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Influence of geometry
heterogeneity on Liesegang
patterns in rocks

Chong Liu'*, Klaus Regenauer-Lieb? and Manman Hu*

'Department of Civil Engineering, The University of Hong Kong, Pokfulam, Hong Kong SAR, China, WA
School of Mines: Minerals, Energy and Chemical Engineering, Curtin University, Perth, WA, Australia

In far-from-equilibrium chemical systems, self-organizing diffusion-reaction
processes can give rise to complex patterns. Such self-organizing patterns
are commonly found in diverse rocks, emerging as periodic stripes, rings, and
various polygons. While these patterns are well documented, the drivers of their
diversity and the mechanisms behind pattern selection remain unclear. This
study investigates how geometric heterogeneity influences the formation of
Liesegang patterns in natural geological materials such as Zebra rocks, pyrite
ores, and orbicular granites. Using numerical simulations based on phase-field
modeling, we replicate various Liesegang pattern morphologies observed in
nature, such as circular, triangular, and interacting bands, and analyze their
dependence on initial geometry and boundary conditions. We demonstrate that
the spatial distribution of reactive fluids and the shape of nucleation zones play
critical roles in determining the final pattern morphology. Our results provide
insight into the self-organization processes in geochemical systems and offer a
predictive framework for understanding rhythmic mineral banding in rocks.

KEYWORDS

liesegang pattern, self-organization, geometry heterogeneity, zebra rock, orbicular
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1 Introduction

Liesegang patterns—periodic precipitation structures formed via reaction-diffusion
mechanisms—are widely observed in geological settings [1-5]. These patterns arise
from spontaneous chemical self-organization under non-equilibrium conditions and are
commonly found in sedimentary and igneous rocks. Understanding the factors that govern
their formation is crucial for deciphering paleofluid flow dynamics and geochemical
evolution.

This work explores the influence of geometric constraints on Liesegang pattern [6]
development through numerical simulations. We focus on three representative geological
examples: hematite banding in Zebra rocks, pyrite zoning in ore deposits, and orbicular
granites with concentric mineral rings. By varying the initial configuration of fluid sources
and domain boundaries, we reproduce key features of these natural patterns and identify
deviations from classical Liesegang behavior.

Rhythmic patterns in rocks are prevalent, originating from self-organized processes
within a non-equilibrium, nonlinear geochemical system [1-5]. These periodic patterns
appear across various scales, ranging from microscopic to millimeter, and even up to
kilometer scales. Such periodic patterns are frequently associated with the Liesegang
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phenomenon, which involves rhythmic precipitation in gels. The
Liesegang pattern formation is understood through the interaction
between the diffusion of dissolved reactants and the kinetics of
precipitate formation, including nucleation, growth, and ripening
[6]. Analogous patterns in rocks include parallel mineral bands,
concentric rings, oscillatory zoning, concretions, orbicules, among
other forms. Numerous rock types exhibit patterned textures with
periodic banding, potentially involving a Liesegang-type scenario.
Examples include banded iron oxide minerals [7, 8], Zebra rocks
[9-11], orbicular granites [12-14], and periodic oscillatory zoning
[15, 16]. A thorough review of studies elucidating the analogy
between Liesegang bands and geochemical banding is presented in
[1,2,17].

Two primary models have been proposed to explain the
mechanism behind Liesegang band formation. The “pre-nucleation”
model [18] hypothesizes that nucleation and growth of precipitates
occur when the reactant activity product exceeds a certain threshold,
such as the critical supersaturation for nucleation or the solubility
product for growth. Conversely, the “post-nucleation” model
suggests that pattern formation arises from the instability and
subsequent break-up of a uniform precipitate sol, driven by Ostwald
ripening [19] and the Lifshitz-Slyozov instability [20]. Among post-
nucleation models, one introduced two decades ago [21, 22] is
based on phase separation theory. This model assumes that pattern
formation results from spontaneous phase separation (unmixing)
of the mixture. The phase separation model, underlying by the
Cahn-Hilliard dynamics, has since gained prominence in multiple
disciplines due to its conceptual simplicity and capacity to simulate
irregular patterns and transitions between stripes and spots [23-26].
Our recent research has extended the phase separation model to
replicate hematite patterns observed in Zebra rock from northern
Western Australia [10, 11].

However, these studies have predominantly focused on
regular geometries, overlooking the impact of geometric
heterogeneity—defined here as the diversity in the spatial
distribution, number, and shape of nucleation (initialization)
regions—on Liesegang patterning in geological materials. In
our context, geometric heterogeneity encompasses both the
arrangement (e.g., regular or random) and the geometric shapes
(e.g., circular, triangular) of nucleation centers, which collectively
influence the resulting pattern complexity and interaction. This
approach better reflects the intricate geochemical patterns observed
in nature. Recent studies have also highlighted the importance of
domain geometry and boundary conditions in shaping Liesegang-
type structures. For example, [27] employed a vertex-based finite
volume method to explore post-nucleation Liesegang patterns
in confined geometries, demonstrating how symmetry and
reversibility are affected by initial spatial constraints. Similarly, [28]
combined reaction-diffusion equations with a Cahn-Hilliard-type
precipitation model to simulate geochemical banding in limestones,
including fractal analysis of pattern interfaces—an approach closely
aligned with our interest in linking numerical simulations to natural
textures. While our work builds upon spinodal decomposition
principles similar to those used in [28], we emphasize the role
of heterogeneous initialization regions in controlling pattern
emergence, extending previous findings to more complex geological
morphologies.
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In this study, we integrate the phase separation model with
explicit forms of geometric heterogeneity to replicate several
complex geological patterns in rocks. First, we design a circular
initialization region to reproduce the formation of single rhythmic
pyrite rings observed in the Xingqiao sediment-hosted massive
sulfide deposits [16]. Next, we model triangular-like Liesegang
banding found in Zebra rocks from the Western Australian East
Kimberley region. We then simulate more intricate Liesegang
rings in rocks with multiple and heterogeneous initialization cores,
using orbicular granites as a case study to replicate Liesegang
ring interactions with various regular distributions. Finally, we
reexamine the formation of heterogeneous pyrite rings observed in
Xiaoqiao deposits with randomly distributed nucleation regions. A
schematic figure is provided to categorize and illustrate these types
of geometric heterogeneity.

The paper is structured as follows. In Section 2, we first
present the phase separation theory for Liesegang pattern formation,
followed by a discussion of three types of Liesegang patterns
in rocks, casting their formation mechanisms within the phase
separation model framework. Then, we state the problem and
detail the numerical setup. Section 3 explores the influence of
geometric heterogeneity on the formation of single and complex
Liesegang patterns in three selected rock types, containing both
regular and randomly distributed initialization shapes. Finally, we
conclude our study in Section 4, highlighting potential directions for
future research.

2 Methods
2.1 Phase separation model

Consider a closed system comprising two distinct components,
denoted as A and B, characterized by concentration functions a and
b, respectively. The system ( is divided into two distinct regions: an
interior subdomain where component A is uniformly distributed at
a constant concentration a,, while component B is entirely absent,
and an exterior subdomain where component A is absent and
component Bis uniformly distributed at a constant concentration b,,.
At time ¢ > 0, the two components initiate diffusion and undergo an
irreversible bimolecular chemical reaction, governed by the reaction
kinetics.

A+B—-C (1)
in which the constant k determines the reaction rate v, =kab
as described within the framework of mean-field theory, and
C is the reaction product and its concentration denoted by c.
The reaction-diffusion equations governing the evolution of two
reactants in Equation 1 read

9a =D,Aa—xab
ob
5 = Dh Ab - Kab

where, the notation A is the Laplacian operator while D, and D,
correspond to the effective diffusion coefficients of two reactants A
and B, respectively.
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The reaction product C experiences segregation into two distinct
phases: a low-concentration phase and a high-concentration phase,
without the formation of intermediate complexes in the phase
separation model [21]. This disparity in concentration between the
phases drives the emergence of precipitation patterns. In the present
investigation, the concentration of generated reaction product
transitions into an unstable regime, referred to as the spinodal
region, where it spontaneously separates into a low-concentration
domain (devoid of precipitate) and a high-concentration domain
(containing precipitate). This process is mathematically described by
the Cahn-Hilliard equation [29, 30].

dc

E V- (AVu) +xab+1,

©)
where A denotes the mobility of the product. Additionally, #,
accounts for stochastic influences, such as heterogeneity arising
from initial concentration distributions, thermal fluctuations within
the system, or external contributions from the surrounding
environment. The total free energy density y, which governs the
phase separation process, is defined by a generalized chemical
potential [29]. This potential comprises two contributions: the bulk
free energy density f_and the interfacial energy density oAc,
expressed as:

p=f.—0Ac (4)

where, o represents the gradient parameter, which is associated
with the interfacial thickness. The terms f and f_ denote the
bulk free energy functional and its density, respectively. When
chemical reactions induce spontaneous segregation of the material
into solid and fluid phases, an effective non-equilibrium chemical
potential must be introduced to address potential microscopic
deviations from action-reaction symmetry. The phase-separation
model employed in this study describes the formation of stationary
patterns observed in geological rocks as time approaches infinity.
The bulk free energy functional f of the system exhibits two
minima corresponding to equilibrium states, which are associated
with the low and high concentrations of precipitate production,
denoted as ¢; and ¢y, respectively. For simplicity, a Landau-Ginzburg
double-well potential is employed to describe the free energy
functional f with minima located at ¢; and ¢, and a maximum at
¢ =(¢;+¢,)/2, as shown in Figure 1.
2, Yo
f——z(c—c) +Z(C_C) (5)
in which ¢ and y represent parameters specific to the system, with the
ratio y/¢/y determining the locations of the minima in the bulk free
energy f. The conditions ¢ > 0 and y > 0 are necessary to facilitate
phase separation within the system.
Taking the derivative of the free energy of f with respect to the
concentration ¢, we can derive the generalized chemical potential
hence writes as

yz—e(c—6)+y(c—f)3—aAc (6)

We rewrite Equation 2, 3 in a dimensionless form by defining the
normalized concentration, time, and length scales as

L T 1
C=—, 7T

7
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FIGURE 1

Sketch of double-well bulk free energy profile against concentration,
with two minima at ¢; and ¢;,, and one maximum at ¢ = (¢, +¢,)/2. Two
dashed lines indicate the spinodal values. The system is unstable
between these two values and experiences phase separation.

and shifting the normalized concentration as

c—¢C
m= —=

¢

-1. (8)

»Iia

Coupling Equations 2-8, we obtain the dimensionless final set
of equations governing the pattern-forming process:

% =D,Aa—-«kab

ob

i Dy, Ab - kab ©)
Ba_n: =V-(AVy) +xab+17,

p=—em+ym’ —oAm

where 0 = g,k¢/De represents the dimensionless gradient parameter.
Additionally, A=Aye/D and 75, =#,/ke* are redefined as the
normalized mobility and normalized noise parameter, respectively,
associated with the

reaction product.

2.2 Three Liesegang patterns in rocks

This section provides three periodic patterns in rocks
that potentially arise from cyclic precipitation as mineral-rich
water infiltrates a porous rock and reacts to form an insoluble
product, namely pyrite bands, Zebra rocks, and orbicular
granites, see Figure 2. This occurs through the coupling of the
precipitation reaction with diffusion and shows similar features to
the Liesegang patterns. Here, we cast their formation mechanisms
into the phase separation model framework.

2.2.1 Pyrite bands

One notable class of rhythmic geochemical patterns is observed
in pyrite, the most prevalent sulfide mineral near the Earth’s surface,
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FIGURE 2
Diverse Liesegang patterns appear in rocks: (a,b) single and complex oscillatory zoning observed in the pyritic ores in the Xinggiao deposit,
respectively, from [16]; (c) Hematitic patterns with a triangular Liesegang pattern in Zebra rocks from the northern region of Western Australia; (d,e) two
and multiple orbicules from [12] formation and interaction in igneous rocks.

which appears in various forms, from microscopic framboids to
macroscopic structures (see Figures 2a,b). This paper examines the
formation of pyrite rings within the Xinggiao sediment-hosted
massive sulfide deposits. These pyrite patterns exhibit periodic
fluctuations in concentration within a single crystal, from core to
rim, characterized by two main zones: dark zones rich in siderite
and bright zones dominated by pyrite. Despite extensive research
on the formation mechanism of pyrite rings, the process remains
debated. Self-organization processes, linked to the Liesegang ring
phenomenon, offer a promising explanation for these patterns.
Recently, Qiu etal. proposed a Liesegang model based on pre-
nucleation to explain pyrite ring formation and replicate textures in
the Xingqiao deposits [16]. We reexamine this possibility using our
post-nucleation model to reproduce similar pyrite patterns in the
same geological context.

Our phase separation model hypothesizes that periodic pyrite
rings form through the reaction of two soluble reactants A + B — C.
This involves a high concentration of outer reactant A, ie. Fe**,
in contact with a permeable medium initially containing a low
concentration of inner reactant B, i.e. H,S. As Fe?* diffuses into the
porous medium and reacts with H,S, a solid FeS, precipitates in
the wake of the diffusion front. The specific chemical reaction for
pyrite precipitation is as follows:

4Fe*" + 2H,8 ;) — 2FeS, (s) + H, + 2H" (10)

We note that while FeS (mackinawite) may transiently form as
an intermediate during the above chemical reaction in Equation
10, its rapid conversion under near-neutral pH and sustained
supply renders it outside the rate-limiting regime in our system
[31, 32]. Thus, for phase separation modeling, we focus on
the overall precipitation dynamics under conditions typical of
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sedimentary environments, where pyrite is stable and remains
short-lived.

2.2.2 Hematite patterns

Ferric oxide (hematite and goethite) concentrations can develop
in various sedimentary rocks, forming distinct spatial patterns
such as concentric bands, planar bands, or columns. Hematite
concentric bands are commonly found in chert concretions and
nodules within limestones, indicating true self-organization during
diagenesis, as these concretions are of diagenetic origin. Although
these hematitic patterns are geologically minor, understanding
their formation could highlight the complex kinetic interactions
between reaction and transport in rocks, providing significant
geochemical insights.

We examine the Zebra rock pattern from the northern region
of Western Australia, known for its distinctive and prominent
rhythmic hematite concentrations. Among all hematite banding
patterns, Zebra Rock stands out due to its clarity and richness,
making it an excellent model for studying pattern-forming processes
related to subsurface environmental evolution. Zebra rock features
reddish-brown bands, rods, and elliptical spots on a white
or light background, as depicted in Figure 2c. Our previous
research connected Zebra Rock formation to the Liesegang
phenomenon, where supersaturation, nucleation, and depletion
interact to create banded patterns. This connection was drawn
because certain Zebra rock patterns resemble Liesegang bands.
However, our earlier study did not account for the impact of complex
geometries on pattern formation. Therefore, we now investigate
how heterogeneous geometries influence morphological patterns in
Zebra rocks.

Hematite in Zebra rock is a late-stage transformation product
of Fe-Oxyhydroxide, precipitated from ferrous ions in an acidic
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geothermal environment, as described by the following chemical
reaction in Equation 11:

2(Ca,Mg) (CO5)

dolomite

2y T4FeT +2H,0+0,] ) —

Fe-bearingacidic fluid
— 4FeO (OH), +[2Ca”" +2Mg** +4CO;,]

—_—
Fe—-Oxyhydroxide
(11)

2.2.3 Orbicular granites

Igneous rocks such as granites and diorites, including more
basic plutonic rocks, sometimes feature ovoid structures known as
orbicules [12]. These orbicules, ranging from several centimeters to
about 1 m in diameter, consist of concentric, alternating light and
dark mineral layers. They are believed to form through rhythmic
selective crystallization of minerals around a foreign rock nucleus.
The light-colored layers primarily contain plagioclase crystals with
some dark minerals like hornblende or biotite, while the dark-
colored layers are mainly composed of biotite or hornblende with
minor plagioclase, see Figures 2d,e. The mineral distribution within
each shell is irregularly circular or semi-circular, not symmetrically
centered. It is suggested that orbicules form through counter-
diffusion of heat and silicate components under conditions of rapid
growth, potentially relating to self-organization and the Liesegang
phenomenon.

Similarities between Liesegang patterns and multi-shelled
orbicular granites, such as the geometric progression of band
positions, imply that a Liesegang-like mechanism may partly explain
their formation. In [13], Wang and Merino proposed an isothermal
transport-reaction model based on a pre-nucleation framework to
study orbicular granites. Although this model has been applied to
the orbicular granite system, they concluded that a post-nucleation
mechanism is essential for shell formation. Additionally, [33]
noted that post-nucleation or hybrid pre- and post-nucleation
models can more accurately reproduce realistic patterns in igneous
layering or orbicular granite. In this study, we adapt the reaction-
diffusion model by Wang and Merino to a post-nucleation phase
separation model. The generic pathway for mineral precipitation
follows this form:

YA, +Silica — G, i=12..p (12)
J Mineral
A —

potential minerals

in which A;(j = 1,2,...,9) is one of the species in the melt such as
Na*, K*, Ca*, AI’*, Mg*, Fe?*, OH™, and n;; is the stoichiometric
coefficient of A; in reaction i.

As for the oscillatory plagioclase in the orbicular granite, the
specific chemical reaction in Equation 12 becomes:

gNa+ +

: %Caz" + %AP* + 25103 — Nay;5Ca, Al 3Sig 305 (13)

Taking the above chemical reaction into the framework of A +
B — C, the outer reactants A are the metal irons in the melt, i.e. Na*,
Ca®*, and AI**, whereas the inner reactant B is the silicate melt. The
product C is the plagioclase in the orbicular granite.
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FIGURE 3

Sketch of initial and boundary conditions for Liesegang patterns
formation and interaction.

2.3 Numerical analysis

This section presents the numerical setup and finite element
discrete formulations to apply the proposed phase separation model
to simulate periodic patterns in stones and rocks.

2.3.1 Problem statement

We examine a two-dimensional initial-boundary value problem
defined within a square domain Q as displayed in Figure 3, where the
boundary of the domain is represented by I and is associated with a
unit outward normal vector n. The domain size is L, = L, = 100 or
200 depending on the single pattern formation or multiple pattern
interactions, which is sufficiently large to present different categories
of geological patterns observed in rocks. Table 1 lists the parameters
used for all simulations. We impose Neumann boundary conditions
on four edges for all variables as.

I;
I;

Iy
r)

Va-n=j, on Vb-n=j,

Vy-n:jﬂ

on

Vm-n=j_ on on

(14)

Initially, the inner electrolyte A, characterized by a higher
concentration a,, is confined to specific geometric configurations
within inner domains, while the outer electrolyte B, with a
comparatively lower concentration b, occupies the remaining
regions. In this study, diverse shapes and configurations are
employed for the inner domains, e.g. circular domain in Figure 3.
These geometries are selected to reflect configurations that are
either observable in natural settings or amenable to experimental
validation. There are two groups of initial geometries in this studies
depending on area of reactants in the entire domain. First group
contains a single geometry occupied by the reactant A to study
the single pattern forming process in Section 3.1, while second
categories have several inner areas filled by the reactants A to
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TABLE 1 Material properties for liesegang band simulation.

Property Symbol Value
Diffusion coefficient D, 1.0
Diffusion coefficient D, 1.0
Reaction rate K 1.0
mobility A 1.0
Parameter € 1.0
Parameter y 0.2
Gradient parameter g 0.2
Noise effect parameter 1. 0

examine the complex pattern interaction in Section 3.2. It should
be noted that the dimensions and positions of the inner geometries
will be explicitly defined in the corresponding section where each
specific case is analyzed. Overall, the system is assumed to be
uniform and constant within the stable region, expressed as

ali=o = ag; bli—o = bos ml—g = mog; #lizo = tho in Q.
(15)
The scaled initializations used are a, = 0.5, b, = 400, m, = — 1, and

to = 0 in our study.

2.3.2 Finite element discretization

The coupled nonlinear partial differential equation (Equation 9)
is solved using the open-source, high-performance phase-field
software PRISMS-PF [34], based on the finite element method
(FEM) through the deal.II library [35]. This framework supports
adaptive mesh refinement, massively parallel computations, and
matrix-free finite element simulations—features particularly
advantageous for resolving fine-scale pattern evolution under
complex geometric constraints. In contrast, [27] employed a vertex-
based finite volume method (vb-FVM) to simulate Liesegang-type
patterns in arbitrary domains, emphasizing flexibility in handling
unstructured meshes and geometric confinement. While both FEM
and vb-FVM are suitable for simulating reaction-diffusion systems
on non-uniform grids, FEM offers superior accuracy in capturing
sharp interfaces and gradient-driven dynamics due to its variational
formulation and higher-order basis functions. Additionally, the
matrix-free implementation in PRISMS-PF enhances computational
efficiency, enabling scalable simulations of complex, heterogeneous
nucleation scenarios that are central to our study.

The weak formulation of the coupled Equation 9, incorporating
the Neumann boundary Equation 14 and initial conditions
Equation 15, is derived using the following trial and test
functions in Equation 16:

Si:{i:QH]R | ieH', i=1 on Fi}, € {a,b,m,u}
Vi={i:Q-R | jeH, j=0 on T}, jelgynol
(16)

Frontiers in Physics

06

10.3389/fphy.2025.1628328

and integration by parts. By adopting the forward Euler method for
time discretization, the corresponding weak forms become

J. ¢an+1 AV = J ¢ (a" — Atka"b") —V$AtD, - (Va") dV
Q Q

, Tax

+ [ o(am,)yas

r
j ybdv = J v (b" - Atka"b") — VyAtD,, - (Vb") dV
Q Q T Tpx

+J y(AMD,)j1 dS
j om™dv J w (m" + Atka"b" + Atny,) = VoAt - (AVu") dV
J i’][/lm—l dv = J ( emn +y(m”)3) +Vny- (J'Vm" av

Tux

17)

The subsequent numerical analysis is conducted using
an implementation of Equation17 within the PRISMS-PF
framework. The computational code is parallelized utilizing
the Message Passing Interface (MPI) from the PETSc library
(available https://www.mcs.anl.gov/petsc).  To
computational efficiency, a matrix-free finite element framework

at enhance
and an adaptive meshing technique are utilized, offering
superior performance compared to conventional finite element
methodologies.

3 Results and discussion

The numerical algorithm is developed and validated across
various domains where the reactants (A and B) are initially
separated. Parameters are selected to generate Liesegang band
patterns, which are characteristic of such systems. This section
investigates both single Liesegang pattern formation and complex
Liesegang pattern interaction. In this investigation, the initial
geometries are categorized into two groups based on the spatial
distribution of reactants within the domain. The first group
comprises configurations with a single region occupied by
reactant A, enabling the analysis of individual pattern formation
processes, as discussed in Section 3.1. The second group involves
multiple distinct regions filled with reactant A, facilitating the
examination of complex interactions between patterns, as detailed
in Section 3.2.

3.1 Single pattern formation

3.1.1 Circular geometry

Figure 4a gives one sample of concentrically zoned pyrite
aggregates (CZPA) of the pyritic ores in the Xinggiao deposit. This
zoning pattern can be explained by Liesegang diffusion-reaction
through the interaction between the diffusion of soluble reactants
and the precipitation of solids in a permeable medium. Specifically,
Fe?* from hydrothermal fluids infiltrates early diagenetic sediments
with high porosity and then reacts with H,S in pore fluids, which
are produced by bacterial sulfate reduction during organic matter
degradation. Consequently, the outer solute Fe,S, inner solute
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(a) Geological pattern

FIGURE 4

size of an initialized circular region; (c) simulated patterns.

(b) Numerical setup

Liesegang ring formation: (a) pyrite patterns in Xinggiao sediment-hosted massive sulfide deposits from [16]; (b) numerical setup with the position and

(c) Simulated pattern

H,S, and product Fe,S can be generalized into the form A+ B —
C. We design a numerical setup and use our proposed phase-
separation model to simulate the forming processing in Figure 4b,
where a high concentration of Fe** diffuses into a H,S-bearing
permeable medium.

Figure 4c illustrates the generated patterns from our post-
nucleation phase-separation model. One can observe that our
simulation can reproduce the oscillatory zoning observed in the
CZPA of the pyritic ores in the Xingqiao deposit. Figure 4a depicts
the location and band widths of the selected CZPA. We assume that
the diffusion direction of Fe** comes from the center nucleation
point to the outer space, indicating a reverse Liesegang phenomenon
[16]. It is worth noting that [16] measured the location and widths
from the opposite direction and obtained a positive Liesegang
ringing. Owing to the limited geological evidence, we cannot
determine the real diffusion direction the same as the subjective
selection in [16]. Our findings provide evidence that the CZPA in
the Xingqiao deposit has reverse Liesegang ringing features. Later,
we shall investigate heterogeneous distribution of the pyrite rings in
the CZPA with irregular initialization.

3.1.2 Triangle geometry

We subsequently compare the primary features captured by
our simulations with those observed in a specific Zebra rock
sample, as depicted in Figure 5a. One can observe a triangular-
shaped Liesegang band pattern diffuses from the lower-left region
throughout the entire sample. We postulate the presence of a
fluid channel in the core region, which supplies Fe-bearing fluid
flow, thereby generating the rhythmic hematite. Upon examination,
two primary deviations from classical Liesegang patterns are
noticeable. Firstly, the band thickness decreases from the core
to the rim, and secondly, the distance between adjacent bands
diminishes as the diffusion process progresses. To replicate these
counterintuitive phenomena, we devised a numerical setup featuring
a triangular-shaped initialization region for the Fe-bearing fluid,
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as illustrated in Figure 5b. In this configuration, the constant outer
reactants diffuse from the center to the periphery, interact with the
dolomite, and eventually form periodic hematite.

In Figure 5c, we present the spatial concentration distribution
of the precipitate C. The resultant pattern closely resembles that
observed in the Zebra rock sample, with the band thickness
decreasing as the Fe-bearing fluid flows from the center to the
boundaries. This contrasts with the increasing band width observed
in the wake of the Fe-bearing diffusion front. The primary reason
for this discrepancy is that we initialize the constant Fe-bearing
fluid in the triangular region rather than continuously supplying
the outer reactant source, as in our previous setup [10, 26, 36]. In
our simulation, the limited reactants give rise to a counterintuitive
phenomenon that diverges from the traditional Liesegang pattern.
Furthermore, the Zebra rock sample exhibits a decreased distance
between periodic bands behind the diffusion front, a phenomenon
known as reversed Liesegang patterns. Similarly, our simulation
reveals a slight reduction in the distance between neighboring bands,
in particular when the bands are away from the core. Overall,
the simulated pattern closely approximates the field observations
in the Zebra rock sample, despite the two primary deviations
from the standard Liesegang pattern. It is important to note that
while our phase separation model successfully reproduces the non-
standard Liesegang pattern observed in the field, further geological
investigations are required to refine our numerical simulations.

3.2 Multiple pattern formation and
interaction

Apart from the single Liesegang ring formation, we examine
our phase separation model for multiple Liesegang ring formation.
Specifically, we first present the two and multiple orbicular granite
formations in igneous systems. We then model the irregular
distribution of the pyrite rings formation in the Xiaoging deposit.
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FIGURE 5
Triangular-like Liesegang ring formation: (a) hematite patterns in Zebro rocks in the northern region of Western Australia; (b) numerical setup with the

position and size of an initialized triangular region; (c) simulated patterns.
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FIGURE 6
Two Liesegang rings formation and interaction: (a) orbicular granite in igneous rocks; (b) numerical setup with the position and size of two initialized

oval regions; (c) simulated patterns.

3.2.1 Multiple circular geometries another contains nine circular cores. The metal melt is capable
Many previous hypotheses regarding the pattern formation in  of diffusing and reacting with the silicate melt, thereby forming
orbicular granite have assumed that crystallization initiates at the ~ rhythmic orbicular rings, as described by Equation 13. Detailed
core, with subsequent band formation propagating outward [2, 37].  numerical geometries and boundary conditions are provided in
The presence of orbicular granites also indicates an interaction  Figures 6b, 7b, respectively.
between different connected orbicular rings. Figures 6b, 7b The resultant pattern morphologies for the interaction of
illustrate the interactions of two and nine orbicular granites within ~ two orbicular granites are depicted in Figure 6¢c. It is observed
igneous systems, respectively. One difference is the appearance  that the thickness of the bands is greater near the core, which
of morphological patterns; Figure 6b shows two oval Liesegang  is consistent with observations of natural orbicular granites.
rings, whereas Figure 7 shows more circular Liesegang patterns.  Additionally, the distance between neighboring orbicular rings
To distinguish the oval and circular morphological occurrence  increases from the core to the rim. Notably, when the orbicular
in orbicular granite, we conduct two numerical simulations. One  rings approach one another, the formation of one ring is
simulation includes two oval cores with initialized metal melt, while ~ impeded by the presence of another. This simulated interaction
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Nine Liesegang rings formation and interaction: (a) orbicular granite in igneous rocks from [12]; (b) numerical setup with the position and size of nine
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FIGURE 8
Randomly distributed Liesegang ring formation: (a) heterogeneous distributed pyrite patterns in Xinggiao sediment-hosted massive sulfide

deposits from [16]; (b) numerical setup with the position and size of 15 initialized circular regions; (c) simulated patterns.

TABLE 2 The coordinates and sizes of the circular initialization regions of the Fe-bearing fluid. The circular region is ordered by increasing
x-coordinate, and in cases of identical x-coordinates, by increasing y-coordinate.

Region
X 30 30 40 60 60 60 90 90 90 120 120 150 150 180 180
y 30 54 160 10 90 120 50 90 150 90 180 20 150 50 100
Radius 5 7 9 10 15 13 9 15 7 6 10 11 8 12 6

behavior qualitatively mirrors field observations of orbicular  initialized shape from ovals to circles, as shown in Figure 7b. A
granites. significant difference from the interaction of two orbicular rings

To further validate our phase separation model, we increase  is the occurrence of the Ostwald ripening phenomenon. Several
the number of initial cores from two to nine and change the  spots between the connected orbicular rings can be observed in the
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field, as illustrated in Figure 7a. This phenomenon is also captured
in our simulation, where only the outer rings interact with rings
from other orbicular structures. Overall, while further quantitative
analysis is warranted, the primary features observed in the field
can be replicated in our numerical simulations of orbicular pattern
formation.

3.2.2 Randomly distributed circular geometries

In Section 3.1.1, we simulate the formation of zoning rings
using a single circular pattern. However, the CZPA typically exhibits
more complex distributions within the depositional environment,
which suggests a heterogeneous distribution of Fe** concentrations
and spatial positions, as illustrated in Figure 8a. To further
investigate this complexity, we have developed a more complex
numerical model to simulate these complex zoning patterns, as
shown in Figure 8b. In this model, we randomly distribute 15
Fe?* seeds throughout the domain to replicate the heterogeneous
distribution. The specific locations and sizes of these seeds are
detailed in Table 2. The boundary conditions and geometric
configurations are consistent with those used for multiple circular
tests described in Section 3.2.1.

Figure 8c displays the simulated irregular distribution of pyrite
rings. These irregular pyrite patterns closely resemble the field
observations of pyrite distribution depicted in Figure 8a. A key
question concerning the CZPA at Xingiao is whether it formed
from a core outward or from a shell inward. The presence of
bright cores suggests the former, while dark cores imply the latter.
Qiu and colleagues have proposed two different setups to replicate
both the dark and bright cores observed in CZPA. One hypothesis
involves the diffusion of Fe** into the sediment forming a pyrite
shell, with H,S diffusing outward to this shell, thus creating a lower
concentration of pyrite in the center, resulting in dark cores. The
other hypothesis posits a constant concentration of H,S at the center
of the domain, which reacts with Fe** to form CZPA with bright
cores. Notably, our simulation can reproduce both dark and bright
cores simultaneously without altering the numerical setup. In our
model, we assume that the highly concentrated outer electrolyte Fe**
typically diffuses outward from the cores and reacts with the H,S,
which initially was evenly distributed in the porous sediment.

4 Conclusion

This study employs a phase separation model to examine the
rhythmic patterns in rocks, with a particular focus on oscillatory
zoning in pyrite, hematite patterns in Zebra rocks, and orbicular
granites. The simulation results elucidate the influence of geometric
heterogeneity on the development of both simple and complex
periodic patterns in these three rock types, considering both
regular and randomly distributed initial conditions. The simulated
patterns qualitatively replicate the Liesegang patterns observed
in natural settings, thereby demonstrating the capacity of the
phase separation model to reproduce periodic rock patterns.
Nonetheless, further research is necessary, particularly through
detailed geochemical analyses of these patterns and quantitative
comparisons between the simulated patterns and those observed
in the field. This study establishes a foundational framework for
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utilizing the phase separation model to analyze self-organized
patterns in heterogeneous geological contexts.
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