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Sciences and STAG Research Centre, University of Southampton, Southampton, United Kingdom,
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Black hole quasinormal modes arise as eigenmodes of a non-normal
Hamiltonian and consequently they do not obey orthogonality relations
with respect to commonly used inner products, for example, the energy
inner product. A direct consequence of this is the appearance of
transient phenomena. This review summarises current developments on
the topic, both in frequency- and time-domain. In particular, we discuss
the appearance of i) transient plateaus: arbitrarily long-lived sums of
quasinormal modes, corresponding to localised energy packets near the
future horizon; ii) transient growth, with the latter either appearing in the
vicinity of black hole phase transitions or in the context of higher-derivative
Sobolev norms.
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1 Introduction

An indispensable tool in the study and characterisation of the dynamics of black
holes is their spectrum of quasinormal modes (QNMs) — for recent reviews see [1, 2].
QNMs are solutions to the wave equation arising when general relativity is considered
perturbatively at linear order, and they determine how small perturbations evolve over
time, capturing their ‘ringdown’ behaviour.! As such, QNMs have received a lot of
attention in the literature. Within holography, they determine the near-equilibrium
properties of strongly coupled quantum field theories, in particular some transport
coeflicients, such as viscosity, conductivity and diffusion constants [5, 6]. In astrophysics, the
detection of QNMs in gravitational wave experiments would allow precise measurements
of the mass and spin of black holes-through the so-called black hole spectroscopy
programme [7] - as well as new tests of general relativity. Similarly, QNMs also serve
as indicators of black hole instabilities: a single unstable mode signals exponentially
growing perturbations leading to a new equilibrium configuration, which is particularly
important in higher dimensions as well as in the holographic context. In addition, QNMs
also play an instrumental role in semiclassical gravity, e.g., in the context of Hawking

1 Second order QNMs, usually referred to as QQNMs, have also been constructed recently [3, 4].
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radiation [8], as well as in Mathematical Relativity, e.g., in
understanding properties of Cauchy horizons [9].

The defining property of a black hole is its event horizon,
through which energy dissipates. This dissipative nature of black
holes has a direct imprint on the operator that gives rise to
QNMs: the operator is non-normal. This absence of normality
leads to the QNM eigenfunctions being neither orthogonal®
nor complete, while the QNM frequencies are highly sensitive
to small perturbations, resulting in spectral instability. These
features substantially complicate the interpretation of QNMs
and, in fact, in certain contexts question the validity of their
use. Note that non-normality is a generic feature of dissipative
systems and as such, has been observed and investigated in
both (i) quantum mechanics, where the introduction of non-
selfadjoint operators in PT-symmetric quantum mechanics entails
that the associated spectrum is insufficient to draw full, quantum-
mechanically relevant conclusions [14], and in (ii) fluid dynamics
in relation to the transition between laminar and turbulent
flows [15].

In essence, to-date, we have only explored the ‘tip of the iceberg’
in terms of non-normality in black hole physics, especially in
dynamical settings, where the non-orthogonality of QNMs can give
rise to short-term, transient phenomena. Here we review progress in
this direction.

In order to set the stage, in what follows we foliate spacetime
with hyperboloidal slices, X, — spacelike slices that pierce the future
event horizon. These slices are labeled by time 7 and are traversed
by a radial coordinate z with the future event horizon reached at z =
1. For brevity we suppress dependence in the transverse directions.
In the spacetimes we consider here, the equation of motion for a
perturbation y(7,z) (scalar, electromagnetic, or spin-2), will obey a
first-order-reduced equation of motion,

id.u=Hu, (1)
where H is a 2 x 2 matrix and a second-order differential operator
in z and u = (y, BTl//)T. For initial data ©(0,z), the time-dependent
solution of the system is given formally as u(7,z) = e MT(0,2),

in terms of the evolution operator ¢ **. Given a harmonic
decomposition u(z,z) ~ X(z)e""‘”, QNMs are defined as solutions to

the eigenvalue problem

w,x, = Hx,»

subject to ingoing behaviour at the future event horizon and
appropriate boundary conditions at infinity. Then, the spectrum of
the theory is given by o(H) = {w,,,n > 0}. We can define an energy
associated to matter on a hyperboloidal slice by

E= JZ Ten, dz,, (2)

T

where n = %d‘r is the unit, future-directed normal to >_. T"
is the matter stress-energy tensor, and is at least quadratic in the
perturbation y. Note that T#” can contain contributions from other

2 With respect to standard choices of inner product. See [10-13] for the

construction of QNM orthogonality relations in other products.
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fields. Due to local conservation of the currents T"”, the total energy
E is conserved up to boundary terms. The energy of v on X is
then given by Equation 2 with T, = TZV, from which the energy
inner product (-,-)p (see [16] for an extended discussion) is defined
such that

3)

Elu] = (u,uyg = |lull}.

2 Insights from the pseudospectrum

One can extract various insights about the time domain
problem from spectral features. In particular, a useful object is the
pseudospectrum,

o, (H)={weClweo(H+H),IH| <€, (4)

which, along with many of the definitions in this section, can
be found in [15]. In the black hole context, Equation 4 has
received much attention as a way to assess the stability of QNM
frequencies under environmental perturbations [17], building upon
the seminal observations of [18, 19]. Heuristically, o, at fixed ¢
provides the contours of a useful topographic map of the complex
frequency plane. Peaks are infinitely high and correspond to the
point spectrum, while the width of the peaks have something
to say about the associated spectral stability properties and
transient effects.

In particular, for our purposes, a significant protrusion of
pseudospectral contour lines into the unstable-half w-plane points
towards transient phenomena (in our conventions this is the upper-
half w-plane). A lower bound on the peak growth of the evolution
operator is given as follows,

sup e 7] = w, Ye > 0,
=0 €
where we have introduced the pseudospectral abscissa, o (H) =
sup Jmo,(H). The strongest lower bound is given by the Kreiss
constant, K(H) = sup, & (H)/e. Relatedly, an upper bound on
growth follows from

”e—i’HT” < e—im(’H)T) V1> 0,
where we have introduced the numerical abscissa to(H) =
sup,.q (& (H) —e).

In the black hole context, these quantities were first studied in
[20] in the context of binary black hole mergers in the close-limit
approximation.® Specifically, in the case of a Schwarzschild black
hole in the energy norm (Equation 3) [20], computed the numerical
abscissa to be t(H) =0, which implies K(#) = 1. This implies
there is no growth of energy of a perturbation in the exterior of

3 See also [21] for a related study of extreme compact objects, where a
Kreiss constant consistent with K(H) =1 was obtained numerically by
computing the ratio of the pseudospectral abscissa a (#H)/e in the limit

€ — 00.

frontiersin.org


https://doi.org/10.3389/fphy.2025.1638583
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org

Besson et al.

Schwarzschild spacetime, which is simply a consequence of energy
conservation [22].4

Going further, one may ask if the pseudospectrum can be used
to identify scenarios in which perturbations of black holes can grow.
However, a critical issue arises when Equation 4 is considered more
generally in the black hole context. This is most easily stated using
the following equivalent definition of Equation 4, which utilises the
norm of the resolvent,

0, (H) = {w € C IRy, (@) = |(H -~ D)l = 1/¢}.

when the resolvent operator is approximated as a matrix for the
purposes of numerical evaluation it does not always converge with
increasing resolution [24]. See [25, 26] for further discussions.
However, it is proven in [27] for asymptotically AdS and dS black
holes that the norm of the resolvent exists in a band structure in
the complex w plane provided one uses a particular class of higher-
derivative norms. There, higher-derivative norms were introduced
in order to impose a higher degree of regularity for the purposes of
defining QNMs. This motivates the use of higher-derivative norms
both in the evaluation of pseudospectra and for assessing transient
phenomena, asin [26]. In [26] the following higher-derivative norms
are defined®

p )
<u1:u2>Hp = z<aﬁc”1>azc”2>5> (5)

i=0

referred to as the Sobolev H?-inner product, where here (7, x) refer to
the Bizon-Mach hyperboloidal coordinates [28] for the Poschl-Teller
model. Note p = 0 corresponds to the energy-norm.

The Kreiss constant was also discussed in [29], where it was
extracted from the pseudospectrum of a truncated Hamiltonian,
‘Hy» where the functional space was restricted to a subspace W of the
first M quasinormal modes [29]. found that () > 1, for a system
describing charged scalar perturbations in a Reissner-Nordstrom
(RN) - AdS, black brane. This indicates that there exist perturbations
that exhibit transient energy growth in the scalar field when all the
modes are stable.

3 Time domain

In the last section, we presented quantities computed from the
pseudospectrum (and its respective limits) that provide insights into
the time evolution of linear perturbations. In particular, a non-
zero numerical abscissa, to(#) > 0, and thus (7)) > 1, immediately
implies that there exist perturbations whose time evolution exhibit
transient growth in the observable defined by the chosen norm | - |.
The pseudospectral analysis is however incomplete, since it does not
capture important transient effects that arise even in the absence

4 Note that [23] reports transient growth in the context of Kaluza-Klein
black holes in Gauss-Bonnet gravity. However, the system studied in [23]
is conservative up to boundary terms and (3.19) there can be written
as a total derivative. As such, the reported result on transient growth is
incorrect.

5 Note that this is different to the corresponding inner product used in [24].
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of growth [22], and should be complemented with a full time domain
evolution of perturbations.

Consider a black hole coupled to a scalar field. A natural choice
of observable is the energy of the scalar field ¥ on hyperboloidal
slices as given by the energy norm || - ||; (Equation 3). A key feature
now is that energy dissipation through the horizon and to Z* renders
a non-normal H in Equation 1 under (-,-)p, and thus its regular
normalisable eigenfunctions (the QNMs) are not orthogonal under
this product. Consequently, the energy of a perturbation formed
from a sum of QNMs, u(1,z) = Zﬁlcne""“’”}(”(z), is not just the sum
of the energies of each individual QNM, but rather

M
Elu] = Z lc, 2637 ™ @nTE [x,,] + cross — terms. 6)
n=1
there are cross-terms arising from the non-orthogonality of
QNMs under Equation 3 that allow for non-trivial transient
dynamics. Note that without the cross-terms, the slowest possible
energy decay is set by the fundamental mode wj,.

In this context, the first systematic time domain study of
transients in black hole perturbations was introduced in [22]
using the energy growth curve, G(1)= ||e_i7‘“||‘2€, and optimal
[30-35].
Considering a subspace of solutions W to Equation 1 spanned by
the first M = dim (W) QNMs, {Xn}i’w: | (ordered by decreasing Imw),

Gyy(7) = lle”™w7||2 determines the maximum possible energy at a

perturbations—tools inherited from hydrodynamics

specific time 7, relative to the energy at a fiducial initial time 7=
W, are
then those that maximise the energy at a target time 7, such that
Elttop (7.,2)] = Gyy(7,). Both the value of Gy(7,) and the set of
coeflicients ¢ in the initial data expansion.

0, over all solutions in W. Optimal perturbations, u, €

M
topt (0,2) = Y ¢,x, (2) @)
n=1

where QNMs are normalised (,(2),x,(z)), =1, are obtained
from the singular value decomposition of e W™ _ H,, is the
representation of Hy, in an orthonormal basis of functions for W,
an M x M matrix encoding the information of the spectrum (see [22,
29] for more details). Finally, 1, evolves simply according to the
time evolution of each QNM in Equation 7, i.e.,

M
tope (1,2) = ) c,€7 7, (2).
n=1

Using this methodology, the main result of [22] consisted in
demonstrating the existence and constructing (both analytically and
numerically) arbitrarily long-lived linear black hole perturbations
in a variety of spacetimes, due to transient effects, despite a lack
of energy growth. An example of such perturbations for s =2, [=
2 (spin and angular momentum) Regge-Wheeler QNMs of the
Schwazschild black hole is presented in Figure 1. The top panel
shows Gy, for different values of M indicating the absence of growth
in the energy of perturbations, in accordance with the w(#) =0
and KC(H) =1 results discussed in section 2. Note that the total
(quadratic in perturbations) energy of the system E can only stay
constant or decay, and its only contribution is the energy of the
gravitational perturbation. However, Gy, exhibits an initial transient
plateau with duration ~log M that demonstrates the existence of
optimal perturbations with lifetimes scaling as log M, followed by
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Gw ()

FIGURE 1
Energy growth curves and optimal perturbation for Schwarzschild s = 2,

[=

25 30

2 Regge-Wheeler perturbations (figure taken from [22]). Top: G, for

various M = dim (W) (solid curves), and the energy of an optimal perturbation of M = 39 QNMs with 7, = 8.5 (red-dash). Bottom: Modulus (left) and
energy density (right) of the optimal perturbation in the conformal diagram of Schwarzschild. The energy is initially localised at #* and Z*, and then
propagates along them until it starts dispersing and decaying at 7= 7, (indicated by the white slice near i*). The dash-dotted red line represents the

curvature singularity.

an exponential decay with the fundamental mode w, decay rate. The
energy of such a perturbation, E[u, (7,2)], is displayed in red-dash.
In the bottom panels, |u,, | (left) and its energy density (right) are
plotted in the conformal diagram. From the energy density, it is clear
that u,, is physically realised as localised energy packets travelling
along H* and Z* that do not either fall into the black hole or escape
to infinity, respectively, until 7 = 7,. Mathematically, this is a direct
consequence of the non-orthogonality of QNMs under the energy
norm (Equation 3), ultimately due to non-normality of H ,, which
leads to the cross-terms in Equation 6 allowing for cancellations in
the sum that keep the energy constant.

Building on [22, 29] established the first case of transient energy
growth in linear black hole perturbations considering RN-AdS,
black branes at chemical potential ¢ linearly perturbed by a complex
scalar y with charge g. The key difference here is that the total
energy of the system does not correspond to the energy of y alone.
In particular, in the ¢ — co limit suppressing backreaction to the
metric, E receives contributions from both the scalar, ¥, and the
gauge field, A,

E=E,+Ep, (8)
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where F=dA, which are coupled to each other through g.
Then, choosing | - || g, to construct optimal perturbations in the
same fashion as before, E'V was shown to exhibit significant
transient growth before asymptotic decay via a transient form
of superradiance-borrowing from the energy bath E; - in the
modally stable regime.® This is shown in the left panel of Figure 2,
which displays Gy, and E,, for an optimal perturbation with M =
10 QNMs exhibiting transient growth. The first correction to the
background gauge field energy, which appears at quadratic order in
perturbations, E;Z), takes negative values implying transfer of energy
from A to y, while the total energy E=E, + E;Z) can only decrease
due to losses to the horizon. Empirically, it was observed that the
peak of the growth curve increases with M within the range of values
considered. Note that this is not a special feature of the g — co limit,
the finite g case is also examined in [29] with same qualitative results.

6 In AdS/CFT, this model is known as the holographic superconductor
[36-38], and it is linearly unstable for T<T_. (or equivalently u>u.)

corresponding to the superconducting phase.
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— um)

e (G(7) with gridsize N=100
— - - G(1) with gridsize N=60

Left: optimal perturbation and energy growth curve G(7) (black dash) for complex charged scalar QNMs of the RN-AdS,, black brane with M=10. E,,
(solid black curve) is shown to transiently grow before modally decaying at asymptotic time. The additional energy is borrowed from the energy bath E

probe limit g — oo with ug = 3.9, spatial momentum k =0, with target time 7, = 2.7. Figure taken from [29]. Right: growth curve G and the norm of
u™(7,x) obtained by time-evolving the optimal perturbation Uopt (T, = Tmax:X) in the Sobolev H?> norm. A transient growth is observed and yields a peak
~ L =0.04, before a modal oscillatory decay. The growth curve G is computed for two different resolutions N = 60 (dashed gray curve) and N =

10!
10° )
0 |
|
] |
-1 ]
|
~2 1 10
|
—3 4 |
|
transient modal decay |
—4 T T T 1
0 5 10 15 20 0.0
T
FIGURE 2
via a transient form of superradiance, as can be seen from the first correction to E, E,
at 7,4 >
100 (solid black curve), thus illustrating the convergence of the profile we observe on this panel. Figure taken from [26].

2.5 7.5 10

f) (solid blue curve). The example shown corresponds to the

Transient behaviour has also been seen in Sobolev H? norms
Equation 5 in [26] in the Poschl-Teller toy model, corresponding
to the Klein-Gordon equation in the static patch of de Sitter
spacetime. Following a similar approach to [22, 29], optimal
perturbations u,, (0,x) were obtained using a ‘generalised’ singular
value decomposition of the finite rank approximant of the
evolution operator e "7, but this time without relying on a
subspace of solutions W. For a target time 7,, these optimal
perturbations maximise the Sobolev H inner product such that
(uopt_(‘r*,x),uopt_(‘r*,x))Hp =G(1,).

In the case of H’ norm (corresponding to the energy norm), no
transient growth is observed. Similar to [22], non-modal behaviour
manifests itself as an initial transient plateau in G, followed by the
expected modal decay, with a scalar field profile localised near the
boundaries. However, unlike [22], the results are not convergent as
the duration of the plateau scales as log N with the number of points
N used in the numerical approximation, further motivating the use
of HP norms with p > 0.

In the case of H” Sobolev norm with p > 0, transient growth is
observed. Specifically, one obtains an initial ‘peak, which is followed
by modal decay according to the lowest-lying QNM at late times; the
right panel of Figure 2 exemplifies this behaviour for p = 25, showing
G and (uqy (7,0X), opi (T X)) e
time of the peak. Note that u,, (7,,x) is an order-p polynomial.
The profile of the optimal perturbation u, (7,x) is found to be
numerically convergent and, importantly, it resides in the bulk of

for 7, = 7,,,, corresponding to the

the geometry; this is different to the energy-norm case where the
optimal perturbations was peaked near the boundaries. Applying
the Keldysh’ spectral decomposition scheme to u,, (0,x) shows that
most of the transient peak originates from the (p +1)-th pair of
QNMs, ordered by decreasing Jm w; note that the decay rate of these
modes is .

As the order p of the H? Sobolev norm is increased, the peak in
the growth curve increase as G(t,,,

) = Max,, G(1) ~ p and moves

Frontiers in Physics

05

to shorter timescales, 7,,,

~ 1/p. The scaling of 1, is a result of the
decay rate of the QNM giving rise to the majority of the transient
peak mentioned above.

Lastly, it is illuminating to understand the existence of HF-
transient growth in the context of energy conservation. Specifically,

the H?-norm satisfies

P
Elu) = ()~ Y. |0l ©)

where E[u] is conserved up to boundary terms. In a way analogous
to Equation 8, HP-transient growth is permitted as a result of
transfer of weight between the two terms in the right hand side of
Equation 9.

Let us conclude this section with a comparison of the
two methods discussed above: truncating the set of QNMs
or using higher-derivative norms. Both approaches provide a
way of regulating the UV and are equally easy to implement.
The motivations for using them are different: in the former
case the motivation was a physical truncation of the theory
to low energy modes inspired by analogous constructions in
hydrodynamics, while in the latter case the motivation was a
consideration of regularity. The truncation method results in a
finite dimensional Hilbert space which can be convenient to
work with. The physical interpretation of the H”-norm remains an
open question.

4 Discussion

This short review summarises recent work on transient
phenomena in black hole dynamics. The lack of normality of the
evolution operator, emerging as a consequence of the dissipative
nature of black hole spacetimes, results in the non-orthogonality of
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QNMs. This, in turn, allows for linear perturbations to exhibit non-
modal behaviour (either in the form of transient growth or lack of
decay) before eventually conforming to modal decay.

The existence of transients can be inferred from frequency-
the the
protrusion of pseudospectral contour lines in the unstable half plane

domain computations involving pseudospectrum:
indicates an unstable perturbed spectrum, and hence non-modal
behaviour. In order to observe transient growth, the protrusion
needs to be larger than the size of the external perturbation
6 giving rise to a Kreiss constant C > 1. This raises again the
issue of the numerical convergence of the pseudospectrum as
discussed in section 2, and motivates the exploration of the
truncated-Hamiltonian pseudospectrum of [29].

Time-domain results exhibit striking qualitative similarities to
the prototypical example of transient effects in the transition to
turbulence in Navier-Stokes shear flows. Two particularly interesting
questions that currently remain open relate to the non-linear
evolution sourced by such initial data and the potential connection
with the Aretakis instability.

Black hole QNM:s have been a central focus of gravitational
physics for over half a century, yet it remains striking that we still
lack a full understanding of the consequences stemming from the
absence of a spectral theorem in this context. This gap points to an
exciting new direction in the field, suggesting that much remains to
be uncovered. Particularly compelling questions include how much
of the gravitational wave signal emanating from a binary merger
can be attributed to linear transient dynamics, as well as the role
of transients in strongly coupled systems, such as the quark-gluon
plasma and high-temperature superconductors, via the AdS/CFT
correspondence. Other arenas include analogue gravity systems,
where fluid or optical setups mimic aspects of black hole spacetimes.
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