoretical analyses and numerical studies.
We have investigated the electrodynamic properties of electrons in terms of two directional displacements of the electron helix and two types of helical motions, and summarised the electron radiation properties by means of the electron radiative all-angle distribution, the radiated power time spectrum, the radiated power spectrum, and the electron response function. We find that the peak radiated power increases rapidly and then decreases slowly as the pulse width of the chirped laser pulse increases. The FWHM decreases exponentially, and the spectrum undergoes a Doppler blue shift. Comparing the radiation characteristics under the effect of positive and negative chirped laser pulses, we find that the negative chirp outperforms the positive chirp for the same pulse width. In addition, we find that the positive relationship between the electron response function and the full-time radiation peak, [image: image] , still holds under chirped conditions. At the same time, the gain of the electron response function, [image: image] , and the gain of the full-time radiation peak, [image: image] , are equivalent to each other within a certain error range, which provides a simpler measure for our subsequent theoretical studies.
The results show that a negatively chirped modulated laser pulse at a pulse width of [image: image] is more favourable for the production of optical pulses of the order of [image: image], subject to the maximum peak radiant power. The combined results show that chirped modulated laser pulses improve all the properties of electron radiation and the worst properties with chirped modulation are far from the best properties without chirped modulation, but the possibility of destruction of radiation properties at finer chirps cannot be excluded.
In this paper, the chirp modulation technique is introduced into nonlinear Thomson scattering, which enriches the research in the field of nonlinear optics and provides theoretical and numerical support for the experimental generation of [image: image] level optical pulses.
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