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School mathematics comprises a diversity of concepts whose cognitive complexity is still poorly understood, a chief example being fractions. These are typically taught in middle school, but many students fail to master them, and misconceptions frequently persist into adulthood. In this study, we investigate fraction comparison, a task that taps into both conceptual and procedural knowledge of fractions, by looking at performance of highly mathematically skilled young adults. Fifty-seven Chilean engineering undergraduate students answered a computerized fraction comparison task, while their answers and response times were recorded. Task items were selected according to a number of mathematically and/or cognitively relevant characteristics: (a) whether the fractions to be compared shared a common component, (b) the numerical distance between fractions, and (c) the applicability of two strategies to answer successfully: a congruency strategy (a fraction is larger if it has larger natural number components than another) and gap thinking (a fraction is larger if it is missing fewer pieces than another to complete the whole). In line with previous research, our data indicated that the congruency strategy is inadequate to describe participants’ performance, as congruent items turned out to be more difficult than incongruent ones when fractions had no common component. Although we hypothesized that this lower performance for congruent items would be explained by the use of gap thinking, this turned out not to be the case: evidence was insufficient to show that the applicability of the gap thinking strategy modulated either participants’ accuracy rates or response times (although individual-level data suggest that there is an effect for response times). When fractions shared a common component, instead, our data display a more complex pattern that expected: an advantage for congruent items is present in the first experimental block but fades as the experiment progresses. Numerical distance had an effect in fraction comparison that was statistically significant for items without common components only. Altogether, our results from experts’ reasoning reveal nuances in the fraction comparison task with respect to previous studies and contribute to future models of reasoning in this task.
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INTRODUCTION

Rational numbers are key content in mathematics curricula throughout the world. They are usually taught after natural numbers and constitute students’ first approach to concepts such as non-whole quantities and dense sets (Vamvakoussi and Vosniadou, 2004). Learning rational numbers involves understanding multiple aspects such as rational number magnitude and novel algorithms for the arithmetic operations. Successful learning of some of these aspects (e.g., the notion of numerical magnitude) has been shown not only to correlate with future math achievement (Booth and Newton, 2012; Siegler et al., 2012; Booth et al., 2014; Torbeyns et al., 2015) but also to be linked to performance in a diversity of jobs (McCloskey, 2007; Handel, 2016; Liu and Fernandez, 2018) as well as to health outcomes and perception of health risks (Reyna and Brainerd, 2007). Therefore, it is not surprising that an increasing number of studies are focusing on the learning and understanding of fractions, within mathematics education (e.g., Cramer et al., 2019; Flores et al., 2019; Olfos and Rodríguez, 2019; Reinhold et al., 2020) as well as cognitive psychology and neuroscience (e.g., Avgerinou and Tolmie, 2019; Rossi et al., 2019; Stelzer et al., 2019; Cui et al., 2020).


Difficulties in the Learning of Rational Numbers

Fractions typically constitute the entrance point to the learning of rational numbers through the concept of parts of a whole, although rationals can be learned, and conceptualized in several other different ways (Kieren, 1976). Many studies attest to the difficulty that school children (e.g., Reys et al., 1982; Witherspoon, 2019) and even teachers (e.g., Depaepe et al., 2015) face in order to understand fractions and rational numbers in a mathematically and pedagogically mature manner. This conceptual diversity poses a major challenge to the scientific study of the cognitive processing of fractions (e.g., Bonato et al., 2007; Ischebeck et al., 2009; Schneider and Siegler, 2010; Gabriel et al., 2013a; Barraza et al., 2014).

Several early studies on the cognitive processing of fractions asked whether these numbers are mentally represented as approximate magnitudes (e.g., 1/2 as a magnitude located midway between 0 and 1 on a mental number line) or as pairs of natural numbers (e.g., 1/2 as the pair {1,2}, Bonato et al., 2007; Meert et al., 2010; Schneider and Siegler, 2010; Sprute and Temple, 2011). These studies, together with others in the field of numerical cognition (e.g., Kallai and Tzelgov, 2009; Gabriel et al., 2013b), suggest that fractions are not cognitively processed in an automatic manner, in sharp contrast with natural numbers (Moyer and Landauer, 1967; Henik and Tzelgov, 1982). A possible explanation of this difference is the fact that the standard notations for rational numbers and fractions include natural numbers within them, like a numerator, and a denominator. Kallai and Tzelgov (2012) suggested that the automatic processing of these natural number components hinders the ability to process automatically the fractions themselves.

Many school children and adults fail to recognize fractions as numbers that have a magnitude of their own, whether because of this increased complexity in cognitive processing or due to the lack of an adequate conceptual foundation (Ni and Zhou, 2005). This failure prevents them from working with fractions as holistic entities and allows them to use only strategies based on the fraction components, leading students to think about fractions in a naïve way as if their natural number components were isolated numbers. Many school children think, for instance, that 3/7 > 3/5 because 7 is greater than 5, or that 7/8 + 12/13 is approximately 19 or 21 (Reys et al., 1982; Ni and Zhou, 2005). This naïve generalization from natural to rational number knowledge has been taken as an indication that natural number knowledge interferes with the learning of rational numbers (Hartnett and Gelman, 1998).

Several researchers have proposed that a conceptual reorganization is needed to learn fractions and rational numbers successfully (Vamvakoussi and Vosniadou, 2004; Gabriel et al., 2013a; Van Hoof et al., 2017), a process that often generates cognitive conflict between the previous natural number’s, and the novel rational number’s knowledge (Van Dooren et al., 2015). The difficulties arising from the lack of such reorganization have been extensively investigated in the last decade, being often attributed to a whole number bias, or natural number bias (Ni and Zhou, 2005; Vamvakoussi et al., 2012; Van Hoof et al., 2013). Highly intuitive concepts from the natural number domain that do not exist in the rational number domain, such as successors and antecessors, may also contribute to this issue (Izard et al., 2008). Conversely, there are notions that are unique to the set of rational numbers, such as density (the fact that between any two given rational numbers, there are infinitely many other rational numbers). Rational number density is a particularly difficult concept to master (Vamvakoussi et al., 2012; McMullen et al., 2015; McMullen and Van Hoof, 2020), as it represents the logical opposite of the existence of antecessors and successors. In line with this, many mistakes made by school children relate to the incorrect application of the concepts of successor and antecessor to rational numbers, such as believing that between 1/5 and 4/5, there are only two other rationals (Vamvakoussi and Vosniadou, 2004).

Yet another issue contributing to the difficulty of learning fractions is that the numerical magnitude of a fraction is in some sense independent of the specific components of the fraction, since any fraction can be written in many different but equivalent forms (e.g., 2/3, 4/6, or 6/9). Children who view fractions as no more than a pair of natural numbers might particularly struggle with the notions of fraction equivalence and magnitude (Pearn and Stephens, 2004; Stafylidou and Vosniadou, 2004). On the other hand, people with a deep knowledge of fractions and rational numbers are able to focus on fraction magnitude beyond the fractions’ components (Obersteiner et al., 2013; DeWolf and Vosniadou, 2015).



Experts’ Performance

Performance in fraction comparison, as well as its possible relation to a natural number bias, has been investigated in populations displaying a variety of knowledge level: middle school students (Van Hoof et al., 2013; Gómez and Dartnell, 2019), mathematics teachers (Siegler and Lortie-Forgues, 2015), and experts (Bonato et al., 2007; Obersteiner et al., 2013; DeWolf and Vosniadou, 2015). Investigating the performance of mathematics experts when comparing fractions allows us to observe an advanced stage in the mathematics development process, informing us about the mature state of fraction knowledge.

Several tests have been proposed to measure knowledge related to fractions, mostly in school children populations (e.g., Gabriel et al., 2013a; Van Hoof et al., 2015). Whether these tests constitute a measure of expertise with fractions–beyond mere knowledge–applicable to both children and adults is, however, an open question. One way of studying fractions with expert populations is to work with undergraduate/graduate students of programs with high mathematical demands, who can be reasonably expected to be experts in elementary school mathematics. Early studies on fraction comparison such as Bonato et al. (2007) resorted to undergraduate students of engineering and physics. Obersteiner et al. (2013), instead, worked with professional mathematicians with a focus on investigating the emergence of a natural number bias in a fraction comparison task. They recruited professors, PhD students, and postdocs from mathematics, applied mathematics, and computer science departments.

The fraction comparison items used by Obersteiner et al. (2013) were categorized by means of two main dimensions: the presence or absence of a common component between the fractions, and the congruency relation between the mathematically correct answers and the answers expected from the application of a natural number bias. A fraction comparison item was called congruent if the numerically larger fraction had the larger numerator and denominator, incongruent if the numerically larger fraction had the smaller numerator and denominator, or neutral otherwise (see examples in Table 1). Results were consistent with a natural number bias in the experts’ answers when presented with fractions with a common component, as congruent items were answered more quickly than incongruent items. In contrast, comparing fractions that lacked a common component led to conflicting results, as congruent items were answered more slowly than incongruent ones. Although both differences in response times (RTs) were statistically significant, the one for items without common components vanished after the removal of a subset of “easy” items that affected mainly the set of congruent items (Obersteiner et al., 2013). This raises the question of whether the observed reversal of the congruency effect is an essential feature of experts’ fraction comparison or if it was due to the particular fraction comparison items chosen. Favoring the former option, a reanalysis of a group of fraction comparison datasets (Gómez and Dartnell, 2015) suggested that this reversed congruency effect is not an isolated finding.


TABLE 1. Item types and examples from the fraction comparison task.
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Bonato et al. (2007) provided data from expert and non-expert undergraduates, suggesting that the numerical distance between fractions played no role in comparative judgments of fractions. However, this interpretation has been called into question by later research (e.g., Schneider and Siegler, 2010; Sprute and Temple, 2011). Gabriel et al. (2013b) showed that adults may access fractions’ numerical magnitude depending on the task. Considering specifically math experts, another important study is that of Obersteiner et al. (2013), who aimed at understanding the role of congruency and numerical distance in fraction comparison in such a population. Their study, however, had two shortcomings. First, interpreting mathematical expertise as professional experience in academia strongly restricts the population under study. This leads to difficulties in recruiting participants but, more importantly, to questioning the extent to which the empirical results of such a specialized population generalize to broader populations (see Cipora et al., 2016, for an example where experts’ mathematical performance differs from the broader population). In this sense, the consideration of undergraduate or graduate students of programs with high mathematical demands holds interest.

Studying such a sample (undergraduates from a mathematics department), DeWolf and Vosniadou (2015) found a reversed congruency effect similar to the one reported by Obersteiner et al. (2013). Gómez and Dartnell (2019) presented a fraction comparison task to a large sample of middle school children and observed an association between high general mathematics achievement and a reversed congruency effect as well. Although these works have shown that mathematical expertise tends to be associated with a reversal of the congruency effect for fraction pairs with no common component, no satisfactory explanation for this association has been given.

A second issue relates to the way in which items are presented. Obersteiner et al. (2013) presented in separate blocks items with a common component and items without common components, potentially allowing experts to adapt their strategies for each of these item types. An alternative to blocked presentation is mixing item types within blocks, a manipulation shown to affect test outcomes in several experimental paradigms (e.g., Los, 1996; Odic et al., 2014). DeWolf and Vosniadou (2015) did not consider items with a common component in their design, and it is uncertain if Gómez and Dartnell (2019) results extend to adult populations. It is thus an open question if Obersteiner et al.’s (2013) results, particularly congruency effects, will be replicated when items with and without common components are presented in a mixed manner, as this manipulation may strongly influence participants’ strategy choices.



Strategies in Fraction Comparison

As mentioned above, the cognitive processing of fractions is not automatic (Kallai and Tzelgov, 2009; Gabriel et al., 2013b). Further evidence for this comes from the range of average RTs of fraction comparison tasks, within seconds (e.g., Bonato et al., 2007; Schneider and Siegler, 2010; Sprute and Temple, 2011; Vamvakoussi et al., 2012; Obersteiner et al., 2013). Therefore, fraction comparison is a task in which the use of strategies is highly relevant. Several works have observed or inferred variability both across and within participants in terms of the strategies that are used to solve the task (Pearn and Stephens, 2004; Clarke and Roche, 2009; Gómez and Dartnell, 2019). It is likely that people with a high level of mathematics expertise use a broad diversity of strategies to compare fractions, opening the question of whether some of these strategies could drive the reversal of the congruency effect.

Throughout this work, we understand strategies in the sense used by Siegler and Araya (2005), as “any goal-oriented, non-obligatory procedure, rather than in the more restricted sense of a conscious, rationally chosen procedure” (p. 3). An individual typically chooses strategies from a dynamic pool, based on specific item characteristics as well as the past performance associated to each strategy (Siegler, 1996; Siegler and Araya, 2005). In this sense, there are many strategies that students use to compare fractions. Some are explicitly taught at school, whereas others are spontaneously devised by them. Examples include benchmarking, which uses a well-known fraction magnitude as an anchor (e.g., 5/7 is larger than 3/8 because the latter is smaller than 1/2 while the former is larger than 1/2; Clarke and Roche, 2009; González-Forte et al., 2018; Obersteiner et al., 2020); naïve componential strategies such as the ones identified by Ni and Zhou (2005), where a fraction is deemed large if its components are large (see also Stafylidou and Vosniadou, 2004); and gap thinking (Pearn and Stephens, 2004; Mitchell and Horne, 2010, 2011; Barnett, 2016; Fagan et al., 2016), where a fraction is deemed large if the difference between its numerator and denominator (its gap) is small. Table 2 presents examples of fraction comparison items that are answered correctly or incorrectly for each of these three strategies, together with prototypical examples of reasoning.


TABLE 2. Example items and prototypical explicit reasoning corresponding to three possible strategies to compare fractions. Example items taken from Gómez and Dartnell (2019).
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Of particular interest to us is gap thinking, as it turns out to be a mathematically incorrect strategy (because it disregards the size of the parts missing to complete the whole) that leads to correct answers in a very large subset of the set of all possible fraction comparison items. For instance, in a task presented to expert mathematicians (Obersteiner et al., 2013), 84 out of 90 items would have been answered correctly by this strategy. In two of the remaining items, the fractions to be compared had the same gap, and in the other four, the larger fraction of each pair had a larger gap. DeWolf and Vosniadou (2015) presented a fraction comparison task to a group of mathematically skilled undergraduate students, where 24 out of the 30 items that involved proper fractions (those smaller than 1) could be answered correctly by using gap thinking.

Importantly for the understanding of the effect of congruency in the cognitive processing of fraction comparison, all the exceptional items—those for which gap thinking does not lead to the correct answer—belong to the same category: congruent items without common components. This is not due to biases in item selection in previous studies but, rather, due to a mathematical property that can be proved after formally defining the involved concepts (see the Supplementary Material). González-Forte et al. (2019) conducted a clustering analysis with fraction comparison data from primary and secondary school students and observed a cluster of students whose answers aligned with the gap thinking strategy. Interestingly, the size of this cluster represented about 30% of 10th grade students, indicating that gap thinking is used by a relevant proportion of the population. We therefore speculated that the reversed congruency effect for fraction pairs without common components documented in experts’ performance might be due to reliance on the gap thinking strategy.



The Present Study

The main question guiding this research was whether the conflicting results about congruency effects can be explained in a highly mathematically skilled population by gap thinking, namely, if experts’ lower performance in congruent than in incongruent fraction comparison items without common components can be explained by the use of this strategy. To the best of our knowledge, fraction comparison performance differences due to the gap relation between fractions have been approached from a qualitative perspective in educational research (e.g., Pearn and Stephens, 2004; Clarke and Roche, 2009), whereas congruency effects have been mostly studied from a quantitative perspective, and an approach closer to cognitive psychology (e.g., Obersteiner et al., 2013; Van Hoof et al., 2013). These differences in paradigms and research traditions raise difficulties for integrating the results of both lines of research into a coherent account.

In this work, we designed a fraction comparison task allowing us to analyze and contrast congruency and gap effects within a population of mathematical experts. Our study followed a similar methodology to Obersteiner et al.’s (2013) work, by presenting a computerized fraction comparison task to undergraduate engineering students of a highly selective faculty, including items that allowed us to disentangle those effects. Differently from that study, we used mixed rather than blocked ordering for the presentation of items in order to hinder participants’ reliance on strategies that are specifically tailored for items with or without common components.

As a secondary research question, we tested the role of the numerical distance between fractions in predicting participants’ RTs after eliminating the applicability of the 1/2-benchmark strategy, by using in all items only fractions below or above this value.




MATERIALS AND METHODS


Participants

Fifty-seven undergraduate students (39 men, 18 women) of a diversity of engineering programs participated in this study. The age of one participant was not recorded because of experimenter error. The others had an average age of 21.1 years (SD = 2.2, range = 19–31). All participants were recruited in the Faculty of Physical and Mathematical Sciences of Universidad de Chile (Santiago, Chile), one of the most selective schools of engineering in the country according to the national university selection tests.

The protocols of this research (part of a larger project, Fondecyt 1160188) were reviewed and approved by the Ethics Committee of the Faculty of Medicine of Universidad de Chile. Accordingly, participants signed an informed consent form and were rewarded with CLP 2,000 regardless of their performance in the task.



Task Items

Pairs of fractions to be compared were selected according to the following constraints: (a) denominators ranged from 31 to 99; (b) numerators ranged from 11 up to the corresponding denominator minus 11; (c) in each pair, both fractions were on the same side of 1/2 (either both above or both below); (d) whenever fractions had a different numerator and/or denominator, the numerical distance between these was at least 5; and (e) the numerical distance of fraction gaps for fraction pairs with different gaps was at least 5. Constraints (a) and (b) were aimed at discarding simple and common fractions (e.g., those with single-digit numerators and denominators that may be processed differently from other fractions, Liu, 2018) as well as fractions that are too close to 0 or to 1. Constraint (c) was included to avoid participants’ using the benchmarking-to-1/2 strategy. Finally, constraints (d) and (e) were included to have clear differences between items with the same numerator, denominator, or gap, and items with different ones. In addition, to reduce attempts at simplifying reducible fractions, we discarded all those fractions whose numerator and denominator had 2, 3, 5, or 11 as a common factor.

From all the possible fraction pairs fulfilling the above constraints, we randomly selected 180 pairs according to the following classifications: (a) presence/absence of a common numerator or denominator; (b) congruency: congruent, incongruent, or neutral pairs; (c) applicability of gap thinking: pairs in which gap thinking leads to the correct answer or to the incorrect answer, or pairs in which both fractions have the same gap; and (d) numerical distance between the two fractions: small (about 0.10), medium (about 0.17), and large (about 0.24). The number of items selected for each type, together with examples, is presented in Table 1 (the full set of items is included in the Supplementary Material as Supplementary Table S1).



Procedure

The fraction comparison task was presented in a computerized format, in the computer science classrooms of the faculty. The task was program using Python 2.7 and Pygame 1.9.1. Fraction pairs were presented in three blocks of 60 pairs each, and participants were randomly assigned to one of ten possible item orderings. For each ordering, the different item types were presented in an interleaved manner, and the location of the correct answer (left/right) was randomized taking care that the correct answer was not on the same side of the screen for more than three consecutive items.

Each item started with the presentation of the question “Which of these fractions is LARGER?” (in Spanish) and a fixation dot in the middle of the screen for 500 ms. Then the two fractions were presented side by side, and they remained on the screen until the participant answered using the keys Q or P (left/right fraction, respectively) or until a time limit of 10 s was reached. If this limit was reached, the item was considered as omitted. A blank screen followed for 1 s before displaying the next item.



Data Analysis

Statistical analyses were conducted using R (64-bit) 3.4.1, running in R-Studio 1.1.447. Accuracy rates were computed based on non-omitted items only. Average RTs were computed considering only items that were answered correctly. General data manipulation was done with the help of the package dplyr, version 0.8.0.1 (Wickham et al., 2019).

We used analyses of deviance, a generalization of analysis of variance for generalized linear mixed regression models, for the study of accuracy rates and RTs as a function of diverse fixed factors (e.g., congruency), considering both participants and items as random factors. These generalized linear mixed models were analyzed using the package lme4, version 1.1–13 (Bates et al., 2015), and the fixed factors’ statistical significance was assessed using Wald’s X2 type III tests as implemented in the package car, version 2.1–5 (Fox and Weisberg, 2011). The statistical significance of regression coefficients for the analysis of the effect of numerical distance on RTs was assessed using Satterthwaite approximations of the tests’ degrees of freedom as implemented in the package lmerTest, version 2.0–33 (Kuznetsova et al., 2017).

The raw data analyzed in this manuscript, as well as the analysis script, are available as Supplementary Material.




RESULTS

We excluded from the analysis one participant who omitted 24 out of the 180 items (13.3%). The remaining 56 participants omitted, on average, 2.3 items, or 1.3% of the total (SD = 1.6%, range = 0%–6.1%).


Overall Performance

Table 3 presents descriptive statistics for accuracy and RTs. For both measures, performance was significantly better when fractions shared a common component [accuracy (acc): 98% vs. 91%, t(55) = 10.0, p < 0.0001; RT: 2,795 ms vs. 4,009 ms, t(55) = 14.6, p < 0.0001].


TABLE 3. Overall performance in the fraction comparison task. Standard deviations in parentheses.
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We also looked at item-level variability, in order to understand the degree of consistency between participants’ performance for different items within each category. Figure 1 depicts average accuracy rates and RTs for all items, revealing that some item types displayed a much higher variability than others. We quantified this dispersion by computing median absolute deviations (MADs; a robust alternative to SDs) for each item type. Overall, items with a common component showed the lowest MADs, whereas congruent and incongruent items without common components exhibited the highest MADs, with neutral items in between (see Table 4).


TABLE 4. Median absolute deviations (MADs) for all items within each type.
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FIGURE 1. Accuracy rates and response times (RTs) for all items. Mean accuracies (top) and RTs (bottom) separately for each item of the fraction comparison task. Different shapes represent different item types, from left to right: congruent with a common component, incongruent with a common component, congruent without common component (gap thinking leads to correct answer), congruent without common component (gap thinking leads to incorrect answer), congruent without common component (both fractions have the same gap), incongruent items without common components, and neutral items without common components.


Although it is not the focus of the present work to contrast our findings with a non-expert group, as part of the larger project in which this research took place, we also gathered data from such a population. The average accuracy rate in this non-expert sample was 76% (SD = 22%; data not published), supporting the consideration of engineering students as an expert sample.



Congruency Effects

We computed average accuracies and RTs for each of the item types defined by components and congruency (see Table 5). Interesting contrasts emerged when comparing our data with those of Obersteiner et al.’s (2013) mathematicians. Our participants were about 10% less accurate when responding to congruent items without common components and about 800–900 ms slower when responding to items with a common component. This pattern of differences may be partly explained by item presentation: Obersteiner et al. (2013) presented items with and without common components in separate blocks, allowing mathematicians to apply componential strategies that are tailored for items with a common component, allowing them to answer these items more quickly.


TABLE 5. Performance by components and congruency.
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The statistical analysis of accuracy rates revealed a significant interaction between components and congruency [X2(1) = 3.9, p = 0.05]. This interaction reflects the fact that congruent and incongruent items were answered with similar accuracy when items shared a common component [t(55) = 0.2, p = 0.83], but congruent items without common components were answered less correctly than their incongruent counterparts [t(55) = 2.9, p = 0.005]. A similar analysis for RTs showed a significant interaction as well [X2(1) = 5.7, p = 0.02], stemming from a non-significant advantage for congruent items when items share a common component [t(55) = 1.7, p = 0.09], and a significant advantage for incongruent items when items lack common components [t(55) = 3.2, p = 0.002].

Looking at the individual level, we observed that 16 participants obtained higher accuracies in congruent than in incongruent items with a common component, whereas 12 participants showed the opposite pattern. In contrast, the relation for items without common components reversed to 21 vs. 32 participants. As for RTs in the common component case, 35 participants exhibited quicker responses to congruent items and 21 participants quicker responses to incongruent items, whereas in the non-common component case, this relation reverses to 19 vs. 37 participants. Fisher’s exact tests for count data indicated that the reversal for accuracy rates was not significant (odds ratio = 2.01, p = 0.16), while that of RTs was significant (odds ratio = 3.21, p = 0.004).

The analysis of neutral items, compared to the other items without common components, showed significantly greater accuracy rates and smaller RTs than both congruent [acc: t(55) = 7.8, p < 0.0001; RT: t(55) = 6.0, p < 0.0001] and incongruent [acc: t(55) = 7.7, p < 0.0001; RT: t(55) = 5.1, p < 0.0001] items.

In contrast with previous studies (Vamvakoussi et al., 2012; Obersteiner et al., 2013), our RT data showed a non-significant difference between congruent and incongruent items with a common component. Given that this result has consistently emerged in the past, we conducted a post hoc exploration by looking at items with a common component presented during the first and last blocks of the testing session (each block contained 60 items in total; see Supplementary Table S2 in the Supplementary Material). Whereas accuracies showed no relevant changes between these blocks, RTs for items with a common component displayed a significant interaction between block and congruency [X2(1) = 11.7, p = 0.0006], reflecting the presence of a significant advantage for congruent items in the first experimental block [t(55) = 3.2, p = 0.002] but not in the last block [t(55) = 0.15, p = 0.88; see Figure 2].


[image: image]

FIGURE 2. Response times by components, congruency, and experimental block. Mean RTs for each of the item types defined by components (white: with a common component, black: without) and congruency (■: congruent, •: incongruent, and ▲: neutral), separately for items in the first and last experimental blocks. Vertical bars depict 95% confidence intervals.


Regarding RTs for items without common components, our data showed the expected reversed congruency effect: congruent items were answered more slowly than incongruent items (see also Obersteiner et al., 2013; DeWolf and Vosniadou, 2015). A post hoc exploration comparing the first and last blocks of items suggests that this difference remained unchanged throughout the experimental session, as there was no significant interaction between block and congruency [X2(2) = 0.9, p = 0.64].



Congruency Effects and Gap Thinking

Obersteiner et al. (2013) suggested that the reversed congruency effect for items without common components stemmed from specific items, particularly those where one fraction had a numerator 1 or 2 units smaller than its corresponding denominator (i.e., where one of the fractions had a gap of 1 or 2). After discarding these items, the reversed congruency effect they observed was no longer statistically significant. Our item set was chosen so that no fraction had a gap smaller than 11 [see constraint (b) in the section “Task Items”], allowing us to exclude this alternative explanation, but still our data revealed a significant reversed congruency effect. To dig into a possible cause of this difference, we asked whether the applicability of the gap thinking strategy made a difference in participants’ responses, by computing accuracy rates and RTs for congruent items without common components separately for those in which gap thinking leads to the correct answer and to the incorrect answer, and for items in which both fractions have the same gap (see Table 6). We remind the reader that these three possibilities can only occur in the case of congruent items without common components, while for all the other item types, gap thinking always leads to the correct answer.


TABLE 6. Performance by gap type.
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Against our hypothesis, the applicability of gap thinking had no significant effect on either participants’ accuracy rates [X2(2) = 1.7, p = 0.44] or RTs [X2(2) = 5.0, p = 0.08]. A post hoc analysis of RTs showed that participants took significantly less time to answer items where gap thinking leads to the correct answer (i.e., where the larger fraction has the smaller gap) with respect to items where gap thinking leads to the incorrect answer [t(55) = 3.7, p = 0.0005] or to items where both fractions share the same gap [t(55) = 3.6, p = 0.0006], whereas the latter two item types did not statistically differ from one another [t(55) = 0.6, p = 0.56]. The lack of statistical significance of gap in the linear mixed model for RTs, as it includes random factors, suggested the presence of a high variability in RTs across items within the gap item types. This was confirmed by computing the intraclass correlation coefficient, ICC = 0.11, indicating a very low similarity of RTs within each type.

Looking at the individual level, the relation between participants who had better accuracy in items where gap thinking leads to the correct vs. to the incorrect answer and vice versa was 28:18 (p = 0.18, binomial test). For RTs, this relation was 38:18 (p = 0.01). The corresponding figures for the contrast between items where gap thinking leads to the correct answer vs. items in which gap thinking is uninformative are 22:20 (accuracies, p = 0.88) and 40:16 (RTs, p = 0.002).

As a final post hoc analysis, we regressed RTs on the distance between fractional gaps for each item type, leading to no significant effects [items where gap thinking leads to correct answer: b = −63, SE = 29, t(9.8) = −2.2, p = 0.06; items where gap thinking leads to the incorrect answer: b = 1, SE = 21, t(10.1) = 0.1, p = 0.95].



Numerical Distance

As a final analysis, we investigated the effect of numerical distance on participants’ RTs. Since all our items were chosen so that both fractions were either above or below 1/2, our test of this effect is less affected than previous studies by participants’ use of strategies such as benchmarking against 1/2. We computed average RTs for each level of numerical distance present in our item set, categorized into small, medium, and large distances (approx. 0.10, 0.17, and 0.24, respectively; see Table 1 for examples). Overall, there is a significant effect of numerical distance [X2(1) = 8.8, p = 0.003; RTs for items with small, medium, and large distances were 3,655, 3,512, and 3,303 ms, respectively]. However, as Figure 3 shows, this effect was markedly different for items with and without common components. Table 7 presents the results of linear regressions applied separately to each combination of components and congruency, showing that although RTs for all item types tend to decrease with increasing numerical distance, this change is only statistically significant for items without common components.


TABLE 7. Response time regressions for fractional numerical distance, by components and congruency.
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FIGURE 3. Response times by components, congruency, and numerical distance. Mean RTs for each of the item types defined by components (white: with a common component, black: without) and congruency (■: congruent, •: incongruent, and ▲: neutral), separately for each of the three possible numerical distances between fractions (small, medium, and large). Vertical bars depict 95% confidence intervals.


Following previous studies (Bonato et al., 2007; Obersteiner et al., 2013), we also looked at the effect of fractional numerical distance as opposed to that of the distances between fraction components (numerators and denominators). Table 8 presents the outcome of multiple regressions for RTs of items without common components, considering numerator and denominator distances in addition to fractional numerical distance. The only case in which numerical distance explained RTs above and beyond componential numerical distance was that of incongruent items. For neutral items, in contrast, statistical significance was reached for the denominator distance only. This suggests that for these items, the effect of numerical distance on RTs is mediated by the denominator distance.


TABLE 8. Response time regressions for fractional and componential numerical distance, by congruency.
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DISCUSSION

We presented a fraction comparison task to a sample of undergraduate engineering students to test the role of different item characteristics and strategies in their performance. We measured accuracy rates and RTs to a set of fraction comparison items that were categorized in terms of the presence of a common component, congruency, the applicability of gap thinking, and numerical distance. Our data aligned in some respects with previously reported results but also revealed interesting nuances.


Variability at the Individual and Item Levels

Our data show important variability at both the individual and the item levels. Particularly regarding response accuracies, variability within item types seems much larger than in other fraction comparison studies such as the one with middle school children by Gómez and Dartnell (2019; see Figure 1 therein). While variability at the individual level has traditionally been considered in statistical inference, variability at the item level has not been fully acknowledged until more recently (Baayen et al., 2008; Bates et al., 2015). Mixed-effects regression models allow researchers to consider the variability that stems from the random selection of participants and of items simultaneously, by means of random factors. In our statistical analyses of congruency, gap, and numerical distance effects, the inclusion of random factors for items allowed us to assess whether our effects of interest were robust enough so as to be generalizable to novel items from the same item population. While the statistical significance of the majority of our results was unaffected by the inclusion of these random factors, it is worth commenting that the gap effect reported in section “Congruency effects and gap thinking,” was significant without the item random factor but non-significant with it. We interpret this change in results between both analyses as revealing that, despite the presence of a significant gap effect within our specific item set, there is not enough evidence that this effect may generalize to novel, similarly constructed items. Alternatively, it is also possible that gap thinking is not consistently used across items. Nonetheless, our results suggest that outcomes like the reversed congruency effect for items without common components can be expected to generalize to novel items.



The Presence of Common Components and Strategy Selection

Obersteiner et al. (2013) presented items with and without common components in different blocks (see also Vamvakoussi et al., 2012), whereas we intermixed all item types within blocks. We expected mixed ordering to reduce participants’ reliance on strategies that are specific for items with a common component. Although participants in our study took longer overall to answer common component items than in the previous studies, they performed significantly better than in items without common components. This indicates that these highly skilled participants can flexibly adapt and use component-based strategies within the time frame allowed in our design.



Congruency Effects

As in many previous studies, congruent items with a common component tended to be easier than the corresponding incongruent items (Vamvakoussi et al., 2012; Obersteiner et al., 2013; Gómez and Dartnell, 2015, 2019). This difference, however, was not statistically significant in our data. A more careful analysis, considering the degree of progress of the experimental session, showed that this congruency effect was present in the first block (items 1–60) but became negligible in the last one (items 121–180), indicating that the advantage for congruent items depends on the participants’ level of practice with the task, and/or on task-specific strategies that participants may develop throughout the experimental session.

In the case of pairs where fractions lack a common component, our results confirmed the presence of a reversed congruency effect by showing that congruent items were answered less correctly and more slowly than incongruent items (DeWolf and Vosniadou, 2015; Gómez and Dartnell, 2015, 2019). Individual-level data confirmed this reversed pattern. Whereas in Obersteiner et al.’s (2013) study, this reversed effect could have been explained by the presence of a subset of “easy” items where one of the fractions had a very small gap, this confound does not apply to our set of items. This provides further evidence that the reversed congruency effect is a robust finding that needs to be considered in theories about the cognitive processing of fraction comparison in the context of highly skilled individuals.

It is also relevant to notice that neutral items turned out to be easier (in terms of both accuracy and RT) than both congruent and incongruent items, an outcome that has also been reported previously (e.g., Obersteiner et al., 2013) but not discussed in depth so far. Our analysis of numerical distance effects suggests that this advantage follows from a component-based strategy used specifically for neutral items, as the effect of fractional numerical distance on RTs for these items was modulated by that of denominator distance.



Congruency Effects and Gap Thinking

As a possible explanation to the reversed congruency effect observed in items without common components, we investigated the role of gap thinking in young experts’ mental processes during fraction comparison. Although mathematically incorrect, gap thinking leads to the correct answer in a very high proportion of cases: out of the 1,101,230 possible fraction pairs that fulfilled the constraints described in section “Materials and Methods,” 84% are answered correctly by gap thinking. Moreover, all items that fail to be answered correctly by this strategy are categorized into one of our main item types: congruent items without common components. Therefore, while it is unclear if it is representative of the fraction comparison items that students are actually presented with in the classroom, gap thinking needs to be explicitly considered in the cognitive study of fraction comparison.

Our data showed that accuracy rate variations due to the applicability of gap thinking were minimal and not statistically significant. RTs, on the other hand, seemed to be affected by gap type, but this effect did not reach statistical significance. Pairwise post hoc comparisons suggested, however, that there are significant differences between items in which gap thinking leads to the correct answer and the other two types, implying that the lack of significance of the omnibus test could be a matter of statistical power (due, for instance, to the low intraclass correlation found in RTs across gap types).

An absence of a gap effect both in accuracy rates and in RTs (or a very low effect size) would indicate that, against our expectations, the impaired performance in congruent items without common components is not due to participants using gap thinking. This is consistent with the negative result showing that RTs were not modulated by the numerical distance between fractional gaps. It is possible, nonetheless, that participants do not use gap thinking frequently or consistently enough for gap effects to reach statistical significance (it is worth noting that individual-level data supported a gap effect). Variability in strategy use is inherent to models such as Siegler’s (1996) overlapping waves model, and we can take it as an indication that young experts do not consider (whether consciously or not) fractional gaps consistently for strategy selection in fraction comparison. A promising line of inquiry for further research is that used by González-Forte et al. (2018) with school children, who complemented a fraction comparison task similar to ours with post-task interviews in order to probe participants’ reliance on the gap thinking strategy.



Numerical Distance

Our data also replicated previously documented numerical distance effects (Schneider and Siegler, 2010; Sprute and Temple, 2011; Obersteiner et al., 2013; DeWolf and Vosniadou, 2015), by showing that items in which fractions are numerically farther apart were quicker to answer. In comparison to these previous studies, the set of items used here controlled for a number of characteristics that strengthen our conclusion. Among these characteristics, the most prominent is that all items were chosen to avoid participants’ use of the benchmarking-to-1/2 strategy.

To further investigate the numerical distance effect for items without common components, we also conducted multiple regressions to pit the effect of numerical distance against that of the distances between fraction components. While items without common components all showed an effect of numerical distance when considered as the only predictor, the addition of componential distances into the models led to very different outcomes. For congruent items, all three predictors fell short of statistical significance. For incongruent items, the effect of numerical distance remained significant after the inclusion of componential distances, suggesting that participants’ reliance on numerical distance is more consistent in this item type. In terms of strategy selection, this could be interpreted as a higher activation of strategies related to numerical distance because of a lower activation of component-based strategies. Finally, for neutral items, the significant effect of numerical distance when considered alone was linked to a significant effect of denominator distance in the multiple regression. This indicates that the numerical distance effect is in this case mediated by the denominator distance and may be the reason why neutral items were answered more quickly than the other item types lacking common components.



The Fraction Comparison Process

Fraction comparison is a complex cognitive process, and while it has been extensively investigated in the mathematics education literature, cognitive psychology research has focused on it only during the past decade. In this period, the effect of several item characteristics, such as the presence/absence of a common component (Meert et al., 2009; Barraza et al., 2014), congruency (Ischebeck et al., 2009; Vamvakoussi et al., 2012; DeWolf and Vosniadou, 2015; Gómez and Dartnell, 2019), and numerical distance (Bonato et al., 2007; Schneider and Siegler, 2010; Sprute and Temple, 2011; Obersteiner et al., 2013), have been explored. Nonetheless, research has also shown that item and task characteristics are not enough to explain fraction comparison performance and that individual differences and strategies need to be taken into account (Hallett et al., 2010; McMullen et al., 2018; Gómez and Dartnell, 2019). Our research contributes in this direction, investigating in a more systematic way than previous studies one interaction between item characteristics and strategies, specifically that of congruency and gap thinking.


The Congruency Account

Congruency has been hypothesized by several researchers as a relevant dimension to understand fraction comparison and other fraction tasks (Ischebeck et al., 2009; Vamvakoussi et al., 2012; Obersteiner et al., 2013; Gómez et al., 2014). However, the evidence for its role in explaining people’s fraction comparison performance is mixed. While congruency is a very strong predictor of school children’s answers in the early stages of learning, where accuracy rates are highly affected by congruency even regardless of the presence of a common component (Gómez et al., 2014; Gómez and Dartnell, 2019), data from skilled individuals and experts have shown a reversed effect (Obersteiner et al., 2013; DeWolf and Vosniadou, 2015; Gómez and Dartnell, 2019). In this study, we confirmed the presence of this reversed effect using a more controlled item set than these previous works and others. This outcome is problematic for the consideration of congruency as a theoretically relevant dimension in experts’ cognitive processes for comparing fractions (see a similar argument by DeWolf and Vosniadou, 2015). While congruency remains correlated with fraction comparison performance when fractions lack common components (i.e., it explains variability in experts’ accuracies and RTs), its conceptual foundation falls apart as it predicts a wrong direction for the effect. Our results might even imply that the congruency effect for fraction pairs with a common component is not as robust as previously expected, as our analysis for the first and third blocks of the experimental session suggests that it may vanish with extended task practice. Altogether, while it is undeniable that congruency correlates with experts’ performance in fraction comparison, it is conceptually unsuccessful in explaining this performance.

As an alternative account for the reversed congruency effect, we explored the role of gap thinking, although results did not align with our expectations. Neither accuracy rates nor RTs were significantly modulated by the applicability of gap thinking, although RTs showed interesting pairwise differences in a post hoc analysis as well as in individual-level data. Further research is needed to clarify whether this mixed outcome for RTs is a matter of statistical power or an actual lack of effect. Our data show that the three gap item types have a very low intraclass correlation, indicating that a large share of variance comes from item-specific effects rather than from item types.

Note that even if we considered our RT results as a positive indication of the use of gap thinking, the reduced accuracy for congruent items without common components would remain unexplained. Such reduced accuracies have been documented before, not only with adult experts (DeWolf and Vosniadou, 2015) but also with high-achieving middle schoolers (those in cluster B in Gómez and Dartnell, 2019), showing that this is not an isolated finding and that it needs to be directly addressed in future research.

It is possible that other strategies, not considered in our design, produce this pattern of results. One possibility is a “larger denominator, smaller fraction” strategy (Gómez et al., 2014), which systematically leads to the incorrect answer for congruent items without common components and to the correct answer for all incongruent and neutral items. Additional support for this strategy comes from the significant denominator distance effect we observed for RTs to neutral items. However, the outcomes of this strategy are highly correlated with those of congruency: just like gap thinking, it leads to correct answers for all incongruent and neutral items, but it leads systematically to incorrect answers in congruent items without common components and to no answer for congruent items with a common component (i.e., fraction pairs with the same denominator). It is therefore very difficult to draw conclusions about this strategy based on our item set and data.



Numerical Distance Effects

Numerical distance effects have often been considered as evidence of someone’s ability to access the numerical magnitude of fractions (e.g., Bonato et al., 2007; Schneider and Siegler, 2010; Sprute and Temple, 2011). Our data call into question this association, as component-based strategies may also lead to numerical distance effects, adding to the increasing evidence suggesting that working with fraction magnitude is better understood as a process based on strategies rather than on automatic access to a numerical magnitude (Kallai and Tzelgov, 2012; Gabriel et al., 2013b). Recent evidence by Binzak and Hubbard (2020) challenged this account by observing numerical distance effects when allowing participants much shorter time windows to answer each item, a finding that deserves further research for both its theoretical and practical implications.




Final Remarks

Our study provided fraction comparison data from a highly mathematically skilled population to understand the role of several item characteristics and strategies: congruency, gap thinking, and numerical distance. Results confirm previous outcomes that congruency effects fail to conceptually explain skilled participants’ performance, and also discard a possible alternative explanation represented by gap thinking. Regarding numerical distance in fraction comparison, our study revealed significant effects for items without common components even after controlling for specific strategies such as benchmarking against 1/2. A closer examination, however, reveals a complex pattern where this effect is only robust for one item type, and for another type, it is mediated by denominator distance.

Altogether, this work contributes to our knowledge of the interaction between item characteristics and strategies in the fraction comparison task, helping to unveil the great complexity hidden behind middle school mathematical content. At the same time, our results reveal that item-level variability is important within items without common components, and future work is needed to uncover its sources.




DATA AVAILABILITY STATEMENT

The full set of data reported in this study and the analysis script are available in the Open Science Foundation servers at https://osf.io/nhtkw/.



ETHICS STATEMENT

The studies involving human participants were reviewed and approved by Comité de Ética de Investigación en Seres Humanos, Facultad de Medicina, Universidad de Chile. The participants provided their written informed consent to participate in this study.



AUTHOR CONTRIBUTIONS

PD and DG contributed the conception and design of the study. NM and DG collected the data. NM organized the database. DG performed the statistical analysis. NM wrote the first draft of the manuscript. All authors contributed to manuscript revision and read and approved the submitted version.



FUNDING

The research leading to these results has been supported by the programs ANID/Fondecyt (grant 1160188, awarded to DG) and ANID/PIA/Basal Funds for Centers of Excellence (grants FB0003-CIAE and AFB170001-CMM).



ACKNOWLEDGMENTS

The authors thank Eduardo Díaz and Héctor Díaz, for their work in data collection and project administration, as well as anonymous reviewers.



SUPPLEMENTARY MATERIAL

The Supplementary Material for this article can be found online at: https://www.frontiersin.org/articles/10.3389/fpsyg.2020.01190/full#supplementary-material



REFERENCES

Avgerinou, V. A., and Tolmie, A. (2019). Inhibition and cognitive load in fractions and decimals. Br. J. Educ. Psychol. doi: 10.1111/bjep.12321 [Epub ahead of print].

Baayen, R. H., Davidson, D. J., and Bates, D. M. (2008). Mixed-effects modeling with crossed random effects for subjects and items. Journal of Memory and Language 59, 390–412. doi: 10.1016/j.jml.2007.12.005

Barnett, J. E. (2016). Transitioning Students from the Area Model to the Number Line Model When Developing Fraction Comparison Strategies. MSU Graduate thesis, Missouri State University, Springfield, MO.

Barraza, P., Gómez, D. M., Oyarzún, F., and Dartnell, P. (2014). Long-distance neural synchrony correlates with processing strategies to compare fractions. Neurosci. Lett. 567, 40–44. doi: 10.1016/j.neulet.2014.03.021

Bates, D., Mächler, M., Bolker, B., and Walker, S. (2015). Fitting linear mixed-effects models using lme4. J. Stat. Softw. 67, 1–48.

Binzak, J. V., and Hubbard, E. M. (2020). No calculation necessary: accessing magnitude through decimals and fractions. Cognition 199:104219. doi: 10.1016/j.cognition.2020.104219

Bonato, M., Fabbri, S., Umiltà, C., and Zorzi, M. (2007). The mental representation of numerical fractions: Real or integer? J. Exp. Psychol. Hum. Percept. Perform. 33, 1410–1419. doi: 10.1037/0096-1523.33.6.1410

Booth, J. L., and Newton, K. J. (2012). Fractions: Could they really be the gatekeeper’s doorman? Contemp. Educ. Psychol. 37, 247–253. doi: 10.1016/j.cedpsych.2012.07.001

Booth, J. L., Newton, K. J., and Twiss-Garrity, L. K. (2014). The impact of fraction magnitude knowledge on algebra performance and learning. J. Exp. Child Psychol. 118, 110–118. doi: 10.1016/j.jecp.2013.09.001

Cipora, K., Hohol, M., Nuerk, H.-C., Willmes, K., Brozek, B., Kucharzyk, B., et al. (2016). Professional mathematicians differ from controls in their spatial-numerical associations. Psychol. Res. 80, 710–726. doi: 10.1007/s00426-015-0677-6

Clarke, D., and Roche, A. (2009). Students’ fraction comparison strategies as a window into robust understanding and possible pointers for instruction. Educ. Stud. Math. 72, 127–138. doi: 10.1007/s10649-009-9198-9

Cramer, K., Monson, D., Ahrendt, S., Wyberg, T., Pettis, C., and Fagerlund, C. (2019). Reconstructing the unit on the number line: tasks to extend fourth graders’ fraction understandings. Investig. Math. Learn. 11, 180–194. doi: 10.1080/19477503.2018.1434594

Cui, J., Li, L., Li, M., Siegler, R., and Zhou, X. (2020). Middle temporal cortex is involved in processing fractions. Neurosci. Lett. 725:134901. doi: 10.1016/j.neulet.2020.134901

Depaepe, F., Torbeyns, J., Vermeersch, N., Janssens, D., Janssen, R., Kelchtermans, G., et al. (2015). Teachers’ content and pedagogical content knowledge on rational numbers: a comparison of prospective elementary and lower secondary school teachers. Teach Teach. Educ. 47, 82–92. doi: 10.1016/j.tate.2014.12.009

DeWolf, M., and Vosniadou, S. (2015). The representation of fraction magnitudes and the whole number bias reconsidered. Learn. Instr. 37, 39–49. doi: 10.1016/j.learninstruc.2014.07.002

Fagan, E. R., Tobey, C. R., and Brodesky, A. R. (2016). Targeting instruction with formative assessment probes. Teach. Child. Math. 23, 146–157.

Flores, R., Inan, F. A., Han, S., and Koontz, E. (2019). Comparison of algorithmic and multiple-representation integrated instruction for teaching fractions, decimals, and percent. Investig. Math. Learn. 11, 231–244. doi: 10.1080/19477503.2018.1461050

Fox, J., and Weisberg, S. (2011). An R Companion to Applied Regression, 2nd Edn. Thousand Oaks CA: Sage.

Gabriel, F., Coché, F., Szucs, D., Carette, V., Rey, B., and Content, A. (2013a). A componential view of children’s difficulties in learning fractions. Front. Psychol. 4:715. doi: 10.3389/fpsyg.2013.00715

Gabriel, F., Szucs, D., and Content, A. (2013b). The mental representations of fractions: adults’ same-different judgments. Front. Psychol. 4:385. doi: 10.3389/fpsyg.2013.00385

Gómez, D. M., and Dartnell, P. (2015). “Is there a natural number bias when comparing fractions without common component? A meta-analysis,” in Proceedings of the 39th Psychology of Mathematics Education Conference, Vol. 3, eds K. Beswick, T. Muir, and J. Fielding-Wells (Hobart: PME), 1–8.

Gómez, D. M., and Dartnell, P. (2019). Middle schoolers’ biases and strategies in a fraction comparison task. Int. J. Sci. Math. Educ. 17, 1233–1250. doi: 10.1007/s10763-018-9913-z

Gómez, D. M., Jiménez, A., Bobadilla, R., Reyes, C., and Dartnell, P. (2014). “Exploring fraction comparison in school children,” in Proceedings of the Joint Meeting of PME 38 and PME-NA 36, Vol. 3, eds S. Oesterle, P. Liljedahl, C. Nicol, and D. Allan (Vancouver: PME), 185–192.

González-Forte, J. M., Fernández, C., and Van Dooren, W. (2018). “Gap and congruency effect in fraction comparison,” in Proceedings of the 42nd Conference of the International Group for the Psychology of Mathematics Education, Vol. 2, eds E. Bergqvist, M. Österholm, C. Granberg, and L. Sumpter (Umeå: PME), 459–466.

González-Forte, J. M., Fernández, C., Van Hoof, J., and Van Dooren, W. (2019). Various ways to determine rational number size: an exploration across primary and secondary education. Eur. J. Psychol. Educ. doi: 10.1007/s10212-019-00440-w [Epub ahead of print].

Hallett, D., Nunes, T., and Bryant, P. (2010). Individual differences in conceptual and procedural knowledge when learning fractions. J. Educ. Psychol. 102, 395–406. doi: 10.1037/a0017486

Handel, M. J. (2016). What do people do at work? J. Lab. Mark. Res. 49, 177–197.

Hartnett, P., and Gelman, R. (1998). Early understandings of number: Paths or barriers to the construction of new understandings? Learn. Instr. 8, 341–374. doi: 10.1016/s0959-4752(97)00026-1

Henik, A., and Tzelgov, J. (1982). Is three greater than five: the relation between physical and semantic size in comparison tasks. Mem. Cogn. 10, 389–395. doi: 10.3758/bf03202431

Ischebeck, A., Schocke, M., and Delazer, M. (2009). The processing and representation of fractions within the brain: an fMRI investigation. Neuroimage 47, 403–413. doi: 10.1016/j.neuroimage.2009.03.041

Izard, V., Pica, P., Spelke, E. S., and Dehaene, S. (2008). Exact equality and successor function: two key concepts on the path towards understanding exact numbers. Philos. Psychol. 21, 491–505. doi: 10.1080/09515080802285354

Kallai, A. Y., and Tzelgov, J. (2009). A generalized fraction: an entity smaller than one on the mental number line. J. Exp. Psychol. Hum. Percept. Perform. 35, 1845–1864. doi: 10.1037/a0016892

Kallai, A. Y., and Tzelgov, J. (2012). When meaningful components interrupt the processing of the whole: the case of fractions. Acta Psychol. 139, 358–369. doi: 10.1016/j.actpsy.2011.11.009

Kieren, T. E. (1976). “On the mathematical, cognitive, and instructional foundations of rational numbers,” in Number and Measurement: Papers from a Research Workshop, ed. R. Lesh (Columbus, OH: ERIC/SMEAC), 101–144.

Kuznetsova, A., Brockhoff, P. B., and Christensen, R. H. B. (2017). lmerTest package: tests in linear mixed effects models. J. Stat. Softw. 82, 1–26.

Liu, F. (2018). Mental representation of fractions: it all depends on whether they are common or uncommon. Q. J. Exp. Psychol. 71, 1873–1886. doi: 10.1080/17470218.2017.1366532

Liu, H., and Fernandez, F. (2018). Examining the Ways that Numeracy Skills and Soft Skills are Related to Occupational Status: The Case of U.S. Workers. Available online at: http://piaacgateway.com/researchpapers/ (accessed January 10, 2019).

Los, S. A. (1996). On the origin of mixing costs: exploring information processing in pure and mixed blocks of trials. Acta Psychol. 94, 145–188. doi: 10.1016/0001-6918(95)00050-x

McCloskey, M. (2007). “Quantitative literacy and developmental dyscalculias,” in Why is Math So Hard for Some Children? The nature and Origins of Mathematical Learning Difficulties and Disabilities, eds D. B. Berch and M. M. M. Mazzocco (Baltimore, MD: Brookes), 415–429.

McMullen, J., Laakkonen, E., Hannula-Sormunen, M. M., and Lehtinen, E. (2015). Modeling the developmental trajectories of rational number concept(s). Learn. Instr. 37, 14–20. doi: 10.1016/j.learninstruc.2013.12.004

McMullen, J., and Van Hoof, J. (2020). The role of rational number density knowledge in mathematical development. Learn. Instr. 65:101228. doi: 10.1016/j.learninstruc.2019.101228

McMullen, J., Van Hoof, J., Degrande, T., Verschaffel, L., and Van Dooren, W. (2018). Profiles of rational number knowledge in Finnish and Flemish students – A multigroup latent class analysis. Learn. Individ. Differ. 66, 70–77. doi: 10.1016/j.lindif.2018.02.005

Meert, G., Grégoire, J., and Noël, M.-P. (2009). Rational numbers: componential versus holistic representation of fractions in a magnitude comparison task. Q. J. Exp. Psychol. 62, 1598–1616. doi: 10.1080/17470210802511162

Meert, G., Grégoire, J., and Noël, M.-P. (2010). Comparing the magnitude of two fractions with common components: Which representations are used by 10- and 12-year-olds? J. Exp. Child Psychol. 107, 244–259. doi: 10.1016/j.jecp.2010.04.008

Mitchell, A., and Horne, M. (2010). “Gap thinking in fraction pair comparisons is not whole number thinking: Is this what early equivalence thinking looks like?” in Proceedings of the 33rd Annual Conference of the Mathematics Education Research Group of Australasia Shaping the Future of Mathematics Education, eds L. Sparrow, B. Kissane, and C. Hurst (Fremantle: MERGA).

Mitchell, A., and Horne, M. (2011). “Listening to children’s explanations of fraction pair tasks: When more than an answer and an initial explanation are needed,” in Proceedings of the AAMT-MERGA Conference on Mathematics: Traditions and (new) Practices, eds J. Clark, B. Kissane, J. Mousley, T. Spencer, and S. Thornton (Alice Springs: AAMT-MERGA), 515–522.

Moyer, R. S., and Landauer, T. K. (1967). Time required for judgements of numerical inequality. Nature 215, 1519–1520. doi: 10.1038/2151519a0

Ni, Y., and Zhou, Y.-D. (2005). Teaching and learning fraction and rational numbers: the origins and implications of whole number bias. Educ. Psychol. 40, 27–52. doi: 10.1207/s15326985ep4001_3

Obersteiner, A., Alibali, M. W., and Marupudi, V. (2020). Complex fraction comparisons and the natural number bias: the role of benchmarks. Learn. Instr. 67:101307. doi: 10.1016/j.learninstruc.2020.101307

Obersteiner, A., Van Dooren, W., Van Hoof, J., and Verschaffel, L. (2013). The natural number bias and magnitude representation in fraction comparison by expert mathematicians. Learn. Instr. 28, 64–72. doi: 10.1016/j.learninstruc.2013.05.003

Odic, D., Hock, H., and Halberda, J. (2014). Hysteresis affects approximate number discrimination in young children. J. Exp. Psychol. Gen. 143, 255–265. doi: 10.1037/a0030825

Olfos, R., and Rodríguez, P. (2019). Contribution of teacher knowledge to student knowledge of mathematics/Contribución del conocimiento del profesor al conocimiento del alumno en matemáticas. Cult. Educ. 31, 509–541. doi: 10.1080/11356405.2019.1630956

Pearn, C., and Stephens, M. (2004). “Why you have to probe to discover what year 8 students really think about fractions,” in Proceedings of the 27th Annual Conference of the Mathematics Education Research Group of Australasia, eds I. Putt, R. Faragher, and M. McLean (Sydney: MERGA), 430–437.

Reinhold, F., Hoch, S., Werner, B., Richter-Gebert, J., and Reiss, K. (2020). Learning fractions with and without educational technology: What matters for high-achieving and low-achieving students? Learn. Instr. 65:101264. doi: 10.1016/j.learninstruc.2019.101264

Reyna, V. F., and Brainerd, C. J. (2007). The importance of mathematics in health and human judgment: numeracy, risk communication, and medical decision making. Learn. Individ. Differ. 17, 147–159. doi: 10.1016/j.lindif.2007.03.010

Reys, R. E., Rybolt, J. F., Bestgen, B. J., and Wyatt, J. W. (1982). Processes used by good computational estimators. J. Res. Math. Educ. 13, 183–201.

Rossi, S., Vidal, J., Letang, M., Houdé, O., and Borst, G. (2019). Adolescents and adults need inhibitory control to compare fractions. J. Numer. Cogn. 5, 314–336. doi: 10.5964/jnc.v5i3.197

Schneider, M., and Siegler, R. S. (2010). Representations of the magnitudes of fractions. J. Exp. Psychol. Hum. Percept. Perform. 36, 1227–1238. doi: 10.1037/a0018170

Siegler, R. S. (1996). Emerging Minds: The Process of Change in Children’s Thinking. Oxford: Oxford University Press.

Siegler, R. S., and Araya, R. (2005). “A computational model of conscious and unconscious strategy discovery,” in Advances in Child Development and Behavior, Vol. 33, ed. R. V. Kail (Oxford: Elsevier), 1–42. doi: 10.1016/s0065-2407(05)80003-5

Siegler, R. S., Duncan, G. J., Davis-Kean, P. E., Duckworth, K., Claessens, A., Engel, M., et al. (2012). Early predictors of high school mathematics achievement. Psychol. Sci. 23, 691–697.

Siegler, R. S., and Lortie-Forgues, H. (2015). Conceptual knowledge of fraction arithmetic. J. Educ. Psychol. 107, 909–918. doi: 10.1037/edu0000025

Sprute, L., and Temple, E. (2011). Representations of fractions: evidence for accessing the whole magnitude in adults. Mind Brain Educ. 5, 42–47. doi: 10.1111/j.1751-228x.2011.01109.x

Stafylidou, S., and Vosniadou, S. (2004). The development of students’ understanding of the numerical value of fractions. Learn. Instr. 14, 503–518. doi: 10.1016/j.learninstruc.2004.06.015

Stelzer, F., Andrés, M. L., Introzzi, I., Canet-Juric, L., and Urquijo, S. (2019). El conocimiento de las fracciones-Una revisión de su relación con factores cognitivos. Interdisciplinaria 36, 185–201.

Torbeyns, J., Schneider, M., Xin, Z., and Siegler, R. S. (2015). Bridging the gap: Fraction understanding is central to mathematics achievement in students from three different continents. Learn. Instr. 37, 5–13. doi: 10.1016/j.learninstruc.2014.03.002

Vamvakoussi, X., Van Dooren, W., and Verschaffel, L. (2012). Naturally biased? In search for reaction time evidence for a natural number bias in adults. J. Math. Behav. 31, 344–355. doi: 10.1016/j.jmathb.2012.02.001

Vamvakoussi, X., and Vosniadou, S. (2004). Understanding the structure of the set of rational numbers: a conceptual change approach. Learn. Instr. 14, 453–467. doi: 10.1016/j.learninstruc.2004.06.013

Van Dooren, W., Lehtinen, E., and Verschaffel, L. (2015). Unraveling the gap between natural and rational numbers. Learn. Instr. 37, 1–4. doi: 10.1016/j.learninstruc.2015.01.001

Van Hoof, J., Janssen, R., Verschaffel, L., and Van Dooren, W. (2015). Inhibiting natural knowledge in fourth graders: towards a comprehensive test instrument. ZDM Math. Educ. 47, 849–857. doi: 10.1007/s11858-014-0650-7

Van Hoof, J., Lijnen, T., Verschaffel, L., and Van Dooren, W. (2013). Are secondary school students still hampered by the natural number bias? A reaction time study on fraction comparison tasks. Res. Math. Educ. 15, 154–164. doi: 10.1080/14794802.2013.797747

Van Hoof, J., Vamvakoussi, X., Van Dooren, W., and Verschaffel, L. (2017). “The transition from natural to rational number knowledge,” in Mathematical Cognition and Learning: Acquisition Of Complex Arithmetic Skills and Higher-Order Mathematics Concepts, eds D. C. Geary, D. B. Berch, R. J. Ochsendorf, and K. Mann Koepke (Cambridge, MA: Academic Press), 101–123. doi: 10.1016/b978-0-12-805086-6.00005-9

Wickham, H., François, R., Henry, L., and Müller, K. (2019). dplyr: A Grammar of Data Manipulation. Available online at: https://cran.r-project.org/package=dplyr (accessed June 5, 2020).

Witherspoon, T. F. (2019). Fifth graders’ understanding of fractions on the number line. Sch. Sci. Math. 119, 340–352. doi: 10.1111/ssm.12358


Conflict of Interest: The authors declare that the research was conducted in the absence of any commercial or financial relationships that could be construed as a potential conflict of interest.

Copyright © 2020 Morales, Dartnell and Gómez. This is an open-access article distributed under the terms of the Creative Commons Attribution License (CC BY). The use, distribution or reproduction in other forums is permitted, provided the original author(s) and the copyright owner(s) are credited and that the original publication in this journal is cited, in accordance with accepted academic practice. No use, distribution or reproduction is permitted which does not comply with these terms.


OPS/images/fpsyg-11-01190-t005.jpg
Components Congruency Accuracy Response time (ms)

With a common component Congruent 98% (3%) 2,752 (787)
Incongruent 98% (2%) 2,839 (739)

Without common components Congruent 85% (13%) 4,292 (1,217)
Incongruent 91% (7%) 4,058 (1,012)
Neutral 97% (3%) 3,747 (934)

Mean accuracies and response times (RTs) for each of the item types defined by components and congruency. Standard deviations in parentheses.
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Item type Accuracy Response time (ms)

Gap thinking leads to the correct answer 87% (11%) 4,021 (1,255)
Gap thinking leads to the incorrect answer ~ 83% (18%) 4,483 (1,427)
Both fractions have the same gap 84% (16%) 4,417 (1,296)

Mean accuracies and RTs for congruent items without common components,
separately for each type defined by the applicability of gap thinking. Standard
deviations in parentheses.
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Total
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98% (2%)

91% (5%)
94% (3%)

Response time (ms)

2,795 (739)
4,009 (993)
3,494 (829)
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With a common component

Without common components

Congruency

Congruent
Incongruent
Congruent

Incongruent
Neutral

Gap thinking

Leads to the correct answer
Leads to the correct answer
Leads to the correct answer
Leads to the incorrect answer
Both fractions have the same gap
Leads to the correct answer
Leads to the correct answer

Accuracy MADs

2.7%
2.7%
9.2%
51%
5.9%
4.2%
2.7%

Response time MADs

196
245
584
639
583
601
343
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Components Congruency Gap thinking # of items Example
With a common component Congruent Leads to the correct answer 36 (12 per distance) % Vs. é—j (0.167)
Incongruent Leads to the correct answer 36 (12 per distance) 18 vs. 18 (0.244)
Without common components Congruent Leads to the correct answer 12 (4 per distance) ,’gig VS. % (0.167)
Leads to the incorrect answer 12 (4 per distance) 52 vs. 18 (0.231)
Both fractions have the same gap 12 (4 per distance) 2 vs. 23 (0.095)
Incongruent Leads to the correct answer 36 (12 per distance) 2 vs. $5 (0.158)
Neutral Leads to the correct answer 36 (12 per distance) 57 vs. £2 (0.234)

The task included 180 items, split into seven types. Each item type included items with three different numerical distances between the fractions. For each example, the
numerical distance between the fractions is shown in parentheses.
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Brief description

Example item that the strategy
answers correctly

Example item that the strategy
answers incorrectly

Prototypical explicit reasoning

Congruency

“Larger components, larger fraction”
17/19 vs. 4/9

6/13 vs. 4/5

“17 is larger than 4, and 19 is larger than 9,
so 17/19 must be larger than 4/9”

Gap thinking

“Smaller gap, larger fraction”
5/16 vs. 12/17

10/17 vs. 3/9

“6/16 is missing 11 pieces to complete

the whole, while 12/17 is missing only 5
pieces; therefore, 12/17 must be larger

than 5/16”

Benchmark to 1/2

6/14 vs. 6/8

"6/14 is smaller than 1/2, and
6/8 is larger than 1/2; therefore,
6/8 must be larger than 6/14”
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Components Congruency b t

With a common component Congruent —1, 0831 (680) -1.5
Incongruent —879 (715) —-1.2
Without common components Congruent —4,149 (1,416) -2.9
Incongruent —4,992 (1,066) —4.7
Neutral —3, 281 (865) —4.0

d.f.

33.9
34.0
34.2
34.4
33.5

P

0.14
0.23
0.006
<0.0001
0.0006

Results of linear mixed regressions applied to RTs, considering the numerical distance between fractions as a fixed factor and participants and items as random factors.
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Congruency  Predictor

Congruent Frac
Num
Den

Incongruent Frac
Num
Den

Neutral Frac
Num
Den

b

—2,679 (1, 666)
—26.8 (14.7)
18.6 (9.6)
—4,198 (1, 261)
18.5 (13.1)

—5.6 (8.1)
—835 (1,298)
—26.0 (18.5)
—20.7 (8.0)

t

16
1.8

1.9
-33

1.4
-07
—06
1.4
26

d.f.

31.7
311
31.1
31.7
31.8
31.4
31.3
31.5
31.2

P

0.12
0.08
0.06
0.002
017
0.50
0.52
017
0.01

Results of linear mixed regressions applied to RTs of items without common
components, considering the numerical distance between fractions (Frac) as well
as the numerical distance between fraction components (Num, Den) as fixed
factors and participants and items as random factors.
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