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approach: time-dependent
solution
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This paper analyzes the dynamics of the neutron diffusion kinetic system under
reflector boundaries/zero-flux gradient. An ansatz approach is proposed to
exactly solve the governing system. The time-dependent solutions are exactly
obtained in explicit forms, where spatial variations violate and the temporal
behavior dominates the dynamics. Robust physical interpretation is provided for
the neutron flux and the precursor concentration under three different cases,
supercritical, critical, and sub-critical conditions. A key strength of the study
lies in the effectiveness of the solution technique, particularly the use of the
ansatz approach, which allows accurate handling of both short-term transients
and long-term steady states. The method proves computationally efficient and
stable across a wide range of reactivity levels.

neutron diffusion, partial differential equation, exact solution, ansatz approach, reactor
physics

1 Introduction

The neutron diffusion system is a popular/basic problem in reactor physics. It describes
the behavior of neutron profile within a nuclear reactor. Additionally, it gives insight into
how neutrons diffuse and interact with the reactor medium, accounting for processes
such as neutron production, absorption, and leakage. Under specific boundary and initial
conditions, it serves as a reliable approximation to the more comprehensive Boltzmann
transport equation [1, 2]. A common and physically meaningful simplification is the
application of the zero-flux gradient boundary condition, which assumes that the spatial
gradient of the neutron flux is zero at the boundary. This condition is often used to
model systems with symmetric boundaries or to idealize regions where neutron leakage is
negligible. The zero-flux gradient implies that there is no net neutron current crossing the
boundary, making it suitable for analysis of isolated or reflective systems [3].

Studying the neutron diffusion kinetics under this condition allows for a more
tractable analysis of transient behavior in nuclear reactors, particularly during
startup, shutdown, or perturbations in reactivity. It also enables the development
of simplified models for reactor control and safety analysis, without compromising
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This
approach remains vital for both analytical studies and numerical

essential physical accuracy in specific configurations.

simulations in reactor design and operational planning [4, 5].
Recent developments in both analytical and numerical solutions
have significantly expanded the applicability of diffusion theory
to modern nuclear systems, enabling more precise simulation of
reactor transients, heterogeneous cores, and complex geometries.
Analytical solutions to the neutron diffusion equation are
particularly valuable for benchmark verification, conceptual design,
and simplified reactor models. Over the past decade, researchers
have developed closed-form or semi-analytical solutions for special
cases [6, 7]. Emerging analytical studies also apply fractional
calculus to neutron transport, modeling anomalous diffusion in
disordered or stochastic media [8].

Modern numerical methods have dramatically advanced the
fidelity and efficiency of neutron diffusion solvers, especially for
multi-dimensional and time-dependent systems. These have been
employed for high-resolution simulations in complex geometries,
handling heterogeneity and material interfaces with improved
accuracy [9, 10]. This paper analyzes a basic system:

199 3¢
T3 -Paat —;+(1 —ﬂ)v; d(xt) +AC(x 1), (1)
oC
= =pvY ¢(xH-AC(x1), (2)
f
under the Neumann boundary conditions (BCs):
0 0
Ron=0, Lwn-o, >0, @
0x o0x
and initial conditions (ICs):
By,
¢ (x,0) = ¢y, C(x,0)=T¢0, 0< x< L, (4)
where ¢(x,t) and C(x,t) stand for the neutron flux and the delayed

neutron concentration, respectively.

Details of the parameters V, ), 3, v, Zf and A can be found
in Refs. [11, 12]. The boundary conditions assume zero-gradient
flux at the boundary of the reactor (reflective boundary). In the
literature [13-18], several authors studied the neutron diffusion
0, ¢(L,1) =

0 using different analytical/numerical approaches. In Ref. [19], the

system under the Dirichlet boundary conditions ¢(0,t) =

authors proposed a simple approach to solve Equations 1, 2 under
Dirichlet BCs and the ICs (4). Furthermore, a direct ansatz method
is developed in Ref. [20] to obtain the same obtained solution in Ref.
[19]. After that, the authors [21] generalized the ansatz method by
considering arbitrary ICs and BCs of Dirichlet type. From a practical
point of view, this modeling approach is particularly valuable in
several nuclear engineering applications. It can be used to analyze
the response time of fast reactor systems (critical time analysis)
and serves as a reliable foundation for lumped parameter models
in neutron kinetics, where spatial dependence is intentionally
neglected [1]. This is especially relevant in the design of small
or compact nuclear reactors, where spatial variations are minimal
and temporal behavior dominates the dynamics. The objective of
this work is to solve Equations 1-4 via a direct ansatz method.
In the literature, a number of methods have been formulated to
solve numerous mathematical models with applications in different

Frontiers in Physics

10.3389/fphy.2025.1677484

fields. For examples, the Laplace transform (LT) [21-30], the DTM
[31], the HAM [32, 33], the HPM [34-36], and the ADM [37-39].
However, the ansatz approach has its own advantage over such
methods for its simplicity and capability of determining the solution
in an exact or a closed form. Another advantage and novelty of this
work is that it shows the effectiveness of the ansatz approach over the
LT to exactly solve Equations 1-4, actually, the LT encounters some
difficulties to achieve this target. Consequently, the ansatz approach
may be suggested for the first time to solve Equations 1, 2 under
the physical boundary conditions 3 and 4. This suggests further
extensions of the ansatz approach to solve other complex forms of
the classical/fractional neutron diffusion systems in the spherical
and hemispherical reactors in addition to other different geometries
subject to various physical factors [40-47].

2 Ansatz approach

Let us rewrite system (1)-(4) as.

% =VD ;f +ud (x5,1) + AVC (x,1), (5)
= 0¢(x,t) = AC(x,1), (6)

under the ICs/BCs.
(6,0 =¢, Cx0)=pp, 0< x< L, )
g—ﬁ(o,t)=0, g—ﬁ(L,t):O, t>0, (8)

where

Bv
:V<—Z+(1—[3)vz>, o=pvy, p= /?f:%. )
a f f

The anastz approach assumes that.

¢ (x,t) = ZCOS()/nx) T, (1), (10)
n=0

Cx,t) = Zcos(ynx)rn(t), (11)
n=0

where y, = ﬂ and T,(t) and 7,(f) are unknown functions
(0 )=
(L t) = 0. Applying the ICs (7) on Equations 10, 11 att=0

Formulas 10, 11, automatlcally satisfy the Neumann- BCs 2
0and 2

gives.
Z cos(y,x) T, (0) = ¢, (12)
n=0
> cos(y,x) 7, (0) = pg,. (13)
n=0

From Fourier analysis [30], we have

T,(0) = J%dx bo» "
14

T,000== J¢0cos( )dx 0vn=123,.
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and similarly

1 L
70(0) = —J Py dx = pdy,
Lo (15)

L
7,(0) = %J0p¢0 cos(%) dx=0Vn=1,23,....

Substituting Equations 10, 11 into Equations 5, 6 implies

z cos(y,x) T}, (t) ==VD Z y2 cos(y,x) T, ()
n=0

n=0
+u Z cos(y,x) T, () + )LVZ cos (y,x) 1, (1),
n=0 n=0
(16)

and
Z cos (y,x) T, (t) = az cos(y,x) T, () - A Z cos (y,x) 1, (1),
n=0 n=0 n=0
(17)
respectively. This leads to the system:

T),(t) = (u— VDy2) T, () + A VT, (1),

(18)
7, (t) = oT, (t) - A1, (1),

which is a first-order linear system and to be solved under the
conditions:

¢ 1n=0, P>
T,(0)= s 1, (0)=
0, n=123,..., 0, n=12,3,...

n=0,

(19)

The next section addresses the solution of system (18) under
the ICs (19).

3 Theoretical analysis
Theorem 1: The system:

T, (t) = aT, () + br, (1),
7, (t) = cT, () + dr, (1), (20)
T,(0)=u,,1,(0)=w,,

has the exact solution:

T, (t) = u,e" +w,e™,
Uy rt, Wn 1yt @1
7,(t) = 7(r1—a)el + ?(rz—a)ez,
where
T,(0)(ry—a)—bt, (0) bt,(0)-T,(0)(r, —a)
u, = N w, = >

n n

rn=n

ro= %(a+di Via+dy +4(bc-ad)).

r=r

(22)

Proof. By differentiating the first ODE in system (20) once with
respect to t, then

TV () = aT, () + b7, (1). (23)
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Substituting 7/,(f) from the
Equation 23 gives

second ODE in (20) into

T/ (t) = aT',(t) + bcT, (1) + bdr, (1) (24)

Inserting bt,(f) = T) () —aT,(t) into Equation 24 yields the 2nd-
order ODE:

T, () - (a+d) T, (t) - (bc—ad) T, (t) = 0. (25)
Therefore
T, () = u,e +w,e?, (26)
where 1, and r, are two distinct roots of the algebraic equation:
P —(a+d)r—(bc—ad) =0, 27)

given by

1
ruzi(wdi @+ +atbe-ad). (28)
The first ODE in (20) gives 7,,(f) as
7,(1) = %(T;(t) —aT,(1)). (29)
From (26) and (29), 7,,(¢) takes the form:
un Wn
7,(t) = > (ry—a)en' + 5 (ry—a)e™, (30)

where u, and w, are unknown constants. Applying the ICs in
(20), we obtain

u,+w,=T,(0),
u, W, B (31)
7(1’1 —a)+7(r2—a)—rn(0).

Solving this system for u, and w,,, we get

T,(0)(r, —a)—bt,(0)
u, = >

n

bt,(0)-T,(0)(r, —a)
w, = >

n

r,—1 r,—1]

(32)
which finalizes the proof.

Theorem 2: Let T} and T, are defined as

I, ==(a+d), T = %\/(a+ d?+4(bc—ad),  (33)

1
2
then T, (¢) and 7,(f) read

T,(t) =T, (0) e [cosh (T,0) + <“+”r—b_rl>sinh(r2t)} ,
2

It 2c+p(d-a)) .
7,()=T,(0)e"! [p cosh (T',t) + <z—rz>smh(l“2t)] .
(34)
Proof. The assumptions (33) lead to
r =T +T,, r,=T,-T,. (35)
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https://doi.org/10.3389/fphy.2025.1677484
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org

El-Zahar et al.

From Theorem 1, T, (¢) and 7,,(¢) can be rewritten as
T, () ="' [(u, +w,)cosh (T,8) + (u, — w, ) sinh ([,)],  (36)

and

7,(t) = % [(u,ry +w,ry—a(u, +w,))cosh (T,t) 37)

+(u,r; —w,r, —a(u, —w,))sinh(T,1)].

Employing Equation 22 for u, and w, and Equation 35 for r; and
r, we find

u,+w,=T,(0),

(a—=T,)T,(0)+br,(0) (38)
U, —w, = .
Iy
Substituting (38) into (36), then T,,(t) becomes
T, (t) =t [Tn (0) cosh (T't) + ( (a-Iy) T"IEO) + b7 (0) >sinh(1"2t)] .
’ (39)

From Equation 19, one can write 7,,(0) = pT,,(0), therefore

T, () =T, (0) " [cosh(l"zt) N (’””—h_rl ) sinh(l"zt)] . (40)

2

We also have

Uy + W,y = a(u, +w,) = br, (0) = pbT, (0), (41)
and
tyry = w,rs = a(ut, —w,) = TF—(O) [(2a+pb)T, —ryr,—a(a+pb)].
’ (42)
The product r, 1, is
ity = ad—bc. (43)

Inserting I'; = %(a +d) and r,1, = ad — bc into Equation 42 yields

bT, (0)

U,y = wyr, —a(u, —w,) = [2c+p(d-a)]. (44)

Thus 7,(t) takes the form:

2c+p(d-a)

7,(t) =T, (0)e"! [p cosh (T,1) + < o,

)sinh(l"zt)] , (45)

and this completes the proof.

4 The exact solution

In the previous section, the solution of system (20) was explicitly
obtained in terms of exponential and hyperbolic functions. This
section invests the results obtained by Theorem 2 to construct
the exact solution of problem (1)-(4). To do that, we begin with
assigning the values of a, b, ¢, and d as

a=u-VDy, b=V, (46)

c=0, d=-A, p=od/L
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Consequently.
1 1 1
L=3(@-), T,- E\/(a-A)2+4(a)W+Aa) -3 V(@+ 12+ 401V,
(47)
a+pb-T, __20V+l+a 26+p(d—a): p(A—a)
L VA +a)? + 400V 20 VA +a)? + 400V
(48)

Accordingly, we obtain T, (f) and 7,,(¢) in the following final form
T, (1) =T, (0)e3 @

x [cosh (% \j(A +a)+ 4a/1Vt) +

20V+A+a

_20Virta  Goh ( Lo+ ap +4awr) ,
VA +a)? + 400V 2 }

(49)
and
7, () =pT, (0)e: V"

x I:cosh(;\ (A +a)? +4aAVt) +

A—a

/Sl Y ( Lavar+ 4a/\Vt) ‘
Jasar+aay 2 }

(50)
Therefore, ¢(x,t) and C(x,t) are

$Gan =Y T,00¢: @ cos(y,x)
n=0

x cosh(% V(A +a,)? +4aAVt> + _2oVirta, sinh ( % V(A +a, )+ 40‘)LVI) ,
(A+a,)* +400V
(51)
and
C(x,t)=p Z T, (0)e3 cos (,x)
n=0
x cosh( ] (A+a,)? +4aAVt) + _Aa sinh(l (A+a,)+ 4a)tVt) ,
2 (A+a,)* +40AV 2
(52)
respectively, where
2
a,=u-VDy:=u-vD( ). (53)

Equation 19 declare that T,,(0) = ¢, for n =0 while T, (0) vanishes
Vn=1,2,3,..., hence, the two sums in Equations 51, 52 are non-
trivial only at n=0. Thus, only the first term survives and
accordingly

§50) =402 OV cos ()

X [cosh(; V(A +ag)? +4aAVr) +

20V+A+ag

V(A +ag)? +40AV

sinh ( % (+ag) + 4awr) ,
(54)
and
Clx8) =piye: ™V cos (y,x)

A—a,

1 ; a1 ;
x[:cosh(z (A+ay) +4U/1Vt)+ sinh 5 (A+aq) +4o)tVt) .

(A +ay)* +400V
(55)

Employing the quantities a, = 4 and y, = 0, then Equations 54, 55
reveal that ¢(x,t) and C(x,t) are independent of x. Thus, the time-
dependent solutions ¢(#) and C(#) are finally given by
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(1) =gyes "

X [cosh(;\ ()L+/4)z+40‘)tvt)+

20V+A+u

———————sinh ( 1 VA +u)?+ 4U)LVt) )
Jasprramv 2 ]

(56)
and

() =P¢Oe§(y—)-)1
X |icosh(i\ (A +p)? +4U)LVt) +

A-p

Atk sinh(l N 4U)tVt) .
VA +u)? +40AV 2

(57)

It can be shown that the solutions (56) and (57) satisfy problem
(1)-(4) through direct substitution. Physical interpretation of such
solutions is to be addressed in the next section.

5 Numerical results and behavior of
the system

This section conducts some numerical results for the behavior of
the neutron flux and the precursor concentration. The parameters
values D =0.96343, V =1.103497 x 107, L =22.9, B =0.0045, and
A =0.08 are used to generate the numerical results as taken in Refs.
[11, 12]. Three different cases are considered to interpret the physical
behavior of the system.

5.1 Supercritical case

Figures 1, 2 present the time evolution of the neutron flux
#(t) [n/(cm*s)] under supercritical conditions vzf:3.33029><
1072, Y, =1.58430 x 1072, In Figure 1, which focuses on the short
time interval 0 <¢< 10~ the neutron flux increases progressively
in an exponential fashion, starting from its initial value. This
behavior reflects the early phase of a supercritical response, where
neutron production outpaces absorption in the absence of any
leakage mechanisms. The moderate rise in flux at this stage results
from the combined contributions of prompt and delayed neutrons.
As the simulation time extends to 107, as shown in Figure 2,
a significant and rapid increase in the neutron flux is observed.
The sharp exponential growth, reaching values on the order
of 108, is a clear indication that the system has entered a
prompt-supercritical regime. In this state, the influence of delayed
neutrons diminishes rapidly, and the system is primarily driven
by prompt neutron generation. This outcome is consistent with
theoretical expectations in idealized models without feedback or
control mechanisms.

Figure 3 shows the corresponding behavior of the delayed
neutron precursor concentration C(f) [n/cm?] over the interval
0<t<107. The results indicate that the precursor concentration
remains nearly unchanged during this initial stage. This is attributed
to the relatively low decay constant of the precursors and the
short time frame considered, which is insufficient for a noticeable
change in the precursor population. While the neutron flux grows
rapidly, the precursor response is delayed and follows a slower
time scale. These observations are in agreement with the known
dynamics of reactor kinetics in supercritical scenarios, particularly
under idealized assumptions with no neutron losses. The results also
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(t) [n/(em”5)]

2
1 /
t [s]
2.x1076 4.x1076 6.x1076 8.x1076 0.00001
FIGURE 1

Behavior of the neutron flux ¢(t) [n/(cm?s)], supercritical case, over
the domain 0 <t<1075.

(1) [n/(cm?-s)]
1.4x108

1.2x108
1.0x 108
8.0x 107
6.0x 107
4.0x107

2.0x107

t[s]

0.00002 0.00004 0.00006 0.00008 0.0001

FIGURE 2
Behavior of the neutron flux ¢(t) [n/(cm?s)], supercritical case, over
the domain 107> <t <1074,

C(t) [n/cmz 1

0.0012

0.0010

0.0008

0.0006

0.0004

0.0002

[s]

t
2.x100¢  4.x100°  6.x107%  8.x107¢ 0.00001

FIGURE 3
Behavior of the precursor concentration flux C(t) [n/cmz],
supercritical case, over the domain 0 <t <107°.

support the effectiveness of the ansatz technique in capturing the
early-time behavior of the system.

Figures 4, 5 offer a closer look at how the delayed neutron
precursor concentration C(f) evolves during a supercritical
transient. In Figure 4, which spans the time interval from 107
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C(t) [11/01112] B(t) [n/(cmz»s)]
0.7
0.10
0.6
0.08 0.5
0.06 04
03
0.04
02
0.02 o1
t[s] t[s]
0.00002 0.00004 0.00006 0.00008 0.0001 20000 40000 60000 80000 100000
FIGURE 4 FIGURE 6
Behavior of the precursor concentration flux C(t) [n/cm?], Behavior of the neutron flux ¢(t) [n/(cm?.s)], critical case.
supercritical case, over the domain 10° <t <10™*.
significant after a brief delay. This distinction, evident in both
C(t) [n/em?] the current and previous figures, reinforces the importance of
accounting for delayed neutron dynamics when analyzing transient
reactor behavior.
8x 1016
6x1016 oy
5.2 Critical case
4x 1016
Figure 6 shows how the neutron flux ¢(f) behaves over a
2% 1016 long time period, from t=0 to t= 10° seconds, in a critical state
for which v} =%, =34x 1072, The flux stays almost constant
d t[s] throughout the entire simulation, settling around the initial value
0.00015 0.00020 0.00025 0.00030 ) CT o
0.7 [n/(cm”.s)]. This indicates that the system is in perfect
FIGURE 5 . s balance: the number of neutrons produced by fission matches
Behavior of the precursor concentration flux C(t) [n/cm?], . .
supercritical case, over the domain 10~ < t < 1055, those lost due to absorption or decay. Since Neumann-Neumann
boundary conditions are applied, there is no neutron leakage at

to 107* seconds, the concentration begins to rise noticeably
after approximately t=8x 107> seconds, eventually reaching a
value around 0.1 [n/cm?]. This gradual response reflects the
delayed nature of precursor production, which requires sustained
neutron flux to accumulate—a process that lags behind the more
immediate growth of the neutron flux observed earlier (as shown in
previous figures).

In Figure 5, which covers a slightly longer time domain
up to 1073°
precursor concentration undergoes rapid exponential growth,

seconds, the behavior changes significantly. The

exceeding 8% 10'° [n/cm?], shortly after t=3x10"* seconds.
This sharp increase is driven by the sustained high levels of
neutron flux, which continually fuel precursor production. Once
production dominates over decay, the concentration increases
rapidly without bound. While the absolute values reflect an
idealized scenario—due to the exclusion of feedback, leakage,
or absorption effects. Consequently, the underlying trend is
physically consistent with expected supercritical behavior. These
results highlight the time-scale separation between prompt and
delayed components in reactor kinetics. The neutron flux responds
almost instantaneously to changes in reactivity, whereas the
precursor population builds up more slowly, only becoming

Frontiers in Physics

the boundaries, which means this stable behavior is due only
to what’s happening inside the entire system. Figure 7 shows the
corresponding trend of the delayed neutron precursor concentration
C(t) under the same conditions. Just like the neutron flux, the
precursor concentration stays nearly unchanged—around the initial
value p¢, =0.00112 [n/cm?*]—throughout the simulation. This is
expected in a critical system, where the production of precursors is
balanced by their natural decay, leading to a steady-state condition.

5.3 Sub-critical case

In contrast, Figure 8 presents the sub-critical case, v) ;= 2.85x
1072, Y., =30x 1072, over a shorter period of time, from t=0 to
t = 50 seconds. Here, the neutron flux starts at 0.7 [n/(cm?.s)] and
decreases gradually, following a clear exponential trend, until it
drops to below 0.005 [n/ (cm?.s)]. Even though no neutrons escape
the domain, the system still shows a steady decline in neutron
population. This is simply because the rate of neutron production
is not enough to overcome absorption and decay as typical
as sub-critical conditions. Figure 9, describes how the precursor
concentration changes in the same sub-critical case and time range.
It starts at roughly 0.00112 [#/cm?] at t = 0, and gradually decreases
to less than 0.00005 [1/cm?] by the time t = 50 seconds. This drop in
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C(t) [n/cmz]

0.0012

0.0010

0.0008

0.0006

0.0004

0.0002

[s]

t
20000 40000 60000 80000 100000

FIGURE 7
Behavior of the precursor concentration flux C(t) [n/cm?],
critical case.

a(t) [n/(cmz's)]
0.7

0.6}
05t
04f
03f
02f

0.1F

M
; . - t[s]

10 20 30 40 50

FIGURE 8
Behavior of the neutron flux ¢(t) [n/(cm?.s)], sub-critical case.

(1) [n/em?]
0.0010]
0.0008 |
0.0006 |
0.0004 |
0.0002|

t[s]

FIGURE 9
Behavior of the precursor concentration flux C(t) [n/cm?],
sub-critical case.

concentration happens because the lower neutron flux can no longer
support the production of precursors, so they just decay over time
without being replaced.
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6 Conclusion

In this paper, a direct ansatz approach was applied to solve
the neutron diffusion system under Neumann-Neumann boundary
conditions (zero-flux gradient at boundary). An ansatz approach
was applied to exactly solve the governing system. Explicit time-
dependent solutions were obtained, where spatial variations violate.
Detailed physical explanation was discussed for the behavior
of the neutron flux and the precursor concentration under the
supercritical, the critical, and the sub-critical conditions. Although
the methodology is classic, it reflects the simplicity of the ansatz
approach to solve the current system under the boundary conditions
3 and 4. The presented simulation cases offer a clear and consistent
picture of neutron flux and precursor dynamics across different
reactivity conditions. In supercritical scenarios, the model captures
the sharp rise in neutron flux and the delayed buildup of precursors,
while critical conditions show stable behavior, and sub-critical
cases exhibit smooth decay over time. All results align well with
theoretical expectations and reflect the core physics of reactor
kinetics. The results revealed that the suggested approach was
computationally efficient and stable across a wide range of reactivity
levels. Overall, the model offers both theoretical clarity and practical
utility, making it a useful tool for early-stage reactor design, control
analysis, and safety assessment in systems where simplified kinetics
are appropriate. Although the present model assumes idealized
conditions: no neutron leakage, no feedback mechanisms, one-
group approximation and constant parameters, it can be viewed
as an application of the ansatz approach to solve a basic neutron
diffusion model under zero-flux conditions. To overcome such
limitations, the ansatz approach may deserve further extension
to analyze other complex forms (realistic reactor scenarios) of
the classical/fractional diffusion systems in the spherical and
hemispherical reactors in addition to other different geometries
subject to various physical factors [40-47].
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