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In the estimation of item response models, the normality of latent traits is frequently assumed. However, this assumption may be untenable in real testing. In contrast to the conventional three-parameter normal ogive (3PNO) model, a 3PNO model incorporating Ramsay-curve item response theory (RC-IRT), denoted as the RC-3PNO model, allows for flexible latent trait distributions. We propose a stochastic approximation expectation maximization (SAEM) algorithm to estimate the RC-3PNO model with non-normal latent trait distributions. The simulation studies of this work reveal that the SAEM algorithm produces more accurate item parameters for the RC-3PNO model than those of the 3PNO model, especially when the latent density is not normal, such as in the cases of a skewed or bimodal distribution. Three model selection criteria are used to select the optimal number of knots and the degree of the B-spline functions in the RC-3PNO model. A real data set from the PISA 2018 test is used to demonstrate the application of the proposed algorithm.
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1. Introduction

A premise of item response theory (IRT) is that observed item responses are indicators of one or more latent traits. For item parameter estimation, the latent variable is usually presumed to be normally distributed. However, many psychological constructs, such as ambition, dysthymia, and borderline personality disorder, as well as other latent traits in sociology such as drug abuse, are unlikely to be normally distributed in a general population. For example, a psychiatric disorder trait is typically positively skewed in a general population because most people are located at the non-pathological end of the trait, whereas a small group of individuals is spread out along the mild, moderate, and severe end of the disorder (Woods, 2006; Woods and Thissen, 2006; Wall et al., 2015; Wang et al., 2018). In addition, variables representing symptoms of pathology that are rare in the general population may be skewed because they exist at low levels for most people and at high levels for a few individuals. Therefore, the assumption of the normal distribution of latent traits leads to biased parameter estimates when the true latent trait distribution g(θ) is non-normal (Woods, 2006, 2007; Woods and Thissen, 2006; Woods and Lin, 2009; Azevedo et al., 2011; DeMars, 2012; Molenaar et al., 2012; Reise and Revicki, 2014; Wall et al., 2015; Reise et al., 2018).

Various studies have developed approaches to dealing with non-normal distributions of latent traits. In particular, the empirical histogram (EH) approach (Bock and Aitkin, 1981; Reise and Revicki, 2014) has been proposed to estimate the height of the latent trait density g(θ) at each quadrature point (i.e., the values on the θ continuum, usually the number of quadrature points is large) instead of computing the heights based on the normal density. This is more flexible than the expectation maximization (EM) algorithm (Bock and Lieberman, 1970; Dempster et al., 1977; Bock and Aitkin, 1981), which is restricted to the normal assumption of latent traits. However, the EH method is sensitive to the user-specified rectangular quadrature scheme. In addition, the graphical representations from the EH method are usually “choppy” or jagged, which makes it difficult to use them to clarify the characterizations of latent traits.

To address this issue, several methods have been proposed to approximate the latent trait density more precisely, including log-linear smoothing (LLS; Casabianca and Lewis, 2015), the Davidian curve (Woods and Lin, 2009), and the Ramsay curve (Woods, 2006; Woods and Thissen, 2006). When incorporated with IRT, these methods simultaneously estimate the latent trait density and the item parameters, but they use different approaches to estimate the latent trait density g(θ). Specifically, LLS matches M moments of the original distribution to create a smoothed distribution of latent traits while making fewer assumptions about its form and maintaining parsimony. Davidian-curve IRT (DC-IRT; Woods and Lin, 2009) provides a smooth representation of g(θ) using a unidimensional Davidian curve, as described by Zhang and Davidian (2001). Ramsay-curve IRT (RC-IRT; Woods, 2006; Woods and Thissen, 2006) estimates the latent trait density using Ramsay curves based on B-spline functions.

This paper focuses on RC-IRT because it is one of the most flexible and easy-to-apply methods for estimating the latent-ability density. Woods and Thissen (2006) first introduced RC-IRT to detect and correct for the non-normality of g(θ), and they estimated the item parameters of the two-parameter logistic (2PL; Birnbaum, 1968) model using the marginal maximum likelihood estimation with the EM (MML-EM; Baker and Kim, 2004) method. Newton–Raphson iteration was used to update the shape parameter η. Woods (2008) extended this approach to estimate an RC-IRT model for the three-parameter logistic (3PL; Birnbaum, 1968) model. Subsequently, Monroe and Cai (2014) proposed using a Metropolis–Hastings–Robbins–Monro (MHRM; Cai, 2010) algorithm to estimate an RC-IRT approach for the unidimensional graded response model (GRM; Samejima, 1969). The major advantage of this approach is that the covariance matrix estimates can be easily obtained as a byproduct. However, in their study, the GRM was limited to the logistic version.

To date, there have been no studies examining RC-IRT in the context of the normal ogive model. The reason for this is that the EM algorithm usually involves numerical integration calculations, which is intractable for the normal ogive model itself because it already includes an integral term. To fill this knowledge gap, we propose to estimate the RC-3PNO model using a stochastic approximation EM (SAEM; Delyon et al., 1999) algorithm. Specifically, the integral calculation in the E-step is replaced by a stochastic approximation method, which greatly simplifies the calculation. After introducing latent variables, the complete data likelihood can be transformed into an exponential family distribution; thus, sufficient statistics can be used to easily update the estimates of item parameters in the M-step. This avoids the calculation of derivatives in the original M-step in the EM algorithm and further improves the computation efficiency. The latent density distribution g(θ) is estimated using traditional Newton–Raphson iteration for the proposed SAEM algorithm.

Note that for the estimation of shape parameter η and item parameters, the Bayesian maximum a posteriori (MAP; Greig et al., 1989) estimate is used (this will be interpreted further in Section 3). The posterior simulation methods make the posterior distributions easier to obtain; that is, the algorithms for posterior simulation can be used to obtain approximates of posterior moments. Various Bayesian estimates can be obtained based on the posterior samples obtained from the posterior distributions. In this study, two Bayesian estimates are used. One method is MAP estimate. In fact, the MAP estimate is an estimate of an unknown quantity, which is equal to the mode of the posterior distribution. The MAP can be used to obtain point estimates of an unobserved quantities based on empirical data. It is closely related to the maximum likelihood estimate, but employs an augmented optimization objective that incorporates a prior distribution (additional information available by quantifying the prior knowledge of the interested events). Therefore, MAP estimate can be seen as a regularization of maximum likelihood estimate. Another method is marginal maximum a posteriori (MMAP; Mislevy, 1986; Lee and Gauvain, 1996; Baker and Kim, 2004) estimate. MMAP estimate can be seen as an extension of the MAP estimate by integrating out the latent variables as the nuisance parameters and then obtaining MAP estimates of the interested parameters. More details for estimation forms of our model can be found in Sections 3 and 4.

The remainder of this article is organized as follows. The second section presents the 3PNO model incorporating a Ramsay curve (denoted as the RC-3PNO model). The third section gives the marginal maximum a posteriori (MMAP) estimation of all the parameters to be estimated in the RC-3PNO model. The fourth section introduces the SAEM procedure for estimating the RC-3PNO model (hereafter referred to as the RC-SAEM algorithm), which is the main contribution of this study. The fifth section presents two simulation studies: one to select the optimal number of knots and the appropriate degree of the B-spline functions for the Ramsay curve and another to assess the performance of the proposed algorithm. A real data set from the PISA 2018 test is then used to demonstrate the application of the proposed algorithm in the sixth section. Finally, conclusions and directions for future research are provided.



2. The RC-3PNO model

Let Uij (with realization uij) denote the dichotomous response variable of examinee i (i = 1, ⋯ , N) to item j (j = 1, ⋯ , J); Uij = 1 denotes the correct response, and Uij = 0 otherwise. The 3PNO model is defined as

[image: image]

where: Φ(·) is the cumulative function of the standard normal distribution; Ωj = (aj, bj, cj) denotes the characteristic parameters of item j, in which aj ∈ [0, +∞) is the discrimination parameter, bj ∈ (−∞, +∞) is the intercept parameter, and cj ∈ [0, 1] is the guessing parameter; and θi ∈ (−∞, +∞) is the latent-ability parameter of examinee i.

The latent trait distribution should be given in advance for the use of the MML and MMAP estimations in IRT models. In general, it is assumed that θi ~ N(0, 1), which is convenient for statistical computation. However, the normal-distribution assumption is not likely to be tenable, and this will decrease the accuracy of estimates from the MML and MMAP estimations. To address this issue, Woods and Thissen (2006) proposed the Ramsay-curve IRT, which is based on B-spline functions, to describe the latent trait distribution. This provides greater flexibility than the standard normal distribution of latent traits.

Following Woods and Thissen (2006), the latent trait distribution is modeled by
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where

[image: image]

is the normalization constant ensuring that g(xq|η) (q = 1, 2, ⋯ , Q) sums to 1. In this study, xq represents the 121 fixed points with equidistant distance along the interval [-6,6]. To avoid ambiguity with the latent variable with continuous support, the discrete xq is used here.

In RC-IRT, the density of latent ability, g(θ), needs to be estimated simultaneously with the item parameters. The shape of the latent-ability density curve is determined by a shape parameter η, which is a vector whose dimensionality is controlled by the choice of knots and degree. The dimension of η is m = degree + knots − 1. The support of the Ramsay-curve density can be numerically represented over a set of discrete points {xq : q = 1, 2, ⋯ , Q} along the real number line. In this study, the discrete points are fixed at 121 equidistant values from −6 to 6 separated by steps of 0.1. The interval [−6, 6] is a range of latent traits often used in RC-IRT (Woods and Thissen, 2006; Monroe and Cai, 2014), and this can contain the great majority of the latent abilities being tested. The knots are values at which the B-spline functions are connected to each other. Typically, the knots are evenly distributed over the range of θ. The number of knots in RC-IRT is usually selected from the range 2 to 6 (Woods and Thissen, 2006; Monroe and Cai, 2014). The parameter degree refers to the degree of the basic B-spline function. To some extent, although a larger number of knots may create a more flexible estimated density curve and a higher degree value could accommodate a sharper curve. However, sometimes the increase of knots or degree will make the Ramsay curve become overfitted, resulting in a more complex model than the appropriate model. And this will increase the parameter to be estimated in the model, which may deteriorate the estimation.

Given knots, degree, and the discrete points xq, the corresponding basic B-spline functions [image: image] are determined. The definition and derivation of B-spline function are beyond the scope of this study, and the interested readers can consult De Boor (1978) for details. Gathering Q discrete points together, the basic B-spline functions can be expressed as a Q × m matrix B*. The matrix B* is assumed to be known here, and the only parameter that needs to be estimated is η. Equations (1) and (2) construct the RC-3PNO model, which incorporates the Ramsay curve into the 3PNO model.



3. MMAP estimation for the RC-3PNO model

We denote Θ = (θ1, θ2, ⋯ , θN) and let Ω = (a, b, c), where (a, b, c) = (aj, bj, cj) (j = 1, 2, ⋯ , J). The parameters of the RC-3PNO model that need to be estimated are Ω and η, denoted as ζ = (Ω, η).

The conditional distribution of Uij given Ω and Θ has a binomial form:

[image: image]

where Pj(θi) is equal to Equation (1). Based on the local conditional independence assumption (Birnbaum, 1968), the probability of examinee i's conditional response pattern is

[image: image]

The observed data is response matrix U, the person parameter Θ = {θ1, θ2, ⋯ , θN} is viewed as the missing data, and thus the complete data is (U, Θ). Conditional independence of item responses is assumed, as well as the independence of respondents, in accordance with practice. Thus, the complete data likelihood of (U, Θ) is

[image: image]

where Pj(θi) is equal to Equation (1). Taking the natural logarithm of Equation (6), the log-likelihood of (U, Θ) can be expressed as

[image: image]

where

[image: image]

and

[image: image]

The complete data log-likelihood in Equation (7) can be seen as the sum of two independent parts: the logarithm of the likelihood of item parameters Ω and the logarithm of the likelihood of η. Thus, the processes of estimating Ω and η can be conducted separately (Monroe and Cai, 2014), which improves the computational efficiency. Here, the MMAP estimation of ζ = (Ω, η) is given in detail. The priors of Ω are given below. The prior distribution for (aj, bj) is specified as

[image: image]

for j = 1, 2, ⋯ , J, where N2(·) denotes a bivariate normal distribution. The prior distribution for cj is chosen to be,

[image: image]

for j = 1, 2, ⋯ , J. According to previous methods of estimating η in RC-IRT (Woods and Thissen, 2006; Monroe and Cai, 2014), a diffuse prior density of η is assumed:

[image: image]

The estimation of η will be introduced in detail later.

From Equation (6), the marginalized likelihood of ζ is

[image: image]

Based on the priors in Equations (10)–(12) and the marginalized likelihood in Equation (13), the marginalized posterior distribution of ζ = (Ω, η) is

[image: image]

where

[image: image]

is the joint prior density function of Ω, and f(η) denotes the density function of a multivariate normal distribution. Thus, the MMAP estimation of ζ = (Ω, η) is

[image: image]

In the next section, an SAEM algorithm is developed to compute the MMAP estimate of ζ in Equation (16), which is the main contribution of this study. Note that the SAEM algorithm includes a stochastic approximation step instead of the integral step in the EM algorithm (please see the next section for details); in other words, the SAEM algorithm does not need to marginalize the latent abilities, and the estimate of Ω in the SAEM algorithm thus belongs to the maximum a posteriori (MAP) estimate. In addition, we use Newton–Raphson iteration to obtain the MAP estimate of the shape parameter η, which was also adopted by Woods and Thissen (2006).



4. SAEM algorithm for the RC-3PNO model

In this section, an SAEM algorithm for the RC-3PNO model is developed to compute the MAP estimates for the shape parameters of the Ramsay curve and the item parameters. First, the relationship between the standard EM algorithm and the SAEM algorithm is given. Second, a data-augmentation scheme for the 3PNO model is introduced, which means that the complete data likelihood formulation of the 3PNO model belongs to an exponential family form (Camilli and Geis, 2019; Geis, 2019). Sufficient statistics of the item parameters are also computed. Third, the estimation of the density curve of latent ability is depicted. Fourth, the estimation procedure of the SAEM algorithm is given for the RC-3PNO model.


4.1. Relationship between the EM algorithm and SAEM algorithm

The EM algorithm is briefly reviewed first. It is widely used in maximum likelihood or maximum a posteriori estimation for the incomplete data. The EM algorithm uses an expectation step (E-step) and a maximization step (M-step) to iteratively maximize the conditional expectation of the complete log-likelihood. In the E-step, the conditional expectation of the logarithmic complete data likelihood is adopted considering the observed data and the parameter values obtained in the previous step. In the M-step, the MAP estimates of the parameters are calculated based on the updated expectations in the E-step. The procedure alternates between E-step and M-step until convergence. In the case of exponential family distribution, the E-step and M-step can be simplified to update the expectation of the sufficient statistic and calculate the MAP estimate using the updated sufficient statistic, respectively.

However, in some cases, the EM algorithm is not applicable when either E-step or M-step is intractable or even cannot be performed in closed form. A possible solution for the complex computation of M-step is to replace the global optimization with a simpler conditional maximization chain, leading to the so-called ECM algorithm (Meng and Rubin, 1993). In IRT, the number of quadrature points in the numerical integral grows exponentially with the increasement of latent trait dimension. Therefore, the E-step will become very time-consuming as the latent trait dimension increases. Wei and Tanner (1990) proposed Monte Carlo EM (MCEM) to deal with this problem. The basic idea is to compute the expectation in the E-step by the Monte Carlo method. Geyer (1994) proved the convergence of the Monte Carlo maximum likelihood calculations, which provided the theoretical basis for MCEM. Delyon et al. (1999) proposed the SAEM algorithm as an alternative to the MCEM algorithm, which replaces the E-step of the EM algorithm with one iteration of the stochastic approximation procedure. Thereafter, the SAEM algorithm was widely used for its efficiency and convenience.



4.2. Data-augmentation scheme for the 3PNO model

The 3PNO model in Equation (1) can be rewritten as

[image: image]

and its form can be seen as a mixture of two Bernoulli distributions with the categorical probability Φ(ajθi + bj). A dichotomous latent variable Wij is defined, and Wij = 1 denotes examinee i knowing the answer of item j, and Wij = 0 otherwise. Because the 3PNO model does not contain a slipping parameter, examinees can answer the item correctly with probability 1 if they know the answer. The 3PNO model also includes a guessing parameter, and examinees can guess the correct answer with probability cj if they do not know it. Thus, the following two equations hold:

[image: image]
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A continuous latent variable Zij is then introduced:

[image: image]

where I(·) denotes the indicator function. The following conditional distribution holds:

[image: image]

The conditional probability of Wij is

[image: image]

According to the total probability formula, the marginal probability of Uij = 1 is

[image: image]

which is exactly the 3PNO model in Equation (1).


4.2.1. Complete data likelihood of the 3PNO model

According to Equations (18)–(21), the joint distribution of (U, W, Z) is

[image: image]

where

[image: image]
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Let z and w denote the observations of augmented variables Z and W, respectively. Θ denotes the data set of Θ sampled in the S1-step of SAEM (more details are given in a later subsection). Note that Θ is also the augmented data sets in SAEM, and the estimate of Ω is an MAP estimate. The augmented data sets are Ψ = (Θ, w, z), and the observed responses are U. The complete data likelihood of Ω can then be expressed as

[image: image]

According to Equations (24)–(26), we have

[image: image]

It can be proved that L(Ω|U, Ψ) has a form of an exponential family distribution.

Two advantages need to be mentioned here. First, after introducing the augmented latent variables, the complete data likelihood has a form of exponential family distribution. Second, given complete data, the MAP estimates of item parameter Ω can be expressed as several functions that are only concerned with sufficient statistics. In this case, we can directly implement the computation of the MAP estimates of the item parameters that only need to update the sufficient statistics, which greatly reduces the computational complexity and improves the computational efficiency. In addition, the SAEM algorithm converges to the local maximum (Delyon et al., 1999). Note that, due to the data-augmentation scheme, Equation (16) is not the objective function to be optimized in the SAEM algorithm. Instead, Θ is viewed as augmented data in the SAEM algorithm and is thus included in the objective function to be optimized [see Equation (28)]. The augmented data of Θ can be used in the estimation of η (this is elaborated later).




4.3. Estimation of density curve of latent ability

The estimation of the non-normal ability density curve relies on the computation of the shape parameter η, which involves an optimization algorithm using either Newton–Raphson iterations (Woods and Thissen, 2006) or an MHRM algorithm (Monroe and Cai, 2014). Once the estimates of η have been obtained, these estimates can be used in Equation (2) to calculate g(θi|η) for a particular examinee or to construct the entire Ramsay-curve density. In this study, the Newton–Raphson iteration method was used to estimate η, and the log-likelihood of the Ramsay curve is the objective function to be optimized. Its form is

[image: image]

In practice, there may be some regions of the latent trait scale over which little or no information about the RC parameters η is available. As a result, the corresponding spline coefficients may become empirically underidentified (Woods and Thissen, 2006; Monroe and Cai, 2014). When this happens, the estimation of the entire set of coefficients will fail. To prevent such an estimation failure, a diffuse prior density is often assumed on η (Woods and Thissen, 2006; Monroe and Cai, 2014). The Bayesian MAP estimation can be used, and the Ramsay-curve posterior (RCP) density is then the product of the Ramsay-curve likelihood and an m-variate normal prior (Woods and Thissen, 2006; Monroe and Cai, 2014), where m is the number of coefficients. Since the normalization constant of the posterior is omitted, the logarithm RCP of η is given by

[image: image]

where μη and Ση are the prior mean vector and the covariance matrix of η, respectively.



4.4. SAEM algorithm for estimating Ω and η

The SAEM algorithm was first proposed by Delyon et al. (1999), and it replaces the integral calculation with a stochastic approximation in the E-step, which significantly improves computational efficiency, especially for exponential family distributions. We assume that: the iteration has updated to step k; Ω(k) = (a(k), b(k), c(k)) and η(k) are the current estimates of the item parameters and the shape parameter of the Ramsay curve, respectively; and Ψ(k) = (Θ(k), w(k), z(k)) is the current augmented data. The detailed estimation steps of the SAEM algorithm incorporating the Ramsay curve (the RC-SAEM algorithm) at step k + 1 are given as follows.

Simulation step (S-step). Sample Ψ(k+1):

S1-step: Sample [image: image]

[image: image]

S2-step: Sample [image: image]

[image: image]

S3-step: Sample [image: image]

[image: image]

Stochastic approximation step (SA-step). Update sufficient statistics [image: image] (j = 1, ⋯ , J):

Based on the factorization theorem, the sufficient statistics of the item parameters Ω are

[image: image]

and

[image: image]
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[image: image]

where S*(k+1) = (Θ(k+1),1N), 1N is a unit column vector with dimension N, and the vector [image: image] is the jth column of augmented data set z(k+1) in the k + 1th iteration.

Thus, the stochastic approximation step is:

[image: image]

where Ψ(k+1) = (Θ(k+1), w(k+1), z(k+1)) is the augmented data sets that are simulated from the S-step, and {γk, k = 1, 2, ⋯ } is a decreasing sequence of gain constants, as defined by Robbins and Monro (1951), which satisfies

[image: image]

Maximization step (M-step). Update Ω(k+1) and η(k+1): M1-step. Update Ω(k+1)

Based on L(Ω|U, Ψ) and the prior distributions in Equations (10) and (11), the posterior distributions of Ωj = (aj, bj, cj) are

[image: image]

and

[image: image]

where

[image: image]

μ, Σ, α, β are the hyper-parameters in prior distributions of a, b, c, please refer to Equations (10) and (11).

Thus, the MAP estimates of aj, bj, and cj for the k + 1th iteration are

[image: image]

[image: image]

[image: image]

where δ is a tiny positive number to satisfy aj > 0, μ*(k+1)[1] denotes the first element of μ*(k+1) in the k + 1th iteration, and μ*(k+1)[2] denotes the second element of μ*(k+1) in the k + 1th iteration.

M2-step. Update η(k+1):

Update η(k+1) according to the Newton–Raphson iteration, which satisfies

[image: image]

where lR is the logarithm RCP of η in Equation (30). Note that t is the number of iterations in the process of implementing the Newton-Raphson iteration algorithm. Let η(k+1) = η(t+1) when Newton-Raphson iteration algorithm reaches convergence after executing t + 1 iterations of inner loop and continue the computations of SAEM algorithm.

Repeat the S-step, SA-step, and M-step until the convergence criteria are satisfied. Here, the SAEM algorithm is considered to have converged when the maximum absolute difference of the MAP estimates between two adjacent iterations (i.e., max ∣ζ(k) − ζ(k+1)∣) is less than 10−4 or the maximum number of iterations (selected as 2500) is reached.

Note that the augmented data sets in the S-step can be simulated mk sets in the original SAEM algorithm (Delyon et al., 1999), that is, [image: image] (p = 1, 2, ⋯ , mk). In this case, [image: image] in Equation (39) can be replaced by the average value of the mk updated sufficient statistics computed from these augmented data sets, that is, [image: image]. According to previous studies of the SAEM algorithm, the number of simulations mk = 1 is suggested to be set for all the iterations (Delyon et al., 1999; Kuhn and Lavielle, 2004), which makes the M-step straightforward to implement and increases the computational efficiency. In most cases, the increasing of mk will not improve the accuracy of the algorithm. For the Robbins–Monro gain coefficient, let [image: image], where α ⩾ 0. A larger step size (that is, α = 0) can accelerate the rate of convergence, but this will result in inflation of the Monte Carlo error introduced when approximating the integral by the average of a set of simulations in the SA-step (Jank, 2006). A smaller step size (that is, α = 1) may allow the sequence of estimates to approach the neighborhood of the solution with a small Monte Carlo error, but it will also slow down the convergence rate (Jank, 2006; Geis, 2019). In this work, the step size γk was chosen to be 1 in the first 1,000 iterations to ensure that enough steps were used when quickly approaching the neighborhood of the solution, but this also inflates the Monte Carlo error at the same time (Jank, 2006). Then, we let [image: image] when k > 1,000 to rapidly reduce the Monte Carlo error of the estimates, though this slows down the convergence rate (Gu and Zhu, 2001; Kuhn and Lavielle, 2004; Jank, 2006; Geis, 2019).



4.5. Evaluation criteria

In fact, researchers have conducted in-depth studies on model selection methods based on evidence function (log-likelihood function), such as likelihood ratio test (LR-test) and chi-square difference test. However, these methods actually have some drawbacks and limitations. As depicted in Woods (2006), LR-test is not an ideal evaluation criterion for RC-IRT for two reasons. One is its tendency to select large models. It tends to select the largest model that is significantly better than the true model. Another limitation is that, like all chi-square difference tests, it requires the larger model to fit the data in an absolute sense, which is difficult to establish. A chi-square test of absolute fit is usually not appropriate in IRT because the number of possible response patterns is large, and the probability of any one of the patterns is small; thus, statistics like Pearson's are not chi-square distributed (Maydeu-Olivares and Cai, 2006). For these reasons, LR tests alone should not be relied upon for model selection. Thus, Woods (2006) considered the following three model selection criteria.

Three model selection criteria—Akaike's information criterion (AIC; Akaike, 1973), Bayesian information criterion (BIC; Schwarz, 1978), and Hannan–Quinn information criterion (HQIC; Hannan, 1987; Woods, 2007, 2008)—are considered:

[image: image]
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[image: image]

where log L is the log-likelihood of all the parameters Ω and η, n is the number of parameters, and N is the sample size.

As the number of konts and degree increases, the number of free parameters increases and the goodness of fitting is improved. AIC (BIC and HQIC) encourages the goodness of data fitting (information provided by the evidence function) but tries to avoid overfitting (prevent the cases of too many free parameters). The purpose of information criterion is to find the balance between model fit and model complexity. The preferred model should be the one with the lowest AIC (BIC and HQIC) values.

To evaluate the accuracy of the item parameter recoveries, the bias and root-mean-square error (RMSE) are calculated. Supposing R is the number of replications, the bias of parameter ω is

[image: image]

and the RMSE of ω is defined as

[image: image]

where [image: image] is the parameter estimate at the rth replication and ω is the true value of the parameter.

Since the scales of the true RC parameters are complicated and difficult to handle, the bias and RMSE are less appropriate measures of recovery accuracy. Instead, the integrated square error (ISE),

[image: image]

is used to measure the discrepancy between the true and estimated RCs, as used by Woods and Lin (2009) and Monroe and Cai (2014). The ISE was multiplied by 1,000 to facilitate comparison. The values of ISE were computed across all replications.




5. Simulation studies


5.1. Simulation study 1

The first simulation study was performed to select the optimal numbers of knots and the degree of the B-spline functions for the RC-3PNO model based on three model selection criteria—the AIC, BIC, and HQIC—as well as to show the item parameter recoveries when the true ability density is normal, skewed, or bimodal.


5.1.1. Design

The true latent-ability densities were represented by rectangular quadrature points, ranging from −6 to 6 in steps of 0.1. For the skewed and bimodal cases, the true ability density was generated by mixing two normal densities, that is, [image: image], in which p1 + p2 = 1. For the skewed density, the generating parameters were: μ1 = −2.7, [image: image], μ2 = 1.1, and [image: image]. The skewness and kurtosis of θ were 2.46 and 8.45, respectively. For the bimodal density, the generating parameters were: μ1 = −2, [image: image], μ2 = 2.5, and [image: image]. In this case, the skewness and kurtosis of θ were 1.45 and 4.21, respectively. The true item parameters were set to be consistent with common practice in IRT. The discrimination parameters a were sampled from U(1, 2.5), the intercept parameters b were simulated from N(0, 1), and the guessing parameters c were generated from Beta(5, 17).

For each of the three true latent-ability densities, 10 models with different combinations of knots and degree were fitted to the generated data. The degree values of the B-spline functions were either 3 or 4, and the number of knots was chosen to be between 2 and 6; these are the typical choices when estimating η in RC-IRT (Woods and Thissen, 2006; Monroe and Cai, 2014). The sample size was set to be 1,000, and the test length was fixed at 30. Therefore, there were 30 simulation conditions, and each simulation condition was conducted 100 times.



5.1.2. Results

Table 1 presents the model selection results when the true latent-ability densities are normal, skewed, and bimodal. The bold-faced values indicate the smallest AIC, BIC, and HQIC values in each column. In addition, under each of the three shapes of ability density, the AIC, BIC, and HQIC are consistent to choose one common combination of the knots and degree.


TABLE 1 Model selection results under different combinations of knots and degree when θ is normal, skewed, or bimodal.

[image: Table 1]

When the true ability density is normal, all three model selection criteria result in the RC-3PNO model with 4 knots and a degree of 4 (denoted as the 4-4 RC-3PNO model) being chosen as the best-fitting model. However, the differences in the model selection results under each condition are slight overall. When the true ability density is skewed, the values of AIC, BIC, and HQIC are the smallest for the RC-3PNO model with 6 knots and a degree of 3 (denoted as the 6-3 RC-3PNO model); the best model chosen in the bimodal case is the RC-3PNO model with 5 knots and a degree of 3 (denoted as the 5-3 RC-3PNO model). In addition, in the skewed and bimodal cases, the values of AIC, BIC, and HQIC have obvious discrepancies across different combinations of knots and degrees for the RC-3PNO model. Specifically, for the skewed case, the model selection results for the RC-3PNO model with knots and degree combinations 2-3, 2-4, and 3-4 show relatively large values compared with the best-fitting model, i.e., the 6-3 RC-3PNO model, with discrepancies over 200. The reason for this may be that a knots value of 2 or 3 is not sufficient to describe a skewed ability density. The RC-3PNO models with knots and degree combinations of 4-3, 4-4, 5-3, 5-4, 6-3, and 6-4 result in very little differences in the AIC, BIC, and HQIC values when the true ability density is skewed. For the bimodal case, the discrepancies in model selection results between the RC-3PNO models with knots and degree combinations of 2-3, 2-4, 3-3, 3-4, and 4-4 and the best-fitting model, i.e., the 5-3 RC-3PNO model, are greater than 200. The differences in model selection results between the models with the combinations 5-4 and 6-3 and the best-fitting model (5-3) are extremely small.

Tables 2–4 show the item parameter estimation results. There are no distinct differences in the bias and RMSE values of item parameters a, b, and c for the fitted models across all the conditions; however, some subtle variations still exist. Thus, the choices of knots and degree in this simulation study had no noticeable influences on the bias and RMSE values of the item parameters. The standard errors of item parameters are presented in Figures 1–3. In the majority of cases, the standard errors of item parameters a and b are below 0.08, and the standard errors of parameter c are below 0.02, which are within the tolerable ranges. It indicates that the RC-SAEM algorithm performs well in estimation stability.


TABLE 2 Bias and RMSE of item parameter estimates under different combinations of knots and degree in normal case.

[image: Table 2]


TABLE 3 Bias and RMSE of item parameter estimates under different combinations of knots and degree in skewed case.

[image: Table 3]


TABLE 4 Bias and RMSE of item parameter estimates under different combinations of knots and degree in bimodal case.

[image: Table 4]


[image: Figure 1]
FIGURE 1
 The standard errors of item parameters using the RC-SAEM algorithm when the latent trait is bimodal in simulation study 1.



[image: Figure 2]
FIGURE 2
 The standard errors of item parameters using the RC-SAEM algorithm when the latent trait is normal in simulation study 1.



[image: Figure 3]
FIGURE 3
 The standard errors of item parameters using the RC-SAEM algorithm when the latent trait is skew in simulation study 1.





5.2. Simulation study 2

This simulation study was conducted to compare the performance of the proposed RC-SAEM algorithm, the original SAEM, and the MCMC algorithm in estimating the item parameters of the 3PNO model.


5.2.1. Design

The shapes of the true ability density, g(θ), were set to be normal, skewed, and bimodal distributions (Woods and Thissen, 2006; Monroe and Cai, 2014). For the skewed case, the skewness and kurtosis of θ were 1.72 and 9.16, respectively; in the bimodal case, the skewness and kurtosis of θ were 0.95 and 2.74, respectively. The numbers of examinees were set to be 500, 1,000, and 2,000 to represent small, medium, and large sample sizes, respectively. The test lengths were set as 15 and 30. Therefore, a total of 18 simulation conditions were manipulated. Each simulation condition was replicated 100 times.

The data-generating model and the fitted model were the same, that is, the 6-3 RC-3PNO model (6 knots with a degree of 3). As noted in the description of the model, 121 discrete points [i.e., xq (q = 1, 2, ⋯ , Q), and Q = 121] from −6 to 6 in steps of 0.1 were used to describe the true ability density. After the true value of η was selected, the true ability of θi was manipulated according to grid sampling, similar to the S1 step of the RC-SAEM algorithm. That is, first, a true η value was chosen corresponding to the given shape of g(xq|η). Then, the probabilities of θi = xq in the grid sampling were set to g(xq|η) (q = 1, 2, ⋯ , Q). The values of θi (i = 1, 2, ⋯ , n) were standardized to have a mean of 0 and a standard deviation of 1. The values after standardization were chosen to be true values of Θ. The true item parameters were the same as those in simulation study 1.

To avoid the effects of the choice of prior distribution on the estimation results, the priors for a and b were chosen to be non-informative priors. The prior for the c parameter was set to be Beta(5, 17) (the mean is [image: image]), which is consistent with the common prior choice in IRT (Harwell and Baker, 1991; Béguin and Glas, 2001) because the nominal guessing probability is around 0.25 for multiple-choice items with four options. These priors for the item parameters were adopted in the SAEM, RC-SAEM, and MCMC algorithms.



5.2.2. Results

Tables 5, 6 show the bias and RMSE values of the item parameter estimates under different simulation conditions. For simplicity, the average values of the bias and RMSE across J items are presented. For the normal distribution of the ability density, the bias and RMSE values of parameters a and b from the RC-SAEM algorithm are smaller than those from the SAEM algorithm. The bias values of the a parameter from the MCMC algorithm are larger than those from the other two algorithms under all of the three sample sizes. We can see that the estimation results of the MCMC algorithm are not very satisfactory when the sample size is 500 and the test length is 15; this indicates that a sample size of 500 is not large enough for precise estimation of the 3PNO model using MCMC with non-informative priors on a and b. The poor performance of the MCMC algorithm for the normal distribution case may be due to the choice of non-informative priors on the parameters a and b. Therefore, the RC-SAEM algorithm performs best when the true θ density is normal. In addition, the RMSEs of parameters a and b show an approximately decreasing trend as the sample size increases.


TABLE 5 Bias and RMSE of the item parameter estimates and the values of ISE statistic under different ability densities when the test length is 30.

[image: Table 5]


TABLE 6 Bias and RMSE of the item parameter estimates and the values of ISE statistic under different ability densities when the test length is 15.

[image: Table 6]

In the cases of the skewed and bimodal distributions, the bias and RMSE values of a and b from the RC-SAEM algorithm are noticeably lower than those from the SAEM and MCMC algorithms, indicating that the proposed RC-SAEM algorithm is effective for skewed and bimodal densities. It is worth noting that the bias values of a from the MCMC algorithm are larger than those from the RC-SAEM and SAEM algorithms, while the corresponding RMSEs are smaller than those from the SAEM algorithm in a few conditions, which demonstrates that the estimation of a parameter under the MCMC algorithm in skewed and bimodal cases is less accurate than the other two algorithms. Although the RMSEs of a parameter from the MCMC algorithm are slightly smaller than those from the RC-SAEM algorithm in bimodal cases when the test length is 15 in Table 6, the bias of a under RC-SAEM still has an obvious advantage over that of MCMC.

The advantage of RC-SAEM is most evident when considering the bias and RMSE values of parameter b when the true ability density is skewed or bimodal. Specifically, for the skewed ability density, the bias and RMSE values of the b parameter from the RC-SAEM algorithm are markedly less than those from the SAEM and MCMC algorithms. In addition, for the bimodal latent-ability density, although the RMSE of b has no marked differences from the SAEM and RC-SAEM algorithms, the bias of b from the RC-SAEM algorithm is still lower than those from the other two. As can be seen from Table 5, in the case of the skewed ability density with a sample size 1,000, the SAEM and MCMC algorithms show obvious biased values on b with the absolute values over 0.3; in contrast, the RC-SAEM algorithm shows precise estimates of b, with a bias of 0.001 and an RMSE of 0.187. In general, the proposed RC-SAEM algorithm has a distinct advantage over the SAEM and MCMC algorithms in terms of the biases of a and b. The differences in the bias and RMSE of c from the RC-SAEM and SAEM algorithms are very small. The RMSE of c from the MCMC algorithm is slightly larger than those from the other two algorithms in the skewed and bimodal cases.

Figures 4, 5 show the true and estimated latent-ability density curves when the true ability densities are normal, skewed, or bimodal. The true and estimated latent-ability density curves are almost coincident when the true ability density is skewed, and the two curves show only slight differences when the true latent-ability density is bimodal. In addition, the estimation results of item parameters and the ISE values for 15 items in Table 6 are generally similar to those of 30 items in Table 5. This shows that the accuracy and precision of the RC parameters from the RC-SAEM algorithm are not markedly influenced by the number of items. This result indicates that 15 items is sufficient for the proposed RC-SAEM algorithm to provide satisfactory estimation of the RC parameters for the RC-3PNO model. In contrast to the previous methods in RC-IRT (Woods, 2008), our proposed RC-SAEM algorithm has obvious advantages in terms of estimating RC parameters with relatively short test lengths. For the space limitation, the standard errors of item parameters are presented in Figures A1–A4 of the Appendix. As can be seen from the figures, the standard errors of item parameters show a decreasing trend as the sample size increases. Moreover, the standard errors of the item parameters under all conditions are within reasonable ranges.


[image: Figure 4]
FIGURE 4
 True and estimated density curves using the RC-SAEM algorithm when test length is 30.



[image: Figure 5]
FIGURE 5
 True and estimated density curves using the RC-SAEM algorithm when test length is 15.






6. Empirical study

A real data set from the computer-based mathematics assessment of the Programme for International Student Assessment (PISA 2018; OECD, 2019) in China was analyzed. Binary responses from 872 subjects on 11 items in one test form were selected. The SAEM algorithm was fitted to the RC-3PNO and 3PNO models for the real data set. The specifications of the priors of the model parameters were the same as those used in simulation study 2. The same three model selection criteria (AIC, BIC, and HQIC) were used to assess the fit of the model to the real data.

Among the RC-3PNO models with different knots and degree values (i.e., the 10 combinations used in simulation study 1), that with 2 knots and a degree of 3 yielded the lowest AIC, BIC, and HQIC values. Thus, this model was selected as the best-fitting model in the subsequent analysis. Table 7 shows the model selection results for this 2-3 RC-3PNO model and the 3PNO model. As shown, the values of all three model selection criteria are smaller for the RC-3PNO model than the 3PNO model. This indicates that the RC-3PNO model gives a better model fit than the 3PNO model for this real data set.


TABLE 7 Model selection results for the real data set.

[image: Table 7]

The estimated latent-ability density curve of the RC-3PNO model is presented in Figure 6. It can be seen that the estimated latent trait density curve for this model has an obviously negatively skewed trend, which indicates that the math ability of these subjects is above the mean of the population. Therefore, the conventional methods assuming a normal distribution of latent abilities may result in negatively biased ability estimates. Table 8 shows the item parameter estimates for the 11 items of the PISA test form.


[image: Figure 6]
FIGURE 6
 Estimated Ramsay-curves for the real data set.



TABLE 8 Item parameter estimates under RC-3PNO model for the real data set.

[image: Table 8]



7. Discussion

In real testing, the assumption of a normal distribution of latent abilities in IRT may be violated. For example, non-normality could result from the sampling of one or more distinct populations such as those with or without a “disorder.” In this case, the use of traditional algorithms, such as MML-EM, SAEM, and MCMC, in which the latent-ability distribution is restricted to normality, leads to severely biased parameter estimates (Woods, 2006, 2007; Azevedo et al., 2011; DeMars, 2012; Molenaar et al., 2012; Wall et al., 2015; Reise et al., 2018). Several methods are used to relax the normal assumption of latent trait distribution. For example, the EH method, log-linear smoothing, Davidian-curve IRT, and Ramsay-curve IRT, have been proposed to estimate the distribution of latent ability simultaneously with the item parameters. The Ramsay curve is flexible in that it can describe non-normal latent-ability distributions (Ramsay, 2000). To date, several RC-IRT models have been developed. For instance, the RC-2PL model (Woods and Thissen, 2006), RC-3PL model (Woods, 2008), and the logistic GRM incorporating a Ramsay curve (Monroe and Cai, 2014). However, the normal ogive model incorporating a Ramsay curve is rarely used due to the constraints that the normal ogive model itself requires for the integral calculation.

To fill the gap of estimating the normal ogive models in RC-IRT, we propose here an SAEM algorithm to estimate the RC-3PNO model with non-normal latent-ability distributions. In contrast to the traditional EM algorithm, the stochastic approximation step of the SAEM algorithm avoids the need for complex integral computation, and the M-step is straightforward to execute due to obtaining sufficient statistics of the MAP estimates for the item parameters in exponential family distributions, which greatly simplifies the computation and improves its efficiency. Compared with the MHRM algorithm, for exponential family distributions, the SAEM algorithm does not need differential calculations when the standard errors of estimates are not required; thus, the calculations of the SAEM algorithm are easier to execute. The estimates of the item parameters and the shape of the latent-ability density can be simultaneously obtained from this new algorithm. By introducing a Ramsay curve into the SAEM procedure, the new algorithm can be applied not only to a normal distribution of latent abilities but also to non-normal scenarios such as skewed and bimodal distributions.

Simulation study 1 investigated three model selection criteria to select the optimal knots and degree values in the B-spline functions of Ramsay curves. The choice of knots and degree had no noticeable influence on the bias and RMSE values of the item parameters. The results of simulation study 2 indicated that the proposed RC-SAEM algorithm generally performs better than the SAEM and MCMC algorithms when the true ability density is skewed or bimodal. Specifically, the RC-SAEM algorithm is obviously superior to the SAEM and MCMC algorithms according to the bias of item parameters in the RC-3PNO model when the true θ is skewed or bimodal. Although the RMSE values of item parameter estimates from the RC-SAEM algorithm are sometimes slightly larger than those of the SAEM in bimodal cases, especially for the b parameter, they are still within the acceptable range. Compared with the suggested sample size of 1,000 for the 3PL model used in RC-IRT (Woods, 2008), a sample size of 500 is large enough for the estimation of parameters in RC-3PNO with a test length of 15.

For the empirical example, according to the model selection criteria (AIC, BIC, and HQIC), the RC-3PNO model gives a better model fit than the 3PNO model. The shape of the estimated Ramsay curve indicates that the latent abilities of these examinees are mainly distributed at the higher level of the latent-ability continuum. In real testing, for binary responses influenced by guessing, although both the RC-3PL and RC-3PNO models serve as possible alternatives, the RC-3PNO model is suggested because the proposed SAEM algorithm avoids the need for calculations of the integral in the E-step and the derivatives in the M-step of the original EM algorithm, which greatly simplifies the computation. We suggest that the RC-3PNO model can be used to detect a non-normal shape in a latent trait distribution. In this case, our proposed RC-SAEM algorithm can also be adopted to simultaneously estimate the item parameters and the latent-ability density.

Several limitations and extensions of the proposed RC-SAEM algorithm need to be mentioned. First, the proposed RC-SAEM algorithm can be extended to other models, such as the GRM and the four-parameter normal ogive (4PNO) model (Culpepper, 2016). Second, a notable fact is that a multidimensional generalization of RC-IRT has not yet been developed. When such a development occurs, the proposed RC-SAEM algorithm can be extended to multidimensional models. Third, future research could compare the proposed RC-SAEM algorithm with other algorithms involving methods that relax the normality assumption of latent traits, such as DC-IRT and LLS. Fourth, the proposed RC-3PNO model together with the SAEM estimation algorithm could be investigated in other application domains, such as psychopathology measures involving evidently non-normal latent traits (e.g., borderline personality disorder and dark-triad traits) or medical fields (e.g., drug abuse). Finally, Kuhn and Lavielle (2004) have shown that the SAEM algorithm can also be used for estimating the asymptotic covariance matrix of the maximum-likelihood estimate, and this could be adopted in the RC-SAEM algorithm in the future.
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