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Background: Liquid crystal (LC) mesophases have an orientational and positional order that can be found in both synthetic and biological materials. These orders are maintained until some parameter, mainly the temperature or concentration, is changed, inducing a phase transition. Among these transitions, a special sequence of mesophases has been observed, in which priority is given to the direct smectic liquid crystal transition. The description of these transitions is carried out using the Landau–de Gennes (LdG) model, which correlates the free energy of the system with the orientational and positional order.Methodology: This work explored the direct isotropic-to-smectic A transition studying the free energy landscape constructed with the LdG model and its relation to three curve families: (I) level-set curves, steepest descent, and critical points; (II) lines of curvature (LOC) and geodesics, which are directly connected to the principal curvatures; and (III) the Casorati curvature and shape coefficient that describe the local surface geometries resemblance (sphere, cylinder, and saddle).Results: The experimental data on 12-cyanobiphenyl were used to study the three curve families. The presence of unstable nematic and metastable plastic crystal information was found to add information to the already developed smectic A phase diagram. The lines of curvature and geodesics were calculated and laid out on the energy landscape, which highlighted the energetic pathways connecting critical points. The Casorati curvature and shape coefficient were computed, and in addition to the previous family, they framed a geometric region that describes the phase transition zone.Conclusion and significance: A direct link between the energy landscape’s topological geometry, phase transitions, and relevant critical points was established. The shape coefficient delineates a stability zone in which the phase transition develops. The methodology significantly reduces the impact of unknown parametric data. Symmetry breaking with two order parameters (OPs) may lead to novel phase transformation kinetics and droplets with partially ordered surface structures.Keywords: liquid crystals, smectic A, phase transition, energy landscape, shape coefficient, free energy, Landau–de Gennes
1 INTRODUCTION
Synthetic and biological liquid crystals (LCs) are anisotropic soft materials with partial degrees of orientational and positional order, conveying fluidity as viscous liquids and anisotropy as in the crystalline order (Rey and Denn, 2002; Donald et al., 2006; Rey, 2010; Sonnet and Virga, 2012; Petrov, 2013; Lagerwall, 2016; Selinger, 2016; Collings and Goodby, 2019; Stewart, 2019; Zannoni, 2022). Importantly, possible LC mesogens include rod-, board-, disk-, and screw-like molecules with flexibilities ranging from semi-flexible to rigid, involving monomers or main/side-chain polymers and colloids (Donald et al., 2006; Demus et al., 2008b; Demus et al., 2011). The synthesis and formation of these mesophase materials follow equilibrium self-assembly processes driven by temperature (thermotropic), concentration (lyotropic), or both (Bowick et al., 2017; Wang et al., 2023b). The presence of multiple components, as in nanoparticle-loaded mesophases, gives rise to couplings between self-assembly and phase separation with states that can combine the crystallinity (positional order) of one component with the liquid crystallinity (various degrees of positional and orientational order) of the other (Soulé et al., 2012a; Soulé et al., 2012b; Soulé et al., 2012c; Soule and Rey, 2012; Milette et al., 2013; Gurevich et al., 2014). Various external fields (flow, electromagnetic, and thermal) can be used to generate self-organized structures not seen in purely equilibrium self-assembly. The natural setting to describe self-assembly starts with the energy landscape and its geometrical properties (curvatures, cusps, domes, etc.), while for non-equilibrium organization, the natural setting will include the entropy production landscape and its defining geometric measures. In this paper, we present a widely applicable geometry-based methodology for describing self-assembly in anisotropic soft matter and target one specific transition that exhibits complex ordering processes. Without ambiguity, for convenience and brevity, below we refer to self-assembly as phase ordering and/or phase transition, as we do not include phase separation and conserved quantities. In addition, we refer to the degree of quench as the equivalent of the thermodynamic driving force for phase ordering.
The spectrum of self-assembly processes is significantly enriched when considering the sequence of phase transformations. This progression follows an increase in order as the magnitude of the thermodynamic driving force is increased, corresponding to a decrease in temperature for thermotropes or an increase in concentration for lyotropes. The sequence then goes from a high-symmetry isotropic state to an orientationally ordered (nematic) state. This state is then followed by the addition of the positional order (smectic). Then, the crystalline organization is reached with a further increase in the driving force. The usual sequence of isotropic–orientational–positional phase ordering (Oswald and Pieranski, 2005a; Jákli and Saupe, 2006; Blinov, 2011) is sometimes reordered to a direct isotropic–positional/orientational ordering, as observed in monomeric thermotropes (certain cyano-biphenyls (CB) and oxy-cyanobiphenyls (OCB)) (Oh, 1977; Idziak et al., 1996; Oswald and Pieranski, 2005b; Donald et al., 2006; Abukhdeir and Rey, 2008; Chahine et al., 2010; Gudimalla et al., 2021; Nesrullajev, 2022) and biological liquid crystals (BLCs) such as collagen mesophase precursors in the mussel byssus (Knight and Vollrath, 1999; Viney, 2004; Donald et al., 2006; Rey, 2010; Rey and Herrera-Valencia, 2012; Rey et al., 2013; Renner-Rao et al., 2019; Manolakis and Azhar, 2020; Harrington and Fratzl, 2021; Berent et al., 2022). This important and non-classical behavior is the focus of this paper: the direct isotropic-to-smectic A (I-SmA) LC phase transition, where SmA denotes the simplest smectic phase. A collection of compounds exhibiting this scheme can be found (Hawkins and April 1983; Idziak et al., 1996; Lenoble et al., 2007; Abukhdeir and Rey, 2008; Mohieddin Abukhdeir and Rey, 2008a; Li et al., 2009; Wojcik et al., 2009; Chahine et al., 2010; Pouget et al., 2011; Salamonczyk et al., 2016; Bradley, 2019; Renner-Rao et al., 2019; Gudimalla et al., 2021; Jackson et al., 2021; Jehle et al., 2021; Khadem and Rey, 2021; Nesrullajev, 2022), which is largely driven by attractive forces in thermotropic LCs [e.g., cyanobiphenyl family (n-CB, n > 10) (Bellini et al., 2002)] and excluded volume interactions in BLCs (e.g., collagen in mussel byssus and Ff phages). In both cases, a common geometric feature is the presence of rigid or semi-rigid rod-like cores and sufficiently long semi-flexible ends. Currently, the best-characterized materials that follow the direct I-SmA are low-molar mass thermotropic LCs, such as 10CB and 12CB (Collings, 1997; Urban et al., 2005; Demus et al., 2008a; Li et al., 2009; Chahine et al., 2010; Gudimalla et al., 2021; Zaluzhnyy et al., 2022). To avoid introducing a plethora of unknown parameters and material data, we focus on them as model systems. In the future, our ultimate goal is to expand the findings to lyotropic polymeric and colloidal smectics that are found in collagen precursors of the mussel byssus (Renner-Rao et al., 2019; Jehle et al., 2021; Waite and Harrington, 2022). It is noted that even though we only consider thermotropic LCs in the current manuscript, using correspondence principles such as those provided in the following references (Picken, 1990; Soule and Rey, 2011; Golmohammadi and Rey, 2009; Doi, 1981), we can, in the future, use the current findings for collagen-based LCs.
A key feature of the I-SmA transition is the strong coupling of the positional and orientational order parameters (OPs) (Pikin, 1991; Gorkunov et al., 2007; Blinov, 2011; Turek et al., 2020; Gurin et al., 2021), which results in the enhancement of the orientational OP over and above what a nematic phase could show at these conditions of temperature or concentration. A practical consequence of this, as we know from synthetic liquid crystal polymers (LCPs), is that in the solid state, the enhanced orientational order parameter has a strong impact on the mechanical properties (e.g., Young modulus) that can be seen in LCP fibers (Ward, 1993; Ziabicki, 1993; Donald et al., 2006; Turek et al., 2020; Bunsell et al., 2021). This order parameter coupling decreases the free energy of the system to result in a smectic A phase at minimal quenches from the stable disordered state. Polymeric and biological liquid-crystalline materials, being part of the lyo/thermotropic spectrum, also share the preferred native mode of fiber-formation, as seen in their in vivo and in vitro states (Matthews et al., 2002; Viney, 2004; Dierking and Al-Zangana, 2017; Renner-Rao et al., 2019; Deng et al., 2021; Harrington and Fratzl, 2021; Tortora and Jost, 2021; Cai et al., 2023; Zhang et al., 2023), which reinforces the hypothesis of smecticity enhancing the material’s mechanical properties through increased alignment.
The computational liquid crystal phase-field methodology used in this paper, largely based on the Landau–de Gennes (LdG) models and their many generalizations, has been widely used to simulate and predict self-assembly, self-organization, rheology, bulk, interfacial transport phenomena, and more for both thermotropic and lyotropic LCs (Biscari et al., 2007; Hormann and Zimmer, 2007; Popa-Nita and Sluckin, 2007; Saunders et al., 2007; Mohieddin Abukhdeir and Rey, 2008b; Rey, 2010; Coles and Strazielle, 2011; Garti et al., 2012; Mukherjee, 2014; Han et al., 2015; Selinger, 2016; Collings and Hird, 2017; Vitral et al., 2019; Copic and Mertelj, 2020; Vitral et al., 2020; Schimming et al., 2021; Bukharina et al., 2022; Paget et al., 2022; Zaluzhnyy et al., 2022). As in other coupled OP transitions, the challenges for a given energy landscape include the following issues:
• What is the total number of local maxima, minima, and saddles in the energy surface for a given quench?
• Where are the local minima and maxima located for a given quench?
• When do we find bi-stability?
• What states exist when one of the OPs is zero (e.g., nematic and plastic crystal)?
• What are the shortest path directions connecting minima?
Previous works have excellently characterized these mesophases and phase transitions, including phase diagrams, orientation distribution function profiles, bifurcation analysis, and the use of imaging techniques, calorimetry characterization, and dynamic simulations, accentuating the thermodynamic I-SmA phase transition perspective (Palffy-Muhoray, 1999; Dogic and Fraden, 2001; Mukherjee et al., 2001; Larin, 2004; Urban et al., 2005; Biscari et al., 2007; Das and Mukherjee, 2009; Chahine et al., 2010; Nandi et al., 2012; Izzo and De Oliveira, 2019; Gudimalla et al., 2021; Khan and Mukherjee, 2021; Mukherjee, 2021). Given that the first four key issues are essentially anchored in the spatial features of the energy landscape, we develop, implement, and validate a novel geometric methodology. The use of geometric methods to characterize thermodynamics, phase transitions, and energy landscapes has been widely recognized as a useful and complementary set of tools (Miller, 1925; Hormann and Zimmer, 2007; Quevedo et al., 2011; Wales, 2018; Wang et al., 2020; Demirci and Holland, 2022; Liu et al., 2022; Quevedo et al., 2022). These approaches rely on establishing a proper thermodynamic surface in terms of variables such as pressure, temperature, and chemical potential. Here, we extend and generalize these geometric-thermodynamic methods for self-assembly in anisotropic soft matter in general and phase ordering in the I-SmA transition. The methodology is summarized in Figure 1. The triangle’s center is the key focus of this paper, the direct isotropic-SmA transition, as characterized by an energy landscape given by the Landau free energy [image: image] as a function of the positional [image: image] and orientational [image: image] order parameters for a given temperature [image: image]. Importantly, the surface parametrization is explicit and known as Monge parameterization, and it is the starting point for the geometric methodology developed in this paper.
[image: Figure 1]FIGURE 1 | Methodology of the geometric-thermodynamics formulated (Section 2) and implemented (Section 3) in this paper. The central energy landscape corresponding to the direct I-SmA transition is characterized using three geometric methods (I) level sets/steepest descent/critical points, (II) geodesics and curvature lines, and (III) shape and Casorati curvedness analysis; the bottom left shows changes in shape from cup (left), to rut, saddle, ridge, and cap (right) and changes in the degree of curvedness for a rut patch (left) into a flat plane. The outer arrows show the connection and integration of the three calculations.
In (I), at the upper vertex from Figure 1, the critical points (dots) of the surface (maxima, minima, and saddles) are determined as a function of changes in temperature using level-set curves and curves of the steepest descent. The closed loops in the former allow the detection of minima/maxima and saddles, and the signs of the gradient curves differentiate the stable from the unstable. In addition, saddles in the level sets are unstable points. These calculations are guided and validated using the powerful index theorem of polynomials, yielding a conservation equation for the number of maxima [image: image], the number of minima [image: image], and the number of saddles [image: image]. At a high temperature for a stable isotropic phase, the landscape is simple and [image: image], but for low quenches with a stable SmA phase, the landscape is complex, as we find [image: image] and [image: image]. In (II), at the lower right vertex, the geodesic lines of the energy landscape are found using accurate ordinary differential equation (ODE) solvers. Importantly, the lack of torsion in the geodesic lines correlates with the energy heights of the maxima and minima. In (II), we also compute the lines of curvature (LOC) that define an orthogonal grid on the energy surface and indicate the maximum or minimum directional curvature flow. In (III), the shape coefficient, or shape index [image: image], relates a given value with a shape that comes from the spectrum [image: image] for up/down half-spheres (cup and cap, respectively), [image: image] for up/down cylinders (rut and ridge, respectively), and [image: image] for saddle-like shapes; the positive scalar curvedness Casorati curvature [image: image] (surface deviation from planarity) of the energy landscape and its critical points are identified to determine aspects of the minima and maxima, such as anisotropy, the presence or absence of umbilic [image: image] points, and the degree of curvedness (magnitude of Casorati curvature), and detect maxima/minima/saddles in a fast and efficient way.
Describing the shape using the dimensionless normalized shape coefficient [image: image] avoids co-mingling properties associated with shape with those associated with curvedness, such as when using the classical differential geometry descriptions based on Gaussian [image: image], mean [image: image], and deviatoric [image: image] curvatures. The shape coefficient–Casorati curvedness [image: image] method has been successfully applied to several soft-matter materials and equilibrium and dissipative processes (Wang et al., 2020; Wang et al., 2022b; Wang et al., 2022a; Wang et al., 2023b). For example, for a saddle point, the classical approach yields [image: image]. On the other hand, the [image: image] method detects a saddle simply when [image: image] and its curvedness is [image: image]. Finally, the arrows on the triangle side and toward the center denote the integration of the methods to shed new light on the I-SmA transition.
This work builds on the fundamental studies on the self-assembled smectic phase transition (Pleiner et al., 2000; Mukherjee et al., 2001; Abukhdeir, 2009; Abukhdeir and Rey, 2009b; Mukherjee, 2021). The particular objectives of this paper are the following:
• Characterize the energy landscape using a simple Monge parametrization in terms of nematic and smectic order parameters, including the number and type of critical points and characteristic trajectories between stable, metastable, and unstable isotropic, nematic, and smectic states as a function of the changing degrees of quenching from the isotropic state.
• Use classical curvatures (Gaussian and mean) and new soft matter geometric methods (shape coefficient and Casorati curvedness) to shed light on where saddles and cusps are located and their curvedness, thus providing a broad picture of the energy landscape.
• Integrate thermodynamic stability, polynomial-based charge conservation methods, and geometric methods.
• Detect and characterize unstable nematic and metastable plastic crystal states that emerge at medium and large degrees of quenching.
The remainder of this paper is organized as follows: Section 2 presents the OPs, Landau free energy (Section 2.1), geometric thermodynamics (Section 2.2), and computational methods (Section 2.3). Section 3 presents the results and discussion. Section 4 summarizes the key findings, their significance, and the novelty of the geometric approach.
2 METHODOLOGY
2.1 Order parameters and Landau model
2.1.1 Nematic and smectic A phases: orientational and positional order parameters
The SmA LC phase has partial 1D positional and orientational order. Two order parameters, the orientational order parameter Q and the positional order parameter [image: image], are used for this mesophase characterization. These parameters capture the average molecular order by the establishment of distinctive moduli at the transition, with the moduli [image: image] for the orientation and [image: image] for the position (Oswald and Pieranski, 2005b; Rey, 2010; Mukherjee, 2014; Vitral et al., 2020).
The theoretical characterization of the partial orientational alignment in LCs is described by an orientation distribution function, the tensor order parameter Q (De Gennes and Prost, 1993), which is as follows:
[image: image]
where n, m, and l are the molecular unit vectors and I is the unit tensor. The Q tensor is expressed in terms of the orthonormal director triad (n, m, and l), which are the eigenvectors of Q that describe the molecular axes and the scalar moduli [image: image] that measure the magnitude of the average molecular orientation (De Luca and Rey, 2006; Coles and Strazielle, 2011). The Q tensor is symmetric and traceless, i.e., [image: image] and [image: image], and it has five independent components. It is comprised of uniaxial [image: image] and biaxial [image: image] contributions. The uniaxial contribution [image: image] corresponds to the major eigenvalue/eigenvector, and the biaxial contribution [image: image] corresponds to the minor eigenvalues/eigenvectors. A free-energy expansion near the nematic transition, as per the Landau formalism, was defined, yielding an LdG free-energy expression for nematic orientational alignment [image: image] (de Gennes and Prost, 1993), truncated up to the fourth-order term with respect to [image: image] as follows:
[image: image]
where [image: image] is the energy of the isotropic state, [image: image], [image: image] is the critical nematic phase transition temperature, and [image: image], [image: image] are experimentally measured material parameters.
In addition to the orientational organization, due to its lamellar configuration and the periodic structure of the uniaxial SmA phase, a one-dimensional positional order parameter is required, and the complex wave vector [image: image] has been widely used for this purpose (Mukherjee et al., 2001; Abukhdeir and Rey, 2009c; Vitral et al., 2020). It is typified by the phase [image: image], and its modulus [image: image] characterizes a one-dimensional density wave used to describe such a layered nature as follows:
[image: image]
Then, a free-energy functional of the smectic positional order, [image: image], is introduced, accounting for positional ordering, and the material-dependent parameters are [image: image] and [image: image] around the critical smectic transition temperature [image: image]. 
[image: image]
In the simplest case, the I-SmA transition is captured by the free-energy contributions of the form [image: image], where [image: image] is the coupling free-energy term, which is given as follows:
[image: image]
2.1.2 Landau model for the isotropic–smectic A transition
The well-established models have been formulated and used to describe the I-SmA transition, including non-direct transitions (Pleiner et al., 2000; Abukhdeir and Rey, 2009b; Nandi et al., 2012; Pevnyi et al., 2014; Izzo and De Oliveira, 2019; Mukherjee, 2021; Paget et al., 2022). These models include the nematic and smectic contributions (Eqs. 2.2, 2.4, and 2.5) and consolidate the final total free-energy density using coupling terms ([image: image]) that favor one phase over the other and terms that account for the energy cost from the coexistence of the positional ordering ([image: image]):
[image: image]
Considering Equation 2.6, assuming a spatially homogenous system, and performing reparameterization (see Supplementary Appendix A1), we find the following governing free energy density [image: image]:
[image: image]
where [image: image] is the nematic contribution, [image: image] is the smectic contribution, and [image: image] is the crucial coupling contribution between the positional and orientational OPs that are in their expanded form. In this paper, we evaluate the OPs in their extended domain of dependence [image: image] to fully capture the important phenomena at the nematic axis [image: image] and the smectic axis [image: image]; we note that negative nematic OP states (molecular alignment normal to the director orientation) are usually considered in nematostatics (Golmohammadi and Rey, 2010), but in the particular equilibrium spatially homogeneous I-SmA transitions considered in this study, these orientation states play no role.
The possible states are obtained by the minimization of the homogeneous free energy in Equation 2.7 concerning the two non-conserved OPs [image: image]. This yields a system of ODEs (see Supplementary Appendix A1). Then, at a given temperature [image: image], different phases arise according to the ordering contributions. As mentioned in the introduction, positional and orientational ordering define an LC state, which varies in accordance with the combination of these order parameters. In this paper, we consider the following:
[image: image]
The isotropic-liquid state is characterized by the absence of positional and orientational orders, the nematic LC possesses only average molecular orientation, the plastic crystal phase (characterized by the density wave) describes a material with positional order and very small-to-none orientational order, and the smectic A LC exhibits positional and orientational orders (Oswald and Pieranski, 2005a; Oswald and Pieranski, 2005b; De Gennes, 2007; Demus et al., 2008a; DiLisi, 2019; Mukherjee, 2021). We note that the density wave behavior, designated as the plastic crystal state in this study, has been reported even for some rod-like systems (Kyrylyuk et al., 2011; Liu et al., 2014; Sato et al., 2023). In this work, the metastable plastic crystal emerges at deep quenches when the isotropic state becomes unstable, the nematic and coupling energies vanish, and the stable phase is SmA. Similarly, since [image: image] and [image: image] for the SmA state in Equation 2.7, the important coupling term [image: image] promotes the emergence of SmA with the positional and orientational order.
2.2 Geometric thermodynamics for phase ordering in the isotropic–smectic A transition
In this section, we investigate the surface geometry of the energy landscape [image: image], with a particular emphasis on understanding and characterizing the essential nature of all the critical points. These critical points, derived from Equation 2.7, include the local maxima, local minima, and saddle points. As mentioned at the end of the introduction, their significance extends across many research fields in liquid crystals, such as self-assembly, kinematics, and thermodynamics of these systems.
Next, we briefly mention the basic argument to keep all critical points, forgoing complex mathematical details. For instance, the time-dependent Ginzburg–Landau model (Popa-Nita, 1999) provides a quantitative study of the spatiotemporal evolution of thermodynamic behaviors on a non-conserved OPs vector [image: image].
[image: image]
where [image: image] is the elastic energy dependent on the deformation; note that [image: image] is the OP vector for the smectic A phase. A special solution of Equation 2.9 describes a front propagation that could describe growing smectic droplets in an isotropic matrix. For example, the wave-like property has been intensively studied by De Luca and Rey (2004) for the case of chiral nematic fronts propagating into an unstable isotropic phase. In our present smectic model, the wave-like solution [image: image]; [image: image] with constant velocity [image: image] simplifies Eq. 2.9 to a more compact form, [image: image], where all the coefficients are not included for clarity. At [image: image], the critical points lay inside the kernel of the linear map defined by the velocity [image: image]. The polynomial decomposition of [image: image] (see Eq. 2.7 for the quartic polynomial expression in two variables [image: image]) then gives the governing equation for phase transformation, [image: image], where [image: image] are the critical points at critical points [image: image] and [image: image] is the product function that expresses the polynomial [image: image]. The phase transformation depends on the polynomial decomposition of the free energy involving all the critical points. Given the significance of all the critical points on growth, kinematics, and interfaces, we explore their behavior in this section.
2.2.1 Polynomial index theorem and critical points of the [image: image]-energy landscape
Since the two-OP model considered in this study is of quartic order in each of the parameters, a proliferation of critical points and a complex energy landscape are expected. Hence, tools that set upper limits on the number and type of critical points are essential to achieving or enhancing tractability. In this section, we formulate an approach tailored to the I-SmA transition, keeping the complex mathematics to a minimum.
Let [image: image] be a polynomial of degree [image: image]. Then, [image: image] has a critical point [image: image], if [image: image], where the following notation [image: image] is adopted for partial derivatives of a given function with respect to k. The number of critical points [image: image] is then defined by [image: image]. In general, for a given polynomial [image: image] in two variables [image: image] of degree [image: image] and [image: image], respectively, we expect at most [image: image] critical points (Durfee et al., 1993). Thus, the computation of [image: image] and [image: image] from the solution of the ODEs (see Supplementary Appendix A2) that minimize the free energy [image: image] will yield at most [image: image] critical points and at least one critical point [image: image]. These points include the degenerate and nondegenerate points that follow the well-known nondegeneracy criteria, which are as follows:
[image: image]
[image: image]
The number of critical points [image: image] is bound by the Poincaré–Hopf index theorem (Knill, 2012). The index [image: image] of the gradient vector [image: image] is computed based on the nondegeneracy of all critical points of [image: image], which assigns a value of (+1) to a maximum or minimum and a value of ([image: image]) to a saddle (Durfee et al., 1993) in the following definition:
[image: image]
Here, the index of the free-energy polynomial of Equation 2.7 was computed as [image: image] in an area homeomorphic to a disk, which importantly puts a cap on the number of saddles [image: image]. Thus, from the index theorem, we conclude that saddles play a crucial role in this transformation across various temperature ranges.
2.2.2 Level-set and steepest descent
In addition to the index [image: image], the gradient vector [image: image] stores the information required to compute the directional derivative of [image: image] for any direction at any point [image: image], which provides the rate of change in [image: image] as it approaches [image: image]. This directional derivative is just the inner product of the gradient and the direction of a certain vector [image: image]:
[image: image]
The gradient then contains the direction of the greatest change of [image: image], known as the steepest descent, or ascent, as the opposite direction that may be computed with [image: image]. Contrary to this, a vector orthogonal to [image: image] will point toward a zero change in [image: image]. These are vectors that lie on the tangent plane and are normal to a surface that can be constructed by the level set of the scalar-valued function [image: image]. These are cross-sections of the [image: image]-frame, individually representing its different levels c and containing any real solution of [image: image].
[image: image]
The energy landscape [image: image] is a surface whose main features are characterized by the shape of the level-set curves, the direction of the steepest descent curves, and the location and nature of the critical points. For a given set of critical point locations, the level sets and steepest descent indicate how and if local minima can be reached. For example, local minima (maxima) on the energy surface are characterized by ellipses, and the steepest descent curves are converging (diverging) splay curves (see Figure 2). This is similar to the minimum energy path (MEP) approach (Massi and Straub, 2001; Liu et al., 2022), which seeks to locate and characterize the conformation changes between chemical states based on their relationship with their characteristic energy hypersurface (Fischer and Karplus, 1992; Wang et al., 1996; Liu et al., 2022) that describes the thermodynamic equilibrium and self-assembly process.
[image: Figure 2]FIGURE 2 | Schematic of the first family of the free-energy landscape [image: image]: level-sets, steepest descent, and polynomial index (Sections 2.2.1–2) and their relationship. The symbols on the top right are kept throughout the paper to designate the nondegenerate points: maximum, minimum, and saddle. The polynomial index is then computed based on the topological charge assigned to these points. The representation of the local steepest gradient field is included for each point. Here, [image: image] denotes the Euler characteristic of the area enclosed by the level-set curve.
Figure 2 presents the connection between the polynomial index and the level set and steepest descent curves. By assigning topological charges to the critical points based on their nondegeneracy, the polynomial index is constructed. Each nondegenerate point is then linked to the expected local behavior of the gradient vector.
2.2.3 Lines of curvature and geodesics
The lines of curvature are computed by solving a set of equations defined by the coefficients of the first (g) and second (b) fundamental forms, as shown in Supplementary Appendix A2 (Maekawa, 1996; Farouki, 1998). The LOC have been used to describe the relationship between entropy production in membranes and interfaces (Wang et al., 2020) and the curvature of isotropic–smectic interfaces under self-organization (equilibrium) and self-assembly (dynamic) states (Vitral et al., 2019) using an orthonormal network. These LOC applied to the free-energy landscape describe the change in the order parameters with respect to the arc-length [image: image], following the principal direction of the tangent vectors (Eq. A.6) along [image: image], where [image: image] is a line of curvature. Thus,
[image: image]
or
[image: image]
where [image: image] represents the principal curvatures [image: image], [image: image], and [image: image] are the coefficients of the first and second fundamental forms (see Supplementary Appendix A2) and [image: image] are non-zero coefficients defined by
[image: image]
[image: image]
Under our free-energy framework [image: image], the geodesic lines indicate the shortest path between two points in the thermodynamic equilibrium state (Do Carmo, 2016; Wang et al., 2020), which can also show the self-assembly path connecting the phases expected in the I-SmA energy landscape. This is similar to what is found in the analysis of the geometry of thermodynamic stable states of ideal gases (Quevedo et al., 2008). This is described by a curve with the smallest arc length connecting two points on a given surface, and it is given by the following equation (Do Carmo, 2016; Wang et al., 2020):
[image: image]
where E, A, and G are the first fundamental form coefficients, [image: image] are the Christoffel symbols, and the geodesic curve is [image: image] for the ith component of the quantities that define the free-energy parametrized surface [image: image] (see Supplementary Appendix A3).
2.2.4 Casorati curvature and shape coefficient
In this section, we provide details of the Casorati curvature [image: image] and shape coefficient [image: image] given in the introduction and Figure 1 (lower left vertex). A method presented by Wang et al. (2020) redefines a thermodynamic hypersurface into a Monge shape-curvedness surface patch for the characterization of entropy production in LC membranes and interfaces. As mentioned above, in this paper, we use this methodology to describe the local geometry of the I-SmA phase transition energy landscape using a normalized shape coefficient [image: image] that distinguishes between three primary shapes: cup/cap (spherical), rut/ridge (cylindrical), and saddle, and the Casorati curvature [image: image] for the curvature magnitude measurement (Koenderink and van Doorn, 1992; Aguilar Gutierrez and Rey, 2018). This requires the reparameterization of the energy landscape [image: image] into a Monge patch (Abbena et al., 2017) comprised of the shape coefficient [image: image] and Casorati curvature [image: image].
Classical curvature concepts, in addition to the Casorati curvature [image: image] and shape coefficient [image: image] (Wang et al., 2023a), are used in the description of the curvedness and shape, such as the (i) mean [image: image], (ii) deviatoric [image: image], and (iii) Gaussian [image: image] curvature (see Supplementary Appendix A2), whose information is stored in the surface gradient of the surface unit normal [image: image], where [image: image] is the surface gradient and [image: image] is the gradient operator. From this, the symmetric curvature tensor is defined as [image: image], where [image: image] are its eigenvalues (see Figure 1II) characterizing the principal curvatures (Aguilar Gutierrez and Rey, 2018). The Casorati curvature is defined by [image: image], the mean curvature by [image: image], the deviatoric curvature by [image: image], and the Gaussian curvature by [image: image], for which the principal curvatures are assumed to follow [image: image] (Wang et al., 2020).
The non-dimensionality of the shape coefficient condenses information that allows it to classify the local shape into simple geometries within the normalized range [image: image]. The Casorati curvature, however, quantifies how curved a surface is (Aguilar Gutierrez and Rey, 2018; Wang et al., 2020) (see Supplementary Appendix A2)
[image: image]
The primary fundamental shapes are then generalized with [image: image], assigning the values to a saddle (0), a rut [image: image], a ridge [image: image], a cup [image: image], and a cap [image: image], where the [image: image] sign defines if it is a concave-up (negative) or concave-down (positive) patch (see Figure 1.III). It is important to notice that these are primary shapes and a continuous spectrum is contained within the normalized parameter interval. The Casorati curvature varies within [image: image], defining a flat surface with no curvature [image: image] and a curved surface [image: image], respectively. Figure 1 (III) shows a schematic representation of the Casorati curvature (upper set) and the shape coefficient spectrum (lower set).
2.3 Computational methods
In this work, we sought detailed information of the phase ordering as the quenching degree increases from the highest possible temperature for the existence of the SmA phase. We found that it is possible to classify the ordering and geometry by defining three quenching regimes: shallow quench, middle quench, and deep quench (with three temperatures corresponding to each of them, as listed in Table 2). As the degree of quenching increased, the isotropic phase lost stability, while the SmA gained stability, and a number of saddle nodes and supercritical bifurcations emerged at the boundaries of these quench regimes. Given the nonlinearities and OP couplings in the energy density and the differential geometry quantities, high-performance computational techniques were developed, applied, and tested when exact data were available, and high fidelity was demonstrated. Stability, accuracy, and dispersion criteria were implemented according to the standard numerical methods. The validation of our results was established using previous studies (Urban et al., 2005; Abukhdeir and Rey, 2008; Coles and Strazielle, 2011). As mentioned in the introduction, a well-characterized member of the n-cyanobiphenyl family (12CB) has been chosen as the study case for its I-SmA transition behavior (see Supplementary Appendix A4).
The calculation sequence was as follows: (1) level sets and steepest descent curves were obtained with (i) the complete solution of Equation 2.7 at different temperatures for the phases in Equation 2.8 using the stability criteria in Section 2.2.1, which categorizes the critical points that are bound by the number [image: image] and the I-SmA LdG free-energy index [image: image] in Equation 2.12 and (ii) the orthogonal pair of steepest descent and level-set curves from Section 2.2.2. (2) Geodesics/LOC calculations in Section 2.2.3 involved coupled nonlinear second-order stiff ODEs, which are numerically unstable depending on the step size taken, especially the system of equations defined by the discretization of the geodesics (Equation 2.19) (see Supplementary Appendix A2). Boundary conditions must be provided to solve the geodesic. We used the shooting method, which requires the definition of a starting point, chosen in our case study to be the stable isotropic/smectic A phases. In addition to equation stiffness, it is also worth noting that the model is arc-length parametrized, meaning that the arc length was computed for every step. In the LOC case, the sets of Equations 2.15–2.16 while seeming analogous, are in reality distinct instances of the principal directions that depend on the arc length. The sign of the proceeding direction at a given point [image: image] must be adjusted according to the local surface geometry, meaning that the system solved was switched from one to another depending on the maximum and minimum principal curvatures [image: image] (Farouki, 1998; Wang et al., 2020). For this, we followed a very robust algorithm developed for computing LOC (Maekawa, 1996; Farouki, 1998), which generates a pair of orthogonal curves at [image: image] following the criterion: Equation 2.15 is solved if [image: image], and Equation 2.16 is used otherwise. Then, a curvature network was constructed with the orthogonal LOC by solving the ODE system at a point [image: image] along the length defined by the energy landscape for a sufficiently small step-size that balances out resolution, solution stability, and computational time. (3) For obtaining the Casorati and shape coefficient in Section 2.2.4, we computed the first fundamental forms and the principal curvatures of the free-energy landscape (see Supplementary Appendix A2).
3 RESULTS AND DISCUSSION
In this paper, we present a complete description and characterization of the energy landscape of the isotropic–smectic A transition using a two-non-conserved order parameter version of the Landau–de Gennes model for the following reasons: (i) the kinetics of phase transformations for non-conserved order parameters is dependent on stable, metastable, and unstable critical points of free energy (Tuckerman and Bechhoefer, 1992; De Luca and Rey, 2003; De Luca and Rey, 2004); this point is briefly elaborated at the beginning of Section 2.2; (ii) in the case of phase transformation by propagating fronts, where a stable phase replaces an unstable phase, non-monotonic ordering structures appear at the interface due to the presence of various critical points (Tuckerman and Bechhoefer, 1992); (iii) in the case of drop formation of a stable phase in a metastable matrix, one can expect thin film-like layers with intermediate degrees of order between the droplet phase and matrix (Abukhdeir and Rey, 2009a); (iv) interfacial processes as in a LC drop couple shape-bulk and surface structure-size due to orientational order (Rey, 2000; Rey and Denn, 2002; Rey, 2004a; Rey, 2004b; Rey, 2006). In view of these phenomena, we do not neglect metastable and unstable ordering states, such as nematic or plastic (density wave) phases, as previously suggested (Saunders et al., 2007). How exactly they will manifest themselves under nucleation and growth and spinodal transformation of the isotropic phase into the SmA phase will be examined in future work and is outside the scope of this paper.
3.1 Quench zones and critical points and their stability
Figure 3 presents the orientational and positional order phase diagram as a function of temperature T obtained by solving Equation 2.7 with 12CB material parameters (Supplementary Appendix A4). Subscripts on the OPs denote stable (s), unstable (u), and metastable (m); superscripts denote larger [image: image] and smaller [image: image] values. The line style (full, dashed, and doted) identifies the phase (see Eq. 2.8). The figure frames the three quenches (see Table 2) delimited by key temperatures: the deep quench for [image: image] (light blue), the middle quench for [image: image] (light purple), and the shallow quench for [image: image] (light red). Here, [image: image] is the spinodal decomposition temperature, [image: image] is the nucleation and growth temperature, and [image: image] is the maximum temperature for the existence of any smectic order phase, as explained below. Using quenching measures, we can characterize the critical point features and determine whether they are stable, unstable, or metastable, depending on the quench zone. To fully characterize the nature of all the sources and sinks at the nematic axis [image: image], we include [image: image] solutions. These non-physical solutions [image: image] arise from the mirror symmetry of the free energy [image: image] but assist in characterizing transitions and bifurcations that occur at the [image: image] axis. In describing and classifying results, we focus on the I-SmA transition, and the quench depth refers to a temperature decrease from the highest temperature [image: image] at which the metastable SmA arises. Thus, reference to nucleation and growth mode, NG, indicates the temperature interval in which the isotropic (SmA) phase is metastable (stable), and when referring to spinodal decomposition, SD, the isotropic (SmA) phase is unstable (stable). The challenges regarding the location of the critical points at a given quench, their stability, and the other possible states when considering the entirety of the points, which were introduced at the beginning of the paper, are addressed below.
[image: Figure 3]FIGURE 3 | Positional [image: image] and orientational [image: image] order parameters of the isotropic (Iso) to SmA phase transition for 12CB as a function of temperature with all the critical points: sub-index [image: image] refers to stable, metastable, and unstable, respectively. The three different zones correspond to three different quenches: (A) deep quench (DQ), (B) middle quench (MQ), and (C) shallow quench (SQ). Derived from the LdG model (Eq. 2.7). The material parameters used (Urban et al., 2005; Abukhdeir and Rey, 2008; Coles and Strazielle, 2011) are as follows: [image: image], [image: image], [image: image], [image: image], [image: image], [image: image], [image: image], [image: image], [image: image], [image: image], [image: image], and [image: image]. The results are fully consistent with Figure 4 of Abukhdeir and Rey (2008). Key temperatures: [image: image], [image: image], and [image: image] are listed in Table 2.
The phases in the deep quench (light blue region in Figure 2) to the spinodal decomposition region are the following:
• [image: image] stable SmA black, continuous lines.
• [image: image] unstable isotropic, red-dotted line.
• [image: image] unstable nematic/smectic, black, dashed lines.
• [image: image] unstable nematic, blue, dashed lines.
• [image: image] unstable smectic, gray, dash-dotted lines.
• [image: image] metastable plastic crystal, purple, dash-dotted lines.
Here, the SD region exhibits an unstable isotropic state and a stable SmA. In addition, we find a metastable plastic region. This region exists for [image: image]. Thus, we expect that quenching an isotopic phase into the spinodal region will transform the phase into a stable SmA phase, but the presence of unstable smectic and metastable plastic crystal states introduces complexities to the energy landscape.
The phases in the middle quench (light purple region in Figure 2) to the nucleation and growth region are the following:
• [image: image] stable SmA, black, continuous lines.
• [image: image] metastable isotropic, red-dotted line.
• [image: image] unstable nematic/smectic, black, dashed lines.
• [image: image] unstable nematic, blue, dashed line.
• [image: image] unstable smectic, gray, dash-dotted line.
In the ND region, the isotropic state is metastable and SmA is stable, as in the SD region, in addition to the unstable smectic and nematic phases. However, the density wave is no longer present as it vanishes at the temperature [image: image], and the isotropic phase becomes metastable. This region exists [image: image]. Thus, we expect that quenching an isotropic phase into the NG region will transform the phase into a stable SmA phase by droplet growth.
The phases in the shallow quench (light red region in Figure 2) are the following:
• [image: image] metastable SmA, black, continuous lines
• [image: image] stable isotropic, red-dotted line.
• [image: image] unstable nematic, black, dashed line.
• [image: image] unstable smectic, gray, dash-dotted line.
At shallow quenches, the isotropic phase is now stable, while SmA is only metastable. In addition, the unstable smectic state remains, but the nematic loop closes and vanishes at the temperature TNG. This region is then defined by [image: image]. Quenching from the NG triggers a phase transition at temperature [image: image], as obtained with the solution of Equation 2.7 for a temperature at which [image: image]; thus, a temperature higher than the isotropic limit [image: image] will lead to a disordered state.
The deep quench is characterized by the strong stability and presence of the expected smectic A phase and by a supercritical bifurcation (Oswald and Pieranski, 2005a) or plastic loop since it belongs to the metastable plastic crystal phase, where mirror symmetry is broken at the temperature [image: image]. The nematic order effect is seen in the orientational order parameter diagram, with the presence of the nematic loop in the deep- and middle-quench zones. This marks the entrance of the shallow quench and the stability change of the SmA phase. A summary of these key temperatures and regions is given in Table 1.
TABLE 1 | Summary of stable, unstable, and metastable states in each quench zone and their key temperatures as presented in Figure 2.
[image: Table 1]The computed energy landscape has a critical root population that decreases exactly as predicted by the polynomial index theorem (Eq. 2.12; Figure 2) as the temperature increases. This is summarized in Table 2, where the number of nondegenerate points is included along with their type and the index value for each quench zone (see (2.12)).
TABLE 2 | Number and types of critical points on the phase diagram for different temperatures and their indexes; the three cases presented in Figure 2 correspond to the three quench zones; and one for the complete isotropic phase transition. The symbol style used for each of them is kept constant throughout the paper. Numerical results are in exact agreement with the polynomial index theorem (Eq. 2.12).
[image: Table 2]The bounds in Equations 2.10–2.11 provide stability boundaries that do not necessarily mean a phase transition line but present the possible real physical phases that can be displayed within that range given the first-order nature of this transition (Mukherjee et al., 2001). Thus, the phase transition line was found by looking for a metastability–stability exchange of the I-SmA phases using level sets and computing the temperature at which both phases present the same energy level. This temperature, [image: image], happened to be around the limit at which the nematic unstable loop vanished, going from deep quench (DQ) to middle quench (MQ), as seen in Figure 2, agreeing with the experimental transition temperature of 331.3 K (Coles and Strazielle, 2011).
Figure 4 represents the [image: image] dimensionless free-energy landscape 2D projection for the LdG model using the parameters in Figure 2, with its corresponding 3D energy landscape at a given temperature. We have expanded the [image: image]-axis to negative values to emphasize the mirror symmetry along the positional order. The level-set curves have been included with all the critical points at three different temperatures in Table 2, which are representative of each quench zone. As quench depth decreases (temperature increases), the critical point population density decreases [image: image], which corresponds to the merging and vanishing of the nondegenerate points, as seen in Figure 2. Increasing [image: image] from the spinodal region, the plastic loop eventually converges at a supercritical bifurcation (Han and Rey, 1993; Rey, 1995) at [image: image], which is a process that replaces two minima [image: image] and one saddle [image: image] with a single minimum [image: image]. Entering the NG quench region with three saddles and four nodes (i.e., maximum or minimum), a further increase in [image: image] eventually leads to saddle-node bifurcation (Rey, 1995), with the elimination of a nematic saddle and a node. The shallow quench now has three minima and two saddles, which, after another saddle-node bifurcation of smectic phases, eventually leads to a planar surface with no order. It is noteworthy that the sequence of saddle number elimination as [image: image] increases and order decreases is multi-stepwise: [image: image]. Likewise, the sequence of local minima elimination as [image: image] increases and order multi-stepwise decreases is [image: image]. On the other hand, the elimination of the maxima follows a single step: [image: image]. This shows that for shallow quench, local maxima play no role, and for deep quench, saddles and minima are equal in number.
[image: Figure 4]FIGURE 4 | Energy landscape constructed with the positional [image: image] and orientational [image: image] order parameters of the I-SmA phase transition for 12CB (see Figure 3, and Supplementary Appendix A4) and the dimensionless free energy [image: image] at the three temperatures (A–C) included in Table 2. The LDG model was nondimensionalized for visualization purposes with the orientational temperature-dependent parameter a. The critical points are included for each scenario. The temperatures, which belong to each quench zone, and the markers are listed in Table 2, indicating the stability type assigned based on the criteria given by Eqs 2.10–2.11. The black and red markers indicate the primary roots: SmA and isotropic state, respectively. [image: image] ranges in the color bar are kept the same throughout the paper. The 3D plots of the same energy landscapes are included right below each one for the same temperatures for a more complete view.
3.2 Level-set curves and steepest descent lines
Figure 5 presents the level-set curves and the steepest descent lines (see Section 2.2.2), including the critical points projected on the dimensionless energy surface [image: image] for the three quench regimes listed in Table 1. The blue (red) region corresponds to lower (higher) energy. It is seen that the steepest descent and level-set curves are members of an orthogonal family, where the level-set curves indicate a constant free-energy value and the steepest descent presents a path leading to primary roots that come from the minimization of the LdG model. The pair of roots (isotropic and smectic A phases) are divided by a set of maximums, minima, and saddles that discretely disappear as the quench depth decreases. In the deep-quench region, (A) the main feature is the family of elliptical rings around the stable SmA state (black dot), whose largest axes are oriented toward the unstable phases. The level sets identify the nematic saddle and nematic maximum as well as the metastable plastic root. The principal steepest descent line connects the unstable smectic (white square) with the stable isotropic state (black dot) and defines a collecting manifold with nearly horizontal, constant [image: image] values. In the middle quench, nucleation, and growth, (B) the region of elliptical trajectories surrounding the SmA phase moves toward the isotropic state, causing the horizontal band of steepest descent lines to narrow. Furthermore, the steepest descent inverted L shows how energy states near the energetically high region end at the isotropic state (red dot). In (C), the metastability of SmA is shown by a lack of elliptical trajectories and the stability of the isotropic state.
[image: Figure 5]FIGURE 5 | [image: image]-energy landscape with level-set, steepest descent curves, and critical points for [image: image] and [image: image], and the dimensionless free energy [image: image] levels, at the same parameters from FIGURE 3. The three temperatures used (A–C) and the marker styles are listed in Table 2. The continuous black lines go along the steepest descent and perpendicularly to the level-set curves that mark different free-energy levels. The black- and red-filled markers correspond to the SmA and isotropic states, respectively. A zoomed-in plot around the SmA is included for (b).
In partial summary, the level-sets/steepest descent lines show the main features of the energy landscape; the number, location, and type of critical points; and the basin of attraction of SmA under spinodal and nucleation and growth conditions.
3.3 Lines of curvature and geodesics
Figure 6 shows the 2D projection and 3D plot of the LOC network on the energy landscape [image: image] generated with the algorithm described in Section 2. It consists of orthogonal curve pairs that follow the minimum and maximum curvatures (cyan and magenta, respectively) at a given point on the surface. It also includes the primary roots shown in Table 1.
[image: Figure 6]FIGURE 6 | Lines of curvature projected on the [image: image]-energy landscape at the same three temperatures (A–C) and with the marker styles listed in Table 2. The parameters used are listed in Figure 3. The circular marker presents the SmA state at those temperatures. The cyan and magenta orthogonal network of LOC corresponds to the minimum [image: image] and maximum [image: image] curvatures, respectively.
The maximum curvature (magenta) lines on the top left and bottom right closely follow the energy contours, corresponding to high [image: image]–low [image: image] and vice versa, while along the downward diagonal, they funnel out consistently in accordance with the energy landscape. The minimum curvature (cyan) lines form a set of nearly parallel L-lines, which are nearly vertical along the nematic axis and nearly horizontal close to the smectic axis. This is consistent with the fact that most critical points are around the diagonal region, as shown in Figure 5. Furthermore, since the energy surface envelope is roughly a concave-up expanding cylinder with flat edges, it follows that we must find circular curvature lines (as in the circular lines of a cylinder) and diverging straight lines (like in an expanding cone).
Figure 7 shows the projected geodesic lines of the energy landscape, computed by solving Equation 2.19 for the temperatures belonging to the three quench zones listed in Table 1 with the method provided in Supplementary Appendix A2. The geodesic family origin is the isotropic state that changes stability from unstable (A) to metastable (B) to stable (C), as seen in Figure 4. The lines minimize the path length and are therefore significant directions for phase changes. These lines show an expanding funnel whose centerline (purple) connects the two primary I-SmA phases. This line, which resembles the MEP introduced in Section 2.2.2, follows the minimum-curvature tendency designated in Figure 6 by the magenta lines. In addition, this phase-connecting geodesic becomes straighter as the depth quench is increased, achieving essentially a straight line in (A), and it starts to bend in the direction of a greater change in energy as the shallow quench (C) is reached. Another important observation is that the change in shape, direction, and bending are reflected in the LOC as the quench regime changes, as opposed to what the geodesics show in this figure.
[image: Figure 7]FIGURE 7 | Geodesics superimposed on the [image: image]-energy landscape at the same three temperatures (A–C) and with the marker styles listed in Table 2. The parameters used are listed in Figure 3. The circular marker presents the SmA state at those temperatures. All lines, dashed and continuous, are geodesics; however, the continuous line connects both the isotropic and SmA primary roots.
3.4 Shape coefficient and Casorati curvature
Figure 8 shows the Casorati [image: image] curvature (top) and shape [image: image] coefficient (bottom) heatmaps as a function of the OPs [image: image] coordinates. The Casorati curvature and shape coefficient were computed using Equation 2.20 and the definitions in Supplementary Appendix A2 at the temperatures listed in Table 1 for the three representative quench zones. The primary root that corresponds to the most stable phase at each temperature was included in the bottom-right corner of each plot containing the Casorati curvature and shape coefficient values at those coordinates.
[image: Figure 8]FIGURE 8 | Casorati curvature [image: image] (upper set) and shape [image: image] coefficient (lower set) heatmaps as a function of [image: image] and [image: image] at the same three temperatures (A–C) and with the marker styles listed in Table 2. The parameters used are listed in Figure 3. The coordinates on the bottom-right corner correspond to the SmA phase (black dot) with their Casorati and shape coefficient values at each temperature.
The Casorati curvature presents major activity along the zone where the critical points move as the temperature varies. It can be noted that the Casorati curvature decreases as the quench depth decreases, which follows a trend toward the isotropic transition, where both order parameters are zero and the energy surface is planar and, hence, [image: image]. The crucial feature of the computed [image: image] is the presence of a bent vertical tubular region of higher [image: image] values in a matrix of low [image: image]. Within this high [image: image] tube, the curvedness increases as we move toward and beyond the SmA phase in the SD and NG zones. In the shallow quench, the increase is attenuated as the energy surface evolves toward planarity. Interestingly, an approximate scaling for the high [image: image] tube is a power law [image: image]; [image: image]; more accurate fittings require parameters, but the important point is that smectic ordering produces a large increase in orientational ordering along the high [image: image] tube. Furthermore, if we compare Figure 8A (top right) with the energy landscape of Figure 5 (bottom left) in the spinodal mode, we see that the axis of the high [image: image] tube follows the steepest descent line that starts at the metastable plastic crystal and traverses the stable SmA phase to end at the higher energy states [image: image]. Hence, the [image: image] tube is another distinguishing feature of the energy landscape.
We now search for the distinguished feature(s) of the shape [image: image] coefficient. Figure 8 (bottom) shows that the shape coefficient associated with the local minima at each temperature does not reach [image: image] or a perfect ideal cup shape, as previously observed from the findings of Wang et al. (2020). The reason behind this is the energy surface anisotropy that originates from the LdG polynomial structure (Eq. 2.7), as observed already in non-circular level-set curves (see elliptical curves surrounding minima in Figure 4). In addition, we noticed that for stability, the shape coefficient follows a trend, assigning the local minima to a surface lying between a cup [image: image] and a rut [image: image] shape; for completeness, we note that the intermediate value [image: image] is usually denoted as a trough. This shape condition of local minima [image: image] corresponds to a shape with small and large principal curvatures. This behavior is also supported by the LOC network seen in Figure 6. In more quantitative detail, Figure 8 shows that the correspondence between the OPs of the local minimum and the energy surface shape is as follows:
• Spinodal decomposition mode: [image: image], and the shape is between a rut and a trough.
• Nucleation and growth mode: [image: image], and the shape is between a rut and a trough.
• Shallow quench mode: [image: image], and the shape is between a trough and a cup.
Figure 8 (bottom) shows another distinguishing feature of the shape index, with the blue concave-up (ridge) domain describing a bent channel that narrows and widens as the order increases. The outer red domains indicate unstable or concave-down (cap) states, and the green boundaries are saddle-like shapes. Hence, the shape landscape for smectic phases follows the previously established rules (Wang et al., 2020) of shape coexistence, where moving from left to right in each panel from Figure 8 (bottom), we find the following:
[image: image]
where saddles are needed to separate minima from maxima, which is in agreement with the polynomial theorem for critical point index [image: image] given in Table 2 and Equation 2.12.
Figure 9 takes the geodesics presented in Figure 7 and projects them on the Casorati and shape coefficient heatmaps from Figure 8 for each temperature according to the three quenching zones listed in Table 1.
[image: Figure 9]FIGURE 9 | Geodesics projected on the Casorati curvature [image: image] (upper set) and shape [image: image] coefficient (lower set) heatmaps from Figure 8 as a function of [image: image] and [image: image] at the same three temperatures (A-C) and with the marker styles listed in Table 2. The parameters used are listed in Figure 3. The circular marker presents the SmA phase at those temperatures. The geodesics are the same from Figure 7, with different color scheme for visualization purposes. The continuous purple lines are geodesics that connect both the isotropic and SmA phases.
The main features gleaned from the Casorati-I-SmA geodesic correlations from Figure 9 (top) are the following:
• The intersection of the geodesic with the high curvedness Casorati tube occurs at high [image: image] values but is eventually lost because the slope of the geodesic increases with [image: image], while the Casorati tube bends to the right. For the intersection of the geodesic and tube, we need a geodesic slope [image: image] given by the following equation:
[image: image]
where the subscripts [image: image] denote the Casorati and geodesics. This is only possible in the deep and intermediate quenches.
• The I-SmA geodesics for NG and SD modes largely avoid the higher Casorati curvatures, indicating paths of lower curvatures.
The main features gleaned from shape coefficient-I-SmA geodesic correlations from Figure 9 (bottom) are as follows:
• The geodesic path remains well-contained in the shape index channel comprehending ruts and trough concave-up shapes, except at low OP and low-temperature values, where saddle-like (green areas close to the origin) and concave-down (red areas close to the origin) shapes arise.
• The development of SmA droplets that may form from an intermediate quench into the NG mode starts with a [image: image] in the smectic phase and ends with [image: image] in the isotropic state; therefore, the geodesic path to drop formation involves relatively modest shape configurational changes.
Figure 10 integrates the curve families on the energy landscape corresponding to the SD quench regime [image: image], the stable SmA phase (black dot), and an unstable isotropic phase. It presents the steepest descent lines, LOC, and geodesics on the [image: image]-energy landscape. The linear diagonal geodesic connecting the isotropic (unstable)-to-smectic A (stable) phases partitions the rut and trough region and serves as an attracting manifold for maximal LOC and curves of the steepest descent; the congruence of these three lines indicates why, at this temperature, SmA is the attractor. On the bottom right high-energy area, the congruence is now between minimal LOC, curves of steepest descent, and curved geodesics, indicating a repelling landscape.
[image: Figure 10]FIGURE 10 | [image: image]-energy landscape for temperature (A) as listed in Table 2, integrating the steepest descent lines (green), LOC (cyan-min and magenta-max), and geodesics (orange) curves. The black dot represents the stable primary root, SmA phase.
4 CONCLUSION
In this paper, we developed, implemented, and tested a novel computational geometrical method that complements classical liquid crystal phase transition modeling for the complex case of two-order-parameter symmetry breaking. This approach uses complementary geometric schemes to link the thermodynamic energy landscape of the isotropic-to-smectic A liquid crystal direct phase transition with novel soft-matter geometric metrics such as the Casorati curvature and shape coefficient. We summarize the results and their significance as follows:
1. A previously presented and comprehensive study of the Landau–de Gennes free-energy model (De Gennes and Prost, 1993; Pleiner et al., 2000; Larin, 2004; Oswald and Pieranski, 2005b; Donald et al., 2006; Biscari et al., 2007; Abukhdeir and Rey, 2009b; Nandi et al., 2012; Izzo and De Oliveira, 2019) for the direct isotropic-to-smectic A transition with well-known material properties (Urban et al., 2005; Abukhdeir and Rey, 2008; Coles and Strazielle, 2011) formed the basis of the theory and computational modeling characterization of phase ordering with two non-conserved order parameters.
2. The Landau free-energy landscape was obtained using explicit Monge surface parametrization as a function of orientational and positional orders, allowing the deployment of, in a simple manner, differential geometry calculations (Eq. 2.7)
3. The index polynomial theorem (Eq. 2.12) for the number of critical roots as a function of quench depth revealed the importance of saddle roots in the spinodal and nucleation and growth region; without the knowledge of parametric free-energy coefficient data, the theorem shows that the maximum number of critical roots is [image: image] since the free energy is a quartic polynomial in the two order parameters.
4. Using high-performance computing and high-fidelity numerical methods for nonlinear algebraic and differential equations, the following curve families were calculated (Sections 3.2 and 3.3): level-set-steepest descent and geodesic-principal curvatures. These special curves revealed the location of critical points already predicted by the index theorem, directions of small and large curvatures, and minimal length connections between isotropic and smectic roots. In particular, linear geodesics joining isotropic and smectic states in nucleation and growth and spinodal quenches revealed phase transformation paths. The level-set curves around stable roots were elliptical, indicating anisotropy originating from the Landau free-energy polynomial.
5. The emergence of metastable plastic crystals at deep quenches and unstable nematic states at deep and intermediate quenches was characterized, and their annihilation through supercritical and saddle-node bifurcation was captured, re-emphasizing results from the index polynomial theorem. The relevance of the nematic or plastic order at the interfaces of smectic A drops in an isotropic matrix was pointed out.
6. Previously presented measures of shape and curvedness (Casorati) in soft-matter materials were used (Section 3.4) to characterize the energy landscape with purely geometric measures instead of order parameter coordinates. The calculations were integrated with the curve families, showing consistency and revealing that the Casorati landscape is a bent, higher-curved tube embedded in a low-curvedness matrix; the tube is well-fitted with a power law function. The smectic A root resides inside this tube and moves downward as the temperature increases. The shape coefficient landscape is characterized by a wide channel of concave-up shapes separated from an area of concave-down shapes by saddle-like interfaces, which is in agreement with shape coexistence phenomena.
7. Plotting all the curve families (point 4 above) in the energy landscape, we find that at large quench, the isotropic-to-smectic A geodesic is an attractor for maximal lines of curvature and curves of the steepest descent, explaining the stability of the smectic A state.
The combination of parameter-free predictions from polynomial theorems with the computational geometry of the free-energy landscape contributes to the evolving understanding and characterization of the isotropic-to-smectic A transition, which is of high interest to biological colloidal liquid crystals, such as in the precursors to the mussel byssus (Renner-Rao et al., 2019; Harrington and Fratzl, 2021; Jehle et al., 2021) through droplet nucleation/growth and colloidal impingement. We demonstrated that the presence of two non-conserved order parameters creates challenges in equilibrium spatially homogeneous simulations, but how time-dependent processes such as droplet growth resolve the couplings of shape–size–structure–interface remains to be elucidated in future work by building on the present results and methods.
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