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We exhibit a proof-of-concept laboratory study for inversion of the partial Mueller scattering matrix of hydrosols from polarimetric observations across a smooth Fresnel boundary. The method is able to derive the 9 Mueller matrix elements relating to linear polarization for scattering angles between 70 and 110°. Unlike prior studies of this nature, we utilize measurements from a hyper-angular polarimeter designed for passive remote sensing applications to derive the Mueller matrix, and tailor the polarimetric data reduction approach accordingly. We show agreement between the inversion results and theoretical Mueller matrices for Rayleigh scattering and Mie theory. The method is corroborated by measurements made with a commercial LISST-VSF instrument. Challenges and opportunities for use of the technique are discussed.
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1 INTRODUCTION
Knowledge of the microphysical properties of oceanic hydrosols is essential for understanding the global carbon cycle, the effective management of water resources and fisheries, and the determination of water visibility and bathymetry. In the atmosphere, it has long been understood that the polarization state of light encodes valuable information about aerosol morphology and composition (Hansen and Travis, 1974; Mishchenko, 2014). Remote sensing algorithms designed to retrieve aerosol microphysical properties with polarized light have been used with much success (Holben et al., 1998; Chowdhary et al., 2001; Cairns et al., 2009), and some space-based polarimeters have been launched or are in planning, including the National Aeronautics and Space Administration (NASA) Plankton, Aerosol, Cloud, and ocean Ecosystem (PACE) observatory. In contrast, there has been much less attention paid to the use of polarimetry for the characterization of hydrosols. This is, in part, due to the confounding effects of lower particle-to-medium refractive index, strong absorption by ocean water, the influence of the rough air-sea interface, limitations of viewing geometry due to refraction, as well as the presence of living and non-living material of widely varying shape, size, and concentration. Additionally, any polarized hydrosol characterization from space will also require a robust polarized atmospheric correction technique (Frouin et al., 2019). Despite these challenges, advances are being made in the use of polarimetry for ocean color remote sensing (Chowdhary et al., 2006; Harmel, 2016; Chowdhary et al., 2019; El-Habashi et al., 2021). Of particular interest are the survivability of the polarized underwater signal through the air-sea interface (Mobley, 2015; Foster and Gilerson, 2016; Hieronymi, 2016; Dolin and Turlaev, 2020), correcting for reflected Sun and skylight (Avrahamy et al., 2019; Carrizo et al., 2019), and retrieval algorithms to estimate water parameters, such as the total attenuation coefficient (Ibrahim et al., 2016; Freda et al., 2019; Gilerson et al., 2020) and the chlorophyll-a concentration (Wang et al., 2017; El-Habashi, 2018).
The presence of microplastic material in the oceans has also emerged as a major concern for the health of the world’s oceanic ecosystems (Nielsen et al., 2020). Plastic waste pollution negatively affects aquatic ecosystems in several ways, such as by direct toxicity of the plastic particles, cell damage, inflammation, or oxidative stress (Munier and Bendell, 2018). Plastic particles may act as vectors for pathogenic organisms and parasites for the ingesting organism, and also as sorption sites for pollutants such as toxic trace metals. Zooplankton have been documented to ingest microplastic particles between 7 and 31 μm, causing significantly decreased feeding upon algal populations (Cole et al., 2013), and a recent study examining microplastic ingestion by salp species demonstrated that plastics of size [image: image]nm may exhibit concentrations 5–7 orders of magnitude higher than previously thought (Brandon et al., 2020). In order to model the impacts of this plastic material from a remote sensing context (Garaba and Dierssen, 2018; Garaba et al., 2018; Dierssen and Garaba, 2020; Hu, 2021), and enable future optical detection and characterization efforts, detailed knowledge of the plastic’s optical properties is needed. The scattering Mueller matrix, which fully describes the optical effect of a particle assemblage upon a light field, is critical for predicting the optical effect of plastics and other hydrosols in the ocean.
There has been very limited experimental measurement of the polarized scattering properties of hydrosols. Holland and Gagne (1970) produced some early comparisons of hydrosols for specific polydisperse solutions and favorably compared with Mie theory. Despite some early work by Kadyshevich et al. (1976), the first widely adopted result is from Voss and Fry (1984), who measured the full scattering matrix (β) for many water samples in the Pacific and Atlantic oceans.
Several dedicated instruments have been built for measurement of the scattering Mueller matrix of hydrosols (Kadyshevich et al., 1976; Azzam, 1978; Thompson et al., 1980; Voss and Fry, 1984; Quinby-Hunt et al., 1989; Volten et al., 1998; Witkowski et al., 1998; Zugger et al., 2008; Twardowski et al., 2012; Chami et al., 2014; Badieyan et al., 2018). All of these instruments either use an algebraic approach with limited sampling to invert the target Mueller matrix, or use a polarimetric data reduction technique (Azzam, 1978; Chipman, 1995) based on intensity measurements only. An instrument for characterizing the 3D scattering properties of hydrosols has also been demonstrated (Wang et al., 2019). All such instruments are complex and labor intensive to build, making hydrosol Mueller matrix measurements sparse. The MASCOT instrument (Twardowski et al., 2012) has been providing some notable datasets and analyses (Twardowski and Tonizzo, 2018; Zhai and Twardowski, 2021) for several years, and the POLVSM (Chami et al., 2014) is a recent entry to the field. A commercial instrument capable of in situ polarized light scattering measurements is now available (LISST-VSF; Sequoia Scientific), however it provides only 3 Mueller matrix elements. The instrument has been recently used to explore the polarized scattering properties of natural particle assemblages in detail (Koestner et al., 2018, 2020; Sandven et al., 2020). A comparison of some of the available instrumentation is presented in Harmel et al. (2016).
Interest in polarimetry is increasing, and commercial radiometers and low-cost imaging sensors capable of measuring the polarization state of light are becoming more common (Li et al., 2014; Maruyama et al., 2018). Our goal for this work was to investigate whether a passive polarimeter may be used to successfully infer the partial Mueller matrix of suspended scatterers in a laboratory setting. Although one of these polarizer-on-chip sensors was not available when this work was conducted, our methodology could be easily applied, avoiding the need for a high-cost dedicated instrument.
Section 2.1 introduces the instrumentation used, section 2.2 describes the experiments conducted, section 2.3 derives the radiative transfer calculations governing the measurement, section 2.4 describes the Mueller matrix inversion methodology, section 3 presents the inversion results and discussion, section 4 discusses challenges and opportunities for use of the technique, and section 5 concludes the work.
2 MATERIALS AND METHODS
2.1 Instrumentation
The U.S. Naval Research Laboratory (NRL) operates a hyperangular spectro-polarimeter, called Mantis. Mantis was designed and built by Polaris Sensor Technologies, Inc., with input from the NRL to comprehensively characterize the optical properties of the full-sky dome in the visible to near-infrared wavelengths (380–1100 nm). Detailed specifications of the instrument may be found in Foster et al. (2020). Due to the high spatial resolution and intrinsic polarimetric capability of Mantis, our goal was to investigate if the instrument could be used to invert the polarized scattering properties of hydrosols, namely obtaining their scattering Mueller matrix. But since the instrument is not submersible and has a large field of view (FOV), the measurement would need to be made in air and require a rigorous accounting of the polarimetric effects of the tank and refraction of the FOV into the sample volume.
In addition to Mantis, an absorption and attenuation meter (ac-9, Sea-bird Scientific) was used to measure the total absorption and attenuation coefficients of each sample.
For comparison and validation, measurements were also acquired of specific samples using a commercial LISST-VSF instrument. The LISST-VSF model used in the current study measures scattering at a light wavelength of 532 nm (in vacuum) with an incident laser beam 3.2 mm in diameter. Measurements utilize two linear polarization states of the incident beam, i.e., parallel and perpendicular to a reference plane. The angular range 15–150° is measured at 1° resolution with a rotating sensor which further partitions scattered light into perpendicular and parallel polarized components for detection by two photomultiplier tubes. This measurement configuration enables estimates of β11, β12, and β22. The specific instrument has been thoroughly characterized and validated in previous studies (Koestner et al., 2018; Koestner et al., 2020).
2.2 Experimental Setup
The sample volume for the experiment was an acrylic tank of size 1.83 m × 0.61 m × 0.61 m (6’ × 2’ × 2’). The tank was positioned on an optic table, square with the edges in order to form an aligned Cartesian coordinate system with the tank walls and threaded holes of the optic table. A matte black cloth was attached to the outside of the tank along three sides and the top, in order to keep out any extraneous light and minimize multiple reflections from the tank walls as much as possible. Outside the tank, an unpolarized 30mW 632.8 nm Helium-Neon laser (25-LHR-925-249, Melles Griot) was placed on a tilting stage (TGN160, Newport). An iris was centered in the path of the beam, followed by a Glan-Thompson polarizer (MGTYS15, Karl Lambrecht) which was attached to a high precision manual rotation mount (PRM1, Thorlabs). The face of the polarizer was oriented at a slight angle with respect to the laser beam, in order to avoid causing optical feedback into the laser cavity. A second iris was placed downstream of the polarizer. Both irises work together to mitigate the reflections that occur off of the front and rear faces of the polarizer, and from the front wall of the tank. The entire stage containing the laser and optics was offset such that the laser spot entered the tank at a distance of 6 cm from the inside wall, and was again very slightly angled to avoid optical feedback. The spot was vertically positioned so as to enter the tank at roughly 0.3m, half of the tank height. A light trap, constructed out of a black polyvinylchloride (PVC) piping elbow, was placed inside the tank on the side opposite the laser, and served to absorb the beam and eliminate any direct reflections from the tank walls. An illustration of the experimental setup is given in Figure 1.
[image: Figure 1]FIGURE 1 | Schematic of the experimental setup.
In order to calibrate the rotation mount for the input polarizer, a second Glan-Thompson polarizer was placed such that its transmission axis was exactly perpendicular (90°) with respect to the surface of the optic table.
The laser was attenuated, directed through both polarizers, and the radiance measured with a spectrometer (QE-Pro, Ocean Optics). The mount angle was varied manually until the signal level was minimized, which determined the angular offset at which the transmission angle was exactly parallel with the optic table (0°). Positive polarizer angles are specified to be counter-clockwise with respect to this position, when looking into the beam.
The orientation of the laser with respect to the tank was adjusted in order to keep the influence of internal reflections within the tank as even as possible along the beam length. The zenith angle was aligned with the tank by first removing the light trap, and allowing the beam to transmit fully through the rear of the tank. The angle was adjusted until the beam height entering and exiting the tank were identical. Aligning the azimuth angle exactly parallel with the tank was not possible; it would have back-reflected the beam into the laser’s aperture, potentially damaging it. A small azimuthal misalignment was introduced to avoid this.
Mantis was placed on a table adjacent to the tank, and its front window was positioned 1.3 m away from the face of the tank. It was oriented on its side, such that the 72° FOV was horizontal. The instrument was attached to a vertical translation stage mounted to a tilting stage, thus allowing two degrees of freedom to align its FOV with the laser’s path. To perform the alignment, we replaced the beam trap with a diffusely reflecting white object, so that the beam created a bright spot of light near the rear of the tank. We then removed the exterior baffle indicated in Figure 1. As the beam transmits through the front wall of the tank, the scattering that occurs at the interface causes an additional bright spot at the location where the beam enterers the tank. In order to align the sensor FOV with the beam, the vertical position and tilt of Mantis were adjusted until the signal level from both bright spots (the front and rear of the beam) were simultaneously maximized, ensuring that every pixel along the beam’s length was viewing the brightest, central part of beam profile.
For this experiment, our goal was to retrieve the Mueller matrix of two specific polystyrene particle standards, with diameters of 0.994 and 4.0 μm (3K-990, 4K-04, ThermoFisher Scientific). Since we planned to isolate the scattering signal due to the particles, we chose to use tap water as the scattering medium. The use of pure water was considered, but due to the volume of water required (≈535 L) and the surface area of the tank, maintaining the purity of the water was deemed too difficult. We also were interested to contrast the Mueller matrix of the tap water signal with the theoretical Mueller matrix for pure water.
After thoroughly cleaning the interior, the tank was filled to a 90% level with tap water and allowed to settle and degas for 48 h. After this period, a dusting of large particles was visible on the floor of the tank, the water had warmed to room temperature ([image: image]), and no bubbles were visible on the walls of the tank. To remove the large particulates, the tank water was recirculated through two inline water filters, a 5.0 μm, followed by a 1.0 μm for 4 h, and then allowed to settle for a further 24 h. The ac-9 instrument was gently submerged in the tank, and a set of absorption (a) and attenuation (c) coefficients were collected and linearly interpolated to 632.8 nm. After appropriate instrumental corrections (Stockley et al., 2017), the scattering coefficient (b) is calculated as b = c − a.
To perform the tap water background measurement, all internal lights in the room were turned off. Both the laser and Mantis were switched on and allowed to stabilize for 15 min, and the input polarizer was rotated to the horizontal position (0°). Due to the small magnitude of scattered light, the collection parameters were adjusted to maximize the collected signal: the sensor integration time was set to 1 s, and the number of polarizer rotations averaged for one measurement was set to 8. Since the sensor collects 16 frames per rotation during a measurement, this means that each acquisition integrated for approximately 128 s (Foster et al., 2020). First, the sensor aperture was covered and several dark offset frames were collected. Once complete, the aperture was uncovered and a series of 8 measurements were made, rotating the input polarizer by 22.5° in between each one. The choice of 8 angles is explained in Section 2.4 and is visualized in Figure 3.
Proceeding the background measurement, one bottle (5 ml) of the 4.0 μm bead solution was gently mixed into the 535 L of sample volume until uniformly distributed. The ac-9 instrument was again used to measure the total absorption and scattering coefficient of the solution. As a cross check on the optical properties, the total number of particles (Np) in the sample volume was calculated using the manufacturer-provided formula (Thermo Fisher Scientific, 2018), and Mie calculations (described in section 3) provided a scattering cross section (Csca). The measured (0.015 m−1) and theoretical bead scattering coefficient, calculated as b = NpCsca/0.535 m3, agreed to within 20% which is typical for these type of measurements (Stockley et al., 2017). After collection of another set of dark spectra, the series of 8 collections were performed again, using the same generator angles as for the background water measurement. Once all desired measurements were complete, the tank was drained and thoroughly cleaned.
The second experiment was repeated in exactly the same manner. This time, one bottle (5 ml) of the 0.994 μm bead solution was mixed into the sample volume, for a theoretical bead scattering coefficient of 0.86 m−1. As will be seen in section 3, the significantly higher scattering coefficient, and therefore signal-to-noise ratio (SNR), may explain some of the differences in inversion results for the smaller vs. larger bead solution.
At a later date, LISST-VSF measurements of tap water and 0.994 μm beads were collected for comparison with inversion results. In order to replicate the original experiment conditions as closely as possible, flushed tap water from the same faucet was allowed to degas in a 2 L glass beaker for 24 h. The water was poured into the black sample chamber of the instrument and allowed to settle for 3 h. Two sets of 100 measurement were collected. Following the tap water measurements, 12.4 μL of 0.994 μm bead solution was mixed into the sample chamber in order to approximate the particle concentration of the original experiment, and two more sets of 100 measurements were collected. In order to increase the SNR of the measurement, an additional 12.4 μL of bead solution was added to the sample chamber (for a total of 24.8 μL) and the collections repeated. Following quality control of the measurements, median data at each scattering angle were determined and appropriate corrections were applied based on recommendations from Koestner et al. (2018), Koestner et al. (2020). In brief, the corrections refer to angle-dependent adjustments to the outputs from manufacturer provided data processing code and are based on laboratory measurements and Mie scattering calculations for monodisperse polystyrene bead suspensions. These corrections were found to be necessary in previous studies and have been validated with independent measurements (Koestner et al., 2018).
2.3 Radiative Transfer Calculations
For this section, it is helpful to refer to the scattering diagram given in Figure 2 and the list of symbol definitions in Table 1. In order to simply the math that follows, ΔV is considered to be a rectangular cuboid, which closely approximates the projection of the pixel FOV upon the volume illuminated by the laser beam, and dV is a differential element of that same volume. When viewing the beam at 90°, each pixel sees a distance along the beam of 1 mm. Since the pixel FOV is smaller than the beam cross section, each pixel sees a cuboid of roughly (1 mm × 3 mm x 1 mm), where 3 mm is the full width of the beam profile (in the [image: image] direction as depicted in Figure 2). This volume increases as the viewing angle becomes more oblique.
[image: Figure 2]FIGURE 2 | Illustration of the scattering geometry for a single pixel FOV. Figure symbols enlarged.
TABLE 1 | List of symbols used in this work.
[image: Table 1]In its most basic form, the differential equation governing the scattering of light from the elementary volume dV is given by
[image: image]
where θs is the scattering angle, dΩ′ (sr−1) is the elementary solid angle receiving the scattered light, E (W m−2 nm−1) is the spectral irradiance incident upon dV, b (m−1) is the scattering coefficient, [image: image] is the scattering phase function, t (s) is time, and λ (nm) is wavelength. In short, dJ is the energy in Joules leaving dV at angle θs and flowing into solid angle dΩ′, per unit time and wavelength.
However, dJ/dt = dΦ, the radiant flux, and further, dΦ/dλ is the optical power. We can thus re-arrange Eq. 1 as
[image: image]
Let us now include the Stokes vector formalism for light polarization. For mathematical reasons, we will consider Φ and E as abstract constructs representing coherent Stokes vectors of the radiant flux and spectral irradiance, respectively. The notion of a Stokes vector for flux or irradiance does not make physical sense without considering a direction of energy flow, but this will come later. The scattering phase function now becomes the (4 × 4) scattering phase matrix, [image: image], and when multiplied by the scattering coefficient it becomes the volume scattering matrix, β(θs) (m−1sr−1). For generality, we must also include two Stokes vector rotation matrices, R1 and R2, which rotate the Stokes vector reference plane into and out of the scattering plane:
[image: image]
For the geometry of the presented experiment, the scattering plane and the Stokes vector meridional plane are orthogonal to each other, leading to θ = 90° for both R1 and R2.
We now have
[image: image]
Consider now the spectral irradiance (E) which is incident upon dV. E depends on the laser output power (Φ), the beam cross section (Ab), the total optical depth between the laser aperture and dV, the cross-sectional area which dV subtends within the beam (Ac), as well as transmission through the tank walls (mostly influencing the polarization). The flux passing through Ac will decrease with distance from the front of the tank (ℓ0), not only because of attenuation over the optical path length, but also because the beam diverges with distance and therefore Ac occupies a decreasing fraction of the total beam area. Estimating this fraction is difficult, but is done geometrically, accounting for refraction of the FOV through the tank walls, and for the diverging Gaussian beam profile. In the end, we calculate that Ac intercepts 65% of the radiant flux in the beam profile near the front of the tank, decreasing to 30% at the largest path lengths. Further details about this calculation may be found in the Supplementary Material for this article.
Denoting this fraction as f(ℓ0), T1 and T2 as the Fresnel transmission matrices from air to acrylic glass, and from acrylic glass to water, the spectral irradiance impinging on dV can be expressed as
[image: image]
where the optical depth is given by the attenuation coefficient c multiplied by ℓ0. Explicit dependence on the wavelength and incidence angle have been omitted for clarity, and we have further assumed that the Stokes vector of the incident light is unchanged when propagating through the intervening air, tank walls and the water. It is likely that the incident light becomes increasingly depolarized as it traverses the tank, which can contribute to some discrepancies at the largest path lengths. Multiple reflections between or within the tank walls have not been considered.
The initial flux Φ0 is formed by passing an unpolarized laser with output flux Φ through a Glan-Thompson polarizer mounted to a rotation stage. The Mueller matrix for a linear polarizer oriented at 0° with polarized intensity transmittances parallel to (tℓ) and perpendicular to (tr) the polarizer axis is given by Chipman (1995):
[image: image]
which can be generalized to a polarizer oriented with arbitrary axis angle η through
[image: image]
Thus, the polarization angle of the incident flux is modulated by the position of the polarizer, such that
[image: image]
where we again drop explicit dependence on the polarizer properties and rotation angle from Φ0 to simplify the notation.
The light scattered from dV must travel a distance ℓs before it reaches the edge of the tank, experiencing an attenuation of [image: image], as well as an apparent attenuation   cos(α), where α is the angle between the center of the field of view and dΩ′. Upon reaching the tank wall, it must refract twice [water to acrylic glass (T3), and then finally acrylic glass to air (T4)]. Combining Eqs 4, 5, the full differential equation governing the experiment is:
[image: image]
To determine the radiant flux received by the pixel, we need to consider the contributions from all parts of the beam in view of the pixel. This is an integration over the beam volume within the FOV (ΔV) and over the solid angle subtended by the pixel’s entrance pupil (ΔΩ′):
[image: image]
Almost all of the parameters in Eq. 10 are functions of ℓ, including the scattering angle, which makes the integration quite difficult. If we make the reasonable assumption of homogeneity across a pixel (which, as mentioned above samples ≈ 1 mm of beam length) then ℓ, ℓs, f(ℓ0), and θs can be treated as constants within a pixel, and   cos(α) ≈ 1. Further, in the paraxial approximation, we can substitute dΩ′ = dAl  cos θv/D2, where dAl  cos θv is the differential entrance pupil area receiving the flux, and D is the distance (accounting for refraction) from dV to the lens.
The solution can then be approximated as
[image: image]
And finally, the expected radiance (diffuse Stokes vector, S) is the spectral radiant flux divided by ΔAl and the solid angle of the pixel’s field of view (ΔΩFOV):
[image: image]
2.4 Inversion of the Mueller Matrix
Since detectors are only sensitive to light intensity, polarimetric data reduction techniques are formulated so that they operate on intensity measurements of light fully polarized in a specific direction (e.g., I0, I45, I90, … etc.). This makes sense for experiments where a calibrated detector provides measurements directly proportional to the polarized intensities. In fact, often the raw digital number (DN) may be substituted directly, if the quantity of interest does not depend on the absolute magnitude of the signal, which is the case for all Mueller matrix elements except for the phase function. In this experiment we do not have that option. Mantis acquires Stokes vectors by modulating the intensity measurements through a constantly rotating polarizer (polarization modulation approach), and thus the raw intensity measurements are not directly proportional to the polarized intensities (Foster et al., 2020). The Stokes vector is inverted directly from the modulation, and thus represents the lowest level data product.
To estimate the parameters of the scattering Mueller matrix ([image: image]) using Mantis, we tailor the polarimetric data reduction technique for operation directly on Stokes vectors. As originally conceived by Azzam (1978) and using the nomenclature of Chipman (1995), a Mueller matrix can be inverted from a set of N intensity measurements if the system is linear and the n-th intensity is of the form [image: image], where k is a scaling constant, [image: image] is the n-th analyzer vector (first row of the system Mueller matrix for all optical components in-between the sample and the photodetector), and Sn is the n-th incident Stokes vector. Since Mantis is only able to measure the linear Stokes components (S = [I Q U]T), we limit our discussion to the (3 × 3) Mueller matrix.
To be able to use the technique, we reform [image: image] into a (9 × 1) Mueller vector ([image: image]):
[image: image]
Using the Mueller vector, a scattered Stokes vector, Ssca, is expressed in terms of the incident Stokes vector as
[image: image]
where ⊗ denotes the Kronecker tensor product, and [image: image] is the (3 × 3) identity matrix.
The resiliency of the inversion depends on how well-conditioned the problem is, and this is the reason why considerable attention is given to the careful selection of the N sampling points on the Poincaré sphere (Goudail and Dai, 2020). If exactly N = 9 sufficiently separated points are chosen (or 16 in the case of the (4 × 4) Mueller matrix), the system can be represented as
[image: image]
with [image: image] being uniquely determined using a standard matrix inversion, i.e. [image: image]. If the system is over-determined (N [image: image] 9), a Moore-Penrose pseudo-inverse can be used, providing the minimum-norm, least-squares estimate of the Mueller matrix:
[image: image]
However, in all such cases the vector [image: image] is a set of intensity measurements (Stokes I components only), which is incompatible with the measurement modality of the Mantis instrument. Instead, we operate on the full Stokes vector simultaneously, treating each Stokes component as an independent “intensity” measurement (row) in [image: image]. Thus, we can no-longer treat [image: image] as a vector, but require the (3 × 3) Mueller matrix.
Let us denote Sn as the polarized radiance incident upon dV when the polarization state generator is rotated to the n-th position. The corresponding background-corrected Stokes vector measurement acquired by the Mantis instrument is denoted [image: image]. We can combine Eqs 8, 11, 12 into the following form:
[image: image]
[image: image]
[image: image]
[image: image]
In terms of the Mueller vector, we can write
[image: image]
For N generator positions, we acquire a measurement vector [image: image] of size 3N, which is an improvement in efficiency compared to methods which are only able to leverage intensity measurements. With N = 3, a unique solution is found using a standard matrix inverse, but this is not preferable from a numerical standpoint, since the matrix condition number for such an inversion can be high depending on the specific generator angles chosen. Also, there are correlations among the I, Q, and U components for each generator position which arise because of external influences such as transmission through the tank walls, and non-ideality of the generator. It is therefore preferable to over-determine the system.
We have chosen N = 8 sampling points as a reasonable compromise between inversion accuracy and time required to complete an acquisition. Figure 3 illustrates the 8 points on the Poincaré circle for linear polarization (the equator of the Poincaré sphere). Having passed through the generator, the incident beam is fully polarized, and thus all of the points exist on the edge of the Poincaré circle (DoLP = 1). The angle of polarization (AoP) is shown graphically next to each point for context. The matrix condition number for the inversion is related to the size of the blue area within the circle. Borrowing the terminology of Tyo et al. (2010), a large blue region indicates that the measurement vectors which project the high dimensional “scene” space (the physics) into a low dimensional “sensor” space are highly orthogonal, and thus an accurate estimation of the physics can be reconstructed from the measurements without much loss of precision. The orange area is therefore proportional to the loss in precision. If the incident radiation were to become partially depolarized before impinging on the scattering volume, the loss of precision would be roughly proportional to the square of the degree of linear polarization (DoLP), since the radius of each point corresponds to the DoLP and the blue area would shrink by a factor of roughly DoLP2.
[image: Figure 3]FIGURE 3 | The location of the 8 sampling points (generator positions) on the Poincaré circle of linear polarization (V = 0). The orientation angle is given on the azimuthal axis, as well as shown graphically next to each point. The blue area is proportional to the precision with which the inversion is possible.
With N = 8 sampling points, W becomes a (24 × 9) matrix, which is inverted with a Moore-Penrose pseudo-inverse to obtain the Mueller vector:
[image: image]
[image: image]
2.5 Symmetry Relationships
The technique described in Section 2.4 may be used to determine all 9 of the Mueller matrix elements under consideration. In the implementation thus far, each row of Mueller matrix elements is treated as linearly independent of the others. This approach works mathematically, but is not optimal. We can improve the quality of the inversion by utilizing knowledge about the structure of the scattering matrix. Primarily, we have a-priori knowledge about the symmetry relationships between the Mueller matrix elements.
The classic work of van de Hulst (1957) has shown that when a cloud of one kind of scatterers contains an equal amount of particles and their mirror particles and are randomly oriented, the resulting Mueller matrix contains 6 (out of 16) non-zero terms. Since we are not measuring (or generating) the V component, only 4 of them are invertible. Scattering by water molecules and by spherical microbeads satisfy these constraints (Hansen and Travis, 1974). Thus, when expressed in terms of the scattering angle we expect a matrix of the form
[image: image]
Immediately we can recognize the first symmetry relationship, [image: image].
In the case of molecular (Rayleigh) scattering, it is important to consider the anisotropy of the water molecules (Jonasz and Fournier, 2007), which causes a difference in polarized scattering behavior at scattering angles near 90° (Rayleigh, 1920). This is accounted for using a so-called depolarization factor, δ. For water molecules at θs = 90° scattering angle,
[image: image]
The depolarization factor for pure water is estimated to be 0.039 (Farinato and Rowell, 1976). Thus, we can expect [image: image] for scattering by molecular water to be on the order of 0.925. When the polystyrene beads are added to the sample volume, Mie theory predicts that [image: image], adding an additional symmetry we can leverage. This relationship is not used when depolarization is expected, to avoid introducing a bias into the result.
Another trivial, but useful observation is that four of the nine elements are zero. We can therefore introduce 4 more symmetry relationships: [image: image], [image: image], [image: image], and [image: image]. These zero-relationships are important for the quality of the inversion. Without them, each of the zero terms may contain a small bias resulting from minor inaccuracies between measurements. By using these relationships, the zero terms become tightly coupled together. This reduces the individual bias of each zero term, thereby increasing the robustness of the remaining elements (Tyo et al., 2010).
From Eq. 21, we can observe that the [image: image] element remains independent of the others, and cannot benefit from a symmetry relationship.
There are additional symmetries and relationships among the Mueller matrix elements that can be exploited (Fry and Kattawar, 1981; Cloude, 1990; Gil, 2000), but many of them are inequalities and would require use of a constrained least-squares technique or a different set of measurement angles (Tyo et al., 2010), which is reserved for future work. It is useful to observe that An also has the form of Eq. 21 which allows the elimination or simplification of many terms.
In order to leverage the symmetries in the inversion, we create additional “measurement” rows in both the [image: image] and Wn matrices, similar in spirit to that done in Tyo et al. (2010). The inclusion of each symmetry relationship adds an additional two rows to each. Algebraically, the new rows are formed by eliminating the row of Wn which does not have an impact upon the symmetry, and then swapping the columns which do correspond to the symmetry. An example for 4 different symmetry relationships is given in Eqs 23, 24. The [image: image] rows (changes shown in blue) are formed by removing the 3rd row of Wn (since it does not contribute to [image: image] or [image: image]) and swapping the 2nd and 4th columns (corresponding to their position in [image: image]). The additional rows for [image: image] are the corresponding Stokes components (I and Q, in this case).
[image: FX 1]
The corresponding set of measurements is given by
[image: FX 2]
After accounting for the symmetries, each measurement point (one generator angle) results in a measurement matrix with 3 + 2Y rows, where Y is the number of symmetry relations used. After N = 8 sampling points, the total size of the W matrix to be inverted is [(24 + 16Y) × 9].
If only a subset of the Mueller matrix is required, the corresponding columns can simply be eliminated from W. Doing this can improve the quality of the inversion for the remaining elements, which is a possible design optimization (Tyo et al., 2010), but care must be taken to avoid introducing a bias into the result. We have observed a similar behavior with this inversion by omitting the columns corresponding to the zero Mueller matrix elements, essentially forcing them to be identically zero. However, given that the system is significantly over-determined already, the gain in fidelity was small, and we found the behavior of these elements to be a useful indicator of other problems with the setup or inversion technique. Depending on the particular elements desired, a smaller set of generator angles may be sufficient.
2.6 Angular Resolution
One further technique is used to increase the SNR of the inversion. The Mantis instrument has extremely high angular resolution (0.031° channel spacing), and our signals of interest do not contain spatial frequencies high enough to warrant the full use of this resolution. Theoretical calculations for the 0.994 and 4.0 μm microbeads indicate that the highest spatial period in the data under consideration is 7°, which occurs for the 4.0 μm beads (Figure 4). We chose to consider 15 spatial channels (pixels) together as one angular measurement, resulting in an effective channel spacing of [image: image], which still greatly exceeds the Nyquist frequency for this signal, leaving 20 sampling points (scattering angles) for each oscillation. Instead of inverting each high-resolution channel individually and simply binning every 15, we have chosen to combine the [image: image] and W matrices for each of the 15 channels, treating them as one combined inversion. This has several advantages over a naive binning approach, principally that the inversion is now a least-squares best fit to all 15 channels, and the symmetry relationships between all of the channels now work together to constrain the final result. In total, the size of the final W matrix becomes [(360 + 240Y) × 9]. When all the symmetry relationships are used (Y = 6), 1800 measurements contribute to inverting the 9 Mueller matrix elements for each scattering angle.
[image: Figure 4]FIGURE 4 | Theoretical phase matrices representing the three materials considered under this study. Rayleigh (blue), 0.994 μm microspheres (red), and 4.0 μm microspheres (black). The shaded region represents the range of scattering angles observable given the geometric constraints of the experimental setup.
3 INVERSION RESULTS AND DISCUSSION
In this section, we present the result of our Mueller matrix inversion for tap water and for two different polystyrene bead standards in comparison to theory, as well as a limited comparison with measurements made by the LISST-VSF instrument. Due to the geometric limitations of the experimental setup, only Mueller matrix elements for scattering angles between 74° and 115° are able to be inverted. Theoretical phase matrices for each of the three materials are given in Figure 4, where the retrievable scattering angles are denoted by the shaded region. Only the four unique Mueller matrix elements (Eq. 21) are shown in the figure.
3.1 Tap Water
As discussed above, it was unfeasible to fill the sample volume with 535 L of pure water and expect it remain pure enough to exhibit a Rayleigh-like phase function. Thus, for simplicity and ease of setup, tap water was used as the background medium. Since municipal tap water contains scatterers other than dipoles (minerals, sediment, etc.) and the exact composition is not known, it is of little value to compare it with a Rayleigh phase function. Some effort was made to fit the measured phase function to theoretical Mie calculations based on generic information provided by the local municipal water report. We varied the particle size and real refractive indices in combination with molecular scattering to get an approximate fit to the measured phase function, but this turned out to not work well enough for our needs. However, since the tap water visually exhibited signs of colloidal scattering (slightly cloudy appearance) and large particles were allowed to settle out, we hypothesized that the normalized Mueller matrix elements could exhibit a Rayleigh-like behavior consistent with Tyndall scattering (Jerlov and Kullenberg, 1953). Figure 5 illustrates the results, as compared with the normalized theoretical Rayleigh scattering matrix (Hansen and Travis, 1974) with the generally accepted depolarization ratio of 0.039 (Farinato and Rowell, 1976). All normalized elements match surprisingly well with Rayleigh scattering, despite the presence of other scatterers. The shape and relative magnitude between the measured and the Rayleigh scattering matrix agree across the full range of scattering angles. The high slope in the measured volume scattering function (VSF) is expected when there are non-dipole scatterers in the medium, and the leveling off of the magnitude near 105° is very likely caused by insufficient SNR for those longest path lengths. The mean value of β22/β11 was 0.945 4, which translates into a depolarization ratio of 0.028. The magnitude of the absolute percent differences between theory and measurement are on the order of 10%, except for β13/β11 and β23/β11 near 105° scattering angle. The exponential slope apparent in these elements are likely due to a mismatch in the scattering or absorption coefficients used in the inversion. The β33/β11 element matches the slope of the theoretical curve very well, up until the signal level begins to drop at 105°.
[image: Figure 5]FIGURE 5 | Scattering matrix inversion results for tap water, compared with the normalized Rayleigh scattering phase matrix using a depolarization ratio of 0.039. LISST-VSF measurements for tap water are shown for β12/β11 and β22/β11 The volume scattering function (β11) is only shown for the inversion, since the water constituents were not characterized and there was a time difference between the two measurements.
Figure 5 also includes measurements of β12/β11 and β22/β11 made by the LISST-VSF instrument, at 532 nm. There was a significant time difference between the two measurements, which is why the phase functions are not comparable, however the Rayleigh-like behavior of the normalized elements is still maintained to a remarkable degree, even considering the wavelength difference. The excellent agreement between our inversion method with two different references (Rayleigh scattering theory and LISST-VSF measurement) is an important validation of our approach.
3.2 4.0 Micron Beads
When microbeads are added to the sample volume, we now have a reference for comparison of the scattering phase function (β11). Since the scattering signal by the spheres is superimposed upon the background scattering signal from the water, the principle of incoherent superposition (Goldstein, 2003) allows us to isolate the sphere’s signal and compare it directly to theory. In order to determine the theoretical Mueller matrix for the microbeads, Mie calculations (de Rooij and van der Stap, 1984) were carried out using information from the specific sample bottle. The complex refractive index of the spheres was calculated using the manufacturer supplied formula for 475.3 nm (in-water equivalent of 632.8 nm), assuming negligible absorption. After adjusting relative to the refractive index of water, the result was 1.188 + j0. A two-parameter gamma particle size distribution (PSD) was used for the calculations, where the effective radius was 2.0 μm, and the effective variance was 0.000 4 μm2. The average cosine of the phase function was 0.894. The scattering cross-section from the calculations is used along with the number of particles per mL to estimate the expected scattering coefficient in section 2.2.
For the first inversion attempt using beads, 5 ml of the 4.0 μm microbead solution was added to the sample volume. This solution was chosen because the theoretical curve exhibited a very distinctive, high spatial period oscillation within the angular range considered. However, as will be seen below, the larger beads present a much smaller scattering cross section and particle count, resulting in a much lower scattering coefficient and SNR complications. Additional bead solution was not available to increase the signal level.
The inversion result is shown in Figure 6. The phase function for the spheres turned out to have a reduced magnitude and diverging trend at the largest scattering angles when compared with the theoretical calculations. Despite this, there are several oscillations in the retrieved VSF which have a similar spatial period as the theoretical curve. Given that the signal level was lower than anticipated, this result is not entirely unexpected. Nevertheless, there is strong agreement between theory and measurement for all of the normalized Mueller matrix elements. β12/β11 and β21/β11 in particular, show excellent agreement in both angular frequency and magnitude across the angular range. The β33/β11 element has a slightly different slope as compared to theory. This mismatch suggests that the PSD parameters used for the theoretical curve may be different than the true distribution, however the general downward oscillatory trend of the data is maintained. Empirically, recalculating the theoretical curves with a slightly smaller mean diameter (e.g. 3.98 μm) brings the oscillations more in phase with the inversion, indicating that the true bead diameter may be smaller than anticipated. All other elements which are expected to be zero are in fact close to zero, with small artifacts which are likely due to the amplification of instrumental noise at the low signal levels involved.
[image: Figure 6]FIGURE 6 | Inverted phase matrix compared with Mie scattering theory for 4.0 μm spheres.
3.3 0.994 Micron Beads
Based on lessons learned from the 4.0 μm beads, the final inversion used 5 ml of a 0.994 μm microbead solution in the sample volume. This solution provides a different set of challenges and opportunities compared to the 4.0 μm beads. The smaller beads produce a single, pronounced period with a wide dynamic range in the β12/β11 element. The same volume of bead solution also contains a significantly higher number of particles, which increases the scattering coefficient, and therefore the SNR of the measurements. For the theoretical calculations, the effective radius and variance were set to 0.497 μm and 0.000025 μm2, respectively. The average cosine of the phase function was 0.920, a similar value to that of the 4.0 μm beads.
Figure 7 shows the inverted Mueller matrix elements for the 0.994 μm beads in comparison to theory. With more signal level, we can see that up through approximately 95°, the inversion is successful in replicating the theoretical VSF in both shape and magnitude, to within about 15%. The latter half of the VSF diverges in magnitude from the theory, but manages to preserve the angular frequency. Just as in the tap-water case, potential explanations include the amplification of small inaccuracies over the long path length, or simply a very minor misalignment of the sensor causing a flux different than predicted. The agreement between all of the normalized elements and the theory is excellent. In particular, the β12/β11 and β21/β11 elements agree with Mie theory almost perfectly at 90°, and slowly diverges to about a 20% difference at 75° and 115°. The β22/β11 element is flat across all scattering angles measured, with a mean of 0.951 5, compared to a theoretical value of 1.0 for homogeneous spheres. This value is only slightly higher than that observed in the tap water (0.945 4). Element β33/β11 clearly reproduces the angular features of the theory, with a slight over and undershoot at the maximum and minimum points. The measured curve exceeds 1 for some scattering angles, an unphysical result which is likely caused by the fact that β33 cannot leverage any symmetry constraints; its only contributor is the U Stokes component, and thus is especially sensitive to it. All remaining elements are consistently zero for all measured scattering angles, to within 5%.
[image: Figure 7]FIGURE 7 | Inversion result compared with Mie theory for 0.994 μm beads.
Similar to the tap-water results above, measurements made by a LISST-VSF at a later date are shown in Figure 8. The Mie results are calculated at 398nm, corresponding to the 532 nm in-air wavelength of the LISST-VSF. This conversion was not needed for the tap-water case because the Rayleigh phase matrix is not wavelength dependent. To eliminate uncertainties associated with differences in bead concentrations, the LISST-VSF phase function was multiplied by the bead scattering coefficient from the original experiment to form the VSF in the figure. The impact of the different wavelengths can be clearly observed in the shape of the VSF, and of the β12/β11 element. Both instruments replicate the shape and magnitude of the VSF predicted by the theory, including the distinctive shift in peak location with wavelength. The β12/β11 element also agrees quite well, with the LISST-VSF successfully reproducing both the spatial period and peak locations of theory, but slightly underestimating the peak magnitude—a fact already observed for a suspension of polystyrene beads (Koestner et al., 2018). Both techniques are able to reproduce the flat shape of β22/β11 across all angles, with the LISST-VSF producing a mean value of 0.987 5. The general agreement in magnitude and trend among all elements and with measurements from a commercially available instrument further validates the inversion methodology.
[image: Figure 8]FIGURE 8 | Inverted β11, β12/β11 and β22/β11 elements and LISST-VSF measurement compared with Mie theory for 0.994 μm spheres.
4 CHALLENGES AND OPPORTUNITIES
The technique presented in this work demonstrates a method of obtaining information about the polarimetric scattering properties of hydrosols without the use of dedicated, potentially expensive instrumentation designed for the task. Although our goal was to demonstrate a proof-of-concept, the success of the technique paves the way for future studies where greater control over the experimental parameters and sample properties are possible. Multiple variations are possible. For example, with an appropriate wide-angle lens and compact imaging polarimeter, we can envision a portable version of this setup with a much smaller sample volume for use in the field or on research vessels. Inclusion of the Fresnel effects into the inversion opens up the possibility of outdoor installations, where a polarimeter images the scattered light from across the air-sea interface. Of course, this introduces a plethora of additional challenges, not limited to accounting for the wind-driven ocean surface and contamination from other light sources. These difficulties could be partially mitigated by operating the system in calm conditions, either at night or with appropriate background-rejection techniques. Such a setup would be most useful for examining the normalized Mueller matrix elements, which are more robust to variations in the host medium, and the constant terms shown in Eq. 17a become less important, since they cancel out during the normalization. Other light sources could also be considered; we used a red laser because it was available, was unpolarized, and had sufficient output power. Green, blue, or even ultra-violet lasers could provide interesting insights into the spectral scattering behavior of hydrosols.
The SNR of the measurements plays a critical role in the success of the technique. The scattering coefficient of the 4.0 μm beads (b = 0.015 m−1) was perhaps the lower limit, considering the noise present in the result. Lower concentrations are certainly possible, but would require either a more sensitive instrument than Mantis, or a more powerful laser. There was possibly too much signal for the 0.994 μm beads (b = 0.86 m−1); considering that the total path length for the furthest scattering angles was 1.4 m, the total optical depth was nearly 1.7. According to Bohren (1987), the single-scattering regime can be expressed as (in our case) c(ℓ0 + ℓ + ℓs)(1 − g) ≪ 1, where g is the average cosine of the phase function. The highest value of the expression is 0.15 for the 0.994 μm beads, and 0.07 for the 4.0 μm beads. Arguably, the 0.994 μm beads may have been impacted by multiple scattering to a small degree, possibly explaining the discrepancies observed for larger scattering angles in the phase function. The magnitude of the effect may also depend on the actual phase function of the scatterers (Jonasz and Fournier, 2007).
Although our experiment targets scattering angles near 90°, a different angular range is equally plausible by changing the orientation of the polarimeter with respect to the tank. This may be useful for comparison with commercial single-angle backscatter devices, or for determining the particulate backscattering coefficient (Sullivan and Twardowski, 2009). Measurements made in the near-forward scattering regime could examine how light is depolarized by seawater or the presence of specific hydrosols (Gorodnichev et al., 2020). For near-backscattering angles, this scheme could provide insight into the relationship between the LIDAR depolarization ratio [i.e., β22(180°)/β11(180°)] and particle size and composition (Burton et al., 2015). Some considerations for applying this technique to other measurement geometries include: 1) for near-forward scattering angles, the dynamic range of the polarimeter used may become a limiting factor, 2) for near-backward scattering angles, the signal level may be too low or require a long integration time, 3) for very long path lengths, multiple scattering may become a concern, or 4) for oblique viewing angles, the scattered signal may be totally internally reflected by the tank walls. The latter point is salient when considering hydrosol scattering in a natural environment, since only specific scattering angles are able to transmit through the air-sea interface (Ibrahim et al., 2012). A specially designed sample chamber that could accommodate several compact polarimeters at different viewing angles could potentially acquire a much larger range of scattering angles simultaneously.
5 CONCLUSION
In this work, we have successfully demonstrated that a passive polarimeter, in combination with a laser light source and linear polarizer, is able to accurately invert 9 of the 16 elements of the scattering Mueller matrix. We have derived the necessary radiative transfer equations to obtain an accurate forward model of the system, accounting for the impact of refraction of both the incident and scattered flux on the polarization state of the beam. The polarimetric data reduction technique of Azzam (1978) and Chipman (1995) was modified to accommodate the direct Stokes vector output of the polarimeter in lieu of intensity measurements, and allowed for the natural symmetry among elements of the scattering Mueller matrix. Measurements of tap water, 0.994 μm, and 4.0 μm microbead solutions were made using 8 different linear polarization angles. The inversion methodology was applied to all datasets and favorably compared with theoretically calculated Mueller matrices of Rayleigh scattering and Mie theory. Additional measurements with a commercial LISST-VSF instrument corroborate the results and validate the approach. The inversion framework presented in this paper enables the possibility of Mueller matrix polarimetry using passive remote sensing instrumentation, and hopefully will lead to an increased density of Mueller matrix measurements in the literature.
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m Volume of water which scatters light into one pixel of the polarimeter
m® Differential volume element of AV
m? Cross sectional area of AV with respect to the laser direction
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m? Area of the entrance pupil of the polarimeter
m Distance between where the laser enters the water and AV
m Length of AV along the laser path
m In-water distance between aV and the tank wall along the FOV.
m Distance between oV and the lens entrance pupil, accounting for refraction
The fraction of the total beam flux which passes through AV
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s Scattering phase function, scattering phase matrix
msr! Volume scattering function, volume scattering matrix
st Mueller vector
W mZnm Spectral iradiance incident upon dV/
radians Scattering angle
radians Viewing angle
w Laser optical power
w Stokes vector of laser flux after passing through the input polarizer
sr Solid angle of the polarimeter entrance pupil as seen from AV
st Solid angle of the pixel’s FOV,
nm Wavelength interval of the polarimeter spectral channel
radians Angle between dV and the center line of the pixel FOV.
Standard basis unit vectors forming the tank coordinate system
Directional cosine of the laser beam in the standard basis
radians Angle between x and &
Depolarization factor, accounting for the anisotopy of water molecules
wm nm s (Linear) Stokes Vector
W m2nm s Elements of the Stokes Vector
Fresnel Transmission matrix
Stokes vector rotation matrix
Mueller matrix of a linear polarizer
WmZnm™ s Vector of measurement data for the inversion
Wnm™ Polarimetic measurement matrix
m2sr! Constant term in the inversion

Intensity transmittance for parallel polarized light
Intensity transmittance for perpendicular polarized light






OPS/images/math_16.gif





OPS/images/frsen-02-791048-gx002.gif
Pow ™ @F IS 0 Q0 I U Q0





OPS/images/math_15.gif
AeS
ies
P=kWh=kl dios [B. a3)

Ayesh





OPS/images/math_10.gif
- cos(@T TR (BB |R T T 0devav [ ], 10





OPS/images/crossmark.jpg
©

|





OPS/images/frsen-02-791048-g005.gif
S

ﬂ N N
5 NN u
o fof ——=
P
o o 1
R T
Y ppe— ¢
oo [ TEETTLL s
. TSN Y E—
4 [P -G
——
a 4 4
T W m
i ' T
s [ s s
i i E
o | o o
- i i
\ N N
T W m W B % W





OPS/images/frsen-02-791048-g006.gif
Kl

-l

i I
i R N
i i
4 4
— L
O U O
T f
[ p———
Bl W TR e
H
M o PGSV
+
1 i
W w10
1
Sl
4
it | | St ot
4 i
wow e T wow 0






OPS/images/frsen-02-791048-g003.gif





OPS/images/inline_37.gif





OPS/images/frsen-02-791048-g004.gif
By

0t

Lo

1077

o

[
o
4
E
o i 80
o





OPS/images/frsen-02-791048-gx001.gif





OPS/images/frsen-02-791048-g007.gif
Bl

3

3

3

™

o

g

3

s
s s

H
b s
R

w





OPS/images/frsen-02-791048-g008.gif
B2

"R

LiSSTS s2)

R gavry






OPS/images/inline_43.gif





OPS/images/cover.jpg
’ frontiers
in Remote Sensing

Hydrosol Scattering Matrix
Inversion Across a Fresnel
Boundary





OPS/images/inline_42.gif





OPS/images/math_1.gif
dJ = |bB(6,) |EdvdQydtdA, []]

(1)





OPS/images/inline_44.gif





OPS/images/frsen-02-791048-g001.gif
e Acrylic Tank

Hyper-angular
Polarimeter

[
—

"GlanThompson Polarizer
on Rotation Mount

Unpolarized
30 mW laser
5280





OPS/images/inline_39.gif





OPS/images/frsen-02-791048-g002.gif





OPS/images/inline_38.gif
B., =B,





OPS/images/inline_41.gif





OPS/images/inline_40.gif





OPS/images/inline_36.gif





OPS/images/inline_35.gif





