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In this paper, we use the modified exponential function method in terms of Kf(x) instead of ef(x)and the extended sinh-Gordon method to find some new family solution of the M-fractional paraxial non-linear Schrödinger equation. The novel complex and real optical soliton solutions are plotted in 2-D, 3-D with a contour plot. Moreover, the dark exact solutions, singular soliton solutions, kink-type soliton solution, and periodic dark-singular soliton solutions for M-fractional paraxial non-linear Schrödinger equation are constructed. We guarantee that all solutions are new and verified the main equation of the M-fractional paraxial wave equation. For existence, the constraint condition is also added.
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INTRODUCTION

The breaking up and moving away from ultrashort pulses of a field related to electricity-producing magnetic fields or radiation into a medium is a multidimensional important physical phenomenon. The interaction between different physical procedures such as breaking up/spreading out, material breaking up or spreading out, diffraction, and non-linear response affects the pulse patterns of relationships, movement, or sound. According to the interaction of breaking up or spreading out, diffraction and non-linearity, a non-dispersive, and non-diffractive wave packet called soliton is created. Solitons have many uses in optical microscopy, optical information storage, laser caused particle increasing speed, Bose-Einstein (a liquid that forms from a gas/change from gas to liquid), and bright and sharp signal transmission.

In the research papers, researchers have been noted several computational methods for solving NPDEs, building separate solitons, and other alternatives for distinct types of NPDEs such as, the Haar wavelet method [1], the homotopy perturbation method [2], the Adomian decomposition method [3, 4], the shooting method [5–8], the sine-Gordon expansion method [9–12], the inverse scattering method [13], the sinh-Gordon expansion method [14–16], the tan(ϕ(ξ)/2)-expansion method [17, 18], the inverse mapping method [19], modified exp(−φ(ξ))-expansion function method [20–23], the decomposition-Sumudu-like-integral-transform method [24], a functional variable method [25], the Bernoulli sub-equation function method [26–28], modified exponential function method [29], the modified auxiliary expansion method [30], the Riccati-Bernoulli sub-ODE method [31], the extended trial equation method [32, 33], and tanh function method [34, 35]. Also, different methods have been used to solve fractional differential equation such as, the finite difference method [36], the improved Adams–Bashforth algorithm [37, 38], Adams-Bashforth-Moulton method [39], the extended fractional sinh-Gordon expansion method [40], the Laplace transforms [41], the q-homotopy analysis transform method [42], local fractional series expansion method [43], the wavelets method [44], Local fractional homotopy perturbation method [45], and many other techniques [46, 47].

In this paper, we will construct some new complex and real soliton solutions of M-fractional paraxial non-linear Schrödinger equation in Kerr media by using a modified expansion function method as well as by the extended sinh-Gordon method. Over the previous two centuries, the field of fractional calculus has drawn many researchers' attention. They are used for modeling multiple non-linear features such as biological procedures, fluid mechanics, chemical processes, etc. Fractional order partial differential equations serve as the generalization of partial differential equations in the classical integer-order. The literature contains several definitions of fractional derivatives, such as the Hadamard derivative (1892) [48], the Weyl derivative [49], Caputo, Riesz derivative [50], Riemann-Liouville, Grunwald-Letnikov definitions, Atangana-Baleanu derivative in the context of Caputo, Atangana-Baleanu fractional derivative in the context of Riemann-Liouville [51, 52], Erdelyi-Kober [53], and the conformable fractional derivative [54]. Atangana et al. provided the conformable fractional derivative with some new characteristics [55]. Sousa and Oliveira in [56] have recently been created the new truncated M-fractional derivative.



THE TRUNCATED M-FRACTIONAL DERIVATIVE

In this section, we give some definitions, theorems, and properties of the truncated M-fractional derivative of order α.

Definition 1. If the function f : (0, ∞) → ℝ, then, the new truncated M-fractional derivative of function of order α is defined as,

[image: image]

where ϵβ(.) is a truncated Mittag-Leffler function of one parameter [56].

Theorem 1. Let α ∈ (0, 1], β > 0 and f = f(t), g = g(t) be α-differentiable at a point t > 0, then:

I    [image: image]=[image: image].

II   [image: image]=0,             for all c ∈ ℝ.

III  [image: image]=[image: image].

IV  [image: image].

Furthermore; if the function f is a differentiable function; then [image: image].



GENERAL FORM OF METHODS

Modified Expansion Function Method

Step 1. Suppose that, we have the following non-linear partial differential equation (NLPDE)

[image: image]

To find explicit exact solutions of Equation (1), we use the following transformation

[image: image]

where ν is arbitrary constant and ξ is the symbol of the wave variable. Substituting Equation (2) to Equation (1), the result is a non-linear ordinary differential equation (NLODE) as follow

[image: image]

Step 2. Now the trial equation of solution for Equation (3) is defined a

[image: image]

where ai and bi, (0 ≤ i ≤ n, 0 ≤ j ≤ m) are non-zero constants and Φ(ξ) is the auxiliary ODE given by

[image: image]

where μ, λ are constants and K > 0, K ≠ 1. The auxiliary ODE has the general solution as follows:

I    When λ2 − 4μ > 0, then [image: image].

II   When λ2 − 4μ < 0, then [image: image].

III  When λ2 − 4μ > 0 and μ = 0, then [image: image].

IV  When λ2 − 4μ = 0, λ ≠ 0 and μ ≠ 0, then [image: image].

V   When λ2 − 4μ = 0, λ = 0 and μ = 0, then f (ξ) = logK (ξ + ε).


Extended Sinh-Gordon Expansion Method

Step 1. The same structure of step 1 of MEFM is valid.

Step 2. The trial solution of Equation (3) is expressed in the form [19],

[image: image]

where a0, ai, bi(i = 1, 2, ··· , n) are constants and to find it's value later, w is a function of ξ that satisfies the following equation

[image: image]

The solution of Equation (7) possess the following solutions

[image: image]

and

[image: image]

where [image: image].

Step 3. By putting Equation (7) and the derivatives of Equation (6) into Equation (3), we obtain a polynomial equation in w′l sinhi (w) coshj (w) (l = 0, 1 and i, j = 0, 1, 2, …). As the result the obtained non-linear algebraic equations by equating the coefficients of w′l sinhi (w) coshj (w) to zero, we can find the coefficients.

Step 4. Using Equation (9) and Equation (10), we get the following solutions of Equation (1)

[image: image]

[image: image]

where the value of n will finds by using the principal homogeneous balance.




GOVERNING EQUATION AND ITS APPLICATIONS

Application on MEFM

The paraxial NLSE in Kerr media is given by [57]

[image: image]

where u = u (y, z, t) is the complex wave envelope function. The constants a, b and γ are the symbols of the dispersion, diffraction, and Kerr non-linearity, respectively. In Equation (12) if ab > 0 we get elliptic non-linear Schrödinger equation and if ab < 0, Equation (12) becomes hyperbolic non-linear Schrödinger equation. Now assume the following wave transformations:

[image: image]

Inserting Equation (13) into Equation (12), and separate the result into the real and imaginary part, we get

[image: image]

[image: image]

Now, we know that U′ ≠ 0, therefore

[image: image]

Putting Equation (16) into Equation (14) to get the closed solution, we get

[image: image]

Finding the principal balance between U″ and U3, we find the following relation between n and m

[image: image]

Let m = 1, then n = 2. Putting the value of m = 1 and n = 2 into Equation (4), the Equation (4) can be written as the following

[image: image]

Where a0, a1, a2, b0, b1 are constants and b2 ≠ 0 & a1 ≠ 0. Using Equation (19) and its second derivative with Equation (17), we analyze the following cases and solutions:

Case 1. When [image: image], we get the following solutions:

Solution 1. When λ2 − 4μ > 0, λ ≠ 0, μ ≠ 0, then

[image: image]

Solution 2. When λ2 − 4μ > 0, μ = 0, then

[image: image]

Case 2. When [image: image], then we get the following solutions

Solution 1. When λ2 − 4μ > 0, λ ≠ 0, μ ≠ 0, then

[image: image]

Solution 2. When λ2 − 4μ > 0, μ = 0, then

[image: image]

Case 3. When [image: image], we get the following solution

[image: image]

where λ2 − 4μ < 0.

Case 4. When [image: image], [image: image] we get the following solutions

[image: image]

where λ2 − 4μ < 0.


Application on Extended Sinh-Gordon Method

In this subsection, we apply the extended sinh-Gordon method to the M-fractional paraxial wave equation that labeled Equation (12). Consider the Equation (17) and applying the principal homogeneous balance between the between U″ and U3, we find n = 1. Using the value of n = 1and substituting it into Equation (6), we get

[image: image]

Putting Equation (26) and its derivatives into Equation (17), we get the polynomial equation includes for (i, j = 0, 1, 2, …). Equating its coefficients to zero, and using Mathematica package, one can investigate the following cases.

Case 5. When [image: image], we get

[image: image]

or

[image: image]

providing that γ > 0.

Case 6. When [image: image], we get

[image: image]

or

[image: image]

providing that γ > 0.

Case 7. When [image: image], we get

[image: image]

or

[image: image]

providing that γ > 0.

Case 8. When [image: image], we get

[image: image]

providing that γ > 0.




CONCLUSION

In this article, the modified exponential function method in a new trial solution and the extended sinh-Gordon expansion method are used to construct some new soliton solutions of M-fractional paraxial non-linear Schrödinger equation. The new exact solutions are included in the hyperbolic function and trigonometric function. Figures 1, 3, 8, 10 are expressing dark wave solutions, Figures 2, 4 are expressing the singular wave, Figure 7 is the kink-type soliton solution, Figure 9 is a surface solution and Figures 5, 6 are the periodic dark-singular soliton solutions as well as 2D, 3D with a contour plot of all new solutions are plotted. We guarantee that all solutions are new and verified the main equation of M-fractional paraxial wave equation after it substituted to the main equation labeled Equation (6). All our new solutions of (2+1)-dimensional M-fractional paraxial wave equation might be useful and applicable in the optical fiber industry.


[image: Figure 1]
FIGURE 1. 2-D, 3-D, and contour plot of dark soliton solution Equation (20) when λ = 3, μ = 2, β = 0.6, α = 0.9, ε = 0.2, c = 0.3, t = 2, γ = 3 and z = 2 for 2-D.



[image: Figure 2]
FIGURE 2. 2-D, 3-D, and contour plot of singular soliton solution Equation (21) when λ = 0.3, μ = 0, β = 0.6, α = 1/3, ε = 2, c = −0.3, t = 2, γ = 3 and z = 2 for 2-D.



[image: Figure 3]
FIGURE 3. 2-D, 3-D, and contour plot of dark soliton solution Equation (22) when λ = 3, μ = 1, β = 0.1, α = 0.9, ε = 0.2, c = 0.3, t = 2, γ = 3, a0 = 1, b0 = 2 and z = 2 for 2-D.



[image: Figure 4]
FIGURE 4. 2-D, 3-D, and contour plot of singular soliton solution Equation (23) when λ = 1, μ = 0, β = 0.6,[image: image], a0 = 0.1, b0 = 1 and z = 2 for 2-D.



[image: Figure 5]
FIGURE 5. 2-D, 3-D, and contour plot of periodic singular soliton solution Equation (24) when λ = 0.1, μ = 0.3, β = 0.6, α = 0.9, ε = 0.1, c = 0.3, t = 2, γ = 0.3, a0 = 0.5, b1 = 0.2 and z = 2 for 2-D.



[image: Figure 6]
FIGURE 6. 2-D, 3-D, and contour plot of periodic singular soliton solution Equation (25) when λ = 1, μ = 1, β = 0.6, α = 0.9, ε = 0.1,c = 3, t = 2, γ = 3a0 = 0.5, b0 = 0.2 and z = 2 for 2-D.



[image: Figure 7]
FIGURE 7. 2-D, 3-D, and contour plot of Equation (27), when t = 2, c = 3, γ = 2, α = 0.5, β = 0.6 and z = 2 for 2-D.



[image: Figure 8]
FIGURE 8. 2-D, 3-D, and contour plot of Equation (28), when t = 2, c = 3, γ = 0.2,[image: image] and z = 2 for 2-D.



[image: Figure 9]
FIGURE 9. 2-D, 3-D, and contour plot of Equation (29), when t = 2, c = 0.3, γ = 0.2,α = 0.5, β = 0.6 and z = 2 for 2-D.



[image: Figure 10]
FIGURE 10. 2-D, 3-D, and contour plot of Equation (30), when t = 2, c = 0.3, γ = 0.2,α = 0.5, β = 0.6 and z = 2 for 2-D.
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In this paper, we find the solution for a fractional Richards equation describing the water transport in unsaturated porous media using the q-homotopy analysis transform method (q-HATM). The proposed technique is to use graceful amalgamations of the Laplace transform technique with the q-homotopy analysis scheme as well as the fractional derivative that is defined with the Atangana-Baleanu (AB) operator. The fixed point hypothesis is considered in order to demonstrate the existence and uniqueness of the obtained solution for the proposed fractional order model. In order to validate and illustrate the efficiency of the future technique, we analyze the projected model in terms of fractional order. Meanwhile, the physical behavior of the q-HATM solutions are captured in terms of plots for diverse fractional order and the numerical simulation is also demonstrated. The achieved results illuminate that the future algorithm is easy to implement, highly methodical, effective, and very accurate in its analysis of the behavior of non-linear differential equations of fractional order that arise in the connected areas of science and engineering.
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INTRODUCTION

Fractional calculus (FC) was originated in Newton's time, but, lately, it has fascinated and captured the attention of many scholars. For the last 30 years, the most intriguing leaps in scientific and engineering applications have been found within the framework of FC. The concept of the fractional derivative has been industrialized due to the complexities associated with a heterogeneous phenomenon. The fractional differential operators are capable of capturing the behavior of multifaceted media as they have diffusion processes. It has been a very essential tool, and many problems can be illustrated more conveniently and more accurately with differential equations having an arbitrary order. Due to the swift development of mathematical techniques that use computer software, many researchers started to work on generalized calculus to present their viewpoints while analyzing many complex phenomena.

Numerous pioneering directions are prescribed for the diverse definitions of fractional calculus by many senior researchers, and these have prearranged the foundation [1–6]. Calculus with fractional order is associated with practical ventures and is extensively employed within nanotechnology [7], optics [8], human diseases [9], chaos theory [10], and other areas [11–39]. The numerical as well as analytical solutions for these equations illustrate that these models have an important role in portraying the nature of non-linear problems within connected areas of science.

In order to illustrate the importance of the novel fractional order derivative and future scheme, we, in the present framework, consider the Richards equation, which plays a vital role in describing the nature of the porous medium as well as the penetration of unsaturated regions in the soil. In 1931, Lorenzo A. Richards was the first person to pioneer work on the unsaturated porous material in order to model water movement. Later, he derived an equation based on continuum mechanics, which govern the water flow in the soil [40]. In the proposed model for the momentum equation, the continuity equation is an amalgam with Darcy's law, and is defined in a one-dimensional form as follows, with soil water diffusivity symbolized by ρ and hydraulic conductivity by σ for unsaturated soil moisture content u

[image: image]

where z designates the elevation above a vertical datum. Recently, many authors employed numerical as well as analytical techniques in order to analyze and predict the suitable models for parameters in the equation and solve the governing equation of unsaturated flow in soils. Meanwhile, three models are generally applied, namely (i) the exponential model, (ii) the van Genuchten model, and (iii) the Brook-Coreysmodel (BCM). Among these models, BCM is extensively applied due to its well-defined configuration and because it is associated with the largest pore size. The following equations describe the complete wet ability of the BC model [41, 42]:

[image: image]

where σ0, k, ρ0, and n are constants denoting particle shape, pore-size distribution and many other soil properties. For n = 0 and k = 2, Equation (2) simplified it to the classic Burgers equation [43, 44], and some particular values signify the generalized Burgers equation, which is essential to describing the important physical phenomena. In the present study, we consider that BCM employed the RC equation. In this case, for the (n, 1) order, the RC equation coincides with the Burgers equation, and this is presented here [45, 46]:

[image: image]

The analytical solution for the above equation is presented:

[image: image]

In the present scenario, many important and non-linear models are methodically and effectively analyzed with the help of fractional calculus. There have been diverse definitions that have been suggested by many senior research scholars like, Riemann, Liouville, Caputo, and Fabrizio. However, these definitions have their own limitations. The Riemann-Liouville derivative is unable to explain the importance of the initial conditions; the Caputo derivative has overcome this shortcoming but cannot explain the singular kernel of the phenomena. In 2015, Caputo and Fabrizio solved the above issues [47], and many researchers consult this derivative in order to analyze and find the solution for diverse classes of non-linear complex problems. Some issues, however, were pointed out in the CF derivative; non-singular kernel and non-local properties are very essential in describing the physical behavior and nature of the non-linear problems. In 2016, Atangana and Baleanu introduced and natured a novel fractional derivative, namely the AB derivative. This novel derivative was defined with the aid of Mittag-Leffler functions [48]. This fractional derivative buried all the above-cited issues and helps us to understand the natural phenomena in the systematic and effective way.

In this framework, we consider the fractional RC equation of the form

[image: image]

where α is fractional order of the system and defined with AB fractional operator, u is the water content with depth x. The fractional order is introduced in order to incorporate the memory effects and hereditary consequence in the system, and these properties aid us in capturing the essential physical properties of the complex problems.

Recently, many mathematicians and physicists have developed very effective and more accurate methods in order to find and analyze solutions for complex and non-linear problems that have arisen in science and technology. In connection with this is the homotopy analysis method (HAM) proposed by Chinese Mathematician Liao Shijun [49, 50]. HAM has been profitably and effectively applied to study the behavior of non-linear problems without perturbation or linearization. But, for computational work, HAM requires significant time and computer memory. To overcome this, there is a possibility of using an amalgamation of the considered method and well-known transformation techniques.

In the present investigation, we analyzed the nature of the q-homotopy analysis transform method (q-HATM) solution for the FCDG equation by applying q-HATM. The future algorithm is the combination of q-HAM with LT [51]. The method of the considered scheme is merging two strong methods to solve linear and non-linear fractional differential equations both analytically as well as numerically. The future technique has many sturdy properties, including a non-local effect, straight forward solution procedure, and a promising large convergence region; moreover, it is free from any assumptions, discretization, and perturbation. Recently, due to its reliability and efficacy, the considered method has been exceptionally applied by many researchers to understand physical behavior in diverse classes of complex problems [52–60]. The novelty of the future method is that it aids a modest algorithm to evaluate the solution, and it is natured by the homotopy and axillary parameters, which provide the rapid convergence of the obtained solution for a non-linear portion of the given problem. Meanwhile, it has prodigious generality because it plausibly contains the results obtained by many algorithms like q-HAM, HPM, ADM and some other traditional techniques. The considered method can preserve great accuracy while decreasing the computational time and work in comparison with other methods.

The considered non-linear model recently caught the attention of researchers from different areas of science. Since RC equation plays a significant role in portraying several complex phenomena, many authors have found and analyzed the solution using analytical as well as numerical schemes; for instance, authors in [61] considered analytical techniques and found solutions for the considered model with arbitrary surface boundary conditions, and authors in [62] presented the compression approximation and infiltration of the RC equation with an analytical solution, authors in [45] applied the Adomian decomposition scheme, and authors in [46] applied HAM in order to find the approximated analytical solution. In this paper, we made an attempt to find the solution for the FRC equation using q-HATM.



PRELIMINARIES

Recently, many authors considered these derivatives to analyze a diverse class of models in comparison with classical order as well as other fractional derivatives, and they prove that the AB derivative is more effective while analyzing the nature and physical behavior of the models [63, 64]. Here, we define the basic notion of Atangana-Baleanu derivatives and integrals [48].

Definition 1. The fractional Atangana-Baleanu-Caputo derivative for a function f ∈ H1(a, b) (b > a, α ∈ [0, 1]) is presented:

[image: image]

Definition 2. The AB derivative of fractional order for a function f ∈ H1(a, b), b > a, α ∈ [0, 1] in the Riemann-Liouville sense is presented:

[image: image]

Definition 3. The fractional AB integral related to the non-local kernel is defined by

[image: image]

Definition 4. The Laplace transform (LT) of AB derivative is defined by

[image: image]

Theorem 1. The following Lipschitz conditions, respectively, hold true for both Riemann-Liouville and AB derivatives defined in Equations (6) and (7) [48],

[image: image]

and

[image: image]

Theorem 2. The time-fractional differential equation [image: image] has a unique solution, which is defined as [48]

[image: image]



FUNDAMENTAL IDEA OF THE PROPOSED SCHEME

Here, we consider the arbitrary order differential equation in order to demonstrate the basic solution procedure [65, 66]

[image: image]

with the initial condition

[image: image]

where [image: image] symbolize the AB derivative of v(x, t). On using the LT on Equation (13), we have after simplification

[image: image]

The non-linear operator is presented as

[image: image]

Here, φ(x, t; q) is the real valued function with respect to x, t and [image: image]. Now, we define a homotopy as follows

[image: image]

where L is signifies LT, [image: image] is the embedding parameter and ℏ ≠ 0 is an auxiliary parameter. For q = 0 and [image: image], the results given below are hold true

[image: image]

Now, by intensifying q from 0 to [image: image], then φ(x, t; q) varies from v0(x, t) to v(x, t). By using the Taylor theorem near to q, we define φ(x, t; q) in series form and then we get

[image: image]

where

[image: image]

The series (16) converges at [image: image] for the proper chaise of v0(x, t), n and ℏ. Then

[image: image]

On m-times differentiating Equation (17) with q and lately dividing by m! and then substituting q = 0, we get

[image: image]

where the vectors are defined as

[image: image]

On employing the inverse LT on Equation (22), we have

[image: image]

where

[image: image]

and

[image: image]

In Equation (25), [image: image] signifies a homotopy polynomial and presented as follows

[image: image]

By the aid of Equations (24) and (25), one can get

[image: image]

Then, the terms of vm(x, t) we can obtain using the Equation (28). The q-HATM series solution is presented as

[image: image]



SOLUTION FOR FRC EQUATION

In order to present the solution procedure and efficiency of the future scheme, in this segment we consider the DSW equation of fractional order with two distinct cases. Further, by the help of obtained results we made an attempt to capture the behavior of q-HATM solution for different fractional order. By the help of Equation (5) for the function of cubic water content and constant, we have

[image: image]

with initial conditions

[image: image]

Taking LT on Equation (29) and then using Equation (30), we get

[image: image]

The non-linear operator N is presented with the help of future algorithm as below

[image: image]

The deformation equation of m-th order by the help of q-HATM at ℋ(x, t) = 1, is given as follows

[image: image]

where

[image: image]

On applying inverse LT on Equation (34), it reduces to

[image: image]

On simplifying the above equation systematically by using u0 (x, t), we can evaluate the terms of the series solution

[image: image]



EXISTENCE OF SOLUTIONS FOR THE FUTURE MODEL

Here, we considered the fixed-point theorem in order to demonstrate the existence of the solution for the proposed model. Since the considered model cited in Equation (30) is non-local as well as complex, there are no particular algorithms or methods that exist to evaluate the exact solutions. However, under some particular conditions, the existence of the solution is assured. Now, Equation (30) is considered:

[image: image]

The foregoing system is transformed to the Volterra integral equation using the Theorem 2 as follows

[image: image]

Theorem 3. The kernel g satisfies the Lipschitz condition and contraction if the condition 0 ≤ (δ (a2 + b2 + ab)− δ2) <1 holds.

Proof. In order to prove the required result, we consider the two functions u and u1, then

[image: image]

where a = ||u|| and b = ||u1|| (since u and u1 are the bounded functions). Putting η = δ (a2 + b2 + ab) − δ2 in the above inequality, then we have

[image: image]

The Lipschitz condition is thus obtained for [image: image]. Further, we can see that if 0 ≤ (δ (a2 + b2 + ab)− δ2) < 1, then it implies the contraction. The recursive form of Equation (36) is defined as

[image: image]

The associated initial condition is

[image: image]

The successive difference between the terms is presented as

[image: image]

Notice that

[image: image]

By using Equation (39) after applying the norm on the Equation (43), one can get

[image: image]

We prove the following theorem by using the above result.

Theorem 4. The solution for the Equation (30) will exist, and if we have specific t0, then

[image: image]

Proof. Let us consider the bounded function u(x, t) satisfying the Lipschitz condition. Then, by Equation (43), we have

[image: image]

Therefore, the continuity as well as existence of the obtained solution is proved. Subsequently, in order to show the Equation (46) is a solution for the Equation (29), we consider

[image: image]

In order to obtain require a result, we consider

[image: image]

Similarly, at t0 we can obtain

[image: image]

As n approaches to ∞, we can see that form Equation (49), ||[image: image]n (x, t)|| tends to 0.

Next, it is a necessity to demonstrate uniqueness for the solution of the considered model. Suppose u*(x, t) is the other solution, then we have

[image: image]

On applying norm, the Equation (50) simplifies to

[image: image]

On simplification

[image: image]

From the above condition, it is clear that u(x, t) = u*(x, t), if

[image: image]

Hence, Equation (53) proves our essential result.

Theorem 5. Suppose un (x, t) and u (x, t) are defined in the Banach space (𝔅[0, T], ||·||). The series solution defined in Equation (29) converges to the solution of the Equation (13), if 0 < λ < 1.

Proof: Consider the sequence {[image: image]n}, which is the partial sum of the Equation (29), and we have to prove {[image: image]n} is the Cauchy sequence in (𝔅[0, T], ||·||). Now consider

[image: image]

Now, we have for every n, m ∈ N (m ≤ n)

[image: image]

But 0 < λ < 1, therefore ||[image: image]n − [image: image]m|| = 0. Hence, {[image: image]n} is the Cauchy sequence. This proves the required result.



NUMERICAL RESULTS AND DISCUSSION

In the present investigation, we have found the solution for equation describing the water transport in unsaturated porous media using q-HATM with the help of Mittag-Leffler law. Here, we consider two distinct cases to present the effectiveness of the proposed method.

Case 1: In this case, we consider the conductivity term as a function of cubic water content and constant [image: image] and ρ = 1 cm2/h. At [image: image]and b = −1, Equation (4) becomes

[image: image]

with initial condition

[image: image]

Case 2: In this segment, we consider the conductivity term as a function of quadric water content and constant [image: image] and ρ = 1 cm2/h. At [image: image]and b = −1, the Equation (4) becomes

[image: image]

with initial condition

[image: image]

Here, we demonstrate the numerical simulation for the considered non-linear. In Tables 1 and 2, the error analysis has been validated. From the tables we can see that the proposed scheme is more accurate, and we confirm that the iterations increase the q-HATM solutions so that they get closer to the analytical solution.


Table 1. Numerical simulation presented for u(x, t) of FR equation consider in Case 1 at n = 1, ℏ = −1 and α = 1.

[image: Table 1]


Table 2. Numerical simulation presented for u(x, t) of FR equation consider in Case 2 at n = 1, ℏ = −1 and α = 1.

[image: Table 2]

The surfaces of the obtained solution and the exact solution in comparison with absolute error have been captured, respectively, in Figures 1 and 2 for Case 1 and Case 2. The behavior of the obtained solution for different orders is presented in Figure 3 for both the cases in terms of 2D plots. In order to analyze the variations of the obtained solution for the FRC equation cited in Case 1 and Case 2 with respect to the homotopy parameter (ℏ), and the (ℏ) curves are drawn for diverse μ and presented in Figure 4 with distinct n. In the plots, the horizontal line signifies the convergence region of the q-HATM solution and these curves aid us to adjust and handle the convergence province of the solution. For an appropriate value of ℏ, the achieved solution quickly tends to the exact solution. The small deviation in the physical behavior of the complex models stimulates the enormous new results to analyze and understand the nature in a better and systematic manner. Moreover, from all the plots we can see that the proposed method is more accurate and very effective in its analysis of the considered non-linear fractional order equations.


[image: Figure 1]
FIGURE 1. Surfaces of (A) uq−HATM, (B) uExact (C) uAbs. Err. = |uExact − uq−HATM| for FR equation considered in Case 1 at ℏ = −1, n = 1 and α = 1.



[image: Figure 2]
FIGURE 2. Surfaces of (A) uq−HATM, (B) uExact (C) uAbs. Err. = |uExact − uq−HATM| for FR equation considered in Case 2 at ℏ = −1, n = 1 and α = 1.



[image: Figure 3]
FIGURE 3. Nature of theq-HATM solution for (A) Case 1 and (B) Case 2 with distinct α at ℏ = −1, n = 1 and x = 1.



[image: Figure 4]
FIGURE 4. ℏ-curves for (A) Case 1 (B) Case 2 with distinct α at x = 1 and t = 0.01 with n = 1 and 2.


Since every non-linear differential equation does not have an exact solution we look for an approximated analytical solution thorugh which we can prove the exactness or accuracy of the proposed scheme, as opposed to an exact solution. As we mentioned earlier, the q-HATM is a modified algorithm of HAM, and it thus does not require perturbation, dissertation, linearization, or any assumptions. More importantly, the future method generalizes many traditional techniques, such as HAM, HPM, FRDTM, and others, because these are a special case of q-HATM (n = 1, ℏ = 1). In connection with this, we capture the physical behavior of q-HATM solution to illustrate the accuracy. Further, we noticed that the considered non-linear phenomenon is highly dependent on a fractional operator. In order to illustrate the computational level and computational cost, the numerical simulation has been presented. From the table, it shows that as a number of series terms increases the solution converges to an analytical solution.



CONCLUSION

In this paper, the q-HATM is applied profitably to find the solution for an arbitrary order RC equation describing the water transport in the unsaturated porous media. Since AB derivatives and integrals having fractional order are defined with the help of generalized Mittag-Leffler function as the non-local kernel and non-singular, the present investigation illuminates the effectiveness of the considered derivative. The existence and uniqueness of the obtained solution is demonstrated by the fixed point hypothesis. The results obtained by the future scheme are more stimulating as compared to results available in the literature. Further, the proposed algorithm finds the solution of the non-linear problem without considering any discretization, perturbation or transformations.

The behavior of the obtained series solution has been captured in terms of 2D and 3D plots for distinct fractional order. These plots show that the q-HATM solution is more accurate and also conformed with the help of numerical simulation, and this is cited in the tables. Further, we confirm that, as the order of the solution increases, the obtained solutions converge to the exact solution. The present investigation illuminates how the considered complex non-linear phenomena noticeably depend on the time history and the time instant, which can be proficiently analyzed by applying the concept of calculus to fractional order. The present investigation helps the researchers to study the behavior of non-linear problems, and this gives very interesting and useful consequences. The proposed derivative provides non-singular kernel and non-local properties; these properties are very essential in describing the physical behavior and nature of the non-linear problems, and hence researchers can consider the AB derivative to solve many non-linear complex problems. Lastly, we can conclude the projected method is extremely methodical, effective and very accurate, and that it can be applied to the analysis of the diverse classes of non-linear problems that exist in science and technology.
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In this paper, two structure-preserving nonstandard finite difference (NSFD) operator splitting schemes are designed for the solution of reaction diffusion epidemic models. The proposed schemes preserve all the essential properties possessed by the continuous systems. These schemes are applied on a diffusive SEIQV epidemic model with a saturated incidence rate to validate the results. Furthermore, the stability of the continuous system is proved, and the bifurcation value is evaluated. A comparison is also made with the existing operator splitting numerical scheme. Simulations are also performed for numerical experiments.
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1. INTRODUCTION

Mathematical modeling has a prominent role in describing physical phenomena in various disciplines of mathematics, physical sciences, social sciences, engineering, life sciences, and many more [1–6]. The transmission of infectious diseases and the control of their spread can be studied effectively by constructing mathematical models for various strategies like vaccination and quarantine. The word quarantine denotes forced isolation or being cut off from interactions with others. Quarantine is an effective intervention process for restraining the spread of infection by isolating individuals who are affected by the disease. Such isolation has been adopted to decrease the communication of infectious diseases like dengue, measles, smallpox, cholera, leprosy, tuberculosis, and many more.

Epidemic models, that is, mathematical models of infectious diseases, are a simplified way to illustrate the transmission dynamics of the complicated nonlinear processes and complex behavior of an infectious disease in individuals within a population. These are deterministic models that are used to allocate the population to different subclasses or compartments, describing a particular stage of the epidemic. The incidence rate, which is proportional to the number of susceptible and infected persons, is an important parameter of compartment-based epidemic models. The mathematical models of infectious diseases are often based on bilinear incidence rate βSI, but a more concise approach to use the saturated incidence rate rather than the bilinear incidence rate. In the saturated incidence rate [image: image], if number of infected individuals I becomes very large, [image: image] approaches the saturation level. The infection force is measured by βI, which describes the penetration of the disease into a fully susceptible population. [image: image] is used to measure the inhibition effect of behavioral change of susceptible persons. Liu and Yang [7] proposed the SEIQV epidemic model, which uses the saturated incidence rate. The model is expressed as:

[image: image]
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[image: image]

The variables and parameters of the model are defined as:

S(t) = Susceptible persons at time t,

E(t) = Exposed persons at time t,

I(t) = Infected persons at time t,

Q(t) = Quarantined persons at time t,

V(t) = Vaccinated persons at time t,

b = Rate of recruitment,

β = Rate of transmission,

μ = Rate of natural death,

ϵ = Rate of death due to disease in infected compartment,

α = Parameter that measures psychological or inhibitory effects,

γ = Rate at which infected individuals are being vaccinated infected persons,

σ = Rate at which exposed persons become infected,

ω = Rate at which infected individuals are being vaccinated susceptible persons,

ϕ = Rate at which infected individuals are being vaccinated quarantined persons,

q1, q2, q3 = Effective quarantine probabilities.

The above model (1)–(5) assumes a homogeneous population, where the population mixes in such a way that there is no difference between person in one place and person in another place. However, in actual scenarios, the disease may spread faster in one place than in another because of different circumstances like different weather conditions, etc. Hence, it is essential for the variables to depend on space also. Therefore, we extend system (1)–(5) to make it a reaction-diffusion system by adding a diffusion term.
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with the initial conditions:
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The boundary conditions are no flux,
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Epidemic models always demonstrate two equilibrium points: the disease-free equilibrium (DFE) point and the endemic equilibrium (EE) point. The DFE point exists if R0 < 1, where R0 is the reproductive number, which basically measures the occurrence of disease. The EE point exists if R0 > 1. This implies that the SEIQV reaction-diffusion system (6–10) always converges to the DFE point or EE point if R0 < 1 or R0 > 1, respectively. Analytical solution of the SEIQV epidemic system is not possible, so we have to use numerical techniques to find its solution. Note that the numerical technique must show the same behavior as is possessed by the continuous SEIQV reaction-diffusion epidemic system.

In this work, we propose two operator-splitting NSFD methods, one explicit and one implicit. These methods are used to solve the SEIQV epidemic model with diffusion. As S, E, I, Q, and V are population sizes and evaluated in absolute scale, we propose NSFD methods because they give a positive solution. Also, the convergence of the proposed NSFD operator splitting methods toward the equilibrium points is the same as the convergence of continuous an SEIQV reaction-diffusion epidemic system. The proposed splitting methods are designed with the aid of rules given by Mickens [8]. In the recent era, positivity preserving FD methods have gained importance, as many physical dynamical systems possess the positivity property [9–11]. The NSFD method presented by Mickens [8, 12, 13] has becomes an effective and important structure-preserving FD method for solving differential equations. In epidemic models, population dynamics and population size cannot be negative, so the numerical technique must be a positivity-preserving technique. Various authors have used different positivity-preserving numerical techniques for the approximate solution of epidemic models: see, for example [14–22].

In this work, we also show the numerical stability of the SEIQV epidemic model with diffusion and evaluate the bifurcation value of the vaccination parameter ω with the aid of the Routh-Hurwitz method.



2. EQUILIBRIUM POINTS

The model (6–10) has two equilibrium points [7], the DFE point and EE point. The DFE point is:

[image: image]

and the EE point is:

[image: image]

where,

[image: image]

Reproductive number R0 is given as:

[image: image]

R0 is the reproductive value. Now, if R0 < 1, the model acquires a DFE point, and if R0 > 1, the model acquires an EE point.



3. NUMERICAL STABILITY OF THE SEIQV MODEL AT EQUILIBRIUM POINT

We evaluated the small perturbation S1(x, t), E1(x, t), I1(x, t), Q1(x, t), and V1(x, t) so that (6)–(10) is linearized at the EE point (S*, E*, I*, Q*, V*), as discussed in Chakrabrty et al. [23].
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Suppose a Fourier series solution is demonstrated for Equations (23)–(27) of the form:
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Here, k = nπ/2, (n = 1, 2, 3,…) exhibits the value of the wave number for the node n. Substituting Equations (28)–(32) in the system (23)–(27), the system is converted into:
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The variational matrix [image: image] for the system (33)–(37) is:
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where,
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The characteristics equation for matrix [image: image] is:

[image: image]

The expressions for ξ1, ξ2, ξ3, ξ4, and ξ5 with diffusion and without diffusion are mentioned in Islam and Haider [24].

The Routh-Hurwitz stability criterion gives:

[image: image]

and

[image: image]

The Table 2 reflects the numerical stability of the equilibrium point against the various cases, as discussed in Table 1.


Table 1. Values of parameters.

[image: Table 1]


Table 2. Stability of equilibrium point.

[image: Table 2]



4. BIFURCATION VALUE OF VACCINATION PARAMETER ω INDEPENDENT OF DIFFUSION

Considering the vaccination parameter ω, to find its bifurcation value, a11, a12, are used instead of S*, E*, I*, Q*, and V*.

[image: image]

The Routh-Hurwitz criterion for stability gives:

[image: image]

where the values of ξ1, ξ2, ξ3, ξ4, and ξ5 are obtained from the expression of the characteristic equation (without diffusion) given in paper [24].

f5(ω) = 0 gives the value of bifurcation for ω. This value transfers the stability of a continuous model from stable to unstable. f5(ω) = 0 provides the bifurcation value ω = 0.228360507. The EE point is stable for ω less than ω = 0.228360507.



5. BIFURCATION VALUE OF VACCINATION PARAMETER ω WITH DIFFUSION

For the bifurcation value of vaccination parameter ω, the values of S*, E*, I*, Q*, and V* are replaced into a11, a12, to

[image: image]

The Routh-Hurwitz criterion for stability gives:

[image: image]

f5(ω) = 0 gives ω = 0.24144152. The EE point is stable therefore for any value less than ω = 0.24144152.

It can be seen that the value of bifurcation of ω for the system with diffusion is greater than value of bifurcation of ω for the system without diffusion.



6. NUMERICAL METHODS

In this section, we apply two proposed and classical splitting methods to the SEIQV reaction-diffusion epidemic model with diffusion. Operator-splitting techniques very effectively handle the nonlinearity and complexity of reaction-diffusion equations. Therefore, these techniques are used frequently by several researchers for the solution of nonlinear differential equations [23, 25–33]. The SEIQV epidemic model with diffusion is split in two ways. The nonlinear reaction equations are split in the first step as,
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and the diffusion equations are split in the second step as:
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Now, we apply forward and backward Euler methods with operator splitting on the system (6)–(7).
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where [image: image] and [image: image] at mτ, m = 0, 1, … and 0 + ih, i = 0, 1, … reflects difference approximations of S, E, I, Q, and V. The values of [image: image], [image: image], [image: image], [image: image], and [image: image] are the values at the half time step. Both forward and backward Euler methods have same process at first step, but, at the second half step of time, they have different procedures. Since the forward Euler operator splitting method is explicit, we use:
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For the backward Euler method, we use:

[image: image]

[image: image]

[image: image]

[image: image]

[image: image]

For the proposed NSFD operator splitting methods, we implement the rules constructed by Mickens [8]. The technique for both explicit and implicit schemes is similar at the first half time step:
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A positive solution desires that if:
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The techniques for the implicit and explicit NSFD schemes are not similar for the second half of the time step. The procedure for the explicit NSFD scheme is as follows:
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We use an implicit procedure for the second NSFD method at the second half of the time step:
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where,

[image: image]
 
6.1. Stability and Accuracy of Splitting Schemes

In finite difference operator splitting techniques, the step involving the reaction term is unconditionally stable because it is solved exactly [25, 26]. On the other hand, the step involving the diffusion term has different stability in different techniques. The explicit procedure has conditional stability in the region:

[image: image]

while the implicit procedure has unconditionally stability [25, 26]. The accuracy of both schemes is O(τ) and O(h2) for all the methods under study.



6.2. Positivity of Proposed Schemes

Equations (64)–(65) in the reaction step of both proposed methods preserve the property of positivity depicted by the continuous SEIQV model, as there is no negative term involved in (64)–(65).

As far as the diffusion step is concerned, the proposed explicit scheme (70)–(74) demonstrates the positivity of the solution if:
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so,
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which is the condition of stability for the explicit operator-splitting NSFD scheme (70)–(74). This verifies that the explicit NSFD scheme retains the positive solution in the region of stability. M matrix theory has been used for the verification of the positivity of the implicit NSFD method (75)–(79). For more details [34] is referred.


6.2.1. Theorem [21, 22]

For any positive τ and h, the system described by (75)–(79) is also positive, i.e., Sm > 0, Em > 0, Qm > 0 and Vm > 0, ∀m = 0, 1, 2…

Proof

Equations (75)–(79) can be written as:
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In Equations (81)–(85), the letters A, B, C, D, and G represent the square matrices. Where,

[image: image]

[image: image]

[image: image]

[image: image]

[image: image]

The off-diagonal entries of A are a1 = −2λ1, a2 = −λ1, and the diagonal entries are a3 = 1 + 2λ1. The entries of B in the off-diagonal are b1 = −2λ1, b2 = −λ1, and the diagonal entries are b3 = 1 + 2λ2. The entries of C in the off-diagonal are c1 = −2λ3, c2 = −λ3, and the diagonal entries are c3 = 1 + 2λ3. The off-diagonal entries of D are d1 = −2λ4, d2 = −λ4, and the diagonal entries are d3 = 1 + 2λ4. The off-diagonal entries of G are g1 = −2λ5, g2 = −λ5, and the diagonal entries are g3 = 1 + 2λ5. Thus, A, B, C, D, and G are M-matrices, and Equations (81), (82), (83), (84), and (85) are:
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If we consider that Sm > 0, Em > 0, Im > 0, Qm > 0, and Vm > 0, then the M-matrix along with (60) implies that the values of all of the state variables, i.e., Sm+1, Em+1, Im+1, Qm+10, and Vm+1 are positive. Hence, the theorem is done by using the principle of mathematical induction.

This theorem is applied for drawing the conclusion that the proposed scheme, which is implicit in nature, guarantees the positive solution unconditionally.





7. NUMERICAL EXPERIMENT AND SIMULATIONS

A numerical test is performed on both the points of equilibrium for all the schemes under consideration. The set of parametric values considered for the test problem at disease-free equilibrium point [7] is given as:

b = 0.7, μ = 0.06, σ = 0.7, β = 0.35, γ = 0.15, ω = 0.3, q1 = 0.2, q2 = 0.2, q3 = 0.1, ϕ = 0.4, ϵ = 0.05, α = 2, d1 = 0.05, d2 = 0.01, d3 = 0.001, d4 = 0.01, d5 = 0.01.

For the endemic equilibrium point, the following parametric values are used:

b = 0.7, μ = 0.06, σ = 0.7, β = 0.35, γ = 0.15, ω = 0.06, q1 = 0.2, q2 = 0.2,

q3 = 0.1, ϕ = 0.4, ϵ = 0.05, α = 2, d1 = 0.05, d2 = 0.01, d3 = 0.001, d4 = 0.01, d5 = 0.01.

The initial condition for the model (6)–(10) is:
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7.1. Disease-Free Equilibrium Point

In this section, graphs of all the state variables against time are presented (for DFE) to illustrate the behavior of the schemes. In Figures 1, 2, we consider h = 0.5, λ1 = 0.3, λ2 = 0.06, λ3 = 0.006, λ4 = 0.06, and λ5 = 0.06.


[image: Figure 1]
FIGURE 1. The explicit operator splitting NSFD scheme is used to simulate the graphs (A–E). (A) Mesh graph of S; (B) Mesh graph of E; (C) Mesh graph of I; (D) Mesh graph of Q; (E) Mesh graph of V.



[image: Figure 2]
FIGURE 2. The implicit operator splitting NSFD scheme is used to simulate graphs (A–E). (A) Mesh graph of S; (B) Mesh graph of E; (C) Mesh graph of I; (D) Mesh graph of Q; (E) Mesh graph of V.


Figures 1, 2 validate the preservation of the positivity property in both of the proposed operator splitting NSFD schemes. Also, all the graphs in Figures 1, 2 show that both proposed NSFD schemes achieve convergence to the DFE point. Next, we examine the behavior of forward Euler and backward Euler splitting schemes at different values of h and τ.

In parts (a) and (b) of Figure 3, we take the same values of h and τ as in Figures 1, 2 for the graphs of forward Euler operator splitting scheme and backward Euler operator splitting scheme. The graphs clearly show the failure of the positivity property of both classic schemes. In parts (c) and (d) of Figure 3, both existing splitting schemes converge to the false DFE equilibrium point for susceptible individuals.


[image: Figure 3]
FIGURE 3. (A) The forward Euler FD operator splitting method is used to simulate the graph of exposed persons for the DFE point at h = 0.5, λ1 = 0.3. (B) The backward Euler FD operator splitting method is used to simulate the graph of susceptible persons for the DFE point at h = 0.5, λ1 = 0.3. (C) The forward Euler FD operator splitting method is used to simulate the graph of susceptible persons for the DFE point at h = 0.5, λ1 = 0.4. (D) The backward Euler FD operator splitting method is used to simulate the graph of susceptible persons for the DFE point at h = 0.5, λ1 = 0.4.


In parts (a) and (b) of Figure 4, we take the same values of h and τ as given in parts (c) and (d) of Figure 3 for the explicit and implicit NSFD operator splitting schemes, respectively. The graphs clearly show that both of the proposed NSFD schemes not only preserve the positivity property but also achieve convergence to the true equilibrium point.


[image: Figure 4]
FIGURE 4. (A) The explicit operator splitting NSFD method is used to simulate the graph of susceptible persons for the DFE point at h = 0.5, λ1 = 0.3. (B) The implicit operator splitting NSFD method is used to simulate the graph of susceptible persons for the DFE point at h = 0.5, λ1 = 0.4.




7.2. Endemic Equilibrium Point

In this section, we present simulations of the SEIQV epidemic model at the EE point using all of the operator splitting FD schemes. In Figures 5, 6, we consider h = 0.5, λ1 = 0.3, λ2 = 0.06, λ3 = 0.006, λ4 = 0.06, and λ5 = 0.06.


[image: Figure 5]
FIGURE 5. (A) The explicit operator splitting NSFD scheme is used to simulate graphs (A–E). (A) Mesh graph of S; (B) Mesh graph of E; (C) Mesh graph of I; (D) Mesh graph of Q; (E) Mesh graph of V.



[image: Figure 6]
FIGURE 6. The implicit operator splitting NSFD scheme is used to simulate graphs (A–E). (A) Mesh graph of S; (B) Mesh graph of E; (C) Mesh graph of I; (D) Mesh graph of Q; (E) Mesh graph of V.


Figures 5, 6 depict the graphs of susceptible, exposed, infected, quarantined, and vaccinated individuals for the EE point using the explicit operator splitting NSFD scheme and implicit operator splitting NSFD scheme, respectively. All the graphs in Figures 5, 6 demonstrate that both of the proposed operator splitting NSFD schemes preserve the property of positivity. These graphs also show that both proposed schemes converge to the EE point.

Again, both the forward and backward Euler FD schemes fail to preserve the positivity property and converge to the false EE point, as shown in Figure 7.


[image: Figure 7]
FIGURE 7. (A) The forward Euler FD operator splitting method is used to simulate the graph of exposed persons for the DFE point at h = 0.5, λ1 = 0.3. (B) The backward Euler FD operator splitting method is used to simulate the graph of exposed persons for the DFE point at h = 0.5, λ1 = 0.3. (C) The forward Euler FD operator splitting method is used to simulate the graph of susceptible persons for the DFE point at h = 0.5, λ1 = 0.4. (D) The backward Euler FD operator splitting method is used to simulate the graph of susceptible persons for the DFE point at h = 0.5, λ1 = 0.4.


Figure 8 shows that the proposed NSFD operator splitting methods are consistent with the continuous reaction-diffusion system as they not only preserve the positivity property but converge to the EE point.


[image: Figure 8]
FIGURE 8. (A) The explicit operator splitting NSFD method is used to simulate the graph of susceptible persons for the DFE point at h = 0.5, λ1 = 0.4. (B) The implicit operator splitting NSFD method is used to simulate the graph of susceptible persons for the DFE point at h = 0.5, λ1 = 0.4.





8. CONCLUSION

In this work, we consider the SEIQV reaction-diffusion epidemic model. The stability of the SEIQV model is guaranteed numerically by using criteria defined by Routh-Hurwitz. We also find the bifurcation value of the important vaccination parameter ω of SEIQV epidemic systems with diffusion and without diffusion. We design two novel and efficient operator splitting NSFD schemes for the SEIQV reaction-diffusion system. The NSFD schemes put forth, which are technically operator splitting schemes, possess the same behavior as is possessed by the SEIQV epidemic system. To conclude regarding the designed methods, we present two novel numerical schemes, one of which is explicit and the other of which is implicit in nature. The explicit scheme is more computationally efficient than the implicit scheme, but it has conditional stability while the implicit scheme is stable unconditionally. Both schemes employ structural splitting, due to which they deal adroitly with the nonlinearity of the reaction-diffusion system. These schemes avoid the false chaos that is a part of many existing methods. The positive solution of the SEIQV model is sustained by both schemes. Also, the nature of the stability of equilibria is preserved effectively by the proposed NSFD schemes. It is also shown that classical schemes, in parallel to our proposed schemes, produce chaos, leading to inconsistencies and instabilities numerically. The currently designed schemes are a valuable contribution for finding the solutions of nonlinear dynamical systems comprising differential equations. These NSFD schemes will become very efficient for the solution of one- and multi-dimensional reaction-diffusion population models, auto-catalytic chemical reaction models, and many more.
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Time-dependent magnetohydrodynamic (MHD) motion of a generalized Burgers' fluid (GBF) is investigated in this article. GBF is a highly complicated non-Newtonian fluid and is of highest degree in the class of rate type fluids. GBF is taken electrically conducting by using the restriction of small magnetic Reynolds number. Darcy's law has been used here in its generalized form using the GBF constitutive relation; hence, the medium is made porous. The impulsive motion in the fluid is induced due to sudden jerk of the plate. Exact expressions for velocity as well as for shear stress fields are obtained using the Laplace transform method. The solutions for hydrodynamic fluid (absence of MHD) in a non-porous medium as well as those for a Newtonian fluid (NF) executing a similar motion are also recovered. Results are sketched in terms of several plots and discussed for embedded parameters. It is found that the Hartmann number and porosity of the medium have strong influence on the velocity and shear stress fields.

Keywords: time-dependent flow, MHD, generalized Burgers' fluid, generalized Darcy's law, Laplace transform


INTRODUCTION

Most of the fluid problems (published literature), or fluid problems with heat transfer or heat and mass transfer together, are computed numerically due to the difficult nature of these problems. Indeed, the exact solutions for these problems are either not possible or quite difficult to obtain. These difficulties further increase if one is interested to solve such a problem using the integral transform techniques such as Laplace transform, Fourier transform, etc. In the Laplace transform, particularly the most difficult job is how to take the inversion. Therefore, some of the researchers are then using numerical inversion to somehow solve the inversion problem. However, such solutions are then not the so-called pure exact solutions. Among the interesting studies on exact solutions and, of course, the pioneering work includes the work of Rajagopal [1], where he studied non-Newtonian second-grade fluid for different flow motions and obtained exact solutions for each flow case. The flow was unsteady unidirectional and one-dimensional. Eight different flow cases were discussed. This work was then extended in 2007 by Hayat et al. [2] for the case of MHD flow and porous medium. More exactly, the fluid was taken electrically conducted and passing through a porous medium. They discussed seven different flow situations and obtained exact solution either by perturbation method or Fourier transform method. Other interesting studies on exact solutions include the work of Erdogan [3], Erdogan and Imrak [4], and Tan and Masuoka [5, 6]. Hayat et al. [7, 8] established for rotating flows exact analytic solutions for two different types of non-Newtonian fluids, namely, the second-grade fluid and the Maxwell fluid. They considered transient problems in both cases with combined effects of MHD and porosity. The obtained exact solutions were discussed for various embedded parameters and concluded. Fetecau et al. [9] in a short note investigated analytically the Stokes' second problem (SSP) for Newtonian fluids (NF) flow. Fetecau and Fetecau [10] considered an unsteady problem of a Maxwell fluid (MF, non-Newtonian) over a rigid plate moved due to a sudden jerk. In another paper, Fetecau and Fetecau [11] extended the idea of MF to an Oldroyd-B fluid (OBF, non-Newtonian) and examined exact solutions for the first problem of Stokes'. Vieru et al. [12] also determined exact solution for the flow situation of an OBF over an infinite rigid plate.

In the group of viscoelastic fluids, Burgers' fluids and the corresponding generalized Burgers' fluids (GBFs) are less studied in the literature compared to other fluids in that group. Indeed, the resulting equations based on their complicated constitutive relations are not easy to handle. The exact solutions for these fluids problems are not possible unless we impose several assumptions. Even then, the exact solutions for these fluid problems are limited to certain well-known problems. Some famous fluid problems for Burgers or GBFs have been studied in Ravindran et al. [13], Hayat et al. [14], Khan et al. [15], Tong and Shan [16], Xue and Nie [17], Hayat et al. [18], Vieru et al. [19], Khan et al. [20–22], Fetecau et al. [23] and related references therein. However, for several other problems, such solutions are either too much complicated or even not possible. Such a complication even increases if the problem under consideration is composed of fractional differential equations, such as the problem considered in these articles on different aspects of sciences and engineering [24–36]. Some other related studies regarding fluid dynamics problems can be seen in Waqas et al. [37], Marin et al. [38], Jamil [39], and Jamil et al. [40, 41]. Roberts and Kaufman [42] is used for some of the Laplace inversion formulas needed for this work.

The main purpose of the present article is to study the time-dependent flow of GBF (incompressible) over an infinite (in horizontal-direction) rigid plate given sudden jerk. Simultaneous effects of MHD and porosity are also taken into consideration.

Exact analytic solutions are obtained for the dimensionless fluid velocity and non-trivial shear stress exerted by the fluid on the plate. Laplace transform is indeed a suitable method to solve this problem. Clearly, these solutions satisfy the given imposed conditions [initial and boundary conditions (IBCs)] and can produce other exact analytic solutions for other non-Newtonian fluids problems such as Burgers' fluids, OBFs, and Maxwell fluids performing a similar type of motion. Exact solutions for Newtonian fluids performing the same motion can also be obtained as a special case by vanishing all other non-Newtonian parameters. Graphical results are plotted and discussed for embedded parameters. Solutions for other fluids (generalized Burger fluids without MHD and porosity effects, Newtonian fluids) in limiting sense are also recovered.



PROBLEM FORMULATION AND INTEGRAL TRANSFORM SOLUTION

The problem formulation states that an incompressible flow strongly depends on time (unsteady flow) of a highly non-Newtonian fluid known as GBF lies in a semi-infinite porous space y > 0; i.e., the fluid is over a rigid plate kept at y = 0. The axes (x−axis and y−axis) are taken perpendicular to each other; i.e., the x−axis is taken in the flow direction while the y−axis is chosen normal to the direction of the flow. MHD effect is considered under which the fluid behaves like an electrically conducting liquid under the influence of an applied magnetic field such that the induced magnetic field is v(0, t) = V, v(y, t) → 0 as y → ∞; t > 0, neglected assuming that magnetic Reynolds number is too small. GBF is initially taken at rest (for time t = 0); however, for time t > 0, the plate is give a sudden jerk (impulsive motion of the plate) and the fluid starts with the same impulsive motion. The scenario stated above is formulated in the form of partial differential equation with physical boundary and initial conditions as given below (for detailed analysis of the governing equation, one may refer to Xue and Nie [17] and Hayat et al. [18]):
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in which v is the velocity component in x−direction, ρ is the fluid density, μ is the dynamic viscosity, δ is the finite electrical conductivity of the fluid, φ(0 < φ < 1) is the porosity, k > 0 is the permeability of the porous medium, λ and λr(< λ) are respectively the relaxation and retardation times, γ and γ1 are the material constants having the dimensions as the square of time, and V denotes the reference velocity.

The problem described by Equations (1)–(3), after using non-dimensional quantities, takes the following form:
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where
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In the transformed q−plane, Equations (5)–(8) give
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in which q is a Laplace transform parameter and
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The transformed solution of Equation (11) under the boundary conditions (12) gives
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In obtaining [image: image] we write Equation (14) as
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with
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Expressing [image: image] Equation (16) after Laplace inversion gives
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To find [image: image] using the inversion formula for compound functions
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where f(τ) = L−1{F(q)} and g(u, τ) = L−1{e−uw(q)}. Choosing [image: image] then
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and
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In order to find g(u, τ) = L−1{e−uw(q)}, we express w(q) as follows
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where q1 and q2 are the roots of the equation [image: image] Thus,
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with
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Let us denote
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and
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where J1(·) denotes the Bessel function of first kind of order one and then finally one has
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and L−1{e−αq} = δ(τ−α). Here δ(·) indicates the Dirac delta function.

Insertion of Equation (26) into Equation (21) leads to the following result:
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Taking into consideration Equations (27) and (18), one obtains
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Setting u = dv/a into Equation (28) and using the following property:
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we arrive at the following result:

[image: image]

Now, the expression for the shear stress can be easily found from Equation (6) and hence finally we get.

[image: image]



LIMITING CASES


Absence of MHD and Porosity

In limiting sense, when the magnetic effect is absent (M = 0) and the medium is non-porous, then the above solutions take the following forms:
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with the following expressions for η3 and η4:

[image: image]

It is important to note that if we put [image: image] into the governing Equation (6) and solve along with Equation (7) with the prescribed boundary and initial conditions, we get the same expressions for velocity and shear stress as given above.



Newtonian Fluid

For Newtonian fluid, we make λ, λr, γ , and γ1 equal to zero or equivalently λ = λr = γ = γ1, then the solutions (30) and (31) reduce to
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Now, taking λ = λr = γ = γ1 in the governing Equation (6) and solving the resulting equations with the given boundary and initial conditions, we get

[image: image]

where
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Taking the Laplace inverse of Equation (38), we get

[image: image]

The convolution product of u1(τ) = 1 and u2(ξ, τ) gives

[image: image]

The corresponding shear stress can be easily found by using Equation (6); i.e.,

[image: image]

Using a similar method as in the case of velocity, the final expression for the shear stress is given as follows:

[image: image]

Here, we noted that in both cases, i.e., from the final solutions given by Equations (30) and (31) and from the governing Equations (5) and (6), we obtained the same exact results for velocity and shear stress given by Equations (35), (36), (40), and (42), respectively. Indeed, this provides a useful check of correctness.




NUMERICAL RESULTS AND DISCUSSION

Figure 1 is plotted for K = 0.2, 0.4, 0.6, 0.8 when M = 0.2, α = 0.9, β1 = 0.5, β = 0.8 and τ = 0.5, whereas Figures 2, 4 are sketched for M = 0, 1, 2, 3 when K = 2, α = 0.9, β1 = 0.5, β = 0.8, and τ = 0.5. Figures 1–4 have been displayed to see the influence of Hartmann number M and porosity parameters K on the fluid velocity and the corresponding shear stress of a GBF. To check the effects of M and K on the fluid velocity and related shear stress for a Newtonian fluid, Figures 5–8 are sketched. Figures 5, 7 are plotted for different values of K when M = 0.2 and τ = 0.5, whereas Figures 6, 8 are prepared for various values of M when K = 2 and τ = 0.5. Note that Figures 1–8 provide a comparison of velocity field and the related shear stress for the case of GBF with that of a Newtonian fluid. Figure 1 shows the influence of K on the Burgers' fluid velocity; it can be noticed that velocity increases with the increasing values of K, due to the decrease in opposing forces. In Figure 2, the impact of M is shown on fluid velocity; from this figure, it is noticed that velocity is a decreasing function of M. This is because the greater values of M enhance the Lorentz forces, which are the opposing forces. The same behavior is noticed in Figures 5, 6 for Newtonian fluid. Figure 3 is plotted in order to show the effect of K on shear stress; the shear stress decreases with the increasing values of K. The behavior of shear stress is noticed for different values of M in Figure 4. It is observed that the shear stress increases with the increasing values of M. Figures 7, 8 also show the same behavior of shear stress for Newtonian fluid.


[image: Figure 1]
FIGURE 1. Velocity plots showing variations in K.



[image: Figure 2]
FIGURE 2. Velocity plots showing variations in M.



[image: Figure 3]
FIGURE 3. Shear stress plots showing variations in K.



[image: Figure 4]
FIGURE 4. Shear stress plots showing variations in M.



[image: Figure 5]
FIGURE 5. Velocity plots showing variations in K (Newtonian fluid).



[image: Figure 6]
FIGURE 6. Velocity plots showing variations in M (Newtonian fluid).



[image: Figure 7]
FIGURE 7. Shear stress plots showing variations in K (Newtonian fluid).



[image: Figure 8]
FIGURE 8. Shear stress plots showing variations in M (Newtonian fluid).
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In this article, the lump-type solutions of the new integrable time-dependent coefficient (2+1)-dimensional Kadomtsev-Petviashvili equation are investigated by applying the Hirota bilinear technique and a suitable ansatz. The equation is applied in the modeling of propagation of small-amplitude surface waves in large channels or straits of slowly varying width, depth and non-vanishing vorticity. Applying the Bell's polynomials approach, we successfully acquire the bilinear form of the equation. We firstly find a general form of quadratic function solution of the bilinear form and then expand it as the sums of squares of linear functions satisfying some conditions. Most importantly, we acquire two lump-type and a bell-shaped soliton solutions of the equation. To our knowledge, the lump type solutions of the equation are reported for the first time in this paper. The physical interpretation of the results are discussed and represented graphically.

Keywords: Bell's polynomials, Hirota bilinear form, bell-type solutions, lump-type solutions, (2+1)-dimensional Kadomtsev-Petviashvili equation


1. INTRODUCTION

Nonlinear equations (NLEs) have been the subject of concentrate in different parts of numerical physical sciences, for example, material science, science, and so forth. The explanatory arrangements of such conditions are of essential significance since a great deal of scientific physical models are depicted by NLEs [1]. Among the conceivable answers for NLEs, certain unique frame arrangements may depend just on a solitary blend of factors, for example, solitons. In soliton theory [2], optical solitons, painleve analysis, investigation of integrability of systems of equations, Hamiltonian structure, Bell's polynomials, Backlaund transformations, etc. are the hot topics in recent time. Lump solutions are important models to used to describe certain complicated physical phenomena in science [3]. Lump solution is a kind of special rational function solutions localized along all directions in the space. Lump solitons have been intensively studied and some of the results have been reported in [4–6]. The be integrable time-dependent coefficient (2+1)-dimensional Kadomtsev-Petviashvili model that will be studied in this work is given by Wazwaz [7]:

[image: image]

where ψ(x, t, y) is a function of the temporal variable t and two scaled spatial variables x and y. g(t) is a functions of t. The equation is applied in the modeling of propagation of small-amplitude surface waves in large channels or straits of slowly varying width, depth and non-vanishing vorticity. (1) was proposed by WazWaz in [7] where the integrability property of the equation were explicitly demonstrated and the multiple complex and multiple real soliton solutions of the equation were reported. Variable-coefficients KP equations have been investigated thoroughly in the literature [8–11].

To our knowledge, the lump soliton solutions to (1) have not been studied using the Hirota Bilinear methods. In this article, by applying the concept of Bell polynomials [3, 4] and Hirota Bilinear approach [12–14], the lump soliton solutions of (1) will be derived. In addition, a Bell-shaped soliton solution will also be derived using an efficient ansatz [15].



2. BELL POLYNOMIAL

In this part, we recall some important terminologies about the Bell polynomials [12–14].

Let f = f(y1, y2, …, yn) be a ℂ∞ function, the multi-dimensional Bell polynomials are defined by the following:

[image: image]

where [image: image] Taking m = 1, Bell polynomials is given by:

[image: image]

The multi-dimensional Bell polynomials can be represented by Gilson et al. [14]:

[image: image]

[image: image]

The conjunction between [image: image]-polynomials and the Hirota bilinear operator are related by the following identity:

[image: image]

where F and G are functions of y and t. Setting F = G, the identity (6) becomes:

[image: image]

The first few [image: image]-polynomials can be represented by the following:

[image: image]

The Bell polynomials [image: image]m1y1, …mryr(v, w) can be separated into certain polynomials and [image: image]-polynomials:

[image: image]

The main property of the Bell polynomials:

[image: image]

means that the binary Bell polynomials [image: image]m1y1, …mryr(v, w) can be linearized by applying the Hopf-Cole transformation v = lnψ, that is ψ = F/G

Theorem 1. By applying the transformation,

[image: image]

(1) bilinearized into

[image: image]

where f = f(x, t, y).

Proof: Introducing the potential field variable q on setting

[image: image]

where h = h(t) is a function of t. Substituting (13), we can obtain

[image: image]

Integrating (14) with respect to x, setting h(t) = 6 and by means of formula (8), (14) can be converted to [image: image]-polynomials represented by:

[image: image]

By applying (10), we obtain:

[image: image]



3. LUMP-TYPE SOLITONS TO (1)

The Hirota bilinear form (12) of (1) is equivalent to the following:

[image: image]

To derive the lump-type soliton of (1), we consider f in the following form [3]

[image: image]

where B = (aij)4×4 is a symmetric matrix, X = (1, x, y, t)T, aij and f0 are constants. (18) can be expanded as:

[image: image]

Putting (19) into (12) and performing all the necessary algebraic calculations by symbolic computations, we acquire the following system of algebraic expressions:

[image: image]
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[image: image]

[image: image]
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[image: image]
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Solving (20) to (29), we acquire the following soliton parameters:

[image: image]

where a33 ≠ 0, a24 ≠ 0, a34 ≠ 0 are necessary and sufficient conditions which must be satisfied for the solution to exist. From (30), we obtain the following solution of f under the general quadratic function:

[image: image]

Using (30), under the transformation (11), we acquire the following lump-type solution of (1).

[image: image]

It should be noted that the positiveness of f cannot be guaranteed. To tackle this problem, we expand (18) as the sums of squares of linear function f and introduce the following theorem:

Theorem 2. (Cholesky Decomposition Theorem [3]). Let B = (aij) be a real symmetric positive matrix, then it can be simplified into the following:

[image: image]

where R = (rij) is a triangular matrix. The relationship between elements in B and elements in R is given below:

[image: image]

In accordance with Theorem 2, (18) can be rewritten as:

[image: image]

(35) guarantees the positive definiteness of f. Putting (35) into (12) and solving the result, we obtain the following soliton coefficients:

[image: image]

Where r23 ≠ 0, r22 ≠ 0 are necessary and sufficient conditions which must be satisfied for the solutions to exist. From (36), we obtain the solution of f as:

[image: image]

Putting (36) into (35) using (11), we acquire the following lump-type solution of (1) under positive quadratic function:

[image: image]



4. LUMP SOLITONS TO (1)

4.1. Lump Solitons to (1) Using (32)

Setting the following soliton parameters a24 = 1, a33 = 2, a14 = 1, a34 = 3 in (32), we obtain the following lump solution to (1):

[image: image]
 

4.2. Lump Solitons to (1) Using (38)

Setting the following soliton parameters: r11 = 1, r12 = 2, r13 = −1, r44 = 1, r34 = 3, r14 = 1 in (38), we acquire the following lump solution to (1)

[image: image]




5. BELL-SHAPED SOLITON TO (1)

The bell-shaped soliton solution of (1) may be derived using:

[image: image]

where σ = η(x + y − vt). Putting (41) into (1) yields:

[image: image]

Equating the exponents 4 + p = 2 + 2p, we obtain p = 1. Plugging the obtained value of p into (42) yields:

[image: image]

Equating the coefficients of linearly independent terms in (43) to zero, we get:

[image: image]

Solving (44) yields:

[image: image]

The bell-shaped soliton is represented by:

[image: image]

Specifically, for the soliton (46) to exist, the condition ρ > 0 must hold.



6. PHYSICAL INTERPRETATION OF RESULTS

It is worth to mention that at for every t, the solution ψ = 12(lnf)xx will approach 0 whenever (x, y) approach infinity in both solutions. The 3D and the density plot for the lump soliton (39) for t = 0 is shown in Figure 1. The 3D and the density plot for the lump soliton (40) for t = 0 is shown in Figure 2. The lump solitons (39) and (40) admits a pattern with one high peak and a deep hole hidden beneath the plane wave. Finally, the 3D and the density plot for the bell-shaped soliton (46) for t = 0 is shown in Figure 3.


[image: Figure 1]
FIGURE 1. Perspective view of the lump soliton (39) at t = 0. (A) 3D plot (B) Density plot.



[image: Figure 2]
FIGURE 2. Perspective view of the lump soliton (40) at t = 0. (A) 3D plot (B) Density plot.



[image: Figure 3]
FIGURE 3. Perspective view of the bell-shaped soliton (46) at t = 0. (A) 3D plot (B) Density plot.




7. CONCLUDING REMARKS

In this paper, with the aid of the Bell-polynomials approach, we have successfully derived the bilinear forms of an integrable time-dependent coefficient (2+1)-dimensional Kadomtsev-Petviashvili. We also studied the positive quadratic function solution to the model. Several constraint conditions that are necessary for the existence of the polynomial solutions were reported. Upon expanding the polynomials as sums of squares of linear functions, we acquire a lump-type solution possessing some arbitrary constraints. With the choice of different solution parameters, we have reported two forms of lump soliton solutions. We also utilized a suitable ansatz approach to derive a one soliton bell-shaped solution. To our knowledge, the results reported in this paper are new and introduced for the first time in the literature. Figures were given to describe the dynamics of the obtained results.
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This research paper studies the semi-analytical and numerical solutions of the non-linear long-short wave interaction system. This represents an optical field that does not change through multiplication due to a sensitive balance being struck between linear and non-linear impacts in an elastic medium, defined as a medium that can adjust its shape as a consequence of deforming stress and return to its original form when the force is eliminated. In this medium, a wave is produced by vibrations that are a consequence of acoustic power, known as a sound wave or acoustic wave. The Adomian decomposition method and the cubic and septic B-spline methods are applied to the suggested system to obtain distinct types of solutions that are used to explain the novel physical properties of this system. These novel features are described by different types of figures that show more of the physical properties of this model. Also, the convergence between the obtained solutions is discussed through tables that show the values of absolute error between them.

Keywords: nonlinear long-short wave interaction system, adomian decomposition method, cubic B-spline method, septic B-spline method, semi-analytical and numerical solutions


1. INTRODUCTION

Optical study is considered as one of the most important methodologies in this age due to its different and important applications in several fields. To develop a deeper understanding of this type of study, mathematicians have derived many analytical, semi-analytical, and numerical schemes to obtain distinct types of solutions that are used to characterize the physical properties of optical soliton waves. The optical soliton constitutes an optical field that does not alter through multiplication due to a sensitive balance being struck between linear and non-linear impacts in the medium [1–5]. Optical soliton can be of two types:

• Spatial solitons: the non-linear influence balances the diffraction. The electromagnetic field can alter the refraction index of the medium while propagating, thus establishing an architecture identical to a graded-index fiber [6–10].

• Temporal solitons: if the electromagnetic field is already spatially restricted, it is feasible to transmit pulses that will not alter their form, as the non-linear impacts will be in equilibrium with the dispersion [11–15].

The non-linear long-short wave interaction system describes the interaction between one short transverse wave and one long longitudinal wave propagating in a generalized elastic medium. This system has the following form:

[image: image]

where Φ(x, t) represents the slowly varying envelope of the short transverse wave, Ψ(x, t) discriminates the long longitudinal wave, (x) is the locational harmonization, and (t) is the time. Waves in plasmas are defined as an interrelated set of particles and fields that disseminate in a periodically duplicating fashion. A plasma is a quasi-neutral, electrically conductive fluid. Plasma waves have an EM character of two types, electrostatic and electromagnetic. Electrostatic and electromagnetic waves have oscillating species in electrons and ions. Some examples of the dispersion relationships of plasma waves in electrostatic and electromagnetic terms are as follows:

• Plasma oscillation: rapid oscillations of the electron intensity in conducting media such as plasmas or metals in the ultraviolet zone

• Upper hybrid oscillation: a form of oscillation of magnetized plasma

• Ion acoustic wave: one kind of longitudinal oscillation of the ions and electrons in a plasma

• Electrostatic ion cyclotron wave: a longitudinal wobble of the ions in a magnetized plasma, with dissemination nearly perpendicular to the magnetic field

• Langmuir wave

• Lower hybrid oscillation: a longitudinal fluctuation of ions and electrons in a magnetized plasma

• Light wave: a wave made of oscillating magnetic and electric fields; comprises radio waves, microwaves, ultraviolet, visible light, infrared, gamma rays, and X-rays

• O wave

• X wave

• R wave (whistler-mode)

• L wave

• Alfvén wave: a kind of magnetohydrodynamic wave in which ions oscillate in response to a restoration strength presented by an effective tension on the magnetic field lines; this kind of wave was named after Hannes Alfvén

• Magnetosonic wave: a longitudinal wave of ions in a magnetized plasma disseminating perpendicular to the stationary magnetic field.

All of the properties and abilities of the non-linear partial differential equations are used to describe these natural phenomena. According to these properties, many mathematicians have developed methods and are still trying to find new general methods to obtain exact and single traveling wave solutions for these models. For more details about these methods, please see [16–36].

The rest of this paper is arranged as follows. In section 2, the Adomian decomposition method [37–40] and Cubic and septic B-spline method [41–50] are used to obtain approximate solutions of the non-linear long-short wave interaction system. In section 4, the conclusion is given.



2. APPLICATION

This section applies the Adomian decomposition method as the semi-analytical scheme and the cubic & septic B–spline methods as numerical schemes to the non-linear long-short wave interaction system [51–55] that is given by:

[image: image]

Using the wave transformation Φ(x, t) = eiηΛ(ε), Ψ(x, t) = φ(ε) where η = (ρx + ct), ε = (ax + bt) transforms the non-linear partial differential equation (2) into the following ordinary differential equation:

[image: image]

Equating the complex term to zero leads to

[image: image]

Integrating the second equation of the system (3) with zero constant of integration yields:

[image: image]

Substituting (4) and (5) into the first equation in the system (3) yields:

[image: image]

According to the analytical solutions obtained in Raghda et al. [Submitted], the exact solution of Equation (6) takes the following formula

[image: image]
 
2.1. Semi-analytical Solution

This section applies the Adomian decomposition method to Equation (6) by using its exact solution (6) with the following conditions:

[image: image]

where [image: image]. Implementation of the Adomian decomposition method on Equation (6) yields

[image: image]
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According to (8–11), we get

[image: image]
 

2.2. Numerical Solutions

This section studies the numerical solutions of the modified BBM equation by applying the cubic and septic B-spline techniques, which are considered as the most accurate numerical tools for getting this type of solution.


2.2.1. Cubic-Spline

According to the cubic B–spline, the numerical solution of the modified BBM equation (6) is given by

[image: image]

where λi, βi fulfill the conditions:

[image: image]

and

[image: image]

where i ∈ [−2, n + 2], so that the numerical formula of the solution is given as

[image: image]

Substituting Equation (15) into (6), leads to a system of equations. Solving this system of equations gives the value of λi. Replacing the values of λi, βi into Equation (13) gives the data shown in Table 2.



2.2.2. Septic-Spline

Based on the septic B-spline, the suggested solution of the ordinary differential form of the modified BBM equation (6) is given as follows:

[image: image]

where λi, βi satisfies the conditions

[image: image]

and

[image: image]

where i ∈ [−3, n + 3]. Thus, the approximate solution is given by:

[image: image]

Substituting Equation (18) into Equation (6) produces a system of equations. Solving this system gives the data shown in Table 3.





3. RESULTS AND DISCUSSION

This section details a comparison between the numerical solutions obtained in our paper to determine which one of them is the more accurate.

The comparison between the numerical solutions depends on showing which one of the schemes obtains the smallest value of the absolute value of error. To find these values, the obtained values of the total value of error in each method used are plotted in Figure 5, which shows that all the methods used are accurate and have almost the same amount of absolute failure.



4. CONCLUSION

This research paper succeeded in the application of the Adomian decomposition method and the cubic and septic B–spline method to the non-linear long-short wave interaction system and in obtaining semi-analytical and numerical solutions for this system. Moreover, a comparison between the distinct types of solutions obtained is detailed, and the absolute values of error between them are shown in Tables 1–3 and Figures 1–5. Both semi–computational and numerical schemes are shown to be powerful, effective, and able to be applied to many and various forms of non-linear evolution equations.


Table 1. Computational, semi-analytical, and absolute error values obtained by using the Adomian decomposition method.

[image: Table 1]


Table 2. Computational, numerical, and absolute error values obtained by using the cubic B–spline scheme.

[image: Table 2]


Table 3. Computational, numerical, and absolute error value obtained by using the septic B–spline scheme.

[image: Table 3]


[image: Figure 1]
FIGURE 1. Three, two-dimensional, and contour plots of Equation (12), respectively.



[image: Figure 2]
FIGURE 2. Combined, separated, and radar plots of analytical (7) and semi-analytical solutions (12) of Equation (6), respectively.



[image: Figure 3]
FIGURE 3. Combined, bar, and contour plots of the computational, numerical, and absolute error values.



[image: Figure 4]
FIGURE 4. Combined and scattering matrix plots of the computational, numerical, and absolute error values.



[image: Figure 5]
FIGURE 5. Combined, radar, and contour plots of the absolute value of error for the Adomian, cubic, and septic schemes.




DATA AVAILABILITY STATEMENT

All datasets generated for this study are included in the article/supplementary material.



AUTHOR CONTRIBUTIONS

All authors conceived of the study, participated in its design and coordination, drafted the manuscript, participated in the sequence alignment, and read and approved the final manuscript.



ACKNOWLEDGMENTS

This research is supported by a Project of Shandong Province Higher Educational Science and Technology Program (Grant No. J17KB121), Shandong Provincial Natural Science Foundation (Grant No. ZR2016AB04), Foundation for Young Teachers of Qilu Normal University (Grant Nos. 2016L0605, 2015L0603, 2017JX2311, and 2017JX2312), Scientific Research Foundation for University Students of Qilu Normal University (Grant Nos. XS2017L01 and XS2017L05).



REFERENCES

 1. Mena-Contla A, Serkin V, Belyaeva T, Peña-Moreno R, Agüero M, Hernandez-Tenorio C, et al. Extreme nonlinear waves in external gravitational-like potentials: possible applications for the optical soliton supercontinuum generation and the ocean coast line protection. Optik. (2018) 161:187–95. doi: 10.1016/j.ijleo.2018.01.031

 2. Kippenberg TJ, Gaeta AL, Lipson M, Gorodetsky ML. Dissipative Kerr solitons in optical microresonators. Science. (2018) 361:eaan8083. doi: 10.1126/science.aan8083

 3. Trocha P, Karpov M, Ganin D, Pfeiffer MH, Kordts A, Wolf S, et al. Ultrafast optical ranging using microresonator soliton frequency combs. Science. (2018) 359:887–91. doi: 10.1126/science.aao3924

 4. Li BQ, Ma YL, Yang TM. Stable optical soliton in the ring-cavity fiber system with carbon nanotube as saturable absorber. Superlattices Microstruct. (2018) 113:366–72. doi: 10.1016/j.spmi.2017.11.016

 5. Biswas A, Zhou Q, Triki H, Ullah MZ, Asma M, Moshokoa SP, et al. Resonant optical solitons with parabolic and dual-power laws by semi-inverse variational principle. J Mod Opt. (2018) 65:179–84. doi: 10.1080/09500340.2017.1382597

 6. Cyprych K, Jung PS, Izdebskaya Y, Shvedov V, Christodoulides DN, Krolikowski W. Anomalous interaction of spatial solitons in nematic liquid crystals. Opt Lett. (2019) 44:267–70. doi: 10.1364/OL.44.000267

 7. Jung PS, Karpierz M, Trippenbach M, Christodoulides D, Krolikowski W. Supermode spatial solitons via competing nonlocal nonlinearities. Photon Lett Pol. (2018) 10:33–5. doi: 10.4302/plp.v10i2.827

 8. Rubin S, Fainman Y. Nonlocal and nonlinear surface plasmon polaritons and optical spatial solitons induced by the thermocapillary effect. Phys Rev Lett. (2018) 120:243904. doi: 10.1103/PhysRevLett.120.243904

 9. Salgueiro JR, Ferrando A. Spatial solitons in nonlinear photonic crystal fibers. In: Nonlinear Systems, Vol. 2. Springer (2018). p. 139–71.

 10. Perumbilavil S, Piccardi A, Kauranen M, Assanto G. Directional random laser by combining cavity-less lasing and spatial solitons in liquid crystals. In: Nonlinear Photonics. Optical Society of America (2018). p. NpW2C–4.

 11. Obrzud E, Brasch V, Lecomte S, Herr T. Temporal cavity solitons in synchronously driven Fabry-Perot microresonators. In: Laser Resonators, Microresonators, and Beam Control XX. Vol. 10518. International Society for Optics and Photonics. (2018).

 12. Lilienfein N, Hofer C, Högner M, Saule T, Trubetskov M, Pervak V, et al. Temporal solitons in free-space femtosecond enhancement cavities. Nat Photon. (2019) 13:214. doi: 10.1038/s41566-018-0341-y

 13. Spiess C, Yang Q, Dong X, Bucklew VG, Renninger WH. Chirped temporal solitons in driven optical resonators. arXiv preprint arXiv:190612127 (2019).

 14. Xue X, Zheng X, Zhou B. Super-efficient temporal solitons in mutually coupled optical cavities. Nat Photon. (2019) 13:616–22. doi: 10.1038/s41566-019-0436-0

 15. Shtyrina O, Kivshar Y, Turitsyn S, Yarutkina I, Fedoruk M. Stability of spatio-temporal solitons in multi-mode fibers. In: Nonlinear Photonics. Optical Society of America (2018). p. JTu5A–45.

 16. Rezazadeh H, Korkmaz A, Khater MM, Eslami M, Lu D, Attia RA. New exact traveling wave solutions of biological population model via the extended rational Sinh–Cosh method and the modified Khater method. Mod Phys Lett B. (2019) 33:1950338. doi: 10.1142/S021798491950338X

 17. Khater M, Attia RA, Lu D. Explicit lump solitary wave of certain interesting (3+ 1)-dimensional waves in physics via some recent traveling wave methods. Entropy. (2019) 21:397. doi: 10.3390/e21040397

 18. Khater MM, Lu D, Attia RA. Dispersive long wave of nonlinear fractional Wu–Zhang system via a modified auxiliary equation method. AIP Adv. (2019) 9:025003. doi: 10.1063/1.5087647

 19. Khater MM, Lu D, Attia RA. Lump soliton wave solutions for the (2+ 1)-dimensional Konopelchenko–Dubrovsky equation and KdV equation. Mod Phys Lett B. (2019) 33:1950199. doi: 10.1142/S0217984919501999

 20. Khater MM, Attia RA, Lu D. Numerical solutions of nonlinear fractional Wu–Zhang system for water surface versus three approximate schemes. J Ocean Eng Sci. (2019). doi: 10.1016/j.joes.2019.03.002

 21. Attia RA, Lu D, Khater MMA. Chaos and relativistic energy-momentum of the nonlinear time fractional Duffing equation. Math Comput Appl. (2019) 24:10. doi: 10.3390/mca24010010

 22. Khater M, Attia R, Lu D. Modified auxiliary equation method versus three nonlinear fractional biological models in present explicit wave solutions. Math Comput Appl. (2019) 24:1. doi: 10.3390/mca24010001

 23. Elghobashi S. Direct numerical simulation of turbulent flows laden with droplets or bubbles. Annu Rev Fluid Mech. (2019) 51:217–44. doi: 10.1146/annurev-fluid-010518-040401

 24. Nasiri H, Jamalabadi MYA, Sadeghi R, Safaei MR, Nguyen TK, Shadloo MS. A smoothed particle hydrodynamics approach for numerical simulation of nano–fluid flows. J Therm Anal Calorimetry. (2019) 135:1733–41. doi: 10.1007/s10973-018-7022-4

 25. Knab O, Riedmann H, Ivancic B, Höglauer C, Frey M, Aichner T. Consequences of modeling demands on numerical rocket thrust chamber flow simulation tools. EUCASS Proc Ser. (2019) 11:317–46. doi: 10.1051/eucass/201911317

 26. Khan U, Ellahi R, Khan R, Mohyud-Din ST. Extracting new solitary wave solutions of Benny–Luke equation and Phi-4 equation of fractional order by using (G'/G)-expansion method. Opt Quant Electron. (2017) 49:362. doi: 10.1007/s11082-017-1191-4

 27. Sikander W, Khan U, Ahmed N, Mohyud-Din ST. Optimal solutions for homogeneous and non–homogeneous equations arising in physics. Results Phys. (2017) 7:216–24. doi: 10.1016/j.rinp.2016.12.018

 28. Sikander W, Khan U, Mohyud-Din ST. Optimal solutions for the evolution of a social obesity epidemic model. Eur Phys J Plus. (2017) 132:257. doi: 10.1140/epjp/i2017-11512-y

 29. Mohyud-Din ST, Irshad A, Ahmed N, Khan U. Exact solutions of (3+ 1)-dimensional generalized KP equation arising in physics. Results Phys. (2017) 7:3901–9. doi: 10.1016/j.rinp.2017.10.007

 30. Mohyud-Din ST, Noor MA, Noor KI. Some relatively new techniques for nonlinear problems. Math Probl Eng. (2009) 2009:234849. doi: 10.1155/2009/234849

 31. Tauseef Mohyud-Din S, Yildirim A, Demirli G. Analytical solution of wave system in R n with coupling controllers. Int J Numer. Methods Heat Fluid Flow. (2011) 21:198–205. doi: 10.1108/09615531111105399

 32. Nazir A, Ahmed N, Khan U, Mohyud-din ST. On stability of improved conformable model for studying the dynamics of a malnutrition community. Physica A Stat Mech Appl. (2020) 537:122664. doi: 10.1016/j.physa.2019.122664

 33. Shakeel M, Mohyud-Din ST, Iqbal MA. Modified extended exp-function method for a system of nonlinear partial differential equations defined by seismic sea waves. Pramana. (2018) 91:28. doi: 10.1007/s12043-018-1601-6

 34. Tchier F, Yusuf A, Aliyu AI, Inc M. Soliton solutions and conservation laws for lossy nonlinear transmission line equation. Superlattices Microstruct. (2017) 107:320–36. doi: 10.1016/j.spmi.2017.04.003

 35. Al Qurashi MM, Yusuf A, Aliyu AI, Inc M. Optical and other solitons for the fourth–order dispersive nonlinear Schrödinger equation with dual-power law nonlinearity. Superlattices Microstruct. (2017) 105:183–97. doi: 10.1016/j.spmi.2017.03.022

 36. Yusuf A, Inc M, Bayram M. Invariant and simulation analysis to the time fractional Abrahams–Tsuneto reaction diffusion system. Phys Script. (2019) 94:125005. doi: 10.1088/1402-4896/ab373b

 37. Keskin AÜ. Adomian Decomposition Method (ADM). In: Boundary Value Problems for Engineers. Springer (2019). p. 311–59.

 38. Hamoud AA, Ghadle KP. Modified adomian decomposition method for solving fuzzy volterra-fredholm integral equation. J Indian Math Soc. (2018) 85:53–69. doi: 10.18311/jims/2018/16260

 39. Ali N, Ahmad S, Aziz S, Zaman G. The adomian decomposition method for solving Hiv infection model of latently infected cells. Matrix Sci Math. (2019) 3:5–8. doi: 10.26480/msmk.01.2019.05.08

 40. Moradweysi P, Ansari R, Hosseini K, Sadeghi F. Application of modified Adomian decomposition method to pull–in instability of nano–switches using nonlocal Timoshenko beam theory. Appl Math Model. (2018) 54:594–604. doi: 10.1016/j.apm.2017.10.011

 41. Goss A, Schmidt M, Erdogan E, Görres B, Seitz F. High-resolution vertical total electron content maps based on multi-scale B-spline representations. Ann Geophys. (2019). 37. doi: 10.5194/angeo-2019-32

 42. Penner A. ODF Using a 5-Point B-Spline. In: Fitting Splines to a Parametric Function. Springer (2019). p. 37–42.

 43. Edwards MC, Meyer R, Christensen N. Bayesian nonparametric spectral density estimation using B-spline priors. Stat Comput. (2019) 29:67–78. doi: 10.1007/s11222-017-9796-9

 44. Gavriil K, Schiftner A, Pottmann H. Optimizing B–spline surfaces for developability and paneling architectural freeform surfaces. Comput Aid Design. (2019) 111:29–43. doi: 10.1016/j.cad.2019.01.006

 45. Hepson OE, Korkmaz A, Dag I. Exponential B–spline collocation solutions to the Gardner equation. Int J Comput Math. (2019) 1–14. doi: 10.1080/00207160.2019.1594791

 46. Karakoc SBG, Ucar Y, Yağmurlu N. Numerical solutions of the MRLW equation by cubic B–spline Galerkin finite element method. Kuwait J Sci. (2019) 42:141–59.

 47. Massarwi F, Elber G. A B–spline based framework for volumetric object modeling. Comput Aid Design. (2016) 78:36–47. doi: 10.1016/j.cad.2016.05.003

 48. Qiao B, Zhang X, Luo X, Chen X. A force identification method using cubic B–spline scaling functions. J Sound Vibr. (2015) 337:28–44. doi: 10.1016/j.jsv.2014.09.038

 49. Donatelli M, Garoni C, Manni C, Serra-Capizzano S, Speleers H. Symbol–based multigrid methods for Galerkin B–spline isogeometric analysis. SIAM J Numer Anal. (2017) 55:31–62. doi: 10.1137/140988590

 50. Fey M, Eric Lenssen J, Weichert F, Müller H. SplineCNN: Fast geometric deep learning with continuous B–spline kernels. In: Proceedings of the IEEE Conference on Computer Vision and Pattern Recognition. (2018). p. 869–77.

 51. Baskonus HM, Bulut H, Belgacem FBM. Analytical solutions for nonlinear long–short wave interaction systems with highly complex structure. J Comput Appl Math. (2017) 312:257–66. doi: 10.1016/j.cam.2016.05.035

 52. Aghdaei MF, Adibi H. On some new analytical solutions for the nonlinear long–short wave interaction system. Opt Quant Electron. (2018) 50:100. doi: 10.1007/s11082-018-1361-z

 53. Chan HN, Ding E, Kedziora DJ, Grimshaw R, Chow KW. Rogue waves for a long wave–short wave resonance model with multiple short waves. Nonlinear Dyn. (2016) 85:2827–41. doi: 10.1007/s11071-016-2865-3

 54. Inc M, Aliyu AI, Yusuf A, Baleanu D. On the classification of conservation laws and soliton solutions of the long short-wave interaction system. Mod Phys Lett B. (2018) 32:1850202. doi: 10.1142/S0217984918502020

 55. Baskonus HM, Sulaiman TA, Bulut H. On the exact solitary wave solutions to the long-short wave interaction system. In: ITM Web of Conferences. Vol. 22. EDP Sciences (2018). p. 01063.

Conflict of Interest: The authors declare that the research was conducted in the absence of any commercial or financial relationships that could be construed as a potential conflict of interest.

Copyright © 2020 Qin, Khater, Attia and Lu. This is an open-access article distributed under the terms of the Creative Commons Attribution License (CC BY). The use, distribution or reproduction in other forums is permitted, provided the original author(s) and the copyright owner(s) are credited and that the original publication in this journal is cited, in accordance with accepted academic practice. No use, distribution or reproduction is permitted which does not comply with these terms.












	
	ORIGINAL RESEARCH
published: 31 January 2020
doi: 10.3389/fphy.2019.00241






[image: image2]

Shape-Preservation of the Four-Point Ternary Interpolating Non-stationary Subdivision Scheme

Pakeeza Ashraf1, Mehak Sabir1, Abdul Ghaffar2, Kottakkaran Sooppy Nisar3 and Ilyas Khan4*


1Department of Mathematics, Government Sadiq College Women University, Bahawalpur, Pakistan

2Faculty of Mathematics and Statistics, Ton Duc Thang University, Ho Chi Minh City, Vietnam

3Department of Mathematics, College of Arts and Sciences, Prince Sattam bin Abdulaziz University, Wadi Aldawaser, Saudi Arabia

4Faculty of Mathematics and Statistics, Ton Duc Thang University, Ho Chi Minh City, Vietnam

Edited by:
Mustafa Inc, Firat University, Turkey

Reviewed by:
Amin Jajarmi, University of Bojnord, Iran
 Sunil Kumar, National Institute of Technology, Jamshedpur, India

*Correspondence: Ilyas Khan, ilyaskhan@tdtu.edu.vn

Specialty section: This article was submitted to Mathematical Physics, a section of the journal Frontiers in Physics

Received: 16 October 2019
 Accepted: 18 December 2019
 Published: 31 January 2020

Citation: Ashraf P, Sabir M, Ghaffar A, Nisar KS and Khan I (2020) Shape-Preservation of the Four-Point Ternary Interpolating Non-stationary Subdivision Scheme. Front. Phys. 7:241. doi: 10.3389/fphy.2019.00241



In this paper, we present the shape-preserving properties of the four-point ternary non-stationary interpolating subdivision scheme (the four-point scheme). This scheme involves a tension parameter. We derive the conditions on the tension parameter and initial control polygon that permit the creation of positivity- and monotonicity-preserving curves after a finite number of subdivision steps. In addition, the outcomes are generalized to determine conditions for positivity- and monotonicity-preservation of the limit curves. Convexity-preservation of the limit curve of the four-point scheme is also analyzed. The shape-preserving behavior of the four-point scheme is also shown through several numerical examples.
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1. INTRODUCTION

Subdivision Schemes (SS) are iterative algorithms for constructing smooth curves/surfaces from a given control polygon/mesh. The advantages of such schemes are that they are easy to use, simple to investigate, and highly flexible. The popularity of SS is increasing in various applications such as in computer-aided geometric design, computer graphics, computer animation, signal processing, and commercial industry due to their attractive properties. Shape-preservation of the subdivision curve has significant importance in geometric shape design. Shape-preserving SS are extensively used in the design of curves to manage and predict their shape according to the shape of initial control points. Differential equations are used for mathematical modeling of many phenomena. Different techniques are being used to solve boundary value problems [1] and non-linear problems [2]. In the same way, SS can also be used to solve fractional differential equations such as [3–7].

Rham [8] was the first to present an SS with C0 continuity to attain a smooth curve. Afterward, Chaikin [9] introduced a corner-cutting approximating scheme with C1 continuity. Dyn et al. [10] developed a four-point binary interpolating scheme that is capable of generating a C1-continuous limit curve. Dyn et al. [11] formulated the convexity-preserving property of the famous four-point interpolatory scheme [10] by taking into account that the initial control points are convex. Kuijt and Damme [12] presented a series of local non-linear interpolating schemes that preserve monotonicity. With time, the research community started taking an interest in ternary SS because, by increasing arity from binary to ternary, one can improve the order of continuity of the limit curve without significantly increasing support width [see Beccari et al. [13]]. Hassan et al. [14] constructed a four-point ternary interpolatory scheme with a tension parameter. Cai [15] derived conditions on this parameter to ensure convexity preservation of the limit curve. Pitolli [16] examined the shape-preserving properties of a ternary scheme with bell-shaped masks.

Most of the SS offered in literature are stationary, but this limits the application of the schemes. To reproduce conics, spirals, and polynomial curves, one has to opt for non-stationary schemes. Beccari et al. [17] presented a C1 four-point binary non-stationary interpolating scheme. Akram et al. [18] analyzed the shape-preserving properties of this scheme [17]. Beccari et al. [19] also offered a four-point ternary non-stationary interpolatory scheme with a tension parameter. They showed that the proposed scheme can generate a variety of curves within the C2-continuous range of its tension parameter. Ghaffar et al. [20, 21] introduced odd and even point non-stationary binary SS with a shape parameter for curve design. Ghaffar et al. [22] also presented a new class of 2m−point non-stationary SS with some attractive properties such as torsion, continuity, monotonicity, curvature, and convexity preservation.

This research aims to completely explore the shape-preserving properties of the four-point ternary non-stationary interpolatory scheme [19] (the four-point scheme). We formulate the necessary conditions on the tension parameter of the scheme and initial control points that permit the creation of positivity- and monotonicity-preserving curves after finite iteration levels. Beccari et al. [19] visually demonstrated that, for an initial convex control polygon, the four-point scheme did not generate convex curves. In this regard, we establish the conditions on the tension parameter that prove that the four-point scheme does not generate convexity-preserving limit curves.

The rest of the paper is designed as follows. In section 2, we present the four-point scheme and recall some of its important results. The positivity-preserving and monotonicity-preserving properties of the four-point scheme are proved in sections 3 and 4, respectively. In section 5, the convexity-preserving property of the four-point scheme is discussed. Some numerical examples are given in section 6 to analyze and demonstrate the shape-preserving properties of the four-point scheme. Conclusions are drawn in the last section.



2. THE FOUR-POINT SCHEME

Beccari et al. [19] presented a four-point scheme involving a tension parameter. For given initial control polygon [image: image] and for the set of control points at the jth refinement level [image: image], j ∈ ℕ0: = ℕ ∪ {0}, the control points at the (j + 1)th refinement level can be obtained by the rules:

[image: image]

where,

[image: image]

and,

[image: image]

The four-point scheme (1) generates C2-continuous limit curves for any choice of the initial tension parameter β0 in the interval [−2, +∞[\{−1}. For the initial parameter β0 ∈ [−2, +∞[\{−1}, the recurrence relation in (3) satisfies the property:

[image: image]

Proposition 1.

Given the initial parameter β0 ∈ [−2, +∞[\{−1}, the parameter [image: image] given in (2) satisfies the property:

[image: image]



3. POSITIVITY PRESERVATION

In this section, we discuss the positivity-preserving property of the four-point scheme (1), which can be obtained by taking [image: image] and [image: image], j ∈ ℕ0.

Lemma 2.

Let the initial control points [image: image] be positive, i.e., [image: image], i ∈ ℤ, for any j ∈ ℕ0, such that:

[image: image]

then [image: image], Fj < αj, j ∈ ℕ0, i ∈ ℤ, i.e., the control points generated by the four-point scheme (1) at the jth refinement level are also positive.

Proof.

As [image: image], we have:

[image: image]

The proof of Lemma 2 is obtained by induction on j.

• By hypothesis, the holds for j = 0, i.e., [image: image].

• Suppose, by induction hypothesis [image: image] and Fj < αj, i ∈ ℤ and for some j ∈ ℕ. Now, we prove that [image: image] and Fj+1 < αj.

Obviously, [image: image] and [image: image].

By the definition of the four-point scheme (1), we have:

[image: image]

Consider

[image: image]

As we know that [image: image], it is also clear that [image: image], for [image: image]. This implies that:

[image: image]

In the same way, we can get [image: image], so we have [image: image].

In order to prove Fj+1 < αj, we show that [image: image] and [image: image]. For this, consider:

[image: image]

So, we have:

[image: image]

Since [image: image], it is also clear that [image: image], for [image: image] and [image: image]. This implies that [image: image]. Thus, we have:

[image: image]

Similarly, we can have [image: image] and [image: image]. Thus, it shows that [image: image]. In the same way, it can be shown that [image: image] when [image: image] and [image: image]. Since, [image: image], so Fj+1 < αj.

Lemma 2 examines the positivity-preservation of the four-point scheme (1) for the finite number of j subdivision steps. Henceforth, Theorem 3 is given to build up the positivity-preserving condition in the limiting case, as j → ∞. It can be observed that the parameter [image: image] given in (2) fulfills [image: image]. Thus, [image: image] in Theorem 3, and the proof can be followed from Lemma 2 easily.

Theorem 3.

Suppose that the initial control points [image: image] are positive, with the end goal that:

[image: image]

at that point, the limit curves generated by the four-point scheme (1) are positive.



4. MONOTONICITY PRESERVATION

The monotonicity-preservation property of the four-point scheme (1) which can be obtained by defining the first-order divided difference by [image: image] and taking [image: image] examined in this section.

The next lemma is given to build the monotonicity-preserving condition for the finite number of j subdivision steps.

Lemma 4.

For j ∈ ℕ, suppose that the initial control points [image: image] are strictly monotonically increasing, i.e., [image: image], such that:

[image: image]

Then [image: image] the control points generated by the four-point scheme (1) at the jth subdivision step are still strictly monotonically increasing.

Proof.

First-order divided differences for the four-point scheme (1) can be obtained as:

[image: image]

As [image: image], so it gives

[image: image]

The proof of Lemma 4 proceeds by induction on j.

• By hypothesis, the assertion holds for j = 0, i.e., [image: image]

• Suppose by induction hypothesis [image: image] and Qj ≤ ηj, i ∈ ℤ and for some j ∈ ℕ. Now we prove that [image: image] and Qj+1 ≤ ηj.

To prove [image: image], we show that:

[image: image]

For this consider,

[image: image]

As we know that [image: image], and it is also clear that [image: image], for [image: image] and [image: image]. This implies that,

[image: image]

In the same way, it can be proved that [image: image] and [image: image].

This implies that we have [image: image]. Moreover, to verify Qj+1 ≤ ηj, we show that [image: image] and [image: image]. For this, consider:

[image: image]

thus,

[image: image]

Using (11), as [image: image]. Further, Nm1 of (12) fulfills

[image: image]

Since [image: image], and it is clear that [image: image], for [image: image] and [image: image]. Thus, from (12), we have [image: image] This implies that:

[image: image]

Similarly, it is easy to show that [image: image] and [image: image], which leads to [image: image].

In the same way, it can be proved that [image: image] by showing that [image: image] and [image: image]. Since [image: image], thus Qj+1 ≤ ηj. So, by induction [image: image] and Qj ≤ ηj, i ∈ ℤ, for some j ∈ ℕ.

Lemma 4 examines the monotonicity preservation of the four-point scheme (1) for the finite number of j subdivision steps. Henceforth, Theorem 5 is given to build up the monotonicity-preserving condition in the limiting case, as j → ∞. It can be observed that the parameter [image: image] given in (2) fulfills [image: image] Thus, [image: image] in Theorem 5 and note that the proof can be followed from Lemma 4.

Theorem 5.

Assume that the initial control points [image: image] are strictly monotonicallly increasing, with the end goal that

[image: image]

at that point, the limit curves generated by the four-point scheme (1) are strictly monotonically increasing.



5. CONVEXITY PRESERVATION

In this section, we examine the convexity-preserving property of the four-point scheme (1). Basically, a subdivision scheme satisfies the convexity-preserving property if, for an initial convex control polygon, the limit curves generated by the scheme preserve the convexity of the initial data. For a subdivision scheme, the convexity-preserving property is attained if, at each refinement level, the second-order divided differences of the scheme are all positive. Specifically, for a given jth-level sequence of real values [image: image] located at regularly spaced parameter values [image: image], the second-order divided difference of the scheme is defined by [image: image] and, for convexity preservation, [image: image] holds.

Beccari et al. [19] showed that, for an initial convex control polygon, the four-point scheme (1) fails to generate a convex limit curve when choosing different values of the initial tension parameter β0 in the interval [−2, +∞[\{−1}. In Figures 1A–D, dotted lines show the initial convex polygon and solid lines represent curves generated by the four-point scheme (1) after one iteration level. It is clear from the figure that the scheme does not preserve convexity.


[image: Figure 1]
FIGURE 1. The convexity-preserving limit curves generated by the proposed scheme with the control polygon.


Now, we check whether the condition [image: image] is satisfied by the four-point scheme (1) or not. By taking [image: image], we establish the following result.

Proposition 6.

For j ∈ ℕ, suppose that the initial control points [image: image] are strictly convex, i.e., [image: image], such that

[image: image]

then [image: image] i.e., the points generated by the four-point scheme (1) at the jth subdivision step are not strictly convex.

Proof.

The second-order divided difference of the four-point scheme (1) can be obtained as:

[image: image]

As [image: image], so it gives [image: image] The proof of Proposition 6 proceeds by induction on j.

• By hypothesis, the assertion holds for j = 0, i.e., [image: image]

• Suppose by induction hypothesis [image: image] and Yj ≤ δj, i ∈ ℤ and for some j ∈ ℕ. Now we show that [image: image]. Also, simply, we have [image: image] and [image: image].

To prove [image: image], it is sufficient to show that:

[image: image]

From (15), we have:

[image: image]

As we know that [image: image], and it is also clear that [image: image], for [image: image] and [image: image]. So, we have:

[image: image]

Now consider from (15)

[image: image]

As we know that [image: image], and it is clear that [image: image], for [image: image] and [image: image]. This implies that:

[image: image]

Now consider,

[image: image]

As we know that [image: image], and it is also clear that [image: image], for [image: image] and [image: image]. This implies that:

[image: image]

By combining (15), (16), and (17), we have [image: image], which shows that the four-point scheme (1) does not preserve strict convexity. Some numerical examples are presented to verify and examine the conditions of shape preserving for the 4-point ternary scheme (1). In Examples 1 − 4, the initial set of values is displayed by dotted line segments while the limit curves are marked by solid lines, such that the limit curves generated by the four-point scheme (1) satisfy the shape-preserving condition.

Example 1.

There are several important meteorological data parameters that scientists use for dealing with different climate challenges. Wind velocity data (WVD) is one of them. These data always have a positive value, and the minimum value is ~0. In this example, we choose WVD from Wu et al. [23], as given in Table 1. We use these WVD to demonstrate the positivity-preserving property of the four-point scheme (1). In Figure 2A, the dotted line represents WVD (which is positive) and the solid curve is generated by the four-point scheme (1), which is also positive.


Table 1. Wind data (positive data) [23].

[image: Table 1]


[image: Figure 2]
FIGURE 2. The positivity-preserving curves generated by the four-point scheme (1) for positive initial data.


Example 2.

In this example, we consider experimental data that are quoted from Sarfraz et al. [24]. The proposed data are positive and represent the volume of NaOH vs. HCl in a beaker, as stated in the experimental procedures. These experimental data are presented in Table 2. Figure 2B presents the positivity preservation of the curve generated by the four-point scheme (1). In this figure, the dotted line represents the positive data (which are given in Table 2) and the solid curve is generated by the four-point scheme (1). It is clear that the curve generated by the scheme is also positive.


Table 2. Positive data from Sarfraz et al. [24].

[image: Table 2]

Example 3.

The data given in Table 3 are also experimental data. These data represent the oxygen level from an experiment conducted in the laboratory and are quoted from Butt and Brodlie [25]. We use the proposed data in Figure 3A. In this figure, we find that, by imposing the condition of positivity on the initial data, the four-point scheme (1) is capable of producing a positive curve.


Table 3. Positive data from Butt and Brodlie [25].

[image: Table 3]


[image: Figure 3]
FIGURE 3. The positivity-preserving curves generated by the four-point scheme (1) for positive initial data.


Example 4.

The data in Table 4 are obtained from Hussain and Ali [26]. These data represent the depreciation of the valuation of the market price of computers installed at City Computer Center. The x-coordinate corresponds to the time in years, and the y-coordinate corresponds to the computer price in Rs. 10,000. Figure 3B generated by the four-point scheme (1) indicates the positivity preservation of the curve generated by the scheme.


Table 4. Positive data from Hussain and Ali [26].

[image: Table 4]

Example 5.

The data given in Table 5 represents monotonic data that are obtained from a monotonic function. From Figure 4A we find that by imposing the condition of monotonicity on the initial data, the four-point scheme (1) is capable of producing a monotonically increasing curve.


Table 5. Monotonic data.

[image: Table 5]


[image: Figure 4]
FIGURE 4. The monotonicity-preserving curves generated by the four-point scheme (1) with monotonic initial data.


Example 6.

In this example, we again consider monotonic data from a monotonic function. These data are presented in Table 6. Figure 4B displays the curve generated by the four-point scheme (1). It is clear from the figure that, for an initial monotonic dataset, the scheme produces a monotonic curve.


Table 6. Monotonic data.

[image: Table 6]



6. CONCLUSION

In this paper, we have presented the shape-preserving properties of the four-point scheme (1). We have derived the necessary conditions on the initial control points and tension parameter of the scheme to show that the four-point scheme (1) generates positivity- and monotonicity-preserving curves after a finite number of subdivision steps. We have also shown that, for initial convex data, the proposed scheme does not generate a convex curve. Further, we have generalized these results for the positivity- and monotonicity-preservation of the limit curves. Finally, the discussion is followed by several numerical examples. By using this technique, one can analyze the shape-preserving properties of higher arity interpolation and also approximating schemes.
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This article studies the propagation of rogue waves with a nonautonomous NLSE in the presence of external potential. This model is considered to be an important model for many physical phenomena in quantum mechanics and optical fiber. The obtained waves are of first and second order and are investigated using similarity transformation. The nonlinear dynamic behavior of these waves is also demonstrated with different parameter values for the magnetic and gravity fields. The results show the influence of these fields over density, width, and peak heights. Moreover, the modulation instability is also discussed.
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1. INTRODUCTION

One of the interesting known models with a time-dependent coefficient is the nonautonomous NLSE with a harmonic potential. This is expressed as:

[image: image]

The function q is a wave profile in a homogeneous nonlinear medium, α(t) is the dispersion coefficient, β(t) is the measure of the Kerr nonlinearity, γ(t) is considered as the distributed gain/loss coefficient, and the harmonic potential is given by ω(t)r2/2. This model describes many physical phenomena in nonlinear sciences.

This article studies the first- and second-order rogue wave solutions. It is a single giant wave whose amplitude is two to three times higher than those of the surrounding waves. The interesting fact regarding this wave is that it appears from nowhere and disappears without a trace. The similarity transformation (ST) is utilized to construct the solutions. These waves are also found in deep and shallow water and, beyond oceanic expanses, in optical fibers [1–8], super fluids, and so on [9–18]. In recent times, the theoretical study of these kinds of waves has become an interesting part of the field of nonlinear sciences [19–34]. The following section deals with the extraction of wave solutions with ST.



2. ROGUE WAVE SOLUTIONS

The envelope field q is considered in the following form [33]:

[image: image]

where qR, qI, q, and ϕ are all dependent functions of x and t, while the intensity is defined by:

[image: image]

The use of Equations (2)–(3) in (1) yields an equation with variable coefficients. After solving and simplification, we can split this equation into its real and imaginary equations. For the real functions qR, qI, and ϕ, which depend on x and t, the variables ξ(x, t) and τ(t) are introduced. Thus, the new transformations for qR, qI, and ϕ are constructed in this manner: qR = A(t) + B(t)P(ξ(x, t), τ(t)), qI = C(t) + D(t)Q(ξ(x, t), τ(t)), and ϕ = ζ(x, t) + λ τ(t), where λ is a constant. Substituting this new transformation into the real and imaginary part equations, the following equations are obtained:

[image: image]

[image: image]

Simplifying the above equations, we perform the similarity reduction in the following way.

[image: image]

[image: image]

[image: image]
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where ξ(x, t), ζ(x, t), A(t), B(t), C(t), D(t), P(ξ, τ), and Q(ξ, τ) are different functions and are determined later. After algebraic computation, the above equations produce the following results.

[image: image]
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where a0, b, and d are constants, and C = 0. The variables τ(t) and β(t) are given by

[image: image]

[image: image]

To further reduce to Equations (4) and (5) to the partial differential equations, we require

[image: image]
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According to the direct method, we obtain the first-order rational solution

[image: image]

where [image: image]. Moreover, the second-order solution is obtained as

[image: image]
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The direct reduction solution is considered in the following form:

[image: image]

where ξ(x, t), ζ(x, t), A(t), τ(t), P(ξ, τ), and Q(ξ, τ) are expressed by the relations given in Equations (12), (14)–(16), and (20), respectively.

The rogue wave solution of first order to Equation (1) can be obtained using Equations (20) and (25); thus, after simplification, we may have the following form:

[image: image]

whose amplitude can be written as

[image: image]

The rogue wave (rational-like) solution of second order to Equation (1) can be obtained using Equations (21) and (25); thus, after simplification, we may have the following form:

[image: image]

whose intensity is written as

[image: image]

The following section discusses the dynamical behavior of waves.



3. DYNAMICAL BEHAVIOR OF WAVES

The behavior of constructed waves is demonstrated using the relation δ(t) = b + l cos(ωt). The first term on the right-hand side represents the gravity field (GF) b = δmg with the real parameter δ, and the second term on the same side is the external magnetic field (EMF) and is given by l cos(ωt).

There are two possibilities for the occurrence of the waves in the presence of GF. The first is that when the GF (i.e., b ≠ 0 and l = 0) is acting, and the second is that when both the GF and EMF are present (i.e., b ≠ 0 and l ≠ 0).

Now, we discuss the first possibility for nonlinear dynamical behavior, when there is only the GF. Say δ(t) = b, and the amplitude (corresponding to l = 0) is given by the following relation:

[image: image]

The behavior of the second-order rogue wave is considered when there is only the GF. Then, the value of δ(t) = b, so the amplitude (corresponding to l = 0) is given by

[image: image]



4. ANALYSIS OF MODULATION INSTABILITY

In this section, we study the modulation instability (MI). The linear stability analysis technique [34] has been applied, and we suppose that Equation (1) has the perturbed steady-state (PSS) solution in the following form:

[image: image]

where χ < < P, P is the incident optical power, and φNL is the phase component. The perturbation χ(x, t) is examined by using linear stability analysis. Now, we substitute Equation (32) into Equation (1) and, after linearizing it, we obtain

[image: image]

where “*” denotes a complex conjugate. Consider that the solution of Equation (33) has of the form

[image: image]

where ν and k are the frequency of perturbation and normalized wave number, respectively. After putting Equation (34) into Equation (33) and by separating the obtained equation into its real and imaginary parts, we get the dispersion relation:

[image: image]

The dispersion relation given in Equation (35) has the following solutions in terms of frequency ν after taking the modulus of the above equation. We have

[image: image]

The above dispersion relation determines the PSS stability, and that depends on the harmonic potential or distributed gain (loss) coefficient of the model. If the frequency ν has an imaginary part, the PSS solution is unstable since the perturbations grow exponentially. On the other hand, if ν is real, then the PSS solution is stable against small perturbations. The necessary condition for the existence of MI is

[image: image]

or

[image: image]

The MI gain spectrum is given as

[image: image]

The MI is significantly affected by P. If P is increased, the growth rate of MI will appear to disperse.



5. GRAPHICAL RESULTS AND DISCUSSION

The graphical representation of the amplitude defined by Equation (30) considering a0 = 1, α = t, and γ(t) = sin3(0.005t) is depicted in Figures 1A,B, with the values of only GF b (0.5 and 0.79) and δ0 (0.5 and 0.61). The graph with the maximum peak can be obtained at b = 0.5 and δ0 = 0.5. For the second possibility, when the GF and the EMF are both present, we discuss the graphical behavior of the solutions. For this, let us consider [image: image], [image: image] and [image: image], and δ(t) = 0.1 + 1.2 cos(0.1t) and [image: image]. The graphical representations are demonstrated in Figures 1C–E, respectively.


[image: Figure 1]
FIGURE 1. 3D graphical representations of first-order rogue waves. (A) b = 0.5 and δ0(t) = 0.5, (B) b = 0.79 and δ0(t) = 0.61, (C) [image: image] and δ(t) = 0.7 + 0.9 cos(0.1t), (D) [image: image] and δ(t) = 0.86 + 1.2 cos(0.1t), and (E) [image: image], δ(t) = 0.1 + 1.2 cos(0.1t), and [image: image].


The results show that there are no different effects of GF on first- and second-order rogue waves. Graphical representations of the amplitude given by Equation (31) at a0 = 1 and γ(t) = sin3(0.005t) with different values of GF and δ0(t) is depicted in Figures 2A–C. Six small peaks appear around the one high peak of the second-order solution. Graphical representations of second-order rogue waves with both GF and EMF are also shown in Figures 2D–F.


[image: Figure 2]
FIGURE 2. 3D graphical representations of second-order waves. (A) δ(t) = 0.5 and δ0(t) = 0.1, (B) δ(t) = 0.4 and δ0(t) = 0.1, (C) δ(t) = 0.7 and δ0(t) = 0.2 exp(sech(0.2t)), (D) δ(t) = 0.5sech(0.2t) and δ0(t) = 0.5 exp(sech(0.2t)), (E) δ(t) = 0.5 + 1.2 cos(0.005t) and [image: image], and (F) δ(t) = 0.1 + 1.2 cos(0.1t) and [image: image].


Graphical representations of the amplitudes given by equation (30) at a0 = 1 and γ(t) = t are depicted in Figures 3A–D with the different parameter values. The curves in Figures 3A,B are formed under the GF, and those in Figures 3C,D are formed when both the GF and EMF are present.


[image: Figure 3]
FIGURE 3. 3D graphical representations of first-order rogue waves. The figures correspond with (A) b = 1.3, δ0(t) = exp(0.5 + 0.5 cos t) and α = tan2(0.02t), (B) b = 1.5, δ0(t) = exp(0.05 + 0.5 cos t) and α = tan2(0.02t), (C) δ(t) = 1.4 + 0.05 cos t, δ0(t) = exp(0.002 + 0.4 cos t) and α = tan2(0.02t), and (D) δ(t) = 1.3 + 0.01 cos t, δ0(t) = exp(0.05 + 0.5 cos t), and α = tan2(0.02t).


Graphical representations of the amplitude given by Equation (31) at a0 = 1 and γ(t) = t with different values of GF and δ0(t) are depicted in Figures 4A,B. Small lumps appear in the graph of the second-order solution. Graphical demonstrations of second-order rogue waves with both GF and EMF are shown in Figures 4C,D.


[image: Figure 4]
FIGURE 4. 3D graphical representations of second-order rogue waves. These are constructed with (A) b = 0.9, δ0(t) = 0.001t and α = 5 tan2(0.05t), (B) b = 0.9, δ0(t) = 0.001t and α = 5 tan2(0.05t), (C) δ(t) = 1.5 + 0.4 cos t, δ0(t) = 0.001t and α = 25 tan2(0.05t), and (D) δ(t) = 1.5 + 0.001 cos t, δ0(t) = 0.001t and α = 35 tan2(0.05t).




6. CONCLUSION

This article studies the construction of rogue waves in NLSE with a variable coefficient in the presence of harmonic potential. The graphical demonstration shows that the dynamical behavior of waves under the influence of gravity and magnetic fields in linear potential. It is observed that in the presence of GF, the density remains constant, while peak height and width remain invariant. The obtained solutions are of first and second order and are constructed using the ST approach. Moreover, the MI is calculated and is significantly affected by incident optical power.
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The generalized fractional integrations of the generalized Mittag-Leffler type function (GMLTF) are established in this paper. The results derived in this paper generalize many results available in the literature and are capable of generating several applications in the theory of special functions. The solutions of a generalized fractional kinetic equation using the Sumudu transform is also derived and studied as an application of the GMLTF.
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1. INTRODUCTION

The Pochhammer symbol (ϖ)n is defined by (for ϖ ∈ ℂ)[see ([1], p. 2 and p. 5)]:

[image: image]

The familiar generalized hypergeometric function pFq is defined as follows (see [2]):

[image: image]

where (ϖj)n and (χj)n given in (1) and χi can not be a negative integer or zero. Here p or q or both are permitted to be zero. For all finite x, the series (2) is absolutely convergent if p ≤ q and for |x| < 1 if p = q + 1. When p > q + 1, then the series diverge for x ≠ 0 and the series does not terminate.

In particular, if p = 2 and q = 1, (2) reduces to the Gaussian hypergeometric function

[image: image]

The function rΨs(z) is the generalized Wright hypergeometric series which is given by

[image: image]

where 𝔞i, 𝔟j ∈ ℂ, and real ϖi, χj ∈ ℝ (i = 1, 2, …, r; j = 1, 2, …, s). The asymptotic behavior of (4) for large values of argument of z ∈ ℂ were mentioned in [3, 4] (also, see [5, 6]).

To proceed our study, we need the definitions of the Mittag-Leffler functions (MLF) denoted by Eϖ(z) (see [7]) and Eϖ, χ(x) [8], respectively:

[image: image]

[image: image]

Many more generalizations and extensions of MLF widely studied recently [9, 10]. Also, the MLF performs an important role in physics and engineering problems. The derivations of physical problems of exponential nature could be governed by the physical laws through the MLF (power-law) [11–13].

Very recently, Nisar [14] defined a generalized Mittag-Leffler type function which is defined as follows

For ρ, σ, ς ∈ ℂ, ℜ(κ) > 0, δ ≠ 0, −1, −2, ⋯ , (κ)s and (ω)s denotes the Pochammer symbol.

[image: image]

By assuming particular values for various parameters in (7), we get many of the popular functions in the literature. For example, [image: image] gives the K− function [15] and [image: image] turns to [image: image] [16]. Also, [image: image] reduces to [image: image] [17] and [image: image] gives the Mittag-Leffler function Eρ, σ(z) [8]. Similar way, [image: image] turns to the Mittag-Leffler functions Eρ(z) [7]. For more details one can be referred to Nisar [14].



2. GENERALIZED FRACTIONAL INTEGRATION OF GMLTF

Fractional calculus is one of the prominent branch of applied mathematics that deals with non-integer order derivatives and integrals (including complex orders), and their applications in almost all disciplines of science and engineering [18–22]. In this line, the use of special functions in connection with fractional calculus also studied widely [23–27]. For the basics of fractional calculus and its related literature, interesting readers can be referred to as Kiryakova [28], Miller and Ross [29], and Srivastava et al. [30]. In this paper, we studied the generalized fractional calculus of more generalized function given in (7). The generalized fractional integral operators (FIOs) involving the Appell functions F3 are given for ϖ, ϖ′, τ, τ′, ϵ ∈ ℂ with ℜ(ϵ) > 0 and x ∈ ℝ+as follows:

[image: image]

and

[image: image]

The integral operators of the types (8) and (9) have been introduced by Marichev [31] and later extended and studied by Saigo and Maeda [32]. Recently, many researchers (see [33–35]) have studied the image formulas for MSM FIOs involving various special functions.

The corresponding fractional differential operators (FDOs) have their respective forms:

[image: image]

and

[image: image]

Here, we recall the following results (see [32, 36]).

LEMMA 2.1. Let ϖ, ϖ′, τ, τ′, ϵ, σ ∈ ℂ be such that ℜ(ϵ) > 0 and

[image: image]

Then there exists the relation

[image: image]

LEMMA 2.2. Let ϖ, ϖ′, τ, τ′, ϵ, σ ∈ ℂ such that ℜ(ϵ) > 0 and

[image: image]

Then

[image: image]

The main aim of this paper is to apply the generalized operators of fractional calculus for the GMLTF in order to get certain new image formulas.


2.1. Sumudu Transform

The Sumudu transform is widely used to solve various type of problems in science and engineering and it is introduced by Watugala (see [37, 38]). The details of Sumudu transforms, properties, and its applications the interesting readers can be refer to Asiru [39], Belgacem et al. [40], and Bulut et al. [41].

The Sumudu transform over the set functions

[image: image]

is defined by

[image: image]

The main aim of this study is to establish the generalized fractional calculus operators and the generalized FKEs involving GMLTF.

Theorem 2.1. Let η, η′, χ, χ′, ϵ, τ, ϖ, λ, γ ∈ ℂ, ℜ(κ) > 0, δ ≠ 0, −1, −2, ⋯ , such that ℜ(τ) > max{0, ℜ(η + η′ − χ − ϵ), ℜ(η′ − χ′)}. Then

[image: image]

Proof. Applying the definition (7) on the left hand side (l.h.s) of Theorem 2.1,

[image: image]

Changing the order of integration and summation gives

[image: image]

Applying Lemma 2.1, we get

[image: image]

Using Γ(x + κ) = (x)kΓ(x), we have

[image: image]

In view of (4), we reached the required result.□

Theorem 2.2. Let η, η′, χ, χ′, ϵ, τ, ϖ, λ, γ ∈ ℂ, ℜ(κ) > 0, δ ≠ 0, − 1, −2, ⋯ , such that ℜ(τ) > max{ℜ(χ), ℜ(−η − η′ + ϵ), ℜ(−η − χ′ + ϵ)}. Then

[image: image]

Proof. Applying the definition (7) on the left hand side (l.h.s) of Theorem 2.2,

[image: image]

Changing the order of integration and summation gives

[image: image]

Applying Lemma 2.2, we get

[image: image]

Using Γ(x + r) = (x)rΓ(x), we have

[image: image]

In view of (4), we reached the required result.□

The following corollaries can derive immediately from Theorems 2.1 and 1.2 with the help of Pochhammer symbol

Corollary 2.1. Let δ = λ = 1 in Theorem 2.1, we get

[image: image]

Corollary 2.2. If δ = λ = 1 in Theorem 2.1, then

[image: image]

In the next section, we derived the generalized FKEs and we consider the Sumudu transform methodology to achieve the results.




3. GENERALIZED FRACTIONAL KINETIC EQUATIONS INVOLVING GMLTF

The generalized fractional kinetic equations (FKEs) involving the GMLTF with the Sumudu transform is derived in this section. The FKEs are studied widely in many papers [42–45].

Let 𝔎 = (𝔎t) be the arbitrary reaction defined by a time-dependent quantity. The destruction 𝔡 and production 𝔭 depend on the quantity 𝔎 itself: 𝔡 = 𝔡(𝔎) or 𝔭 = 𝔭(𝔎) [see [42]]. The fractional differential equation can be expressed by

[image: image]

where 𝔎t described by [image: image] (see, [42]). A special case of (15) is

[image: image]

with 𝔎i(t = 0) = 𝔎0, 𝔠i > 0 and the solution of (16) is

[image: image]

Performing the integration of (16) leads to

[image: image]

where [image: image] is the particular case of Riemann–Liouville (R-L) integral operator and 𝔠 is a constant. The fractional form of (18) is (see [42])

[image: image]

where [image: image] is given by

[image: image]

Theorem 3.1. For ϖ, λ, γ ∈ ℂ, δ ≠ 0, −1, −2, ⋯ , d > 0, ϵ > 0 then the solution of

[image: image]

is given by

[image: image]

Proof. The Sumudu transform (ST) of the R-L fractional operator is

[image: image]

where G(u) is defined in (14). Now, applying the ST on the both sides of (21) and using (7) and (23), we have

[image: image]

which gives

[image: image]

which implies that

[image: image]

After some simple calculation, we get

[image: image]

The inverse ST of (27) and using the formula [image: image], ℜ(ϵ) > 0 gives

[image: image]

In view of the Mittag-Leffler function definition, we arrived the needful result.

Theorem 3.2. For ϖ, λ, γ ∈ ℂ, δ ≠ 0, −1, −2, ⋯ , d > 0, ϵ > 0 then the equation

[image: image]

have the following solution

[image: image]

Proof. Applying the Sumudu transform on the both sides of (29)

[image: image]

and using (7) and (23), we get

[image: image]

which gives

[image: image]

which can be simplified as

[image: image]

Taking the Sumudu inverse of (34) and using [image: image], we get

[image: image]

In view of the definition of the Mittag-Leffler function, we get the required result.□

Theorem 3.3. For ϖ, λ, γ ∈ ℂ, δ ≠ 0, −1, −2, ⋯ , d > 0, ϵ > 0 and a ≠ d then the equation

[image: image]

have the following solution

[image: image]

Proof. Applying the Sumudu transform on the both sides of (36)

[image: image]

and using (7) and (23), we get

[image: image]

which gives

[image: image]

which can be simplified as

[image: image]

Taking the Sumudu inverse of (41) and using [image: image], we get

[image: image]

In view of the definition of the Mittag-Leffler function, we get the required result.□

If we take δ = 1 in Theorem 1.3, we get the generalized FKE involving K − function as follows:

Corollary 3.1. For ϖ, λ, γ ∈ ℂ, δ ≠ 0, −1, −2, ⋯ , d > 0, ϵ > 0 then

[image: image]

is given by

[image: image]

If we take δ = 1, p = q = 0 in Theorem 3.1, we have the generalized FKE involving the Prabhakar function:

Corollary 3.2. For ϖ, λ, γ ∈ ℂ, δ ≠ 0, −1, −2, ⋯ , d > 0, ϵ > 0 then

[image: image]

is given by

[image: image]

If we choose δ = 1, p = q = 0 and γ = 1 in Theorem 3.1, then the generalized FKE involving the Wiman function:

Corollary 3.3. For ϖ, λ ∈ ℂ, δ ≠ 0, −1, −2, ⋯ , d > 0, ϵ > 0 then

[image: image]

is given by

[image: image]

If we choose δ = 1, p = q = 0 and γ = 1 in Theorem 3.1, then we get the generalized FKE involving the Mittag-Leffler function:

Corollary 3.4. For ϖ ∈ ℂ, δ ≠ 0, −1, −2, ⋯ , d > 0, ϵ > 0 then

[image: image]

is given by

[image: image]

Remark 3.1. By choosing the suitable parameters in Theorems 3.2 and 3.3, one can derive the generalized FKEs of GMLTF as similar as above corollaries.



4. CONCLUSION

The generalized fractional integrations of the generalized Mittag-Leffler type function is studied in this paper. The obtained results are expressed in terms of the generalized Wright hypergeometric function and generalized hypergeometric functions. To show the potential application of GMLTF, the solutions of fractional kinetic equations are derived with the help of Sumudu transform. The results obtained in this study have significant importance as the solution of the equations are general and can derive many new and known solutions of FKEs involving various type of special functions.
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The main objective of this paper is to develop a novel framework to study a new fractional operator depending on a parameter [image: image] > 0, known as the generalized [image: image]-fractional integral operator. To ensure appropriate selection and with the discussion of special cases, it is shown that the generalized [image: image]-fractional integral operator generates other operators. Meanwhile, we derived notable generalizations of the reverse Minkowski inequality and some associated variants by utilizing generalized [image: image]-fractional integrals. Moreover, two novel results correlate with this inequality, and other variants associated with generalized [image: image]-fractional integrals are established. Additionally, this newly defined integral operator has the ability to be utilized for the evaluation of many numerical problems.
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1. INTRODUCTION

Fractional calculus is truly considered to be a real-world framework, for example, a correspondence framework that comprises extravagant interfacing, has reliant parts that are utilized to achieve a bound-together objective of transmitting and getting signals, and can be portrayed by utilizing complex system models (see [1–8]). This framework is considered to be a mind-boggling system, and the units that create the whole framework are viewed as the hubs of the intricate system. An attractive characteristic of this field is that there are numerous fractional operators, and this permits researchers to choose the most appropriate operator for the sake of modeling the problem under investigation (see [9–13]). Besides, because of its simplicity in application, researchers have been paying greater interest to recently introduced fractional operators without singular kernels [2, 14, 15], after which many articles considering these kinds of fractional operators have been presented. These techniques had been developed by numerous mathematicians with a barely specific formulation, for instance, the Riemann-Liouville (RL), the Weyl, Erdelyi-Kober, Hadamard integrals, and the Liouville and Katugampola fractional operators (see [16–18]). On the other hand, there are numerous approaches to acquiring a generalization of classical fractional integrals. Many authors have introduced new fractional operators generated from general classical local derivatives (see [9, 19, 20]) and the references therein. Other authors have introduced a parameter and enunciated a generalization for fractional integrals on a selected space. These are called generalized [image: image]-fractional integrals. For such operators, we refer to Mubeen and Habibullah [21] and Singh et al. [22] and the works cited in them. Inspired by these developments, future research can bring revolutionary thinking to provide novelties and produce variants concerning such fractional operators. Fractional integral inequalities are an appropriate device for enhancing the qualitative and quantitative properties of differential equations. There has been a continuous growth of interest in several areas of science: mathematics, physics, engineering, amongst others, and particularly, initial value problems, linear transformation stability, integral-differential equations, and impulse equations [23–30].

The well-known integral inequality, as perceived in Dahmani [31], is referred to as the reverse Minkowski inequality. In Nisar et al. [32, 33], the authors investigated numerous variants of extended gamma and confluent hypergeometric [image: image]-functions and also established Gronwall inequalities involving the generalized Riemann-Liouville and Hadamard [image: image]-fractional derivatives with applications. In Dahmani [25], Dahmani explored variants on intervals that are known as generalized [image: image]-fractional integral operators for positive continuously decreasing functions for a certain family of n(n ∈ ℕ). In Chinchane and Pachpatte [34], the authors obtained Minkowski variants and other associated inequalities by employing Katugampola fractional integral operators. Recently, some generalizations of the reverse Minkowski and associated inequalities have been established via generalized [image: image] fractional conformable integrals by Mubeen et al. in [35]. Additionally, Hardy-type and reverse Minkowski inequalities are supplied by Bougoffa [36]. Aldhaifallah et al. [37], explored several variants by employing the [image: image]-fractional integral operator.

In the present paper, the authors introduce a parameter and enunciate a generalization for fractional integrals on a selected space, which we name generalized [image: image]-fractional integrals. Taking into account the novel ideas, we provide a new version for reverse Minkowski inequality in the frame of the generalized [image: image]-fractional integral operators and also provide some of its consequences that are advantageous to current research. New outcomes are introduced, and new theorems relating to generalized [image: image]-fractional integrals are derived that correlate with the earlier results.

The article is composed as follows. In the second section, we demonstrate the notations and primary definitions of our newly described generalized [image: image]-fractional integrals. Also, we present the results concerning reverse Minkowski inequality. In the third section, we advocate essential consequences such as the reverse Minkowski inequality via the generalized [image: image]-fractional integral. In the fourth section, we show the associated variants using this fractional integral.



2. PRELUDE

In this section, we demonstrate some important concepts from fractional calculus that play a major role in proving the results of the present paper. The essential points of interest are exhibited in the monograph by Kilbas et al. [20].

Definition 2.1. ([9, 20]) A function [image: image] is said to be in Lp, u[0, ∞] space if

[image: image]

For r = 0,

[image: image]

Definition 2.2. ([38]) “Let [image: image] and Ψ be an increasing and positive monotone function on [0, ∞) and also derivative Ψ′ be continuous on [0, ∞) and Ψ(0) = 0. The space [image: image] of those real-valued Lebesgue measureable functions [image: image] on [0, ∞) for which

[image: image]

and for the case p = ∞

[image: image]

In particular, when Ψ(λ) = λ (1 ≤ p < ∞), the space [image: image] matches with the Lp[0, ∞)-space and, furthermore, if we take Ψ(λ) = ln λ (1 ≤ p < ∞), the space [image: image] concurs with Lp, u[1, ∞)-space.

Now, we present a new fractional operator that is known as the generalized [image: image]-fractional integral operator of a function in the sense of another function Ψ.

Definition 2.3. Let [image: image] and let Ψ be an increasing positive monotone function defined on [0, ∞), containing continuous derivative Ψ′(λ) on [0, ∞) with Ψ(0) = 0. Then, the left- and right-sided generalized [image: image]-fractional integral operators of a function [image: image] in the sense of another function Ψ of order η > 0 are stated as:

[image: image]

and

[image: image]

where ρ ∈ ℂ, ℜ(ρ) > 0, and [image: image] is the [image: image]-Gamma function introduced by Daiz and Pariguan [39].

Remark 2.1. Several existing fractional operators are just special cases of (2.1) and (2.2).

(1) Choosing [image: image], it turns into the both sided generalized RL-fractional integral operator [20].

(2) Choosing Ψ(λ) = λ, it turns into the both-sided [image: image]-fractional integral operator [21].

(3) Choosing Ψ(λ) = λ along with [image: image], it turns into the both-sided RL-fractional integral operators.

(4) Choosing Ψ(λ) = logλ along with [image: image], it turns into the both-sided Hadamard fractional integral operators [9, 20].

(5) Choosing [image: image] along with [image: image], it turns into the both-sided Katugampola fractional integral operators [17].

(6) Choosing [image: image] along with [image: image], it turns into the both-sided conformable fractional integral operators defined by Jarad et al. [2].

(7) Choosing [image: image] along with [image: image], it turns into the both-sided generalized conformable fractional integrals defined by Khan et al. [40].

Definition 2.4. Let [image: image] and let Ψ be an increasing positive monotone function defined on [0, ∞), containing continuous derivative Ψ′(λ) in [0, ∞) with Ψ(0) = 0. Then, the one-sided generalized [image: image]-fractional integral operator of a function [image: image] in the sense of another function Ψ of order η > 0 is stated as:

[image: image]

where [image: image] is the [image: image]-Gamma function.

In Set et al. [41] proved the Hermite-Hadamard and reverse Minkowski inequalities for an RL-fractional integral. The subsequent consequences concerning the reverse Minkowski inequalities are the motivation of work finished to date concerning the classical integrals.

Theorem 2.5. Set et al. [41] For s ≥ 1, let [image: image] be two positive functions on [0, ∞). If [image: image], then

[image: image]

Theorem 2.6. Set et al. [41] For s ≥ 1, let [image: image] be two positive functions on [0, ∞). If [image: image], then

[image: image]

In Dahmani [31], introduced the subsequent reverse Minkowski inequalities involving the RLFI operators.

Theorem 2.7. Dahmani [31] For ρ ∈ ℂ, ℜ(ρ) > 0, s ≥ 1, and let [image: image] be two positive functions on [0, ∞) such that, for all [image: image] If [image: image] then

[image: image]

Theorem 2.8. Dahmani [31] For ρ ∈ ℂ, ℜ(ρ) > 0, s ≥ 1, and let [image: image] be two positive functions on [0, ∞) such that, for all [image: image] If [image: image] then

[image: image]



3. REVERSE MINKOWSKI INEQUALITY VIA GENERALIZED [image: image]-FRACTIONAL INTEGRALS

Throughout the paper, it is supposed that all functions are integrable in the Riemann sense. Also, this segment incorporates the essential contribution for obtaining the proof of the reverse Minkowski inequality via the newly described generalized [image: image]-fractional integrals defined in section (2.4).

Theorem 3.1. For [image: image] and s ≥ 1, and let two positive functions [image: image] be defined on [0, ∞). Assume that Ψ is an increasing positive monotone function on [0, ∞) having derivative Ψ′ and is continuous on [0, ∞) with Ψ(0) = 0 such that, for all [image: image] and [image: image] If [image: image] for ς, Ω ∈ ℝ+ and for all η ∈ [0, λ], then

[image: image]

with [image: image]

Proof: Under the given conditions [image: image] it can written as

[image: image]

which implies that

[image: image]

If we multiply both sides of (3.2) by [image: image] and integrate w.r.t η over [0, λ], one obtains

[image: image]

Accordingly, it can be written as

[image: image]

In contrast, as [image: image], it follows

[image: image]

Again, taking the product of both sides of (3.5) with [image: image] and integrating w.r.t η over [0, λ], we obtain

[image: image]

□

The desired inequality (3.1) can be obtained from 3.4 and 3.6.

Inequality (3.1) is referred to as the reverse Minkowski inequality related to the generalized [image: image]-fractional integral.

Theorem 3.2. For [image: image] and s ≥ 1, let two positive functions [image: image] be defined on [0, ∞). Assume that Ψ is an increasing positive monotone function on [0, ∞) having derivative Ψ′ and is continuous on [0, ∞) with Ψ(0) = 0 such that, for all [image: image] and [image: image] If [image: image] for ς, Ω ∈ ℝ+ and for all η ∈ [0, λ], then

[image: image]

with [image: image]

Proof: Multiplying 3.4 and 3.6 results in

[image: image]

Involving the Minkowski inequality, on the right side of (3.8), we get

[image: image]

From 3.9, we conclude that

[image: image]

□



4. CERTAIN ASSOCIATED INEQUALITIES VIA THE GENERALIZED [image: image]-FRACTIONAL INTEGRAL OPERATOR

Theorem 4.1. For [image: image] and let two positive functions [image: image] be defined on [0, ∞). Assume that Ψ is an increasing, positive monotone function on [0, ∞) having derivative Ψ′ and is continuous on [0, ∞) with Ψ(0) = 0 such that, for all [image: image] and [image: image] If [image: image] for ς, Ω ∈ ℝ+ and for all η ∈ [0, λ], then

[image: image]

Proof: Under the given condition [image: image] it can be expressed as

[image: image]

which implies that

[image: image]

Taking the product of both sides of (4.2) by [image: image] we are able to rewrite it as follows:

[image: image]

Multiplying both sides of (4.3) with [image: image] and integrating w.r.t η over [0, λ], one obtains

[image: image]

As a consequence, we can rewrite as follows

[image: image]

Similarly, as [image: image] it follows that

[image: image]

Again, taking the product of both sides of (4.6) by [image: image] and using the relation [image: image] gives

[image: image]

If we multiply both sides of (4.7) by [image: image] and integrate w.r.t η over [0, λ], we obtain

[image: image]

□

Finding the product between (4.5) and (4.8) and using the relation [image: image] we get the desired inequality (4.1).

Theorem 4.2. For [image: image], and let two positive functions [image: image] be defined on [0, ∞). Assume that Ψ is an increasing, positive monotone function on [0, ∞) having derivative Ψ′ and is continuous on [0, ∞) with Ψ(0) = 0 such that, for all [image: image] and [image: image] If [image: image] for ς, Ω ∈ ℝ+ and for all η ∈ [0, λ], then

[image: image]

with [image: image] and [image: image]

Proof: Under the assumptions, we have the subsequent identity:

[image: image]

Multiplying both sides of (4.10) by [image: image] and integrating w.r.t η over [0, λ], one obtains

[image: image]

Accordingly, it can be written as

[image: image]

In contrast, as [image: image] it follows

[image: image]

Again, taking the product of both sides of (4.13) with [image: image] and integrating w.r.t η over [0, λ], one obtains

[image: image]

Considering Young's inequality,

[image: image]

If we multiply both sides of (4.15) with [image: image] and integrate w.r.t η over [0, λ], we obtain

[image: image]

Invoking (4.12) and (4.14) into (4.16), we obtain

[image: image]

Using the inequality (μ + ν)z ≤ 2z−1(μz + νz), z > 1, μ, ν > 0, one obtains

[image: image]

and

[image: image]

The desired (4.9) can be established from (4.17), (4.18) and (4.19) jointly.

Theorem 4.3. For [image: image] and let two positive functions [image: image] be defined on [0, ∞). Assume that Ψ is an increasing positive monotone function on [0, ∞) having derivative Ψ′ and is continuous on [0, ∞) with Ψ(0) = 0 such that, for all [image: image] and [image: image] If [image: image] for ς, Ω ∈ ℝ+ and for all η ∈ [0, λ], then

[image: image]

Proof: Using the hypothesis 0 < ζ < ς ≤ Ω, we get

[image: image]

It can be concluded that

[image: image]

Further, we have that

[image: image]

implies that

[image: image]

Again, we have that

[image: image]

implies that

[image: image]

If we multiply both sides of (4.21) with [image: image] and integrate w.r.t η over [0, λ], we obtain

[image: image]

Accordingly, it can be written as

[image: image]

In a similar way with (4.22), one obtains

[image: image]

□

The desired inequality (4.20) can be established by adding (4.23) and (4.24).

Theorem 4.4. For [image: image] and let two positive functions [image: image] be defined on [0, ∞). Assume that Ψ is an increasing positive monotone function on [0, ∞) having derivative Ψ′ and is continuous on [0, ∞) with Ψ(0) = 0 such that, for all [image: image] and [image: image] If [image: image] and [image: image] for ς, Ω ∈ ℝ+ and for all η ∈ [0, λ], then

[image: image]

with [image: image]

Proof: Under the assumptions, it pursues that

[image: image]

Taking the product between (4.26) and [image: image] we have

[image: image]

From (4.27), we get

[image: image]

and

[image: image]

If we multiply both sides of (4.28) with [image: image] and integrate w.r.t η over [0, λ], we obtain

[image: image]

Likewise, it can be composed as

[image: image]

In the same way with (4.29), we have

[image: image]

□

The desired inequality (4.25) can be established by adding (4.30) and (4.31).

Theorem 4.5. For [image: image] and let two positive functions [image: image] be defined on [0, ∞). Assume that Ψ is an increasing positive monotone function on [0, ∞) having derivative Ψ′ and is continuous on [0, ∞) with Ψ(0) = 0 such that, for all [image: image] and [image: image] If [image: image] for ς, Ω ∈ ℝ+ and for all η ∈ [0, λ], then

[image: image]

Proof: Using [image: image] it follows that

[image: image]

Also, it follows that [image: image] which yields

[image: image]

Finding the product between (4.33) and (4.34), we have

[image: image]

If we multiply both sides of (4.28) with [image: image] and integrate w.r.t η over [0, λ], we obtain

[image: image]

with [image: image]

□

Likewise, the required outcome (4.32) can be finished up.

Theorem 4.6. For [image: image] and let two positive functions [image: image] be defined on [0, ∞). Assume that Ψ is an increasing positive monotone function on [0, ∞) having derivative Ψ′ and is continuous on [0, ∞) with Ψ(0) = 0 such that, for all [image: image] and [image: image] If [image: image] for ς, Ω ∈ ℝ+ and for all η ∈ [0, λ], then

[image: image]

where [image: image]

Proof: Under the given conditions [image: image] can be written as

[image: image]

and

[image: image]

From (4.35) and (4.38), we obtain

[image: image]

where [image: image]

From hypothesis, it also follows that [image: image] implies that

[image: image]

and

[image: image]

From (4.40) and (4.41), we obtain

[image: image]

which can be composed as

[image: image]

We can compose from (4.40) and (4.43)

[image: image]

[image: image]

Multiplying both sides of (4.44) by [image: image] and integrating w.r.t η over [0, λ], one obtains

[image: image]

Likewise, it can be composed as

[image: image]

Repeating the same procedure as above, for (4.45), we have

[image: image]

□

The desired inequality (4.36) is obtained from (4.46) and (4.47).



5. CONCLUSION

This article succinctly expresses the newly defined fractional integral operator. We characterize the strategy of generalized [image: image]-fractional integral operators for the generalization of reverse Minkowski inequalities. The outcomes presented in section 3 are the generalization of the existing work done by Dahmani [31] for the RL-fractional integral operator. Also, the consequences in section 3 under certain conditions are reduced to the special cases proved in Set al. [41]. The variants built in section 4 are the generalizations of the existing results derived in Sulaiman [42]. Additionally, our consequences will reduce to the classical results established by Sroysang [43]. Our consequences with this new integral operator have the capacities to be used for the assessment of numerous scientific issues as utilizations of the work, which incorporates existence and constancy for the fractional-order differential equations.
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The research paper aims to investigate the space-time fractional cubic-quartic non-linear Schrödinger equation in the appearance of the third, and fourth-order dispersion impacts without both group velocity dispersion, and disturbance with parabolic law media by utilizing the extended sinh-Gordon expansion method. This method is one of the strongest methods to find the exact solutions to the non-linear partial differential equations. In order to confirm the existing solutions, the constraint conditions are used. We successfully construct various exact solitary wave solutions to the governing equation, for example, singular, and dark-bright solutions. Moreover, the 2D, 3D, and contour surfaces of all obtained solutions are also plotted. The finding solutions have justified the efficiency of the proposed method.

Keywords: the non-linear cubic-quartic Schrödinger equation, conformable derivative, analytical solutions, the extended sinh-Gordon expansion method, solitary wave solutions


1. INTRODUCTION AND MOTIVATION

Non-linear partial differential equations have different types of equations, one of them is the non-linear Schrödinger equation (NLSE) that relevant to the classical and quantum mechanics. The non-linear Schrödinger equation is a generalized (1 + 1)-dimensional version of the Ginzburg-Landau equation presented in 1950 in their study on supraconductivity and has been specifically reported by Chiao et al. [1] in their research of optical beams. In the past several years, various methods have been proposed to obtain the exact optical soliton solutions of the non-linear Schrödinger equation [2–12]. Dispersion and non-linearity are two of the essential components for the distribution of solitons across inter-continental regions. Usually, group velocity dispersion (GVD) level with self-phase modulation in a sensible manner allows these solitons to sustain tall range travel. In fact it might happen that the GVD is tiny and thus totally ignored, in this case the dispersion effect is determined by third and fourth order dispersion effects. Subsequently, this equation has been studied in a variety of ways, such as the Lie symmetry [13], both the [image: image]-improved expansion, and the exp(−φ(ξ))−expansion methods [14], and the semi-inverse variation principle method [4]. In this study, the extended sinh-Gordon expansion method (ShGEM) is applied to the non-linear cubic-quartic Schrödinger equations with the Parabolic law of fractional order, which is given by

[image: image]

where u(x, t) is the complex valued wave function. The operator Dα of order α, where α ∈ (0, 1] is the fractional derivative, the parameters γ and β are real constants, a real-valued algebraic function F(|u|2) is p-times continuously differentiable, then

[image: image]

By using the relation of

[image: image]

on Equation (1), we obtain the fractional non-linear Schrödinger equations with Parabolic law as follows:

[image: image]

The extended sinh-Gordon expansion method is intended to a generalization of the sine-Gordon expansion equation because it is based on an auxiliary equation namely the sine-Gordon equation (see previous studies [15, 16] for details). Moreover, different computational and numerical methods have been utilized to constructed new solutions to the non-linear partial differential equations, such as the variable separated method [17], the auxiliary parameters and residual power series method [18], the Bernoulli sub-equation method [19, 20], the modified auxiliary expansion method [21], the homotopy analysis transform method [22–26], the homotopy perturbation sumudu transform method [27], the shooting method with the explicit Runge-Kutta scheme [28, 29], and the Adomian decomposition method [30]. Recently, several fractional operators have been applied to the mathematical models in order to seek their exact solutions, such as the Laplace transform [31, 32], the Nabla operator [33–35].

The outline of paper are organize the paper as follows: A short review of the conformable derivative is presented in section 2. Section 3 deals with the analysis of the ShGEM. In section 4, the method is applied to solve the non-linear Schrödinger equation involving the fractional derivatives with the parabolic law. Eventually, in section 5, we presented our conclusion of this paper.



2. BASIC DEFINITIONS

The basic definitions of the conformable derivative of order α are given as follows [36–41]:

Definition 2.1. Assume the function h : (0, ∞) → ℝ then, the conformable derivative of h of order α is defined as [image: image], ∀t > 0, and 0 < α ≤ 1.

Definition 2.2. Assume that c ≥ 0 and t ≥ c, let h be a function defined on (c, t] as well as α ∈ ℝ. Then, the α-fractional integral of h is given by

[image: image]

if the Riemann improper integral exists.

Theorem 2.1. Let α ∈ (0, 1], and h = h(t), g = g(t) be α-conformable differentiable at a point t > 0, then:

[image: image]

Furthermore, if function h is differentiable, then [image: image].

Theorem 2.2. (see for details pervious research [40]): Let h be a differentiable function and α is order of the conformable derivative. Let g be a differentiable function defined in the range of h, then

[image: image]

here “prime” is the classical derivatives with respect to t.



3. THE EXTENDED ShGEM

In the current section, we presented the main steps of the e ShGEM (see previous study [42, 43]).

Consider the following fractional non-linear PDE:

[image: image]

where p = p(x, t).

Consider the wave transformation

[image: image]

by substitute relation Equation (8) into Equation (7), we obtain the following non-linear ODE:

[image: image]

Consider the trial solution of Equation (9) of the form

[image: image]

The parameters Aj, Bj, for (j = 1, 2, …, k) and A0 are real constants, and θ is a function of η that hold the following ODE:

[image: image]

The homogeneous balance principle is applied on Equation (9) to find the value of k. From the space-time fractional the sinh-Gordon equation, we have (see previous study [15, 16]).

[image: image]

The exact solutions of Equation (12) may be given as

[image: image]

and

[image: image]

Letting solutions of Equation (10) along with Equations (13) and (14) as the form

[image: image]

[image: image]

Finding the value of k and then inserting Equations (10) and (12) into Equation (9), we get a system of terms of:

[image: image]

we gather a group of over-defined non-linear algebraic equations in A0, Aj, Bj, putting the coefficients of sinhi(θ) coshj(θ) to zero, and finding the solutions of acquired system, we gain the values of A0, Aj, Bj, c1, c2, κ, and ω. Putting the values of A0, Aj, Bj, c1, c2, κ, and ω into Equations (15) and (16), we can find the solutions of Equation (7).



4. IMPLEMENT OF THE EXTENDED ShGEM

The implementation of the extended ShGEM to the cubic-quartic non-linear Schrödinger equation with conformable derivative is provided in this section.

Consider the wave transformation

[image: image]

In Equation (18), θ(x, t) represents the phase component of the soliton. The ω, κ, ν are the wave number, the soliton frequency, and the soliton velocity, respectively. Substituting wave transformation into Equation (2) and splitting the outcomes equation into real and imaginary parts, we gain

[image: image]

[image: image]

Multiply both sides of Equation (19) by U′ and integrate it, we obtain

[image: image]

From Equation (20), we get constraint conditions ν = 4γκ3 − 3βκ2 and β = 4γκ. Balancing the terms U‴U′ and U6 yields κ = 1. With κ = 1, Equations (10), (16), and (17) change to

[image: image]

[image: image]

and

[image: image]

respectively.

Inserting Equation (22) along with Equation (12) into Equation (21), and using constraint conditions provides a non-linear algebraic system. Equaling each coefficient of sinhi(θ) coshj(θ) with the same power to zero, and finding the obtained system of algebraic equations, we gain the values of the parameters. Putting the obtained values of the parameters into Equations (23) and (24), give the solutions of Equation (3).


Set 1

[image: image]

we get

[image: image]



Set 2

[image: image]

we get
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Set 3

[image: image]

we get
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Set 4

[image: image]

we get

[image: image]



Set 5

[image: image]

we obtain
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Set 6

[image: image]

we get
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Set 7

[image: image]

we get
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5. CONCLUSION

In this article, we have successfully used the extended sinh-Gordon expansion method to solve the problem for the non-linear cubic-quartic Schrödinger equations involving fractional derivatives with the Parabolic law. A traveling wave transforms in the sense of the comfortable derivative has been used to convert the governing equation into a NODE. The various optical solutions of the studied model have been constructed, for example, the singular soliton solutions as shown in Figures 1–6, and the dark-bright soliton solution as seen in Figure 7. Comparing our solutions to the results obtained in references [16–18], our findings solutions are new and different. To better analyze the dynamic attitude, and the characteristics of these solutions, the 2D, 3D and counter-surface of all obtained solutions are plotted. The study shows that this method is the effective and appropriate technique for finding the exact solution of the model considered in the paper.


[image: Figure 1]
FIGURE 1. 3D, 2D, and contour surfaces of Equation (26) where ω = 0.1, c2 = 0.1, κ = 2, α = 0.8.



[image: Figure 2]
FIGURE 2. 3D, 2D, and contour surfaces of Equation (28) where γ = 0.5, c2 = 0.2, κ = 0.4, α = 0.7.



[image: Figure 3]
FIGURE 3. 3D, 2D, and contour surfaces of Equation (30) where γ = 0.5, c1 = 0.7, α = 0.9.



[image: Figure 4]
FIGURE 4. 3D, 2D, and contour surfaces of Equation (32) where γ = 5, c1 = 7, α = 0.7.



[image: Figure 5]
FIGURE 5. 3D, 2D, and contour surfaces of Equation (34) where c1 = 0.2, κ = 0.4, ω = 6, α = 0.4.



[image: Figure 6]
FIGURE 6. 3D, 2D, and contour surfaces of Equation (36) where c2 = 0.2, A1 = 0.3, α = 0.7.



[image: Figure 7]
FIGURE 7. 3D, 2D, and contour surfaces of Equation (38) where α = 0.3, c1 = 0.5, c2 = 0.2, κ = 0.4.
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In this article, we study the fully non-linear third-order partial differential equation, namely the Gilson-Pickering equation. The (1/G′)-expansion method, and the generalized exponential rational function method are used to construct various exact solitary wave solutions for a given equation. These methods are based on a homogeneous balance technique that provides an order for the estimation of a polynomial-type solution. In order to convert the governing equation into a nonlinear ordinary differential equation, a traveling wave transformation has been implemented. As a result, we have constructed a variety of solitary wave solutions, such as singular solutions, compound singular solutions, complex solutions, and topological and non-topological solutions. Besides, the 2D, 3D, and contour surfaces are plotted for all obtained solutions by choosing appropriate parameter values.

Keywords: the Gilson-Pickering equation, the (1/G′)-expansion method, the generalized exponential rational function method, analytic methods, exact solutions


1. INTRODUCTION

Nonlinear partial differential equations (NLPDEs) are used to represent a variety of nonlinear physical phenomena in different areas of applied sciences like fluid dynamics, plasma physics, optical fibers, and biology. Among the most profitable strategies for examining such nonlinear physical phenomena is to seek for the exact solutions of NLPDEs [1–5]. In recent years, a variety of effective methods have been implemented to investigate the exact solutions of nonlinear partial differential equations, such as Hirota's bilinear method [6], the Adomian decomposition method [7], the exp(−Φ(ξ))-expansion method [8], the sine-Gordon expansion method [9], the Bernoulli sub-equation method [10, 11], the shooting method with the fourth-order Runge-Kutta scheme [12, 13], the generalized exponential rational function method [14–18], the modified exponential function method [19], the modified auxiliary expansion method [20], the homotopy perturbation Sumudu transform method [21], the homotopy perturbation transform method [22, 23], and the fractional homotopy analysis transform method [24].

The third-order nonlinear partial differential equation (NLPDE) was introduced in [25] by Gilson and Pickering as

[image: image]

where ε, α, κ, and β are non-zero real numbers. Recently, the Gilson-Pickering equation has been investigated using a variety of methods, such as the (G′/G)-expansion method [26], the anstaz method [27], the (G′/G)-expansion method to tanh, the coth, cot, and the logical forms under certain conditions [28], the Bernoulli sub-equation model [29], a not a knot meshless method [30], and the symmetry method [31].

The core of this paper is to investigate the Gilson-Pickering equation using the (1/G′)-expansion method and the generalized exponential rational function method (GERF).



2. APPLICATIONS OF THE GILSON PICKERING EQUATION

This section presents specific instances of the Gilson Pickering equation and their applications. When ε = 1, α = −3, and β = 2, Equation (1) gives the Fuchssteiner-Fokas-Camassa-Holm equation, which is a completely integrable nonlinear partial differential equation that arises at different levels of approximation in shallow water theory [32, 33]. When ε = 0, α = 1, κ = 0, and β = 3, Equation (1) reduces to the Rosenau-Hyman equation (RH), which arises in the study of the influence of nonlinear dispersion on the structure of patterns in liquid drops [34]. When ε = 1, α = −1, κ = 0.5, and β = 3, Equation (1) gives the Fronberg-Whitham (FW), which was developed to analyze the qualitative characteristics of wave breakage and admits a wave of the highest height [35–37].



3. THE BASIC CONCEPTS OF THE (1/G′)-EXPANSION METHOD

In this section, the fundamental steps of the (1/G′)-expansion method are presented [38, 39]:

Step 1. Let us consider the general form of a two-variable nonlinear partial differential equation (NPDE) as follows:

[image: image]

where p = p(x, t), and Q is a partial differential equation.

Step 2. To convert Equation (2) to a nonlinear ordinary differential equation (NODE), we employ the following wave transformation

[image: image]

where h is a scalar. After some procedures, Equation (2) reduces to the following NODE:

[image: image]

where W is an ordinary differential equation.

Step 3. Assume that Equation (4) has a solution of the form

[image: image]

where a0, a1, a2, …, am are scalars to be determined, m is a balance term, and G = G(η) satisfies the following second-order linear ODE:

[image: image]

where λ and μ are scalars.

The solution of Equation (6) is given by

[image: image]

If we convert the algebraic expression given by Equation (7) to a trigonometric function, we can write it as the following:

[image: image]

Inserting Equation (6) and its necessary derivatives along with Equation (5) into Equation (4) returns the polynomial of [image: image]. Summing the [image: image] coefficients with the same power and then setting every summation to zero, we get a system of algebraic equations for ai, i ≥ 0. Eventually, solving this system simply gives the value of the variables. Putting these values of variables with the value of the balance term m into Equation (4), we can get solutions for Equation (2).



4. THE BASIC CONCEPTS OF THE GERF

In this section, the basic steps of the GERF are presented.

Step 1. Let us consider that the general form of a nonlinear partial differential equation is given by:

[image: image]

where Q is a partial differential equation.

Suppose that the wave transformation takes the form:

[image: image]

where h is a scalar.

Using Equation (10) in Equation (9), we get the nonlinear ordinary differential equation

[image: image]

where W is an ordinary differential equation.

Step 2. Suppose that the solitary wave solutions of Equation (11) are given by:

[image: image]

where

[image: image]

where rm, sm (1 ≤ n ≤ 4) are real/complex constants, A0, AK, BK are constants to be determined, and m will be determined by the balance principle.

Step 3. Substituting Equation (12) into Equation (11), we get the polynomials that are dependent on Equation (12). By equating the same order terms, we obtain an algebraic system of equations. With the help of computational programs such as Mathematica, Matlab, and Maple, we solve this system and determine the values of A0, AK, BK. Finally one can easily obtain the nontrivial exact solutions of Equation (11).



5. MATHEMATICAL CALCULATION

In this section, the mathematical calculation of the Gilson-Pickering equation is presented.

Consider the Gilson-Pickering equation (Equation 1) stated in section 1. Inserting the wave transformation

[image: image]

into Equation (1), the following NODE can be obtained

[image: image]

where ϵ, β, α, h, and k are non-zero real numbers.

Integrating Equation (15) once with respect to η and assuming that the integration constant is zero, we have.

[image: image]



6. IMPLEMENTATION OF THE (1/G′)-EXPANSION METHOD

In this section, the application of the (1/G′)-expansion method to the Gilson-Pickering equation is presented.

Applying the balance principle, by taking the nonlinear term P2 and the highest derivative P″ in Equation (16) gives m = 2. With m = 2, Equation (5) takes the form

[image: image]

Inserting Equation (17) and its necessary derivatives into Equation (16), returns the polynomial of [image: image]. Summing the [image: image] coefficients with the likely power and then setting every summation to zero, we get a system of algebraic equations. Solving this system simply gives the following families of solutions:

Family 1. When
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we get
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where [image: image]

Family 2. When
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we get
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where [image: image].

Family 3. When
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gives
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Family 4. When
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we get
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Family 5. When
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we get
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Family 6. When
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we have
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7. IMPLEMENTATION OF THE GERF METHOD

In this section, the application of the GERF method to the Gilson-Pickering equation is presented.

Applying the balance principle, by taking the nonlinear term P2 and the highest derivative P″ in Equation (16) gives m = 2. With m = 2, Equation (12) takes the form

[image: image]

where φ(η) is given by Equation (13). Following the methodology described above in section 4, we obtain the following nontrivial solutions of Equation (1):

Family 1. When ri = {−2, −1, 1, 1}, si = {0, 1, 0, 1}, we get
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Case 1.
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we get
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Case 2. When
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we get
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Family 2. When ri = {−2−i, 2−i, −1, 1}, si = {i, −i, i, −i} we get
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Case 1. When
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we get
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where [image: image]

Case 2.
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we get
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Family 3. When ri = {2, 0, 1, 1}, si = {−1, 0, 1, −1}
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Case 1. When
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we have
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where [image: image]

Case 2.
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we get
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8. RESULT AND DISCUSSION

The powerful methods, namely the (1/G′) expansion method and the generalized exponential rational function method, are used to construct various analytical solutions for the Gilson-Pickering equation. Some results of the Gilson-Pickering equation have already been reported in the literature. Fan et al. [28] used (G′/G) and the ansatz method and found the solitary wave solutions to Equation (1). Baskonus [29] investigated the Gilson-Pickering equation by using the first integral method. Zabihi and Saffarian [30] implemented the simplified (G′/G) expansion method to reveal the hyperbolic, trigonometric function, and rational function solutions. Singla and Gupta [31] reported some new complex soliton solutions to Equation (1) with the aid of the Bernoulli sub-equation function method. Camsssa et al. [32] used a not a knot meshless method to obtain numerical solutions to Equation (1). Fuchssteiner and Fokas [33] performed Lie symmetry analysis and found conservation laws for the space-time fractional Gilson-Pickering equation. In this article, we obtained the singular, compound singular, complex, topological, and non-topological wave solutions to the studied equation. It is known that non-topological solutions detect waves with an intensity lower than the background, topological solutions with such a maximum intensity higher than the background, and singular solutions that are waves with discontinuous derivatives.



9. CONCLUSION

In this study, we have successfully applied the (1/G′) expansion method and the generalized exponential rational function method to find new exact solutions for the Gilson-Pickering equation. In order to convert the governing equation into a NODE, a traveling wave transformation has been implemented. Various analytical solutions of the proposed model have been constructed such as singular solutions, as shown in Figures 1, 2, 3, compound singular solution, as seen in Figure 4, complex solution, as seen in Figure 5, as well as a singular solution, can be shown in Figure 6. The non-topological solution, as shown in Figure 7, topological solutions, as shown in Figure 8, and compound singular solutions, as seen in Figures 9, 10. Also, topological solution and non-topological solution as seen in Figures 11, 12, respectively. Compared with the results reported in Fan et al. [28], Baskonus [29], Zabihi and Saffarian [30], Singla and Gupta [31], Camsssa et al. [32], and Fuchssteiner and Fokas [33], the solutions obtained are novel. Both methods are efficient for solving complex nonlinear partial differential equations, but, by using the generalized exponential rational function method, we can get more solutions than with the (1/G′) expansion method. Furthermore, the 2D, 3D, and contour surfaces are plotted for all obtained solutions by selecting suitable values for the parameters.


[image: Figure 1]
FIGURE 1. The 3D, 2D, and contour surfaces of Equation (19) when h = 2, k = 2.5, α = 2.6, μ = 0.2, ϵ = 3.5, and C1 = 0.6.



[image: Figure 2]
FIGURE 2. The 3D, 2D, and contour surfaces of Equation (21) using h = 4, k = 0.5, α = 2.6, μ = 0.2, ϵ = 4, and C1 = 3.



[image: Figure 3]
FIGURE 3. The 3D, 2D, and contour surfaces of Equation (23) using k = 2, α = 5, λ = 1.2, ϵ = 6.6, C1 = 2, and a1 = 2.8.



[image: Figure 4]
FIGURE 4. The 3D, 2D, and contour surfaces of Equation (25), using k = 4.5, α = 0.4, ϵ = 0.3, C1 = 0.2, and a1 = 0.8.



[image: Figure 5]
FIGURE 5. The 3D, 2D, and contour surfaces of Equation (27), using μ = 0.4, α = 0.1, ϵ = 0.5, C1 = 2, and a1 = 1.5.



[image: Figure 6]
FIGURE 6. The 3D, 2D, and contour surfaces of Equation (29) using μ = 1.5, α = 0.4, ϵ = 0.1, C1 = 2, a1 = 0.4, h = −1, and λ = 0.5.



[image: Figure 7]
FIGURE 7. The 3D, 2D, and contour surfaces of Equation (33) using A1 = 0.2, α = 0.9, and ϵ = 0.6.



[image: Figure 8]
FIGURE 8. The 3D, 2D, and contour surfaces of Equation (35) using k = 0.5, α = 25, and h = 2.



[image: Figure 9]
FIGURE 9. The 3D, 2D, and contour surfaces of Equation (38) using B1 = 0.5, α = 4, and ϵ = 2.



[image: Figure 10]
FIGURE 10. The 3D, 2D, and contour surfaces of Equation (40) using A1 = 5, α = 4, and ϵ = 2.



[image: Figure 11]
FIGURE 11. The 3D, 2D, and contour surfaces of Equation (43) using A1 = 5, α = 4, and ϵ = 2.



[image: Figure 12]
FIGURE 12. The 3D, 2D, and contour surfaces of Equation (45) using k = 3, α = 5, and h = 2.
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In this article, the fractional (3+1)-dimensional nonlinear Shrödinger equation is analyzed with kerr law nonlinearity. The extended direct algebraic method (EDAM) is applied to obtain the optical solitons of this equation with the aid of the conformable derivative. Optical solitons are investigated for this equation with the aid of the EDAM after the nonlinear Shrödinger equation transforms an ordinary differential equation using the wave variables transformation.

Keywords: optical solitons, nonlinear Shrödinger equation, conformable derivative, Kerr law nonlinearity, the extended direct algebraic method


INTRODUCTION

Over the past few decades, there have been many studies on optical solitons [1–10]. The nonlinear wave process can be viewed in several scientific fields, such as optical fiber, quantum theory, plasma physics, fluid dynamics [11, 12], etc. Solitons are one pulse forms which are created due to the proportion between nonlinearity and wave stage speed dispersal impacts in the system. The envelope soliton, which holds both fast and slow vibrations, performs for nonlinearity proportions with the wave group dispersal impacts in the physical systems. The envelope soliton is controlled by a small field adjusted wave package whose dynamics are controlled via the nonlinear Schrödinger equation (NSE) [1–12]. The analytical solutions of these NPDEs plays a significant part in the analysis of nonlinear phenomena. Over the past few decades, numerous methods were developed to obtain analytical solutions of NPDEs such as the inverse scattering method [13], the Sine—cosine function method [14], the tanh-expansion method, and the Kudryashov-expansion method [15], etc.

There has also been considerable interest and significant theoretical improvements in fractional calculus, applied in many fields, and in fractional differential equations and its applications [16–25]. Nonlinear fractional partial differential equations (FPDEs) are a special type of NPDEs. Several studies have discussed these equations. Additionally, FPDEs are significant in several analyses because of the iterative reporting and the probability explanation process in water wave hypothesis, nonlinear optics, fluid dynamics, plasma physics, optical fiber, quantum mechanics, signal processing, and so on. Several researchers have investigated the wave solutions of NPDEs with the aid of some mathematical algorithms. Besides, one advantage of the conformable fractional derivative is that it is easy to apply [26–34].

The conformable derivative of order α ∈ (0, 1) is defined as the following expression [28]

[image: image]

A few properties for the conformable derivative are given by [28, 31].

[image: image]

Recently, there have been about the conformable model of fractional computations [25–33].

The (3+1)-dimensional dependent NLSE is given by:

[image: image]

in [10–12], there are analyzed symmetry reductions for the (3 + 1)-dimensional NLSE.

Then, Equation (1.1) can be scripted for fractional (3+1)-dimensional NLSE with conformable derivatives as:

[image: image]

where F is a real-valued function and has the fluency of the complex function F(|q|2)q:C → C. When the F(|q|2)q is k times continuously differentiable, the following situation can be written,

[image: image]

For Kerr law nonlinearity, Equation (1.2) is converted to

[image: image]

In (1.3), the first expression describes the evolution condition, the second expression, describes the dispersal in x, y, and z directions while the third expression describes nonlinearity. Solitons are the consequence of an attentive adjust between dispersal and nonlinearity.

In this work, we analyze the fractional (3+1)-dimensional nonlinear Shrödinger's equation with the aid of a conformable derivative operator to find solitons using the extended direct algebraic method (EDAM) [8, 26].

This method is a powerful in solving nonlinear evolution equations and it can be applied to solve the above mentioned equations. This has led to the innovation of many modern techniques to solve these equations. There are several advantages and disadvantages of this modern method. Although a closed type soliton solution can be found with the aid of this process, the disadvantage of this method is that this technique cannot calculate the conserved quantities of nonlinear evolution equations.



DESCRIPTION FOR THE EXTENDED DIRECT ALGEBRAIC METHOD

Suppose the general nonlinear partial differential equation,

[image: image]

where q = q(x, y, z), U is a polynomial in q = q(x, y, z, t) and the x, y, z, t define the partial fractional derivatives.

• Assume the traveling wave transformation:

[image: image]

where cos2ξ + cos2κ + cos2χ = 1.

With the aid of (2.2) wave transformation, Equation (2.1) is changed into an ordinary differential equation for v(ϕ):

[image: image]

where the sub-indices define the ordinary derivatives with respect to ϕ.

• Suppose the solution of Equation (2.3),

[image: image]

where aM ≠ 0 and G(ϕ) can be satisfied as follows:

[image: image]

where f, g, h are arbitrary constants.

• M is obtained by balancing between the highest order derivatives and the nonlinear terms in Equation (2.3).

• First, Equation (2.4) and Equation (2.5) are placed into Equation (2.3). Then each coefficient of the polynomials are synchronized to zero ve algebraic equations of aj (j = 1, 2, …, M), Q and f, g, h are obtained.

• The obtained system is solved and parameters aj (j = 1, 2, …, M) and Q are found. Thus, solutions of Equation (2.3) are found.

Where a few specific solutions of Equation (2.3) are given by;

1) When Ψ = g2 − 4hf < 0 and f ≠ 0,

[image: image]

2) When Ψ = g2 − 4hf > 0 and f ≠ 0,

[image: image]

3) When fh > 0 and g = 0,

[image: image]

4) When fh < 0 and g = 0,

[image: image]

5) When g = 0 and f = h,

[image: image]

6) When g = 0 and f = −h,

[image: image]

7) When g2 = 4hf,

[image: image]

8) When g ≠ 0 and h = 0,

[image: image]

Remark. The generalized trigonometric and hyperbolic functions are defined as Ghosh and Nandy [13];

[image: image]

where ϕ is an independent variable, Δ ≠ 0 and Ω ≠ 0 are called deformation parameters.



SOLUTIONS OF TIME FRACTIONAL (3+1)-DIMENSIONAL NLSE WITH KERR LAW NONLINEARITY USING CONFORMABLE DERIVATIVES

Now, suppose the wave variable transform:

[image: image]

By placing Equation (3.1) into Equation (1.3) and taking the properties of conformable time fractional derivatives into account, the following nonlinear equation is obtained,

[image: image]

with Q = −2a.

Suppose the solution of Equation (3.2) is expressed as a finite series. We can write this solution as follows,

[image: image]

where G(ϕ) satisfies Equation (2.5), [image: image] and ak for [image: image] are values to be described.

With the aid of balance v″(ϕ) with v(ϕ)3 in Equation (3.3), is found M = 1.

We can write the solution of Equation (3.3) in the following form:

[image: image]

First, Equation (3.4) and Equation (2.5) are placed into the Equation (3.2). Then each coefficient of the G(ϕ) synchronized to zero ve from algebraic equations and the following values are found:

[image: image]

The solutions of Equation (1.3) are found as follows; [image: image] and Ψ = g2 − 4hf)

1) When Ψ < 0 and f ≠ 0, the singular periodic solutions are obtained as follows

[image: image]

2) When Ψ > 0 and f ≠ 0, the singular soliton solutions are obtained as follows

[image: image]

3) When g = 0 and fh > 0, the singular periodic solutions are obtained as follows

[image: image]

4) When g = 0 and fh < 0, the singular and dark soliton solutions are obtained as follows

[image: image]

5) When g = 0 and f = h, the singular periodic solution is obtained as follows

[image: image]

6) When g = 0 and f = −h, the combined soliton solution is obtained as follows

[image: image]

7) When g2 = 4hf, the rational solution is obtained as follows

[image: image]

8) When h = 0 and g ≠ 0, the singular soliton is obtained as follows

[image: image]



GRAPHICAL EXPRESSION OF THE SOLUTIONS

In this section we draw 2D and 3D graphics for some of the solutions obtained in the previous section. We obtained these graphics using Matlab. In Figures 1, 2, we show some numerical models and q1 and q4. 3D plots are drawn for −10 ≤ x ≤ 10, −10 ≤ t ≤ 10. 2D plots are drawn for x = 0.1.


[image: Figure 1]
FIGURE 1. The surface and 2D graphic for the (A) [image: image], (B) [image: image].



[image: Figure 2]
FIGURE 2. The 2D graphic of the (3+1)-dimensional NLSE with kerr law non-linearities for a different value of α.


The above graphics were drawn for [image: image] in (a) and for [image: image] in (b).

We obtained the sum of solutions found for the fractional (3+1)-dimensional NLSE with kerr law nonlinearities via the conformable fractional derivative operator. In addition, we presented some graphics of solutions in Figures 1, 2.



CONCLUSION

In this article, the EDAM is applied to find new soliton solutions for the (3+1)-dimensional NLSE with kerr law nonlinearities, with the aid of the conformable fractional derivative operator. The dark, bright, and combined optical solitons are obtained. There are 12 different situations in these solutions. The existence of solutions obtained from these functions are all stipulated through limitation states that are also listed in addition to the solutions. Some interesting figures are also presented in Figures 1, 2. The method applied in this article is appropriate to investigate several problems that are face in the fields of engineering and science.
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This paper is devoted to establishing some criteria for the existence of non-trivial solutions for a class of fractional q-difference equations involving the p-Laplace operator, which is nowadays known as Lyapunov's inequality. The method employed for it is based on a construction of a Green's function and its maximum value. Parallel to this result, it is worth mentioning that the Hartman-Wintner inequality for the q-fractional p-Laplace boundary value problem is also provided. It covers all previous results known in the literature on the fractional case as well as that on the classical ordinary case. The non-existence of non-trivial solutions to the q-difference fractional p-Laplace equation subject to the Riemann-Liouville mixed boundary conditions will obey such integral inequalities. The tools mainly rely on an integral form of the solution construction of a Green function corresponding to the considered problem and its properties as well as its maximum value in consideration where the kernel is the Green's function. The example that we consider here for applying this result is an eigenvalue fractional problem. To be more specific, we provide an interval where an appropriate Mittag-Leffler function to the given eigenvalue fractional boundary problem has no real zeros.
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1. INTRODUCTION

The field of fractional calculus and its applications to the class of partial differential equations, as well as ordinary equations, gained a rapid development. Interesting fractional results turn, in general, on the existence and non-existence of solutions. Such kinds of fractional equations come from different disciplines in sciences, covering medical and engineering matters. Techniques used in this kind of work recourse mainly to the use of Green's function and its corresponding maximum values, which is not always an easy approach. The fractional differential equations with the p-Laplacian operator involves this mathematical tool. However, to overcome this kind of difficulty, another approach can be taken, namely the use of the Cauchy-Schwarz inequality and related inequalities as holders. Different aspects have been considered by many different researchers in this respect. They have treated the existence of either a single or multiple solutions for linearity, but there have been few cases for non-linearity. In addition to this, the manner to extend these results to a general case with more a general operator seems non-evident and requires a thorough analysis of the maximum value of Green's functions. This paper is devoted to tackling this problem with the p-Laplace operator using the Green's function method for the non-linearity case.

Some results focusing on the existence of positive solutions of boundary value problems for a class of fractional differential equations with the p-Laplacian operator have been raised in previous papers (see [1–22] and the references therein). Ren and Chen [15] and Su et al. [17] established the existence of positive solutions to four-point boundary value problems for non-linear fractional differential equations with the p-Laplacian operator. However, for papers on this line concerning the q-difference type of fractional problems, we refer the reader to references [1–4, 8–12, 15, 18, 19, 19–33].

It is worthy of notice that the q-fractional calculus was introduced by Jackson [30, 31], as the reader may observe in consulting the article of Ernst [28], where he attributed the work to Jackson.

Accordingly, we mention the recent developments related to this subject (see [5, 12, 13, 32, 34–46]) and the references therein.

For multiple solutions for the non-linear case, we refer to the work done by El-Shahed and Al-Askar [47], whereas Graef et al. [48] deal with positive solutions by applying different methods.

The first result came from Liapunov [6], in the second ordinary differential equation. It was shown that if u is a non-trivial solution of

[image: image]

where a < b, a and b are two real constants, and the function q ∈ C([a, b]; ℝ), then the function q must satisfy the following integral inequality:

[image: image]

After this result, several extensions are derived from this one, and consequently, analogous inequalities are obtained for a class of fractional differential equations subject to different kind of boundary conditions (see [5, 12–14, 29, 32, 34–36, 39–41, 44, 45, 49, 50]). However, concerning the fractional q-difference boundary value problem, it was shown in Jleli and Samet [42] that a non-trivial solution of

[image: image]

where [image: image] denotes the fractional q-derivative of Riemann-Liouville type [43, 51], and Q:[a, b] → ℝ is a continuous function, exists if the following integral inequality

[image: image]

is satisfied.

In the opinion of the authors, there are no articles dealing with these types of inequalities for the study of non-trivial solutions for the p-Laplacian operator involving the q-fractional case. We therefore fill the gap in the literature with this paper.

Our result generalizes that one investigated in Jleli and Samet [42].

In this work, we aim to investigate the following q-fractional boundary value problem with the p Laplace operator

[image: image]

where [image: image] [image: image] are the fractional q-derivative of the Riemann-Liouville type with 1 < α, β < 2, 0 ≤ A, B ≤ 1, 0 < ξ, δ < 1, [image: image] p > 1, [image: image] [image: image] and Q:[a, b] → ℝ is a continuous function on [a, b].

We prove that the necessary condition of the existence of non-trivial solutions of (4) is the following:

[image: image]

where [image: image] and [image: image] are defined respectively by

[image: image]

[image: image]

where

[image: image]

and

[image: image]

Besides, we show that from this inequality derive several existing previous results in the literature as well as the standard Lyapunov inequality (1): those of Hartman and Wintner [52], Ferreira [39], and so on.



2. DEFINITIONS AND LEMMAS

In this section, we adopt the main tools that will be needed in the subsequent sections; these belong to q fractional calculus. Notations, definitions and lemmas are recalled in order to cover the goal of this paper, whereas, for consistency, we conserve the same notations for q fractional material as adopted in Jleli and Samet [42].

Let q ∈ (0, 1), N0 = {0, 1, 2, …}, and define

[image: image]

The similar q formula to the power (a − b)n with n ∈ N0 is

[image: image]

More generally, if α ∈ ℝ, then

[image: image]

For the particular case when b = 0, we note a(α) = aα. Also, the similar q formula to the power function

(x − y)n, with n ∈ N0 is

[image: image]

For the general case, when γ ∈ ℝ, then

[image: image]

It has the following properties

• [image: image]

• [image: image].

When derivatives are involved, it holds:

• (t − a)α ≥ (t − b)α, for a ≤ b ≤ t, and α > 0.

We define the q-Gamma function by

[image: image]

In particular one has

[image: image]

Here and further, we recall some properties of the q-fractional derivative of a function f defined on [a, b], a < b, to ℝ.

The q-fractional derivative of a function f: [a, b] → ℝ, is defined by

[image: image]

and

[image: image]

Remark:

By using the following changes:

[image: image]

it is easy to conclude that if (aDqf)(t) ≤ 0 (respectively, (aDqf)(t) ≥ 0) then f is decreasing (respectively, f is increasing).

Remark:

If f is differentiable in (a, b) then

[image: image]

The q-fractional derivative of a function f: [a, b] → ℝ of higher order is defined by

[image: image]

The q-derivative of a product and a quotient of functions f and g defined on [a, b] follows as

[image: image]

and

[image: image]

Lemma 2.1. [44] For t, s ∈ [a, b], the following formulas hold:

[image: image]

and

[image: image]

where i(aDq) denotes the q-derivative with respect to the variable i.

Remark:

If γ > 0, a ≤ b ≤ t, then

[image: image]

Next, we recall the q-integral of a function f defined on [a, b], a < b, to ℝ and its properties.

The q-integral of a function f: [a, b] → R is defined by

[image: image]

One may see that the above series is convergent if f is continuous.

If a < c < b, then the following integral equality is satisfied

[image: image]

The following two relations are also satisfied

[image: image]

An essential and important theorem that is known for the classical ordinary case is also valid for the fractional one; it is the fundamental theorem of calculus. Once applied to the fractional operator, we get

[image: image]

if the continuity of the function f is provided. When the continuity of f is avoided, we obtain

[image: image]

Another crucial integration that is very useful in dealing with non-existence of solutions for a class of fractional boundary value problems is the integration by parts. It follows as

[image: image]

The rule of q-integration by parts is also expressed by (see [24])

[image: image]

If and g are q-regular at zero, then the limit on the right-hand-side of (9) can be replaced by [image: image] (For more details, see [24]).

In what follows, we define the q-fractional Riemann-Liouville integral of a function f defined on [a, b] as follows

[image: image]

Let us assume that f and g are two functions defined on [a, b] such that f ≤ g, then the following properties are satisfied

[image: image]

and

[image: image]

As auxiliary results, we need to use the following two lemmas. The reader may consult [23, 30, 31] for more details.

Lemma 2.2. [30, 50] Let f :[a, b] → ℝ be a continuous function. Then

[image: image]

Lemma 2.3. [30, 50] Let α > p − 1 and p be a positive integer. The following then holds:

[image: image]


2.1. Results and Consequences

The method that we would like to apply here consists of getting an equivalent integral representation of the non-trivial solution of the considered fractional boundary value problem. It therefore necessitates an appropriate construction of the Green function, which plays a crucial role in getting Lyapunov's inequalities.

In order to reduce the q fractional boundary value problem (4) to an equivalent integral equation, an auxiliary result is needed. It is formulated in the following Lemma.

Lemma 2.4. Let u ∈ AC([a, b]). The unique non-trivial solution of the q fractional boundary value problem

[image: image]

where 1 < α < 2, a < ϵ < b, and 0 ≤ A ≤ 1, is then given by

[image: image]

[image: image]

where

[image: image]

Proof. We apply Lemma 2.3 in order to reduce the fractional boundary value problem (4) to an equivalent integral one

[image: image]

where c1, c2 are real constants.

From u(a) = 0 and (4), we get c2 = 0. Therefore, the general solution of (4) is given by

[image: image]

From (14), we deduce that

[image: image]

and

[image: image]

Now, the boundary condition u(b) = Au(ϵ) yields

[image: image]

[image: image]

where

[image: image]

Thus, the non-trivial solution of (4) is uniquely given by

[image: image]

where the Green function G is defined in (11) and (12), and the proof is finished.

Lemma 2.5. Let u ∈ AC[a, b]. The q fractional boundary value problem

[image: image]

1 < α, β < 2, a < ϵ < b, and 0 ≤ A, B ≤ 1,

then admits a non-trivial unique solution defined by

[image: image]

where G(t, s) is defined in (11), (12) and

[image: image]

where

[image: image]

Proof. We use Lemma 2.4 in order to reduce the fractional differential Equation (4) to an equivalent integral one

[image: image]

In view of the boundary condition aDqu(a) = 0 and (23), we obtain c4 = 0. Hence the non-trivial solution of the fractional boundary value (4) is given by

[image: image]

Now in light of (24), we get

[image: image]

[image: image]

By the boundary condition [image: image] yields

[image: image]

where

[image: image]

One may observe that, in a similar way to Lemma 2.4, we get

[image: image]

Thus, the given fractional boundary value problem (4) may be re-written equivalently as

[image: image]

Again by Lemma 2.4, the non-trivial solution of (4) is uniquely given by

[image: image]

The proof of the desired result is achieved.

Next we shall focus on finding the properties of the Green functions as well as their maximum principle. In order to do so, we express this fact in the following lemma.

Lemma 2.6. Let u ∈ C[a, b]. The Green functions G and H defined respectively in (11), (12) and (21), (22) are then continuous and satisfy

[image: image]

[image: image]

1 < α, β < 2, a < ϵ < b, and 0 ≤ A, B ≤ 1.

Proof. Before starting the proof of Lemma 2.6, let us mention that γ and [image: image] are positive, since a < ϵ, δ < b, and 0 ≤ A, B ≤ 1.

We consider

[image: image]

Let us differentiate g(t, s) defined in (12) with respect to t, for s ≤ t, by

[image: image]

[image: image]

which is non-positive, since a < s < t < b.

Therefore, the function g is decreasing in its argument t, and the following inequality is satisfied

[image: image]

To this end, one may conclude that the right-hand-side of (35) may be expressed as

[image: image]

Thus, G(t, ((qs + (1 − q)a))a) is non-negative and satisfies

[image: image]

For t ≤ s, G is defined by

[image: image]

where

[image: image]

Similarly to above, we make differentiation with respect to t, and then we get

[image: image]

which is non-negative, and consequently the function g is non-decreasing in its argument t. We have

[image: image]

where [image: image][image: image].

Now, to prove the inequality involving H, we consider H(t, s) defined in (21) − (22) by

[image: image]

[image: image]

For t ≤ s, we have

[image: image]

For t ≥ s, we consider

[image: image]

We claim that h(t, (qs + (1 − q)a)a) is non-negative too. It is sufficient to replace α − 1 by β − 1 in all the steps of the proof of Lemma 2.6 (b), and we get the same result. So the proof is omitted, since it is similar to that of Lemma 2.6. Therefore

[image: image]

Likely, one may conclude that the right-hand-side h(s, (qs + (1 − q)a)) appearing in the previous inequality may be expressed as

[image: image]

Thus, H(t, (qs + (1 − q)a)) is non-negative and satisfies

[image: image]

The main result of this paper, which is a Lyapunov's inequality for a q- fractional difference p-Laplacian boundary value problem (4), will be formulated in the next theorem. We state and prove it in light of the previous lemmas.

Theorem 2.1. Assume that u is a non-trivial solution of the q fractional boundary value problem

[image: image]

where [image: image] [image: image] are the fractional q-derivative of the Riemann-Liouville type with 1 < α, β < 2, 0 ≤ A, B ≤ 1, a < ϵ, δ < b, [image: image] p > 1, [image: image] [image: image] and Q:[a, b] → R is a continuous function on [a, b].

The following integral inequality is then satisfied

[image: image]

where [image: image] and [image: image] are defined in (37) and (49), respectively.

Proof. Let us define the norm of u, where u is a non-trivial solution of the q-fractional difference boundary value problem (4) by

[image: image]

Then, in view of Lemma 2.5, the non-trivial solution u ∈ AC([a, b], ℝ) may be re-written for all t ∈ [a, b] as follows

[image: image]

We then deduce

[image: image]

Based on the non-triviality of the solution u and the fact that p and r are conjugates, one may observe that

[image: image]

Due to Lemma 2.5 and Lemma 2.6, it holds that

[image: image]

To this end, it is worth noticing that, by letting q to 1−, we retrieve the following integral inequality due to Hartman and Wintner (see [52])

[image: image]

Due to this fact, the obtained integral inequality (49) may be viewed as the q-fractional integral Hartman and Wintner inequality for the p-Laplacian case. However, it is easy for the reader to get an analogous result to this fundamental inequality by considering p = 2, α = 2, and q → 1−.

Several types of Lyapunov's inequality were derived from Theorem 2.1. Hereafter, we formulate and express all of them in the following corollaries. We shall focus on covering both cases, ordinary differential equations and fractional differential equations. In addition, we illustrate this Theorem by giving an example. It consists of getting the interval of non-zeros of an appropriate eigenvalue fractional boundary value problem.

Let us start with the first result derived from Theorem 2.1.

Corollary 2.1. Suppose that u is a non-trivial solution of the q fractional boundary value problem

[image: image]

where [image: image] [image: image] are the fractional q-derivative of Riemann-Liouville type with 1 < α, β < 2, 0 ≤ A, B ≤ 1, a < ϵ, δ < b, [image: image] p > 1, [image: image] [image: image] and Q:[a, b] → R is a continuous function on [a, b].

The following integral inequality is then satisfied

[image: image]

Proof. It is sufficient to let q → 0+ and consider two cases: t ≤ s and s ≤ t. In the first case, [image: image] and [image: image] defined in (37) and (47) tend to zero. In the second case, they take the following form

[image: image]

and we get the result of this corollary.

Corollary 2.2. Suppose that u is a non-trivial solution of the q fractional boundary value problem

[image: image]

where [image: image] [image: image] are the fractional q-derivative of the Riemann-Liouville type with 1 < α, β < 2, 0 ≤ A, B ≤ 1, a < ϵ, δ < b, [image: image] p > 1, [image: image] [image: image] and Q:[a, b] → R is a continuous function on [a, b].

The following integral inequality is then satisfied

[image: image]

Proof. The result is achieved by letting q → 1− in (49).

Remarks:

• The result of this corollary (Corollary 2.2) represents a Hartman-Wintner inequality for the q-fractional difference p-Laplacian boundary value problem (54). For the particular case when A = B = 0 and α = β, we obtain

[image: image]

• When α = β = 2, we retrieve the necessary condition of existence of non-trivial solutions investigated by Lyapunov for the second ordinary differential equation subject to the Dirichlet boundary conditions, and therefore one may conclude that if the non-trivial solution corresponding to this problem exists, then the non-trivial solution of (54) exists too, and vice-versa.

Indeed, in that case, for α = β = 2, we find:

[image: image]

Now we focus on a second mixed-order differential inequality by taking α = β = 2. For the next derived result from Theorem 2.1, we provide an important inequality that is very useful. This is the arithmetic-geometric-harmonic inequality. It says that:

[image: image]

Corollary 2.3. Suppose that u is a non-trivial solution of the q fractional boundary value problem

[image: image]

where [image: image] [image: image] are the fractional q-derivative of the Riemann-Liouville type with 1 < α, β < 2, 0 ≤ A, B ≤ 1, a < ϵ, δ < b, [image: image] p > 1, [image: image] [image: image] and Q:[a, b] → R is a continuous function on [a, b].

The following integral inequality is then satisfied

[image: image]

Proof. We use the result of Corollary 2.2 by considering the arithmetic-geometric-harmonic inequality, and we get the desired result. Now we focus on a second mixed-order differential inequality by taking α = β = 2, p = 2 and therefore r = 2, since p and r are conjugates.

Corollary 2.4. Suppose that u is a non-trivial solution of the fractional q-difference boundary value problem

[image: image]

where [image: image] [image: image] are the fractional derivative of the Riemann-Liouville type of order 2, 0 ≤ A, B ≤ 1, a < ϵ, δ < b, and Q:[a, b] → R is a continuous function on [a, b].

The following integral inequality is then satisfied

[image: image]

where g and h are defined in (12) and (22), respectively (with α = β = 2), and γ and [image: image] are defined by

[image: image]

Proof. We set α = β = 2, p = r = 2, and we let q → 1− in Corollary 2.2, and the desired result is therefore established.

Remark:

The result obtained in Corollary 2.4 is more general than the Hartman Wintner inequality. For the particular case when A = B = 0, we get the classical Hartman-Wintner inequality.

Corollary 2.5. Suppose that u is a non-trivial solution of the fractional boundary value problem

[image: image]

where [image: image] [image: image] are the fractional derivative of the Riemann-Liouville type of order 2, and Q:[a, b] → ℝ is a continuous function on [a, b].

The following integral inequality is then satisfied

[image: image]

Proof. It is sufficient to use the arithmetic-geometric-harmonic inequality to the conclusion of Corollary 2.4 and set A = B = 0, and the result will follow.

Corollary 2.6. Suppose that u is a non-trivial solution of the fractional boundary value problem

[image: image]

where [image: image] [image: image] are the fractional derivative of the Riemann-Liouville type of order 2, and Q:[a, b] → R is a continuous function on [a, b].

The following integral inequality is then satisfied

[image: image]

Proof. Similarly to the above, we apply two times the arithmetic-geometric-harmonic inequality to the result of Corollary 2.4, and the desired result is achieved.




3. ON AN INTERVAL OF REAL ZEROS OF THE MITTAG-LEFFLER FUNCTION

In this section, we are interested in getting the interval of real zeros of the following Mittag-Leffler function [43]:

[image: image]

where C denotes the set of complex numbers, and R(α) is the real part of α. The key tool in proving this result consists of an appropriate integral inequality of the following fractional boundary value problem.

Theorem 3.1. Let u be a non-trivial solution of

[image: image]

then |λ| ≥ (Γ(α)4α − 1)2.

Proof. We apply Corollary 2.3 with A = B = 0, α = β, p = 2, r = 2, and a = 0, b = 1. We obtain

[image: image]

and the proof is completed.
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In this paper, we investigated the non-linear Schrödinger equation (NLS) to extract optical soliton solutions by implementing the extended Sinh–Gordon equation expansion method (ShGEEM). Optical soliton solutions included bright, dark, combined bright-dark, singular soliton combined singular soliton solutions, and singular periodic wave solutions. Our new results have been compared to these in the literature. Also, graphical analysis was presented with 3D and contour graphs to understand the physics of obtained solutions.
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INTRODUCTION

In recent years, soliton propagation in non-linear optical fiber has become the most extensive topic of research in the field of non-linear sciences. In non-linear optical fiber, the study of the non-linear Schrödinger equation (NLS) plays an important role in order to understand the dynamical behavior of optical soliton. NLS helps to provide exact soliton solutions in non-linear fiber optics. During the last few years, in the study of optical solitons, many new research developments have taken place, which is a great achievement in the field of soliton [1–15]. However, there are a lot of problems that need to be solved.

Many new methods have been developed to tackle complicated problems in a very smooth manner and provide exact soliton solutions of these problems such as the modified simple equation method [16, 17], the extended trial equation method [18, 19], the tan[image: image]-expansion method [20, 21], and many others.

In this paper, our main focus is the study of NLS [22]. This equation has large physical importance in non-linear optics.

[image: image]

where V(x, t) is a complex function and σ is a constant. It should also be noted that, for σ = 0, Equation (1) reduces to the non-Kerr law non-linearity as

[image: image]

To study Equation (1), we consider the following wave transformation:

[image: image]

where φ(x, t) is the phase component, and k, ϖ, θ, and υ represent the frequency, wave number, phase constant, and velocity of the soliton. By substituting Equation (3) into Equation (1), we obtain the following real and imaginary equations:

[image: image]

[image: image]



ALGORITHM OF EXTENDED SHGEEM

To describe the mechanism of the extended Sinh–Gordon equation method (SGEM) for differential equations, we consider the equation [23]

[image: image]

where Υ = Υ(x, t) and ϱ is a nonzero constant.

Applying the traveling wave transformation Υ(x, t) = Φ(ζ), ζ = λ(x − μt), to Equation (6), we acquire the following form of non-linear ODE:

[image: image]

where Φ = Φ(ζ), λ is a wave number, and μ is the velocity of the traveling wave. By applying the integration procedure, Equation (7) can be found in a simplified form:

[image: image]

where r is the constant of integration. Setting [image: image] and [image: image], into Equation (8) yields

[image: image]

Equation (9) has the following set of solutions, by substituting different values for given parameters θ and r.

Set I:

If we substitute r = 0, θ = 1 in Equation (9), we obtain

[image: image]

Simplifying Equation (10), we acquire the following solutions:

[image: image]

and

[image: image]

where [image: image]

Set II:

If we substitute r = 1, θ = 1 in Equation (9), we have the following equation:

[image: image]

After simplification in Equation (13), we have the following solutions:

[image: image]

and

[image: image]

To obtain the different wave solutions of non-linear partial differential equations (NPDEs), we consider the equation in the following form:

[image: image]

Step I: By using wave transformation Υ(x, t) = Φ(ζ), ζ = λ(x − μt), we first transform Equation (16) into the following NODE:

[image: image]

Step II: We suppose that Equation (17) has a new ansatz solution in the following form:

[image: image]

where [image: image] are constants to be determined later. The value of can be determined by balancing the highest order dispersive term with the non-linear term in Equation (17).

Step III: We substitute Equation (18) for the fixed value of in Equation (17) to obtain a polynomial form of equation in v′f sinhg (v) coshι (v), (f = 0, 1 and g, ι = 0, 1, 2……). We get the system of algebraic equations by equating the coefficients of v′f sinhg (v) coshι (v) to be all zero. We extract the values of coefficients [image: image] by solving the system of algebraic equations with the help of MAPLE 2016.

Step IV: Substituting the values of [image: image] in Equations (19)–(22), we obtain the following wave solutions to the non-linear Equation (16):

[image: image]

[image: image]

[image: image]

and

[image: image]



APPLICATION OF EXTENDED SHGEEM TO EQUATION (1)

In this section, Extended ShGEEM [24–29] is implemented to Equation (1).

Considering a homogeneous balance between Φ″ and Φ3 in Equation (4) yields N = 1. And setting the value of N in Equations (18)–(22), we obtain

[image: image]

[image: image]

[image: image]

[image: image]

[image: image]

Substituting Equation (23) together with its derivatives in Equation (4), we get a polynomial equation in v′f sinhg (v) coshι (v), (f = 0, 1 and g, ι = 0, 1, 2……). Using some hyperbolic identities, we acquire a system of algebraic equations by setting the coefficients of v′f sinhg (v) coshι (v) equal to zero. After simplifying the system of equations, we obtain the values of [image: image] with the help of Maple 16. Subsisting all the values of [image: image] in any of Equations (24)–(27), we found numerous different types of soliton solutions of Equation (1).

Result I:

[image: image]

Result II:

[image: image]

Result III:

[image: image]

Result IV:

[image: image]

Result V:

[image: image]

Result VI:

[image: image]

Result VII:

[image: image]

Result VIII:

[image: image]

Substituting the values of the above given results in Equations (24)–(27), we get the following solutions.


Case I: Bright Optical Solitons

Substituting the values of the parameters given in Results II and IV into Equation (24):

[image: image]

[image: image]

where (k2 − 2σ2 − ϖ) > 0, for valid solutions.



Case II: Dark Optical Solitons

Substituting the values of the parameters given in Results III and V into Equation (24):

[image: image]

[image: image]

where (−2k2 + 4σ2 + 2ϖ) > 0, for valid solutions.



Case III: Combined Dark-Bright Optical Soliton Solutions

Using the values of the parameters given in Results I and VI into Equation (24):

[image: image]

[image: image]

where (2ϖ − 2k2 + 4σ2) > 0, for valid solutions.



Case IV: Singular Soliton Solutions

Using the values of the parameters given in Results II, III, IV, and V into Equation (25):

[image: image]

[image: image]

[image: image]

where (k2 − 2σ2 − ϖ) > 0, for valid solutions.

[image: image]

where (2ϖ − 2k2 + 4σ2) > 0, for valid solutions.



Case V: Combined Singular Solitons

Substituting the values of the parameters given in Results I and VI into Equation (25):

[image: image]

[image: image]

where (−2k2 + 4σ2 + 2ϖ) > 0, for valid solutions.



Case VI: Singular Periodic Wave Solitons

Substituting the values of the parameters given in Result VII into Equations (26), (27):

[image: image]
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where (2k2 − 4σ2 − 2ϖ) > 0, for valid solutions.

Substituting the values of the parameters given in Result VIII into Equations (26), (27):

[image: image]

[image: image]

where (2k2 − 4σ2− 2ϖ) > 0, for valid solutions.




GRAPHS AND DISCUSSIONS

In this section, we presented some of our obtained solutions in the following figures.

Solutions V1, V2 of Equation (1) depict the bright optical soliton solutions. Figure 1 represents the 3D surface of the bright soliton solution of Equation (36) with a contour plot for given parametric values ρ = 0.5, θ = 0.5, σ = 0.5, k = 0.5.


[image: Figure 1]
FIGURE 1. (A) Bright soliton Equation (36). (B) Contour plot.


Solutions V3, V4 of Equation (1) show the dark optical soliton solutions. Figure 2 represents the 3D surface of the dark optical soliton solution of Equation (38) with a contour plot for given parametric values ρ = 0.5, θ = 0.5, σ = 0.5, k = 0.5.


[image: Figure 2]
FIGURE 2. (A) Dark soliton solution Equation (38). (B) Contour plot.


Figures 3, 4 represent the singular and combined singular soliton solutions of Equation (1), obtained from solutions of V8 and V12[Equations (38), (47)] for ρ = 0.065, θ = 1, σ = 0.09, k = 0.095 and ϖ = 0.05, θ = 5, σ = 0.05, k = 0.09.


[image: Figure 3]
FIGURE 3. (A) Singular solution Equation (43). (B) Contour plot.



[image: Figure 4]
FIGURE 4. (A) Combined singular solution Equation (47). (B) Contour plot.


Solutions V13, V14, V15, V16 of Equation (1) represent the singular periodic wave solutions. Figure 5 illustrates the 3D surface of the singular periodic wave solution of Equation (50) with a contour plot for given parametric values ρ = 2.5, θ = 0.2, σ = 0.2, k = 7.5. For convenience, some other figures are not reported.


[image: Figure 5]
FIGURE 5. (A) Singular periodic soliton Equation (50). (B) Contour plot.




COMPARISONS

In Cheemaa and Younis [22], Nadia Cheema and Muhammad Younis investigated the traveling wave solutions of NLSE by applying the extended Fan sub-equation method. The obtained solutions V3, V4, V8, V10, V11, V12, V15, V16 in this paper are equivalent to the solutions q1, q2, q6, q15, q16. found in Cheemaa and Younis [22] for non-linear Schrödinger's equation. The extended Sinh–Gordon equation expansion method provides a large variety of optical soliton solutions [24–29]. By means of the extended Sinh–Gordon equation expansion method, we found some new more generalized exact solutions. Therefore, these new exact solutions are not reported before for this equation in the literature.



CONCLUSIONS

We have implemented the extended Sinh–Gordon equation expansion method to solve the non-linear Schrodinger equation for exact optical soliton solutions. The types of solutions we reported include singular periodic wave solutions, bright, dark, combined bright-dark, singular, and combined singular soliton solutions. The non-linear Schrodinger equation is one of the very major equations arising in the field of optic fibers. Its new solutions are expected to help engineers and scientists working in the field. It is worth mentioning that the solutions obtained by us are more generalized. That is, we have recovered not only many already existing solutions but also many unreported solutions. These new solutions are expected to help scientists working in the fields of optic fiber to understand the phenomenon governed by the non-linear Schrodinger equation. All the solutions have been verified for their exactness. Wherever the reported solutions have been recovered, they have been compared with their counterparts in the literature.
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In this work, we examine time-fractional fourth-order parabolic partial differential equations with the aid of the optimal homotopy asymptotic method (OHAM). The 2nd order approximate results obtained by using the suggested scheme are compared with the exact solution. It has been noted that the results achieved via OHAM have a large convergence rate for the problems. The solutions are graphically analyzed, and the relative errors are presented in tabular form.

Keywords: approximate solutions, fractional calculus, TFPPDE, OHAM, convergence


INTRODUCTION

The physical behaviors of fractional order differential and integral equations have been studied in fractional calculus (FC). Fractional calculus deals with more general behavior than classical calculus. However, in the present era FC has got more attention for its vast applications in many fields such as science and engineering. Spanier and Oldham [1], Podlubny [2], and Miller and Rose [3], have studied this subject in detail and developed the theoretical explanation of the subject. During the last few decades, a large number of researchers have noted that the role of fractional differential or integral operators are unavoidable in representing the characteristics of physical phenomena like traffic flow, viscoelasticity, fluid flow, signal processing, etc., [4–10]. Many processes and equipment have been efficiently explained by FC. Furthermore, comparative studies have been done for fractional and total differential models. In conclusion, the fractional models are more effective than classical models. Fourth ordered linear PDE

[image: image]

is very important in engineering and modern science. Bridge slabs, floor systems etc. are examples of fourth order PDEs. Where v is the beam transversal displacement, μ the is ratio of flexural stiffness to mass per unit length, t is the time, s is the space variable and h is the dynamic deriving force acting on unit mass.

In this study, the problem of undamped transverse vibrations of a flexible straight beam is considered. The support of the beam does not contribute to the strain energy of the system. The mathematical model of the problem is expressed in the form of the following time-fractional fourth-order parabolic partial differential equation as

[image: image]

where ∂t and ∂s represents the partial derivatives with respect to t and s, respectively. The initial and boundary conditions are

[image: image]

where [image: image] denotes the fractional order derivative operator, v(s, t) is the displacement of the beam in s direction, μ is the ratio of flexural stiffness to mass per unit length, t the is time, s is the space variable and f(s, t) is the dynamic deriving force acting on per unit mass, and g0(s), g1(s), f0(t), f1(t), p0(t) and p1(t) are continuous functions.

The concept of homotopy has been merged with perturbation in order to solve non-linear problems. Liao [11] conducted the basic work by utilizing the homotopy analysis method (HAM). He [12] presented the homotopy perturbation method and its applications. Marinca et al. [13–15] developed a novel computational scheme known as OHAM. The OHAM established a convergence criteria similar to HAM, but OHAM is more flexible. In various research papers Iqbal et al. [16–18] and Sarwar et al. [19, 20] have demonstrated the usefulness extension and trust of this technique and have achieved trustworthy solutions. In this paper, the Idea of OHAM has been explained. It gives logical, trustworthy solutions to linear and non-linear mathematical model fractional orders.

Very recently, some new definitions of fractional derivatives have been introduced and many physical medical problems have been modeled based on fractional derivatives, e.g., the SIRS-SI model describes the transmission of malaria disease [21]. The fractional extension of partial differential equations occurring in physical sciences was studied by Dubey et al. [22]. Other real-life problems with fractional calculus can be seen in a recent work by Gao et al. [23].

The homotopy asymptotic method (HAM) is also effective in solving a differential equation. Some result work comprises linear and nonlinear fractional differential equations considering different constraints without a singular kernel [24, 25]. The model shows that OHAM/HAM guarantee good approximation and better convergence rate than other numerical techniques.

The paper is structured as follows: The basic definition of fractional calculus is given in Section Basic Definitions. The method is described in Section Solution Procedure of OHAM. Section Solutions of Fractional Models of Parabolic PDEs gives the model problems and detailed results. Section Discussion of Results provides a discussion of the results. The conclusion is outlined in Section Conclusions.



BASIC DEFINITIONS

Let g(t), t > 0 is a function of real value considered to be in space cλ, λ ∈ R, which is very useful for the study in FC. If there exists, p > λ is a real number such that [image: image] where g1(t) ∈ c(0, ∞), supposed to be in space [image: image] if and only if [image: image],m ∈ N.

Definition 2.1. Riemann-Liouville form of integral operator of a function g ∈ cλ, of fractional order β > 0,λ ≥ − 1 is expressed as

[image: image]

Definition 2.2. Riemann-Liouville form of integral operator of a functiong(t) of fractional order β > 0 is given as

[image: image]

Definition 2.3. The Caputo fractional derivative of order β > 0 is expressed as

[image: image]

If j − 1 < β < j, and [image: image], then

[image: image]



SOLUTION PROCEDURE OF OHAM

Based on the OHAM scheme [18, 19], we will extend this approach for time-fractional parabolic partial differential equations (TFPPDE) in the subsequent steps.

Step I. Write the governing time fractional order parabolic equation in the subsequent way

[image: image]

Ω is domain. Equation (8) is bifurcated in to Q(v) = J(v) + T(v). In this expression J is a fractional component and T is a non-fractional component. [image: image], [image: image]

Step II. Develop an optimal homotopy for time-fractional partial deferential equation (TFPDE), φ(s, t; p) : Ω × [0, 1] → R which satisfies

[image: image]

In Equation (9) p ∈ [0, 1] and s ∈ Ω is a parameter, for p ≠ 0, H(s, p; c) is a non-zero auxiliary function and H(0, p; c) = 0 when p increases in the interval [0, 1] the solution φ(s, t) guarantees the rapidly convergent to the exact solution.

[image: image]

Where the auxiliary convergence control parameters are ci, i = 0, 1, 2, 3, …, m and Ji(s), i = 0, 1, 2, 3, …, m can be a function on the variables. The Jm(s, ci) may be selected in the form of polynomial, exponential and so on. It is very important to note that the crucial step is to select an appropriate function as the convergence rate depends on the initial guess of the solutions.

Step III. Expand φ(s, t; p, c) in Taylor's series for p to develop an approximate result as

[image: image]

It has been clarified that the rate of convergence of the (11) depends upon auxiliary constants ci. If the Equation (11), at p = 1 is convergent, then one has:

[image: image]

Step IV. Compare the coefficients of identical powers p after substituting Equations (11) in (9), we can get 0th, 1st, 2nd and higher order problems if needed.

[image: image]

[image: image]

[image: image]

[image: image]

And so on

Step V. Substitute Equations (12) in (8), the outcome will be residual.

Create the δ(ci)

[image: image]


Residual of Problem Is R

Convergence auxiliary control (ci) constants can be acquired as follows.

[image: image]

If R(s; ji) = 0 then v(s; ji) = 0 must be exact solution of the TFPDE. Normally it does not happen for non-linear problems.

Step VI. Using the convergence auxiliary control constants in Equation (12), we can develop an approximate solution.

Step VII. Accuracy of the technique is presented as

Error norm L2

[image: image]

Error normL∞

[image: image]




SOLUTIONS OF FRACTIONAL MODELS OF PARABOLIC PDES

In the current section, we take the two examples and solve them with the aid of OHAM and demonstrate the accuracy, validity, and suitability of the suggested computational scheme.


Example 1

Let us take the fourth order TFPPDE of the form

[image: image]

Initial conditions (ICs)

[image: image]

Boundary conditions (BCs)

[image: image]

Exact solution of problem is

[image: image]

Compare the coefficients of equal powers of embedding parameter p, after substituting ϕ(s, p) in to optimal homotopy equation to get zero-order, 1st-order, and 2nd-order and higher-order series problems.

[image: image]

[image: image]

[image: image]

After implementing the step-5 of sec-3 on Equations (22–24), we get following zero-order, 1st-order and 2nd-order results:

[image: image]

[image: image]

[image: image]

After using Equations (25–27), we get the second order solution as follows

[image: image]



Example 2

We take the 4rth-order TFPPDE of the form

[image: image]

Initial conditions

[image: image]

Boundary conditions

[image: image]

Exact solution is

[image: image]

Compare the coefficients of like powers of embedding parameter p, after substituting ϕ(s, p) in to optimal homotopy equation to get zero-order, 1st-order, 2nd-order and higher-order (if needed) deformed problems as under:

[image: image]

[image: image]

[image: image]

After implementing the step-5 of sec-3 on Equations (31–33), we develop the following zero-order, 1st-order and 2nd-order results.

[image: image]

[image: image]

[image: image]

After using Equations (34–36), we get the second order solution as follows:

[image: image]




DISCUSSION OF RESULTS

In the last section, a detailed algorithm for OHAM is presented for parabolic equations of arbitrary fractional order, and a description is designed for the examples in the above section which gives remarkably valid results for the TFPPDEs without domain discretization. OHAM does not require any higher order solutions to initiate the process.

In the Tables 1A, 2A for examples 1 and 2 represent the values of auxiliary constants c1 and c2 for distinct values of α, α = 1.5, 1.75, and 2. Tables 1B, 2B for examples 1 and 2 represent the approximate and exact solutions with absolute error for distinct values of α at fixed time t = 0.01, and also error norms of example 1 are [image: image] and error norms of example 2 are [image: image], which demonstrates the validity and accuracy of the suggested scheme.


Table 1A. Shows the order of solution of problem-1 with α.

[image: Table 1]


Table 1B. Shows the solutions and absolute error of problem-1 for various values of α.

[image: Table 1]


Table 2A. Shows the order of solution of problem-2 with α.

[image: Table 2]


Table 2B. Shows the solution and absolute error of problem-2 for distinct values of α.

[image: Table 2]

Figures 1, 2, 4 for example 1 represent the exact solution, approximate result and absolute error for fixed value α = 2. Figure 3 for example 1 represents the 2D results for different values of α, α = 1.5, 1.75 and 2 at fixed value of t = 0.01. Figures 5, 6, 8 for example 2 represent the exact solution, approximate result and absolute error for fixed value α = 2. Figure 7 for example 2 represents the 2D results for different


[image: Figure 1]
FIGURE 1. Surface of Exact solution for TFPPDE (20) with α = 2.



[image: Figure 2]
FIGURE 2. Surface of Approximate solution for TFPPDE (20) with α = 2.



[image: Figure 3]
FIGURE 3. Approximate solutions for TFPPDE (20) for distinct values of α = 1.5, 1.75, 2.



[image: Figure 4]
FIGURE 4. Absolute error for TFPPDE (20) at α = 2.



[image: Figure 5]
FIGURE 5. Surface of Exact solution for TFPPDE (29) with α = 2.



[image: Figure 6]
FIGURE 6. Surface of Approximate solution for TFPPDE (29) with α = 2.



[image: Figure 7]
FIGURE 7. Approximate solutions of TFPPDE (29) for distinct values of α = 1.5, 1.75, 2.



[image: Figure 8]
FIGURE 8. Absolute error for TFPPDE (29) at α = 2.


values of α, α = 1.5, 1.75 and 2 at fixed value of t = 0.01. All the above figures indicate the accuracy, suitability and effectiveness of the suggested algorithm. It is clear that as we proceed along the domain, we obtain consistent validity. In the above discussion (Tables 1B, 2B) show an excellent agreement between the approximate and exact solutions.



CONCLUSIONS

In this work, the TFPDE are examined by a semi-analytical scheme. The problems in hand are solved by OHAM. OHAM is incredibly effective for fractional order parabolic partial differential equations. The solutions obtained from OHAM are smooth enough to be compared with the exact solutions. The graphical reviews show the smoothness of the solutions. The error estimations with the exact solutions are of order 10−6. The tabular and graphical reviews of the solutions and errors are presented for different values of 1 < α ≤ 2 which are convergent. L2 error and L∞ error norms are calculated which show the error bounds. The error bound is of order 10−7. This is incredibly excellent.

This article focuses on the approximate solution of the parabolic equation which has many applications in engineering and physical sciences. The contribution of this article is 3-fold: first, we briefly defined the concept of fractional derivative, then developed the mathematical model. In the last step we implemented OHAM to find the solution of the model. The results are graphically represented and shown in tabular form to show the novelty and credibility of our method. In the future, we are interested in implementing OHAM on the system of fractional order partial differential equations in a more general way.
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New plasma wave solutions of the modified Kadomtsev Petviashvili (MKP) equation are presented. These solutions are written in terms of some elementary functions, including trigonometric, rational, hyperbolic, periodic, and explosive functions. The computational results indicate that these solutions are consistent with the MKP equation, and the numerical solutions indicate that new periodic, shock, and explosive forms may be applicable in layers of the Earth's magnetotail plasma. The method employed in this paper is influential and robust for application to plasma fluids. In order to depict the propagating soliton profiles in a plasma medium, the MKP equation must be solved at critical densities. In order to achieve this, the Riccati-Bernoulli sub-ODE technique has been utilized in solutions. The research findings indicate that a number of MKP solutions may be applicable to electron acoustics appearing in the magnetotail.
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1. INTRODUCTION

The existence of electron acoustic solitary excitations (EAs) in plasmas has been noticed in laboratories [1, 2]. Different observations in space have confirmed propagations of EAs in magnetospheres, auroral zones, broadband electrostatic noise (BEN), heliospheric shock, and geomagnetic tails [3–10]. The concept of EAs was generated by Fried and Gould [11]. It is principally an acoustic-type of wave with inertia given by the mass of cold electrons and restoring force expressed by hot electron thermal pressure [12]. Abdelwahed et al. [10] inspected the modulation of characteristics of EAs in non-isothermal electron plasmas [13] using a time-fractional modified non-linear equation. Pakzad studied [14] cylindrical EAs by hot non-extensive electrons, and found through numerical simulations that the spherical amplitude is greater than the cylindrical in EAs. Non-thermal critical geometrical EA plasmas were studied using a Gardner-type equation in Shuchy et al. [15]. Contributions of solitons to science have been discussed in many research works, some of which may be listed as [16–23]. The observed BEN emission bursts in auroras and the Earth's magnetotail regions indicate small and large amplitude electric fields with some explosive and rational domains at critical density. These wave structures appear to be prevalent in some parts of these regions [16, 17]. Therefore, we aim to obtain the solutions that confirm the existence of the electrostatic field in our model.

Let us consider the non-linear partial differential equation

[image: image]

where φ(x, t) is an unknown function. Using the wave transformation

[image: image]

Equation (1.1) is converted to an ODE:

[image: image]

Many models in physics, fluid mechanics, and engineering are written in the form of (1.1), and this form may be transformed into the ODE:

[image: image]

(see for instance [24–35], and so on). Equation (1.3) is quite significant and useful in our computations, and we employ a robust and unified method known as the Riccatti-Bernoulli (RB) sub-ODE method [36]. The RB sub-ODE method has been used as a box solver for many systems of equations arising in applied science and physics. There are other powerful analytical methods that solve such ODEs; an important example is the Lie algebra method (see [37, 38]).

Next, we describe the RB sub-ODE method briefly.



2. THE RB SUB-ODE METHOD

According to the RB sub-ODE method [36], the solution of Equation (1.3) is

[image: image]

where a, b, c, and n are constants that will be determined later. From Equation (2.1), we get

[image: image]

[image: image]

The solitary solutions φi(ξ) of Equation (2.1) are given by

1. At m = 1

[image: image]

2. At m ≠ 1, b = 0, and c = 0

[image: image]

3. At m ≠ 1, b ≠ 0, and c = 0

[image: image]

4. At m ≠ 1,a ≠ 0, and b2 − 4ac < 0

[image: image]

and

[image: image]

5. At m ≠ 1,a ≠ 0, and b2 − 4ac > 0

[image: image]

and

[image: image]

6. At m ≠ 1, a ≠ 0, and b2 − 4ac = 0

[image: image]


2.0.1. Bäcklund Transformation

If φr−1(ξ) and φr(ξ)(φr(ξ) = φr(φr−1(ξ))) are the solutions of Equation (2.1), we have

[image: image]

namely

[image: image]

Integrating Equation (2.12) once with respect to ξ, we get the Bäcklund transformation of Equation (2.1) as follows:

[image: image]

where L1 and L2 are arbitrary constants. Equation (2.13) gives the infinite solutions of Equations (2.1) and (1.1).




3. UNIFIED SOLVER

In this section, we will describe the practical implementation of the concept of a unified solver.

[image: image]

Substituting Equation (2.2) into Equation (3.1), we obtain

[image: image]

Making m = 0, Equation (3.2) is reduced to

[image: image]

Setting each coefficient of φi(i = 0, 1, 2, 3) to zero, we get

[image: image]
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[image: image]
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Solving Equations (3.4)–(3.7) yields

[image: image]
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Hence, we present the following possible cases for solutions of Equations (3.1) and (1.1).

1. When b = 0 and c = 0 (α3 = 0), the solution of Equation (3.1) is

[image: image]

where ς is an arbitrary constant.

2. When [image: image], substituting Equations (3.8)–(3.10) and (1.2) into Equations (2.7) and (2.8), the trigonometric function solutions of Equation (1.1) are then given by

[image: image]

[image: image]

where ς is an arbitrary constant.

3. When [image: image], substituting Equations (3.8)–(3.10) and (1.2) into Equations (2.9) and (2.10), the hyperbolic function solutions of Equation (1.1) are,

[image: image]

and

[image: image]

where ς is an arbitrary constant.



4. MATHEMATICAL MODEL

We use stretched τ = ϵ3t, ξ = ϵ(x − λt), η = ϵ2y, where ϵ is an arbitrarily small number and λ is the speed of EA. Elwakil et al. [17] examined two-dimensional propagation of EAs in plasma with cold fluid of electrons and two different ion temperatures within the framework of Poisson equations:

[image: image]

[image: image]

where Tl is the low ion temperature at equilibrium density μ, Th is the high ion temperature at equilibrium density γ, and [image: image] The computational results indicate that the system reaches critical density μc which makes non-linearity vanish. At μ = μc, the modified KP equation was given:

[image: image]

with
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We use a similarity transformation in the form:

[image: image]
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where L and M are directional cosines of x and y axes.

The MKP equation transformed to the ODE form is:

[image: image]

Equation (4.8) gives a stationary soliton in the form of

[image: image]

[image: image]
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where u and v are traveling speeds in both directions.



5. RESULTS AND DISCUSSION

Comparing Equation (4.8) with the general form (3.1) gives α1 = 3σ, α2 = δ, and α3 = −3(υ − s). According to the unified solver given in section 3, solutions of Equation (4.8) are expressed as follows.


5.1. Rational Function Solutions: (When υ = s)

The rational solutions of Equation (4.8) are.

[image: image]



5.2. Trigonometric Function Solution: (When [image: image])

The trigonometric solutions of Equation (4.8) are

[image: image]

and

[image: image]



5.3. Hyperbolic Function Solution: (When [image: image])

The hyperbolic solutions of Equation (4.8) are.

[image: image]

and

[image: image]

Two-dimensional propagation of solitary non-linear EAs has been examined in a plasma mode using parameters related to sheet layers of plasmas of the Earth's magnetotail [16, 17]. At a certain ion density value called the criticality value, the equation obtained cannot describe the mode. Hence, the new stretching produced by the MKP equation describes the critical system under investigation. Equation (4.8) represents a soliton with stationary behavior, as shown in Figure 1. At the critical point, many solitary forms are concerned with the behavior of EAs using the Riccati-Bernoulli solver for the MKP equation.


[image: Figure 1]
FIGURE 1. Variation of ϕc against χ, β for u = 0.01, v = 0.01, L = 0.95.


Solution (5.1) is a solitary wave type called explosive type, which has rapidly increasing amplitude, as depicted in Figure 2. Solution (5.2) has a blow-up periodic shape, as shown in Figure 3. Dissipative behaviors are also produced in Figures 4, 5. In the solution of (5.4), the shock wave is propagated in the medium, as shown in Figure 4. Finally, the explosive shock profile is obtained for solution (5.5), as shown in Figure 5.


[image: Figure 2]
FIGURE 2. Variation of rational ϕc against χ, β for u = 0.01, v = 0.01, L = 0.95.



[image: Figure 3]
FIGURE 3. Variation of periodic ϕc against χ for β = 0.05, u = 0.02, v = 0.5, L = 0.92.



[image: Figure 4]
FIGURE 4. Variation of shock ϕc against χ for β = 0.02, u = 0.02, v = 0.5, L = 0.5.



[image: Figure 5]
FIGURE 5. Variation of explosive shock ϕc against χ for β = 0.02, u = 0.02, v = 0.5, L = 0.5.





6. CONCLUSIONS

We have devoted major effort to examining the adequate description of the new type solutions at critical density in plasma layers of the Earth's magnetotail. The application of perturbation theory leads to the modified MKP equation. An RB sub-ODE solver gives new solitary excitations for the MKP equation, including periodic, explosive, and shock types. The new explosive shocks represent the wave motion of plasma solitons. Moreover, these new exact solitonic and other solutions to the MKP equation supply guidelines for the classification of the new types of waves according to the model parameters and can introduce the following types: (a) solitary and hyperbolic solutions, (b) periodic solutions, (c) explosive solutions, (d) rational solutions, (e) shock waves, and (f) explosive shocks. The application of this model could be used in the verification of the broadband and observations of magnetotail electrostatic waves.
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This paper extends the existing Fisher's equation by adding the source term and generalizing the degree β of the non-linear part. A numerical solution of a modified Fisher's equation for different values of β using the cubic B-spline collocation scheme is also investigated. The fractional derivative in a time dimension is discretized in Caputo's form based on the L1 formula, while cubic B-spline basis functions are used to interpolate the spatial derivative. The non-linear part in the model is linearized by the modified formula. The efficiency of the proposed scheme is examined by simulating four test examples with different initial and boundary conditions. The effect of different parameters is discussed and presented in tables and graphics form. Moreover, by using the Von Neumann stability formula, the proposed scheme is shown to be unconditionally stable. The results of error norms reflect that the present scheme is suitable for non-linear time fractional differential equations.

Keywords: cubic B-spline (CBS) collocation scheme, time fractional modified Fisher equation, Caputo derivative, stability analysis, error norms


1. INTRODUCTION

Fractional calculus-based models have been used in different fields of engineering and science. In the last few years, fractional differential equations have been widely used. The main advantage of using fractional order differential equation is its non-local property in mathematical modeling. During the twentieth century, the authors [1–3] added a significant amount of research in the area of fractional calculus. The applications can be seen in different branches of science and engineering, such as finance [4], nano-technology [5], electrodynamics [6], and visco-elasticity. Fisher's equation is commonly used in epidemics and bacteria, branching Brownian motion, neolithic transitions and chemical kinetics [7–9]. The spatial and temporal propagation of a virile gene in an infinite medium has been explained by Fisher [10]. Several numerical methods for differential equations with Riemann-Liouville and Caputo sense fractional order derivatives have been applied and analyzed [11–13].

The time-fractional Fisher's equation used in Baranwal et al. [14] has been modified in this paper in two different ways: (1) by introducing the source term or (2) by generalizing the non-linear power.

The modified form of time fractional Fisher's equation is:

[image: image]

with the initial condition

[image: image]

and the boundary conditions

[image: image]

where ν is a parameter of viscosity.

The Caputo and Riemann-Liouville fractional derivatives have a wide range of applications [15–17]. The Caputo derivative is used in this work:

[image: image]

The Caputo derivative is discretized by the L1 formula [18]:

[image: image]

where [image: image].

In this paper, we generalized the linearization formula used in [19]:

[image: image]

where β is a positive integer.

The numerical and analytical solution of fractional order PDEs play an important role in explaining the characteristics of non-linear problems that arise in everyday life. In the literature, researchers applied various techniques for the numerical solutions of Fisher's equation. Baranwal et al. [14] introduced an analytic algorithm for solving non-linear time-fractional reaction diffusion equations based on the variational iteration method (VIM) and Adomian decomposition method (ADM). Wazwaz and Gorguis [20] implemented ADM for the analytic study of Fisher's equation. Homotopy perturbation sumudu transform method has been applied for solving fractional non-linear dispersive equations by Abedle-Rady et al. [21]. Gupta and Saha Ray [22] implemented two methods. Haar wavelet method and the optimal homotopy asymptotic method (OHAM) for the numerical solutions of arbitrary order PDE, such as Burger-Fisher's and generalized Fisher's equations. Cherif et al. [23] solved space-fractional Fisher's equation using classical HPM. Khader and Saad [24] proposed a numerical solution for solving the space-fractional Fisher's equation using Chebyshev spectral collocation technique. Rawashdeh [25] introduced the fractional natural decomposition method (FNDM) to find the analytical and approximate solutions of the non-linear time-fractional Harry Dym equation and the non-linear time-fractional Fisher's equation. Singh [26] introduced an efficient computational method for the approximate solution of a non-linear Lane-Emden-type equation. The numerical solution of fractional vibration equation of large membrane has been investigated in Singh [27] by Jacobi polynomial. The authors in [28] employed the cubic B-spline method for the numerical simulations of time fractional Burgers' and Fisher's equation. Singh et al. [29] constructed a q-homotopy analysis transform method for solving time and space-fractional coupled Burgers' equation. Najeeb et al. [30] used HPM for the analytical solution of time-fractional reaction-diffusion equation. Majeed et al. [28] used B-spline at non-uniform for the construction of craniofacial fractures.

In this paper, we have presented a cubic B-spline (CBS) algorithm for numerical simulation of the time-fractional generalized Fisher's equation. Caputo's time fractional derivative based on the L1 scheme has been discretized by finite difference formula, whereas spatial derivatives are discretized by CBS functions. The present approach is novel for the numerical results of fractional order PDEs and, to the best of our knowledge, any spline solution of the time-fractional generalized Fisher's equation has never yet been studied. Moreover, this scheme is equally effective for homogeneous and non-homogeneous boundary conditions.

This article has been presented in the following manner. Section 2 evolves a brief description of temporal discretization, cubic B-spline functions and spatial discretization. In section 4, the stability of the proposed algorithm has been discussed. The discussion on numerical results of four test problems has been reported in section 5. Concluding remarks of this work are given in section 6.



2. DESCRIPTION OF THE METHOD

Let us consider the interval [a, b] is sub divided into N finite elements of equal spacing h determined by the knots rj, j = 0, 1, 2, 3.……, N such that a = r0 < r1 < r2… < rN−1 < rN = b. The cubic B-spline basis function at the grid points is defined as

[image: image]

From the above basis, the approximation solution ZN(r, t) can be written in terms of linear combination of cubic B-spline base function as follows

[image: image]

where [image: image] are the unknowns to be determined. Four consecutive cubic B-splines are used to construct each element [rj, rj+1]. The values of cubic B-splines and its derivatives at the nodal points are given in Table 1. The variation of ZN(r, t) over the typical component [rj, rj+1] is given by

[image: image]


Table 1. Coefficients of CBS and its derivative at the nodes rj.

[image: Table 1]

By plugging the approximation values given in Table 1 into Equation (2.3) at (rj, tn), The Equation (1.1) yields the following set of fractional order ordinary differential equations.

[image: image]

Here, • represents αth order fractional derivative with respect to time. After some simplification, a recurrence relation for Equation (1.1) with β = 3 can be written as

[image: image]

where [image: image] [image: image] [image: image]. Moreover, the truncation error [image: image] is bounded as

[image: image]

where ϖ is a real constant.

Lemma 2.1. The coefficients λk in (2.5) possess the following characteristics [31]:

• λk > 0 and λ0 = 1, k = 1:1:n,

• λ0 > λ1 > λ2 > … > λk, λk → 0 as k → ∞,

• [image: image].

Equation (2.5) is modified as

[image: image]

where [image: image] [image: image] and [image: image]

From (2.7), the system of N + 1 linear equation with N + 3 unknown parameters [image: image] can be obtained. To acquire unique solution of the system, two extra equations are needed. For this purpose, given boundary conditions are used. Thus, the system of linear equations for expression (2.7) becomes

[image: image]

[image: image]

where

[image: image]



3. INITIAL VECTOR

For the initial vector, the initial and boundary conditions of the problem under consideration will help to compute the initial vector [image: image]. The approximation (2.2) therefore becomes

[image: image]

To determine Υ0, the approximation for the derivatives of the initial and boundary conditions is as follows [32]:

• [image: image] for j = 0, N

• [image: image] for j = 0, 1, 2, …, N

This gives the following (N + 3) × (N + 3) matrix system:

[image: image]



4. STABILITY ANALYSIS

The von Neumann analysis is frequently used to determine the requirements of stability, as it is usually simple to apply in a simple way. The solution in single Fourier mode is defined as

[image: image]

where [image: image]. The approximation solution of generalized Fisher's equation (2.7) can be written as

[image: image]

where [image: image] [image: image] [image: image]

Substituting (4.1) into (4.2), we get

[image: image]

[image: image]

By inserting values of α0, α1 and n1, n2, n3 in above expression, we have

[image: image]

The applied scheme is stable if augment factor |Υk+1| ≤ 1, and, from the above expression, we can observe that value of numerator is lesser than denominator for the values of γ, η, h. The scheme become unstable as the approximations grows in magnitude.

[image: image]

[image: image]

The above result thus reflects that scheme is unconditionally stable.



5. APPLICATIONS AND DISCUSSION

This section presents some examples with different initial and boundary conditions. The numerical results are presented graphically and numerically in figures and tables. The error norms L2 and L∞ are computed to analyze the precision of the suggested technique as

[image: image]

[image: image]

In this manuscript we used, MATLAB 2015b on IntelRCORETMi5 CPU with 8GB RAM and 64-bit operating system (window 7) for numerical simulations.

Example 5.1. Consider the fractional order Fisher's equation (1.1) for β = 3 subject to

[image: image]

[image: image]

[image: image]

and the source term

[image: image]

The approximate solution (2.3) can be written in piecewise form:

[image: image]

[image: image]

The exact solution of (5.1) is Z(r, t) = t2α(1 − r2)exp(2r).

Figures 1, 2 explores the comparison of CBS solution with exact solution for Example 5.1 for different parameters. Figure 1A shows the 2-dimensional preview of approximate and exact results for t = 0.25 with α = 0.95, h = 0.01, Δt = 0.0003 and ν = 1. The graph illustrates that exact and approximate outcomes are indiscriminately similar to each other. Figure 1B cites the action of solution obtained for Equation (5.1) with α = 0.95, h = 0.01, ν = 1 and for various time steps t = 0.5, 0.75, and 1 with Δt = 0.0003. It is clear from the graph that both solutions are overlapping. Three dimensional preview has been given in Figure 2. While the influence of α has been discussed for distinct Brownian motion, i.e, α = 0.25, 0.5, and 0.98 in Figure 3. It can be observed that as the value of α increases, the solution profile decreases and as α → 1, the numerical solution tends to overlap the exact solution. The comparison of numerical and exact outcomes is expressed in Table 2, which shows that both results are consistent with each other and are accurate up to 5 decimal places. The numerical results for α variation is presented in Table 3. It is clear from tabular data that both results strongly agree with each other, and the accuracy of the scheme is examined by the error norms as shown in Table 4.


[image: Figure 1]
FIGURE 1. Approximate results of Example 5.1 at different time levels for α = 0.95, ν = 1, Δt = 0.0003, and h = 0.01. (A) For t = 0.25. (B) For t = 0.5, 0.75, and 1.



[image: Figure 2]
FIGURE 2. 3D image of numerical solution of Example 5.1 for t ϵ [0, 1], α = 0.25, ν = 1, Δt = 0.0003, and h = 0.01.



[image: Figure 3]
FIGURE 3. Numerical solution of Example 5.1 for various values of α = 0.25, 0.5, and 0.98, ν = 1, Δt = 0.0003, and h = 0.01.



Table 2. The comparison of results for Example 5.1 at different time level.

[image: Table 2]


Table 3. The comparison of results for Example 5.1 at different values of α and t = 0.5.

[image: Table 3]


Table 4. Computation of error norms for Example 5.1.

[image: Table 4]

Example 5.2. The fractional order Fisher's equation (1.1) for β = 3 can be written as:

[image: image]

with

[image: image]

[image: image]

source term is

[image: image]

The Exact solution of Example 5.2 is Z(r, t) = (1 + t2)r2exp(2r). Figures 4, 5 plot the 2D and 3D preview of exact and approximate solutions of Example 5.2. The graph shown in Figure 4A demonstrates that the approximate solution at t = 0.25, α = 0.95, h = 0.01, Δt = 0.0003, and ν = 1 is compatible with exact solution. Figure 4B shows the effect of various time steps t = 0.5, 0.75, and 1 on the solution profile. It is clear from the graphics that exact and numerical solutions have identical behavior for fixed value of α = 0.95. The comparison of exact and approximate results is presented in Table 5, which clearly shows that both solutions are very close to each other and have negligible errors. Figure 5 give 3D preview of approximate solution. To examine the accuracy of the present technique, error norms are computed and shown in Table 6.


[image: Figure 4]
FIGURE 4. Approximate results of Example 5.2 at different time levels for α = 0.95, ν = 1, Δt = 0.0003, and h = 0.01. (A) For t = 0.25. (B) For t = 0.5, 0.75, and 1.



[image: Figure 5]
FIGURE 5. 3D preview of numerical solution of Example 5.2 for t ϵ [0, 1], α = 0.95, ν = 1, Δt = 0.0003, and h = 0.01.



Table 5. Numerical results for Example 5.2.

[image: Table 5]


Table 6. Error norms for Example 5.2.

[image: Table 6]

The approximate solution (2.3) can be written in piecewise form:

[image: image]

[image: image]

Example 5.3. For β = 2, the time fractional Fisher's equation becomes

[image: image]

[image: image]

[image: image]

The source term

[image: image]

Exact solution for above conditions is

[image: image]

Thus, the approximate solution (2.3) can be written in piecewise form:

[image: image]

[image: image]

Figure 6A, displays the numerical and exact solution of Example 5.3 for t = 0.4, α = 0.96, h = 0.01 and Δt = 0.0001. The graphics illustrate that numerical and exact solutions are obviously shown to be indiscriminately comparable to one another. The effect of time concentrations t = 0.6, 0.8, and 1 is studied and presented in Figure 6B keeping other parameters constant. It can be seen from graphics that both solutions have symmetrical conduct and their corresponding numerical data are presented in Table 7, which demonstrates that both results are accurate and have negligible error. Figure 7 plots three-dimensional solution and results of error norms is given in Table 8.


[image: Figure 6]
FIGURE 6. Numerical solution of Example 5.3 for variation in time at α = 0.96, ν = 1, h = 0.01, Δt = 0.0001, and β = 1. (A) For t = 0.25. (B) For t = 0, 0.5, 0.75, and 1.



Table 7. Comparison of exact and numerical findings of Example 5.3 at various time stages.

[image: Table 7]


[image: Figure 7]
FIGURE 7. 3D image of approximate results of Example 5.3 for t ϵ [0, 1], α = 0.96, step size h = 0.01, Δt = 0.0001, and ν = 1.



Table 8. Comparison of error norms of Example 5.3.

[image: Table 8]

The influence of Brownian motion, i.e, α = 0.25, 0.75, on solution curve is displayed in Figure 8. The identical behavior of solution curves demonstrates that for smaller values of α, the solution profile is away from the exact result and as α → 1, the approximate and exact solution tends to overlap.


[image: Figure 8]
FIGURE 8. Approximate results of Example 5.3 for α = 0.5, 0.75 and 0.95, h = 0.01, Δt = 0.0001, and ν = 1.


Example 5.4. Fisher's equation with fractional order for β = 1 with f(r, t) = 0, is

[image: image]

[image: image]

The exact solution of the model for α = 1 is,

[image: image]

The graphical illustration of exact and numerical solutions for Example 5.4 are shown in Figure 9. Figure 9A shows compatibility of exact and numerical results for h = 0.01, Δt = 0.02, α = 1, and σ* = 0.25. The multiple curves for exact and numerical solutions for various values of σ* = 0.5, 0.7, and 0.9 are shown in Figure 9B. The comparison of exact and approximate solutions acquired by the proposed scheme is expressed in Table 9. The tabular data demonstrate that both solutions are compatible with each other for various values of σ*. Table 10 demonstrates the error norms.


[image: Figure 9]
FIGURE 9. Numerical results of Example 5.4 for various values of σ* and α = 1, Δt = 0.02, and h = 0.01. (A) For σ* = 0.25. (B) For σ* = 0.5, 0.7, and 0.9.



Table 9. Exact and numerical results of Example 5.4 at different values of σ*.

[image: Table 9]


Table 10. Comparison of error norms.

[image: Table 10]



6. CONCLUDING REMARKS

In this study, cubic B-spline (CBS) scheme has been successfully implemented to acquire numerical solution of a time-fractional modified Fisher's equation for β = 2 and 3. The temporal derivative is discretized in the Caputo's sense by means of L1 formula, whereas CBS functions have been used for spatial derivative. The results acquired by the proposed scheme are presented in the form of tables and graphics. Following are the main outcomes of this study.

1. The existing Fisher's model has been modified by adding source term and by increasing integer power of non-linear term.

2. The influence of α parameter has been studied for different values and observed that, as the value of α increases gradually, the solution profile Z(r, t) tends toward exact solution. The numerical solution overlaps the exact solution as α approaches 1 as shown in figures.

3. The numerical behavior of the proposed model with different initial and boundary conditions has been observed at different time levels.

4. The comparison of exact and numerical results displayed in graphics reveals that both results show symmetrical behavior and their corresponding numerical data presented in tables clearly elaborate consistency of the results.

5. The results of the study regarding stability of the presented scheme show that proposed scheme is unconditionally stable.

Moreover, the accuracy and efficiency of the proposed scheme is quantified by computing error norms and the numerical results reflect that the proposed scheme is applicable for non-linear time fractional generalized Fisher's equation.
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