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In this study, a mathematical model for studying the dynamics of monkeypox
virus transmission with non-pharmaceutical intervention is created, examined, and
simulated using real-time data. Positiveness, invariance, and boundedness of the
solutions are thus examined as fundamental features of mathematical models.
The equilibrium points and the prerequisites for their stability are achieved. The
basic reproduction number and thus the virus transmission coefficient Ry were
determined and quantitatively used to study the global stability of the model's steady
state. Furthermore, this study considered the sensitivity analysis of the parameters
according to M. The most sensitive variables that are important for infection
control are determined using the normalized forward sensitivity index. Data from
the United Kingdom collected between May and August 2022, which also aid in
demonstrating the usefulness and practical application of the model to the spread
of the disease in the United Kingdom, were used. In addition, using the Caputo-
Fabrizio operator, Krasnoselskii's fixed point theorem has been used to analyze the
existence and uniqueness of the solutions to the suggested model. The numerical
simulations are presented to assess the system dynamic behavior. More vulnerability
was observed when monkeypox virus cases first appeared recently as a result of
numerical calculations. We advise the policymakers to consider these elements to
control monkeypox transmission. Based on these findings, we hypothesized that
another control parameter could be the memory index or fractional order.

KEYWORDS

Caputo-Fabrizio fractional derivative, reproduction number, parameter estimation, numerical
scheme, data fitting

1. Introduction

The unexpected breakout and global spread of monkeypox have drawn the attention of
scientists due to the continuing COVID-19 pandemic. The prevalence of the largest and most
pervasive monkeypox pandemic outside of Africa as of 22 June 2022, is 3,340 confirmed
cases reported across the world. In addition to mother-to-child vertical transmission, the
monkeypox virus can spread from person to person by direct contact with infectious skin or
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mucosal skin lesions, respiratory droplets, or indirect contact
with contaminated objects or materials. The possibility of
community transmission cannot be ruled out, and it may also
be sexually transferred by semen or vaginal fluid. The virus that
causes monkeypox is called the monkeypox virus, and it is an
enveloped, linear, double-stranded DNA virus that belongs to
the Chordopoxvirinae subfamily of the Poxviridae family. With
symptoms of the disease lasting 2-4 weeks and a death rate
that previously ranged from 0 to 11 deaths, monkeypox is often
a self-limiting sickness. Intense headaches, fever, lesions, and
lymphadenopathy are some of the symptoms of monkeypox.
Antiviral medications and smallpox vaccines have been approved
for use in various nations in response to the monkeypox outbreak,
despite the fact that there is no specific treatment or vaccine for
monkeypox virus infection. Before allowing the virus to successfully
establish person-to-person transmission, quick action is required
to stop the local development of the disease and, consequently, the
global monkeypox outbreak (1-11). In Peter et al. (12), modeling and
optimal control were used to study monkeypox and the cost-effective
strategies were investigated. This study shows that, among all
competing measures, combining preventative measures to reduce
rodent-to-human disease transmission is the most practical and
cost-effective option.

Numerous research articles have been published where both
classical and fractional models were constructed, and there is a
plethora of literature on modeling infectious diseases. Because
fractional-order derivative has unique properties such as heredity
and memory that enable it to fully comprehend the dynamics of
real phenomena, an analysis based on fractional-order derivative
is more advantageous and practical than an analysis based on
classical derivative (13, 14). At two separate closed locations, the
phenomenon is indistinguishable by the standard derivatives. A
generalized derivative known as the fractional order was proposed
to address the problems with ordinary derivatives (15). Many
researchers used fractional- order derivatives in many fields, as shown
in Kumar et al. (16), Higazy et al. (17), Djida and Atangana (18),
Baba (19), Owolabi and Atangana (20), Mohammadi et al. (21),
Baleanu et al. (22), and Wutiphol and Turab (23). In the realm of
mathematical biology, the Mittag-Leffler-type kernel has been used
continuously over other derivatives, and numerous epidemiological
models, such as for dengue fever, smoking, tuberculosis, measles,
Ebola, and other diseases, have been studied using this operator as
shown in Asamoah et al. (24), Peter et al. (25, 26), Kumar et al.
(27), Morales-Delgadoa et al. (28), Atangana and Baleanu (29),
and Atangana et al. (30). Most notably, in Zhang et al. (31), the
Mittag-Leffler-type kernel modeling for Ebola-malaria co-infection
was investigated by the authors with the best possible control. They
strongly recommended the Mittag-Leffler-type kernel. In Kumar
et al. (32), investigated the COVID-19 model using singular and
non-singular fractional operators and compared the results of these
operators. In Aslam et al. (33), the authors examined a recent study
on the mathematical modeling of HIV/AIDS using the Mittag-
Leffler-type kernel and came to the conclusion that the infection
rate decreases with decreasing operator. In Evirgen (34), the authors
studied the transmission dynamics of the Nipah virus using the
Caputo derivative. One of the interesting segments of their study
was to focus on tracing the influence of fractional-order derivatives
on the manner in which the model responds. In Ucar (35), the
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authors investigated a fractional SAIDR model within the framework
of the Mittag-Leffler-type kernel. The effectiveness of the fractional
operator is shown through a numerical simulation.

Considering the characteristics of exponential decay, the Caputo-
Fabrizio fractional-order operator has been preferred over Atangana—
Beleanu beta derivatives and a few other operators in the field of
mathematical biology with more information (17-19, 24, 36-39). For
instance, in Addai et al. (40), the authors studied a novel model
of COVID-19 incorporating Alzheimer’s disease using the Caputo—
Fabrizio fractional-order operator. The results of the aforementioned
study revealed that the two diseases have a link and the authors
also concluded that the fractional operator is related to the rate of
infection. In Shaikh and Nisar (41), the authors also considered the
transmission dynamics of a fractional-order typhoid fever model
using the Caputo-Fabrizio operator and the existence theory and
achieved numerical solutions. In Shah et al. (42), Shah and his co-
authors conducted a semi-analytical study of the Pine Wilt Disease
(PWD) model with a convex rate via fractional order involving a non-
singular kernel. To comprehend the trade-off between the lockdown
and the transmission of the virus, Ahmed and his co-authors devised
a five-term dynamical system (43). Another use of the Caputo—
Fabrizio fractional-order operator was indicated, for instance, in
Addai et al. (40), Shaikh and Nisar (41), Shah et al. (42), Ahmed et al.
(43), Ullah et al. (44), Abboubakar et al. (45).

Furthermore, in Peter et al. (46), the authors used real data from
Nigeria to study the dynamics of the transmission of the monkeypox
virus using fractional calculus. The authors presented an argument on
the modeling system by studying the infection control policies that
will help the public to better understand the significance of control
parameters in the eradication of the virus in the studied population.
Furthermore, the transmission dynamics of the monkeypox virus was
studied using a mathematical modeling approach in Peter et al. (47).
In their findings, the authors indicated that the isolation of infected
individuals in the human population helps reduce the transmission
of the disease, which can serve as a form of intervention to control
the spread of the virus.

We observed that none of the studies on the monkeypox virus
and its modes of transmission took into account the interaction
between the isolated and exposed compartments in the human
subpopulation and the results of that contact rate with the rodent
population and applied the modeling approach to real data from the
United Kingdom. The major goals of this research are to calculate
the exponential growth rate of the monkeypox virus, to forecast
what might occur in future and how to stop it from spreading,
and to understand the effects of non-pharmaceutical intervention
on infected individuals, which will be able to guide us on how to
deploy intervention resources to contain the spread of the disease.
The remaining sections of the article are structured as follows: Section
2 presents some basic definitions and preliminary information,
Section 3 presents the model formulation, Sections 4 deals with the
dynamism of the model, Section 5 computes the basic reproduction
number and some basic mathematical analysis, Section 6 present the
endemic equilibrium of the model, Section 7 proves the existence and
uniqueness of our model, Section 8 deals with the fitting of the model
to real data from the United Kingdom, Section 9 presents numerical
schemes and numerical simulations, Section 10 deals with sensitivity
analysis, and Section 11 provides some perspectives, discussion, and
conclusion.
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2. Preliminaries

In this section, we review several key definitions, lemmas, and
concepts that are necessary to understand the suggested model.
Definition 2.1 Let f € Ql(p, q),9 > p,and a, € (0,1) (17),
(40). Then, the Caputo-Fabrizio fractional-order derivative can be
defined as

u ]ds.
o

G(a) is a normalization function, where G(0) =

G
S = 1= © / ) exp[ By lt

Here, G(1) = 1.
The fractional integral of the Caputo-Fabrizio fractional order is
defined by:

20— f(t) +

Fr0=3q= >G< )

w / f(S)dS,t > 0.

Lemma 2.2 Assuming there is a function u(t) € W;[0, 5], then the
solution of fractional differential equation

CFDef(t) = u(t), t € [0,7],
f(0) = fo,

is given by

1 - a) 2o t
)G(t)f(t) + (2 _ a)G(O[) /() f(s)ds,t >0

fO=fH+

(24),(17), (40).

Lemma 2.3 Suppose A C B be a closed convex non-empty subset of
A and there exist two operators, T and T, then it is Krasnoselskii’s
fixed point theorem (40) and it follows that:

(i) Thyu+ Tiu e AVu € A;
(ii) Tj is contraction and T, continuous and compact. Then quantify
at least one solution u € A such that

Tiu+ Thu = u.

3. Model formulation

Using a system of differential equations, we studied both human
and rodent populations in a closed homogeneous environment.
There are five compartments in a human population of size Nj,(t):
Susceptible Sy, (t); Exposed Ej,(t); Infected Ij,(t); Isolation/Quarantine
Qu(t); and Recovered Ry(f); where Nj(t) = Su(t) + Eu(t) +
I, () + Qu(t) + Ry (¢). The rodent population N,(¢) is split into S.(¢)
Susceptible; E,(t) Exposed; and I,(t) Infected. Let N,(t) = S,(t) +
E.(t) + I,(t). From the aforementioned description, using the ideas
in Yinka-Ogunleye et al. (5), we extend the studies of Peter et al.
(46) and (47), then the ordinary differential equations in system
(1) describe the dynamics of monkeypox transmission incorporating
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TABLE 1 Interpretation of parameters in the model.

Parameter Interpretation

Ay Human recruitment rate

A, Rodent recruitment rate

&n Immunity loss rate for human

Oy Undetected rate of human after diagnosis

s [y Natural death rate for humans and rodents

Vhs Vr Disease-induced death rate for humans and rodents

bny Or The rate at which humans and rodents move from exposed to
infectious stage

Y The rate of humans recovery from monkeypox

Vi The rate of identifying as suspected case of monkeypox

8 The rate of moving from isolated to recovered class

Brn The rate of transmission within rodents and humans

B The rate of transmission within humans

B The rate of transmission within rodents

non-pharmaceutical intervention;

dSh

= Ap + &Ry + 0Qn — ApSp — 1nSh
dﬂ = ASh — VYnEn — &nEn — 1nEn
dlh = ¢nEn — (Y + o + vy,
& = YuEn — (O + 3 + tn + vi) Qns 1)
dRh = Yuly + 8,Qn — EnRy — iRy,
% = Ar = AeSr — S,
Ttr = )\rsr - (PrEr - /LrEra
% = ¢rEr — (r + i)l

where A, = ’3”’1’%@”’1’1, A = ﬂl’\,—’f’ To capture the memory
in the predictions of the monkeypox virus transmission model
and also to verify that both sides of the fractional equations
have exact dimensions, the time-dependent kernel is defined by
the power law correlation function, as in Tilahuna et al. (48);
therefore, we propose the following fractional-order model for the
monkeypox virus transmission model using the Caputo-Fabrizio

fractional-order derivative;

CFDESH(t) = Ap + EnRpy + 04Qp — 1Sk — 14 Shs
CFDYEy(t) = AnSh — vnEn — dnEn — inEns
CFDYIL(t) = ¢nEp — (Wi + i + vi) Iy,
CFDYQu(t) = ynEn — O + S + tn + vi) Qs
CFDYRy(H) = Yl + 8,Qn — ExRy — iRy
EDYS () = Ar — ArSr — isSr

CFD?Er(t) = ArSr — ¢rEr — Ey,

CFD?Ir(t) = ¢rEr — (r + vl

(2)

The flow diagram of the model equation is presented in Figure 1
while the parameters used in the model and their signification is
presented in Table 1.

4. Dynamics of the model

In this section, we focus on the dynamics of the solutions
for the suggested models (1) and (2) that are positive, bounded,
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FIGURE 1
Transfer diagram of the dynamic transmission of the monkeypox virus.

and invariant. In an epidemiological model, it is important to
evaluate the population survival and the expansion that is naturally
constrained by scarce resources. As a result, we demonstrate the
following theorem.

Theorem 1. The solution of (1) along with initial conditions is
positively invariant and bounded in Ri. Therefore,

limy oo SUP Sh(t) < Spog = H1FALetORx

lim¢, o0 sup Ej(t) < Epoo = %,

limy 0o sup In(t) < Inoo = (ij%

lim;— oo sup Qu(t) = Qnoo = (0’}+g:ih2+v11)’ (3)
limy— oo sUp Ry (£) < Rpoo = ?g:j_ﬂl;) ,

limy o0 sup §:(f) < Sroo = 137

limy— o0 sup E(t) < Eroc = roZines,

lim— oo sup 1, (1) = Irow = {25

Proof. Using the results in Lin (49) and taking into account the initial
values given, from model (2), we obtain

FDESH (05,00 = An + EnRi + 0,Qp = 0,
FDEEL (1) g, 0) = MnSh = 0,
FDeT,(0)11,00) = PnEn = 0,
FDeT,(0lo,0 = vuEn = 0,
CFDERY (1) IR, 0) = Viln + 85Qu = 0,
DS, (5,0 = Ar 2 0,

EDYES1)|E,0) = MrSr = 0,
EDYL(D)1,00) = ¢rEr = 0.

(4)

From Equation (4), we can see that S;(0) > 0, E;(0) > 0,,(0) >
0,R,(0) > 0,8,(0) > 0,E,(0) > 0,1,(0) > 0, for all t > 0. From
Equation (2), the first equation gives

CEDYS(t) < Ap + &Ry + 0,Qp — ApSp — s S = 0.

Then, by applying the fractional comparison technique, we obtain the
first estimate of Equation (4). We continue for the second equation of
the system of Equation (2), we obtain

EDYE(t) < AnSh — YuEn — nEn — wnEp = 0.

Frontiersin Public Health

Therefore, we get the second estimate of Equation (1). We continue
again for the third equation of the system of Equation (2), we obtain

EDII,(t) < $nEn — (W + pp + vl = 0,

and, consequently, we obtain the third estimate of Equation (4).
Similarly, for the fourth to eighth equation, we obtain the estimate
of Equation (4). Hence, Theorem 1 is complete.

4.1. Monkeypox equilibrium state

The monkeypox model is studied by obtaining the equilibrium states.
To verify the existence of the equilibrium points, the derivatives of
the model on the right-hand side are set to zero, which provides the
monkeypox disease free equilibrium points.

We assume Ej, E;, I, I, Qs Ry, Sy S; be the solution to the
monkeypox model with the initial condition in a feasible region
such that

5. Ah
Uy = Ep, Iy, Qu, Ry, Sp € R7:Np, = (5)
'
3 Ar
I =E,L,$ e R :N, = —, (6)
ir
where the human population is represented as
Ny = Ey(t) + In () + Qu(6) + Ry (t) + Sp(1), )
and the rodent population, respectively,
N, = E,(t) + I.(t) + Sr(t)- (8)

To achieve the disease-free equilibrium state, the derivatives are set
to zero as seen in (10) to obtain

E = (B BT I QG Ry 5057) ©
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By setting the derivatives to zero, we obtain

dEj, _ dE, _ dIy, _ dI, _ dQy, _&_ dsy, _ ds;

10.3389/fpubh.2023.1101436

5.1. Stability of monkeypox-free equilibrium
(MFE)

T at T A T a T at T ar T at T a4 T 0; Investigating the stability of the monkeypox disease-free equilibrium,
(10)  we compute the Jacobian matrix of the system at the disease-free
equilibrium by obtaining the eigenvalues, which will be used to
hence, Equation (9) is represented as determine the stability of the model.
Ay A
B = (0,0,0,0,0,0, Zh —’). (11)
Hh Hr
Jpr =
This equation describes a population free of monkeypox infection _ﬂhhlhj\zlﬂrhlr —uh 006, & 0 0 _(ﬂhh*]:]l:rh)sh
and is denoted as E* e 0 0 0 Buctfud
0 @ 00 0 0 0 0
. . 0 oo 0 0 0 0
5. The basic reproduction number 0 008 —w—& 0 0 0
0 000 0o =y 0 e
N, r Ny
_ . . . 0 000 0 Bk g —p, X
We derive the basic reproduction number %Ry by using the next- 0 000 o o o e,
generation matrix approach (25). Since Ejp, I, Qy, and I, are the (16)
disease-infected classes, hence,
0 —Aj, — &R, — 6 A . .
h = EnR hQu + AnSh o+ 1Sk where ¢; and ¢, are represented in Equations (17) and (18)
AnSh YuEn + énEp + pnEp
0 —¢nEn + (Yn + pn + vl
f= O [ _ | VBt O+ 8+ 1 +0)Q (12) L= —Vn—@h— i 17)
0 —Ynln — 00 Qn + EnRp + mnRp O = —6, — 8 — i — Vpe (18)
0 —Ar + ArSp + Sy
0 —ArSr + &rEr + Wi Ey
0 —$vEy + (ur 4+ vo)L, Evaluating Jp+ at the monkeypox-free equilibrium (MFE),
we obtain
BunAn o Pundn
00 = 07
00 0 0 O Juees
F = , .
00 0 0 O — 1 0 0 0, £ 0 0 - Lurpan
e e e 0 o0 S
00 0 0 O 0 o 0 0 0 0 0 0
0 0 =6y — 8 — pp — vy 0 0 0 0
Yo+ on+ in 0 0 0 i o o hshlh " -t 0 0 0
v —®n Y+ wn + vp 0 0 0 0 0 0 0 w0 R
= 0 0 0 0 0 0 —¢ —u ﬁ
—Yh 0 Op+0p+pun+vy O 0 0 0 0 0 o w%u o
0 0 0 Wy + vy (19)
(13)
—L 0 0 0
Y1+i1+P1
D . — 0 0
v l= V1M1+V1V1+V1W1+M2+V1MV1+M1¢1+M1W1+V1¢1+101¢1 Vit ) (14)
1 —
V181481 101 +8101Hy1 i1 V11 Y101+ He v+ L+ 01+ L1 ¢ 0 Vi1 +61+01 (1)
0 0 0 Va2
The  next-generation  matrix (G) is given by
Bir1o1 Bir Bir
Ny (v +ud vt i +vigr gy Nyt +y) N (i)
1 0 0 0 0
G=FV ' = (15)
0 0 0 0
0 0 0 0
The basic reproduction number Ry is the dominant eigenvalue We  compute the eigenvalues grom the  Jupes  using
(spectral radius) of the next-generation matrix G, that is, Ro = p(G) the  characteristic polynomial of O° which will not be
represented as a result of its lengthiness. The eigenvalues
PRy = Brn A n and characteristic polynomial are calculated by |Jvres — II,
wn(vn + &+ )W + oy + o) where I is an 8 x 8 unit matrix, and the values of A
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are obtained:

0

—Hh

—in —&n
—Mr
—Yh — Ph — Kh
—Op — 0p — iy — vy
*ZNrﬂfﬂL(*Vr*wr)NanL«z/I\l]Lr(Nr(Ur*(ﬁr)zﬂy+4Arﬁrr§0r)Nr

i

—2Np 2 (= Ve =@ )Nettr =/ pr(Ne (V=012 1 +4A B )Ny
2Ny pir

Let A; and A, be well represented from Equation (20) in Equations
(21) and (22)

Ay = (N (v — (pr)zll«r + 4A, Brror)Ny, (21)
Ay = 2Ny + (—vr — 9Nty (22)
Then,
AL =0, (23)
Ay = —pip, (24)
A3 = —(up +&n)s (25)
Ay = —[y (26)
rs = —(yn + @n + 1) (27)
he = —(Op + S + 1 + ), (28)
—A VA
Ay = L’ (29)
2Nrpy
—Ay — /A
Ag= —2 YL (30)
2Ny iy

From the calculated eigenvalues, we obtain negative real parts, that is,
the monkeypox-free equilibrium is asymptotically stable if

—Ay — /A
2 N2 . (31)
2Ny iy
Upon simplification, we obtain Equation (31):
Nepr 2ty — vy — §0r)2 <1 (32)

Neper(vy — (ﬂr)z + 4N Brror

the
asymptotically stable.

Therefore, monkeypox-free equilibrium state is

5.2. Global stability of the equilibrium state
If B9 < 1, then the monkeypox-free equilibrium is globally

asymptotically stable; otherwise, it is unstable. This is proven by the
Lyapunov function such that

L(Ey) = Ey, (33)
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Differentiating, we obtain

/

L'(Ey) = E, (34)
= MSh — VYnEn — dnEn — hEp (35)
= ApSn — (Vh + &n + wn)Ep. (36)

At the disease-free equilibrium state as
— M
(11)> Sh =

seen in Equation

A
L'(Ey) = )»h(lT:) — (¥n — én — n)Ep (37)
, Anhy
E, = —1|E 38
" (yh+¢h+ﬂh)|:ﬂh(7/h+¢h+l/«h)Eh ] b ©8)
E, = (v + ¢ + ) — DE, < 0if Ry < 0. (39)

From the result obtained in Equation (39), we can see that
E/h < 0 provided Ry < 0 as well as E;1 = 0 provided
that PRy 0 or Ej 0. Global stability of the disease-
free equilibrium is asymptotically stable, if g < 0; otherwise,

it is unstable.

6. Endemic equilibrium state

The endemic equilibrium state occurs when the rate of infection
persists in the population and it is represented in Equations (40 - 47)

rodp o dr

(13 + kg + (ky + k3)pp + ka] Aphy

kok

W pit a1+ P32+ - pat dviEn - Ps
(40)
A
;lj* r r (41)

- (r + @) (lr + A7)

e (i, + B+ v+ 6 + En)ien + Snn + vién + OnEn) Apngn
G A pra 4 pa e 18 Py 1+ - Pat AV - Ps + Po

(42)
sk Qrir Ay
’ )“rl*L% + Aty Vr + Arphr@r + Arvrgr + Mf + M%Vr + M%‘ﬂr + vy
(43)

v Vnitd + vuon + Vi + EDin + va(nén + VnEn)) Aphp
" 1y +PLiag + P2 15, P3 - i+ i - pa+ Apvgn - Ps + Pe
(44)

R** —
h
Or¥n + mn¥n + ve¥n + YuO)An Anen + Gnynitn + Sn¥nvh + Sn¥n¥n)inn

Wy 4 PLh + pa - 4 p3 - ud 4 [y pa + Myl - ps + Pe
(45)
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_AhﬂﬁJrAh‘hl'Mf,+Ah'hz~/Lf,+Ah~h3~/th+1\h‘h4

M WS puh pa ]+ p3 2+ i - pa+ Apvrkn - s + e (46)
A
S = —, (47)
Ar+ r
where
dl = (Wh + Vh),

dy = (8 + v + O + &),
ds = (8p + vy + 6)),
ki = (Yp, + 20, + 8, + 0, + &)

ky =dy + dy,
ks = &, - ds,
ky=dy - &, - ds,

P1=38p+ v+ An+2v, + U+ 0p + o + &,

P2 = 8n¥n + Sphn + Spvp + Sp¥n + Snen + Sun + v
+ 2ynvn + vu¥n + vubn + vin + 2200 + Ann + Aty
+ Au@n + Apgn + Vi + vpUn + vy + 20500 + 204,
+ Yubn + Yuen + Yibn
+ Onon + Onén + onén

D3 = Sn¥nhn + SpYuvi + Sn¥nVn + Sn¥nbn + SnAnvi + Spdnin
+ 8nrnen + Spin&n + Snvnen + Snveén + SnVnen + Sn¥nén
+ 8nenn + 2Vnhnvh + YihnWn + YahnEn + Vivi + Yava¥n
+ Yuvnbn + 2Vhvnén + YaVnbn + YaVnén + YuOnén + Anvj
+ 2pvn¥n + Anvnbn + 27vp0n + 2ApvpEn + A Wnn + AnUnen
+ A WnEn + AnOn@n + MOk + An@nEn + Vion + Vikn + viVnen
+ vn¥nén + vibnen + vibnén + 2vnonén + Vinbngn + Vibnén
+ Ynonén + Onenbn,

Pa = Su¥nrnvi + SnYuAn¥n + Su¥nvnén + SnynUnbn + Sninvngn
+ 8nhnvibn + Snhn¥nen + Sndn¥nn + Snhn@nén + Snvn@nén
+ 8uVn@nén + Ynrnvi + VehnVhUn + 2VhAnvnén + Vidn¥nén

+ YRVrEn + ViVnVnén + YaviOnEn + YaWnOnbn + Anvion + Apvi&n

+ AV ¥nen + Anvn¥ngn + AnviOnen + ApviOn&n + 2hpvnenén
+ M YnOn@n + AnVnOn€n + AnOn@nén + vionkn
+ viVn@nén + vibnenén + ViOnenén,

P5 = 8nen + vnvn + vu¥n + vign + Onen

Do = SuhnVhnbn + YiAnViEn + YirnVaWnén + vy onkn
+ 2 VnOnpnén,

hy =8 4 v+ 2vp 4+ Vi + O + on + Eps

hy = 8pyn + Spvn + Sn¥n + Snen + Snén + 2vnvn + vu¥n + vt
+ Vi€ + Vi + VW + Vb + 20008 + 20E + Vil + Yaen
+ Yuén + Ohen + Onén + @néns

hs = Spynvn + Snyn¥n + Snyuén + Snvnen + Snveén + Sn¥nen
+ 85 Wnén + Shonkn + Yavy + Yivn¥n + Yavidh
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+ 29,Vnén + YuVnOh + YaVnén + YiOEn + vion
+ V&R + VnYnon + ViVién + Vinen + Vibnén + 2vnonén
+ Yubnon + Ynonén + Ynonén + Onenén,
ha = 8pynvhén + SuynVnén + Snvn@nén + Snnntn + vk
+ YRVnYnEn + ViVnOnén + YaVnOnEn + Vienén + vinenén
+ viOnon&n + YnOnonéns (48)

7. Existence and uniqueness results for
the monkeypox transmission model
with non-pharmaceutical intervention

We reformulate Equation (2) as follows:

D1 (, Sp(1), Ep(8), In(), Qu(t), R (1), Se (1), Er (1), I (1)) = Ap + EpRy,
+601Qn — AnSn — 1S
D (t, Sp(t), En(t), In(t), Qu(t), Ry(2), S (1), E(£), Ir(£)) = ApSh
—VnEn — ¢nEn — 1nEp,
D3(1, S (1), En (1), In (1), Qu(2), Ry (1), Se (), Er (1), 1)) = ¢ppEp,
—(Wn + wn + v,
Dy (t, Sp(t), En(t), In (1), Qu(t), Rpy(£), Si (), Er(8), I(1)) = ynEp
—(Oh + &n + n + vR)Qn
O5(t, S (1), En(t), In (1), Qu(t), Rp(£), Si (), Er(8), L () = Yy Iy,
+8,Qn — EnRy — wnRps
D (t, Sp(t), En (1), In(t), Qu(t), Ry (1), S (1), Ex(8), I (1)) = Ay — A;Sy

—rSy
q)7(t’ Sh(t)x Eh(t)x Ih(t)> Qh(t)) Rh(t)> Sr(t)x Er(t)> Ir(t)) = )"rsr - ¢TEV
—urEyr,
CI)S(tr Sh(t)x Eh(t)x Ih(t)> Qh(t)) Rh(t)> Sr(t)x Er(t)> Ir(t)) = ¢7ET
—(ur + vl

From Equation (10), the developed model of Equation (1) can be
written in the form

Fpro(t) = 1t o).t € [0,n], 0 <a <1,

®(0) = dy, (49)
Su(®), Sn(0),
Ep (), Ep(0),
In (1), I1,(0),
)@, ) Qu0),
PO=1 Ry, *° 7 ) R0, G0
Sr(t)) Sr(O))
E,(t), E(0),
Ir(t)) IT(O))
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therefore,
@ (t, Sp(t), Ex(), In(1), Qu(t), Ry (1), Sp(8), Ex (1), I (1)),
D, (t, Sp(t), Ep(), In(1), Qu(t), Ry (1), Sp(t), Ex (1), I (1)),
D3(1, Sy (1), En(1), In (1), Qu(t), Ry (1), Sy (), E (1), 1(1)),

b = | @3 SO BO, 10, Qu(0), Ry(0),5,(0), E(0), L),

@5 (8, Sp(0), En(®), In(£), Qu (1), Ry(2), S (1), Er (1), I (1)),
D6 (£, Sp(1), En (1), In(t), Qu(t), Ry (1), Sy(8), Er (1), I (1)),
@7 (8, Sp(6), En(®), In(£), Qu (1), Ry (1), Sr (1), Er (1), I(1)),
s (8, Sp(1); En(®), In(£), Qu (1), Ry (2), Sr(£), Er (1), I(8)).

(51)

With the help of Lemma 2.4, Equation (49) yields

B 2(1 — )
D(t) = Po(t) + 10— @)0@)

X fo (s, D(s))ds.

T (8, @(1) +

2a
(2 —a)Gla) (52)

C([0,7n]) is the Banach space, and
supposing that the following assumptions hold;

(H1), there exists a non-negative constant Q, W, and k € [0,1)
such that

Furthermore, let ussay E =

Y(t, d(1) < Q@F + W.

(H>) There exists a nonnegative constant C, > 0 for all @, ®cE
then

[Tt @) — Y(t, ®(1)] < Cpl|P — D]

Furthermore, let us define operator A, : E — E such that
ApR(t) = My O(t) + My d(2),

therefore, we can see that

_ 2(1 — )
ot
My ®(t) = 2= )G fo Y (s, D(s))ds.

From this knowledge, Equation (52) can be written as

(1—a) 2a

2
An®(1) = Do(t) + T+ 6@

2(1 — a)G(a)
X [y (s, B(s))ds.
(54)

Theorem 2. Suppose that (H;) and (H;) hold, such that
2(1 — @)

2(1 — a)G(a)
with non-pharmaceutical intervention has at least one solution.

C, < 1, then, the monkeypox transmission model

Proof. For simplicity, we divide the proof into two steps.
Step 1. We prove that operator M) is contraction. Then, let ® € €,
where Q = {® € Z: ||P|| < ¥, 9 > 0} is a close convex set, thus

M) — Myd] = —L =% aeeron
2(1 — a)G(a) g

1Tt (1) — Y(t, D)), (55)

< MC ||q>_<i>||
=21 —a)Gla) ’

Frontiersin Public Health

10.3389/fpubh.2023.1101436

Thus,
IM10 — M0l < —0—2 ¢l - B
! : = 2(1—a)Gla) '
) L 2(1 —a)
Hence, M; is contraction since ————C, < 1.
2(1 — a)G(a)

Step 2. We also prove that M, is compact and also continuous; for all
® ¢ Q, then M, will be continuous as ® is continuous, thus

2
[1Ma(@)]] = maxie(o,n) |m Jo Y (s, ®(s))ds],
: @TO;G(O[)’? Jo 10(s, (9))]ds. (56)
= (ZTO;G(Q)H[QI@" + W]

Hence, M, is boundedness. For equicontinuous, let ¢,t, € [0,7]
such that

2
(L)1) — (M ®)(0)] = s maxietog | ;' (5 (s
— [32 ®(s,R(s))ds|
<2 __[Qofk+ Wil — b
= 2-0)G@) L

(57)

As t; — b, then |(M®)(t;) — (M®)(f,)] — 0, which makes
operator M, equicontinuous and compact by the Arzela-Ascoli
theorem. Therefore, by Lemma 2.3, the existence for the monkeypox
transmission model with non-pharmaceutical intervention has at
least one solution. O

Theorem 3. Suppose that 3 is a nonnegative integer A, is > 0
such that

Ay =

[ 2(1 — @) 20

0 —a6@ ™ T 2w "L”] <L Gy

then operator A, has a unique fixed point.
Proof. Let d, ® € £, then we say

[[An® — Ap®|| < [IM1® — M1 ®| + [|Ma® — My D],
2(1 — @)

=< m maxte[0,y] |T(t> O(1) — Y (¢, d~>(t))|

+ B aG et | X (s @)ds -
= Jy X(5 B()ds|

<[ 2(1—a) 2a C]||q>—&>||
“ha-wew " T e—a6@ " >

= Apll® = ]|

Hence, by the Banach contraction principle, A, has a unique fixed
point. Consequently, the monkeypox transmission model with non-
pharmaceutical intervention has a unique solution. O

8. Fitting of model to data

We used the available public database to collect our data while the
formulated model of Equation (1) includes 16 parameters. To treat
the waggliness of the reported daily new cases, we smoothed the data
to remove noise from the data set so as to make it suitable for our
analysis. The total population of the United Kingdom is 68,530,739
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TABLE 2 Parameter values in the model.

Parameter Value Source
Ay 8644 Estimated
A, 0.9 Assumed
&, 0.00001 Fitted
6 0.029 Fitted
e 0.00200 (46)
M 0.05 (1)
iy Uy 0.00008, 0.0001 Fitted
> br 0.007 Fitted
¥ 0.056 Fitted
Vh 0.0081 Fitted
S 0.012 Fitted
Bei 0.000009 Fitted
Bi 0.00008 Fitted
Brr 0.0057 Fitted

g0 { — Real data

——— fitted data

Number of cases
8

0 B
0 10 20 30 40 60 70
Days
FIGURE 2
Model fitting.

(1), which was used for calculating the initial number of susceptible

humans, while the initial value for the number of infected humans
was calculated from the reported daily new cases. Other initial values
were assumed.

The link to the data used for this research and the initial values;
Sy(t) = 68530739; Ej,(t) = 0; I,(t) = 31412; Qu(t) = 0; S,(t) =
1074103; E,(t) = 1074103; and I.(t) = 1074103; can be found in
the Data Availability section. The parameters are fitted based on the
smoothed reported daily new cases of infected humans from May to
August 2022. This information was taken from the United Kingdom
public health database (1). The nonlinear least square technique was
used to fit the model using python programming. Table 2 shows all
of the parameter values that were fitted, and Figure 2 shows the data
fitting of the observed smoothed daily new cases.
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9. Numerical scheme

In this section, we present the numerical results for the

monkeypox transmission model with non-pharmaceutical
intervention based on the Lagrange interpolation. Details about the
numerical scheme is presented in Atangana and Owolabi (50). The

Cauchy problem of the CF fractional derivative can be given as:
EDEo(r) = Y(t, (1)), (60)

On the other hand, we can express Equation (60) as

L=y o) + S Xy T, 09

D(r) = Po(t) + 6@ @

(61)

Taking Equation (61) at the point t,; = (n + 1)h and t,, = nh,
n=0,1,2,3,.., with h being the time step, we have

— (1-0a) o
O(tnr1) = ®(0) + @ Y (ty, D(tn)) + )
tntl (62)
X / Y (s, @(s))ds,
ty
— (1 - a) o
D(t,) = ©(0) + m@(tn_l, R(ty—1)) + @ o

(58]
X /t,, Y (s, ©(s))ds.

Taking the results of Equations (62)-(63) in

(1-a)

qD(tn-H) - N(tn) = Gla)

(T(tn: ®(ty) — Y(tn-1, q)(tn—l)))

o tnt1
+ @ X -/;n T(S, d)(s))ds,

(64)

Equation (64) in the two-step Lagrange polynomial gives

(1—a)

D(tn1) — D(ty) = Ta“)‘(r(tn,@(tn)) — (1, Dty 1))
o et Y (b, B(1))

+@ X/ta [T(S_tn—l)

_ T(tn—la:)(tn—l)) (s _ t,,)]ds.

(65)
The aforementioned Equation (65) leads to

Btr1) — D) = (16;“‘;‘) (0t D(1)) — Yy, Dtn1)

o % [T(tn) D(t4)) /tn_H Y (tn—1, P(ta-1))
G(@) ), h

[Z¥8]
/ (s — ta)ds].
tn

(s = ta—1)ds —

(66)
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FIGURE 3
The sensitivity analysis of R with respect to the parameter p of the system (1).

Solving the integrals in Equation (66) yields

h2

tn+1 d 3
_t _ —
/tn (5= tr)ds = >

Il 1
/ (s — ty)ds = —h>.
t 2

Frontiersin Public Health

Substituting Equation (67) into Equation (66), then generalizing the

numerical scheme of CF is as follows:

1—-a) 3ha
d>n = Rn TN ) n> (Dn
(67) BRI (68)
1—a) ha ot $1)
- Gla) 2G(oz)] neb e
10 frontiersin.org
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FIGURE 4
Numerical trajectory of the CF-fractional-order derivative, «, of Equation (2). (A) Dynamics of susceptible (Sp) humans class. (B) Dynamics of expose (Ey)
humans class. (C) Dynamics of infected (/) humans class. (D) Dynamics of quarantine (Qy) class.

Thus, in terms of our CF-fractional monkeypox transmission Iy, =1In, + [(1 —) + Sha 17 (s In,)
model with non-pharmaceutical intervention, we obtain; (1 )G(a) 5 2G(@) (71)
—a o
( ) \ - [ G((x) + ZG(a)]T(tnfl)Ihnfl)'
l—«o 3ho
Shn+1 = Sh,, + [ G(a) ZG(Ol)]T(tn’Sh") ) A e
— = _— _— T >
A (R Qe = Q¥ gy + a0y e )
G(a) 2G(a) (1—-a) hot (72)
- [ G(C{) ZG(a)]T(tW—D th—l)'
B 1—-a) 3ha _ 1—a) 3ha
s =+ G0y s VB Fiwer =90+ gy + g T
_[(l—cx)+ ho ]T(t E ) _[(1—a) ha ]T(t R, )
G(oz) ZG((I) n—1Lh, ). G(C{) ZG((X) n—1 8y, ).
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FIGURE 5

Numerical trajectory of the CF-fractional-order derivative, «, of Equation (2). (A) Dynamics of recovery (Rp) class. (B) Dynamics of susceptible (S,) rodents
class. (C) Dynamics of exposed (E,) rodents class. (D) Dynamics of asymptomatic infected (/,) rodents class.
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B 1-w) 3ha
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10. Sensitivity analysis

Since an epidemiological system’s parameters are either
estimated or fitted, there is some degree of uncertainty in
the numbers that are utilized to derive conclusions about the
underlying epidemic. It is crucial to evaluate the individual
effects of each parameter on the dynamics of the epidemic
to identify those effects that have the greatest impact on
the epidemics spread or contraction. For biological factors
included in the proposed monkeypox model, we perform the
sensitivity analysis in this section. This analysis is investigated
analytically by computing %, where, p = (Bnn> Ans S>> Vi Vis
and ). The sensitivity of 9y to each parameter is
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as follows:
9N _ Andn ~0
Bun mn(vn + mn + ) p + n+ )
My _ Brn®n >0
OAp  n(yn 4 pn + dn)n + pp + )
IRy BunAn(vn + 1an)
Obn  wn(vn + mwn + e+ i + i)’
Brn An(an (v + pn + dn) + 1 (wp + o + )
My AW+ o)k A+ + Yn)) “0
pn W (W + e+ o) (o + fn + ¥n)? ’
Mo _ Bun nPn —0
OV wn(Vn+ o+ n)?*n + in + )
My _ BrhAnn <0
vy wh(Vn 4 o+ On)>n + i + ¥
My _ Brhrnh <0
AV wh(Vh 4 o+ n)> o + o + ¥
thus,
0Ro
—— = 124645.995943846
9Bnn
0Ro
— = 16.9011519923859
A,
0Ro 0.1746837421029776
B, (0.008139 + yp)?
9.912 x 1077 i + 47035744 x 10~ 1,
Mo +2.797853632 x 10710
pn 142 (1t + 0.01423643 + 0.00012055158688 41 77)
+7.17083788864 x 10_7)
9NRo _ 0.15096125860751
9y (yn+0.007039)2
0Ro B 0.59600691709814
v, (vp 4 0.056039)%
9NRo . 0.59600691709814
W, (vp 4 0.056039)%

The sensitivity index technique will help measure the most
sensitive parameters for the fundamental reproductive number
Ro (Borgonovo et al. (51) for details about the method). The
fundamental reproduction number’s normalized sensitivity index is

provided by S?O = % . 9%0, where p is a parameter as defined earlier.
We obtain
SHe =1,
3%2 =1,
83;0 _ _Ynt ik ,
" Ynt wn+ dn
(Y + i+ o) + o (op + o+ ¥n)
P _ +(n + 1w + On)n + 1+ Yn)
Hh (Y =+ 1 4 D) (wp + g + ) '
§Fo — Yh
Tyt i+ B
o=
Vp + iy + Y
o _ 14 _
U v+ + Y
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TABLE 3 The sensitivity index of 93g with respect to parameter p of the
system (1).

Parameter Sensitivity index

n -0.0014
A 1

n -1.003
o -1.003
Bun 1

Vi -0.5350
¥ -0.9979

The sensitivity indices using the parameter values given in Table 2 are
presented in Table 3. The sensitivity analysis of By, Ap> @n> Wi Vi Vi
and v, with respect to 93 and their graphs are presented in Figure 3.

Two of the sensitivity indices are positive while others are
negative, as can be seen in Table 3. Additionally, the majority
of these indices are functions of the Caputo-Fabrizio fractional
monkeypox model parameters. This implies that changing one of
the parameters slightly will alter the dynamics of the epidemic.
The basic reproductive number 9o normalized sensitivity indices
to the Caputo-Fabrizio fractional monkeypox model parameters are
calculated. We conclude that increasing the rate of recovery and the
rate of identifying suspected cases, that is, isolation and quarantining
of the monkeypox virus carrier will aid in decreasing the 2Ry, which
is an affirmation of the effect of non-pharmaceutical intervention to
combat the spread of the virus.

11. Discussion and conclusion

Following the estimation of parameter values and data fitting,
we simulate the Caputo-Fabrizio fractional monkeypox virus model
using the parameter values, as presented in Table 2. The fitted
Caputo-Fabrizio curve and Ry are given in Figure 2. Figures 4, 5
show dynamic behavior for all the nine compartments involved in
the proposed Caputo-Fabrizio fractional monkeypox virus model.
We observed a significantly high susceptibility and infection in the
solution pathways of individual species. The work of Hammouch
et al. (52), Bonyah et al. (53), Peter (54), and Sene (55) have
provided a strong basis for the discussion of our results. This
indicates that, whenever the memory index increases, the rate at
which people get infected with monkeypox virus reduces and vice
versa, which then indicates that, using fractional order, we can obtain
clear qualitative information on monkeypox virus transmission. In
Figure 6, we varied the input parameter y, on quarantine and
exposed, respectively, to observe variation in the system dynamics.
We noticed the contribution of this parameter in the transmission
pathways of infected individuals. In a similar way, we varied the
input parameters 8;, and v, on individual recovery and noticed the
variation in the trajectory of monkeypox recovery. We discovered
that the rate at which humans and rodents move from exposed to
infectious stage is also important and potentially dangerous in terms
of increasing the level of monkeypox infection.

In conclusion, we provided a brief overview of the monkeypox
virus and the dynamics of its transmission in this study. We
investigated the spread of monkeypox virus and its effect on
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yh Oon quarantine class. (D) Variation of ¥, on recovery class. (E) Variation of ¢, on infected class.

non-pharmaceutical intervention, thus quarantine. Positiveness,
invariance, boundedness, and equilibrium points of the solutions
are thus examined as fundamental features of mathematical models.
We considered real data of the monkeypox virus from the
United Kingdom, and the best fit curve has been obtained (see
Figure 2). As a result, we created a novel, dimensionally consistent
Caputo-Fabrizio fractional-order model. Krasnoselskii’s fixed point
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theorem has been used to demonstrate that the system has a
solution.The Adams-Bashforth method has been used to display
numerical simulations of the suggested pandemic model for various
fractional orders and parameter values. We looked into the impact
of factors on the expansion and contraction of the quarantine
compartment, recovery compartment, and infected compartment
on the spread and regression of the pandemic with the use of
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numerical simulations. As can be inferred from the data, it is clear
that the fractional-order equations can help explain this unique
effect of the monkeypox. Real-world data can be used to test the
accuracy of a mathematical model that has been created. The key
challenge, however, is where to find these data and/or how to
obtain the right curve for the collected data. The mathematical
representation of the monkeypox has been the subject of numerous
studies. To the best of our knowledge, there is still no research
on fractional modeling that uses actual data on the monkeypox
in the United Kingdom. Using actual data on the monkeypox
from the United Kingdom, a fractional-order modeling has been
shown in this study. The numerical results of this study show
that the spread of monkeypox can be stopped if the number of
contacts with infected people can be decreased through methods
such as effective mass education, improved quarantine facilities,
or increased testing of the general population, that is, performing
routine tests not only on exposed individuals but also on those
who have come into contact with infected patients. As a result,
these studies offer other professionals and scientists who focus on
infectious diseases insight that may help them in future to control
the outbreak of monkeypox and contribute to the development
of further treatment options. This study may provide insight into
potential future research projects in this regard. Future study of the
monkeypox can take into account other fractional operator types,
both with and without single kernels. Furthermore, data imputation
techniques can be used to fit rodent population parameters from the
number of monkeypox disease since the number of rodents cannot
be determined.

Data availability statement

The original contributions presented in the study are included in
the article/supplementary material, further inquiries can be directed
to the corresponding author.
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