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In this paper, the control of free-floating space manipulator systems with non-zero angular
momentum (NZAM), for both motions in the joint and Cartesian space, is studied.
Considering NZAM, dynamic models in the joint and Cartesian space are derived. It
is shown that the NZAM has a similar result to the effect of gravity in terrestrial fixed
base manipulators. Based on these similarities, the application of controllers similar to
the ones used for the compensation of gravity in terrestrial fixed base manipulators is
proposed here to compensate the effect of angular momentum. To confirm the asymptotic
stability of the closed-loop systems, some structural properties of the dynamic models
must be satisfied. It is shown that despite the presence of angular momentum, these
structural properties still apply. Thus, the proposed controllers can drive the system in
the desired position despite the presence of angular momentum. However, the NZAM
imposes constraints on the system workspace, where the end-effector can be driven
in the Cartesian space. Limitations are discussed and the application of the proposed
controllers is illustrated by examples.

Keywords: free-floating space manipulators, dynamics, non-zero angular momentum, joint-space control, Carte-
sian space control

INTRODUCTION

In the coming years, on orbit robotic systems will have a large impact in a wide variety of
operations encountered in space exploration. Their ability to execute tasks in environments, which
pose great dangers to human life minimizes the risk that astronauts face and increases mission
productivity. Space robotic manipulators include a spacecraft (base) with one or more robotic
manipulators mounted on it, see Figure 1A. Examples of such systems are the ETS–7 (Oda, 1999),
the Orbital-Express (Ogilvie et al., 2008), and more recently, the DEOS (Reintsema et al., 2010).

The spacecraft can be transferred and oriented arbitrarily in space using thrusters and reaction
wheels controlled by the attitude determination and control system (ADCS). The desired end-
effector position and orientation is achieved by controlling the joint motors via the manipulator
control system. Each of these control systems operates independently. However, due to dynamic
coupling, the motion of the end-effector affects the motion of the spacecraft and vice versa.

Abbreviations:ADCS, attitude determination and control system; CM, center ofmass; DOF, degrees-of-freedom;DS, dynamic
singularities; FFSMS, free-floating space manipulator systems; GJM, generalized Jacobian matrix; NMPC, non-linear model
predictive control; NZAM, non-zero angular momentum; PDC-AMC, PD control with angular momentum compensation;
RHS, right-hand side; TJC-AMC, transpose Jacobian control with angular momentum compensation.
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FIGURE 1 | (A) A space manipulator system, (B) the spatial free-floating space manipulator systems and definition of its parameters.

Thus, in the case the end-effector is desired to execute a specific
motion, it is preferable to turn-off the ADCS since the inde-
pendent control of the spacecraft can cause undesirable distur-
bances to the end-effector motion. Then, the system operates in a
free-floating mode during which the uncontrolled motion of the
spacecraft arises as a result of the dynamic coupling between the
spacecraft and the manipulator.

The lack of a fixed base, on which the manipulator is mounted,
poses several challenges to the operation and control of free-
floating spacemanipulator systems (FFSMS). Two types ofmotion
control are considered. The first, called spacecraft-referenced end-
point motion control, is the mode of control where the end-
effector is commanded to move to a location fixed to its own
spacecraft. An example is the case where themanipulator is driven
to its stewed position. The second, called inertially referenced
end-point motion control, is the mode of control where the end-
effector is commanded to move with respect to inertial space
(Papadopoulos and Dubowsky, 1991a).

Although zero initial system angular momentum is desired
before the motion of an FFSMS, due to small collisions with the
environment or due to on-off attitude controller inaccuracies,
significant amounts of angular momentum tend to accumulate.
In general, these accumulated amounts of angular momentum
can be absorbed using either thruster jets or momentum control
devices (e.g., reaction/momentum wheels, control momentum
gyroscopes). However, thrusters by their nature use expend-
able propellants, limiting system life. Momentum control devices
require only electrical power that can be supplied by solar arrays.
However, these devices tend to saturate and ultimately, also
require use of thrusters for despinning. Thus, the control of an
FFSMS, under the presence of angular momentum, and without
the use of additional actuators is important and is studied here.

Masutani et al. (1989) have addressed a point-to-point control
of the end-effector of an FFSMS with zero angular momentum.
They proposed a sensory feedback scheme based on an artifi-
cial potential defined in the sensor coordinate frame. Xu and
Shum (1991) derived the equations of motion of FFSMS with
zero angular momentum in joint and inertial space, applying
the Langragian methodology. Based on the dynamic model, a
simple linear control scheme was presented for the point-to-point
control problem and a globally stable control law was proposed

for trajectory tracking applications. Umetani and Yoshida (1989)
introduced the free-floating system generalized Jacobian matrix
(GJM) and developed a resolved rate and acceleration control
method based on it. Caccavale and Siciliano (2001) employed the
GJM in solving the inverse kinematics of a free-floating space
manipulator. Papadopoulos and Dubowsky (1991a), based on
the similarities of the structure of the kinematics and dynamics
between fixed base and FFSMS with zero angular momentum,
showed that almost any terrestrial fixed base control algorithmcan
be applied to FFSMS with zero angular momentum, considering
some additional conditions. The same researchers, proposed a
complete coordinated control method, based on the transposed
Jacobian, which can achieve both position and orientation of the
end-effector and the spacecraft of an FFSMS with zero initial
angular momentum (Papadopoulos and Dubowsky, 1991b).

More recently, Rybus et al. (2015) analyzed a control scheme
based on the fixed base Jacobian inverse with the addition of the
spacecraft velocity, in order to reduce the complexity caused by
the use of theGJM.A non-linearmodel predictive controlmethod
was proposed taking into account the free-floating nature of the
system. The results were compared to the ones obtained with
the GJM-based controller (Rybus et al., 2017). To synthesize the
spacecraft ADCS and the manipulator controller of a space robot,
a fixed-structure H∞ synthesis has been proposed in Dubanchet
et al. (2015).

All the previous research was based on the assumption that the
system is at rest initially, i.e., the initial momentum of FFSMS
is 0. Mathematically speaking, an FFSMS with initial angular
momentum is an affine system with a drift term. This term
is caused by the angular momentum and complicates the path
planning and control of such systems. To date, a limited number
of studies have dealt with this issue. Matsuno and Saito (2001)
have proposed an attitude control law, considering a planar two-
link space robot with initial angular momentum, i.e., a typical
example of a 3-state and 2-input affine system with a drift term.
Although the controller takes the system to the desired location,
the system drifts away due to the non-zero angular momentum
(NZAM). Yamada et al. (1995) have presented a path planning
scheme for a single arm of an FFSMS, which is equipped with
momentum wheels. This method utilizes the angular momentum
of the base, without causing its nutation, which occurs unless
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the final attitude of the base is the same as the initial one. More
recently, a trajectory optimization method for systems with non-
conserved linear and angular momentum has been proposed
(Rybus et al., 2016). Nanos and Papadopoulos (2011) have pro-
posed an approach that identifies workspace areas and required
joint motions so that the end-effector can remain fixed despite
the NZAM. The same authors have proposed a methodology to
avoid the path-dependent dynamic singularities (DS), defined in
Papadopoulos and Dubowsky (1993), by carefully choosing the
FFSMS initial configuration (Nanos and Papadopoulos, 2012).
More recently, they extended this methodology to FFSMS with
NZAM (Nanos and Papadopoulos, 2015).

In this paper, the control of FFSMS with NZAM, for motions
both in the joint andCartesian space, is studied. First, the dynamic
models in joint and Cartesian space, for FFSMS with NZAM,
are derived. It is shown that the NZAM has an effect similar
to that of gravity on terrestrial fixed base manipulators. Thus,
to compensate for the effect of the NZAM, the application of
controllers similar to the ones used for gravity compensation in
terrestrial fixed base manipulators is proposed. To confirm the
asymptotic stability of the proposed controllers, some structural
properties of the dynamic models must be satisfied. It is shown
that despite the presence of NZAM, these structural properties
are still valid. Thus, the proposed controllers can drive the system
in the desired position despite the presence of NZAM. However,
the NZAM imposes constraints on the Cartesian position where
the end-effector can be driven. Limitations are discussed and the
application of the proposed controllers is illustrated by examples.

DYNAMICS OF FREE-FLOATING SPACE
MANIPULATORS

On orbit systems operate in a free-fall environment where during
operations the gravitational effects are not absent. However, for
motions with time duration shorter than one orbit period, the
gravitational torques, as well as the air drag andmagnetic torques,
are expected to be much smaller with respect to the joint actuator
torques, inertia torques, and centrifugal/Coriolis torques (From
et al., 2014; Flores-Abad and Crespo, 2015). Thus, most often no
external forces act on an FFSMS and, therefore, the motion of
the system is governed by the momentum conservation; the effect
of the gravity is left out of the equations of motion of FFSMS
(Papadopoulos and Dubowsky, 1991a).

In this section, the differential kinematics and the equations of
motion of a rigid FFSMS with NZAM are briefly developed. The
dynamics of FFSMS under the presence of angular momentum
have been studied in Nanos and Papadopoulos (2011). Here, the
equations of motions are written in a form suitable for control
purposes.

According to the current practice in space, on orbit robotic
systems have revolute joints in an open chain configuration.
In a free-floating system with a N degrees-of-freedom (DOF)
manipulator, there will be N+ 6 DOF in total including the DOF
of the spacecraft. Here, free-floating systems with a single non-
redundant manipulator (N ≤ 6) are considered. In this case, the
additional DOF, required for obstacle or singularities avoidance,
are obtained by the free motion of the spacecraft. The use of non-
redundant manipulators simplifies the mechanical design of such

systems and results in a smaller mass system. The system center of
mass (CM) does not accelerate, and the system linear momentum
is constant. With the further assumption of zero initial linear
momentum, the system CM remains fixed in inertial space, and
the origin, O, can be chosen to be the system CM, see Figure 1B.

Angular Momentum and Differential
Kinematics
First, the conservation of angular momentum and the differential
kinematics of an FFSMS in the presence of angular momentum
are briefly presented.

The angular momentum hCM expressed in the inertial frame is
constant and is given by:

hCM = R0(ε, n)(0D(q) 0
ω0 + 0Dq(q) q̇) = const. (1)

where 0ω0 is the spacecraft angular velocity, expressed in the
spacecraft 0th frame and the N × 1 column-vectors q, q̇ repre-
sent manipulator joint angles and rates, respectively. The matrix
R0(ε,n) is the rotation matrix between the spacecraft 0th frame
and the inertial frame, expressed as a function of the spacecraft
Euler parameters ε, n. The 3× 3 matrix 0D is the inertia matrix
of the entire system as seen from the system CM, expressed in
the spacecraft 0th frame, and as such it is a positive definite
symmetric matrix and thus always invertible. The 3×N matrix
0Dq corresponds to the inertia of the system’s moving parts. Both
matrices are functions of q, and given in detail in Papadopoulos
and Dubowsky (1991a), see Appendix A.

The end-effector linear velocity ṙE and angular velocity ωE are
given by:

ṙE = R0(ε, n)(0J11(q)
0
ω0 + 0J12(q)q̇) (2)

ωE = R0(ε, n)(0ω0 + 0J22(q)q̇) (3)

where the matrices 0J11, 0J12, and 0J22 are Jacobian-type matrices
of appropriate dimensions, functions of q, and given in detail in
Appendix B.

Using the angular momentum conservation, given by Eq. 1, the
spacecraft angular velocity 0ω0 can be substituted in Eqs 2 and 3.
Then, the vector vE =

[
ṙTE ωT

E
]T is given by Nanos (2015):

vE =
[
ṙE
ωE

]
= E(ε, n)(0Jq(q)q̇ + 0JhR

T
0 (ε, n)hCM) (4)

where the 6× 6 matrix E(ε,n) is given by:

E(ε, n) =
[
R0(ε, n) 03×3
03×3 R0(ε, n)

]
(5)

where 0m×n is them×n zero matrix.
Note that in case the end-effector attitude is expressed with the

Euler angles θE, the following equation can be used:

ωE = S(θE)θ̇E (6)

where S(θE) is a 3× 3 matrix.
The 6×N matrix 0Jq(q) in Eq. 4 is the GJM expressed

in the spacecraft frame (Umetani and Yoshida, 1989). This
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matrix is a function of the manipulator configuration q and is
given by:

0Jq(q) =
[0J12(q) − 0J11(q)0D−1(q)0Dq(q)

0J22(q) − 0D−1(q)0Dq(q)

]
(7)

The influence of the angular momentum on the end-
effector linear and angular velocity is given by the drift term
E(ε, n)0Jh RT

0 (ε, n)hCM in Eq. 4, where:

0Jh(q) =
[0J11(q)0D−1(q)

0D−1(q)

]
(8)

Despite the drift term, Eq. 4 can be inverted to result in config-
uration rates q̇ as a function of end end-effector velocity and the
drift term:

q̇ = J−1
q (q, ε, n)vE − J−1

q (q, ε, n)Jh(q, ε, n)hCM (9)

where
Jq(q, ε, n) = E(ε, n)0Jq(q) (10)

and
Jh(q, ε, n) = E(ε, n)0Jh(q)R

T
0 (ε, n) (11)

The derivation of Eq. 9 requires the GJM to be invertible
during the motion of the end-effector. Whether this will hap-
pen, depends on the path taken by the end-effector. In case the
GJM for some path taken becomes singular, the system manip-
ulator becomes singular (Papadopoulos and Dubowsky, 1993)
and the end-effector cannot follow the desired path (see Section
“Constraints”). However, in Nanos and Papadopoulos (2015), a
methodology to avoid such singularities, by carefully choosing the
FFSMS initial configuration, has been developed. Thus, Eq. 9 can
be used to derive the joint angles required so that the end-effector
follows a desired path, described by the end-effector velocity vE.

Next, the dynamics of an FFSMS under the presence of NZAM,
expressed in the joint and Cartesian space, is studied.

Dynamics in the Joint Space
In the case of FFSMSwith zero angular momentum and negligible
gravitational forces and other disturbances, it is known that the
reduced equations of motion are (Papadopoulos and Dubowsky,
1991a):

H(q)q̈ + C(q, q̇)q̇ = τ (12)

where the N × 1 vector τ= [τ1, τ2, . . ., τN]T is the manipulator
torque vector where τi is the torque applied on the ith joint. The
matrix H is an N ×N symmetric and positive definite matrix
called the reduced system inertial matrix and defined in Appendix
A, and theN ×N matrix C(q, q̇) contains the non-linear Coriolis
and centrifugal terms for a spatial FFSMS with zero angular
momentum and can be written in several forms. One of these
forms is the following:

C =
1
2

∂(q̇T 0DT
q

0D−1 0Dq)
∂q +

∂(0Dqqq̇)
∂q − 1

2
∂(q̇T 0Dqq)

∂q

−
∂(0DT

q
0D−1 0Dqq̇)
∂q (13)

where the N ×N matrix Dqq(q) is given in Appendix A.

It has been shown that the reduced equations of motion of a
spatial FFSMS with NZAM are given by Nanos and Papadopoulos
(2011):

H(q)q̈ + ch(ε, n, hCM, q, q̇) = τ (14)

where the vector ch contains the non-linear Coriolis and cen-
trifugal terms and is a function of the non-zero system angular
momentum, hCM. Comparing Eq. 12 to Eq. 14, one can see that
they differ by the dependence of Eq. 14 on the spacecraft’s attitude,
described by the Euler parameters ε, n.

It is preferable to write Eq. 14 in a more explicit form so that it
is better suited to control algorithm design. It can be shown that
(Nanos, 2015):

H(q)q̈ + C∗(ε, n, q, q̇, hCM)q̇ + gh(ε, n, q, q̇, hCM) = τ (15)

where the N ×N matrix C∗ is given by:

C∗(ε, n, q, q̇, hCM) = C(q, q̇) + Ch(ε, n, q, hCM) (16)

where the N ×N matrix Ch is the additional term caused by the
presence of the system’s NZAM and is given by:

Ch =
∂(0DT

q
0D−1RT

0hCM)
∂q − ∂(hTCMR0

0D−1 0Dq)
∂q (17)

The N× 1 vector gh is caused by the presence of angular
momentum, too. It does not vanish for zero joint rates q̇ and is
given by:

gh =
1
2

∂(hTCMR0
0D−1RT

0 )
∂q hCM

− 0DT
q

0D−1[0D−1(RT
0hCM − 0Dqq̇)]

×RT
0hCM (18)

where the symbol (·)×, called cross-product operator, denotes the
construction of a skew-symmetricmatrix from the elements of the
vector (·) (Hughes, 1986).

Note that the additional terms Ch and gh, caused by the pres-
ence of initial angular momentum, are functions of the spacecraft
attitude described by the Euler parameters ε, n. Thus, in the
spatial case, the system’s reduced equations of motion depend on
the spacecraft’s attitude. The spacecraft attitude can be computed
using the equations (Nanos and Papadopoulos, 2015):

ε̇ = (1/2)[ε× + nI3]0ω0 (19)

ṅ = −(1/2)εT 0
ω0 (20)

where I3 is the 3× 3 identity matrix.
Replacing the spacecraft angular velocity 0ω0 using the angular

momentum conservation, Eqs 19 and 20 result finally in:

ε̇ = (1/2)[ε× + nI3]0D−1(RT
0 (ε, n)hCM − 0Dqq̇) (21)

ṅ = −(1/2)εT 0D−1(RT
0 (ε, n)hCM − 0Dqq̇) (22)

It can be shown that for planar FFSMS, Ch and gh are inde-
pendent of the spacecraft attitude and, therefore, the reduced
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equations ofmotion are functions only of the q̈, q̇ and q and given
by Nanos and Papadopoulos (2011):

τ = H(q)q̈ + C∗(q, q̇, hCM)q̇ + gh(q, hCM) (23)

where the scalar hCM denotes the length of the system’s angular
momentum vector which, in planar motions, is always perpendic-
ular to the plane of motion.

The matrixC∗ is given by Eq. 16, but in this case, the matrixCh
is given by:

Ch(q, hCM) = hCM

[
∂(D−1DT

q)
∂q − ∂(D−1Dq)

∂q

]
(24)

and the vector gh is:

gh(q, hCM) =
1
2
h2CM

∂(D−1)
∂q (25)

Considering the equations of motion for an FFSMS with
NZAM, see Eq. 15 or Eq. 23 for planar FFSMS, we conclude that
the term gh exhibits similar characteristics to those of the gravity
terms in fixed base manipulators (Siciliano et al., 2009), if the
gravity vector is substituted for gh.

Dynamics in the Cartesian Space
The equations of motion in the joint space, given by Eq. 15, are
transformed here to the Cartesian space. Differentiating Eq. 4, the
linear and angular acceleration of the end-effector is obtained as:

v̇E = Jq(q, ε, n)q̈ + J̇q(q, ε, n)q̇ + J̇h(q, ε, n)hCM (26)

Assuming that the GJM Jq is invertible, the Eq. 26 can be solved
for the joint acceleration:

q̈ = J−1
q v̇E − J−1

q J̇qq̇ − J−1
q J̇hhCM (27)

The substitution of Eqs 9 and 27 in Eq. 15, results in the
equations of motion in the Cartesian space (Nanos, 2015):

Hxv̇E + C∗
x vE + gx = u (28)

where
u = J−T

q τ (29)

and
Hx = J−T

q HJ−1
q (30)

C∗
x = J−T

q (C∗ − HJ−1
q J̇q)J

−1
q (31)

gx = J−T
q gh+J−T

q (HJ−1
q J̇qJ

−1
q Jh−HJ−1

q J̇h−C∗J−1
q Jh)hCM (32)

In this case, the term gx, which is due to the presence of angular
momentum, also exhibits similar characteristics to those of the
gravity terms in fixed base manipulators.

Based on the similarities of the angularmomentum terms to the
gravity terms in the equations of motion, both in joint and Carte-
sian space, controllers similar to those used for the compensation
of gravity in terrestrial fixed base manipulators are proposed here,
to compensate for the effect of the NZAM. Next, some useful
properties, in the joint and Cartesian spaces, are studied.

Useful Properties of the Dynamic Models
In fixed base robots and FFSMSwith zero angularmomentum, the
stability of the closed-loop systems, both in joint and Cartesian
space, is studied using the property:

q̇T(Ḣ − 2C)q̇ = 0 (33)

where the vector Cq̇ is derived from the equations of motion in
the joint space.

The above property for fixed base robots and FFSMS with zero
angular momentum can be validated using the energy conserva-
tion principle, as shown in Xu and Shum (1991) and Siciliano et al.
(2009). Next, the validation of similar properties for FFSMS under
the presence of NZAM, for both motions in joint and Cartesian
space, is studied.

Joint Space
Here, the satisfaction of the following property under the presence
of angular momentum is examined, i.e., Nanos (2015).

q̇T(Ḣ − 2C*)q̇ = 0 (34)

where the matrix C∗, given by Eq. 16, contains due to the NZAM
thematrixCh given byEqs 17 and 24 for spatial and planar FFSMS,
respectively.

In the absence of angularmomentum,Ch = 0 and Eq. 34 results
in Eq. 33. Next, it is examined if Eq. 34 holds despite the presence
of the term Ch. Considering Eq. 16, it can be shown that:

q̇T(Ḣ − 2C∗)q̇ = q̇T(Ḣ − 2C)q̇ − 2q̇TChq̇ (35)

Equation 34 is satisfied if both terms of the right-hand side
(RHS) of Eq. 35 are 0. The first term of the RHS of Eq. 35 is 0
for any possible choice of the matrix C(q, q̇), since it results from
the principle of the energy conservation (Xu and Shum, 1991).
Examining the second term of the RHS of Eq. 35, we note that

Ch = ∂a/∂q − ∂aT/∂q (36)

where
a = 0DT

q
0D−1RT

0hCM (37)

since 0D−1 = 0D−T.
Using the matrix form given by Eq. 36, it can be shown that Ch

is skew-symmetric and the property

wTCh(ε, n, q, hCM)w = 0 (38)

holds for any choice of the vector w. Setting w = q̇ in Eq. 38, the
following expression is obtained:

q̇TCh(ε, n, q, hCM)q̇ = 0 (39)

Therefore, both terms of the RHS of Eq. 35 are 0, and the
property described by Eq. 34 holds despite the presence of angular
momentum.

Note that Eq. 34 does not imply that thematrixN∗ = Ḣ − 2C∗

is skew-symmetric. However, since H(q) is symmetric, it can be
shown, similar to the case of fixed base manipulators, that if
the elements cij of the matrix C(q, q̇) are obtained from the first
type Cristoffel symbols (Siciliano et al., 2009), then the matrix
N∗ = Ḣ − 2C∗ is skew-symmetric. This property can be used
in the design of adaptive controllers. However, the design of such
controllers is beyond the scope of this paper.
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Cartesian Space
Here, the following property of the dynamic model expressed in
the Cartesian space, is proved (Nanos, 2015):

vTE(Ḣx − 2C∗
x )vE = 0 (40)

where, thematrixC∗
x , given by Eq. 31, also contains thematrixC*,

which is due to the NZAM.
Note that C∗

x can be written as:

C∗
x = Cx + J−T

q ChJ−1
q (41)

where the matrix

Cx = J−T
q CJ−1

q − J−T
q HJ−1

q J̇qJ
−1
q (42)

corresponds to the FFSMS with zero angular momentum.
Therefore, the term of the left part of Eq. 40 can be written as:

vTE(Ḣx − 2C∗
x )vE = vTE(Ḣx − 2Cx)vE − 2vTEJ−T

q ChJ−1
q vE (43)

The property described by Eq. 40 is valid only if both terms
of the RHS of Eq. 43 are 0. The first term corresponds to FFSMS
with zero angular momentum and, as shown in Appendix C, it is
equal to 0.

Moreover, as it was shown above, Ch is skew-symmetric and,
therefore, Eq. 38 holds for any choice of the vector w. Setting
w = J−1

q vE in Eq. 38, results in:

vTEJ−T
q ChJ−1

q vE = 0 (44)

Therefore, despite the presence of angular momentum, Eq. 40
still applies. Both Eqs 34 and 40 are used next to confirm the
asymptotic stability of the developed controllers in the joint and
Cartesian spaces, respectively.

CONTROL IN THE PRESENCE OF
ANGULAR MOMENTUM

In the previous section, we developed the equations of motion
of an FFSMS with NZAM. Assuming that the system parameters
are known, these equations are used in the design of model-based
controllers in the joint and Cartesian spaces.

Control in the Joint Space
Here, the task is the achievement of a desired final manipulator
configuration qd (point-to-point control) or the achievement of a
desired final manipulator configuration via a time-varying joint
trajectory qd(t) (tracking) considering FFSMS with NZAM.

Point-to-Point Control
In the case of FFSMSwith zero angularmomentum, the joint space
point-to-point control can be achieved by a PD controller of the
form:

τ = Kpe − Kdq̇ (45)

where Kp, Kd are the gain matrices of the controller and e defines
the joint error:

e = qd − q (46)

where qd is the desired manipulator configuration.

Using the controller, given by Eq. 45, on a planar FFSMS with
NZAM, described by Eq. 23, it can be shown that for a constant
desired trajectory (q̈d = q̇d = 0), the error dynamics is given,

H(q)ë + (C∗(q, q̇, hCM) + Kd)ė + Kpe = gh(q, q̇, hCM) (47)

Thus, this control law results in a constant steady state (ë =
ė = 0) error ess, given by:

ess = K−1
p gh(qss, hCM) (48)

However, for spatial FFSMS, the error dynamics is given by:

H(q)ë+(C∗(ε, n, q, q̇, hCM)+Kd)ė+Kpe = gh(ε, n, q, q̇, hCM)
(49)

Since the RHS of Eq. 49 is a function of the spacecraft attitude,
described by the Euler parameters ε, n, which vary with time, it
is concluded that the system cannot reach a steady state, in this
case. Next, it is shown that although there is no steady state, the
final error is bounded. The terms of the RHS of Eq. 49, which
include the joint anglesq are bounded since they are trigonometric
functions. Moreover, the Euler Parameters ε, n are also bounded
since they satisfy the constraint:

ε
2 + n2 = 1 (50)

Finally, for a bounded angular momentum hCM and stable
system, the joint rates q̇ are bounded.

Thus, all the terms in the RHS of Eq. 49 are bounded. Therefore,
selecting the gains Kp, Kd positive definite and sufficiently large,
the error will be bounded by a small value, which decreases
as the system angular momentum hCM decreases and Kp, Kd
increase.

It is interesting to study in more details the nature of these
errors. In the planar case, the constant non-zero steady state error
is due to the centrifugal forces generated at the steady state by the
NZAM. If the controller could achieve zero steady state error (i.e.,
ess = 0, q̇ss = 0) then, according to Eq. 45, the torques applied
to the manipulator joints would be 0, too. However at the steady
state, due to the system NZAM, the system will rotate around its
CM with a constant angular velocity θ̇0,ss, given by Eq. 1:

θ̇0,ss = D−1(qss)hCM = const. (51)

This rotation will cause centrifugal torques given by Eq. 25,
which using Eq. 51 results in:

gh,ss(qss, hCM) =

(
1
2

∂(D−1)
∂q

∣∣∣∣
q=qss

D2(qss)
)

θ̇
2
0,ss = const.

(52)
To compensate the above constant centrifugal torques, constant

non-zero joint torques are requiredwhich, according to Eq. 45, can
only be developed by a constant non-zero steady-state error.

However, for spatial FFSMS, the spacecraft angular velocity
0ω0,ss at the steady state, will not be constant since:

0
ω0,ss = 0D−1(qss)R

T
0 (ε, n)hCM ̸= const. (53)
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This motion at the steady state will cause centrifugal torques,
given by Eq. 18:

gh,ss(
0
ω0,ss, qss) =

1
2
Fss − 0DT

q(qss)
0D−1(qss)

0
ω

×
0,ss

0D(qss)
0
ω0,ss

(54)
where Fss is a constant N×1 vector, given by:

Fss =


0ωT

0,ss
0DT(qss)

∂(0D−1(q))
q1

∣∣∣
q=qss

0D(qss)
0ω0,ss

...
0ωT

0,ss
0DT(qss)

∂(0D−1(q))
qN

∣∣∣
q=qss

0D(qss)
0ω0,ss

 (55)

Since the system angular velocity 0ω0,ss is not constant, the
centrifugal torques, given by Eq. 54, are not constant, too. To
compensate these time-varying centrifugal torques appearing at
the steady state, time-varying joint torques are required which,
according to Eq. 45, can only be developed by a time-varying final
error.

Next, a control law is developed aiming at addressing the
point-to-point control problem, under the presence of angu-
lar momentum. This controller is called here PD control with
angular momentum compensation (PDC-AMC) (Nanos, 2015),
in analogy to the PD Control with Gravity Compensation, as
applied to terrestrial fixed base manipulators (Siciliano et al.,
2009).

In Section “Dynamics of Free-floating Space Manipulators,” it
was shown that the term gh in the reduced equations of motion
exhibits similar characteristics to those of the gravity term in
fixed base manipulators. This term does not vanish when the
manipulator joint velocities q̇ are 0 and results in a steady-state
configuration error.

To eliminate this error, and with inspiration from PD con-
trollers with gravity compensation for fixed base manipulators,
a new controller, called here PDC-AMC, is developed (Nanos,
2015):

τ = Kpe − Kdq̇ + gh (56)

where the term gh is given by Eqs 18 and 25 for spatial and
planar FFSMS, respectively. The gain matrices Kp, Kd of the the
controller, presented in Eq. 56, are diagonal and positive definite.
Although there is no formal method of selecting these gain matri-
ces, their diagonal elements can be chosen, considering that the
values of the diagonal elements of the system inertia matrixH are
much larger than the rest and neglecting the non-linear terms. In
this case, the equations of motion of the closed-loop system are
approximated byN second order-decoupled equations. Therefore,
if the diagonal elements hii of the system inertia matrix H are
obtained at a nominal manipulator configuration, then the values
of the corresponding diagonal elements of the PD gains can be
selected as:

Kpi = ω
2
nhii (57)

Kdi = 2ζωnhii (58)

where ζ and ωn are the desired damping ratio and natural fre-
quency of the closed-loop system, respectively.

To ensure the asymptotic stability of the closed-loop system, the
following Lyapunov function is introduced (Nanos, 2015):

V(q̇, e) =
1
2
q̇TH(q)q̇ +

1
2
eTKpe (59)

The inertia matrix H(q) is always positive definite. So, for
positive definite matrix Kp, the following equations hold:

V(q̇, e) > 0 (60)

and
V(0, 0) = 0 (61)

Considering the equations of motion, i.e., Eq. 15, and con-
stant desired trajectory (i.e., q̇d = 0), the time derivative of the
Lyapunov function is:

V̇(q̇, e) =
1
2
q̇T(Ḣ − 2C∗)q̇ + q̇T(τ − gh − Kpe) (62)

Using the property given by Eq. 34 and applying the PDC-
AMC, Eq. 56, with a positive definite gainmatrixKd, the following
inequality results:

V̇(q̇, e) = −q̇TKdq̇ ≤ 0 (63)

Equation 63 does not ensure the asymptotic stability of the
origin (q̇, e) = (0, 0), since V̇ = 0 only when q̇ = 0 regardless
the joint error e. Then, we show that V̇ = 0 only when q̇ = 0 and
e= 0. Suppose that the manipulator stops (q̇ = 0, q̈ = 0) at a
manipulator configuration where e ̸= 0. Applying the PDC-AMC
in Eq. 15 and considering that q̇ = 0 [e.g., (V̇ = 0)], results in:

q̈ = H−1(q)Kpe (64)

Since the matrices H(q) and Kp are positive definite, Eq. 64
results in q̈ ̸= 0 when e ̸= 0. Therefore, the manipulator stops
only when e= 0. Thus, V̇ = 0 only when q̇ = 0 and e= 0. Then,
according to the La Salle theorem, the origin (q̇, e) = (0, 0) is
asymptotically stable (Slotine and Li, 1991).

The implementation of the PDC-AMC requires the knowledge
of the system angular momentum. In the case of the control of a
spatial FFSMS, in addition to the feedback of the joint angles q
and the joint rates q̇, the measurement and feedback of spacecraft
attitude is also required. The spacecraft attitude can be measured
by an attitude sensor (e.g., star tracker, IMU) or can be computed
using the measurements of joint angles and rates. Figure 2A
shows the application of the PDC-AMC on a spatial FFSMS
using the computed spacecraft attitude as feedback according to
Eqs 21 and 22.

However, the application of the PDC-AMC on planar FFSMS
requires only themeasurement and the feedback of the joint angles
q and the joint rates q̇, see Figure 2B.

Due to the presence of angular momentum on the FFSMS, to
maintain the manipulator joints at the desired angles at steady
state, the controller must apply time-varying joint torques,

τ = gh(hcm, ε, n, qss) (65)

These torques, in case of planar FFSMS are constant, since they
are independent from the spacecraft attitude:

τ = gh(hCM, qss) (66)
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FIGURE 2 | (A) The PD control with angular momentum compensation (PDC-AMC) applied on a spatial free-floating space manipulator system (FFSMS). The
computed spacecraft attitude should be also used as feedback. (B) The PDC-AMC applied on a planar FFSMS. Only the joint angles and rates are used as feedback.

Tracking Control
We study tasks where, instead of point-to-point motions, the
tracking of a desired joint trajectory is required. The desired joint
trajectory is described by the functions qd(t), q̇d(t), and q̈d(t).
The application of the following model-based controller, which
contains both the termsC∗, gh, caused by the angularmomentum,
on the system equations of motion, see Eq. 15.

τ = H(q)(q̈d + Kp(qd − q) + Kd(q̇d − q̇)) + C∗q̇ + gh (67)

results in the following error dynamics:

ë + Kdė + Kpe = 0 (68)

where the selection of appropriate positive definite gain matrices
Kp, Kd ensures the stability of the dynamics and zero steady state
joint error in desired time.

The abovementioned controller uses all the system dynamics
(i.e., the terms H, C∗, and gh) so that the joint errors will be
0 after desired time. However, the full implementation of Eq.
67 may be constrained by the available computing power in
space that in general lags the one on earth. As an alternative, we
propose the use of the PDC-AMC, which requires the feedback
of only a part of the system dynamics, i.e., the term gh given
by Eqs 18 and 25 for spatial and planar FFSMS, respectively,
with appropriate PD gains. In this case, the error dynamics is
given by:

Hë + (C∗ + Kd)ė + Kpe = Hq̈d + (C∗ + Kd)q̇d (69)

The stability of PD with gravity compensation controller for
trajectory tracking problems and fixed base manipulators has
been studied in Wang et al. (1996) and Wen and Kreutz-Delgado
(1992). It has been shown that the position tracking error con-
verges to a closed ball, which size can be arbitrary small by
increasing the controller gains. Since fixed base manipulators and
FFSMS with NZAM exhibit the same properties of the dynamic
model (Eq. 34), the analysis proposed in Wang et al. (1996) and
Wen and Kreutz-Delgado (1992) can be extended to the stability
of the PDC-AMC in trajectory tracking applications. Note that,
increasing the gains, the torques become smaller due to the fact
that larger gains give “tighter” performance, and hence smaller
tracking errors (Lewis et al., 2004). However, due to the presence
of signal noise, the use of large gains is limited in practice since
it may result in poor response. Therefore, gains must be selected
accordingly.

Control in the Cartesian Space
Many tasks required in on-orbit servicing activities are carried
out in the Cartesian space where the end-effector is driven to
a desired location xE,d = [rTE,d θTE,d] (point-to-point control) or
it is commanded to follow a Cartesian trajectory xE,d(t) =
[rTE,d(t) θTE,d(t)] (tracking control), where rE ,d and θE ,d are the
desired end-effector position and the desired end-effector attitude
expressed by the Euler angles, respectively.

Point-to-Point Control
In the case of FFSMS with zero angular momentum and consid-
ering invertible GJM, the point-to-point control can be achieved
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by a control law of the form (Papadopoulos and Dubowsky,
1991b):

τ = JTq(Kpex − KdvE) (70)

where Kp, Kd are the gain matrices of the controller and ex is the
Cartesian error:

ex =
[
rE,d
θE,d

]
−
[
rE
θE

]
(71)

However, considering an invertible GJM and a desired end-
effector set-point (v̇E,d = vE,d = 0), the application of the above
controller to an FFSMS with NZAM results in the following error
dynamics for a planar and a spatial FFSMS, respectively:

Hxëx + (C∗
x + JTqKd)ėx + JTqKpex = gx(θ0, q, q̇, hCM) (72)

and

Hxëx + (C∗
x + JTqKd)ėx + JTqKpex = gx(ε, n, q, q̇, hCM) (73)

For NZAM, the term gx is non-zero. Therefore, both Eqs 72
and 73 will result in a time varying Cartesian error ex that can be
reduced by increasing the control gains, but cannot be eliminated.
This is due to the fact that Eq. 70 is of PD type and gx is a non-
zero system disturbance. Similar to the case of joint control, the
nature of the time-varying errors can be explained considering
that the time-varying joint torques required to compensate the
time-varying centrifugal torques can only be developed by a time-
varying non-zero error, according to Eq. 70. Therefore, the above
controller is not suitable for eliminating errors in the presence of
NZAM.

Next, we study set point and tracking Cartesian space con-
trollers for eliminating the corresponding end-effector errors in
the presence of angular momentum.

First, the design of a control law tackling the point-to-point
control problem, under the presence of angular momentum, is
studied. This controller is called here transposed Jacobian con-
trol with angular momentum compensation (TJC-AMC) (Nanos,
2015).

Exploiting the dynamic model, given by Eq. 28, a control law
is developed to drive the end-effector to a desired Cartesian point
despite the NZAM. The following Lyapunov function is selected
so that the control law u to be developed ensures the end-effector
asymptotic stability (Nanos, 2015):

V(vE, ex) =
1
2
vTEHxvE +

1
2
eTxKpex (74)

The inertia matrix Hx is positive definite iff the matrix Jq is
invertible. In this case, if one selects a positive definite matrix Kp,
the following is true:

V(vE, ex) > 0 (75)

and
V(0, 0) = 0 (76)

The time derivative of the Lyapunov function is:

V̇(vE, ex) =
1
2
vTEḢxvE + vTEHxv̇E + eTxKpėx (77)

where the termHxv̇E can be substituted using Eq. 28 resulting in:

V̇(vE, ex) = vTE(u − gx − Kpex) +
1
2
vTE(Ḣx − 2C∗

x )vE (78)

where we considered that ėx = −vE, since xE ,d = const, and Kp is
symmetric (Kp = KT

p).
As shown in Section “Dynamics of Free-Floating SpaceManip-

ulators,” see Eq. 40, the second term of the RHS of the Eq. 78 is 0.
Therefore, the selection of the following input:

u = Kpex − KdvE + gx (79)

with positive definite gain matrix Kd, results in:

V̇(vE, ex) = −vTEKdvE ≤ 0 (80)

Equation 80 does not guarantee the asymptotic stability of the
origin (vE, ex)= (0,0), since V̇ = 0 only when vE = 0 regardless
the joint error e. Then, we show that V̇ = 0 only when vE = 0 and
ex = 0. Suppose that the end-effector stops (vE = 0, v̇E = 0) at
a manipulator configuration where ex ̸= 0. Applying the control
law, given by Eq. 79, in Eq. 28 and considering that vE = 0 [e.g.,
(V̇ = 0)], results in:

v̇E = H−1
x Kpex (81)

When GJM is invertible, the matrices Hx and Kp are positive
definite, and Eq. 81 results in v̇E ̸= 0 when ex ̸= 0. Therefore,
the end-effector stops only when ex = 0. Thus, V̇ = 0 only when
vE = 0 and ex = 0, and according to the La Salle theorem, the
origin (vE, ex)= (0,0) is asymptotically stable.

Therefore, using Eqs 29 and 79, the required joint torques are
obtained by TJC-AMC (Nanos, 2015):

τ = JTq(Kpex − KdvE) + JTqgx (82)

The gain matrices Kp, Kd of the controller can be chosen as
diagonal matrices with diagonal elements given by Eqs 57 and 58
considering now as hii the diagonal element of the matrixHx.

Since the angular momentum of the FFSMS is non-zero, to
maintain the end-effector at the desired location, the controller
must apply non-zero joint torques,

τ = gh(ε, n, q, hCM) (83)

Note that in the case of zero initial angular momentum, the
term gx vanishes and the controller given by Eq. 82 takes the
controller’s form given by Eq. 70.

Tracking Control
Similar to the case of joint space control, to track a desired end-
effector trajectory described by the functions xE ,d(t), vE ,d(t), and
v̇E,d(t), the application of the following model-based controller:

τ = JTq(Hx(v̇E,d + Kdėx + Kpex) + C∗
x vE + gx) (84)

results in the following error dynamics:

ëx + Kdėx + Kpex = 0 (85)
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FIGURE 3 | (A) The location of the end-effector at the path-dependent workspace (PDW) area may result in dynamic singularities (DS). (B) The end-effector location
at the path-independent workspace (PIW) results in DS avoidance.

where the selection of appropriate positive definite gain matrices
Kp, Kd ensures the stability of the dynamics and zero steady state
Cartesian error in desired time.

As explained earlier, in the case of limited computing power,
this control law can be substituted by the TJC-AMC given by Eq.
82, as it requires less computations, with the drawback of higher
gains. In this case, the error dynamics is given by:

Hxëx + (C∗
x + Kd)ėx + Kpex = Hxv̇E,d + (C∗

x + Kd)vE,d (86)

The stability of the TJC-AMC with large gains can be shown
with a similar analysis proposed inWang et al. (1996) andWen and
Kreutz-Delgado (1992), since, as have been shown, the same prop-
erties of dynamicmodel are valid both for fixed basemanipulators
and FFSMS with NZAM.

Note that the development of the proposed controllers (i.e.,
PDC-AMC and TJC-AMC) assumes the exact knowledge of the
systemkinematic and inertial parameters. Similar to the fixed base
manipulators, the presence of dynamic uncertainties results in
additional non-zero terms in the RHS of the error dynamics, given
by Eqs 69 and 86. The presence of these terms causes undesirable
non-zero errors. However, their effect decreases as the controller
gains become higher, see Wang et al. (1996).

CONSTRAINTS

To compensate the effect of NZAM, the application of controllers
similar to ones used for compensation of gravity in the terrestrial
fixed base manipulators is proposed. In contrast to fixed base
manipulators and as shown in Section “Control in the Presence
of Angular Momentum,” the implementation of these controllers
requires also the knowledge of spacecraft attitude.

Moreover, since the use of these control laws, in the Cartesian
space, requires the use of the transpose and the inverse of the
GJM, this matrix must be invertible during the motion of the
end-effector so that no DS are encountered (Papadopoulos and
Dubowsky, 1993). It is known that a DS may occur when the
end-effector is in the path-dependent workspace (PDW) area

(Papadopoulos and Dubowsky, 1993). As shown in Figure 3A, in
this area, the end-effector velocities ṙE,1, ṙE,2 caused by the joint
rates q̇ = [q̇1 0] and q̇ = [0 q̇2], respectively, and the base
reactionmay have the same direction. In this case, the end-effector
velocity ṙE, as the vector sum of these velocities, will have the
same direction regardless the joint rates and the end-effector can
move only along this direction. However, if the end-effector is
in the path-independent workspace (PIW) area, Figure 3B, the
velocity ṙE can have any desired direction, depending on the joint
rates, and no DS occur. Thus, to avoid any failure of the TJC-
AMC, the end-effector must be in the PIW during its motion.
Else, the initial spacecraft attitude and manipulator configuration
should be selected to avoid DS (Nanos and Papadopoulos, 2015).
The abovementioned constraints must be considered regardless
of the existence of NZAM (Papadopoulos and Dubowsky, 1991a).
However, the initial configuration range, required to avoid a DS,
depends on the amount of the accumulated angular momentum.

The presence of NZAM imposes an additional constraint. It is
well known that in the absence of angular momentum, the end-
effector can remain fixed at a point of the reachable workspace,
since, in this case, all the system configuration variables remain
fixed, too. However, the existence of angular momentum results
to a system’s motion according to the conservation of the angular
momentum. This may result in DS and cause the end-effector to
be displaced from its desired location. It can be shown that the
workspace area, where the end-effector can remain indefinitely
executing a task under the presence of NZAM is the same with
the PIW area. This observation results from the kinematic and
dynamic constraints of the system (Nanos and Papadopoulos,
2011). Thus, to avoid any possible failure of the TJC-AMC, the
initial and the final desired location of the end-effector must be in
the PIW area.

DISCUSSION

The above analysis showed that in the case of the control of
FFSMS with NZAM, the application of controllers, which ignore
the system initial angularmomentum (e.g., PD control law) results
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in final non-zero errors both in joint and Cartesian space. In
this paper, we exploited the dynamics of FFSMS with NZAM in
order to design controllers, which tackle this problem. In the joint
space, the proposed PDC-AMC can drive the systemmanipulator
configuration to the desired one despite the presence of NZAM.
For applications in the Cartesian space, the TJC-AMC is proposed
in order to drive the end-effector to a desired location without
drift it away contrary to other control laws (Matsuno and Saito,
2001). In the next section, these results are illustrated by examples.

EXAMPLES

Example 1
To illustrate the PDC-AMC, given by Eq. 56, first the planar
FFSMS in Figure 4 with parameters in Table 1 is employed. The
initial angular momentum of the robot is hCM = 15Nm s. It is
desired to drive the manipulator from the initial configuration
(q1,in, q2,in)= (10°, 20°) to the desired final configuration (q1,fin,
q2,fin)= (50°, 100°).

First, the PD controller, given by Eq. 45, which does not take
into account the presence of the initial angular momentum of the
FFSMS, is applied to the system. The controller gains are selected
using the Eqs 57 and 58 and they are equal toKp = diag(17.9, 2.3)
and Kd = diag(59.7, 7.6). We assume that the spacecraft attitude
at the moment where the control input is applied, is θ0,in = 0°.
As shown in Figure 5A, the joint angles are not driven to the
desired values since q1,ss = 49.67° and q2,ss = 97.83°. A constant
steady-state error exists. This error becomes more evident when
the system accumulated angular momentum is increased or when
the manipulator inertia parameters are comparable with the ones
of the spacecraft (e.g., during a capturing operation). To tackle
this problem, the PDC-AMC with the same gains is applied, next.
Figure 5C shows the response of the joint angles. It is shown that
the desired joint angles are achieved. The torques applied on the
joints for both controllers are shown in Figures 5B,D. Due to the
NZAM, non-zero torques are required (i.e., τ1,ss = 0.105Nm and
τ2,ss = 0.0866Nm) so that the manipulator maintains at the final
configuration. Figure 6 shows snapshots of the resulting motion
of the system. Due to the NZAM, the spacecraft attitude continues
to change.

Next, the spatial FFSMS shown in Figure 1 with parameters
in Table 2 is employed. The initial angular momentum of the

robot is hCM = [68 66 65]T Nms. It is desired to drive the system
manipulator from the initial configuration qin = [10°30°40°]T to
the final desired configuration qfin = [60°70°90°]T. At the time of
the controller application, the spacecraft attitude is given by the
initial Euler parameters [εTin n]T = [0.1 0.5 0.3 0.8062]T.

The control law given by Eq. 45 is applied first. The controller
gains are diagonal matrices with elements obtained by Eqs 57 and
58 and given by Kp = diag(63.7, 187.1, 31.9) andKd = diag(212.3,
623.5, 106.2). The implementation of this controller results in
time-varying final errors in manipulator configuration, as shown
in Figure 7A. Figure 7B shows the required torques applied by the
controller.

Next, the application of the PDC-AMC, with the same gains,
is proposed. As shown in Figure 7C, the PDC-AMC drives the
manipulator to the desired configuration with zero steady-state
errors. Due to the NZAM, time-varying torques required at the
steady state in order to maintain the desired configuration, see
Figure 7D.

Example 2
In this example, the TJC-AMC, given by Eq. 82, is applied to
the planar space manipulator system in Figure 4 with parame-
ters in Table 1. The initial angular momentum of the robot is
hCM = 15Nm s. It is desired to drive the end-effector from point
A(1.0, 1.5)m to points B(−0.8, 1.8)m or C (−2.0, 2.0)m despite
the presence of NZAM.

To demonstrate the problem of ignoring the system angular
momentum, the control law, given by Eq. 70, is applied first. The
controller gains are selected applying Eqs 57 and 58, considering
this time as hii the diagonal elements of the matrix Hx, and they
are equal to Kp = diag(16.1, 368.1) and Kd = diag(80.5, 1,840.7).
We assume that the spacecraft attitude at the moment where the
control input is applied, is θ0,in = 60°. In this case, themanipulator
configuration, which corresponds to the initial point A(1.0, 1.5)m

TABLE 1 | Parameters of the system shown in Figure 4.

Body li (m) ri (m) mi (kg) I (kgm2)

0 0.5 0.5 400 66.67
1 1.0 1.0 40 13.33
2 0.5 0.5 30 2.50

FIGURE 4 | A planar free-floating space manipulator system with two revolute joints. (A) Definition of the inertia parameters and (B) definition of the system variables.
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FIGURE 5 | (A) The response of the manipulator configuration, (B) the required joint torques caused by the application of the PD control law, given by Eq. 45, on the
planar free-floating space manipulator systems (FFSMS) shown in Figure 4, (C) the response of the manipulator configuration, (D) the required joint torques result by
the application of the PD control with angular momentum compensation on the planar FFSMS shown in Figure 4.

FIGURE 6 | The motion of the planar free-floating space manipulator system
results from the implementation of the PD control with angular momentum
compensation.

is q1 =− 37.3° and q2 = 130.2°. It is desired to drive the end-
effector to point B(−0.8, 1.8)m. To avoid the application of large
required torques at the beginning of the motion, a trapezoid
velocity profile is applied as a reference input in the closed-loop

TABLE 2 | Parameters of the system shown in Figure 1.

Body li (m) ri (m) mi (kg) Ixx (kgm2) Iyy (kgm2) Izz (kgm2)

0 – [0, 0, 0.5]T 2,000 1,500 1,500 1,500
1 0 0 0 0 0 0
2 1.0 1.0 100 0.1 33.38 33.38
3 1.0 1.0 100 0.1 33.38 33.38

system.Figure 8A shows the response of the end-effector position.
It is shown that the system angular momentum results in a time-
varying final error in end-effector position. The required torques
are shown in Figure 8B.

Next, the TJC-AMC with the same control gains is applied.
As shown in Figure 8C, the end-effector arrives at the desired
final position with zero steady-state errors despite the NZAM.
However, due to this, non-zero torques are required so that the
end-effector stays at the desired position. The torques applied on
the joints are shown in Figure 8D. Figure 9 shows snapshots of
the resulting motion of the system.

Next, the case where the end-effector is driven to point C in
the PDW area is studied; see Figure 10. As mentioned in Section
“Discussion,” DS avoidance, which results in a successful end-
effector approach to point C, depends on the initial spacecraft
attitude. A method to compute the appropriate initial spacecraft
attitudes to avoid a DS can be found in Nanos and Papadopoulos
(2015). In case the spacecraft initial attitude is θ0,in = 270°, the
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FIGURE 7 | (A) The response of the manipulator configuration, (B) the required joint torques result by the application of the PD control law, given by Eq. 45, on the
spatial free-floating space manipulator system (FFSMS) shown in Figure 1, (C) the response of the manipulator configuration, (D) the required joint torques result by
the application of the PD control with angular momentum compensation on the spatial FFSMS shown in Figure 1.

FIGURE 8 | (A) The end-effector position and (B) the required joint torques result by the application of the transpose Jacobian controller, given by Eq. 70, (C) the
end-effector position, and (D) the required joint torques result by the application of the transposed Jacobian control with angular momentum compensation.
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controller fails at point D, see Figure 10A. In the neighborhood
of the singular point D, the determinant of GJM is closed to
0 resulting in too large required joint torques even for small
end-effector displacements, as shown in Figure 11.

Then, the case of spacecraft initial attitude equal to θ0,in = 10°
is examined. In this case, the TJC-AMC drives the end-effector
to the desired point C. Figure 10B shows the snapshots of the
motion and Figures 12A,B the end-effector trajectory and the
joint torques. The end-effector remains fixed, at point C while
both manipulator and spacecraft move due to the NZAM. How-
ever, since point C belongs to the PDW area, the manipulator
may become singular later in time resulting in a failure of the
TJC-AMC, see Figures 12C,D.

FIGURE 9 | The motion of the space manipulator results from a successful
application of the transposed Jacobian control with angular momentum
compensation. The end-effector path lies in the path-independent workspace
(PIW) area.

Example 3
Here, the TJC-AMC, given by Eq. 82, is applied to trajectory
tracking applications both for planar and spatial FFSMS. First,
the end-effector of the planar FFSMS, shown in Figure 4 with
parameters inTable 1, is desired to follow a straight line path from
point A(1.5, 0.0)m to point B(−0.8, 1.8)m in time tf = 100 s. The
initial angular momentum of the system is hCM = 15Nm s.

As mentioned above, in order to achieve trajectory tracking,
high controller gains are required. These gains are selected, using
Eqs 57 and 58 and considering that the closed loop frequencymust
be bigger that the frequency of the desired trajectory. In this appli-
cation, the controller gains are selected equal to Kp = diag(1,285,
81,203) andKd = diag(257, 16,241). The desired end-effector path
crosses the PDW area and, therefore, a DS may appear during
its motion. However, since the end-effector desired trajectory is
given, one can exploit the methodology presented in Nanos and
Papadopoulos (2015) to find the initial spacecraft attitude in order
to avoid any possible DS. Applying this method, one can find that
an initial feasible spacecraft attitude is θ0,in = 200°. The desired
trajectory is given by:

yE(t) = KxE(t) + L (87)

where one can set

xE(t) = xin + (xfin − xin)s(t) (88)

where xin, xfin correspond to the initial and final position of the
end-effector and s(t) is the arc length parameterization of the path,
given by:

s(t) = a0 + a1t + a2t2 + a3t3 + a4t4 + a5t5, 0 ≤ t ≤ tfin (89)

with s(0) = 0, s(tfin) = 1, and ṡ(0) = s̈(0) = ṡ(tf) = s̈(tf) = 0.
Figure 13A shows the response of the end-effector position

compared with the desired end-effector trajectories and snapshots
of corresponding motion the planar FFSMS. It is shown that the

FIGURE 10 | (A) The motion of the space manipulator results from a failed application of the transposed Jacobian control with angular momentum compensation
(TJC-AMC). At the point D of the path-dependent workspace (PDW) area, the manipulator becomes singular. (B) The motion of the space manipulator results from a
successful application of the TJC-AMC.
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FIGURE 11 | (A) The trajectories of the end-effector position, and (B) the required joint torques for the FFSM motion shown in Figure 10A.

FIGURE 12 | (A) The trajectories of the end-effector position, and (B) the required joint torques for the FFSM motion shown in Figure 10B. (C) The trajectories of the
end-effector position, and (D) the required joint torques for the FFSM motion shown in Figure 10B including the time where the end-effector position maintains at
point C. Notice the difference in the time axes between panels (A,B) and (C,D).

end-effector follows the desired path. Figure 13A shows also the
torques required for this end-effector motion.

Then, the TJC-AMC is applied to the spatial FFSMS of Figure 1
in order to drive its end-effector from point A= (0.2781, 0.6875,
0.3)m to point B= (0.3969, 0.35, 0.6)m and then remains there.
The end-effectormotion is constrained on a spherical surface with

radius R= 0.8m. The initial angular momentum of the spatial
FFSMS is hCM = [68 66 65]T Nms.

It can be shown that the desired end-effector path lies in the
PIW and, therefore, the desired motion is feasible with any initial
spacecraft attitude. In this example, the initial spacecraft attitude
is given by [εT n]T = [0.4 0.1 0.5 0.7616]T.
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FIGURE 13 | (A) Planar free-floating space manipulator systems (FFSMS): the trajectories of the end-effector position compared with the desired ones, the required
joint torques, and snapshots of the system motion, (B) spatial FFSMS: the trajectories of the end-effector position compared with the desired ones and the required
joint torques.

The parametric equations of the desired path are:

xE(t) = R sin(φ(t)) cos(θ(t)) (90)

yE(t) = R sin(φ(t)) sin(θ(t)) (91)

zE(t) = R cos(φ(t)) (92)

For simplicity, we assume that φ(t)= θ(t) where

φ(t) = φin + s(t)(φfin − φin) (93)

where φin, φfin correspond to the initial and final angle φ and s(t)
is given by Eq. 89.

Then, the desired end-effector velocity is given by:

ṙE,d(t) = R(φfin−φin)
[
cos(2φ(t)) sin(2φ(t)) − sin(φ(t))

]T ṡ(t)
(94)

To achieve trajectory tracking, high controller gains are
required. The controller gains are selected using Eqs 57 and

58, equal to Kp = diag(6,000, 1,008, 6,805) and Kd = diag(2,400,
403, 2,722). Figure 13B shows the response of the end-effector
position compared with the desired end-effector trajectories and
the required joint torques. It is shown that the end-effector follows
the desired path.

CONCLUSION

In this paper, the control of FFSMS with NZAM, for motions
both in the joint and Cartesian space, was studied. First, the
dynamic models in the joint and Cartesian space, for FFSMS
with NZAM, were derived. It was shown that the NZAM has
a similar result to the effect of the gravity in terrestrial fixed
base manipulators. Thus, to compensate the effect of the NZAM,
the application of controllers inspired by the ones used for the
compensation of the gravity in terrestrial fixed base manip-
ulators was proposed. To confirm the asymptotic stability of
the proposed controllers, a number of structural properties of
the dynamic models must be satisfied. It was shown that despite
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the presence of NZAM, these structural properties are still
valid. Thus, the proposed controllers can drive the system
to the desired position despite the presence of NZAM. How-
ever, the NZAM imposes constraints on the Cartesian position
where the end-effector can be driven. Limitations were discussed
and the application of the proposed controllers was illustrated by
examples.
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APPENDIX A

The reduced inertiamatrixH(q) and the inertia-typematrices 0D,
0Dq, and 0Dqq are given by:

H(q) = 0Dqq − 0DT
q

0D−10Dq (A1)

0D ≡
N∑
j=0

0Dj (A2)

0Dq ≡
N∑
j=1

0Dj
0Fj (A3)

0Dqq ≡
N∑
j=1

N∑
i=1

0FTi 0Dij
0Fj (A4)

where,
0Dj ≡

N∑
i=0

0Dij (A5)

and

0Dij =


−M{(0l∗j · 0r∗i )1 − 0l∗j 0r∗i } i < j
0Ii +

N∑
k=0

mk{(0vik · 0vik)1 − 0vik0vik} i = j

−M{0r∗j · 0l∗i )1 − 0r∗j 0l∗i } i > j

(A6)

where 1 is the unit dyadic,mk is the mass of the body k, andM is
the total system mass. Also,

0Fk ≡
[0R1

1u1 0R2
2u2..... 0Rk

kuk 0
]
k = 1, (A7)

where 0 is a 3× (N − k) zero element matrix, iui the unit column
vector in frame i parallel to the revolute axis through joint i, and
0Ri the rotation matrix between the ith frame and the spacecraft’s
0th frame.

The barycentic vectors vik, r∗i , and l∗i in Eq. A6 are given by:

vik ≡


r∗i i < k
c∗
i i = k
l∗i i > k

(A8)

where

c∗
i = −ci (A9)
r∗i = ri − ci (A10)
l∗i = li − ci (A11)

where ri is the vector from body i CM to the (i+ 1) joint and li is
the vector from body i CM to the i joint and

ci = liµi + ri(1 − µi+1) (A12)

where

µi ≡


0 i = 0
i−1∑
j=0

mj
M i = 1, ...,N

1 i = N + 1

(A13)

The inertia matrices of the planar FFSMS, shown in Figure 4,
are:

H(q) =[
d11 + 2d12 + d22 − (0D1+0D2)

2

0D d12 + d22 −
0D2(0D1+0D2)

0D
d12 + d22 −

0D2(0D1+0D2)
0D d22 −

0D2
2

0D

]
(A14)

0D = 0D0 + 0D1 + 0D2 (A15)
0Dq =

[0D1 + 0D2
0D2
]

(A16)

0Dqq =
[
d11 + 2d12 + d22 d12 + d22

d12 + d22 d22

]
(A17)

where
0Dj =

2∑
i=0

dij (j = 0, 1, 2) (A18)

and
d00 = I0 + m0(m1 + m2)r20/M (A19)

d10 = m0r0(l1(m1 + m2) + r1m2) cos(q1)/M = d01 (A20)

d20 = m0m2r0l2 cos(q1 + q2)/M = d02 (A21)

d11 = I1 + (m0m1l21 + m1m2r21 + m0m2(l1 + r1)2)/M (A22)

d21 = m2l2(m1r1 + m0(l1 + r1)) cos(q2)/M = d12 (A23)

d22 = I2 + m2(m0 + m1)l22/M (A24)

APPENDIX B

The 0J11, 0J12, 0J22 terms are given by:

0J11 ≡ −
N∑
i=1

[0Ri
iviN,E]

× (B1)

0J12 ≡ −
N∑
i=1

[0Ri
iviN,E]

×0Fi (B2)

0J22 ≡ 0FN (B3)

where
iviN,E = iviN + δiNrN (B4)

where δiN is a Kronecker delta and E stands for the
end-effector.

The barycentic vectors, iviN,E, of the planar FFSMS of Figure 4
are

0v0N,E =
[
α 0

]T (B5)

1v1N,E =
[
β 0

]T (B6)

2v2N,E =
[
γ 0

]T (B7)
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where
α = m0r0/M (B8)

β = (m0l1 + r1(m0 + m1))/M (B9)

γ = r2 + (m0 + m1)l2/M (B10)

where the parameters ri, li are defined in Figure 4A.
The barycentic vectors, iviN,E, of the spatial FFSMS shown in

Figure 1 are given by

0v0N,E =
[
αx αy αz

]T (B11)

1v1N,E =
[
β 0 0

]T (B12)

2v2N,E =
[
γ 0 0

]T (B13)

3v3N,E =
[
δ 0 0

]T (B14)

where
αx = m0r0x/M (B15)

αy = m0r0y/M (B16)

αz = m0r0z/M (B17)

β = (m0l1 + r1(m0 + m1))/M (B18)

γ = ((m0 + m1)l2 + r2(m0 + m1 + m2))/M (B19)

δ = r3 + (m0 + m1 + m2)l3/M (B20)

The 0J11, 0J12, and 0J22 terms for the planar FFSMS, shown in
Figure 4, are given by:

0J11 =
[

−βs1 − γs12
α + βc1 + γc12

]
(B21)

and
0J12 =

[
−βs1 − γs12 −γs12
βc1 + γc12 γc12

]
(B22)

and
0J22 =

[
1 1

]
(B23)

where sij = sin(qi+qj), cij = cos(qi+qj), si = sin qi, ci = cos qi,
i, j = 1, 2.

The 0J11, 0J12, and 0J22 terms for the spatial FFSMS, shown in
Figure 1, are given by:

0J11 =−
0 az + γs2 + δs23 −(ay + s1(γc2 + δc23))

(az + γs2 + δs23) 0 ax + c1(γc2 + δc23)
ay + s1(γc2 + δc23) −(ax + c1(γc2 + δc23)) 0


(B24)

and

0J12 =

−s1(γc2 + δc23) −c1(γs2 + δs23) −δc1s23
c1(γc2 + δc23) −s1(γs2 + δs23) −δs1s23

0 γc2 + δc23 δc23

 (B25)

0J22 =

0 sin(q1) sin(q1)
0 − cos(q1) − cos(q1)
1 0 0

 (B26)

APPENDIX C

Here, the proof of the property

vTE(Ḣx − 2Cx)vE = 0 (C1)

for FFSMS with zero angular momentum, is presented.
As mentioned above, the term Cx corresponds to systems with

zero angular momentum, which their equations of motion in
Cartesian space yield by setting C∗

x = Cx and gx = 0 in Eq. 28
and are given by:

Hx(q, ε, n)v̇E + Cx(q, q̇, ε, n, ε̇, ṅ)vE = u (C2)

In this case, the increase in the system’s kinetic energy is due
to the energy provided by the joint actuators. Therefore, the time
derivative of the system’s kinetic energy (power) is balanced by the
power generated by the actuators. Thus:

dT
dt = q̇Tτ (C3)

where the systemkinetic energyT, for an FFSMSwith zero angular
momentum, is given by:

T =
1
2
vTEHxvE (C4)

Using Eq. 9with zero initial angularmomentum (i.e., hCM = 0)
and Eq. 29, in Eq. C3, yields

dT
dt = (J−1

q vE)
TJTqu = vTEu (C5)

Taking into account the symmetry of HX, the time derivative of
the kinetic energy, given by the Eq. C4, is written as:

dT
dt =

1
2
vTEḢxvE + vTEHxv̇E (C6)

Solving Eq. C2 for the term Hxv̇E and substituting it in Eq. C6
results in:

dT
dt =

1
2
vTE(Ḣx − 2Cx)vE + vTEu (C7)

Then, the comparison of Eq. C5 with Eq. C7 results in Eq. C1.
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