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This paper introduces a novel linked structure-content representation of federal statutory law in the United States and analyzes and quantifies its structure using tools and concepts drawn from network analysis and complexity studies. The organizational component of our representation is based on the explicit hierarchical organization within the United States Code (USC) as well an embedded cross-reference citation network. We couple this structure with a layer of content-based similarity derived from the application of a “topic model” to the USC. The resulting representation is the first that explicitly models the USC as a “multinetwork” or “multilayered network” incorporating hierarchical structure, cross-references, and content. We report several novel descriptive statistics of this multinetwork. These include the results of this first application of the machine learning technique of topic modeling to the USC as well as multiple measures articulating the relationships between the organizational and content network layers. We find a high degree of assortativity of “titles” (the highest level hierarchy within the USC) with related topics. We also present a link prediction task and show that machine learning techniques are able to recover information about structure from content. Success in this prediction task has a natural interpretation as indicating a form of mutual information. We connect the relational findings between organization and content to a measure of “ease of search” in this large hyperlinked document that has implications for the ways in which the structure of the USC supports (or doesn’t support) broad useful access to the law. The measures developed in this paper have the potential to enable comparative work in the study of statutory networks that ranges across time and geography.
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1 INTRODUCTION
In this paper we present a network-based framing and analysis of the United States Code (USC), the legal corpus comprising the federal statutes of the United States. Statutes therein possess hierarchical structure via their organization into titles, sections, sub-sections and the like, and a cross-reference structure in which provisions of a code cite to other provisions for purposes of sharing definitions or establishing legal relations. These overlapping structures of hierarchy and cross-references intertwine content which can also be studied as a network through a similarity structure derived from its defining documents. Taken together, these interleaved network structures define the USC – and more generally, any statutory network corpus – as a mutilayered network or multinetwork, a complex network structure increasingly of interest in the areas of network science and complex systems [1]. The contribution of this work is the first framing of the USC as a multinetwork and with that, a first network-based analysis of the USC that includes the calculation of various network-related metrics (degree, betweeness centrality, hubs and authorities measures) and other quantifiable characteristics of the USC as well as detailing the relationships between the layers. In doing so, we present a defining framework for the notion of a “statutory network” and a collection of attendant measures that will enable future work in comparative and intrinsic statutory analysis.
As discrete, information dense, and legally important corpora, bodies of statutes have proven particularly attractive to researchers who are interested in applying computational tools to legal texts [2]. The hierarchical and networked structure we see in the USC is a hallmark of complex systems, which include regulatory structures as well as evolved organizational structures ranging from corporations to societies and ecosystems (see e.g., [3, 4]).
As mentioned, network characteristics, as well as the large body of work in quantitative textual analysis of document corpora enable an empirical approach to the study of statutory networks. This puts the study of statutes squarely within the vibrant body of research that is bringing to bear the tools of complex systems and machine learning on legal documents and the law (see [5] for a recent survey). For example, it may be that there are temporal or geographic determinants of a statutory network that may influence the diffusion of legal culture over space and time [6]. There may also be consequences of certain statutory network features, such as regulatory complexity, that increase legal transaction costs [7] or lead to hidden “cumulative” costs of regulation [8]. In this vein, new measures of statutory complexity are needed to move the field beyond fairly primitive proxies, such as word counts or simple n-gram style metrics (see e.g., [9, 10], as well as [11] for analogous efforts in the banking industry).
Network features of the law can also be exploited to study certain types of legal behavior. Prominent in this regard is the body of work that has been done related to the citation network of Supreme Court opinions, notably the groundbreaking work of Fowler and his collaborators in their study of precedent [12]. The use of text analysis tools in the law is more recent. Early uses of the machine learning topic modeling approach used herein include novel analyses of the impact of Supreme Court opinions on litigation [13], the influence of clerks on opinion-writing [14] and a more general study of opinions as genre [5]. Extensions to the much larger corpus of Circuit Court opinions has resulted in a new revelation of publication bias in that setting [15].
The multinetwork framework of SCOTUS opinions combining citations with topic-similarity has further served to produce a geometric framework for their study [16] and is used to study the problem of “law search” [17]. This work provides useful insights into an important category of legal behavior that has been difficult to study using traditional tools. Indeed, as far back as Jeremy Bentham, legal philosophers have recognized that the diffuse nature of the law (especially in common law systems) poses important normative problems [18]. Given the growth of publicly available legal datasets1, advances in understanding the internal organization of the law and using that understanding to facilitate search of legal materials for non-experts and experts alike may also facilitate broader access to the law in a comprehensible format. These questions are similarly germane to the USC.
This paper is the first to merge information on statutory structure with the semantic content of statutory text. We thus build and expand on prior work, such as [2, 19]; that focuses on organizational features (specifically hierarchical structure and cross-references) of statutory codes. The inclusion of semantic content is particularly important: while the hierarchical and cross-reference structure of a statutory corpus provides some valuable information about the nature of a legal regime, the structure itself has no legal effect. Statutory structure establishes relationships and order, but it is the semantic content that ultimately is the legal materiel stitched together through structure. A better understanding of the relationship between statutory structure and content may also prove particularly useful in developing better search tools for statutory law. Because statutory language is relatively parsimonious—especially compared to the lengthy narrative documents produced by courts—common search approaches (including Boolean searches and various natural language augmentations) can be ineffective at identifying relevant statutory authority for a given legal matter. Systematic patterns in the overlap of structure and substance could be leveraged in search tools that were specifically designed to lower the costs of identifying relevant statutory text. While we focus on the example of the United States Code, the techniques described here could be applied to any statutory system. Empirical comparative extensions are likely to yield particularly worthwhile insights into different system-level characteristics of legal orders and the relationship of those characteristics to outcomes of interest, which could vary from sociological legitimacy to regulatory compliance costs.
For our analysis of the semantic content, we rely on the machine learning tool of topic modeling [20] and specifically the structural topic model (STM) introduced in [21]. A great deal of work has gone into the development and refinement of topic models and they have become widespread within social sciences (e.g., [22],) the humanities (e.g., [23–26],) and other text-centric disciplines. Several recent papers have applied topic models to legal documents [5, 27–29]. The STM approach builds on the conventional and widely used Latent Dirichlet Allocation (LDA) topic model.
In Section 2 we discuss prior work and summarize the contributions of our analysis. In Section 3 we describe our data derived from the current (online) version of the USC. This includes some basic descriptive statistics of the structural network of the USC including centrality and hub/authority measures of the underlying title network. Section 4 contains the meat of the analysis. After providing some additional detail on topic models and their utility in producing basic characterizations of unstructured collections of documents, we report the results of our topic model of the USC as well as some intuitive descriptions of the relationships between topics and statutory structure. The topic modeling of the USC text is new and a main contribution of this work. Our next main contributions build on the results of the topic modeling to generate a set of measures to examine the relationship between semantic features of the USC and its structure, the latter represented in its cross-references and hierarchical organization into higher-level titles. We do this first by using an assortativity measure that connects cross-reference and semantic structure (using the topic model output). This shows significant relationship between title and content. We then construct new relational measures inspired by mutual information that investigate the degree to which semantic content can predict connectivity. Using an SVM machine learning approach, we achieve predictive accuracy of 60% in using topic proportions to predict titles. We create a second measure using the law search model developed in [16, 17] to predict cross-reference citations from topics and achieve similar performance as has been achieved for an analogous experiment using the corpus of Supreme Court opinions. Taken together, these results suggest good alignment between the structural and content layers of the multinetwork, with attendant positive implications for searchability. We close in Section 5 with a description of future work enabled by an anticipated merging of the USC data with other legal corpora.
2 GENERAL CHARACTERISTICS OF LEGAL SYSTEMS
Statutes are the laws enacted by a legislative body. In common law jurisdictions such as the United Kingdom, statutory law (e.g., the enactments of Parliament) can be contrasted with judge-made law that accretes through the decisions of courts in individual cases. In the United States, most areas of federal and state law have statutes at their foundation, with courts charged with the task of statutory interpretation through the application of statutory language to particular cases. Administrative agencies, themselves established and empowered via statutes, frequently have a role in elucidating broad statutory commands through more detailed regulations.
Statutes are distinct from constitutions, which are adopted and altered through special procedures rather than the typical legislative process. Taking the United States as an example, Article I, Section 7 of the U.S. Constitution sets out the procedure for Congress to adopt statutes, via majority vote in the House of Representatives and Senate and presentment to the President, and in the case of a presidential veto, a two-thirds vote in both chambers. Article V of the Constitution describes the (very difficult) procedure for amending the Constitution itself, which requires that any proposed amendment be ratified by three fourths of the states.
Statutes are a longstanding object of analysis for empirical legal study: for example, there are a substantial number of papers that examine the effects of the death penalty—a statutory provision—on crime (e.g., [30].) In addition to investigating the consequences of particular policy choices as embodied in statutes, empirical legal scholars also examine factors that affect the decision of whether or not to adopt a new law, such as prior success in another jurisdiction or geographic proximity to other adopters [31].
In addition to studying specific legislative enactments, scholars have also focused on certain general characteristics of legal systems. For example, scholars in the “legal origins” tradition have argued that certain legal characteristics that are correlated with whether a country has a common law or civil law system are associated with macro-social outcomes such as economic development [32, 33]. This literature has been broadly influential and has shaped recent political discourse on law and development [34]. For criticism of this work, see [35, 36] among others.
A related literature focuses specifically on the notion of legal complexity and the question of relationships between the complexity of a legal system and a variety of societal outcomes [37, 38]. At a high level of abstraction [39] argues that societal complexity along a variety of fronts eventually contributes to the disintegration of politically organized groups. More concretely, scholars have argued that legal complexity hampers economic development through several channels, including by the lowering of returns on capital and thus impeding innovation [40–43]. In recent years, several scholars have attempted to use data on aggregate regulatory levels to draw conclusions about the costs and benefits of various regulatory regimes [9, 44, 45]. In the realm of political discourse, trade associations representing regulated industry frequently bemoan legal complexity and the cumulative cost of regulations [46].
Rigorous work on legal complexity has been hampered by inadequate definition and measurement of the underlying concept (see e.g., [37].) Simple measures, such as the number of pages in the U.S. Federal Register, or counting n-grams that target “command” type language (i.e., “shall” or “must”) have been used as rough proxies [45], but their shortfalls are fairly obvious. As domestic legal regimes cope with continued economic growth and global integration, legal complexity (broadly understood) is likely to increase, and social scientific study of this phenomenon will take on even greater importance. But that work will continue to struggle without reliable and accurate measures of the phenomenon.
A separate and related vein of scholarship examines the practice of law search – the process whereby agents seek out relevant legal authority to apply to a given legal problem [16, 17]. Other things being equal, a legal system in which it is more difficult to locate relevant authority can be understood as less comprehensible in way that is often attributed to its greater “complexity.” In short, a legal system of greater complexity is simply one in which it is more difficult for legal actors of any level of background to learn, know, and understand their rights and responsibilities. In [17]; the authors introduce the notion of “convergence” in a legal system, which is the tendency for legal participants to converge via law search to a similar set of legal authorities that are relevant to a given legal question. Convergence may be inversely associated with complexity.
When possible, quantitative measures – possibly tied to the field of complexity science – have the promise of making rigorous discussions of legal complexity. In particular, when a network framework makes sense, the tools of network science can be brought to bear effectively on the subject [37] and similarly for computational text analysis [17]. Both of these approaches are germane in the case of the study of the USC and statutory networks generally. The work described in this paper contributes to the literature of legal complexity and law search, and more generally to the field of computational analysis of legal texts (and statutes specifically). The work presented herein is the first project that we are aware of that combines information on statutory structure with semantic data on legal content to study the relationship between structure and substance in a statute-based legal order. Our findings regarding the United States Code can help set the stage for comparative work that examines similar relationships within other legal systems. In addition, the techniques we use to capture semantic content and overlay content and structure (and in particular the use of topic models) can inform future efforts to define measures of legal complexity. Finally, prior efforts to study law search have focused on judicial opinions, which are particularly information-dense, and therefore relatively easy to navigate. Our work can be leveraged to expand those analyses to statutory (and regulatory) texts, where the costs of law search may be even more pronounced.
3 DATA
As per the U.S. Constitution, the fundamental role of Congress is to exercise the “legislative power,” much of which is embodied in the statutes it adopts. Statutes are simply the laws adopted by Congress. These laws cover a wide range of public and private conduct – everything from the tax rate and the penalties for kidnapping to provisions establishing the authority of the Environmental Protection Agency to issue air quality standards.
When a statute is successfully adopted (e.g., via majority votes in both houses and a presidential signature), it is issued as a Public Law and published as a session law, and is compiled chronologically in the Statutes at Large.2 These session laws are the exact text enacted by Congress, and so represent “the law” as a direct exercise of Congress’s power.
These public laws can be difficult to navigate. They are not organized by subject matter. Furthermore, rather than evolving through edits, subsequent revisions are recorded as separate session laws which then operate on earlier versions. This in turn creates a complex relation of interlocking dependencies and cross-references. For several decades after the founding of the republic, the work of compiling and publishing a comprehensive representation of the current law fell to private publishers. These documents were useful for lawyers, but had no official legal status. In the 1870s, Congress undertook an official codification, the Revised Statues of the United States, which was meant to capture the existing state of the law. Subsequent efforts at official codification faltered until the USC was approved by Congress in 1926.3 Eventually the maintenance of the USC was brought into the U. S. government and now the USC (or “the Code”) is maintained and published by the U.S. Office of the Law Revision Counsel (OLRC).4 The OLRC is also responsible for the organization of the Code and compiling relevant changes as they are enacted.5
The representation used in the following analyses is based on a one-time “snapshot” of the Code based on the information published by the OLRC. Data collection occurred during the period October 2016 through January 2017. For this project, we do not examine dynamic over-time effects as the USC is altered through the legislative process. Instead, we focus on static features of the Code as it existed during the data-collection period.
As will be discussed in more detail in the next section, the topic model approach we use to engage in semantic analysis relies on our treating the USC as a corpus of “documents.” The quotation marks call out the distinction between a “document” in the sense of a topic model and a document in a more colloquial sense. The former is a contiguous collection of words (or even more generally, character strings extracted via a standard sort of text processing format) while the latter might suggest something with some recognizable narrative form. The USC is organized in a nested fashion with multiple levels wherein section is the core organizational unit, containing thematic blocks of text.6 We treat these sections as the documents for topic modelling purposes.
The structure of the USC as a hierarchical information repository is somewhat complicated, involving different levels across the Code. These include title, (possible) subtitle, chapter, parts and subparts, subsections, paragraphs, clauses, and items. The highest (i.e., broadest) organizational unit is the “title.” Titles can be thought of as a general subject heading: examples include “Armed Forces” (Title 10) and “Public Health and Welfare” (Title 42). We use only sections and titles as the relevant unit of analysis and ignore the other levels, in part because they are treated differently depending on the title. With this definition of the document unit there are 41,138 total documents in the USC organized into 44 titles.
Figure 1 reports basic information on the word counts within sections and the counts of sections within titles.7 There is considerable variation in the section count of the titles and the word count of the sections. Document length is right-skewed, with a modal length less than 500 words and a small number of much longer outliers. The average number of words per document is 1,036. There is a right-skewed distribution for section within titles as well, with many titles containing only a few hundred or even just several dozen sections. A second common size of around one to two thousand sections also is found. There are a few very large outliers, with Title 42 (“Public Health and Welfare”) the largest.
[image: Figure 1]FIGURE 1 | The number of sections in each title varies considerably, and is right skewed. Panel (A) arranges each title from least to most sections and places the titles into four buckets. Title 18a has the smallest number of sections (17) and title 42 has the largest (4,581). There is also considerable variation in the word counts in each section, with a large number of fairly small sections (under 500 words) and a small number of very long sections (over 10,000 words). Panel (B) illustrates this variation. Panel (C) provides histograms of in-degree and out-degree for cross-references at the section level.
Our data also includes information on cross-references within the Code. These section-to-section links (along with the sections) produce the (second) inherent network structure of the USC. A directed edge is created if one document (i.e., section) references another. Figure 1 also reports histograms of the number of in- and out-citations by section, showing that most sections have neither incoming nor outgoing edges, and few have greater than six (either incoming or outgoing).
There may be multiple citations between documents, but in our representation, a single edge is constructed between two documents if there is one or more citations. We do not construct edges for citations above the section level (e.g., when a citation is to an entire title or chapter). With these caveats in place there are 38,399 cross-references between sections. Note that in the citation network, there are fewer edges than there are nodes. In the USC, there are a large number of sections that do not include cross-references to any other sections, and are not cross-referenced by any other section. This is not necessarily surprising. Many sections are self-contained and do not need to make reference to other sections for shared definitions or other purposes. Likewise, many sections provide no more general terms that must be referenced elsewhere. In addition, there are other relations that exist between statutory sections that may not be called out via cross-reference. For example, the location of a section within a chapter or other supra-section category may be meaningful and denote certain types or relationships. Some sections include intra-section cross-references. These show up as loop edges in the citation network. As will be discussed later in this paper, there is a substantial amount of overlap between the cross-reference network and the hierarchical structure of the USC, with many cross-references occurring within title. However, there is a fair amount of inter-title cross-referencing as well.
We calculate several additional network statistics on the basis of the analysis above, including graph density, average total degree, variance of in-degree and out-degree, and the ratio of the number of components over the number of nodes. They are reported in the Appendix in Supplementary Table S1.
Figure 2 provides an illustration of the citation network, highlighting only inter-title references. The edge thickness reflects the number of inter-title cross-references. As is visually apparent some titles play a more central role in the inter-title network than others and some titles are largely self-contained.8 The most obvious pattern found in this figure is that Title 5, “Government Organization and Employees,” has a very large number of incoming citations—presumably because it contains language or arrangements that are quite general and apply across legal categories—whereas the massive and hodgepodge Title 42 (“Public Health and Welfare”) has a large number of outgoing citations, presumably because of its size and catchall nature.
[image: Figure 2]FIGURE 2 | Network representation of cross-references at the title level. Title 42 “Public Health and Welfare” has the largest number of outgoing citations, and Title 5 “Government Organization and Employees” has the most incoming citations.
To quantitatively validate these insights we calculate eigenvector centrality, betweenness centrality, hub scores, and authority scores [47]. These measures are all run on the network described above and pictured in Figure 2. This is a directed network with USC titles as nodes and edges with weight (thickness) equal (and thus proportional to the thickness of the edge in the figure) to the number of sections in one title which cite sections in another title. These results are reported in the Appendix in Supplementary Table S2–S5.
These more formal measures of centrality largely confirm the visual impression from Figure 2. Title 42 has by far the highest Hub Score: twice as large as the next highest, which is Title 22 (“Foreign Relations and Intercourse”), another subject with deep connections to the rest of the Code. Title 5 has the highest Authority Score, more than three times larger than that of the second highest. The Betweenness Centrality estimates highlight the importance of two additional Titles beyond 42 and 5, which are Titles 26 (“Internal Revenue Code”) and 18 (“Crimes and Criminal Procedure”). Given the importance of taxes and crime in the life of the law, substantial connections between these Titles and other parts of the law is unsurprising. The Eigenvector Centrality calculation again emphasizes the centrality of Titles 42 and 5; the other two Titles with large centrality values are 31 (“Money and Finance”) and 28 (”Judiciary and Judicial Procedure”). Title 31 deals with matters such as budgeting and procurement that are cross-governmental in nature. It is also natural that the Title that deals most directly with courts connects to various other areas of the law.
4 TOPIC MODELING THE USC
Network structure is just the skeleton of the USC. The semantic content provides the meat of the law. To engage in meaningful analysis of the semantic content of statutory texts, we rely on the method of topic modeling, which is well suited to constructing information-rich but low-dimensional representations of large textual corpora. The following section provides a short overview of the topic modeling technique and discusses the results of a topic model applied to the USC.
Loosely speaking, a topic model is a machine learning technique that produces a description of any document in a corpus as a probability distribution (weighted sum) of a fixed (and derived) set of “topics,” which should be interpreted as akin to subject matter categories [22]. Formally, a topic is itself a probability distribution over the vocabulary of the corpus.9 So that in fact, a document – which in any given corpus is an a priori determined contiguous set of words that generally respects textual boundaries such as paragraph ends, etc. – ultimately is represented as a distribution of distributions on the vocabulary. Topics are inferred from the corpus on the basis of a set of assumptions concerning a particular kind of parametrized generative model of document construction. For a standard topic model, the parameters of interest are typically restricted to the topic-word distributions (which describe the association between topics and words) and the document-topic distributions (which describe, for each document, the probability of finding words associated with each topic). The Latent Dirichlet Allocation (LDA) model is a common prior placed on the distributions. Standard topic modeling is supervised in the sense that the number of topics is specified a priori rather than discovered (e.g., according to some notion of parsimonious representation). See [48] for a good general introduction.
We have produced a topic model representing the USC with 100 topics. A list representing each topic by its five most heavily weighted words (or word stems) is presented in the Appendix in Supplementary Table S6. This gives a sense of the natural subject matter category that best corresponds to a given topic. Many of the topics appear to be legally meaningful in the sense that the most heavily weighted words suggest a recognizable theme. For example, the most heavily weighted words in Topic 26 are “bank, institut, financi, feder, insur, credit.” This cluster of words conforms to a legal category of banking regulation. The most heavily weighted words in Topic 99 are “educ, school, student, institut, agenc,” which conform to education. Some of the topics, on the other hand, do not match substantive areas but appear to be fairly generic collections of lawmaking words: these include Topic 1 (“transfer, section, titl, codif, former”) and Topic 81 (“subchapt, part, titl, section, purpose”). The prevalence of a topic in a document captures (in a useful sense) the degree to which the document is “about” each topic. More formally, the document level distribution is a latent variable that is a best fit with the observed words in the document, given a set of topic distributions. For purposes of analysis, topic prevalence is a measure of the associated semantic content of each document.
Topic prevalence can capture subtleties that would be otherwise difficult to quantitatively describe. A statutory text that could be hand-coded by a researcher might be categorized according to some set of legal subject matter categories, such as a criminal law issue or environmental law. But such issue categorizations are binary and fail to capture the mix of topics that might be present in a document. Topic prevalence, by contrast, is a set of continuous variables (i.e., representing shares for each topic) that characterize each document. Structured topic models (STMs) are a class of topic model that builds on this basic architecture and has been described in the peer reviewed political science literature [21].10
4.1 Topics and Titles
Given the description of the documents (sections) according to topic distributions, we can derive a notion of similarity between documents and with that, another kind of edge connecting document to document. In this analysis we are interested in understanding the relationship between textual similarity and cross-referencing. We first offer some intuitive illustrations. We then estimate measures of assortativity for the document network and consider a relational measure between content and structure inspired by the notion of mutual information This is based on the predictive success of algorithms using one source of data (such as topic distributions) to predict the other (such as title or cross-references).
Supplementary Table S7 (in the Appendix) provides an intuitive sense of the substantive overlap between titles and topics by showing the topic that is most closely associated with each title (as estimated via the topic share of the documents within each title).11 Note that the numbering of the topics is arbitrary. There is a very substantial intuitive overlap between titles and their associated topics. To give just a few examples, the topic that is most associated with Title 54 (“National Park Service”) has top words of “park, secretari, nation, shall, land” and the topic that is most associated with Title 38 (“Veterans’ Benefits”) has top words of “veteran, renumb, secretari, disabl, administer.” The overlap of topics and these substantive categories nicely illustrates the power of topic models to naively discover subject matter trends within textual corpora.
Assortativity Measures
Assortative mixing in networks is “the tendency for vertices…to be connected to other vertices that are like (or unlike) them in some way” [49]. Assortative mixing is observed in many natural networks—for example, partisan affiliation predicts connection on social networks [50] and is akin to what is referred to in the sociological literature as homophily [51]. We use measures of network assortative mixing or assortativity from [49]. Assortativity is calculated over edges in a graph and is the likelihood that an edge connects two nodes with the same characteristic.
Our analysis of assortativity measures is reported in Figure 3. For each title, we calculate two assortativity estimates: one for title itself and the second for the topic that is most closely associated with that title (as reported in Supplementary Table S7). More precisely, let [image: image] denote the fraction of document-to-document links (out of all links) that connect documents in titles/topics i and j (with the topic proviso above), then the assortativity coefficient (relative to the given labeling) is defined as
[image: image]
where
[image: image]
[image: Figure 3]FIGURE 3 | Relationship between cross-reference assortativity at the title and topic level. Titles are matched with the topic that is most closely associated with that title as reported in Supplementary Table S7. Cross-references often track subject matter (as proxied by title and topic).
Higher assortativity is associated with a stronger correlation between title/topic and cross-references with an estimate of 1.0 implying perfect correlation [49].
In Figure 3 observations are titles, and are labeled as such, and the dotted line and shadow is a simple linear fit with a [image: image] confidence interval. As is visually apparent, there is a relationship between a title’s propensity to include intra-title cross-references and for its associated topic to self-cite. This finding tends to confirm that there is an important overlap between structure and content in the USC (An OLS regression with topic assortativity as the dependent variable and title assortativity as the predictor variable shows a relatively tight relationship, with an [image: image] of 0.22 and a p-value less than 0.001.)
We conduct a further analysis of the extent to which topics explain citations between titles. Our question is, for any given topic are there titles that are typically cited to from statutory sections that are closely associated with that topic?12 We call this the authority measure. Slightly more formally, for a topic U and Title T we calculate [image: image] as the correlation between the proportion of Topic U in the source of an edge and an indicator variable for Title T as the target of that edge. This is calculated using all edges except those whose source node is in T. For each topic we took the title with the highest correlation which had a p-value of less than 0.001. The results appear to align with intuition. For example Title 21 (Food and Drugs) has the highest authority for topics 49 and 82 with top words of “control, substance, drug, chemic, test” and “product, drug, food, secretari, provid” respectively. This means that when other titles discuss these topics their citations are most likely to be to Title 21. The results are reported in Supplementary Table S8.
Mutual Information-like Measures
We also engage in predictive exercises to test the degree to which content and structure carry mutual information. Informally, the mutual information between two random variables attempts to measure the degree to which the observation of one random variable may assist in the prediction of the observation of a second random variable. There are formal mutual information measures, such as Kullback-Leibler divergence, but there are none that we are aware of that fit well with the mixed data that we are considering. Instead we use a prediction task to operationalize an informal understanding of mutual information: two domains of structure and content have mutual information if it is possible to use information in one domain to make predictions concerning the other. Of course, different predictive approaches (and predictive targets) may be better or worse at leveraging certain kinds of information. Nevertheless, predictive performance using actual machine-learning algorithms provides something of a sense of mutual information, as data in two completely uncorrelated spaces would not be useful for generating predictions across domains.
The first predictive task utilizes a support vector machine (SVM) algorithm trained on 40,000 (out of 41,138) randomly drawn documents with the topic proportions in the documents used to predict the title where that document was found. Testing on the held out [image: image] documents gives an accuracy of [image: image], far more than would be expected from chance.13
Our second analysis is based on the search framework described in [16, 17]. The goal of this framework is to generate a computational model of human law search in the navigation of a multinetwork representation of a legal corpus where edges are formed through citation and semantic similarity (as instantiated via a topic model). The authors refer to this multinetwork representation as a “legal landscape.” This landscape is traversed by navigating from a source document—which is an exogenously identified member of the corpus—based on two general strategies: a “proximity strategy” and a “covering strategy.” The proximity strategy identifies a set of documents that are “closest” to the source document (with distance defined via a specific network-based measure described in [16] that is called PageDist – see the paper for details). The covering strategy, by contrast, attempts to “cover” the range of subjects or issues within a legal document by setting off over a related range of the landscape from the source document.
One method used to test the performance of these strategies, described in detail in [17] relies on information that is embedded in the documents. In brief, the method begins by selecting a source document and then reconstructing the landscape without that document. The source document is then stripped of citation information (leaving a “Citation Free Legal Text” or CFLT). The information in the CFLT is quite coarse-grained because semantic content is represented as topic proportions only. Based on its topic proportions the CFLT is mapped onto the legal landscape (recall that its place in the multinetwork is generated by both citation structure and semantic content, the former now removed, but the latter still intact), and the proximity or covering algorithm is deployed. The success of the model (landscape + algorithm) is tested against the actual citations that were contained in that CFLT. In [17] traditional measures of performance precision and accuracy for a given number of predicted citations are reported. (Note that the number of citations to be generated is set exogenously rather than learned through the model, under an assumption that different searchers will weigh search costs vs. information benefits differently). 
[16, 17] use the opinions generated by the Supreme Court of the United States (SCOTUS) as a test corpus. Herein we extend the methodology to the USC. It is worth noting differences between SCOTUS opinions and the USC. The primary and most important difference is that the citation network for SCOTUS opinions is extremely dense, with opinions containing dozens of citations and few opinions with a very small number of citations. By comparison, the USC citation network is very sparse, with zero as the modal and median number of citations. Because citation-less documents cannot be easily incorporated into the landscape, we exclude them from this analysis. Further, because precision and recall are difficult to estimate with a very small number of citations, we limit our CFLTs to the documents that have at least five citations (for this analysis, only outgoing citations were used). It is also worth noting that the semantic content of the two corpora are very different. SCOTUS opinions are meant to persuade and generally conform to the norms of the judicial genre [5] such as stating the facts of a case in a narrative voice and offering reasons for the decision delivered. It is unclear whether the different semantic styles in the two corpora will lead to different navigation behavior on the part of law searchers.
Table 1 presents average precision and recall for different number of recommendations based on roughly 300 CFLTs. These results are roughly commensurate with the model’s performance for the SCOTUS corpus (see [17].) For the (better performing) covering algorithm, out of the first 10 recommendations, a bit under two would be accurate matches. When the model generates 50 recommendations, a bit over 10% of the actual citations are identified.
TABLE 1 | Search model performance at predicting cross-references.
[image: Table 1]As would be expected, there is an inverse relationship between precision and recall as the number of potential cross-references that are identified increases. An additional finding is that the covering algorithm outperforms the proximity algorithm in both the SCOTUS and USC context, indicating that it may be a more robust general approach for simulating human navigation of even very different legal corpora.
It is worth noting a further point of comparison with [17]. In that paper, comparison is made between the model’s performance to human research assistants on basic research tasks, finding that although the models do not perfectly simulate natural search behavior, the degree of overlap of the model to the research assistants was not so much less than the overlap of the researchers with each other. Although we do not undertake the same analysis here, it is plausible to speculate that a similar performance would be achieved for the USC, given the model’s relatively similar performance on the citation prediction task.
5 CONCLUSION AND FURTHER WORK
This preliminary analysis shows a strong association between structure and content on the USC. The former is embodied in the organizational hierarchy and section-level cross-reference link structure. The latter is quantified through the application of a structural topic modeling of the sections – a contribution in and of itself to the study of statues. There are several potential extensions that we discuss briefly in this section along with a summary of our findings.
The USC is an important corpus with profound legal effect. We find that there is a substantial degree of overlap (in the sense of correlation) between statutory structure and content via two measures: assortativity and prediction. We find a relatively large amount of topic assortativity, as well as intuitive matches between topics and statutory titles and also strong correlations between title assortativity and the assortativity of matched topics. We also find that there is sufficient mutual information between structure and content in the sense that the topic share information of a document can be used to predict structural information (titles and cross-references) using both a trained machine learning classifier (SVM)—for titles—and via the legal landscapes approach borrowed from [16]—for cross-references.
Although these observations are interesting, it is admittedly somewhat difficult to interpret the relationships described in this paper absent a baseline for analysis. There are two possible data sources for such a baseline: domestic statutes from a comparative context, and other U.S. domestic legal orders, such as state statutory regimes. An important extension of the work reported in this paper would apply similar techniques to other statutory corpora. All of the methods described here are general and would be applicable to similarly structured statutory systems. So long as citation information can be extracted, statutory structure can be captured through the same network notions, and topic models are language-agnostic so long as the underlying texts are machine readable. What we describe in this paper then amounts to an off-the-shelf methodology that can, in principle be applied to any statutory regime. Comparative work along these lines is likely to be particularly fruitful because it provides a means of examining the relative strength of the relationship between structure and content in different statutory regimes. We cannot know from this initial analysis whether the United States is an outlier, or if similarly situated legal orders tend to have similar levels of content/structure interrelatedness. In another direction, comparative work of state-level statutory networks would also be interesting.
A second extension would delve deeper into the USC itself, perhaps by linking this corpus to other legal texts, such as the Code of Federal Regulations. Especially with a larger total corpus, it would be possible to make intra-USC comparison between, for example, different titles or different substantive areas (as estimated either naively via a topic model or through expert labeling). It would be worth investigating whether some areas of the law are more “self-contained” than others, and whether any measure of self-containment correlated with other characteristics, such as the size of the industry that was regulated or partisan dynamics (either temporally at the national level or geographically at the state level).
A final set of extensions are more practical in nature. Statutory texts are notoriously difficult to navigate, in part because they lack the kind of identifying information that is contained in judicial opinions. Research into the relationship between statutory structure and content (and the relationships between statutes and other legal documents) could be used as the foundation for new search/navigation tools. Such tools could be used by practitioners to lower the transaction costs associated with identifying relevant statutory texts. Given the substantial private expenditures on law search, any technique that lowered those costs by even a small percentage would create a substantial amount of economic value.
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Footnotes
1See e.g., Court Listener https://www.courtlistener.com/.
2https://www.loc.gov/law/help/statutes-at-large/
3Pub.L. 69–441, 44 Stat. 778, enacted June 30, 1926.
4https://uscode.house.gov/
5There are some additional complications concerning how the Code is compiled from the Statutes at Large and how courts give effect to various texts, but they are not important for this study. For more background on the Code, see [52].
6For example, Section 112 of Title 42 is “Removal of revenue officers from port during epidemic” and states “Whenever, by the prevalence of any contagious or epidemic disease in or near the place by law established as the port of entry for any collection district, it becomes dangerous or inconvenient for the officers of the revenue employed therein to continue the discharge of their respective offices at such port, the Secretary of the Treasury, or, in his absence, the Undersecretary of the Treasury, may direct the removal of the officers of the revenue from such port to any other more convenient place, within, or as near as may be to, such collection district. And at such place such officers may exercise the same powers, and shall be liable to the same duties, according to existing circumstances, as in the port or district established by law. Public notice of any such removal shall be given as soon as may be.”
7A list of title names is provided in the Appendix in Table A7.
8Note that this graph is based on raw count numbers of inter-title cross-references (following the procedure of counting a max of only one edge between two documents) and is not normalized by the number of documents or words in a title.
9Even the term “vocabulary” is used in a somewhat non-standard fashion: a “word” is sometimes a word fragment, as per the common technique of “stemming” used in topic modeling as well as other kinds of natural language processing algorithm and the extraction of the vocabulary is more or less a standardized process.
10The defining feature of STMs is the ability to use metadata when constructing topics. For this paper, we do not take advantage of this feature, and so the STM we use is equivalent to the correlated topic model (CTM) described in [20], which is an extension of the LDA approach. The authors of the STM have made the model publicly available through an R-package at http://www.structuraltopicmodel.com/.
11For this analysis, we exclude several ‘generic’ topics that do not appear to be related to substantive legal categories. These excluded topics are: 1, 7, 16, 20, 36, 42, 43, 73, 81, and 94.
12For this analysis, we dropped titles that were not closely associated with any topic. These were titles 1, 3, 4, 5a, 9, 13, 14, 18a, 24, 29, 32, 35, 44, 45, and 51.
13The weighted average [image: image] score, which accounts for both precision and recall, is 0.59. For this analysis, we relied on the scikit-learn models in Python. The model used was sklearn.svm.LinearSVC. Interestingly, we saw a very large boost in accuracy when we switched from sklearn.svm.SVC to LinearSVC, with the primary difference between the learners being the use of a linear kernel instead of a radial basis function and handling multiclass labeling as one-to-many rather than one-to-one. The relative performance of these two learners may provide insight into the underlying statutory structure.
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The global effort to fight the Covid-19 pandemic triggered the adoption of unusual legal measures that restrict individual freedoms and raise acute legal questions. Yet, the conventional legal tools available to analyze those questions—including legal notions such as proportionality, equality, or the requisite levels of evidence—implicitly presume stable equilibria, and fail to capture the nonlinear properties of the pandemic. Because the pandemic diffuses in a complex system, using complexity theory can help align the law with its dynamics and produce a more effective legal response. We demonstrate how insights from complexity concerning temporal and spatial diffusion patterns, or the structure of the social network, can provide counter-intuitive answers to a series of pandemic-related legal questions pertaining to limitations of movement, privacy, business and religious freedoms, or prioritizing access to vaccines. This analysis could further inform legal policies aspiring to handle additional phenomena that diffuse in accordance with the principles of complexity.
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INTRODUCTION

Covid-19 is presenting unprecedented legal challenges to traditional legal policy. The effort to curb the pandemic entails the adoption of unparalleled measures that seriously compromise fundamental legal rights, ranging from free movement, to privacy, to the right to conduct business, or to carry out religious practices. The uneven spread of the pandemic within geographical areas triggers differentiated policy responses that ostensibly collide with legal notions of equality, whereas the high levels of uncertainty and unpredictability concerning the diffusion of the disease challenge the traditional legal stance that policy measures must rely on solid evidence.

Law and policy proposals have so far concentrated on insights from behavioral economics, which could assist policy makers in designing their response to the pandemic, for example, by effectively nudging people toward adopting desirable behaviors (e.g., [1]; cf. [2, 3]). This contribution wishes to draw the attention to an additional perspective for improving the legal response to Covid-19, that of complex systems.

The pandemic is a systemic phenomenon. While there are still indeterminacies as to its precise attributes, there is ample evidence that its general diffusion is consistent with temporal exponential dynamics and spatial fractal patterns that characterize diffusion in complex systems. Yet, many of the legal principles that are employed in handling the current challenges—including notions such as “proportionality,” “equality,” or “requisite levels of evidence” — were designed against implicit assumptions of stable equilibria and linear processes, and are therefore misaligned with the traits of the pandemic. We seek to mitigate this disconnect, and show how engaging with complexity theory can help calibrate legal policies to produce a more effective legal response to Covid-19.

Methodologically, our analysis relies both on specific research concerning the Covid-19 pandemic and its diffusion patterns, as well as on a large body of scholarship from the recent decades, in physics, network science and adjacent areas, that investigated and delineated the general traits of complex systems. While this literature increasingly influences numerous domains, its use in theoretical legal analysis, or in legal policy design is still relatively limited (cf. [4–6]). The following analysis demonstrates how engaging with insights from complexity theory can shed light on a series of pandemic-related legal questions, concentrating on four acute examples: (1) the legality of regulatory measures that limit individual liberties; (2) evidentiary questions concerning pandemic-related decision making; (3) the application of differentiated policies to various geographical areas; and (4) the use of network tools for prioritizing tests and vaccines. Our examples are illustrative and non-exhaustive. Rather, this perspective invites additional research that would assist in integrating the science of complex systems into legal policy, to improve the legal response to the pandemic, as well as to additional phenomena that diffuse in accordance with the principles of complexity, including, prominently, environmental challenges.



RESTRICTIVE MEASURES: PROPORTIONALITY AND EXPONENTIAL DYNAMICS

Many unusual measures that were adopted in the face of Covid-19 since March, 2020—including lockdowns, borders closures, the use of contact tracing technologies, the closure of businesses and restrictions on religious practices—were challenged before various courts worldwide (e.g., cases #4-21)1. In many jurisdictions, the legal scrutiny of those steps, and similar measures that restrict individual liberties, utilizes the notion of proportionality. Proportionality implies a balancing exercise: the steps imposed by governments or regulators must be weighted against the social harm they seek to prevent (e.g., [7, 8]). Relatedly, under prevalent legal doctrine, when the general social interest requires restricting or prejudicing individual rights, regulators must choose the “least restrictive means,” namely only the necessary and most lenient measures available, which least interfere with individual liberties (e.g., [9], p. 464; [10, 11]). Applying these principles, courts in various countries ruled that measures such as lockdowns (cases #16, #19), restrictions on worship (case #4–10), or business closures (cases #11, #18) are disproportionate and illegal.

Both the proportionality principle and the “least restrictive means” principle envisage ordinary circumstances, where the restrictive steps are balanced against potential harms that are either relatively stable, or increase linearly with time. Consider, for example, the case of preventing a possible terrorist attack that could harm dozens of people. Under standard legal analysis, taking certain steps that compromise individual freedoms—such as instructing people to take off their shoes at airport security—in order to prevent this outcome would be considered proportionate, whereas adopting more extreme measures, such as a complete closure of borders would likely fail both the proportionality and the least-restrictive-means tests.

However, the assumptions underlying the proportionality test do not accurately reflect phenomena diffusing in complex systems. Typically, such diffusion displays temporal growth patterns that are non-linear. More specifically, while during the initial stages the rate of diffusion could be relatively stable, at a certain point, once contagion processes take off, it is expected to rise exponentially, leading to a sharp increase in the spread of the relevant phenomenon (e.g., [12–14]). The evidence concerning Covid-19 instructs that the pandemic indeed diffuses in accordance with these patterns. Figure 1, which describes the cumulative number of Covid-19 cases in the UK during February-March 2020 illustrates these dynamics2.
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FIGURE 1. The cumulative number of Covid-19 cases in the UK as a function of time in linear (left) and a log-log (right) representations (source: Stevens et al. [15]).


As a result of the non-linear diffusion dynamics, the expected number of people contracting the disease is likely to grow exponentially, while the effectiveness of regulatory measures employed to restrain its diffusion is likely to significantly decline with time. To illustrate, let us consider three points in time in Figure 1. At T1 = Feb 24, the number of confirmed cases in the UK was still very small (13 cumulative cases), and the diffusion relatively slow. Two weeks later, at T2 = March 9, the number of cases was 677 and was growing exponentially, doubling itself every 3–4 days, so that at T3 = March 23, the disease was already widespread within the population, reaching 12,647 cumulative cases. Applying strict measures such as border closure at T1 can effectively curb a pandemic (provided, of course, it is accompanied by additional inter-state actions of contact tracing). Yet this same measure is much less effective if adopted only 2 weeks later (at T2), and almost insignificant at T3, when the disease has spread among the entire state's population so that a few more cases “imported” from other infected countries would not result in a substantial change.

Yet, from the perspective of law and policy making exponential growth may be hard to grasp: many serious problems that beg policy responses, from road accidents to the prevalence of cancer, do not exhibit these growth dynamics. Moreover, because diffusion starts slowly and steadily, it might be difficult, in early stages, to distinguish exponential growth from linear growth and realize the huge potential magnitude thereof, a phenomenon known as the “exponential growth bias” (e.g., [16, 17]). As a result, courts may be inclined to apply a conventional proportionality test, implicitly presuming that the pandemics' harms will grow in a stable and linear way.

The lens of complexity implies that, contrary to conventional legal analysis, the regulatory response to a pandemic may, in certain cases, warrant an “inverse proportionality test.” When the diffusion dynamics are nonlinear and the potential harm is likely to accumulate exponentially, strict measures to prevent it could be considered proportionate at an early stage, when the actual harm is least apparent and least certain. Counterintuitively, those very same measures might be less defensible at a later stage when the large harms of the pandemic have already materialized. To illustrate, a legal proportionality test that is adapted to nonlinear dynamics would ratify China's decision to test nine million people in October 2020, in light of only a dozen detected cases of Covid-19 [18]. Similarly, New Zealand's “Go Hard, Go Early” policy, which entailed early border closure and a full lockdown before there was even a single death from Covid-19 in the country [19] would be considered proportionate. Notably, this policy, which very much aligns with the dynamics of complex systems, has also turned out to be extremely effective in controlling the pandemic. Conversely, the same “inverse proportionality test” might not endorse Israel's second border closure, imposed in September 2020, when the number of active cases in the country has already soared and reached tens of thousands of cases [20]3.

From a legal perspective, one might argue that instead of an “inverse proportionality test” our insights can be incorporated into the current proportionality doctrine, so that courts would simply take into account the complex systems properties of the relevant phenomenon, when assessing the proportionality of the state's response. Ideally, this approach would yield similar results. Yet from a practical perspective, framing the test as an “inverse proportionality test” has several advantages. First, it signals to courts and policy makers (who might not always be familiar with complexity theory) that certain phenomena warrant a qualitatively different response relative to “ordinary” situations. Secondly, it facilitates recognition that seemingly small current problems might justify major interventions. Third, it illuminates that in certain circumstances, late interventions, which may seem proportionate, might actually be no longer effective4.

We do not delineate here a comprehensive set of circumstances that warrant an “inverse proportionality” test, beyond the case of Covid-19. As a rule of thumb, an inverse proportionality test could be appropriate when dealing with multiplicative (rather than additive) risks, that pose systemic threats, particularly when the relevant phenomenon diffuses in short time scales. These factors, and their further development in future research, could guide legal policy and prevent the misuse of the test in other, more ordinary circumstances.

Relatedly, a complexity-based analysis warrants the calibration of the legal requirement of “least restrictive means” to the stage of diffusion. The implicit assumptions underlying this legal doctrine—that the “second-best” and least restrictive measures are close-enough to the more restrictive measures, or that a gradual escalation of means is a feasible and reasonable policy—do not hold true in the face of exponential growth. Rather, under exponential diffusion dynamics adopting “very” or even “most” restrictive means at a very early stage may be orders of magnitude more effective than adopting “less” or “least” restrictive means.

A comparison of the measures imposed by Greece and Spain during the first wave of the pandemic, as described in Figure 2, is illustrative. The two countries started out with roughly the same number of cases. Within 2 weeks, Greece imposed “very restrictive measures,” including border closure and a full lockdown, while Spain applied a “least restrictive measures” approach, gradually escalating from a partial lockdown to a full lockdown after 4 weeks. After 30 days, the number of daily cases in Greece was less than a hundred, while the number of cases in Spain was in the range of tens of thousands5.
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FIGURE 2. Escalation of Measures: Spain v. Greece (Source: Yaneer Bar-Yam, EndCoronavirus.org).


Adapting law to exponential diffusion dynamics therefore implies that, as part of the inverse proportionality test, the adoption of harsher (rather than least restrictive) means at an early stage of diffusion can be considered proportionate, and legal6.



COMPLEXITY, EVIDENCE, AND DECISION MAKING

Understanding complex systems can further illuminate a series of legal questions concerning evidence and decision making during the pandemic.

First, which evidence is required before adopting pandemic-related decisions by states and regulators? Under conventional legal principles, common to numerous jurisdictions, government decision-making should be based on evidence, and informed by the best available data (e.g., [21]). These principles apply in particular force when state's policies infringe fundamental rights. In such circumstances the state needs to prove, on the basis of reliable evidence, that its actions are in fact necessary, and the standard of proof would generally be higher than in regular civil cases [e.g., [22]].

In the context of Covid-19, various scholars and policy makers advocated that the imposition of restrictive measures lacked sufficient evidentiary basis, and called for “more reliable data” before adopting “draconian countermeasures” (e.g., [23]). Concomitantly, there have been continuous scientific efforts to produce single point forecasts predicting the pandemic's spread, through the use of various mathematical models (such as the logistic model, the SIR model, agent-based models, and variations thereof).

The lens of complexity instructs that the nonlinear properties of the pandemic render the ordinary legal expectation for accurate, specific, predictions largely unrealistic. Every mathematical model inevitably involves a degree of simplification and idealization. In linear systems certain simplification—which entails neglecting certain properties of the modeled phenomenon—is unlikely to bring about significant differences in the overall prediction [24]. Conversely, in complex nonlinear dynamic systems like the Covid-19 pandemic, slight differences in initial conditions assumed by mathematical models, can yield extreme differences in the total outcome. The precise interactions and interdependencies among the various components comprising the system, the system's structure, the sequence of interactions and other factors, that might be minuscule or random, especially during the initial stages of diffusion, can all result in vast differences in the system's overall response (e.g., [25–27]).

Research pertaining to Covid-19 indeed demonstrates how very small differences in the pandemic's growth rate, in the precise implementation details of the regulatory interventions, or in the population's degree of compliance with those regulations, may yield vast changes in the disease's trajectory [28]. These nonlinear dynamics make single point forecasts essentially impossible, and even led some scholars to maintain that the turning point of the epidemic, namely the point where the growth in the number of cases starts decreasing, cannot be predicted with any certainty before it actually occurs [29].

Moreover, pandemics are “fat-tailed” events, which implies that “frequent” (median) data observations do not provide a good indication of the average, or the magnitude, of the overall phenomenon (e.g. [30–32])7. This property further explains why Covid-19 does not lend itself to simple predictions. It also clarifies that additional data, especially observations coming from the bulk of the distribution–for example, data on the daily numbers of cases during the beginning of a pandemic–does not guarantee extra knowledge that will allow more accurate prediction of the overall phenomenon.

Due to these properties, waiting for more positive evidence will not necessarily produce more meaningful information for policy making. Furthermore, in the face of exponential diffusion postponing interventions in the hope of gathering “more data” is expected to make such interventions less effective and costlier. Rather than insist on precise predictions that are likely impossible, courts and policy makers may have to “satisfice” with evidence concerning the general properties of the Covid-19 pandemic as a non-linear, unstable and essentially collective phenomenon that diffuses exponentially. These properties are familiar characteristics of complex systems for which there is ample proof. The foregoing analysis also implies that the legal approach to the pandemic should be responsive, maintain flexibility, and take into account its inherent unpredictability (cf. [33]).

Nevertheless, courts applying judicial review of pandemic-related decisions sometimes tend to apply the conventional legal prescription and insist on more accurate data that cannot be realistically obtained. One illustration is a decision of the United States Court of Appeals for the 3rd Circuit in the case of United States v. Raia from April, 2020 (Case # 1). The court denied a criminal defendant's motion for compassionate release from prison given the Covid-19 pandemic, despite his numerous medical risk factors. The decision held that the applicant must exhaust administrative remedies prior to seeking relief in court. The “mere possibility” that the pandemic would spread in the prison system and harm him was insufficient for immediate compassionate release. The implicit requirement for more precise and concrete evidence may constitute an appropriate legal standard of review under ordinary circumstances. Yet, due to the nonlinear properties of Covid-19, satisficing with “mere possibility” might be inevitable.

Secondly, understanding the properties of complex phenomena should also influence the weight and evaluation of evidence. Both policy makers and legal professionals are trained to evaluate evidence according to past life-experiences, which are assumed to remain more or less stable. In the context of Covid-19, this conventional method may lead courts and policy makers to interpret lack of evidence that a certain activity triggers infections, as positive evidence that this activity is in fact “safe” (cf. [34]). For example, a research that examined over 3,000 people who trained in a gym in Oslo during May 2020 found no infected cases and concluded that “provided good hygiene and social distancing measures, there was no increased Covid-19 spread at training facilities.” ([35], p. 2). This research was subsequently presented to the Israeli Parliament as positive evidence that opening gyms entails no added risk for infections ([36], p. 14). However, during the period of the study the pandemic in Oslo was in its early stages, and the number of new daily cases in the city was practically zero8. Taking into account the stage of diffusion, this absence of evidence about infections cannot be translated into meaningful knowledge about absence of risk for infections in gyms. The situation could be different in later stages of the pandemic's diffusion, where similar evidence, if obtained, may be more meaningful.

Finally, and relatedly, conventional legal analysis of evidence usually adopts a reductionist perspective that concentrates on an individual person or action (such as a particular crime, or a specific transaction) (cf. [37]) Therefore, policy makers adopting pandemic-related decisions, and courts reviewing such decisions, may wrongly apply a simple “additive” approach, assuming that because the risk to each individual and from each individual activity is low, the systemic risk caused by the pandemic is equally small ([31], p. 607). However, acquaintance with the properties of complex systems clarifies that, due to the interactions among individuals and the multiplicative dynamics of the pandemic, these small risks at the micro level can easily translate into a large systemic risk resulting in millions of death at the macro level, as indeed has been the case with Covid-199. A complexity-informed approach therefore prescribes that the general evidentiary trajectory, which should guide judicial and regulatory decision-making in light of the uncertainties entailed in Covid-19 is to err on the side of safety.

The legal doctrine known as “the precautionary principle” echoes this logic. According to this principle “[w]hen an activity raises threats of harm to human health or the environment, precautionary measures should be taken even if some cause-and-effect relationships are not fully established scientifically. In this context the proponent of an activity, rather than the public, should bear the burden of proof” ([39]; cf. [40]). Originating in environmental and international law, the precautionary principle was adopted by courts and regulators in various jurisdictions (e.g., [34, 41]). Concomitantly, it has been subject of intense criticism, maintaining, essentially, that it is vague and fails to provide guidance sensitive to cost-benefit analysis (e.g., [42]). A complexity-based approach can alleviate some of these concerns by delineating several factors, which may serve as guidelines for the principle's application: phenomena that spread exponentially, in short time-scales, and pose systemic, existential, risks10. Under such circumstances, the risk is multiplicative while the costs of adopting precautionary measures are often additive–which indicates that under a cost-benefit analysis the overarching trajectory points toward precaution. Covid-19 may be a paradigmatic example, especially given its rapid diffusion, but it is not a single case. Legal scholarship has already observed that global environmental threats, particularly climate change, may pose unique systemic challenges to the legal system (e.g., [43, 44]). Increasing evidence suggests that phenomena related to climate change display exponential properties, albeit on a different time-scale, and similarly entail embedded uncertainty (e.g., [34, 45, 46]). The foregoing analysis indicates that courts and policy makers should favorably consider applying the precautionary principle in these and similar instances.



DIFFERENTIAL TREATMENT, EQUALITY, AND FRACTALS

In addition to the general legality of restricting basic freedoms, the response to the Covid-19 pandemic raises acute legal questions concerning equality. A central debate in this respect relates to the legitimacy of collective differential measures, primarily localized lockdowns implemented over a limited geographical area–ranging from small-scale units such as neighborhoods, to larger scales such as cities or regions.

Unlike nation-wide lockdowns, which limit basic rights equally, localized lockdowns create substantial inequalities in the limitations they impose on basic rights, and might be conceived as a violation of the right to be treated equally. Such differential lockdowns may seem particularly troublesome when the geographical region in question is mostly populated with ethnic minorities or disadvantaged groups, so that, even in the absence of intention to disadvantage the members of a particular group, the measures might be interpreted as “indirect discrimination” (cf. [47]).

Indeed, several lawsuits filed during the pandemic contested the legality of differential lockdowns, arguing discrimination and lack of evidence as to their effectiveness (e.g., Cases # 20–21). Another contentious question is the relevant scale for imposing differential measures (e.g., neighborhoods, cities, counties, etc.). For example, one lawsuit requested the court to order that a differential lockdown on a certain neighborhood be narrowed down to specific streets within that neighborhood (Case # 21).

The lens of complexity can shed light on questions pertaining to the legality of differential lockdowns, by providing a nuanced understanding of the spatiotemporal diffusion patterns of the pandemic.

The long-established SIR model for analyzing the spread of contagious diseases, traditionally assumed homogenous mixed populations [48]. However, complexity instructs that spatial diffusion in complex systems is usually non-homogenous. Rather, it often displays a spatial fractal pattern [49, 50]. In terms of visual display, systems whose spatial properties comprise a fractal tend to form clusters of high density, whereby objects concentrate in close spatial proximity to each other, surrounded by low-density areas (or “voids”), as displayed in Figure 3a (2). Fractal properties describe the spatial diffusion processes of a vast range of natural and social phenomena exhibiting contagious properties, including, for example, the growth of bacterial colonies [52], the evolution of cities [53], or the spread of local initiatives within the urban area [54]. The spatio-temporal diffusion of previous epidemics, such as the SARS-Cov in China and the MERS-Cov in the Middle East, displayed similar properties [55, 56].
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FIGURE 3. (a) (1)–(3): Spatial Diffusion of Covid-19 cases in the United States, March-October 2020. (b) (1)–(3): Temporal Diffusion of Covid-19 the United States, March-October 2020 (Source: Leatherby, [51] New York Times, full figure available at: https://www.nytimes.com/interactive/2020/10/15/us/coronavirus-cases-us-surge.html).


Given these spatial properties of complex systems, it is not surprising that the spatial diffusion of Covid-19 in various countries is highly nonhomogeneous and tends to exhibit a fractal pattern. This pattern coincides with the spatial distribution of populations, and is characterized by clusters of cases, with local diffusion within the clusters [e.g., [57] (China); [51] (US)]. Some evidence suggests that this pattern also characterizes the global diffusion of the pandemic [58, 59]11.

Figures 3a,b, which describe the diffusion of Covid-19 in the United States, illustrate how this spatial pattern evolves over time.

As is apparent from Figure 3, during the initial period the spatial diffusion pattern is characterized by clusters of cases, which are geographically spread and relatively isolated from each other [Figure 3a(1)]. With the lapse of time and the increase in the numbers of cases the clusters expand from core to periphery and the “voids” among them narrow [Figure 3a(2)]. Eventually, when the pandemic is widespread, it covers most of the geographical area, and the “clustering” pattern is hardly observable [Figure 3a(3)]12.

Acquaintance with these spatiotemporal patterns has significant implications for the legality of differential policies. First, when planning interventions to curb a pandemic, regulators should assume that it will not spread in a homogenous way. Rather, they can rely on decades of complex systems research and expect, from early stages, that the pandemic's spatial diffusion will exhibit a fractal pattern (cf. [54]).

Secondly, the foregoing analysis implies that during particular stages differential geographical treatment can be highly efficient in curbing a pandemic. To illustrate, the Chinese policy that isolated Wuhan and its surrounding region, which suffered from large-scale infections, from other regions in which the number of Covid-19 cases was much lower, was successful in quickly containing the spatial diffusion of the pandemic in China [61]. Likewise, mathematical modeling of the spatial diffusion dynamics indicates that isolating infected regions (“clusters”) while imposing social distancing measures shortly after experiencing community transmission, can lead to an exponential decrease in the number of infected regions, which may remain stable even after social distancing measures are lifted [62].

More specifically, understanding the spatiotemporal properties of the pandemic clarifies that the effectiveness of differential lockdowns, and the relevant scales for their implementation, are dynamic. During the very early stages of diffusion (or following a lockdown which brings down the number of infections), the fractal dimension of the entire pandemic (system) is practically zero [see, e.g., Figure 3a(1)]13. This implies that measures for isolating infected clusters are highly effective, and the effective scale for such isolation can be rather small (e.g., a city, or even a neighborhood within a city). As the fractal dimension increases with the number of infected cases, the scale of isolated units must increase too in order to be effective. During that intermediate stage, the typical fractal dimension of the epidemic's spatial spread would be 1 ≤ D ≤ 2, and the spread would lack a natural scale [see, e.g., Figure 3a(2)]. Accordingly, the appropriate scale for differential measures is indeterminate and somewhat arbitrary. At that point the entire effectiveness of differential measures becomes doubtful, and global measures such as a nation-wide lockdown may be the more efficient choice. Finally, when the pandemic essentially spreads over the entire system and covers the relevant geographical area almost entirely, the fractal dimension roughly approaches the Euclidean (integer) dimension 2, [see, e.g., Figure 3a(3)]14. During that stage differential geographical measures are ineffective and a general lockdown is likely inevitable.

Understanding the spatiotemporal diffusion of the pandemic can, therefore, provide regulators with tools to determine the relevant timeframe for implementing differential measures, and their relevant scale, and can be further used by courts reviewing the legality of such restrictions. To illustrate, a complexity based analysis supports the Israeli Supreme Court's rejection of a claim that a differential lockdown imposed on specific neighborhoods in Jerusalem during the first stages of the pandemic (in April 2020) was discriminatory and illegal. It also provides solid grounds to the Court's' refusal to narrow down the scale of the locked area to specific streets only, since the infected cases have already spread in various streets within that neighborhood (Case # 21).



NETWORK PRIORITIZING AND PRIVACY

The pandemic poses legal policy makers worldwide with acute challenges of prioritizing and dividing resources: how to allocate tests when testing capacity is limited? How to prioritize the distribution of vaccines among the population? Age, health risk factors, and medical-related occupation are frequently recognized as relevant considerations. Complexity provides policy makers with an additional tool for prioritizing, by using network analysis, which reveals, again, potential conflicts with legal doctrine.

Network analysis has become a prominent tool to describe and analyze complex systems of different kinds. By representing a relevant system as a network and mapping the links among the individuals comprising it (“nodes,” in network parlance), network analysis allows to identify and describe various individual and systemic traits (e.g., [14, 64–66]). Two traits are particularly important for our purposes: “degree centrality,” which describes the number of links that a particular node has (in our case: the number of in-person social ties a person has), and “betweenness centrality,” which describes the extent to which a node—in our case: a person—“bridges” between different groups (“clusters”) in the system [65]15.

Accumulating research of social networks from the past decades demonstrates that in-person networks typically exhibit power law distributions of social connections: a small number of people possess an exceptionally large number of social contacts, compared to the vast majority of the population (e.g., [13, 67])16. Studies further indicate that these “social hubs” play a crucial role in the effective diffusion of various objects through the network, from the flow of information to the spread of pandemics (e.g., [68–70]). To use an intuitive illustration, a person who meets hundreds of people per week is more likely to contract a contagious disease, and to spread it further, relative to someone whose network consists of only five weekly encounters. In the context of contagious diseases, then, high social connectivity can be regarded an additional risk factor.

More specifically, accumulating evidence on Covid-19 indicates that “super-spreading events” whereby “few individuals disproportionately infect a large number of secondary cases” are an extremely significant driver of the pandemic's diffusion (e.g., [71–73]). According to recent data, 10% of infectious individuals cause 80% of the Covid-19 infections [74]. Many super-spreading events have a spatial dimension, and occur in public gatherings, where large numbers of people concentrate in confined, typically indoor, spaces—weddings, places of worship, elderly homes, prisons, and meatpacking plants are a few prominent examples (e.g., [72, 73, 75]). Yet, significant spreading can also occur when an infected social hub contacts numerous people in different places during a short time span, even in the absence of large gatherings (cf. [72]). To illustrate, reports maintain that the first confirmed Covid-19 case of local transmission in the United States, also known as “patient zero,” met with more than 800 people during a few days, prior to being diagnosed in February 2020. These numerous in-person encounters presumably triggered the subsequent spread of Covid-19 in the state of New York [76]. Similarly, studies suggest that musicians traveling among bars were a major driver in the spread of Covid-19 in Hong Kong between January and April 2020 [73].

Network studies from the past two decades further indicate that policies focused on locating, testing, and vaccinating highly connected individuals can significantly contribute to curbing pandemics. Christakis and Fowler [70], investigating the spread of flu among college students, found that tracking the health of more-connected individuals can provide more up-to-date information about the progress of the disease, relative to testing a random sample of people. Moreover, network models found that immunization schemes which prioritize inoculating highly-connected individuals can lower the entire network's vulnerability to a pandemic, and substantially decrease the threshold required for reaching herd immunity [67–69]. Notably, network prioritizing can also be used as part of the contemporary efforts to quickly identify and track new mutations of the virus.

Research on network prioritizing has so far concentrated on people with high “degree centrality,” namely people with a large number of in-person encounters. Our analysis suggests that an additional network metric that is relevant for network prioritizing in the context of Covid-19 is “betweenness centrality.” Due to the spatial diffusion pattern of the disease, which we discussed in the previous Section, individuals with high betweenness centrality can significantly contribute to the transmission of the pandemic among clusters of different geographical locations, and among populations. This, in turn, might jeopardize differential-treatment policies. Overall, then, policies that take into account social connectivity metrics as a factor in prioritizing tests and vaccines can be an efficient tool in the effort to restrain the pandemic (cf. [67]).

From a law and policy perspective, implementing network prioritizing policies raises serious legal challenges, the most prominent of which concerns privacy. Such implementation obviously depends on the availability of connectivity data that enables to identify individuals with the highest degree centrality and betweenness centrality. However, the structure of the in-person social network is not readily observable. While information about highly connected individuals on online social networks (“influencers”) is publicly available, this type of connectivity does not necessarily overlap with high numbers of in-person interactions, which are the relevant type of links in the case of pandemic transmission. Some relevant connectivity data can be inferred by identifying certain occupations, which entail a large number of in-person encounters (e.g., teachers, or salespersons), or transition between geographical areas (e.g., drivers of public transportation) (cf. [77]). Focusing on occupations can therefore provide a helpful prioritizing method, and is indeed adopted by some countries as part of their inoculation program. Nevertheless, it is insufficient for identifying other social hubs, such as New York's “patient zero.”

Existing network studies extracted connectivity data from cellular companies, technology platforms (such as Facebook or Google) that collect mobility data, or epidemiological investigations (cf. [71, 73]). An alternative, indirect, strategy suggested by Cohen et al. [69] and applied by Christakis and Fowler [70] is the “friends” method. This strategy focuses on testing and treating the persons connected to a group of randomly selected individuals. This approach is based on the perception that, due to the structure of social networks, the “friends” group of randomly selected people possess, on average, more social contacts than the randomly selected group, so that focusing on the “friends” group increases the chances of reaching the social hubs [69]. While none of these methods is likely to yield perfect data about network structure, studies indicates that even incomplete data that identifies a sufficient number of hubs can make a significant difference in curbing a pandemic [67].

Nevertheless, the aforesaid methods for collecting and extracting information about individuals' connectivity in order to implement network prioritizing policies may conflict with legal rules protecting individual privacy. A prominent example is the European General Data Protection Regulations (“GDPR”), which limits the processing of “personal data,” including, inter alia, “location data” and information related to a person's “social identity.” The “repurposing” of data originally collected for a specific purpose (for example, targeted advertising), and using it for a different purpose (in our case: identifying social connectivity) is similarly restricted17.

While privacy concerns should not be underestimated, the case of Covid-19 highlights the networked dimensions of privacy, and their theoretical and practical implications for privacy law. Traditional legal theory perceives privacy through a reductionist, individualistic lens—a person's “right to be let alone” [79], a right that “rests upon an individualist concept of society” ([80], p. 958). This reductionist paradigm frames privacy as a private good, implying that its costs and benefits are confined to a particular individual. Therefore, the principal legal regimes that protect privacy empower individual control, and place substantial weight on individual consent ([81], p. 390).

More recent theoretical accounts, however, recognize that framing privacy as a strictly individual interest “ignores the interconnected nature of human behavior and of human interests” [82]. Broadly, this strand of literature highlights that privacy has collective and social attributes: privacy-related decisions of individuals can produce “privacy externalities” and affect other people. It therefore suggests that in certain circumstances privacy protection should be regulated, rather than left to individual choice and consent [81, 83].

The discussion of privacy externalities in the legal literature often concentrates on cases where individuals' decision to renounce their privacy may cause harm to other individuals or to society at large. For example, sharing one's genetic information may harm the privacy of their relatives [84], while the sharing of data with social media platforms may reduce the overall level of privacy in a society [81, 83]. In the foregoing analysis privacy externalities operate in an opposite way. In other words, an individual decision to maintain their privacy (by not disclosing certain information about social connectivity) may impose significant social costs on the effort to curb a pandemic. And due to the structure of the social network and the pandemic diffusion dynamics that we discuss above, the costs entailed in maintaining connectivity information private accumulate in a multiplicative, nonlinear way.

An appropriate theoretical framework for addressing the networked dimensions of privacy in the context of Covid-19 could be found in the literature that understands privacy as a mechanism for encouraging socially beneficial flows of personal information. Most prominently, Nissenbaum's influential theory of privacy as “contextual integrity” [85, 86] perceives privacy not in terms of individual control or consent, but rather in terms of flows of personal information that are normatively appropriate in a particular social context. Contextual integrity theory thus avoids binary and dogmatic distinctions (e.g., between sensitive vs. insensitive information, or between prohibited vs. permitted uses). Rather, it recognizes that transferring certain information (in our case: information about social connectivity) that may not be permitted in one context, may be permitted, and even required, in another context (e.g., to specific health authorities that need to prioritize Covid tests). This theory may therefore provide tools for incorporating the use of network science and its potential benefits in prioritizing Covid-19 interventions, into privacy analysis.

We do not suggest here a detailed regime for the use of connectivity data. However, understanding the significance of network prioritizing in responding to a pandemic, alongside the networked nature of privacy, can assist policy makers and judiciaries in devising such schemes, and in addressing ostensible tensions between privacy and (public and private) health in specific circumstances. More broadly, this analysis reveals that the law is not always sufficiently sensitive to interactions as a relevant factor in the design of legal policies. Complexity theory indicates that it should be.



CONCLUSIONS

The Covid-19 pandemic represents a great challenge for law and policy makers. The analysis above demonstrates that acquaintance with the properties of complex systems can provide regulators and judiciaries with an extremely valuable tool for devising and evaluating the response to Covid-19. Concomitantly, it exposes a gap between the principles governing complex systems, and extant legal doctrines, such as proportionality, equality, evidentiary requirements, and privacy, which implicitly presume stable equilibria, and fail to capture the nonlinear multiplicative properties of the pandemic. Embedding insights from complexity theory into legal analysis will thus help align legal policies with complex systems dynamics, and improve the legal response to the pandemic.

Our study is non-exhaustive, and is limited in various respects. Adopting a complexity perspective can likely illuminate additional questions related to the Covid-19 legal response. For example, while we concentrate on court cases and judicial doctrine, legal interventions through administrative regulation may be more flexible and therefore more apt to effectively adapt to the fast-changing realities of the pandemic (cf. [33, 87])18.

More broadly, our present focus is confined to situations in which nonlinearities associated with complex systems can lead to instability and cascading disasters, and does not cover all traits associated with such systems. Furthermore, the details of our analysis are specific to the case of Covid-19, and the proposals we make may not be applicable “as such” to all other cases concerning complex phenomena, and may require adaptation19. Nevertheless, our analysis calls for applying the “lens of complexity” to additional legal policies related to complex nonlinear collective phenomena, from global environmental challenges to financial crises, and for detailed explorations of particular legal responses. More research in this vein will hopefully follow.
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FOOTNOTES

1We focus primarily on court cases and judge-made doctrines, rather than on administrative regulations that naturally vary significantly among jurisdictions.

2Similar growth patterns were documented in many other countries—see, for example, the growth of Covid-19 cases in the United States during March, 2020, World Health Organization, https://www.who.int/countries/usa/.

3Importantly, the aforesaid border closure preceded the emergence of new variants of the virus. The appearance of variants can set back the “diffusion clock” (with respect to the new variant) and in certain cases might create new justifications for closure.

4In that sense, our argument for an “inverse proportionality test” can be conceived as a non-ideal theory, aiming at guiding actions in the real world.

5It should be clarified that while this comparison is illustrative and suggestive, it cannot provide a definitive explanation of the differences between the countries, since we do not consider additional factors which may have affected the diffusion dynamics.

6There are, of course, nuances among jurisdictions which we do not fully explore here. Some jurisdictions regard the “least restrictive means” test as a second step in the legal analysis, which comes into play only after it has been determined that an effective response is required. In such cases the state should still choose, among the range of effective means, those that impose the least restrictions on individual liberties, even under an “inverse proportionality test.” However, in practice, the application of the two steps is often entangled. Moreover, as we discuss in the following Section, due to complex systems' dynamics there are significant uncertainties as to the precise effectiveness of particular measures. It is therefore important to recognize that very restrictive means may be necessary in order not to render the entire response ineffective.

7The cumulative distribution of a random variable X is “fat-tailed” if its tail decays slowly; e.g., like power law: [image: image]. For such distributions, the moment of order k exists [i.e., E(X) is finite] if and only if α > k. Thus, if α ≤ 1, the mean does not exist. For 1 < α ≤ 2 the variance is infinite. In this case the mean exists but the sample mean will converge very slowly with the true mean, and the standard statistical errors will understate the true uncertainty of the phenomenon [31, 32].

8See John Hopkins Corona Virus Resources Center. Available online at: https://coronavirus.jhu.edu/data.

9As opposed to additive stochastic processes, which exhibit Gaussian distributions, multiplicative stochastic processes typically exhibit “fat tailed” power-law distributions of the form P(x) ~ x−1−∝ (see, e.g., [38]), As noted above, if α ≤ 1 the mean of the distribution goes to infinity. In the context of an epidemic, such fat-tailed power law distribution implies that the expected harm is immense.

10These factors are similar to the guidelines we propose in the preceding Section, for applying the inverse proportionality test.

11For an attempt to integrate these properties into a modified SIR model, in order to predict the diffusion of Covid-19, see, e.g., [60].

12Notably, while Figure 3a is suggestive of the spatially inhomogeneous spread of a complex system, it is largely based on visual impression. Validating the fractal properties of the spatial diffusion pattern in the United States would require more ingrained spatio-temporal diffusion data, which we do not possess (cf. [54]).

13A fractal dimension is a non-integer number that expresses the dimension of objects exhibiting similar structures over a range of length scales. There are various methods to evaluate the fractal dimension of an empirical fractal, all based on multiple resolution analysis in which one measures a property P of the system (mass, volume, etc.) as a function of the yardstick used in measuring it (given by a yardstick of linear size r). Fractal objects are characterized by the power-law formula P = kr−D, where D is the fractal dimension and k is a prefactor related to the lacunarity of the object (see, e.g., [63]).

14Notably, if the epidemic spreads freely, its eventual spatial diffusion will likely coincide (approximately) with the spatial distribution of the population, which is typically nonhomogeneous and exhibits fractal properties.

15A person's betweenness centrality is calculated by the number of shortest paths connecting all individuals in a network that pass through that person – (e.g.,[65], p. 334).

16We should clarify that, while multiplicative processes often generate power law distributions, our analysis is applicable to “fat tailed” distributions more generally, and does not depend on whether the empirically observed distribution is “truly” power law or other “fat-tailed” distribution that exhibits large skewness.

17Regulation (EU) [78], Art. 4(1), and Art. 5(1)(b), available at https://gdpr-info.eu/. Notably, alongside these restrictions, privacy legislation typically recognizes that public health concerns may justify certain exceptions to privacy protection – e.g., Art. 9(2)(i).

18Obviously, such regulations, too, will eventually be subject to judicial scrutiny.

19To illustrate, not all complex phenomena diffuse at a pace similar to a pandemic (cf. [54]), a factor which may be significant for assessing proportionality.
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We apply network analysis and topic modeling techniques to explore the evolution of the European Union's treaty making activity and the patterns of litigation they have given rise to. Our analysis reveals that, despite the expansion of the bloc's policy remit, its treaty-making activity retains a strong economic focus. Among the many agreements negotiated by EU institutions, the European Economic Agreement, the Ankara Agreement with Turkey and the World Trade Organization Agreement form the largest clusters of litigated cases. EU international agreements are disproportionately litigated in cases pertaining to residence rights and competition law.
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1. INTRODUCTION

Negotiations with the United Kingdom over the post-Brexit deal have highlighted the role of the European Union (EU) as a global treaty-making powerhouse. Member states have delegated treaty-making powers to EU institutions over an expanding set of policy domains, starting with trade, and later matters of defense and security. While the EU is not a state, it is a major international actor and a full member of the World Trade Organization (WTO).

The Brexit negotiations further highlighted the sensitivity of the issue of judicial review. The Leave campaign, including Boris Johnson himself, explicitly referred to the European Court of Justice (ECJ), as a reason for withdrawing from the bloc and the UK government insisted on keeping the ECJ out of the trade deal [1]. (It was eventually decided that legal disputes would be entrusted to an ad hoc arbitration panel.) This reflects the broader phenomenon that litigation, by bringing judges into the picture, can decisively influence the effective operation of international treaties.

While treaty negotiation dynamics and aspects of the ECJ's case law have received attention from political scientists and legal scholars [2–4], it is difficult to get a general sense of the variety of agreements and the extent to which they have given rise to litigation.

The sheer number of agreements and EU court cases rules out manual analysis. So we attempt to provide such an overview using machine learning and network analysis methods. We use probabilistic topic modeling to analyse the contents of EU international agreements and network analysis to identify the main clusters of citations to international agreements.

What our data exploration reveals is that, despite the expansion of the bloc's policy remit, its treaty-making activity retains a strong economic focus. It also shows that, among the many agreements negotiated by EU institutions, the European Economic Agreement, the Ankara Agreement with Turkey and the WTO Agreement form the largest clusters of litigated cases. EU international agreements are disproportionately litigated in cases relating to residence rights and, more surprisingly, competition law, while the opposite is true in cases relating to internal market themes such as public procurement and VAT.



2. RELATED WORK

Our paper relates to the growing literature applying machine learning and Natural Language Processing (NLP) methods to the study of law and legal documents [5–7]. It also relates to the legal and political science literature applying network analysis methods to the analysis of case citation dynamics [8–11] as well as the evolution and structure of legislation and networks of judges and law professors [12–14].



3. DATA

First, we collected data on EU international agreements1 (N ≈ 10, 000), including full texts where available in English, from the EUR-Lex website, the official EU legal database, using a dedicated data collection R package [15]. EUR-Lex is well-curated and the data can be assumed to be close to complete, if not so.

Although international agreements can take on various forms, from formal treaties to agreements made through letters, we distinguish two main categories of legal acts based on the metadata in the database. The first comprises agreements in the form of stand-alone documents, regardless of whether these take the form of a treaty, a formalized exchange of letters or of a new protocol to a preceding agreement. The second category is formed by “joint decisions,” which are acts produced by a body which was itself set up under a pre-existing international agreement.

Figure 1 shows that joint decisions account for an increasing number of new international legal texts. Ovádek and Raina [16] explain that this trend is likely grounded in the heightened ambition and scope of EU international agreements, most notably exemplified by the Agreement on the European Economic Area which de facto extends the EU internal market to Norway, Iceland and Liechtenstein. Joint decisions then serve to deal with various technical issues arising from the operation of the legal relationship. This governance model has been applied in many EU international agreements. In subsequent analysis, we focus predominantly on the stand-alone agreements rather than joint decisions, as these constitute international agreements in the stricter sense.


[image: Figure 1]
FIGURE 1. Categories of international acts in the dataset (1953–2020).


To explore litigation patterns involving international agreements, we gathered the entire universe of rulings rendered by EU courts2 up to 2020 (N ≈ 26, 000). The collected metadata included information on the legal acts cited, which we used to identify citations to EU international agreements.

Figure 2 shows the proportion of EU court cases that contain a reference to at least one international act. We see a steady rise until about 2010 when the trend reverses. Historically, cases referring to EU international agreements account for around 5% of the case law.


[image: Figure 2]
FIGURE 2. Proportion of EU court cases that contain a reference to at least one international act (1969–2019). We estimate a smoothed trend line with 95 per cent confidence intervals using quasi-binomial regression.




4. METHODOLOGY


4.1. Topic Modeling

Topic modeling is a suite of unsupervised document-clustering techniques developed to generate thematic annotations automatically, whereby topics are modeled as probability over words and documents as probability over topics [17, 18]. We use the structural topic model developed by [19] and implemented in the stm package for R to generate topics measuring issue attention in international agreements. The implementation builds on the Correlated Topic Model developed by [20].

This topic modeling approach is preferred over the more conventional Latent Dirichlet Allocation (LDA) for three reasons. First, we want to account for temporal variations in the number and thematic focus of agreements and legal disputes. Whereas, LDA is oblivious to the order in which documents appear in the corpus, we group documents by year, whereby topics in year t are assumed to have evolved from to topics prevalent in year t − 1. Dynamic topic models have been shown to better fit temporal dynamics in issue attention than LDA variants [21]. Third, our approach ensures that the resulting topics are not overly skewed toward years with more documents, which can occur when there are significant variations in the number of documents over time—which is the case for both EU international agreements and EU court cases. Third, simultaneously with temporal changes, we want to compare topic prevalence in cases citing international agreements to cases where no such reference is made. Our approach allows to model this difference directly.

To allow an assessment of temporal dynamics, we specify a covariate interacting with topic prevalence:

[image: image]

where td is the year in which document d was issued; γ is a p × (K − 1) matrix of coefficients for topic proportion and Σ is a (K − 1) × (K − 1) covariance matrix.

To investigate the variance in topic proportion between cases citing EU international agreements and cases containing no such reference, we estimate a dynamic topic model of EU court cases in which also specify a dummy variable capturing reference to international agreements.

To calculate topic proportion conditional on covariates, the method originally implemented in the stm package relied on OLS regression. To constrain topic proportion within the (0, 1) interval, we model topic proportion conditional on covariates using quasi-binomial regression.

Our text-mining approach is based on the bag-of-words paradigm. Accordingly, punctuation, numbers, html tags, rare words, and words common to many documents (including stop-words) were removed from the raw texts—all these are standard pre-processing steps in bag-of-words studies.



4.2. Network Analysis

We use network analysis to model patterns of citations in EU court cases. Recent years have seen network analysis proliferate in social sciences and legal studies [9, 10, 13, 22]. In network analysis, a network consists of nodes (also known as “vertices”) and edges (or links). In our analysis, a node is either an EU court case or an EU international agreement while edges represent citations either to an agreement or to another case. As with applications of network analysis to citation patterns in judicial opinions, we model cases, agreements and citations as directed networks. The directed nature of our legal citation networks results from the fact that agreements do not cite cases while a new case can only cite an older case3.

To generate our citation networks, we construct an adjacency matrix of court rulings and EU international agreements. A node is adjacent to another if an edge connects them. Formally, if U is the set of all nodes u1, ..., un in a network, the adjacency matrix Aij is a square n × n matrix connecting nodes ui and uj. The elements of the matrix take on value one if two nodes are adjacent and zero otherwise.

Our analysis is primarily concerned with the network centrality of agreements and cases citing agreements. A basic measure of the importance of a treaty or precedent in judicial opinions is in-degree centrality [8, 9, 23]. In-degree centrality simply measures the number of inward citations. In-degree centrality gives equal weight to all inward citations, regardless of the position of the citing node in the network. An alternative measure of importance is eigenvector centrality. Unlike degree centrality, eigenvector centrality takes into account the position occupied by citing cases in the network. The metric assigns greater weight to inward citations cases that are themselves cited more frequently [8].

Finally, we use the fast-greedy community detection algorithm to identify clusters of densely connected cases and agreements [24]. The underlying intuition behind this community-detection algorithm is that cases form a community if they refer more to cases (and agreements) inside the community than to cases (and agreements) outside the community [9]. In mathematical terms, Newman [24] defines the problem of community detection in networks as one of optimizing the value Q in the following function:
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where eij is the proportion of edges between nodes in community i and community j. Values of Q ≠ 0 have the interpretation of indicating a network division (into communities) where some degree of community structure is present. Calculating Q for all possible network divisions is computationally expensive, however, even with just a few dozen nodes. The fast-greedy algorithm uses hierarchical clustering to solve the problem approximately. Using this technique we obtain a classification of all nodes in our network as belonging to one of S communities where S is determined computationally by finding the maximal value of Q.




5. RESULTS


5.1. Topics in EU International Agreements

To set k, which determines the number of topics, we relied primarily on interpretability and our domain knowledge. We found that K = 9 resulted in the most interpretable model. Because agreements sometimes contain technical nomenclatures with numerous acronyms resulting in less interpretable models, we excluded terms with fewer than three characters.

Plotted in Figure 3 are the nine topics (summarized by their most characteristic words) and their proportion in the corpus over time. EU international agreements largely pertain to trade in goods (“products,” “materials,” “textile,” “wine”) and arrangements relating to their shipment and labeling (“originating,” “weight,” “pdo”). Three product categories can be discerned from the topmost characteristic words: textiles, fish, and other agricultural products (such as wine), including the protection of geographical indications (“pdo” stands for “Protected designation of origin”).


[image: Figure 3]
FIGURE 3. Dynamic topic model of EU international agreements. Topics are summarized by their four most-characteristic words.


Except for wine and protection of geographical indications, topics relating to products and product shipment (topic “originating, product, materials, value” and topic “exceeding, materials, weight, heading”) have seen their relative importance decline over time. Textile (“textile, quantitative, limits, export”) experienced a surge in attention in the 1980s and 1990s but later reverted to relative obscurity. Topics relating to services and air transport (“services, cpc, public, law” and “air, authority, services, persons”) have steadily grown in importance.

Fishing—an issue that featured prominently in Brexit negotiations—saw a blip in the 1970s. After that, topic proportion remained more or less constant at around ten per cent.

Of great historical importance is the EU's relationship with its member states' former African, Caribbean and Pacific (referred to as “ACP”) colonies (topic “programmes, acp, research, projects”). Development cooperation between the EU and ACP countries has given rise to a succession of agreements, starting with the Yaoundé Agreements (1969), followed by the Lomé Conventions (1974) and the Cotonou Agreement (2000).

The temporal shifts in topic proportion visible in Figure 3 reflect, for a part, the evolution of market integration and the growing emphasis on services in later stages of the construction of the internal market. But, while new treaties from the Single European Act (1987) to Lisbon (2009) have granted the EU competences in new policy areas, such environmental protection, immigration and security, our topic model indicate that EU treaty-making continues to concentrate on trade.



5.2. Citation Patterns in Litigation

After examining issue attention in the agreements, we now consider references to these agreements in EU court cases.

References to EU international agreements in EU court cases exhibit marked disparities. Just seven agreements—the Agreement on the European Economic Area (EEA), the WTO Agreements, the Ankara Agreement, the 1970 Additional Protocol to the Ankara Agreement, the International Convention on the Harmonized Commodity Description and Coding System (HS Convention), the Aarhus Convention and the EU-Switzerland Agreement on free movement of persons—are cited in more than 20 rulings (see the Supplementary Material). Most cited is the EEA Agreement (mentioned in 288 rulings); followed by WTO Agreements (mentioned in 139 rulings), the Ankara Agreement (mentioned in 66 rulings) and its 1970 Additional Protocol (41 rulings).

Figure 4 conveys the same point more systematically. The network is restricted to edges representing direct citations to the agreement. The communities, as identified by the fast-greedy algorithm, are largely isolated from each other, which signifies that two distinct treaties rarely have direct legal bearing on the same case. We employ the in-degree node centrality metric to show the importance of a node in the citation network.


[image: Figure 4]
FIGURE 4. Most prominent EU international agreements in the case law of the European Court of Justice. Network is restricted to direct citations to international agreements. Node size for international agreements reflects in-degree centrality. The more edges point toward a node, the larger its size. Colored areas, labeled from 1 to 10, represent network communities identified via Newman's [24] fast-greedy algorithm.


Interestingly, even thematically proximate agreements, such as the WTO agreements and the HS Convention, both of which address international trade in goods, form case clusters that are almost completely separate. The main exception in the network is the EEC-Turkey Ankara Agreement, which is accompanied by the 1970 Additional Protocol. However, given the explicit legal connection between these two international agreements, we should expect that both will often be relevant to the same legal dispute. Similarly, a sparser chain of rulings connects the successive Lomé Conventions between the EEC and the ACP countries, though curiously these are not connected to the Cotonou Agreement which succeeded the Lomé framework in 2000.

Our second network goes beyond direct citations and considers the centrality of both citing and cited rulings. Properties of these networks—including number of nodes, edges, diameter, average degree, modularity, connectance, and transitivity—are reported in Table 1. Figure 5 displays the most prominent agreements and rulings along with the main clusters identified via our Newman's [24] fast-greedy algorithm.


Table 1. Summary metrics of citation network.

[image: Table 1]
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FIGURE 5. Most influential agreements and rulings. The network shows only nodes with above average Eigen centrality. Node size reflects in-degree centrality. Colored areas, labeled from 1 to 8, represent network communities as identified by Newman's [24] fast-greedy algorithm.


To facilitate data visualization, we use eigen centrality to reduce the size of the network. As explained section 4, eigen centrality captures the importance of cases from which citations originate4. The network plotted in Figure 5 reflect this definition of case importance.

Compared to Figure 4, there is overall greater overlap between communities, although communities two (EEA Agreement), three (Ankara Agreement and Protocol to Ankara Agreement), five, seven, and eight clearly stand somewhat apart from the overlapping core formed by, in particular communities one (WTO Agreement) and four. The cases in the community clustered around the Ankara Agreement (community 3), such as C-561/14 relate predominantly to the rights of Turkish citizens to live and work in the EU. The WTO community (community 1) encompass some landmark cases concerning the interpretation and application of international law in the EU legal order, such as ATAA, Rosneft, and Krizan, the latter dealing specifically with access to information and justice in environmental matters as regulated by the Aarhus Convention. For the first two of these cases, the network seems to reflect well the general nature of the international law questions they raised, as they stand in the center of the entire network with connections spanning across communities.



5.3. Litigation Topic and Incidence of References to EU International Agreements

To explore how cases citing international agreements may differ from cases that do not, we estimated a topic model of EU court cases with covariates for time and reference to international acts as explained in section 4. It is important to bear in mind that EU cases far outnumber EU international agreements. So, with a substantially larger set of documents, we found that, for this task, K = 30 produced the most interpretable model.

Figure 6 illustrates the comparative evolution in topic proportion for the two case categories. Some topics indicate a clear divergence between cases with and cases without reference to international acts. For example, cases concerning residence and family reunion rights (topic “residence, country, family, nationals”) have an obvious international dimension, which has emerged early in litigation. The number of cases not referencing international agreements in this area has been catching up, however, possibly spurred by the creation of important EU rules such as Directive 2004/38/EC on the right of citizens of the Union and their family members to move and reside freely within the territory of the Member States and the ECJ's interpretation of the notion of EU citizenship [25].


[image: Figure 6]
FIGURE 6. Topic proportion in EU court cases (1980–2019) with and without reference to EU international agreements. Topics are summarized by their four most-characteristic words.


Surprisingly, international agreements seem to be disproportionately invoked in competition law cases (“fine, undertakings, cartel, fines”). This may reflect the globalization of antitrust regulation promoted by the European Commission, which has resulted in the insertion of competition provisions in several agreements [26].

International agreements seem to have become increasingly less relevant in cases pertaining to public procurement (“contracts, tender, award, consumer”) and indirect taxation (“vat, tax, sixth, taxable”). These legal areas, along with trademarks (“mark, trademark, euipo, board”) and road safety (“insurance, vehicles, vehicle, freedom”) have seen increasing regulatory harmonization at EU level; a development that seems to been accompanied by intensifying litigation [7]. To the extent that these topics are highly prevalent in recent years, they may explain the pattern seen in Figure 2, which shows a declining proportion of EU court citing EU international agreements.

That staff cases (“staff, officials, competition, post”), most of which employment disputes between EU civil servants and EU institutions, almost never cite international law appears banal, although it provides face validity for our methodological approach.



5.4. Case Clusters and Topic Proportion

Finally, we combine network analysis and topic modeling to assess variations in thematic focus in cases belonging to distinct communities. For this purpose, we averaged topic proportion across cases belonging to the same community. Depicted in Figure 7 is a radial plot comparing topical distribution in the EEA and Ankara Agreement clusters, corresponding to, respectively, community two and three in the network illustrated in Figure 5. Average topic proportion for other communities is reported in Supplementary Material.


[image: Figure 7]
FIGURE 7. Average topic proportion in network community two (EEA Agreement) and three (Ankara Agreement) identified via fast-greedy algorithm [24]. Values closer to the origin of the circle indicate lower topic proportion. Topics are labeled using the topmost characteristic word.


Whereas cases in community two, which are centered around the EEA treaty, concern primarily the free circulation of products and capital, cases in community three, which are clustered around agreements with Turkey, deal mostly with rights of Turkish citizens to live and work in the EU. Combining the two results provides further validation of both approaches. Given how relatively little overlap there is between the two communities, we would expect the topical content of the cases to be quite different, which is precisely what we observe in the topic model.




6. DISCUSSION

What the law is in a given domain or on a given question is typically the expression of information scattered across a large web of texts connected in complex ways [13, 27]. The larger the web, the more difficult it becomes to comprehend its general structure and dynamics using the tools lawyers and legal academics have traditionally applied to study and research the law—manual parsing of documents. While they still require domain knowledge, network analysis and NLP methods provide a scalable alternative to explore the complexity of law.

We applied these two techniques to examine three aspects of the large body of international agreements concluded by EU institutions: (1) their dominant theme, (2) their comparative centrality in EU court cases, and (3) in the area of litigation in which they are more likely to be involved. We found that economic issues continue to dominate the EU's treaty-making activity; that the EEA, Ankara Agreement, and the WTO Agreement form the largest litigation clusters; and that references to international agreements is proportionally higher in disputes pertaining to antitrust and residence and family reunion rights.

The particular salience of international agreements in residence and family reunion rights speaks directly to the British government's insistence on excluding both mobility rights and the ECJ's jurisdiction from a post-Brexit free trade agreement [1]. Private litigant's standing combined with justiciable mobility rights seem to operate as a powerful litigation catalyst, inviting judges to step in.

Our analysis is primarily conceived as exploratory, but we are confident that it achieves its goal of providing an overview of the EU's treaty-making activity and litigation. Still, we point out two limitations which similar studies may seek to address in the future. The first is that our analysis of litigation is restricted to treaties and agreements to which the EU is formally party. However, international agreements to which the EU is not party—such as the Vienna Convention on the Law of Treaties and the United Nations Charter—have been invoked in ECJ decisions. Future work may seek to map these dynamics. Second, our text-mining procedure follows a bag-of-word approach, which disregards synonymy as well as polysemy and co-reference resolution. Future research may seek to apply distributed semantic and transformer models, which implement word embeddings capturing more of the context in which words and even sentences occur [28, 29].
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FOOTNOTES

1EU international agreements are those agreements to which the EU is a party in its own right. This excludes at present some well-known international documents such as the European Convention on Human Rights and Fundamental Freedoms.

2Historically, there have been three EU courts: the European Court of Justice (since 1953), the General Court (founded in 1988 as the Court of First Instance) and the Civil Service Tribunal (established in 2005 and dissolved in 2016).

3Our analysis ignores references to other documents and agreements which occasionally occur in EU international agreements.

4Let xi be the eigen centrality of node i in network Q. Then [image: image] where M(i) is a set of all neighbors of i and λ is a constant.
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Do two conventions of international environmental law necessarily endow the same word with the same meaning? A single counterexample is enough to answer in the negative: this is the case of the term “resource” in the United Nations Convention on the Law of the Sea (UNCLOS) and the Convention on Biological Diversity (CBD). Beyond this result, we tackle the questions, raised by the method of analysis implemented, about the semantics of legal texts, a source of interpretative flexibility but also of cognitive amalgamations and confusions of various types. A conceptual graph is associated with each proposition or sentence comprising the term “resource.” Some expressions, especially those of a deontic nature and noun phrases naming a group of interrelated entities or a fact, are encoded in nested graphs. The scope of a term is revealed by the neighbourhood of its uses. Neighbouring expressions, positioned along the paths of conceptual graphs, are ranked owing to their distance from the target expression. Then the neighbours the most contributing to the distributional meaning of the targets are classified in a coarse taxonomy, providing basic ontological traits to “resource” and related expressions in each convention. Although the two conventions rely on the same language, the weak overlap of their respective neighbourhoods of the term “resource” and associated expressions and their contrasted ontological anchorages highlight idiosyncratic meanings and, consequently, divergent orientations and understandings regarding the protection and conservation of resources, especially of living resources. Thus, the complexity of legal texts operates both in the gap between language semantics and cognitive understanding of the concepts used, and in the interpretative flexibility and opportunities for confusion that the texts offer but that the elementary operations of formalisation allow to deconstruct and clarify.

Keywords: environmental law, conceptual graph, lexicon, distributional semantics, lattice, idiosyncrasy


INTRODUCTION

Fifteen years ago, in the continuation of the debate of ideas on the complexity of law and inflation of normative production [1–6] the question arose of defining legal complexity in a way that could be related to the exploration of large corpus of texts available on various online platforms1. The rise in power of network analysis and graph theory [7–11] quite naturally oriented research towards a relatively simple, intuitive and tractable approach which consists in identifying and analysing the networks induced by various types of citations or referencing between textual segments–article, laws, etc. [12, 13]. Physics (and ecology) shows that the structural properties of a complex system depend on the scale at which the system is observed, and thus conditions the choice of the relevant paradigm of analysis. Testing this idea, we highlighted the differentiated statistical properties of texts at the intra-article, article [14] and code level [15], and in a network of tens of codes of French law [16, 17].

Secondly, it became useful to analyse what simple lexicometric indicators can reveal about the emergence of a theme in international environmental law conventions [18]. The current international health situation gives particular relief to our analysis of the emergence of the health-environment theme, from the 90s, and more recently (roughly from 2010) of “One Health”–which links human health, animal health and environmental health, in the Rio conventions [19, 20].

However, these analyses remain far from the centre of the legal forge–at least in its literary expression: the meaning of the texts. Certainly the difficulty of semantic analysis, its disciplinary specificities and the diversity of existing approaches (in particular the logicist vs. distributional currents [21]), or even its links with syntactic analysis and discourse analysis, are a priori discouraging initiatives that would go in such direction2. Yet it is an entire continent that the complex systems approach now sets out to explore. Indeed, the considerable progress made over the past 30 years by Natural Language Processing [23–25] allows rapid and reliable access to the identification and characterisation of various grammatical units that make up lexemes, phrases, sentences, and even texts. Analyses of legal texts based on linguistic concepts have already been proposed ([26–29]; see also the special issue introduced by Robaldo et al. [30]) which open up perspectives that have not yet been explored. The multitude of relationships that it is possible to build between components of texts occurring at various levels of grammatical organisation of utterances deploys network structures. Graph theory, with its algebraic ramifications, offers a battery of more or less standard concepts and tools for analysing these networks.

At one of the most elementary levels of compositional semantics, the analysis proposed here sets out to answer a simple question: Do two conventions of international environmental law necessarily endow the same word with the same meaning? Let us note provisionally that if the answer is positive, then the textual glosses and the dialogues established in various collective arena can be conducted without change. No lexical ambiguity fosters risk of misunderstanding. A negative answer would mean that various legal streams make differentiated uses of the same lexicon. The understanding and use of legal texts then depend on the context of interpretation, or of the intention behind them.

Simple question in the sense that it only touches the lexical layer of texts, contributing to their meaning. This is a non-trivial question, however, insofar as the conventions use the same language, here English, and even belong to the same genre of discourse. Moreover, in addition to the production of appropriate evidence to support an answer, two additional objectives are pursued here: (a) to design an approach capable of highlighting idiosyncratic uses of terms from a restricted textual corpus; (b) identify a first essential property of legal texts that an analysis in context of the linguistic material can reveal, and outline the consequences on the normative level.

After setting the legal context of the study in Section Introduction, Section 3 UNCLOS, CBD and the Resource Issue presents the approach developed. It is inspired by the central hypothesis of distributional semantics (initially proposed by Firth [31]) according to which the meaning of a term or expression emerges from its use in context. By capturing very large textual corpora (composed of billions of words), this approach can legitimately claim to be statistically driven. With two texts in our pocket and at most a few dozen occurrences of the same term, we will not be able to avail ourselves of this advantage. The use of an expression in context amounts to identifying its immediate neighbourhoods in the corpus. We also propose to use the construction of conceptual graphs rather than raw sentences or syntax trees to identify these neighbourhoods. The use of these neighbourhoods constituting the meaning of a term in context is exposed in Section Encoding the Conventions Textual Data.

The neighbourhoods of the target term “resources” (and of associated expressions) as taken from the UNCLOS and CBD conventions, are described in Section Lexical Neighbourhoods and formalised as a lattice relying on a coarse taxonomy. Their comparison leads to favour the hypothesis of an idiosyncratic use of the term “resource” and its associated expressions in these two conventions. Section Meanings of “Resource” in UNCLOS and CBD discusses the limitations, advantages and avenues opened up by the analytical method. Then follow the implications which seem to emerge at the normative level from these results. Section Discussion concludes this exploratory study.



UNCLOS, CBD, AND THE RESOURCE ISSUE

The question addressed by this study corresponds to a testable hypothesis. It would suffice to find a single term or expression that does not have the same meaning in two conventions to answer in the negative. Our candidate is the term “resource” and associated frozen expressions such as “natural resource,” “living resource,” etc. This term has a relatively high number of occurrences in several international environmental law conventions that regulate the management of resources (here “management” includes in particular access to, sharing of, proper management, conservation and protection of resources), but according to the perspectives and objectives specific to each of them. Resource management is a major subject of past, present and likely future tensions in our societies and their differentiated developments, for which the key players on the international scene and for international environmental law are States.

Regarding the conventions, we consider the United Nations Convention on the Law of the Sea (hereafter UNCLOS) and the Convention on Biological Diversity (CBD). There are several reasons for this choice. The UNCLOS defines the levels of territorial jurisdiction over the seas and oceans, regulates the passage of vessels, establishes the rules for access to marine resources as well as the conditions for the conduct of activities using these resources, in particular with regard to their impact on the marine environment and its non-living and living resources. The convention stipulates the duties of states in the conservation and management of the resources of the high seas, and establishes the architecture of international ocean governance that has prevailed in recent decades. The CBD regulates the rights and duties of States regarding the use, management, preservation, and conservation of biological resources, including genetic resources. It establishes the rules for cooperation between nations and for sharing the benefits derived from all forms of exploitation of these resources. The marine environment is regulated by CBD, just like other natural environments.

However, marine biodiversity and the environment of the high seas are exposed to increasing threats–physical and chemical modifications of water linked to climate change, various pollution, overexploitation of resources, loss of habitats, etc. directly or indirectly linked to human activities at sea but also on land. The growing needs for resources on a planetary scale, in particular mineral resources (like metals, rare earths) and in connexion with the energy transition [32], on the contrary, are pushing us to increasingly turn to the oceans [33–36] perceived as a kind of immense marine continent, relatively little explored, promise of largely unexploited stocks of mineral and living resources [37, 38]. At the same time, a growing harvest of scientific results warns about the risks that projects of large-scale deep sea mineral resource exploitation pose to living resources and marine biodiversity, and to ecosystems specific to the deep seabed, ocean ridges and seamounts [39]. Therefore, though the UNCLOS and CBD obey the same principles of public international law, the areas of marine activity that the two conventions cover differ, and their goals diverge.

After 10 years of discussions, and the mixed observation regarding the success of the conventions in achieving some objectives for the completion of which they had been designed and implemented, the international community initiated negotiations in 2018 aimed at establish a new binding treaty of the sea3 Under the aegis of the United Nations and under the UNCLOS, this treaty aims at “the conservation and sustainable use of marine biodiversity in areas beyond national jurisdiction.” Resource assessments, environmental baseline studies and assessment studies of the impact of deep seabed exploration and resources exploitation (still underdeveloped) on marine biology, are still limited [40], so that the negotiations around the new treaty must come to terms within a context of high scientific uncertainty [41], or even ignorance as to the vulnerability of the ecosystems that shelter the marine life.

We are therefore at a pivotal moment in the future of the oceans, at least as envisaged by international environmental law, which combines, and potentially, contradicts (at least) two aims of management of marine resources which will have major impacts both on the development of nations and on the marine environment, ecosystems, and life that resides there. In this context it is interesting to return to the source of these regulations and to analyze what these inaugural texts say about resources and how they approach them. Their original versions have shaped the contemporary form of regulation of their respective domains and the initial direction of their developments through Conferences of Parties or works of ad hoc scientific groups to this day.



ENCODING THE CONVENTIONS TEXTUAL DATA


UNCLOS and CBD Conventions

The UNCLOS (Montego Bay, 10 December 1982) entered into force on 16 November 1994, and the CBD (Rio de Janeiro, 5 June 1992) on 29 December 1993. Both conventions count today 168 Parties4 The UNCLOS text includes a preamble, 320 articles divided into 17 Parts, plus 9 annexes. The CBD is shorter, with a preamble, 42 articles and 2 annexes. The annexes of the two conventions are excluded from our analysis.

Both conventions present sets of definitions gathered under “use of terms” titles. Only two of these sets introduce definitions including the term “resource,” say the UNCLOS Art. 1 of Part I Introduction, and Art. 133 of Part XI The Area; in the CBD, Art. 2 gives definitions related to the “resource.” Lexicology classically distinguishes definitions of the kind “x is a y” from those of the kind “x means y”: the first one is targeting the entity of the world designed by x, while the second one provides information on the term x and about the lexical environment in which the term is inserted, in relation to the elements from which it is distinguished. “Use of terms” sections of legal conventions provide definitions of the second kind. These definitions are worth being included in our analysis, but they are by no way able to render the richness of the meaning of the defined terms, to capture their relations with other concepts or notions, and do not allow a fine distinction of their denotative and connotative uses in context. In addition, they are based on a sort of latent ontology, neither explicit nor explicated in the conventions (this is not their role) but which can be postulated as a minimum representation common to the drafters of legal texts, and linking all the concepts and notions used. Finally, these definitions only concern a very limited number of terms, so that a broader approach must be deployed to look for possible idiosyncratic uses of terms.

For this purpose, we use all 105 occurrences of the term “resource” (singular or plural) in UNCLOS articles, and the 49 occurrences in CBD articles. We do not formalise, by means of a conceptual graph, each complete article in which one or more occurrences of “resource” are inserted, but only the sentences concerned, or even the only propositions having an autonomous meaning (for example when these propositions form a list of options or cases). These restrictions are justified insofar as they reduce the formalisation workload without having any impact on the way in which we define the neighbourhood of a term or of an expression as will be seen.



Conceptual Graphs

Conceptual graphs [42, 43] were designed to represent knowledge (assertions, rules or constraints established on domains, queries and answers, etc.) and to translate the various useful manipulations of knowledge in terms of rigorous mathematical operations on graphs [44]. Here we only use–and introduce–the basic properties of conceptual graphs5. Two types of vertices are distinguished–those representing concepts or notions [45] and those representing n-ary relations–connected by edges. In CGs, an edge reifies the link between a conceptual-type node and a relation-type node. For the purposes of our analysis it is enough to define a basic conceptual graph G as a 4-uple (C, R, E, λ) where (C, R, E) is a finite, undirected and bipartite multigraph (that is the possibility to have edges with the same end nodes6), C being the set of concept nodes, R the set of relation nodes, and E the set of edges; λ is a labelling function of the nodes and edges of G. The vocabulary V(G) of graph G is here defined as the set of labels of the only vertices representing entities or concepts (set C).

Each sentence or proposition where the word “resource” occurs is encoded in an elementary conceptual graph. GUNCLOS (respectively, GCBD) is the set of all disconnected elementary graphs formed from the concerned sentences or propositions of the UNCLOS (resp. CBD) convention, and VUNCLOS (resp. VCBD) its vocabulary. A sub-graph of an elementary graph is shown in Figure 1 as illustration. An elementary graph can be as simple as in Figure 1 or count tens of nodes, some of them connected along looping paths (the larger elementary graph we built encodes UNCLOS Art. 150 Policies relating to activities in the Area, and has 67 nodes and 79 edges).


[image: Figure 1]
FIGURE 1. Example of conceptual graph encoding the sentence “coastal States shall give due notice of conservation laws” (extracted from UNCLOS Art.62 §5) with concept node set C = {a, b, c, d}, relation node set R = {A, B, C}, edge set E = {e1, .., e6}, and labelling function λ(a) = ′coastal states′ λ(b) = ′due′, ., λ(A) = ′shall give′, etc. The edge labels indicate their identifier and arity in parenthesis. V = {coastal states, due notice, conservation laws} (see text).


On Figure 1 concept nodes are represented in rectangles and relation nodes in ellipses. Conceptual nodes can only be connected with relation nodes, and relation nodes only with conceptual nodes. It is often useful to identify some words or expressions as being attributes (relation with label “ATTR”; the label of the attribute is in a hexagonal vertex) of concepts. In such case, the attribute and the concept it modifies are interpreted as a single concept (“due notice” in our example). Several expressions that are more or less “frozen” (linguistic stasis) have this form, whether they include the word “resource” (e. g., “living resources,” “natural resources”) or not (e g., “coastal state,” “country in development”).

When encoding a set of sentences or propositions, it appears that many concepts are occurring several times while the expressions of relations in natural language are much more variable and diverse. Because they are linking two or more concepts, relations are not really contributing to the meaning of a concept. Therefore, the meaning of a target concept like “resource” will be captured only from the neighbouring concepts (a notion to be defined more precisely in Section Lexical Neighbourhoods).



Encoding Sentences in CGs

Conceptual graphs (CGs) represent knowledge in the form of a structure, articulating concepts and their relationships. In a textual corpus these articulations are expressed with the resources of natural language. CGs then make it possible to extract and represent the knowledge carried by the text–which is organised in a structure often qualified as “deep”–without depending on the singular linguistic form chosen to express this knowledge–form designated as “surface structure.”

For the purposes of our study, here we represent only sentences separated from each other. In doing so, a few regularities are observed which guide this rewriting of sentences in a graph, without however making them rigid rules. In CGs, concepts and relationships are represented by a distinct type of node. Two nodes of the same type cannot be directly linked.

Each simple noun phrase is represented by a concept type node. Complex noun phrases, formed by several nested noun phrases, are generally representable by a linear succession of conceptual and relational nodes. From a syntactic point of view, the notion of “resource” which is our target appears in noun phrases. The nature or quality of the resource is specified by the most general addition of an adjective, as in “biological resource” or “mineral resource.” The adjectival modification is represented via the relation “attribute” or in an equivalent way, by making the adjective the component of a frozen expression in a single node. Relationship nodes are most often occupied by verbs, possibly accompanied by an adverb treated as an attribute of the verb. We consider that the distance between an attribute and what it relates to–noun or verb–is zero.

However, sentences do not always have the simple syntactic structure as shown in Figure 1, due in particular to the use of anaphoric relations or of subordinate clauses in complex sentences. Expression in natural language makes frequent use of anaphoric relations and co-references, the resolution of which is essential for a good understanding of the text. This is for example the use of a pronoun which replaces a nominal antecedent, or the use of the referring word (pronoun, verb) which takes the place of a non-nominal antecedent, a source of more complex syntactic structures [47, 48]. Anaphora resolution is performed here by setting a relation node between the antecedent (the replaced term) and the other term syntactically associated to the pronoun. A frequent case is when a possessive pronoun backed by a concept (as in “its exclusive economic zone”) refers to the entity which includes the entity designated by this concept (in our example the “coastal state“). Whatever the overall syntactic structure of the sentence in which these two components appear, a relation is established between them with the label “of” (the result reads “exclusive economic zone of coastal state”). This procedure naturally modifies the paths linking concept nodes and their distance. Authorised here by the small volume of our textual corpus, this simple approach produces reliable results without resorting to complex NLP procedures.

Most expressions of natural language can be attached either to the type of relations, or to a subtype of entities, such as “actors,” “material resources,” “cognitive resources” or “norms.” But let us consider the term “pollution” defined in Art. 1 of UNCLOS as follows:

“‘pollution of the marine environment' means the introduction by man, directly or indirectly, of substances or energy into the marine environment, including estuaries, which results or is likely to result in such deleterious effects as harm to living resources and marine life, hazards to human health, hindrance to marine activities, including fishing and other legitimate uses of the sea, impairment of quality for use of sea water and reduction of amenities.”

“Pollution” is explicitly defined as an action (“introduction of ”) linking some actor (“man”) with material entities (“substances,” “energy”, “marine environment”), through several relations (“result in,” etc.). From this perspective, “pollution” should be represented as a relation node. Elsewhere, “pollution” can design the polluting substances, that is the concept of a material entities, not a relation, and should be an element of the concept set C. In fact, the definition above shows that the concept of pollution is indissolubly a subsystem composed of several other interrelated concepts. In such situation, we encapsulate the fully encoded subsystem in a concept-type node nested in the conceptual graph. The larger node with label “pollution” is in relation with some of its internal conceptual nodes (“man,” “substances,” etc.) if such description is in the sentences.

This way to proceed is relevant because legal norms establish deontic relations (“oblige,” “permit,” “prohibit,” etc.) with other actions (belonging to relation node set) or with concepts derived from actions (like pollution, activities, development, growth, conservation, etc.). Several other expressions—like “growth of international trade,” “fisheries industries,” “development of all countries”—obviously designate complex systems which precise components and relations are neither assignable nor specified. They are represented as an empty concept-like node (with the corresponding label) and nested in the conceptual graph.

It is worth commenting on the anaphoric relations carried by pronouns. Special care must be taken to encode pronouns as they replace a term, an expression or a noun phrase. A relation node is set between the antecedent (the replaced term) and the other term syntactically associated to the pronoun. A frequent case is when a possessive pronoun backed by a concept (as in ”its exclusive economic zone“) refers to the entity which includes the entity designated by this concept (in our example the “coastal state”). Whatever the overall syntactic structure of the sentence in which these two components appear, a relation is established between them with the label “of ” (the result reads “exclusive economic zone of coastal state”). This procedure naturally modifies the paths linking concept nodes and their distance.

At the end, each conceptual graph represents a sentence or proposition as it is interpreted, in the sense that: (a) words or expressions are classified as relations or concepts (a property that will ease the determination of any conceptual neighbourhood); and (b) all syntactic ambiguities are resolved (sentences being often decomposable in several distinct syntactic trees). The encoding of sentence in conceptual graphs is a task of knowledge extraction from natural language that is reputedly difficult to perform automatically (with in particular low recall performances; [49, 50]. Doing it manually provides the required data for achieving our objective and incidentally establishes some kind of standard reference for further work on computer-based knowledge extraction for texts.

Warned of these difficulties and equipped with the procedures described above, we choose to encode by hand each sentence mentioning the target term x as a conceptual graph [image: image]. These elementary graphs are disconnected from each other as results from the building procedure (which is sentence-based). Their interconnection would be possible, for example based on the concept nodes that they have in common, but this would provide no additional information on the sought neighbourhoods of the target term.

We define the graph of a convention CONV related to term x, GCONV[x], as the set of the k = 1..K elementary graphs [image: image]. These graphs encode the deep structure of the knowledge carried by the sentences in tree form (without cycle), and sometimes include cycles (for e.g., induced by anaphoric relations and co-references). In all cases, it is possible to follow the paths which pass through each noun phrase which includes the word “resource” or an associated frozen expression, and which, through verbs–or more generally the nodes of relations, link them to other concepts. The vocabulary of GCONV[x], V(GCONV[x]), is defined as the union of the vocabularies of its elementary graphs. GUNCLOS[resource] and GCBD[resource] gather 66 and 20 elementary graphs7, respectively. As we shall see, only a subset of their vocabularies are involved in defining the neighbourhood of the “resource” term in the UNCLOS and CBD conventions.




LEXICAL NEIGHBOURHOODS


Paths

We define the neighbourhood of the target term x in a given convention as the set of labels of the conceptual nodes belonging to all paths passing through x in the elementary graphs associated with this convention. This definition clearly excludes labels of relation nodes from lexical neighbourhoods. It also leads to discard those terms that are not linked to the target term x through the knowledge representation. In particular terms that are not in the same proposition are not included in the lexical neighbourhood. An example is given in the sentence below, where terms neighbouring target term “resource” are in bold:

“Each Contracting Party [-3] shall take legislative, administrative or policy measures, as appropriate, with the aim [-2] that Contracting Parties [-1], in particular those that are developing countries, which provide genetic resources are provided access [-2] to and transfer [-2] of technology [-1] which makes use of those resources, on mutually agreed terms, including technology protected by patents and other intellectual property rights, where necessary, through the provisions of Articles 20 and 21 and in accordance with international law and consistent with paragraphs 4 and 5 below.” (CBD, Art. 16 Access to and Transfer of Technology, §2).

The number in brackets after each term indicates the distance to the occurrence of the target term (“resource”) to which it relates (a negative sign indicates a predecessor, a single plus a successor). The distance or rank only counts the conceptual nodes of the graph which separates the neighbouring term from the target term along the path. In other words, in a relation of type yRx where x and y are concepts and R a relation, the distance from y to x is −1, or y has rank −1 with regard to the target x.

The example illustrates an important aspect of our method: the neighbours of an expression are identified along paths in the conceptual graph, not as neighbours in the raw sentence as is often done. The neighbours are selected following knowledge representation links captured in conceptual graphs, not positional information provided by the sentence. For this reason, though “developing countries” is a conceptual node of the graph, and near from “genetic resources” in the sentence, it is not in its neighbourhood as it refers to “contracting parties” and as such, occurs on another path of the graph. “access,” “transfer” and “technology” logically refers to “those resources” not directly to “genetic resources,” hence the negative ranks (even if the demonstrative “those” indicates that these resources are genetic resources).

This approach conforms to the distributional hypothesis of semantics that assumes that terms occurring in similar contexts have similar meaning, but the underlying topology we use is defined from conceptual graphs representing knowledge embedded in a sentence or proposition. It is beyond the scope of this study to decide whether such distributional neighbourhoods authentically define the meaning of a word or phrase, or ultimately only allow the assessment of similarities of meanings (see Sahlgren [51], and references within). But in any case, the comparison of lexical neighbourhoods should allow us to detect possible idiosyncratic uses of the same term.



Neighbours and Ranks

The above example also shows the importance of distinguishing between frozen expressions. The term “genetic resources” supposedly does not mean the same thing as “living resources,” “natural resources,” or “mineral resource.” An ontology could relate all these terms to the generic class of resources. However, it is obvious that the contexts of use of each of these expressions will differ greatly, depending on the uses that are made of these resources or on the measures and regulations implemented for their management. We can only compare neighbourhoods attached to the same expression or to expressions supposedly referring to the same concept.

Moreover, whether or not to use an expression in a convention is already informative on the field covered by the legal instrument. Likewise, and more significantly, the number of occurrences of an expression provides a first indicator of the lexical–and therefore conceptual–landscape in which the text constructs and moves. Optionally, this number of occurrences can be normalised by the length of the text (evaluated in number of words), then making it possible to compare occurrence densities (remember that the text of the UNCLOS is much longer than that of the CBD). We will therefore compare sets of target terms or expressions (those using the word “resource”) in order to better define the regulated domain, and sets of neighbouring expressions relating to each target term in each convention to detect possible idiosyncratic uses of terminology. We will also use information taken from the rank matrices which values indicate the number of occurrences of a neighbour expression at a given rank.

The use of a neighbour's rank (its distance from the target expression along the path) is justified with the idea that the more distant a term is, the less it contributes to the (distributional) meaning of the target. Another possible use is to identify frozen or semi-frozen expressions (such as for example “resources of the exclusive economic zone”) which appear frequently, or that themselves include frozen expressions, the phrases being often nested (as in “areas beyond national jurisdiction” which already has the acronym ABNJ in use, and now BBNJ for “biodiversity in ABNJ”). Indeed, the occurrence of an expression at a preferential rank from a target (which is a statistically detectable behaviour) suggests the presence of a frozen expression, at least in the analysed corpus.

Let FCONV be the set of the frozen expressions that include the term “resource” found in convention CONV (UNCLOS or CBD), with cardinality |FCONV|. NCONV[x] denotes the set of terms or expressions (labels of conceptual nodes) found in the neighbourhood of target expression x in the convention. We limit the set to terms with rank in the interval [−4, +4]. By construction, NCONV[x] is a subset of the vocabulary V(GCONV[x]) (see Section Encoding Sentences in CGs). From NCONV[x] we derive the set ÑCONV[x] by substituting, when necessary, each single word or word entering in an expression of the set for its lemmatized form (e.g., “states parties” –> “sate party”) using the NLTK lemmatizer [24] based on WordNet [52].

A rank/occurrence index [image: image] is associated to each neighbour y of target x in convention CONV as given by:

[image: image]

where n(x) [resp. n(y)] is the number of occurrence of target term x (resp. neighbour term y) and rj(y) the rank of the jth occurrence of y. The index is built such that if y occurs only with rank +1 or−1 and whenever x occurs, then [image: image]. The contribution of each occurrence of y to its rank/occurrence index is inversely proportional to its rank or distance to x: on the average, more distant terms have a lower rank/occurrence index than nearer terms. The rank/occurrence index provides an easy way to compare the contribution of each neighbour expression y to the distributional meaning of target expression x. It is used to identify the most import terms contributing to the meaning of x as it is used in the context of a given convention.




MEANINGS OF “RESOURCE” IN UNCLOS AND CBD


Target and Neighbour Expressions

CBD and UNCLOS have four and seven expressions, respectively, using the word “resource”8, forming the following target expression sets:

TCBD ={biological resource, genetic resource, natural resource, resource}

TUNCLOS ={living resource, marine resource, mineral resource, natural resource, non-living resource, resource, resource deposit}

The difference in these two sets results from the difference in the domains covered by the two conventions, as could be expected. But it also suggests that the links or interactions between activities in one domain and the resources of the other domain, are not considered in the conventions. In particular, unless the “living resource” of UNCLOS can be interpreted as an expression synonym to the “biological resource” of CBD, the exploration and exploitation of mineral and/or non-living resource is not considered in relation to the “biological resources” in the UNCLOS; and reversely the protection or conservation of biological diversity is not envisioned in the CBD in relation with the activities regulated by UNCLOS.

For each target expression of the sets TCBD and TUNCLOS, we find the five nearest expressions defined as the neighbour expressions with highest rank/occurrence indexes (see equation 1) in a given convention. These nearest neighbours are listed in Table 1.


Table 1. Target expressions (1st column), convention (2d column), and neighbour expressions ranked (1 to 5) by decreasing rank/occurrence index (given above each expression). In bracket after the convention acronym, the number of neighbour expressions from which the nearest expressions are found.

[image: Table 1]

The vocabulary formed by all expressions close to the targets, found in CBD (resp. in UNCLOS), comprises 81 (resp. 203) expressions or terms, forming 145 (resp. 488) pairs9 with one of the four (resp. seven) target-expressions. Thirty-seven of them appear in Table 1, indicating some partial overlap of the sets of neighbour expressions. ”Genetic resource“ and ”biological resource“ are used in conjunction with the most varied sets of neighbour expressions in the CBD (with, respectively, 51 and 27 neighbours). In this aspect, the expressions “resource” and “living resource” occupy the first places in the UNCLOS (with, respectively, 82 and 80 neighbours).

Most terms in Table 1 refers to actors (State, coastal State, country, Party, etc.), to the geographical zones or territories delimited on a jurisdictional basis (exclusive economic zone, the Area, seabed or subsoil–implied “of the Area” or “of/in the EEZ,” but also explicitly “jurisdiction” and “limit of national jurisdiction”) and to their rights (sovereign right, access). Most of the other expressions concern activities and capabilities, or some resources (polymetallic nodule, natural resource, mineral). These features indicate quite clearly that resources, whatever their type, are well-understood from the angle of law, in the legal genre of discourse.

Now consider the two target expressions shared by the two conventions. The term “natural resource” is very little used in CBD. Its only two neighbours are roughly the same as the two closest neighbours in UNCLOS (although 42 related expressions are identified in this convention): “sovereign right,” and “Sate” in CBD vs. “coastal State” in UNCLOS. The convergence of the distributional meaning of the expression “natural resource” between the two conventions is plausible, even if statistically poorly documented. The alignment, at least partial, of these meanings probably corresponds to an ontologically generic use of this term. In fact, CBD Article 15 §1 indirectly states that genetic resources are natural resources. For its part, UNCLOS Art. 56 §1 includes living and non-living resources under the natural resources, and Article 77 §4 adds mineral resources in the context of Part VI of the convention.

The sets of terms close to the target “resource” found in CBD and UNCLOS are disjointed. No similarities seem to emerge. The conceptual landscape built by the CBD around the term “resource” is based on the notion of actor (the State), of his role and powers. UNCLOS rather stresses on the activities, resources and the location where they both are or take place.

For the reasons explained at the beginning of this section, it is also important to see whether the expressions “biological resource” (CBD) and “living resource” (UNCLOS) designate the same concept or not. The main features of the conceptual landscape of the first expression concerns actors (“contracting party,” “state”) then some cognitive resource, the biological diversity (interpretable as a material resource) and norm (“sovereign right”). The notion of “living resource” in UNCLOS is centred on geographical sets (“EEZ,” “region,” “subregion”) and actors (“coastal State,” “State”). These sets are to be related to the Sates' jurisdiction or location. This comparison shows the importance of State actors in relation with biological and living resource, but diverge on the other determinants, UNCLOS insisting on a geographical mapping of resource locations or of actors' cooperation, while CBD focuses on actor's rights and compatibility of resource uses and preservation of biological diversity. However, this analysis mostly relies on an interpretation of the full sentences.



Lattices and Distributional Meaning

Is there a vector space where this kind of analysis can be done from the sole information of Table 1? A simple approach to word embedding is to associate a dimension of vector space with each term (here, each neighbouring expression). In such configuration, the target expression is represented by a vector in the subspace spanned by its neighbouring expressions, each value of the rank / occurrence index being a coordinate. The cardinality of the union of the sets of neighbouring lemmatized expressions of the two conventions (see Table 1) is given by:

[image: image]

Thus, the set of all neighbouring expressions defines a vector space of dimension 37, populated by 11 vectors, each representing a target expression (the same expression considered in two conventions is represented by two vectors). Since none of these vectors occupy exactly the same subspace, they are two-by-two orthogonal. Calculating the cosine of the angle between two vectors then provides no information on the similarity of the (distributional) meaning of the expressions they represent. Vector space reduction techniques10 that would allow these angles between word or expression vectors to be calculated are of little interest here: they are relevant for large sets of vectors. Moreover, after reduction, the new dimensions of the embedding space do not correspond to lexical elements and are therefore no longer interpretable.

We propose the following approach. Each neighbouring expression is attached to a generic ontological class. All of these classes is a kind of coarse taxonomy, which induces a partition of all 37 related expressions. We distinguish the following classes11: actor (“AC” label), material resource (“MR” label), cognitive resource (“CR” label) and process or activity (“PA” label). As the analysis relates to international law conventions, all entities relating to a type of legal norm (understood in a loose sense) are attached to a fifth class “norm” (label “NO”). The class relevant to each expression is given in Table 1.

No longer considering neighbouring expressions but their classes, Table 1 corresponds to another matrix: each row is a target expression in the context of a convention, and each column indicates the class of an expression of its lexical neighbourhood. The corresponding mathematical structure is a lattice, similar to those used in Formal Concept Analysis (FCA [54–56]). The lattice presents a double nested hierarchy established between the 11 target expressions (or “objects” in the FCA language) and the five classes (“attributes” in FCA) to which the neighbouring expressions belong. Some line diagrams representing this lattice are presented in Figure 2. Any target expression of a vertex which is on a descending path from a vertex with an attribute (class) have this attribute (and is an element of the extent of the attribute). Conversely, any attribute of a vertex lying on an ascending path starting from a target expression, is the class of one of the target's neighbour expressions (and is an element of the intent of the expression). To simplify the figures, the reduced representation of the lattice is used here: class (resp. target expression) labels are given only in the node occupying the higher (resp. lower) position they appear in the hierarchy (therefore, some nodes do not have an apparent label). The lattice immediately shows that none of the four attributes is an attribute of all target expressions, and that none of the target expressions collect all the attributes in its profile (set of its attributes).


[image: Figure 2]
FIGURE 2. Reduced representation (see text) of the expressions/classes lattice. (Top) Part of the lattice linked with the CBD “biological resource” expression (label BR_B); (bottom) Part of the lattice linked with the UNCLOS “living resource” expression (label LR_S). Labels combine the final B (from “biodiversity”) for CBD or S (from “sea”) for UNCLOS (sea) and the following sub-labels: GR, genetic resource; MaR, marine resource; MiR, mineral resource; NLR, non-living resource; NR, natural resource; R, resource; RD, resource deposit. Generic ontological classes are “actor” (AC label), “material resource” (MR label), “cognitive resource” (CR label), “process or activity” (PA label), and “norm” (NO label). Grey nodes and blue dashed links do not belong to the sub-lattice (but to the overall lattice) (figures built with the free software Concept Explorer 1.2; [57]).


Let us go back to the comparison of the terms “biological resource” of CBD and “living resource” of UNCLOS. The two sub-lattices linked to each of these targets are highlighted in Figure 2. Note first that the living resource and non-living resource of UNCLOS have, in this rough taxonomy, the same profile (they occupy the same vertex). This profile (actor AC and material resource MR) is a subset of the biological resource profile of the CBD, the latter also requesting the classes “norm” (NO) and “process and activity” (PA) in its lexical neighbourhood. Considering that we have restricted these neighbourhoods to the only 5 expressions with highest rank/occurrence indices, this difference between profiles is a significant feature of the semantic difference of the two expressions: the biological resources of the CBD cannot be assimilated. to the living resources of UNCLOS. Moreover, under the aspect of this taxonomy of neighbours, biological resources dominate the three other kinds of resources (“genetic resources,” “natural resources,” and “resources”) regulated by the CBD. Surprisingly, it is the “resource deposit” of UNCLOS which presents the same profile as “biological resources” of CBD while dominating “non-living resource” (and its paired expression “living resource”) and “resource,” expressions used in UNCLOS.

The sub-lattices corresponding to CBD “resource” (label R_B) and UNCLOS “resource” (label R_S) are exhibited on Figure 3. On the CBD diagram, “resource” is subsumed by “biological resource,” and have a larger profile (subsumes) than “natural resource.” In UNCLOS, “resource deposit” subsumes “resource.” Both CBD and UNCLOS “resource” have the attributes “process and activity” and “norm.” CBD “resource” adds the “actor” attribute while UNCLOS “resource” adds “material resource.” It must be kept in mind that this kind of subsumption relationships (or hyponym-hypernym relationship) is only valid in the context set by the coarse taxonomy used in this study. These differences emerging from the analysis of the distributional meaning established on the basis of a somewhat minimalist neighbourhood of expressions, they apparently express very distinct cognitive orientations as to what are resources, for the one or the other of these conventions.


[image: Figure 3]
FIGURE 3. (Top) Part of the lattice linked with the CBD “resource” expression (label R_B); (bottom) Part of the lattice linked with the UNCLOS “resource” expression (label LR_S). Reduced representation, see Figure 2 (figures built with the free software Concept Explorer 1.2; [57]).


The sub-lattice associated to the attribute “norm” is shown in Figure 4. The extent of “norm” is the union of the sets {“resource,” “resource deposit,” “natural resource”} of UNCLOS expressions and {“natural resource,” “resource,” “biological resource”} of CBD expressions. All other target expressions, “genetic resource” from CBD, “living resource,” “non-living resource,” “mineral resource,” and “marine resource” from UNCLOS, are not connected to the “norm” class in this simple taxonomy.


[image: Figure 4]
FIGURE 4. Part of the lattice linked with the attribute “norm” (label NO). Reduced representation, see Figure 2 (figure built with the free software Concept Explorer 1.2; [57]).


The link with the concepts attached to normativity is made in relation to the relatively general expressions involving the resources, rather than with their derivations of a more technical or specialised character.




DISCUSSION

Where has the search for a plausible answer to the original question led us? The experimental study argues for a notable and observable difference in the meaning of the same expression in two conventions of international environmental law. Legal language is not free from internal lexical idiosyncrasies, within the legal genre itself. Definitions are not sufficient to contain the meaning of legal terms or expressions. Distributional semantics provides complementary analysis tools, sensitive to the different contexts of use of these expressions. This result could moreover constitute only the first cog in a progression showing that the emergence of meaning, going up the levels of segmentation of texts until the constitution of a legal discourse, accumulates epistemological divergences between distinct legal currents.

Certainly this first conclusion needs to be confirmed on the basis of a more extensive textual corpus and diversified sources of rights. The analytical method outlined here can be replicated and supported by the use of various NLP and knowledge extraction tools. However, some features and some consequences of our analysis deserve further discussion.


Lexical Idiosyncrasy and Statistical Measures

Objectively, the description of the distributional meanings of the term “resource” and associated expressions rests on a statistically fragile basis. This situation is not a flaw in the approach but rather reflects the essential condition for analysing small corpora. The study made it possible to explicitly describe the contexts of use of each target expression and their contributions to its distributional meaning. As such, the results are likely to warn against any approach to normative texts which would dispense with a reflection on the variability of the meaning of words and on the dependence of this meaning on the regulatory context, at the risk of misinterpreting texts and depart from the intentions of legislators. The differentiated meanings of the same word used in different conventions reveal blind spots in international environmental law that need to be addressed.

These observations also have implications for the methodological aspect of the analyses. Any physical or informational measure (e.g., posterior probabilities, information functions, entropy) based on the frequency of occurrence of phrases or words is potentially affected. Indeed, counting of occurrences implicitly presupposes that the meaning attributed to an expression does not vary in the corpus. This hypothesis is not always valid. In these shifts in meaning, legal and political cultures specific to the regulated field and to the agents who design and promote legal instruments are expressed. The estimate of the frequencies of occurrences and the derived statistical measures remain valid, but on condition that they are applied to sets of semantically or ontologically homogeneous utterances, sets whose limits are traceable via the analysis of the deep structures of language and identification of the professional or “epistemological affiliation” of the authors.



Conceptual Graphs and Legal Text Formalisation

On a technical level, the purpose of using conceptual graphs is generally to build up a knowledge base that can then be queried (to answer questions or produce new knowledge) via machines. Our posture is different: the work of formalising legal proposals, sentences or articles via conceptual graphs creates the conditions for an interrogation in direct contact with the legal matter (data), on mechanisms, artifices and techniques–implicit or explicit, intentional or unconscious, known or hidden–used by ”the legislator“ in the production of normative texts. Even if the theory of conceptual graphs cannot claim the universality of its capacities to transcribe any text into natural language and therefore presents limits of applicability, the formalisation exercise offers the opportunity to explain a part of the latent cognitive options which govern the choice of expressions in natural language and their conceptual underpinning. In this process, the nature of these revealed choices makes it possible to question the clarity and distinction of the concepts used and, admittedly a more adventurous steps, to try to understand the consequences of these choices.



The Same Language but Different Lexical Meanings

The language used by the various international conventions is the same: for example, the English versions of the textual corpus. The lexicon, except for any technical terms specific to each legal (or related scientific) field, is also the same. But the use of certain key terms is differentiated according to conventions. A term appears in a convention in one or two types of occurrence: (a) as a word or part of a phrase in sentences or clauses; (b) as an entry of a definition. A definition is a short text, usually presented in intention, and positions itself between hypo and hyper-specificity. Thus, regardless of the method used, the comparison of the definitions by two conventions of the same given term, provides little insight into the analysis. On the other hand, the notional context in which the term is inserted through its uses is rich in lessons. If the notional contexts of use of a term in two conventions differ significantly as we have seen, the hypothesis of idiosyncratic conceptions attached to each convention is necessary. Such variations of the meaning of a term convey a semantic meaning specific to a given text.

But the analysis shows yet another thing. The terms of the notional neighbourhood suitable for the use of a target term in a convention can be related to a taxonomy, as we have done. However, a comparison shows a disparity in the ontological anchoring of expressions more or less frozen around the same central term (here the term “resource”). Belonging to a community of lexical expressions therefore in no way guarantees an alignment of the ontological bases for the design of the signified things. The ontological anchors of terms are established implicitly and along with a quasi-fortuitous lexical choice of particular terms in the development of legal discourse 12.



Terminological Idiosyncrasy and Normativity

The text of a convention finalises a process of consultation and negotiation between actors (delegations) duly mandated and having not only different aims, but also different implicit knowledge or backgrounds (this also between members of the same delegation or group). However, this same text is also the starting point for new phases of negotiations, amendments or extensions. It constitutes the linguistic and cognitive reference for these developments carried out during conferences of the Parties or brought by ad hoc working groups. Even if, as we can see, the corpus of texts produced during these developments and attached to the source convention is enriched with new notions, the base on which these notional expansions necessarily rest, remains the inaugural notional and relational landscape established by the convention.

While staying mostly confined to the ”cognitive cone“ projected by the convention, the subsequent work carried out under its aegis reinforces (in the sense of learning) the significance of this landscape, freezing its contours and internal structuring. The use of a particular expression that was specific in the beginning, in a distinctive context, becomes idiosyncratic. Its fictitious neighbourhood is fully functioning, at the cost of increasing relegation in an implicit and unthinkable context, therefore sheltered from possible questioning. Thus, the normativity of the convention is intentionally expressed in the legal instruments that it establishes, but also, and in a latent and perhaps more profound way, in the structuring of the interrelationships between concepts that it explicitly invokes and whose idiosyncratic meanings are made to be reproduced and to persist over time.



Back to UNCLOS and CBD

The follow-up to the negotiations on the new sea treaty shows the difficulty of reaching a consensus capable of both meeting the contrasting expectations of States and of building a new governance of the oceans [58] while preserving some older institutional structures, and to produce an effectively binding and efficient instrument, responding to the urgent need for BBNJ regulation [59]. On the level of words and concepts alone, the terminology of the treatise has also been debated [60], but the most remarkable fact is the shift towards a new lexical set linked to “resources.” Indeed, in the “Revised draught text of an agreement under the United Nations Convention on the Law of the Sea on the conservation and sustainable use of marine biological diversity of areas beyond national jurisdiction”13, after exclusion of expressions “financial resources” and “human resources,” “marine genetic resources” glean about 90% of the occurrences (more than 70 occurrences), against about 10% for the term “resources,” and a single occurrence of the term “biological resources.”

It will be understood: the new treaty regulates marine genetic resources in the ABNJ. All aspects of the management of other types of resources, especially living or biological resources–not even to speak more prosaically of marine life–are left to the discretion of earlier treaties. No reinforcement of an ontological anchoring of the concepts used is made explicit14. The regulatory framework for these other resources and for activities having an impact on these resources remains that set by the UNCLOS and CBD and their Conferences of the Parties, with their terminological and conceptual dissonances, or blind spots.

The abandonment of the development of a rigorous conceptual framework that can support the normative discourse, in favour of lexical choices emerging in a fortuitous way from the development of the text may constitute the price to pay for obtaining a soft consensus around a treaty, an additional piece to a kind of “diplomatic” law [61]. However, the deleterious and irreversible effects on living resources, marine biodiversity and marine life, which an ineffective law would allow to slip through its nets, should not be added to this bill.




CONCLUSION

The analysis of expressions including the term “resource” in the CBD and UNCLOS, shows that the two conventions do not use these expressions in the same conceptual landscape. In this sense, they associate them with different meanings. The meaning of an expression is established according to the distributional hypothesis that the meaning of a word mainly emerges from the lexical environment in which it is inserted, from its use in a particular context. Rather than considering the simple alignment of words, we go here through a formalisation of sentences or propositions in the form of conceptual graphs, a step which imposes, among other things, to remove syntactic ambiguities. The neighbourhood of a target expression is then extracted along the paths of the graph which pass through the vertex whose label is this expression. We also take into consideration the distance of each neighbouring concept or notion to the target, in order to penalise the contribution of the most distant expressions in the distributional meaning of the target expressions.

The comparison of the rank/occurrence matrices of the neighbours then makes it possible to evaluate the similarity or disparity of the distributional meanings of the expressions frozen with the word “resource.” For this purpose, only the most contributory expressions to the target meaning are retained. The diversity of neighbouring expressions then requires their classification in a partition induced by a coarse taxonomy (with only five classes: actors, material resources, cognitive resources, norms, processes and activities). The neighbourhood comparison structure is a lattice that reveals relationships of subsumption or non-comparability between target expressions considered in the context of each convention.

Beyond highlighting idiosyncratic uses of expressions linked to the notion of resource in international law conventions, the developed method is potentially applicable to a large set of lexical entries. It also shows the disparity in the ontological anchors of lexically similar expressions in legal texts, anchors that are both implicit and constructed along with a random lexical choice of particular terms in the development of legal discourse. The normativity of conventions is then expressed at the lexical level in the reinforcement, reproduction and persistence of these distributional meanings and of their fortuitous ontological basis.
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FOOTNOTES

1Like the European Eur Lex platform https://eur-lex.europa.eu/homepage.html, the French Legifrance https://www.legifrance.gouv.fr/, US codes at the Legal Information Institute of Cornell Law School https://www.law.cornell.edu/uscode/text, the IUCN gateway to environmental law ECOLEX https://www.iucn.org/theme/environmental-law/resources/ecolex, the UN Treaty collection https://treaties.un.org/, WTO legal texts https://www.wto.org/english/docs_e/legal_e/legal_e.htm, just to cite a few of them.

2“The little existing research on legal language suggests that, more than by a specialized vocabulary, it is characterized by overly complex sentences, the overuse of passives, whiz-deletion and unclear pronoun reference, archaic and misplaced prepositional phrases, and its own set of articles and demonstrative pronouns. The historical development of legal language is unique, paralleling but independent of the development of the rest of English. Legal language is both the medium of communication and the primary tool of the legal profession, and is powerful because it carries the force of law.,” cited from Crandall and Charrow [22].

3See Available online at: https://www.un.org/bbnj/content/background.

4See the UN Treaty Collection, chap. XXI for UNCLOS and chap. XVII for CBD at https://treaties.un.org/.

5In particular, we will adopt a definition of a “vocabulary” that does not conform to that used for conceptual graphs, but simpler and better suited to our needs; where appropriate we will also use directed graphs (oriented edges).

6Since the CGs are multigraphs some application may require modelling them as weighted graph (see e g., Bellingeri et al. [46]). However, the sentence-by-sentence analysis performed here does not require resorting to it.

7Graphs containing only the expressions “human resources” or “financial resources” are omitted.

8The two expressions ≪financial resource≫ and ≪human resource≫ are discarded.

9For example, the pair “natural resource” (target expression) and “exclusive economic zone” (rank +2) appearing from UNCLOS Art. 56 where are mentioned the “natural resources (...) of seabed”–(under understood) “of the exclusive economic zone,” the latter indication coming from the beginning of the article.

10Like singular value decomposition.

11This taxonomy is inspired by the meta-model developed for the modelling of socio-ecological systems by Sibertin-B1anc et al. [53] to which we add here the “norm” class.

12It is not in the scope of this study to know if this state of affairs is a good or a bad, a defect or a quality.

13See Available online at: https://digitallibrary.un.org/record/3847798?ln=en (accessed January 15, 2021).

14Except for ”marine genetic resources“ which are the subject of a definition in the draft Article 1 ”use of terms" of the treaty (with the reservations made in Section UNCLOS, CBD, and the Resource Issue on any definition).
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How do complex social systems evolve in the modern world? This question lies at the heart of social physics, and network analysis has proven critical in providing answers to it. In recent years, network analysis has also been used to gain a quantitative understanding of law as a complex adaptive system, but most research has focused on legal documents of a single type, and there exists no unified framework for quantitative legal document analysis using network analytical tools. Against this background, we present a comprehensive framework for analyzing legal documents as multi-dimensional, dynamic document networks. We demonstrate the utility of this framework by applying it to an original dataset of statutes and regulations from two different countries, the United States and Germany, spanning more than twenty years (1998–2019). Our framework provides tools for assessing the size and connectivity of the legal system as viewed through the lens of specific document collections as well as for tracking the evolution of individual legal documents over time. Implementing the framework for our dataset, we find that at the federal level, the United States legal system is increasingly dominated by regulations, whereas the German legal system remains governed by statutes. This holds regardless of whether we measure the systems at the macro, the meso, or the micro level.
Keywords: legal complexity, evolution of law, quantitative legal studies, empirical legal studies, legal data science, network analysis, natural language processing, complex systems
1 INTRODUCTION
Originating from mathematics and physics, complexity science has been successfully applied in the study of social phenomena [1, 2]. More recently, it was introduced as an approach to gain a quantitative understanding of the structure and evolution of law [3]. While legal scholars have long used concepts and terminology from complexity science in legal theory [4–6], research has also called for the development of computational models, methods, and metrics to describe how law evolves in practice [7].
Network analysis, a critical tool for understanding many complex systems [8–10], has proven particularly useful for scientific work answering this call. It has been used, inter alia, to analyze network data derived from decisions by national courts [11–17], international courts [18–24], and international tribunals [25, 26], as well as from statutes (i.e., rules promulgated by the legislative branch of government) [27–33], constitutions [34–36], and international treaties [37–41]. Relevant work in this context explored, for example, which characteristics of complex systems occur in statutory law [27, 30, 31], how references to judicial decisions are used to shape legal arguments [13, 14, 20], or where social dynamics exist between judges or international arbitrators [26, 42]. The network analytical methods employed include centrality measures, clustering, and degree distributions [11, 12, 27, 34, 38]. However, while all studies examine network representations of legal document collections, the data models and methods employed vary widely, which makes it hard to assess the quality of individual results and compare findings across studies. Furthermore, most of this research considers one legal document type only, and some important categories of legal documents, most prominently regulations (i.e., rules promulgated by the executive branch of government with authorization of the legislative branch of government), have—to the best of our knowledge—not received any network analytic attention.
This points to two gaps in the literature: First, on the methodological side, there exists no comprehensive framework for quantitative legal document analysis using network analytical tools. Such a framework should be flexible in three ways: It should (1) produce sensible results for different document types, countries, and time periods, (2) allow us to explore document collections of vastly different sizes, and (3) offer insights on the global (macro), intermediate (meso), and local (micro) level of analysis. Second, on the empirical side, there is a lack of studies that combine multiple legal document types or include regulations.
In this article, we take a step toward filling both gaps. We offer a comprehensive framework for analyzing legal documents as multi-dimensional, dynamic document networks and demonstrate its utility by applying it to an original dataset of statutes and regulations from two different countries, the United States and Germany, that spans more than twenty years (1998–2019). Our framework provides tools for assessing the size and connectivity of the legal system as viewed through the lens of specific document collections as well as for profiling individual legal documents over time. It goes beyond the existing literature, inter alia, by adapting network analytical methods to the peculiarities of legal documents, allowing the joint examination of multiple document types, and enabling temporal analysis. Implementing the framework for our dataset, we find that the United States legal system is increasingly dominated by regulations, whereas the German legal system remains governed by statutes, regardless of whether we measure the systems at the macro, the meso, or the micro level.
The remainder of the paper is structured as follows. In Section 2, we specify our network model of legal documents and detail how we instantiate it to analyze statutes and regulations in the United States and Germany. Section 3 describes our methodological framework, and the results of applying this framework to our original dataset are presented in Section 4. We conclude by discussing the strengths and weaknesses of our approach in Section 5, where we also identify avenues for future research. Our exposition uses the basic terminology of graphs and networks; for textbook introductions, see [43–45].
2 DATA
In this section, we introduce our network model of legal documents (2.1) and instantiate it for our original dataset (2.2).
2.1 Data Model Specification
As visualized in Figure 1A, the legal system consists of multiple levels: the local (e.g., municipal) level, the intermediate (e.g., state or province) level, the national (e.g., federal) level, and the supranational (including international) level. Horizontally, it is usually subdivided into the legislative, executive, and judicial branches of government. These public parts are framed by the private sector, which operates on all levels, and the research community, which studies all parts of the legal system (including itself [46–50]). In all parts of the legal system, agents of varying sizes produce different types of outputs that create, modify, delete, apply, debate, or evaluate legal rules. These agents and their typical outputs are summarized in Table 1.
[image: Figure 1]FIGURE 1 | Two-dimensional overview of the legal system (left) and dependencies between its typical outputs (right), with the areas covered by the dataset introduced in this work highlighted in grey. The legal outputs in Panel (B) are (clockwise from the top left and in reverse topological order) Statutes, Regulations, Administrative Acts, Contracts, (Court) Decisions, and (Scholarly) Publications. The arrows illustrate typical dependencies between the document types, e.g., through explicit references from arrow tails to arrow heads (although in reality, most dependencies can be bidirectional, e.g., some courts also cite legal scholarship). Note that the sources covered by our dataset lie at the end of all typical dependency chains (i.e., statutes and regulations are last in the topological order of the dependency graph).
TABLE 1 | Overview of agents and outputs in the legal system.
[image: Table 1]As the agents interact, they consciously interconnect their outputs. For example, court decisions regularly contain references to statutes, regulations, contracts, and other court decisions. Figure 1B gives an overview of the classic dependencies between the typical outputs of agents in the legal system. It illustrates that the documented part of the legal system constitutes a multilayered document network, which is changing over time as the agents continue producing or amending their outputs. Since the connections between the legal documents are placed deliberately by the agents, they encode valuable information about the content and the context of these documents. A lot of this information cannot be inferred from the documents’ language alone (reliably or at all). Therefore, investigating the dynamic document network representation of a legal system using network analytical tools promises insights into its structure and evolution that would be hard or impossible to obtain via other methods.
To perform network analysis of a dynamic network of legal documents, we need to represent it as a series of graphs. Here, we build on a generalizable network model of statutory materials [27] and exploit the fact that the typical outputs listed in Table 1 have three common features (beyond the obvious characteristic that they all contain text):
1. They are hierarchically structured (hierarchy).
2. Their text is placed in containers that are sequentially ordered and can be sequentially labeled (sequence).
3. Their text may contain explicit citations or cross-references (henceforth: references) to the text in other legal documents or in other parts of the same document (reference).
Therefore, each document at a given point in time (henceforth: snapshot) is represented as a (sub)graph, with its hierarchy modeled as a tree using hierarchy edges. We capture a document’s reference using reference edges at the level corresponding to the document’s sequence, which, inter alia, prevents the graph induced by these references from becoming too sparse (thereby eliminating some noise in the data and facilitating its analysis). The result is a directed multigraph, as illustrated in Figure 2 for documents that are statutes or regulations (whose sequence level is the section level). Depending on the analytical focus, other edge types can be included (e.g., authority edges pointing from regulations to statutes can indicate which statutes delegated the rule-making power used to create which regulations), and depending on the document types considered, different types of edit operations are possible (e.g., court decisions and scholarly articles are only seldom changed after their initial publication), but the general model applies to all outputs listed in Table 1.
[image: Figure 2]FIGURE 2 | Our legal network data model (adapted from [27]), illustrated for a dummy graph containing one statute and one regulation: initial configuration (left) and potential edit operations (right).
2.2 Data Model Instantiation
To illustrate the power of the methodological framework laid out in Section 3 and produce the results presented in Section 4, we instantiate the data model described in Section 2.1 with the outputs of the legislative and executive branches of government at the national level in the United States and Germany, i.e., federal statutes and regulations, over the 22 years from 1998 to 2019 (inclusive). The rules contained in these sources are universally binding and directly enforceable through public authority (the combination of which distinguishes them from the other outputs listed in Table 1). In the United States and Germany, they are arranged into edited collections: the United States Code (USC) and the Code of Federal Regulations (CFR) in the United States, and the federal statutes and federal regulations (which have no special name) in Germany. These collections are actively maintained to reflect the latest consolidated state of the law (though, in the United States, the consolidation may lag several years behind the actual law). As such, they are a best-effort representation of all universally binding and directly enforceable rules at the federal level in their country at any point in time, commonly referred to as codified law.
For the United States, we obtain the annual versions (reflecting the state of the codified law at the end of the respective year) of the United States Code (USC) and the Code of Federal Regulations (CFR) from the United States Office of the Law Revision Council1 and the United States Government Publishing Office2, respectively. For Germany, we create a parallel set of annual snapshots for all federal statutes and regulations in effect at the end of the year in question based on documents from Germany’s primary legal data provider, juris GmbH.3 These data sources are the most complete presently available, but they may still be incomplete. They also reflect choices made by and events affecting the agents in charge of their maintenance, e.g., varying rates and orders of updates, purposeful or unintentional omissions or modifications, and changes in the agents’ composition (e.g., as a consequence of elections).
We perform several preprocessing steps on the raw input data, detailed in the Supplementary Material, to extract the hierarchy, sequence, and reference structure contained in each collection. The results are directed multigraphs, one per country and year, akin to those illustrated in Figure 2. These graphs contain all structural elements of the USC and the CFR (in the United States) or the federal statutes and regulations (in Germany) as nodes and all direct inclusion relationships (hierarchy) and atomic references (reference) as edges, where the references are resolved to the section level (sequence). Each graph represents the codified law of a particular country in a particular year, containing documents of two document types (statutes and regulations) at the federal level.
When modeling codified law as just described, we take a couple of design decisions that limit the scope of the results presented in Section 4. First, we focus on codified law, i.e., law in books, excluding other legal materials listed in Table 1, especially those representing law in action (in the sense of [51]), or even other representations of legislative materials such as the United States Statutes at Large or the German Federal Law Gazette (Bundesgesetzblatt). These materials all merit investigation, and they need to be included in an all-encompassing assessment of the legal system. Our current work also serves as a preparatory step toward realizing this larger vision.
Second, we extract atomic and explicit references that follow a specified set of common patterns only, i.e., references including—in a typical format—a particular section (called “Paragraph” or “Artikel” in German law), a list of sections, or a range of sections. With this procedure, we exclude container references (e.g., references to an entire chapter of the USC), pinpoint references (e.g., references to a codified Act of the United States Congress by its popular name), implicit references (e.g., the use of a certain term implying its definition), and explicit references following uncommon patterns. As sketched in Section 3.3 of the Supplementary Material, there are plenty of such references, especially in the CFR, and including them would produce results different from those presented in Section 4. However, the graph representation of such references is inherently ambiguous, and their extraction is inherently more challenging than the extraction of atomic citations. Solving these problems falls outside the scope of this paper but presents an interesting opportunity for future work.
Third, we resolve the atomic references we extract to the level of sections, rather than the smallest referenced unit (which might be a subsection or even an item in an enumeration), thereby effectively discarding potentially valuable information. Since for statutes and regulations, the section level corresponds to the documents’ sequence level, this is consistent with our data model. It also reflects a focus on the perspective of the user, who tends to navigate the law on the section level because it is the only level at which the individual German laws or their United States counterparts, the chapters of the USC and the CFR, are uniquely sequentially labeled. Finally, it ensures a certain degree of comparability because sections are the only structural elements in which text is (with very few exceptions) guaranteed to be contained (albeit the amount of text varies widely across sections). Therefore, resolving references to the section level is reasonable for our purposes, but further research is needed on how the choice of the resolution level impacts the analysis of legal networks.
3 METHODS
Since the legal system produces a diverse set of outputs, many of which are rich in internal structure, a methodological framework for its dynamic network analysis must allow for many different foci and units of analysis. Our methods are designed to match this need, enabling us to describe the legal system and its evolution in its entirety (macro level), through selected sets of legal documents (meso level), or using individual documents and their substructures (micro level), all while integrating documents of potentially different types. More precisely, we provide tools for measuring
1. the growth of the legal system (3.1),
2. the macro-level, meso-level, and micro-level connectivity of the legal system (3.2), and
3. the evolution of individual units of law (e.g., single statutes, single regulations, or their sections or chapters) in the legal system (3.3).
While most network analytical tools we employ are conceptually simple, the challenge lies in selecting adequate units of analysis and metrics allowing for substantive interpretation. In the following, we refer to the object of study as the legal system for brevity, but one should keep in mind that this system is explored through the window provided by the document collection underlying the analysis (cf. Figure 1), and therefore can also refer to a national legal system.
3.1 Growth
As detailed in Section 2.1, despite their diversity, the typical outputs of the legal system have hierarchy, sequence, and reference as common structural features, and they also all contain text. Therefore, to assess the growth of the legal system, we track the number of tokens (roughly corresponding to words), the number of structural elements (i.e., hierarchical structures), and the number of references between documents of the same type at the documents’ sequence level (e.g., the section level for statutes and regulations) across all documents in the collection, separately for each document type and across all temporal snapshots (e.g., all years). For the token counts, we concatenate the text of all materials for one snapshot and document type and split on whitespace characters. For a given document type, the structural element counts reflect the number of nodes of that type, and the reference counts reflect the number of reference edges between nodes of that type in our graphs. These measures give a first, high-level idea of how the legal system evolves, and the aggregation by document type allows us to uncover, e.g., differences in growth rates.
To explore the relevance of references between documents of different types, if the document collection contains x types of documents, we distinguish between x2 types of references. Figure 3 illustrates the idea for x = 2 with statutes and regulations as document types. We count the number of references of each type for each temporal snapshot.
[image: Figure 3]FIGURE 3 | Differentiation of reference types for a document collection containing two types of documents: statutes and regulations. Light grey squares marked S represent sections of statutes, dark grey circles marked R represent sections of regulations. Given that statutes stand above regulations in the hierarchy of legal rules, a reference from a statute to a regulation is downward (silver), a reference from a regulation to a statute is upward (light blue), and references between documents of the same type are lateral (black and blue).
Raw reference counts do not show how the incoming and outgoing references are distributed across the individual sequence-level items. The user experience of a legal system, however, depends crucially on these distributions: If the typical item on the sequence level has very few outgoing references, the expected cost of navigating the law is much smaller than if the outgoing references are uniformly distributed, and if the distribution of incoming references is very skewed, when reading the law, we are much more likely to encounter a few prominent sequence-level items than a large number of less prominent ones (of course, the actual cost of the user also depends on the size of the items to be navigated, which can vary widely, e.g., among the sections in the USC). Therefore, we inspect the evolution of the in-degree distribution and the out-degree distribution of the subgraph induced by the reference edges. We compute these distributions separately for each combination of reference edge types (e.g., considering any combination of the reference types depicted in Figure 3 for a document collection containing statutes and regulations) and across all snapshots. This allows us to evaluate whether growth in the number of references further amplifies differences in the prominence of different parts of the law, which would be reflected in a lengthening or thickening of the distributions’ tails, and to assess how this affects the navigability of a legal system.
3.2 Connectivity
When exploring the connectivity of the legal system over time, we distinguish between macro-level connectivity (3.2.1), meso-level connectivity (3.2.2), and micro-level connectivity (3.2.3).
3.2.1 Macro-Level Connectivity
Investigating connectivity at the macro level helps us understand how information in the legal system is organized and processed. As the basis of all analyses, we consider the graph induced by the structural items on the documents’ sequence level (referred to as seqitems in [27]) as nodes and the references between them as edges. For each snapshot, we count the number of non-trivial connected components (i.e., components with more than one node). Furthermore, we compute the fraction of nodes in the largest (weakly) connected component, the fraction of nodes in satellites, i.e., non-trivial components that are not the largest connected component, and the fraction of isolated nodes. We do this for the graph containing nodes of all document types as well as for the graphs containing only nodes of a single document type. These statistics provide a high-level overview of the system’s information infrastructure and how it changes over time, and they enable a differentiated assessment of the role of documents of different types.
For a more detailed picture, we draw on concepts introduced in the study of the Web graph [52], which have also proven useful in the analysis of complex and self-organizing systems, e.g., in biology [53–55]. More precisely, we analyze the largest connected component of each of the sequence-level reference graphs, tracking the fraction of nodes contained in its strongly connected component, its in-only component (i.e., the nodes which can reach to but cannot be reached from the strongly connected component), its out-only component (i.e., the nodes which can be reached from but cannot reach to the strongly connected component), and its tendrils and tubes (whatever remains), again across all snapshots. We ask to what extent the legal system has a bowtie structure (i.e., a small strongly connected core joined by larger in-only and out-only components), which has been associated with “effective trade-offs among efficiency, robustness and evolvability” [54], inter alia, in complex biological systems, and whether any empirical deviations from that structure are characteristic of legal information processing.
3.2.2 Meso-Level Connectivity
One fundamental question concerning a legal system’s connectivity at the meso level is how it self-organizes into areas of law. Existing taxonomies categorizing the law into distinct fields are largely based on tradition (e.g., the titles of the USC) or intuition (e.g., the thematic categories used by some legal database providers). Exploiting the connectivity provided by references between legal documents at the meso level, network analytical methods provide an alternative, data-driven approach to mapping the law. To implement such an approach, we follow a multi-step procedure:
1. We preprocess the graphs for each snapshot by taking the quotient graph at the granularity we are interested in (e.g., at the level of individual chapters for an analysis of the USC and the CFR). That is, we remove all nodes above and below that level and reroute all references outgoing from or incoming to a lower-level node to the node’s unique ancestor that lies on the level of interest.
2. We cluster each of the undirected versions of the graphs from Step 1 separately using the Infomap algorithm [56, 57] with a parametrization that mirrors domain knowledge, and passes sensitivity and robustness checks. Leveraging the randomness inherent in this algorithm, we increase the robustness of the clustering for each graph by computing the consensus clustering [58] of 1000 Infomap runs with different seeds, where two nodes are put into the same cluster if they are in the same cluster in 95% of all runs. We choose the Infomap algorithm as our clustering algorithm because it is scalable, has a solid information-theoretic foundation, and mirrors the process in which users like lawyers navigate law (inter alia, by identifying a relevant section of a statute, reading that section, then potentially following a reference).
3. We compute pairwise alignments between the clusterings of all temporally adjacent snapshots based on the nodes of the unpreprocessed graphs that wrap text (for details on our alignment procedure, see Section 4.3.1 in the Supplementary Material). This is most relevant for collections containing documents that can change over time (e.g., statutes and regulations), and it allows us to assess, inter alia, what amount of text from a cluster A in year y is contained in a cluster B in year y + 1.
4. We use the clusterings from Step 2 and the alignments from Step 3 to define a cluster family graph as introduced in [27]. This graph contains all clusters from all snapshots as nodes, and two clusters A and B are connected by a (weighted) edge if A lies in snapshot y, B lies in snapshot y + 1, at least p% of the tokens from A are contained in B, and at least p% of the tokens from B are contained in A, where p is chosen based on the analytical resolution we are interested in.
5. We define a cluster family as a connected component in a cluster family graph from Step 4 and compute, for each cluster family in each year, the number of tokens it contains from each document type.
This process is a variant of the family graph construction developed for statutes in [27], with the modification that we now allow for input data containing documents of different types. It results in a dynamic, data-driven map of the legal system that accounts for the information provided by the references between its documents.
3.2.3 Micro-Level Connectivity
At the micro level, the connectivity created by references allows us to assess the roles of individual units of law. Regardless of the level at which we aggregate the references between documents, the shapes of the nodes’ neighborhoods at that level contain valuable information about their function in the legal system. This information is partly accounted for in the meso-level connectivity assessment, which leverages local density. While local density can help us find out which nodes interact strongly, local sparsity lets us identify nodes that play a particularly prominent role for the information flow in the network: If a node’s neighbors are themselves only very sparsely connected (i.e., its neighbors almost form an independent set), the node provides an important bridge between them. We call the ego graph of such a node a star, with the node as its hub and the node’s neighbors as the spokes.
In directed graphs, we can classify stars according to the ratio between the hub’s in-degree and the hub’s out-degree as depicted in Figure 4. More precisely, we define the type of a star s with hub v as follows:
[image: image]
where δ+(v) is v’s out-degree and δ−(v) is v’s in-degree. In the legal system, the type of a star captures the hub’s role in mediating the information flow in its neighborhood.
[image: Figure 4]FIGURE 4 | Star types. If the hub’s in-degree is at least ten times its out-degree, the star is a sink. If the hub’s out-degree is at least ten times its in-degree, the star is a source. Otherwise, the star is a hinge.
To identify and classify stars in the legal system at the documents’ sequence level, for each snapshot, we create the ego graph for each node v in the graph induced by the reference edges (where we exclude parallel edges). We then iteratively remove the node w that is connected to most of v’s neighbors while w is connected to more than 5% of v’s neighborhood (excluding w), and keep the ego graph if it has a certain minimum size determined by the size of the collection (e.g., 10 nodes for collections with several thousands of items on the sequence level). The stars produced in this way contain no spoke that is connected to more than 5% of the other spokes, and we classify them to identify those sequence-level items that are vital to the information flow in their neighborhoods and to describe the type of mediation they perform. To find stars at levels above the documents’ sequence level, we can apply the methodology just described on graphs that aggregate references at those levels (e.g., on the quotient graphs described in Section 3.2.2).
3.3 Profiles
To assess the evolution of individual units of law (e.g., individual court decisions or chapters of a regulation) in the legal system, we create profiles of these units covering all temporal snapshots in the document collection under study. More specifically, based on the quotient graphs that are created on the level of our unit of interest and contain only reference edges (like the preprocessed graphs described in Step 1, Section 3.2.2), we track ten statistics in five groups (note that not all of these statistics can change over time for units of all legal document types):
1. the number of tokens and the number of unique tokens,
2. the number of items above, on, and below the sequence level (provided our unit of analysis lies above the sequence level),
3. the number of self-loops,
4. the weighted in- and out-degree (accounting for parallel edges), and
5. the binary in- and out-degree (excluding parallel edges).
These statistics capture how the unit of law in focus evolves in size (number of tokens), topical breadth (number of unique tokens), structure (number of items above, on, and below the sequence level), self-referentiality (number of self-loops), scope of interdependence within the legal system (weighted in-degree and weighted out-degree), and diversity of interdependence within the legal system (binary in-degree and binary out-degree). Finally, by constructing the ego graphs of the profiled unit for its out-neighborhood and its in-neighborhood and following the evolution of these ego graphs across snapshots, we assess to what extent a profiled unit references which other units (reliance) and to what extent it is referenced by which other units (responsibility).
4 RESULTS
In the following, we apply the framework presented in Section 3 to the data introduced in Section 2.2, i.e., codified law comprising federal statutes and regulations in the United States and Germany over the 22 years from 1998 to 2019 (inclusive). We start by examining the growth of the United States and German national legal systems (henceforth: the national legal systems) as viewed through the lens of our data (Section 4.1). Next, we investigate the macro-level, meso-level, and micro-level connectivity of these national legal systems (Section 4.2). Finally, we explore the evolution of selected chapters of the USC and the CFR and selected German statutes and regulations within their national legal systems in a case study focusing on financial regulation (Section 4.3). The results we report are mostly descriptive, and as discussed in Section 5, identifying causal factors behind the dynamics we observe or interpreting our results using a qualitative approach is left to future research.
4.1 Growth
Figure 5 summarizes the growth of the United States legal system and the German legal system as measured by the tokens, structural elements, and lateral references contained in their codified law. Each row of the figure corresponds to a country, and each column corresponds to a document type. All counts are divided by their value in 1998, i.e., Figure 5 depicts growth relative to the 1998 baseline. Supplementing the time series data, Table 2 provides the absolute counts for 1998 and 2019 and the total percentage change between these years (Δ).
[image: Figure 5]FIGURE 5 | Growth relative to the 1998 baseline for statutes (left) and regulations (right) in the United States (top) and Germany (bottom).
TABLE 2 | (Rounded) size of the national legal systems of the United States (top) and Germany (bottom) as measured by the tokens, structural elements, and references in their codified law in 1998 and 2019, including the total percentage change between these years (Δ).
[image: Table 2]Figure 5 and Table 2 show that over the last two decades, the legal systems of both countries have grown substantially. In the United States, the USC (containing codified statutes) has over 60 new structural elements (e.g., chapters, parts, or sections) in 2019 for every 100 such elements it had in 1998. Notably, as evident from the upper left panel of Figure 5, the growth rate of the USC appears to have experienced two distinct periods when measured by its structural elements: one period with a monotonic growth rate of approximately 4% per year (1998–2010), followed by another period with a decelerated monotonic growth rate of approximately 2% per year (2010–2019). At a slightly lower level, this trend also occurs for both the number of tokens and the number of intra-USC references. For example, there are approximately 40 new tokens or references in 2019 for every 100 tokens or references that existed in 1998. Shifting the focus for the United States to the CFR (containing codified regulations), as observable from the upper right panel of Figure 5, the quantity of regulations has increased by an even greater factor. For every 100 structural elements or tokens that were present in 1998, approximately 90 additional elements or tokens exist in 2019. This increase is even more extreme for intra-CFR references, where there are almost 160 new references in 2019 for every 100 that existed in 1998. Apart from brief intervals of stagnation or slight decrease (2009–2010, 2013–2014), these increases have been monotonic.
Corresponding trends for German statutes and regulations are presented in the bottom row of Figure 5. Growth in the German legal system has been qualitatively similar to that in the United States legal system but quantitatively less pronounced and of different functional shape. For both German statutes and German regulations, there are approximately 30 new structural elements in 2019 for every 100 that existed in 1998. Unlike in the United States, however, this growth has been non-monotonic: When measured through structural elements, both statutes and regulations experienced some periods of shallow decline between 2005 and 2010. These shrinking periods are generally not mirrored by the token and lateral reference counts, with one notable exception: In the period from 2005 to 2006, all German statistics decreased. This is likely due to statutes aiming to cleanse the law (Rechtsbereinigungsgesetze), eight of which were introduced in 2006 (recall that our 2006 snapshot represents the law at the end of 2006).4 In total, there are approximately 55 new statute tokens in Germany in 2019 for every 100 such tokens that existed in 1998. Like regulations in the United States, German statutes experienced a greater increase in the quantity of lateral references than in other metrics: For every 100 references in 1998, there are approximately 70 new references in 2019. For German regulations, as for statutes in the United States, the rate of change has been more similar across metrics, with growth varying roughly between 30% and 40% (as noted in Table 2). At a high level, the growth of the German legal system thus seems to be driven by statutes, whereas the growth of the United States legal system appears to be driven by regulations.
Figure 5 and Table 2 only account for lateral references, excluding references between documents of different types. Therefore, Figure 6 shows growth relative to the 1998 baseline for lateral and upward (i.e., regulation-to-statute) references. We exclude downward references because they are very few in number (which means that even a small absolute increase results in a large relative increase) but note that, contrary to the legal theory intuition, they do occur.5 As evident from Figure 6, upward references have grown at similar rates in both countries, with approximately 80 new upward references existing in 2019 for every 100 upward references that existed in 1998. This relative increase is larger than that of the lateral references in both countries, with the exception of lateral regulation references in the United States, whose growth rate dwarfs all others. Since the token and structural element growth rates of German regulations are lower than or similar to those of German statutes, this means that over the period under study, connectivity between statutes and regulations in Germany has grown faster than connectivity within statutes or within regulations.
[image: Figure 6]FIGURE 6 | Growth relative to the 1998 baseline for lateral and upward references in the United States (left) and Germany (right).
To evaluate how the growth in the number of references affects the differences in the prominence of individual sections of codified law in the legal systems under study, in Figure 7, we examine the in-degree distribution and the out-degree distribution of the graphs induced by the reference edges in 1998 and 2019 (an analogous figure normalizing section degrees by section size in tokens can be found in Section 4.1 of the Supplementary Material). Since these distributions are highly skewed (as in many graphs arising from complex systems), we plot them on a log-log scale.
[image: Figure 7]FIGURE 7 | In-degree (left) and out-degree (right) distributions for the United States (top) and Germany (bottom) in 1998 (blue) and 2019 (red) when considering statutes only (dashed line), regulations only (dotted line), or statutes and regulations (solid line).
All distributions plotted in Figure 7 demonstrate features common among graphs arising from bibliometric dynamics. For example, most sections of statutes and regulations in the United States and Germany are referenced very few times (if at all). The detailed characteristics of the distributions, however, differ between distribution types, document types, and countries: For the United States, the out-degree distributions exhibit less right skew than their in-degree counterparts, while in Germany, we observe the opposite: All out-degree distributions are either within an order of magnitude of or have a longer and thicker right tail than their in-degree counterparts. Similarly, the sections contained in United States regulations exhibit a higher degree of skew in their in-degree distributions than the sections contained in United States statutes (e.g., a higher fraction of these sections has more than 500 ingoing references), but in Germany, the opposite phenomenon occurs at a lower absolute level: There are many statute sections with more than 100 ingoing references but hardly any regulation sections clearing that threshold. These national divergences might be partly due to the differing ratio between statutes and regulations, but they could also point to peculiarities in United States and German drafting style.
Comparing all distributions across countries, we observe that the United States legal system exhibits more extreme statistics than the German legal system (which might, at least in part, be due to its larger size). Finally, we see that from 1998 to 2019, most distributions shift to the right, i.e., the tails become both longer and thicker, which is in line with bibliometric preferential attachment dynamics [59, 60]. This indicates that reference growth has disparate impact, amplifying the differences in relevance between the individual sections contained in United States and German statutes and regulations. As a consequence, the difficulty of navigating the law increases more slowly than the growth of the reference count may suggest.
4.2 Connectivity
When exploring the connectivity of the national legal systems of the United States and Germany over time, we distinguish between the macro level, the meso level, and the micro level as suggested in Section 3.2.
4.2.1 Macro-Level Connectivity
To understand how the United States legal system and its German counterpart organize and process information, we investigate the connectivity of the graphs containing code sections as nodes and references between them as edges. Figure 8 displays the number of non-trivial (weakly) connected components (i.e., components with more than one node) in these graphs over time, in absolute terms and per 1000 tokens. It shows that the connectivity in the graphs containing only statute sections is generally higher than that in the graphs containing only regulation sections or sections of both document types. Furthermore, while the United States system seems more fragmented than the German system (Figure 8A) when considering absolute numbers, it turns out to be relatively less fragmented when normalizing for system size (Figure 8B).
[image: Figure 8]FIGURE 8 | Development of reference connectivity as measured by the absolute number of non-trivial (weakly) connected components (left) and the number of non-trivial (weakly) connected components per 1,000 tokens (right) in the graphs induced by reference edges between all sections (solid lines), statute sections only (dashed lines), and regulation sections only (dotted lines) in the United States (left-pointing triangles) and Germany (right-pointing triangles).
For a more granular connectivity assessment over time, Figure 9 shows, for each year from 1998 to 2019, what fraction of statute sections and regulation sections in each country is contained in the largest connected component, satellite components, or isolates, and how the largest connected component is composed internally. The underlying graphs do not distinguish between sections of different document types; analogous figures considering statute sections only and regulation sections only can be found in Section 4.2 of the Supplementary Material. In both the United States and Germany, the largest connected component is growing as the fraction of sections contained in both satellites and singletons decreases, and the difference between the largest connected component fraction in 1998 and that in 2019 is around 10%. However, the relative size of these largest connected components varies substantially between the two countries: In the United States, the largest connected component has grown from about 40% to nearly 50%, while in Germany, its size has increased from circa 55% to roughly 65%. Furthermore, the fraction of isolates (sections that neither reference another section nor get referenced by another section) is larger in the United States (around 45% in 2019) than in Germany (below 30% in 2019).
[image: Figure 9]FIGURE 9 | Development of reference connectivity in the United States (top) and Germany (bottom) as measured by the fraction of sections contained in the largest connected component (left), along with the internal structure of that component (right).
When focusing on the largest connected component and taking edge directions into account, the differences between the two countries become even more pronounced. In the United States, the fraction of the largest connected component contained in the in-only component is almost equal to that contained in its tendrils and tubes in 1998, and both lie around 45%. Over time, these fractions diverge as the strongly connected component and the out-only component grow and the in-only component stagnates. In Germany, however, tendrils and tubes dominate in 1998, accounting for more than 65% of nodes, but by 2019, their fraction has declined to less than 45%, while the strongly connected component and the out-only component have grown at low levels and the in-only component has gained more than 50% in fractional size (growing from less than 20% to over 30%).
Notably, in both legal systems, the out-only component accounts for the smallest fraction of sections in 2019 (around 7% in the United States and around 12% in Germany), followed by the strongly connected component, with none of them containing more than 15% of all sections, while the in-component is twice as large in Germany and thrice as large in the United States. Hence, at least when considering code sections as nodes and references between them as edges, both national legal systems do not exhibit the bowtie structure observed in biological systems (small strongly connected component with larger in-only and out-only components [53]) or that found in early measurements of the World Wide Web (all components, including tendrils and tubes, of roughly the same size, with a slightly larger strongly connected component [52]). Rather, the legal systems we study are shaped more like rockets, with the in-only component as their base, tendrils and tubes as their fins, the strongly connected component as their body, and the out-component as their nose cone (see Figure 10 for an illustration). The rocket structure mirrors both the hierarchical structure of legal systems (large in-only component, small out-only component) and the fact that some areas of law function relatively independently (many tendrils and tubes; also evident from the nontrivial fraction of nodes outside the largest connected component). This suggests that it might be characteristic of legal systems in general, but more research is needed to corroborate this hypothesis. Similarly, it would be interesting to investigate how our observations change if we include, e.g., non-atomic references (which, by definition, interconnect multiple sections).
[image: Figure 10]FIGURE 10 | Rocket structure of a legal system when viewed through the lens of macro-level connectivity, with the in-component (IN) as the rocket’s base, the strongly connected component (SCC) as the body, the out-component (OUT) as the nose cone, and tendrils and tubes (T&T) as the fins.
4.2.2 Meso-Level Connectivity
When analyzing the connectivity of the United States and German legal systems at the meso level, our goal is to create a dynamic, data-driven map of their codified law. To this end, for both the United States and Germany, we compute cluster families as described in Section 3.2.2, using quotient graphs on the chapter level in the United States and on the statute or regulation level (or the book level, if available) in Germany. Here, we choose 100 as the preferred number of Infomap clusters and 15% of tokens as the edge threshold for constructing the cluster family graph (for details on how we handle text that does not lie in a chapter as well as a sensitivity analysis of the parameter choice, see Sections 4.3.1 and 4.3.4 of the Supplementary Material). We calculate how many tokens from statutes and regulations these families contain in each year from 1998 to 2019. By construction, our cluster families unite sets of related rules that can be thought of as different areas of law, where—unlike in, e.g., the title structure of the USC or the German finding aids’ subject classification (Fundstellennachweise, FNA)—the categorization is based solely on the empirically observed reference relationships between the legal documents in our data.
Figure 11 shows the evolution (1998–2019) of the ten cluster families with the largest number of tokens in 2019 (henceforth: top ten cluster families) for each country, which we label leveraging our subject matter expertise (details on the labeling procedure and complementary linguistic statistics can be found in Section 4.3.2 of the Supplementary Material). Most families either represent a traditional field of law (e.g., property law or financial regulation) or concern a real-life domain (e.g., energy or vocational training). A few families hold clusters from more diverse backgrounds and are therefore hard to interpret at first sight (e.g., a family containing military, public finance, and research regulation in the United States or a family containing court procedure, data security, and telecommunications in Germany). However, a more detailed examination of the individual clusters constituting these families uncovers nuanced underlying topics (e.g., grants and commercial activity by the federal government in the example from the United States, and data protection in public [including court] proceedings in the example from Germany). Hence, in summary, the method sketched in Section 3.2.2 produces an informative map of the codified law for both countries we investigate (at the resolution level determined by our parametrization).
[image: Figure 11]FIGURE 11 | Development of the top ten cluster families from 1998 to 2019 as measured by their absolute size in tokens (rows {1, 2, 5, 6}) and their document type composition (rows {3, 4, 7, 8}) in the United States (top) and Germany (bottom). Black areas represent tokens from statutes and blue areas represent tokens from regulations.
Inspecting the panels in Figure 11 in more detail, we observe that the families’ ratios of statute tokens to regulation tokens span the whole possible range: Some families are statute-heavy (i.e., contain mostly statute tokens), others are regulation-heavy (i.e., contain mostly regulation tokens), and yet others are mixed (i.e., lie between the aforementioned extremes). For a robust categorization of the ten largest families, the data suggests a threshold of an average 80% (i.e., an average ratio of 4:1) over the entire investigation period to classify a family as x-heavy for [image: image]. In the United States, this leads to four mixed families (Agriculture and Food; Financial Regulation; Energy; Housing) and six regulation-heavy families. In Germany, we find four statute-heavy families (Courts and Data Protection; Criminal Law and Justice; Corporate Taxes; Property), one regulation-heavy family (Vocational Training) and five mixed families. The overall situation remains similar even if we adopt a simple majority for the classification (eliminating the mixed category): With the exception of three singular years in two families (Energy in 1998, and Housing in 1999 and 2000), all top families in the United States contain a majority of regulation tokens. The German data then presents three regulation-heavy families (Vocational Training; Environmental and Workplace Safety; Environmental Protection) and seven statute-heavy families. A particularly striking example of a statute-heavy family is the Property family in Germany, in which there are nine times as many statute tokens as there are regulation tokens in all years except between 2002 and 2006. The United States cluster family concerning Healthcare and Tax (two topics connected, inter alia, via the tax-based funding of Medicare and Medicaid) represents the opposite extreme, containing almost no statute tokens over the entire period under study. Interestingly, no family in either country is constantly balanced between statutes and regulations, with the family concerning Personal and Consumption Taxes in Germany coming closest in the period from 1998 to 2015.
As Figure 11 traces the development of the top ten cluster families in each country over time, we can also observe changes in the families’ composition. Extending the terminology adopted above, we can classify the families’ growth based on the fraction of growth that is attributable to each of our document types. We say that a family is x-driven for [image: image] if tokens from x account for at least 80% of the family’s net growth when comparing 1998 and 2019, otherwise, we say that its growth is mixed. Using these categories, we can classify all of the United States top ten families as regulation-driven and half of the German top ten families as statute-driven (Social Security; Personal and Consumption Taxes; Criminal Law and Justice; Corporate Taxes; Property), while only one German family is classified as regulation-driven (Vocational Training). The full categorization of all top ten families for both countries, both in terms of their average composition and in terms of their growth, can be found in Section 4.3.3 of the Supplementary Material, where we further show that the general tendencies described above also hold for the entire population (although the trends are neither monotone nor universal and their extent differs from family to family).
Overall, the dynamics of the largest cluster families reflect the growth patterns documented in Figure 5. In absolute terms, regulations outgrow statutes by large margins in all of the top ten United States families, and statutes moderately outgrow regulations in most of the top ten German families. In relative terms, regulations still dominate in the United States, and statutes still dominate in Germany (although they are less prominent than they appear when considering absolute numbers). In summary, based on the top ten families depicted in Figure 11, the United States seems to favor rule making via regulations, while Germany seems to favor rule making via statutes, and both countries’ preferences appear to get stronger over time.
Finally, to evaluate how federal regulations impact our data-driven map of the United States and German legal systems, we compare the cluster families depicted in Figure 11 to those derived in prior work that considers only federal statutes [27]. For the United States, the top ten cluster families based on statutes only have topics similar to those derived from statutes and regulations combined, including Environmental and Health Protection, Public Health and Social Welfare, Taxes, Agriculture and Food, Financial Regulation, Public Procurement, Telecommunications, and Federal Grants and Commercial Activity including Small Business Aid. The topic of Education makes the top ten in the statutes-only data but not in the data containing regulations, while Maritime Affairs and Transport as well as Energy only rise to prominence in the combined data. In Germany, topics such as Financial Regulation, Taxes, Social Security, Environmental Protection, Criminal Law and Justice, and Property represent sizeable cluster families based on both datasets. The topic of Public Servants, Judges, and Soldiers features prominently only in the results excluding regulations, while the families of Vocational Training and of Environmental and Workplace Safety make the top ten only in the combined data.
First and foremost, however, comparing our results to those from [27] demonstrates that adding federal regulations to the data results in a more accurate map of law. For example, the German data from [27] features a family on Market and Network Regulation that includes a leading cluster on (renewable) energy law, while no comparable family exists in the United States. Having added federal regulations, we now see such a family in the top ten also in the United States, whose prominent position is explained by its mixed composition (including more than 70% regulation tokens on average). At the same time, a cluster concerning (renewable) energy law is now part of the Environmental and Workplace Safety family in Germany because its regulations connect it more closely to rules concerning the protection of the environment than its statutes alone. This suggests that adding yet further document types, e.g., federal court decisions, to our data will continue to improve the legal maps produced using our methodology, making this a promising avenue for further research.
4.2.3 Micro-Level Connectivity
We analyze the connectivity of the United States and German legal systems on the micro level in order to identify those code sections that play a particularly important role in mediating the information flow between the sections which they reference and the sections by which they are referenced. More precisely, we apply the method sketched in Section 3.2 to the graphs induced by the reference edges, where we keep a star if it has at least ten nodes in total. We classify these stars (and their hubs) into sinks, hinges, and sources depending on the ratio between their hubs’ in-degree and their hubs’ out-degree, and hypothesize that hubs of the same type have a similar function within the legal system. We explore the merits of this hypothesis by identifying and classifying the stars of each type in 1998 and 2019 and analyzing the content of the top five stars (i.e., those with the largest number of nodes) of each type in 2019 as shown in Table 3.
TABLE 3 | Top five reference stars of each type in 2019 for the United States (top) and Germany (bottom), with stars whose hubs are contained in regulations marked grey. Edge and degree counts exclude multi-edges; ms is the number of edges between spokes, δ+ is the hub's out-degree, and δ− is the hub's in-degree.
[image: Table 3]In the United States, we find that hubs of the same type indeed play similar roles in the legal system: Sinks contain delegation of authority and general procedures, e.g., for record keeping, that are relevant for and therefore referenced by many other sections. Hinges connect entire collections, enumerations, and definitions to one another. 49 CFR § 171.7 is an example, as its only function is the incorporation of material collections by external parties (such as the American National Standards Institute) into other sections of the CFR like 49 CFR § 173.306, which itself serves as a hub for other sections. Sources enumerate duties contained in other statutes (four of the top five stem from the CFR title on Agriculture, in which this drafting technique seems to be popular) or provide a document map for their respective chapter.
In Germany, the results paint a similar picture: Sinks contain provisions for delegation of legislative authority (as expected by legal theory), competencies, statements of goals, or definitions. Hinges contain transitional provisions, which are designed to bridge between old and new rules, as well as definitions. The definition classified as a hinge (§ 100a Strafprozeßordnung) establishes a well-known connection between the Criminal Code and its definition of crimes and investigative methods described both inside and outside the Code of Criminal Procedure. All sources (and one hinge) are collections of misdemeanors to sanction violations of rules contained in their respective statute or regulation, and they encompass activities as diverse as road traffic, securities trading, and handling radioactive materials. Hence, our classification correctly identifies examples of this popular drafting technique.
As suggested in Section 3.2.3 and confirmed for the largest stars, the type of a star contains information about a section’s function within the legal system. Examining the hundred largest stars, whose types are shown in Table 4, exposes different trends in both countries. In the United States, sinks dominate both across document types and over time, accounting for three out of four stars in 1998 and six out of seven stars in 2019, which points to a pronounced drafting preference. At the local level, sections of the United States codified law are mostly connected (only) by referencing the same section, which often contains a definition or the description of a procedure. In Germany, the composition is more balanced to begin with, but sinks still make up the largest share in 1998. Over time, though, the number of sinks and sources among the hundred largest stars decreases in favor of hinges. Hence, individual sections are no longer only connected by a reference to the same section, but the frequently referenced sections themselves increasingly reference other sections. As a consequence, the number of sections that are reachable from any individual section in two hops (i.e., following two references) increases. This makes the information flow via references more efficient, which could explain the reduced need for structural elements to guide information flow via hierarchy in Germany when compared to the United States. But it also increases the prevalence of reference chains, possibly making the German legal system progressively harder to navigate.
TABLE 4 | Types of the top hundred reference stars (i.e., those with the largest number of nodes) in 1998 and 2019 for the United States (left) and Germany (right). S-Hubs are hubs contained in statutes and R-Hubs are hubs contained in regulations.
[image: Table 4]Mirroring the larger trends described in Sections 4.2.1 and 4.2.2, regulations play a more important role in the United States than in Germany at the micro level of connectivity as well. While the total share of regulation hubs in Germany is small, they make up almost half of the sources among the top hundred reference stars in 2019, which again follows the larger pattern of regulations referencing rather than being referenced. In the United States, regulation hubs account for just under 40% of the top hundred reference stars, but almost all of the largest stars are sinks, regardless of the document type of their hub. This suggests that the United States drafting dynamics resulting in sinks affect both the executive and the legislative branches of government.
4.3 Profiles
In a step toward developing a dashboard for measuring and monitoring the law, we demonstrate the utility of the profiling procedure described in Section 3.3 by applying it to selected statutes and regulations from the United States and Germany in a case study focusing on financial regulation. We profile a total of four statutes (two from each country) that constitute landmark legislation in this domain and trace their statistics over time in Figure 12, along with those of two additional regulations from the same area.
[image: Figure 12]FIGURE 12 | Profiles tracking the evolution of selected laws related to financial regulation for the United States (top) and Germany (bottom) from 1998 to 2019.
12 USC Ch. 16, popularly known as the Gramm-Leach-Bliley Act or Financial Services Modernization Act of 1999 (GLBA), liberalized the United States financial market by allowing the combination of investment banks, commercial banks, and insurance companies in one institution. It has been in effect for nearly our entire investigation period (1999–2019) and, as indicated by nearly flat lines in all but the panels related to in-degree, has not materially changed. However, the interaction of the GLBA with other parts of the legal system has been anything but static, with its initial weighted in-degree of 1000 increasing by 60% between 1999 and 2019 due to incoming references from other statutes and regulations. Unlike the growth trend in the weighted in-degree, the growth trend in the binary in-degree is nearly monotonic. This indicates that most of the fluctuations in the GLBA’s regulatory environment occur within individual chapters of the USC or the CFR. In summary, the GLBA can therefore be rightfully regarded as a landmark statute, which has required little engineering but has remained an important reference throughout the period under study.
The profile of 12 USC Ch. 53, popularly known as the Dodd–Frank Act or the Wall Street Reform and Consumer Protection Act (DFA), shows similarities with the GLBA in most statistics we track. Introduced in response to the Great Recession in 2010, it is approximately half as old as the GLBA, and like the GLBA, it has barely changed in size, breadth, or structure. But although the DFA is comparable to the GLBA in size, its interaction with the environment seems much more dynamic, with its weighted in-degree increasing by a factor of almost ten over its lifetime. In absolute terms, however, the references increase by less than 500, i.e., in the same order of magnitude as for the GLBA. This is in line with the fact that both statutes are part of the same legal domain, and it highlights how much the evolution of individual pieces of legislation is influenced by their initial conditions, e.g., whether they are strongly connected with their environment already at birth. For the DFA, the growth of the weighted in-degree again is not monotonic, but it is visibly steeper before 2017 than afterwards, leveling off in the last years of the period under study. The binary in-degree, whose gradient is almost monotonically decreasing from the start, anticipates this deceleration by several years. This suggests the existence of an onboarding period, in which the DFA is integrated into the regulatory environment before finding its place in the United States legal system (see the related discussion in [61]).
The profiles of the two German statutes we examine are starkly different from those of the United States statutes. Statutes under the names of both the Stock Exchange Act (SEA) and the Securities Trading Act (STA) have been in effect for the entire observation period. As indicated by their unique token count, they are both constantly narrow in thematic scope (with the STA an order of magnitude more narrow than the SEA to start with), and their token count increases over time. While the SEA and the STA start at comparable sizes in 1998, the STA grows by a factor of seven, while the SEA merely doubles. Possibly as a result, the SEA largely maintains its original number of structures, while the number of structural elements in the STA triples. This is accompanied by an expected, nearly parallel increase in the number of STA sections, and even a decrease of about 25% in the number of SEA sections. Beyond the general growth trends present in almost all STA statistics, the period from 2006 to 2007 stands out, as most of its statistics experience a relatively steep increase between these years. The doctrinal investigation prompted by this observation reveals that the source of the increases is a legislative project translating extensive transparency requirements mandated by the European Union into German law (Transparenzrichtlinie-Umsetzungsgesetz), which came into effect in January 2007. This finding also shows how our methods can complement doctrinal legal scholarship, as has been demonstrated, e.g., for the development of the STA over its entire lifetime [28].
Our statistics produce interesting insights not only for statutes but also for regulations. For example, there is a noticeable increase in the self-referentiality of the CFR chapter about the Commodity Futures Trading Commission (CFTCR), and the German Reports and Documents Regulation (RDR) shows structural changes between 2005 and 2006 as well as between 2015 and 2016. As our framework enables the joint modeling of data from different document types, its application can surface characteristic differences between these types, too. Examining our exemplary regulations and statutes in Figure 12, we find that the CFTCR experiences noticeable growth (about 200%), while the size of the featured statutes barely changes. At the same time, the regulation’s weighted in-degree is several orders of magnitude smaller than that of the DFA or the GLBA, supporting the intuition that statutes should be referenced more frequently than regulations for this particular case. In Germany, the RDR is smaller than the featured German statutes, and it covers less diverse content (as would be expected for a regulation from a legal theory perspective). Its structural organization is minimal, as is its self-referentiality. This confirms that smaller units of law require less internal organization by both structure and references. The RDR references, and is referenced by, a small number of different documents, indicating homogeneity in its regulatory environment. Its weighted out-degree falls between the SEA and STA, i.e., it has a non-negligible number of references to a limited number of targets. In summary, the RDR has most characteristics expected from a German regulation, and its overall profile can clearly be distinguished from that of the featured German statutes.
Our framework enables comparisons not only across document types but also across countries. When examining the DFA and the STA, we see that the STA starts at a size of roughly a third of the DFA but grows to two thirds of the DFA over time. Both statutes have similar degrees of structure at the section level and above, but the DFA contains ten to fifteen times the amount of items below section level, indicating a vastly more granular hierarchical organization. Conversely, the STA contains three to four times more self-loops than the DFA, with its weighted in-degree about 1.5 times and its binary in-degree between 1.5 and 2 times higher than those of the DFA after the first couple of years. This mirrors the more general finding that rule-making agents in the United States and Germany favor different mechanisms to handle the token growth of their statutory corpora: Americans like adding hierarchical structure, while Germans prefer adding references [27].
Figure 13 combines profile statistics concerning size and interdependence to enable direct visual comparisons. Here, we compare the ego graphs of the DFA and the STA for every quarter of their existence during our investigation period. Note that the distance between the snapshots is different for both statutes, as the DFA was adopted only in the middle of our study period, but both series end in 2019. Complementing the statistics presented in Figure 12, the visualization attributes the references to their actual sources and targets, indicating their number by the weight of the edges. For the DFA, its reliance (i.e., how much and how diversely it references other statutes and regulations) barely changes, while its responsibility (i.e., how much and how diversely it is referenced by other statutes and regulations) discernibly increases, as the DFA becomes more and more integrated with its environment. In contrast, both the reliance and the responsibility of the STA increase over time, with its responsibility starting nearly twice as high and increasing at a much faster rate than its reliance. As shown by the edge colors, the diverse responsibility of the STA concerns both statutes and regulations, and the DFA is most intensively responsible for regulations. In line with the expectation derived from legal theory, both the DFA and the STA rely mostly on statutes.
[image: Figure 13]FIGURE 13 | Reliance and responsibility of the Dodd–Frank Act (DFA, top) and the Securities Trading Act (STA, Wertpapierhandelsgesetz, bottom) from 1998 to 2019. Leaf nodes are chapters of the USC or the CFR that are cited by (reliance) or cite (responsibility) the DFA (top), and statutes or regulations (or their books, if applicable) that are cited by (reliance) or cite (responsibility) the STA (bottom). Edge types indicate reference types as used in Figure 3 (black for lateral statute references, light blue for upward references, and silver for downward references). Node size is proportional to the node’s number of tokens; edge width is proportional to the number of references represented by the edge.
5 DISCUSSION
We have introduced an analytical framework for the dynamic network analysis of legal documents and demonstrated its utility by applying it to a dataset comprising federal statutes and regulations in the United States and Germany over a period of more than 20 years. The limitations of this work concern two separate areas: the methods introduced in Section 3 and the results presented in Section 4.
To gravitate toward its ideal formulation, our framework requires further refinement based on experiences from applications to diverse datasets. Our model is deliberately document type and country agnostic, such that it can be easily instantiated for new data. Similar studies using legal documents from a variety of jurisdictions would be of immense value for improving our framework, and they could provide further context for the results reported in Section 4. Furthermore, our network analytical framework could be complemented by a framework for natural legal language processing, as the combination of relational information and linguistic information will likely lead to insights that would not be possible using either of these sources alone.
When preparing this article, we found that combining documents of different types in one graph representation raises many conceptual questions. Some of these questions relate to the presentation of our results, e.g., whether to depict dynamics in absolute or relative terms (thereby either impairing comparisons across document types of different sizes or visually overstating dynamics for small baselines). Others concern design decisions when defining our methods, e.g., whether tokens from documents of different types should have the same weight when determining cluster families even if there is a striking imbalance between the total number of tokens in documents of these types (as is the case in our United States data). Here, one alternative would be to rescale the token counts before constructing the cluster family graph, such that the total influence of tokens from one specific document type is equal across all types. While this would change the results to a certain extent, it is difficult to assess whether the modified method would be superior because comparable investigations of multimodal legal document networks currently do not exist.
The results stated in Section 4 are limited in geographic scope (United States and Germany), temporal scope (1998–2019), and institutional scope (legislative and executive branch on the federal level). Most importantly, our findings cover only codified law. As the United States and Germany are typically assumed to follow distinct legal traditions (common law and civil law), which are often thought to differ, inter alia, in their reliance on court precedent, including court decisions might have disparate impact on our results for both countries. However, it could also provide empirical evidence against the traditional classification. Irrespective of legal traditions, unlocking and integrating judicial data is an important direction for future work.
Regarding both growth and connectivity, the next steps consist in eliminating the uncertainties and limitations affecting our data. For example, as highlighted in Section 2.2, one important stride toward a more comprehensive picture of the connectivity between legal documents is the extraction and resolution of non-atomic references. At the macro level, connectivity could also be evaluated at other resolutions (e.g., the chapter level) or when including hierarchy edges, and our analysis could be expanded using further statistics, such as motif counts and their evolution over time. Furthermore, applying our methods to other document types or other countries would help us assess whether the rocket structure we found in our data is characteristic of legal systems in general. When assessing connectivity at the meso level, the dynamic map of law provided by our cluster families could be further refined, especially at other resolution levels. At the micro level of connectivity, a more fine-grained star taxonomy might be in order because in both countries, there exists some functional overlap between hinge stars and sink stars. For the profiles, a sensible step forward would be to apply the tracing methodology at other levels of resolution (e.g., at the level of individual sections), and the statistics we track could be complemented by similarity measures allowing us to compare between the different units of law we analyze.
Beyond the specific opportunities for further research outlined above, our work raises three larger questions to be explored in the future:
1. When quantitatively analyzing legal documents, how should we choose the unit of analysis? On the one hand, no clear consensus exists as to what constitutes a unit of law or a legal rule. But on the other hand, the choice has far-reaching consequences for all analyses. Furthermore, even analyzing all documents at the same structural level presents problems: Legal rules come in various sizes, and at times, a single paragraph might be longer than the average document due to drafting decisions by the agents in the legal system. This complicates comparisons and creates countless opportunities for erroneous interpretations. Detailing the full rationale behind all choices we made when presenting our results in Section 4 is beyond the scope of this article. However, an extensive exposition of the possible choices and the tradeoffs surrounding them would benefit the research community at large and, therefore, constitutes a fecund field for future findings.
2. How can we measure the regulatory energy of statutes? The analysis of individual statutes such as the Gramm-Leach-Bliley Act and the Dodd–Frank Act suggests that legislative outputs impact their environments at potentially different rates (e.g., by prompting further rule making), i.e., that they have a certain regulatory energy that they emit over time. This hypothesis could be validated, inter alia, using external data on regulatory relevance, e.g., the filings concerning regulatory risk that are required for annual and transition reports pursuant to sections 13 or 15(d) of the Securities Exchange Act of 1934 under 17 CFR 249.310 – Form 10-K [62]. However, other approaches are equally possible and merit further investigation.
3. How can we connect our empirical findings to established theories in law and political science? Although beyond the scope of this work, some of our findings can be combined with analyses using established theories on the composition and evolution of codified law in both legal scholarship and political science. The most prominent example here is the question of delegation: How does it happen and what are its limits, in theory and in practice? This touches the heart of democratic legitimacy, and it presents a promising opportunity for empirical legal studies to contribute to mainstream legal and political science discourse that we are planning to seize in the future.
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FOOTNOTES
1https://uscode.house.gov/download/annualhistoricalarchives/downloadxhtml.shtml
2https://www.govinfo.gov/bulkdata/CFR
3This differs from the approach taken in [27], where the annual snapshots represented the law in effect at the beginning of the year in question.
4These statutes are: (1) Erstes Gesetz über die Bereinigung von Bundesrecht im Zuständigkeitsbereich des Bundesministeriums des Innern vom 19. Februar 2006 (BGBl. I S. 334), (2) Gesetz zur Bereinigung des Bundesrechts im Zuständigkeitsbereich des Bundesministeriums für Ernährung, Landwirtschaft und Verbraucherschutz vom 13. April 2006 (BGBl. I S. 855), (3) Erstes Gesetz über die Bereinigung von Bundesrecht im Zuständigkeitsbereich des Bundesministeriums der Justiz vom 19. April 2006 (BGBl. I S. 866), (4) Erstes Gesetz zur Bereinigung des Bundesrechts im Zuständigkeitsbereich des Bundesministeriums für Wirtschaft und Technologie und im Zuständigkeitsbereich des Bundesministeriums für Arbeit und Soziales vom 19. April 2006 (BGBl. I S. 894), (5) Gesetz zur Änderung und Bereinigung des Lastenausgleichsrechts vom 21. Juni 2006 (BGBl. I S. 1323), (6) Gesetz über die Bereinigung von Bundesrecht im Zuständigkeitsbereich des Bundesministeriums für Arbeit und Soziales und des Bundesministeriums für Gesundheit vom 14. August 2006 (BGBl. I S. 1869), (7) Erstes Gesetz über die Bereinigung von Bundesrecht im Zuständigkeitsbereich des Bundesministeriums für Verkehr, Bau und Stadtentwicklung vom 19. September 2006 (BGBl. I S. 2146), and (8) Zweites Gesetz über die Bereinigung von Bundesrecht im Zuständigkeitsbereich des Bundesministeriums des Innern vom 2. Dezember 2006 (BGBl. I S. 2674).
5The total number of downward references in the United States increases from 24 in 1998 to 90 in 2019. In Germany, it rises from 305 to 833.
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We study the language of legal codes from different countries and legal traditions, using concepts from physics, algorithmic complexity theory and information theory. We show that vocabulary entropy, which measures the diversity of the author’s choice of words, in combination with the compression factor, which is derived from a lossless compression algorithm and measures the redundancy present in a text, is well suited for separating different writing styles in different languages, in particular also legal language. We show that different types of (legal) text, e.g. acts, regulations or literature, are located in distinct regions of the complexity-entropy plane, spanned by the information and complexity measure. This two-dimensional approach already gives new insights into the drafting style and structure of statutory texts and complements other methods.
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1 INTRODUCTION
The complexity of the law has been the topic of both scholarly writing and scientific investigation, with the main challenge being the proper definition of “complexity”. Historically, articles in law journals took a conceptual and non-technical approach toward the “complexity of the law”, motivated by practical reasons, such as the ever increasing amount of legislation produced every year and the resulting cost of knowledge acquisition, e.g. [1, 2]. Although this approach is important, it remains technically vague and not accessible to quantitative analysis and measurement. Over the past decade, with the increasing availability of digitized (legal) data and the steady growth of computational power, a new type of literature has emerged within legal theory, the authors of which use various mathematical notions that come from areas as diverse as physics and information theory or graph theory, to analyze the complexity of the law, cf. e.g. [3–5]. The complexity considered results mainly from the exogenous structure of the positive law, i.e. the tree-like hierarchical organization of the legal texts in a forest consisting of codes (root nodes), chapters, sections, etc., but also from the associated reference network.
According to the dichotomy introduced by [6]; one can distinguish between structure-based measures and content-based measures of complexity, with the former pertaining to the field of knowledge representation (knowledge engineering) and the latter relating to the complexity of the norms, which includes, e.g. the (certainty of) legal commands, their efficiency and socio-economic impact.
In this article, we advance the measurement of legal complexity by focusing on the language using a method originating in the physics literature, cf. [7]. So, we map legal documents from several major legal systems into a two-dimensional complexity-entropy plane, spanned by the (normalized) vocabulary entropy and the compression factor, cf. Section 2.1. Using an abstract and rigorous measurement of the complexity of the law, should have significant practical benefits for policy, as discussed previously by, e.g. [1, 2]. For example, it could potentially identify parts of the law that need to be rewritten in order to remain manageable, thereby reducing the costs for citizens and firms who are supposed to comply. Most notably, the French Constitutional Court has ruled that articles of unjustified “excessive-complexity” are unconstitutional1. However, in order to render the notion of “excessive complexity” functional, quantitative methods are needed such as those used by [5, 8]; and which our version of the complexity-entropy plane ideally complements.
2 COMPLEXITY AND ENTROPY
A non-trivial question that arises in several disciplines is how the complexity of a hierarchical structure, i.e. of a multi-scale object, can be measured. Different areas of human knowledge are coded as written texts that are organized hierarchically, e.g. each book’s Table of Contents reflects its inherent hierarchical organization as a tree, and all books together form a forest. Furthermore, a tree-like structure appears again at the sentence level in the form of the syntax tree and its semantics as an additional degree of freedom. Although various measures of complexity have been introduced that are specially adapted to a particular class of problems, there is still no unified theory. The first concept we consider is Shannon entropy, [9]; which is a measure of information. It is an observable on the space of probability distributions with values in the non-negative real numbers. For a discrete probability distribution [image: image], with [image: image], for all i, and [image: image], the Shannon entropy [image: image], is defined as:
[image: image]
with [image: image], the logarithm with base 2. The normalized Shannon entropy [image: image], is given by
[image: image]
i.e. by dividing [image: image] by the entropy [image: image] of the discrete uniform distribution [image: image], for N different outcomes. We shall use the normalized entropy in order to measure the information content of the vocabulary of individual legal texts, for details cf. Section 6.3. Word entropies have previously been used by various authors. In the legal domain [5], calculated the word entropy, after removing stop words, for the individual Titles of the U.S. Code. [10] used word entropies to gauge Shakespeare’s and Jin Yong’s writing capacity, based on the 100 most frequent words in each text.
The second concept we consider is related to Kolmogorov complexity (cf. [11, 12] and references therein), which is the prime example of algorithmic (computational) complexity. Heuristically, the complexity of an object is defined as the length of the shortest of all possible descriptions. Further fundamental examples of algorithmic complexity include Lempel-Ziv complexity [image: image], [13]; or Wolfram’s complexity measure of a regular language, [14]. The latter is defined as (logarithm of) the minimal number of nodes of a deterministic finite automaton (DFA) that recognizes the language (Meyhill-Nerode theorem). In order to facilitate the discussion, let us propose a set of axioms for a complexity measure. This measure is basically a general form of an outer measure.
Let X be (at least) a monoid [image: image], with binary composition [image: image], and identity element [image: image], and additionally, let [image: image] be a partial order on X.
A complexity measure C on X, is a functional [image: image], such that for all [image: image], we have
pointed: 
[image: image]
monotone: 
[image: image]
sub-additive: 
[image: image]
Examples satisfying the above axioms include tree structures, with the (simple) complexity measure given by the number of levels, i.e. the depth from the baseline. Then the empty tree has zero complexity, the partial order being given by being a sub-tree and composition being given by grafting trees. Further, the Lempel-Ziv complexity [image: image], and Wolfram’s complexity measure for regular languages, if slightly differently defined via recognizable series, satisfy the axioms. However, plain Kolmogorov complexity does not satisfy, e.g. sub-additivity, cf. the discussion by [12].
2.1 Compression Factor
A derived complexity measure is the compression factor, which we consider next, and which is obtained from a lossless compression algorithm, such as, [15, 16].
A lossless compression algorithm, i.e. a compressor γ, reversibly transforms an input string s into a sequence [image: image] which is shorter than the original one, i.e. [image: image], but contains exactly the same information as s, cf. e.g. [17, 18].
For a string s, the compression factor [image: image], is defined as
[image: image]
The inverse [image: image], is called the compression ratio. These derived complexity measures quantify the relative amount of redundancy or structure present in a string, or more generally data.
The compression factor, as the entropy rate, is a relative quantity which permits to directly compare individual data items, independently of their size.
Let us illustrate this for the Lempel-Ziv complexity measure [image: image], cf. [13]; and the following strings of length 20:
[image: image]
[image: image]
[image: image]
Then we have [image: image], [image: image] and [image: image], from which one immediately obtains the respective compression factors. [19]; showed that a generic string of length n has complexity close to n, i.e. it is “random”, however the meaningful strings for humans, i.e. representing text, images etc., are not random and have a structure between the completely uniform and the random string, cf. [18, 19]. [20] introduced a quantity related to the compression factor, called the “computable information density”, which is a measure of order and correlation in (physical) systems in and out of equilibrium. Compression factors (ratios) were previously used by [21]; who measured the complexity of mulitple languages by compressing texts and their shuffled versions to measure the inherent linguistic order. [22]; additionally to a neural language model, utilized compression ratios to measure the complexity of the language used by the Supreme Courts of the U.S. (USSC) and Germany (BGH). [23]; using the Lempel-Ziv complexity measure [image: image], took into account not only the order inherent in a grammatically correct sentence, but also the larger organization of a text document, e.g. sections, by selectively shuffling the data belonging to each level of the hierarchy.
3 SOME REMARKS ON COMPLEXITY, ENTROPY AND LANGUAGE
[24] (pp. 10–11) intuitively describe the broad difference between classical information theory and algorithmic complexity, which we summarize next. Whereas information theory (entropy), as conceived by Shannon, determines the minimal number of bits needed to transmit a set of messages, it does not provide the number of bits necessary to transmit a particular message from the set. Kolmogorov complexity on the other hand, focuses on the information content of an individual finite object, e.g. a play by Shakespeare, accounting for the (empirical) fact that strings which are meaningful to humans, are compressible, cf. [19]. In order to relate entropy, Kolmogorov complexity or Ziv-Lempel compression to one another, various mathematical assumptions such as stationarity, ergodicity or infinity are required, cf. [11, 17, 25]. Also, the convergence of various quantities found in natural languages, e.g. entropy estimates, [26]; are based on some of these assumptions. Despite the fact that the different approximations and assumptions proved valuable for language models, natural language is not necessarily generated by a stationary ergodic process, cf. [11]; as e.g., cf. [25]; the probability of upcoming words can depend on words which are far away. But, as argued by [27]; it is precisely due to the non-ergodic nature of natural language that one can empirically distinguish different topics, e.g. by determining the uneven distribution of keywords in texts, cf. also [28]. [29] considered a model of a random languages and showed how structure emerges as a result of the competition between energy and entropy.
Finally, let us comment on the relation between relative frequencies and probabilities in the context of entropy. Given a standard n-simplex, [image: image], i.e. [image: image], [image: image], and [image: image], for [image: image], its points can either be interpreted as discrete probability distributions on [image: image] elements or as the set of relative frequencies of [image: image] elements. The distinction between the two concepts is relevant as the Shannon entropy H, provides in both cases a functional (observable) [image: image] which, in our context, has two possible interpretations. Namely, as a component of a coordinate system on (law) texts, which is the interpretation in the present study, but also as an estimate of the Shannon entropy of the language used if considered as a sample from the space of all (law) texts of a certain type. In the latter case, it is known that the “naive” estimation of the Shannon entropy Eq. 1 from finite samples is biased. Therefore, several estimators have been developed to solve this problem. We utilize the entropy estimator introduced by [30]; in order to reexamine some of our results in the light of a probabilistic interpretation, and find that it has no qualitative effect on the outcome, cf. Supplementary Material.
4 THE COMPLEXITY-ENTROPY PLANE
Complex systems, e.g. biological, physical or social ones, are high-dimensional multi-scale objects. [31]; and [32] realized that in order to describe them, entropy is not enough, and an independent complexity measure is needed. Guided by the insight that the intuitive notion of complexity for patterns, when ordered by the degree of disorder, is at odds with its algorithmic description, the notion of the physical complexity of a system emerged, cf. [7, 31, 33]. The corresponding physical complexity measure, pioneered by [33]; should not be a monotone function of the disorder or the entropy, but should attain its maximum between complete order (perfect crystal) and total disorder (isolated ideal gas). [7]; introduced the excess Shannon entropy as a statistical complexity measure for physical systems, and later [34] introduced another physical complexity measure, the product of a system’s entropy with its disequilibrium measure. [35]; introduced a novel approach to handle the complexity of patterns on multiple scales using a multi-level renormalization technique to quantify the complexity of a (two- or three-dimensional) pattern by a scalar quantity that should ultimately better fit the intuitive notion of complexity.
[7]; paired both the entropy and the physical complexity measure into what has become a complexity-entropy diagram, in order to describe non-linear dynamical systems; for a review cf. [36]. Remarkably, these low-dimensional coordinates are often sufficient to characterize such systems (in analogy to principal component analysis), since they capture the inherent randomness, but also the degree of organization. Several variants of entropy-complexity diagrams are now widely used, even outside the original context. [37]; by combining the normalized word entropy, cf. Eq. 7, with a version of a statistical complexity measure, quantitatively study Shakespeare and other English Renaissance authors. [23]; used for the complexity-entropy plane the entropy rate and the entropy density and studied the organization of literary texts (Shakespeare, Abbott and Doyle) at different levels of the hierarchy. In order to calculate the entropy rate and density, which are asymptotic quantities, they used the Lempel-Ziv complexity [image: image]. Strictly speaking this approach would require the source to be stationary and ergodic, cf. [11].
We introduce a new variant [image: image] of the complexity-entropy plane, spanned by the normalized word entropy and the compression factor, in order to study text data. So, every text t, can be represented by a point in [image: image], via the map [image: image], with coordinates [image: image], the normalized Shannon entropy of the underlying vocabulary, and r, the compression factor. Let us note, that [image: image] is naturally a metric space, e.g. with the Euclidean metric, but other metrics may be more appropriate, depending on the particular question at hand.
5 THE NORM HIERARCHY AND BOUNDARIES OF NATURAL LANGUAGE
Let us now motivate some of our research questions from the perspective of Legal Theory.
[38] and his school introduced and formalized the notion of the “Stufenbau der Rechtsordnung”,2 which led to the concept of the hierarchy of norms. The hierarchy starts with the Constitution (often originating in a revolutionary charter written by the “pouvoir constituant”), which governs the creation of statutes or acts, which themselves govern the creation (by delegation) of regulations, administrative actions, and also the judiciary. At the national level these (abstract) concepts are taken into account, e.g. Guide de légistique [39]; when drafting positive law. This is valid for, e.g. Austria, France, Germany, Italy, Switzerland and the European Union, although strictly speaking, it does not have a formal Constitution. Every new piece of legislation has to fit the preexisting order, so at each level, the content outlined at an upper level, has to be made more precise, which leads to the supposed linguistic gradient of abstraction. A new phenomenon can be observed for regulations, namely that the legislature, or more precisely its drafting agencies, is being forced to abandon the realm of natural language and take an approach that is common to all scientific writing, namely the inclusion of images, figures and formulae. The purpose of figures, tables and formulae is not only the ability to succinctly visualize or summarize large amounts of abstract information, but most often it is the only mean to convey complex scientific information at all. As regulations increasingly leave the domain of jurisprudence, novel methods should be adopted. For example [2], advocated the inclusion of mathematical formulae in a statute if this statue contains a computation that is based on this formula. Ultimately, a natural scientific approach (including the writing style) to law would be beneficial, however, this might be at odds with the idea of law being intelligible to a wide audience.
Our hypothesis is that these functional differences between the levels of the hierarchy of legal norms should manifest themselves as differences in vocabulary entropy or in the compression factor.
6 MATERIALS AND METHODS
6.1 Data
Our analysis is based on the valid (in effect) and online available national codes from Canada, Germany, France, Switzerland, the United States, Great Britain and Shakespeare’s collected works, for a summary statistics, cf. Table 1. We also included the online available constitutions of Canada, Germany, and Switzerland in the analysis, cf. Table 2. In addition, we use the online available German EuroParl corpus from [40] and its aligned English and French translations (proceedings of the European Parliament from 1996 to 2006) to measure language-specific effects for German, English and French.
TABLE 1 | Summary statistics on acts, regulations and English literature showing the language used and size (in MB) of the respective corpora, the number of items, the mean size (in KB) and the standard deviation.
[image: Table 1]TABLE 2 | Summary statistics for the Constitutions of Canada (EN), Germany (DE), Switzerland (DE,EN,FR), showing the language used, the original size (in KB), the compression factor and the normalized vocabulary entropy (after cutoff at 150 K).
[image: Table 2]In detail, we use all Consolidated Canadian Acts and Regulations in English and French (2020); all Federal German acts (Gesetze) and Federal regulations (Verordnungen) in German (2020); all French Codes (en vigueur) (2020); all Swiss Internal Laws (Acts and Ordinances) which have been translated into English, containing the following areas: 1 State - People - Authorities; 2 Private law - Administration of civil justice - Enforcement; Criminal law - Administration of criminal justice - Execution of sentences; 4 Education - Science - Culture; 5 National defense; 6 Finance; 7 Public works - Energy - Transport; 8 Health - Employment - Social security; 9 Economy - Technical cooperation (2020); the United Kingdom Public General Acts (partial dataset 1801–1987 and complete dataset 1988–2020); U.S. Code Titles 1–54 (Title 53 is reserved, including the appendices) (2020); U.S. Code of Federal Regulations for (2000) and (2019).
The collected works of Shakespeare are obtained from “The Folger Shakespeare - Complete Set, June 2, 2020”, https://shakespeare.folger.edu/download/
6.2 Pre-Processing
For our analysis we use Python 3.7. If available, we downloaded the bulk data as XML-files, from which we extracted the legal content (without any metadata), and saved it as a TXT-file, after removing multiple white spaces or line breaks. If no XML-files were available, we extracted the texts from the PDF versions, removed multiple white spaces or line breaks, and saved it as TXT-files.
6.3 Measuring Vocabulary Entropy
For an individual text t, let [image: image], be the underlying vocabulary, and [image: image] the size of V. Let [image: image] be the frequency (total number of occurrences) of a unique word [image: image], and let [image: image] be the total number of words in t (with repetitions), i.e. [image: image]. The relative frequency is given by [image: image], which can also be interpreted as the empirical probability distribution [image: image]. The word entropy [image: image] of a text t (but cf. Section 3), is then given by
[image: image]
and correspondingly, the normalized word entropy [image: image], cf. Eq. 2. Let us remark, that the word entropy is invariant under permutation of the words in a sentence.
First we read the individual TXT-files, then filter the punctuation or special characters out and then split the remaining text into a list of items. In order to account for prefixes in French, the splitting separates expressions which are written with an apostrophe into separate entities. However, we do not lowercase letters, lemmatize or stem the remaining text, nor do we consider any bi- or trigrams. Keeping the original case-sensitivity, allows us to capture some syntactic or semantic information. Then we determine the relative frequencies (empirical probability values) of all unique items, from which we calculate the normalized entropy values according to Eq. 2. We truncate each text file at 150,000 characters, and discard files which are smaller than the cutoff value. For the EuroParl corpus we sampled 400 strings, consisting of 150 K characters each (with a gap of 300 K characters between consecutive strings) from the English, German and French texts, in order to calculate the corresponding normalized vocabulary entropy.
6.4 Measuring Compression Factors Using Gzip
In order to compute the compression factor as our derived complexity measure, we use as lossless compressor gzip.3 After reading the individual TXT-files as strings, we compress them using Python’s gzip compression module, with the compression level set to its maximum value (= 9). The individual compression factors are calculated according to Eq. 6. After analyzing all of our data, we choose 150,000 characters as the cutoff in order to minimize the effects of the overhead generated by the compression algorithm for very small text sizes. For the EuroParl corpora (English, French, German), we calculated the compression factors based on 400 samples each, as described above. Note that in the future it might make sense to also consider other (e.g. language specific) lossless compression algorithms in order to deal with short strings.
7 RESULTS
Our first analysis, cf. Table 1, is a summary of the sizes of the different corpora, the languages used, the number of individual items, the mean text sizes and standard deviations. The analysis shows different approaches to the organization of national law, namely either by thousands of small texts of around 50 KB (Canada, Germany, United Kingdom) or less than a hundred large codes, several MB in size (France, United States), with the regulations significantly exceeding the number of acts. Note that the French codes contain both the law and the corresponding regulation in the same text. The size of a corpus within the same category, i.e. act or regulation, differs from country to country by an order of magnitude or even two, which is noteworthy as broadly similar or even identical areas are regulated within the law, e.g. banking, criminal, finance or tax law. This begs the question of what an efficient codification should ideally look like. The Swiss Federal codification is remarkably compact, despite the fact that the English version does not contain all acts or regulations available in German, French or Italian (which are the official languages); nevertheless all important and recent ones are included, cf. Section 6.1.
7.1 Normalized Entropy and Compression Factor
The normalized vocabulary entropies per corpus, cf. Table 3, have a standard deviation of approximately 0.01, and average entropy values that are distributed as follows: English in [image: image], German in [image: image] and French in [image: image]. The analysis of the mean compression factors, based on the individual texts truncated at 150 K, reveals three regions where the values accumulate, cf. Table 3. So, Shakespeare’s works have a mean compression factor of 2.52 (std = 0.03), the EuroParl corpora in English, French and German of around 3.01 (std = 0.06 approximately), whereas the national codifications are located in the interval [image: image], with the standard deviations being in the interval [image: image]. On average, all national acts have a lower compression factor and a lower standard deviation than the corresponding national regulations. The (French), German, Swiss and United States acts are in the sub-interval [image: image], and the respective regulations in [image: image], but with a large standard deviation (1.06), for Germany and the United States. Based on the mean compression factor, the variance, the number of acts and the total size of the corpus, the French and the US codes are most similar. The acts of Canada (English and French) and of the United Kingdom are located at the upper end of the interval, namely in [image: image], as are the Canadian regulations with 4.98 and 5.23, for French and English, respectively. The values for the constitutions can be found in the interval [image: image] (compression factors), and [image: image] (normalized vocabulary entropy). The value of the compression factor of the Canadian and German Constitution is smaller than the corresponding mean value of the acts or regulations, but larger than that of EuroParl (DE, EN, FR) or Shakespeare. In the case of the Swiss Federal Constitution and its aligned translations into English, French and German, the compression factor is significantly higher than the corresponding EuroParl average values, but between the mean of the acts (EN) and the mean of the regulations (EN), cf. Tables 2,3.
TABLE 3 | Summary statistics on acts, regulations (reg.) and English literature.[image: image]
[image: Table 3]7.2 Complexity-Entropy Plane
The general picture of all texts analyzed in this study, cf. Figure 1, reveals, that the literary works of Shakespeare occupy a region to the left and are well separated from all the other data points. The three points corresponding to the English, French and German EuroParl samples are also well separated from the vast majority of legal texts and Shakespeare’s collected works. This indicates that legal texts are much more redundant than classic literary texts or parliamentary speeches. The picture for the constitutions is heterogeneous for the data considered.
[image: Figure 1]FIGURE 1 | Figure showing the mean compression factor and mean normalized vocabulary entropy for: 1 = Canadian acts (EN), 2 = Canadian regulations (EN), 3 = Canadian regulations (FR), 4 = Canadian acts (FR), 5 = U.S. Code Titles 1–54, 6 = U.S. CFR 2019, 7 = United Kingdom acts, 8 = French acts (FR), 9 = German Federal acts (DE), 10 = German Federal regulations (DE), 11 = Shakespeare’s collected works, 12 = Swiss Federal acts (EN), 13 = Swiss Federal regulations (EN) 14 = EuroParl speeches (EN), 15 = EuroParl speeches (FR), 16 = EuroParl speeches (DE); and the compression factor and normalized vocabulary entropy (green marker) for: a = Swiss Federal Constitution (DE), b = Swiss Federal Constitution (EN), c = Swiss Federal Constitution (FR), d = Canadian Constitution (EN), e = German Constitution (Grundgesetz) (DE). The ellipses are centered around the mean values and have half-axes corresponding to [image: image] of the standard deviation of the compression factor and the normalized vocabulary entropy, respectively. Colors of ellipses correspond to: red = speeches (EuroParl), green = literature (Shakespeare), light blue = acts, orange = regulations; all texts truncated at 150 K.
The German (DE) and Canadian (EN) Constitution are located on the left border of the region, which contains the respective national acts and ordinances, while the Swiss Federal Constitution lies between the averages of the acts and ordinances, but is much closer to the mean of the acts.
The plot for U.S. Code (USC), Titles 1–54 for the year 2020, and U.S. Code of Federal Regulations (CFR) for the years 2000 and 2019, cf. Figure 2, shows that the Federal acts occupy a distinguishable region which is located below the domain populated by the Federal regulations. This is in line with the values from Table 3, as the mean vocabulary entropy for USC is 0.74, as compared to 0.77, for CFR 2000, and 0.78, for CFR 2019. On the other hand, the distribution pattern of the regulations in 2000 and 2019 is similar (small changes in the region around the means), but several points are more spread out in the 2019 data, which is in line with the larger standard deviation of 1.06 in 2019 vs. 0.72 in 2000. However, the overall size of CFR 2000 is 940 MB, vs. 572,9 MB, for CFR 2019, which is a quite substantial difference.
[image: Figure 2]FIGURE 2 | Figure showing the mean compression factor and mean normalized vocabulary entropy for: 1 = U.S. Code Titles 1–54, 2 = U.S. CFR 2019, 3 = U.S. CFR 2000, 4 = Shakespeare’s collected works, 5 = EuroParl speeches (EN), 6 = EuroParl speeches (FR), 7 = EuroParl speeches (DE). The ellipses are centered around the mean values and have axes corresponding to [image: image] of the standard deviation of the compression factor and the normalized vocabulary entropy, respectively. Colors of ellipses correspond to: green = U.S. Federal acts (2020), orange = U.S. Federal regulations (2019), light blue = U.S. Federal regulations (2000); all texts truncated at 150 K.
We have already noted the similarity of the U.S. Titles and the French Codes. As Figure 3 shows, the French Codes (in French), German Federal acts (in German) and the U.S. Titles (in English) are situated in the complexity-entropy plane, almost as vertical, non-overlapping, translations of each other, with the German acts being highest up. The order of the average normalized vocabulary entropies appears to be language specific, although in this case we are not considering (aligned) translations, cf. Section 7.3.
[image: Figure 3]FIGURE 3 | Figure showing the mean compression factor and mean normalized vocabulary entropy for: 1 = U.S. Code Titles 1–54, 2 = French Codes (FR), 3 = German Federal acts (DE), 4 = Shakespeare’s collected works, 5 = EuroParl speeches (EN), 6 = EuroParl speeches (FR), 7 = EuroParl speeches (DE). The ellipses are centered around the mean values and have axes corresponding to [image: image] of the standard deviation of the compression factor and the normalized vocabulary entropy, respectively. Colors of ellipses correspond to: light blue = U.S. Code (2020), orange = French Codes, green = German Federal acts; all texts truncated at 150 K.
The picture for the aligned translations of the Canadian acts and regulations into English and French, cf. Figure 4, reveals that the acts are located, depending on the language, in separated regions which are bounded by ellipses of the same size around the respective means. For both English and French, the regulations are more dispersed than the acts (in particular the French) and the regulations in French are more widespread than those in English. The mean normalized entropy of the regulations in French is below the mean of the acts in French, but above the mean of the acts and regulations in English. The slightly odd position of the regulations in French could be due to the fact that after being truncated at 150 K, 60 (FR) vs. 54 (EN) regulations remain, while for the acts the number of texts remaining is the same. As we are dealing with aligned translations, the observed language specific pattern is quite meaningful, cf. Section 7.3. On the other hand, Canadian acts and regulations in the same language are not easily separable, i.e. they show a distribution pattern that differs from the U.S. Titles and U.S. Federal regulations, cf. Figure 2.
[image: Figure 4]FIGURE 4 | Figure showing the mean compression factor and mean normalized vocabulary entropy for: 1 = Canadian acts (EN), 2 = Canadian regulations (EN), 3 = Canadian regulations (FR), 4 = Canadian acts (FR), 5 = Shakespeare’s collected works, 6 = EuroParl speeches (EN), 7 = EuroParl speeches (FR), 8 = EuroParl speeches (DE). The ellipses are centered around the mean values and have axes corresponding to [image: image] of the standard deviation of the compression factor and the normalized vocabulary entropy, respectively. Colors of ellipses correspond to: light blue = Canadian acts (EN), orange = Canadian regulations (EN), green = Canadian acts (FR), red = Canadian regulations (FR); all texts truncated at 150 K.
The German Federal acts and regulations accumulate in nearby and overlapping areas of the plane, and cannot be clearly separated from each other, with the laws being more compactly grouped around the mean. The acts of Canada (EN), the United States and the United Kingdom are close to each other, but far below the German acts and regulations, cf. Figure 5. Indeed, this seems to reflect language-specific characteristics common to all genres.
[image: Figure 5]FIGURE 5 | Figure showing the mean compression factor and mean normalized vocabulary entropy for: 1 = Canadian acts (EN), 2 = U.S. Code, Titles 1–54 (USC), 3 = United Kingdom General Public Acts (PGA), 4 = German Federal acts (DE), 5 = German Federal regulations (DE), 6 = Shakespeare’s collected works, 7 = EuroParl speeches (EN), 8 = EuroParl speeches (FR), 9 = EuroParl speeches (DE). The ellipses are centered around the mean values and have axes corresponding to [image: image] of the standard deviation of the compression factor and the normalized vocabulary entropy, respectively. Colors of ellipses correspond to: light blue = Canadian acts (EN), orange = German Federal acts (DE), green = German Federal regulations (DE), red = United Kingdom PGA, purple = USC; all texts truncated at 150 K.
The fact that the United States Code, unlike for Canada, Germany and Switzerland, is fairly well separated in the plane from its associated regulations could reflect differences in the way laws and regulations are drafted in the United States as compared to the countries mentioned above.
7.3 Distinguishing Different Languages
From the above discussion it can be seen that different languages can be distinguished by the normalized vocabulary entropy if the genre is kept constant. In order to further investigate the language effect on the position of the corpora in the complexity-entropy plane, we specifically considered aligned translations. So, additionally to the Swiss Federal Constitution (English, French and German), the German EuroParl corpus and its translation into English and French, we processed the nine largest Swiss Federal acts in English, French and German. However, in order to have enough Swiss Federal acts, we had to lower the cutoff to 100K, and correspondingly had to recalculate the EuroParl values. Additionally we added the collected works of Shakespeare (in English), with a cutoff of 100 K. Further, we have the Canadian acts and regulations, and their aligned translations into English and French. The results imply that (aligned) translations of the same collection of texts into different languages are primarily not distinguished by the compression factor but rather by the (normalized) vocabulary entropy, cf. Figure 6 and Figure 1.
[image: Figure 6]FIGURE 6 | Figure showing the mean compression factor and mean normalized vocabulary entropy for: 1 = Swiss Federal acts (EN), 2 = Swiss Federal acts (DE), 3 = Swiss Federal acts (FR), 4 = Shakespeare’s collected works (EN), 5 = EuroParl speeches (EN), 6 = EuroParl speeches (DE), 7 = EuroParl speeches (FR), and the compression factor and normalized vocabulary entropy for: a = Swiss Federal Constitution (EN), b = Swiss Federal Constitution (DE), c = Swiss Federal Constitution (FR). The ellipses are centered around the mean values, and have axes corresponding to [image: image] of the standard deviation of the compression factor and the normalized vocabulary entropy, respectively. Color code: red = EuroParl speeches, green = literature, light blue = acts; all texts truncated at 100 K.
8 CONCLUSION
We introduced a tool that is new to the legal field but has already served other areas of scientific research well. Its main strength is the ability to simultaneously capture and visualize independent and fundamental information, namely entropy and complexity, of large collections of data, and to track changes over time. By devising a novel variant of the complexity-entropy plane, we were not only able to show that legal texts of different types and languages are located in distinguishable regions, but also to identify different drafting approaches with regard to laws and regulations. In addition, we have taken the first steps to follow the spatial evolution of the legislation over time. Although we observe that constitutions tend to have lower compression factors than acts and regulations, and regulations on average have higher compression factors than acts, which corresponds to the hierarchy of norms, we could not fully capture the assumed abstraction gradient. This suggests that other language-specific methods should also be used to investigate (possible) differences. On the other hand, the high(er) redundancy of the regulations reflects the increasing need to leave the realm of natural language and to borrow tools from the natural sciences. The analysis we perform can be modified in a number of ways to provide even more specific information. So, one might include n-grams, or perform additional pre-processing steps, or choose different compression algorithms. Also, one might add a third coordinate for even more visual information. In combination with other quantitative methods such as citation networks or the consideration of additional (internal) degrees of freedom such as local entropy, new types of quantitative research questions could be formulated, which may lead to more efficient and manageable legislation. In summary, we expect a broad range of further applications of complexity-entropy diagrams within the legal domain.
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FOOTNOTES
1Conseil Constitutionnel, Décision n 2005–530 DC du 29 décembre 2005 (Loi de Finances pour 2006) 77–89, available at https://www.conseil-constitutionnel.fr/decision/2005/2005530DC.htm.
2This could be translated with “hierarchy of the legal order” or “hierarchy of norms”.
3Note that we do not consider quantities in the limit or issues like the convergence of entropy estimates.
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Corruption in public procurement transforms state institutions into private entities where public resources get diverted for the benefit of a few. On this matter, much of the discussion centers on the legal fulfillment of the procurement process, while there are fewer formal analyses related to the corporate features which are most likely to signal organized crime and corruption. The lack of systematic evidence on this subject has the potential to bias our understanding of corruption, making it overly focused on the public sector. Nevertheless, corruption scandals worldwide tell of the importance of taking a better look at the misuse and abuse of corporations for corrupt purposes. In this context, the research presented here seeks to contribute to the understanding of the criminal conspiracy of companies involved in public procurement corruption scandals under a network and complexity science perspective. To that end, we make use of a unique dataset of the corporate ownership and management information of four important and recently documented cases of corruption in Mexico, where hundreds of companies were used to embezzle billions of dollars. Under a bipartite network approach, we explore the relations between companies and their personnel (shareholders, legal representatives, administrators, and commissioners) in order to characterize their static and dynamic networked structure. In terms of organized crime and using different network properties, we describe how these companies connect with each other due to the existence of shared personnel with role multiplicity, leading to very different conspiracy networks. To best quantify this behavior, we introduce a heuristic network-based conspiracy indicator that together with other network metrics describes the differences and similarities among the networks associated with each corruption case. Finally, we discuss some public policy elements that might be needed to be considered in anti-corruption efforts related to corporate organized crime.
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1 INTRODUCTION
Corruption is a complex adaptive problem that threatens the integrity of modern societies. According to the United Nations, corruption is a transnational phenomenon that affects all societies in deep and multiple ways, at their political, economic, ecological, and social fronts [1, 2]. This is especially harmful in developing countries where it links to other forms of crime, such as organized crime [3, 4], economic crime, and where, on top of that, delegation of authority takes place [5].
For many years, academic researchers have provided insight into the corruption phenomenon through multidisciplinary approaches [6, 7]. Under these approaches, corruption is broken down into various types of individual or collective behaviors within several processes that affect private and public sectors likewise. Notably, the procurement of goods, services, and works is one of the governments’ activities most vulnerable to corruption, with complex processes and high level of interactions between public officials and private businesses [8]. Here, corruption transforms public state institutions into private entities where public resources get diverted for the benefit of a few. Many legal corruption types are common at all stages of the procurement process, such as embezzlement, bribery, conflict of interest, fraud, conspiracy, and the use of shell companies to alter competition, among others [3, 9]. For those reasons, governments lose a significant amount of funds in corrupt practices, and thus, purchasing is considered a high-risk activity [4, 9].
The vast academic literature on government procurement and auctions is continuously developing sophisticated analyses to tackle fraud schemes in all stages of the process, while there are fewer formal analyses related to linking corporate criminal activities to the ownership and management features and collective behaviors that are most likely to signal corruption regardless of the procurement method [10–12]. The lack of systematic evidence based on real activities on this subject has the potential to bias our understanding of corruption, making it overly focused on the public sector, ignoring the structural dynamics that take place in the ecosystem of private entities (bidders) [13]. This issue is mainly due to the poor access to widely reliable data on the private sector, specifically the management and ownership of companies. On the one hand, the abuse of private (shell) companies is a well-known phenomenon that is well documented in few cases, but most of the time, it requires extensive research on government records, long waiting periods after freedom of information act requests, and handcrafted processing of information afterward. On the other hand, companies involved or misused for corrupt purposes tend to hide or misinform about their management and ownership structure either by being registered off-shore or by using straw men. In the case of the latter, the multiplicity of personnel roles (shareholders, managers, or legal representatives) within or among companies creates unusual corporate profiles that are still far unexplored and that might provide further insight into potential criminal activity. Therefore, the analysis of corruption related to private companies, especially in developing countries’ context, is a relevant aspect at the forefront of international anti-corruption efforts that requires formal and extensive research [13].
Recently, data-driven studies based on complex systems and network theory approaches have delved into the description of the network characteristics of real corporations at the level of board members [14] as well as those that have participated in big corruption scandals [15]. Under a complex systems perspective, corruption can be seen as an adaptive phenomenon that is best understood in terms of the collective behavior of interrelated agents acting as a whole; that is, it could be hypothesized that this phenomenon is dominated by network effects and thus best characterized by unique collective properties that could provide more insight into corruption, organized crime, and cheating cases than by simply looking at isolated actors or events [12, 15–19]. Under this systemic perspective, the players are considered as connected actors on a network, regardless of their underlying interests or motivations, and the goal is to analyze the emerging structure, dynamics, organization, modus operandi, and the role that the actors play in practice as a collective. Linking actors by contracts, labor, or social relations may depict an organized network working for a common goal (win elections), multiple goals (private gain), or yielding criminal conspiracy (agreement to commit illegal acts) between companies bidding or having direct contracts while they intend to remain undetected and camouflage their activity. In public procurement, it is known that networked corruption schemes limit competition and affect the quality and efficacy of services, goods, and activities financed by governments [8, 10, 17]. However, to this day, there is no comprehensive understanding and convincing systematic evidence about the main structural and dynamical features of networked companies that might be able to define signs of corruption in organized crime activity despite the purchasing method.
In this context, the research presented here seeks to contribute to the understanding of the criminal conspiracy of companies involved in public procurement scandals under a network and complexity science perspective. In particular, due to the quality and scope of the data used, we focused on the collective features of the companies at the ownership and management levels in order to describe and identify structural and dynamical patterns that might be able to provide further insight into the corrupt schemes and nature of the cases. As stated above, the multiplicity of personnel roles within or among companies creates unusual corporate profiles that are still far unexplored and that might provide further insight into potential criminal activity. To that end, we make use of a unique microlevel corporate ownership and management dataset of four important and recently documented cases of corruption in Mexico, where hundreds of companies were used to embezzle billions of dollars. Under a bipartite network approach, we explore the relations between companies and their personnel (shareholders, legal representatives, administrators, and commissioners) in order to depict their network structure. Using diverse network metrics, we describe how these companies are not independent but connected with each other due to the existence of shared personnel with role multiplicity. To quantify this behavior, we introduce a heuristic network-based conspiracy indicator that together with other network metrics describes the differences and similarities among the networks associated with each corruption case. Finally, we discuss the advantages and shortcomings of data and network-based approaches, open research, and public policy elements that might need to be considered in anti-corruption efforts related to corporate organized crime.
1.1 Data and Methods
Important remark: The judicial and criminal investigation processes of some of the cases presented in this study are pending; therefore, the present analysis is only valid for academic purposes. For privacy protection, we have held in anonymity all the information regarding the identification of the companies and associated people. The data analyzed during the current study are available online (see Data Availability).
1.1.1 Data
The data used in this study were first gathered by investigative journalists and members of a local citizen participation committee, and it is related to four corruption scandals in public procurement involving three local administrations and the national government in Mexico: Veracruz (Case 1), Puebla (Case 2), Guanajuato (Case 3), and the Federation (Case 4), respectively. A short description of each case is presented below.
In order to have quality datasets that would allow for consistent comparisons among cases, we manually curated and double-verified the original data by using fiscal and official procurement records (when available). In some cases, the information regarding the tendering process and awarded contracts was missing or incomplete. Consequently, having consistent and verified data at the level of contracting bodies, suppliers, or bidders for all scandals was not possible. For this reason, the commonly employed analysis of the procurement environment as a network that considers the connections between the contracting institutions and suppliers, either under a bipartite institution–supplier network or a firm–firm co-bidding network [8, 17, 20], was not possible. However, the information regarding the connections of public servants and business people to their corresponding institutions or companies, respectively (beyond hidden political ties), is an aspect that can be further explored. In particular, the multiplicity of personnel roles within or among companies creates unusual corporate profiles and networks at the level of the supplier’s ecosystem that are still far unexplored and that might provide further insight into potential criminal activity. Therefore, we focused on the collective features of the companies at the ownership and management levels in order to describe and identify structural and dynamical patterns that might be able to provide further insight into the corrupt schemes and nature of the cases.
After curating and cross-validating the records, we came up with datasets that contain information regarding the four roles that comprise the ownership and management of the firms as they appear in the companies’ charters and contracts: shareholders (SHs), administrators (ADMs), legal representatives (LRs), and commissioners (COMs). The date of creation of the companies as well as identifier of whether the company has been classified as shell by fiscal authorities are also provided (more details in the data repository; see Data Availability).
The cases presented in this research fall into a certain type of procurement practices within an environment that deems common in Mexico. Since 2013, the tendency in federal public spending has increasingly turned over the direct contracting and restricted invitations, in substitute to the bidding procedures, to the point that by 2020, over 80 percent of the federal government contracts were directly awarded to companies [21]. This tendency replicates within the states, where heterogeneous legislation often allows budget thresholds to be exceeded, requires fewer requisites for tenders, and not all state governments make calcification and on-site visits [22]. As a consequence of this high-risk corruption context, market concentration and the creation of short-term companies that can offer multiple products and services prevail in the county. When federal or state public officials and private actors bypass legislation to obtain private gain (a corruption or criminal goal), they use companies (existing and new) to divert resources. Many of those companies become listed as shell given tax offenses within the course of three years [23]. Specifically, within the four cases selected for this study, nonstandard practices are often in place, such as bid-rigging, communication between companies during tender process, increased input costs and contract prices, and high degree of discretion of public servants in the application of the public procurement regulatory framework.
These four cases are selected for the following reasons: data availability, the governments assigned contracts to a set of companies that later were prosecuted by fiscal authorities and finally enlisted as shells, and these cases portrayed a great number of companies and personnel involved. Corruption in the cases presumably happened when companies failed to comply with the contracts, diverted public goods, product substitution, and/or simulated operations under Mexican fiscal legislation in order to commit embezzlement, fraud, and money laundering. The data used in the study imply certain limitations. Since most of the information is public or was made public after freedom of information requests, it is possible that governments answered in a restrained fashion, discarding documents and contracts that also relate to the network’s or cartels’ activities. Also, the contracts analyzed for the study contain straw men, criminal impersonation, and inauthentic companies’ address, due to the criminal activities undertaken. And finally, the contract samples are not the result of statistical methods, but a selection of corruption media scandals set by a journalistic narrative; therefore, criminal files may or may not correspond to the grouping of participants. Although the data of the cases do not represent a large-scale sample of the procurement environment, other studies have used media corruption scandals based on government information to describe network structure and dynamics over the time [16, 24]. Hence, the results are not applicable to all procurement environments, but only to procurement and direct contracts activities that have been flagged by the fiscal and prosecution authorities, and where information is publicly available after corruption activity or the use of shell companies has been detected.
A shell company is commonly defined as an entity legally incorporated that, structurally speaking, lacks substantial assets, operations, or even employees, and when used for illicit purposes, the entity is typically oriented to the concealment of beneficial ownership. Likewise, it is characterized by the appointment of informal nominees, such as children, spouses, relatives, or associates who do not appear to be involved in the running of the corporate enterprise [25]. According to Mexican fiscal law, shell companies are categorized as such based on the government registry of tax evasion that is publicly available, when there is missing or in existent address, simulated operations, inauthentic documentation, lack of assets, or issue fiscal receipts to feign operations. Mexican fiscal authorities list them after an investigation that could take months or years after they were established.
Case 1-Veracruz: The data of this case were originally gathered from governmental sources (open to public access under Mexico’s General Law of Transparency and Access to Information and local transparency legislation) by the nongovernmental organization known as Mexicanos Contra la Corrupción e Impunidad (Mexicans Against Corruption and Impunity) and the investigative journalism group known as Animal Político in 2016 [23]. Journalists also undertook field trips to verify shell companies’ addresses. These companies participated in bidding procedures and direct award. At least four state government agencies contracted the group of companies and have been prosecuted for diverting public funds, amounting over 30 million of U.S. dollars between the years 2012 and 2014 [23]. Unlike the other three cases selected for this study, the procurement environment and legal framework in Veracruz favor an array of concentration practices. Although the end recipients of the funds are unclear, the journalist group has reasons to believe that resources were diverted to the political campaign for the national presidency held in 2012. This would explain the participation of a larger number of companies and collaborating under a meticulous design of fraud scheme for over 3 years. The corruption schemes under investigation by the fiscal authorities consisted in the use of straw men, other fiscal offenses, and tax fraud to divert public funds through tenders. In this scandal, there are 354 companies (96 of which are shell) and 306 personnel (or people) associated with those companies.
Case 2-Puebla: The contracts sampled for this case date from 2015 to 2018 where the state and municipal government of Puebla contracted services and goods from companies that were mostly listed as shell by the national fiscal authority. In total, the companies developed contracts over 17 million dollars. The research was made by journalism group Datamos, in coordination with the International Center for Journalists and Connectas [26]. The collection of data methods included filing of freedom of information requests under state legislation and from official websites available by legal transparency mandate (Plataforma Nacional de Transparencia and Compranet). In addition, journalists undertook field trips to verify shell companies’ addresses and also interview several companies’ stakeholders and public officials to validate data. The contracted companies were founded during the years 2012–2015, and three years later, 68 companies were listed as shell companies by the tax federal authority Servicio de Administración Tributaria. At least eleven state and municipal agencies contracted the companies from the sectors of education, infrastructure, health, security, and others. The corruption scheme under investigation by the fiscal authorities consisted in the use of straw men, other fiscal offenses, and tax fraud to divert public funds through tenders. In this scandal, there are 90 companies (87 of which are shell) and 230 personnel associated with those companies.
Case 3-Guanajuato: The data sample comprises the state and municipal governments of Guanajuato. The contracts were assigned to companies that have been listed as shell by the federal fiscal authority during the years 2014–2019. The source of this information is a special report of the Citizenship Committee of the State’s Anti-corruption System, an official agency created by the anti-corruption state law with oversight powers. The committee filed numerous freedom of information requests and appeals to gather the data of the contracts with the state government, 4 municipalities, the state university, and other agencies. The report aimed to evaluate the state’s situation regarding simulated operations and to track public funding diverted to shell companies for over 9 million U.S. dollars [27, 28]. In this case, the corruption scheme under investigation by the fiscal authorities also consisted in the use of straw men, other fiscal offenses, and tax fraud to divert public funds through tenders. There are 110 companies (101 of which are shell) and 511 personnel associated with those companies.
Case 4-Federation: The case was known in the media as the “Master Fraud” (Estafa Maestra) where federal and six state governments channeled public resources to regular and shell companies through state universities. The data were originally gathered from official sources and websites under Mexico’s General Law of Transparency and Access to Information by the nongovernmental organization Mexicanos Contra la Corrupción e Impunidad (Mexicans Against Corruption and Impunity) and the investigative journalism group known as Animal Político [29]. The case sample was made after the general audit authority reviewed the contracts and identified possible fraud, embezzlement, money laundry, and misuse of public resources between the years 2013–2014 for over 380 million dollars. In this case, the government funds were diverted through contracts with public universities that hired shell companies to develop projects and activities, in which the general audit authority identified illegal contracts, fiscal offenses, and tax fraud in tenders. There are 120 companies (51 of which are shell) and 446 personnel associated with those companies.
2 METHODS
In this study, criminal conspiracy is seen as an organized crime act or as “an agreement between two or more people to commit an illegal act, along with an intent to achieve the agreement’s goal” (e.g., see Whitfield v. United States, 453 U.S. 209 (2005)). Despite not having real evidence that the companies communicated previously or during the government purchases, we hypothesize that the emergence of networked structures due to the existence of shared personnel among companies represents a relevant proxy to the level of conspiracy of the actors involved; that is, if conspiracy is present, then it is encoded in the structure of the corporate networks.
We consider this a valid hypothesis in the context of the procurement corruption scandals studied here, where the corporate ownership and management information is not readily available or even not existent, and true ownership can be easily concealed. In this scenario, the abuse and misuse of small-size corporations is easily done by (although not restricted to), for example, the use of multiple straw men. Therefore, if conspiracy is encoded in networked structures of companies with shared personnel, network analysis will allow us to identify and quantify the static and dynamic network properties that might be able to signal organized crime and corruption [15, 16].
Under the previous considerations, our analysis is divided into three parts: I) an elemental statistical description of some quantities related to the companies and personnel per case, II) an analysis of the relationships among companies and individuals under a bipartite network analysis perspective, and III) an analysis based on a heuristic conspiracy indicator that together with other network metrics is able to classify and quantify different levels of conspiracy. Below, we present the elements considered for each part of the analysis.
Part I-Elemental corporate features: For each case, the exploratory analysis considers the following basic variables:
• Total number of companies, [image: image].
• Total number of personnel, [image: image].
• Number of companies created per year, [image: image].
• Number of new personnel added per year, [image: image].
• Number of personnel per role (SHs, ADMs, COMs, and LRs).
• Number of role pairs (these are the number of individuals that fall within the intersection of any role pairs).
• Number of personnel per number of roles performed.
Part II-Bipartite networks: Given the nature of the data, we considered an undirected weighted bipartite network approach in which companies and individuals represent two different sets of nodes that are connected by four types of edges (SHs, ADMs, COMs, and LRs), and where the weight of the edges is given by the number of roles an individual performs within a company. The network properties we considered are as follows [30]:
• Density, [image: image], where L is the number of observed edges and [image: image] is the maximum number of edges for a network of N nodes. For a bipartite network, [image: image]; thus,
[image: image]
where [image: image] and [image: image].
• Mean degree, [image: image]:
[image: image]
where [image: image] is the degree of the ith node and N is the number of nodes of the corresponding set.
• Mean weighted degree or strength, [image: image]:
[image: image]
where [image: image] is the weight of the edges between the ith and jth nodes, and N is the number of nodes of the corresponding set.
• Clustering coefficient of Robins–Alexander, [image: image]. For a bipartite network, Robins and Alexander [31] defined the bipartite clustering coefficient as four times the number of four cycles, [image: image], divided by the number of three paths, [image: image], that is:
[image: image]
• Number of connected components, [image: image]. A connected component is a subnetwork containing one or more nodes such that there is a path connecting any pair of these nodes, but there is no path connecting them to other components.
Part III-Conspiracy indicator: According to our hypothesis—if conspiracy is present, then it is encoded in the network structure of companies with shared personnel—one straightforward measure of the conspiracy levels of a given set of companies is the ratio of connected components [image: image] relative to the total number of companies [image: image]. Under this consideration, the mathematical details of the indicator will be shown in the corresponding Results section.
All analyses were done using custom Python code. The network metrics were computed using the Python’s NetworkX package [32]. The network visualizations were created using Cytoscape [33].
3 RESULTS
3.1 Part I-Elemental Corporate Features
The main results for the first part of our analysis are presented in Figures 1, 2.
[image: Figure 1]FIGURE 1 | Corporate features per case. (A) Number of companies and personnel, [image: image] and [image: image], respectively. (B) Number and cumulative number of companies created yearly for all cases, [image: image] and Cum ([image: image]), respectively. Light and shaded bands correspond to different federal administrations. (C–F) Ownership and management statistics: (top) percentage of personnel according to its role within a company, with exact numbers also indicated; (bottom) role pair co-occurrence percentage matrix. (G–J) Percentage of personnel according to the number of possible role types, with exact numbers also indicated.
[image: Figure 2]FIGURE 2 | Corporate temporal features per case. (A–D) (first row) Number and cumulative percentage of companies created per year, [image: image] and Cum ([image: image]), respectively; (second row) number and cumulative percentage of new personnel per year, [image: image] and Cum ([image: image]), respectively; (third row) cumulative number of companies and personnel per year, Cum ([image: image]) and Cum ([image: image]), respectively. Light and shaded regions indicate the changes in the local or federal government administrations according to case. On top, the year period according to the first and the last company created is indicated.
In Figure 1A, we show the total number of companies, [image: image], and personnel, [image: image], per case. In Figure 1B, we show the total number and cumulative number of companies created per year for all cases, [image: image]. This provides an overall perspective of the temporal scale of action that spans several federal administrations (as indicated with light and shaded regions) and the dynamics of the companies’ creation rate that spikes in recent years, with the cumulative number of companies indicating that around 2012, we got approximately 50% of all the companies. This is further explored in Figures 2A–D, where we present: (first row) the number and cumulative percentage of companies created per year, respectively, (second row) number and cumulative percentage of new personnel per year, respectively, and (third row) cumulative number of companies and personnel per year. Light and shaded regions indicate the changes in the local or federal government administrations accordingly. In particular, notice how the rate of creation of companies is always below the rate of addition of new personnel, except for Case 1.
In Figures 1C–F, we present some ownership and management statistics. First (top of the panel), we show the percentage of personnel according to its role within a company (SHs, ADMs, COMs, and LRs), with exact numbers indicated. Here, it is observed that the most prominent role is the one of shareholder (SH), followed by administrator (ADM) and legal representative (LR), and last, commissioner (COM). Second (bottom of the panel), we show the role-pairs in the form of a co-occurrence percentage matrix. The diagonal reproduces the distribution on top, while off-diagonal elements are associated with the percentage of individuals that fall within the intersection of any role-pairs. The most prominent role-pair is SH–ADM, which in all cases shows up above 20%, followed by SH–LR and ADM–LR that fall closely below 20%. Commissaries seem to be the least important actors as seen for Cases 2–4; however, they recover an important role for Case 1, where the different types of roles are highly connected, indicating a high degree of role multiplicity. This is even clearer in Figures 1G–J, where, in correspondence with the previous panel, we show the personnel profiles according to the number of roles performed. For Cases 2–4, most people (around 60%) perform just one role, while four roles is the least likely profile to be observed. However, Case 1 displays a maximum number of these very unlikely four-role profiles and the least percentage of one-role individuals.
As observed in this part of the analysis, although Cases 2–4 vary in the number of companies and personnel, they share common properties regarding the distribution of role-pairs, role profiles, and temporal dynamics. Case 1 clearly presents an anomalous behavior that deviates from the rest.
3.1.1 Part II-Bipartite Networks
The main results for the second part of our analysis are presented in Figures 3, 4.
[image: Figure 3]FIGURE 3 | Network visualizations and metrics. For each case (A–D), we indicate the number of company nodes, [image: image]; the number of personnel nodes, [image: image]; the mean degree of company and personnel nodes, [image: image] and [image: image], respectively; the mean strength of company and personnel nodes, [image: image] and [image: image], respectively; the number of edges, L; the number of connected components, [image: image]; the number of shell companies, [image: image]; the density, δ; and the clustering coefficient of Robins–Alexander, [image: image]. The colorbar is related to the strength of the edges.
[image: Figure 4]FIGURE 4 | Corporate network dynamics. (A) Mean degree and mean strength difference for company nodes, (B) mean degree and mean strength difference for personnel nodes, (C) density, (D) clustering coefficient of Robins–Alexander, and (E) number of connected components. In (A–E), the temporal variable, Cum[image: image], corresponds to the normalized cumulative number of companies per year. In (F–I), time is an implicit variable of the data points for the mean degree and mean strength difference for company nodes (top), and the mean degree and mean strength difference for personnel (bottom), as a function of (F) companies mean strength, (G) density, (H) clustering coefficient, and (I) number of connected components.
In Figure 3, we show the network visualizations and some network metrics: Case 1 (Veracruz), Figure 3A; Case 2 (Puebla), Figure 3B; Case 3 (Guanajuato), Figure 3C; and Case 4 (Federation), Figure 3D. For each case, we indicate the number of company nodes, [image: image]; the number of personnel nodes, [image: image]; the mean degree of company and personnel nodes, [image: image] and [image: image], respectively; the mean strength of company and personnel nodes, [image: image] and [image: image], respectively; the number of edges, L; the number of connected components, [image: image]; the number of shell companies, [image: image]; the density, δ; and the clustering coefficient of Robins–Alexander, [image: image].
We found a remarkable difference in the network connectivity among cases, with Case 1 being the only one forming one giant connected component, while Cases 2–4 show very similar sparsity, although the density (given by Eq. 1) is quite similar for all cases, with [image: image]. Another relevant difference was found in the values of the clustering coefficient of Robins–Alexander, [image: image] (given by Eq. 4), for whose, the maximum value is associated with Case 4, [image: image] = 0.761, while the minimum value is associated with Case 1, [image: image] = 0.05. This counterintuitive result can be understood in terms of the definition of [image: image], in which only four cycles, [image: image], are counted. Thus, the [image: image] property is found in a great number of connected components in Cases 2–4 than in Case 1, for which this interpretation leads to the conclusion that companies and people tend to form more cycles of greater size or even chains than closely connected clusters.
In the case of the mean degree, [image: image], we found that there are important differences according to the node type. For the companies, [image: image] represents their average number of personnel. We found that [image: image], indicating the small size of the companies on average, with Case 3 being the one with the greatest corporate mean degree. For the personnel, [image: image] represents their average number of associated companies. We found that [image: image]. In particular, the personnel mean degree of Cases 2–4 is quite similar, [image: image], while the one for Case 1 is [image: image], both in direct correspondence with the observed connectivity in Figure 3.
The mean strength, [image: image], is best understood in conjunction with the mean degree, [image: image]. Specifically, the difference between the mean strength and mean degree, [image: image], is a measure of the average role multiplicity in a corporate network. For example, given a corporate network for which [image: image] and [image: image] (either for the companies or the personnel), [image: image] implies that, on average, two out of three edges have a strength of two, indicating role multiplicity. Therefore, the greater the difference between the mean strength and the mean degree, the greater the multiplicity of roles in a corporate network.
Notably, the differences and similarities previously described are best appreciated by looking at the evolution of these quantities in time. In Figure 4, we present a comparative corporate network dynamics for all cases with respect to different network metrics. As the time variable, we consider the normalized cumulative number of companies per year, Cum[image: image].
In Figure 4A, we show the mean degree and mean strength difference for company-type nodes (or the average role multiplicity in a company) as time progresses. Remarkably, Case 1 mimics Case 2 and Case 4 at initial stages; however, the latter has higher values and a different behavior (steeper slope) than the former one. The higher values of Case 3 indicate that, on average, companies tend to have personnel with higher role multiplicity. In Figure 4B, we show the mean degree and mean strength difference for personnel-type nodes (or the average role multiplicity of an individual). Remarkably, Cases 2–4 display identical (almost constant steady) dynamics, while Case 1 clearly differentiates from the rest, indicating a highly irregular increase in the role multiplicity of individuals as time progresses.
The previous observations regarding Case 1 can be complemented and best understood by comparing them with the cumulative number of companies, Cum[image: image], and the cumulative number of new personnel, Cum[image: image], per year (see Figure 2). For Cases 2–4, we have that the inequality Cum[image: image] Cum[image: image] is always satisfied, indicating that companies and new personnel with same role multiplicity are added in the same proportion per year, while for Case 1, we have that the inequality is not always satisfied, indicating that companies and personnel are added at a disproportionate rate (Cum[image: image] Cum[image: image]) in which the same personnel is used in multiple roles for multiple companies.
In Figure 4C, we show the dynamics of the density, which is almost identical for all cases; in Figure 4D, we show the clustering coefficient of Robins–Alexander, which presents different dynamics for each case, with Case 1 and Case 4 being clearly differentiated at all times, while Cases 2 and 3 only for their later years; in Figures 4D,E, we show the number of connected components. Notably, Cases 2–4 display the same dynamics in their formation of connected components, while Case 1 is completely anomalous.
In Figures 4F–I, we present a comparative analysis for both role multiplicity indicators, [image: image] and [image: image], in which we display them as a function of the company’s mean strength, the density, the clustering coefficient, and the number of connected components, respectively. Here, time is an implicit variable of the data points.
The results presented in this part of our analysis show that network science is a powerful analytical framework that is able to provide a deeper insight into the static and dynamical features of the cases studied. In particular, they clearly highlight Case 1 as a very irregular event compared even with other corruption cases. However, when it comes to having a better measure of the conspiracy levels for each case, it is hard to identify the set of network metrics that might be able to provide that description.
3.1.2 Part III-Conspiracy Indicator
According to our hypothesis—if conspiracy is present, then it is encoded in the network structure of companies with shared personnel—one straightforward measure of the conspiracy levels of a given set of companies is the ratio of connected components, [image: image], relative to the total number of companies, [image: image], that is,
[image: image]
where [image: image]. The minimum value, [image: image], is given when [image: image], at which [image: image], indicating that all companies are disconnected (no conspiracy). Its maximum value, [image: image], is given when [image: image], indicating that all companies are connected into one giant component (maximum conspiracy levels). In this case,
[image: image]
Notice that both [image: image] and [image: image] are dependent on [image: image] and well defined for finite or small-size networks. Therefore, the distance to maximum conspiracy would simply be
[image: image]
Here, when [image: image], it implies maximum conspiracy, while for [image: image], it recovers [image: image].
In Figure 5, we present our description based on the conspiracy indicator [image: image] given by Eq. 5. In Figure 5A, we show its temporal evolution as a function of the normalized cumulative number of companies per year, Cum[image: image]. In Figure 5B, we show its dynamical evolution relative to the maximum conspiracy indicator given by Eqs. 6, 7. In both figures, a clear distinction can be observed among Case 1 and Cases 2–4. In Figures 5C,D, we show its behavior with respect to the role multiplicity indicators [image: image] and [image: image], respectively. In Figure 5E, we compare it to the density. In Figures 5C–E, a clear distinction can again be observed among Case 1 and Cases 2–4 with respect to [image: image].
[image: Figure 5]FIGURE 5 | Network-based conspiracy description. (A) Conspiracy indicator, [image: image], and (B) distance to maximum conspiracy, [image: image], as a function of the normalized cumulative number of companies per year, Cum[image: image]; in (C–F), time is an implicit variable of the data points for the conspiracy indicator as function of the (C) companies and (D) personnel mean strength and mean degree difference, (E) density, and (F) clustering coefficient. In all subplots, the arrows indicate the direction of increasing conspiracy.
Finally, in Figure 5F, we show its behavior with respect to the clustering coefficient of Robins–Alexander. Considering that both quantities are bounded, [image: image] and [image: image], the plane could be divided into the indicated quadrants or regions I–IV, with each one providing a qualitative description for each case in terms of the number of connected components information, given by [image: image], and the clustering, [image: image]. In this way, Case 1 evolves in time toward the low clustering and high conspiracy region I, Cases 2 and 3 remain within the low clustering and low conspiracy region III, and Case 4 falls into the high clustering and low conspiracy region IV. Remarkably, the way each case is differentiated in terms of conspiracy-clustering regions is in an interesting correspondence with the general features of each corruption scandal, as it is discussed in the following section.
4 DISCUSSION
4.1 Organized Crime, Conspiracy, and Corruption in Procurement
The organized crime studies in law and social sciences are long familiar with the organization’s analytical model of a network [34] and, more recently, with network analysis applied to criminal cases [24, 35]. According to Steffensmeier, the normative concept of organized crime groups is typically defined after three main characteristics: a formalized structure whose primary objective is to obtain money through illegal activities, the structure’s activity has continuity over time, and it maintains its position through use of violence or threat of violence, corruption of public officials, and extortion [34]. Networks as criminal organizations are difficult to prosecute because they camouflage information and actions, and they grant impunity by adding security actors, such as public functionaries and politicians [34, 36], and also by acting in criminal conspiracy.
Conspiracy is a legal crime convenient when there is no substantive proof that an offense has been committed and evidence has been covered, but the agreement for fraud exists, and the centrality of the group activity is apparent as a “single invisible empire” [37]. Therefore, as a complexity problem, the recognition of factors that trigger criminal conspiracy for corruption in public procurement represents a step forward in predicting certain behaviors and discussing control strategies. In this research, criminal conspiracy is considered as an organized crime act or as “an agreement between two or more people to commit an illegal act, along with an intent to achieve the agreement’s goal.” The analysis of the procurement environment as a network commonly considers the connections between the contracting institutions and suppliers, either under a bipartite institution–supplier network or a firm–firm co-bidding network [8, 17, 20]. However, the information regarding the connections of public servants and business people to their corresponding institutions or companies, respectively (beyond hidden political ties), is an aspect that can be further explored. In particular, our results tell of the importance of the analysis of the supplier environment of a given country under a network and complex system approach, and of the relevance of creating network-based corruption indicators at the level of ownership and management of the companies involved in procurement.
The risk in procurement networks has also been qualified by a centrality proxy that opposes competition legislation [17]. The present research argues that while centrality is relevant as a normative risk indicator, it might not be useful in a political context where the rule of law is deteriorating and large-scale public and private actors acting unlawfully is common (see Data and Methods regarding the Mexican scenario).
4.1.1 Complexity Science Approaches to Conspiracy Networks
Corruption is a phenomenon that occurs within the structure and dynamics of complex social, economic, political, and technological systems. Although there is no general consensus on a comprehensive definition for complex system, in this study, we considered the following: complex systems are networks made of a number of components that interact with each other, typically in a nonlinear fashion. Complex systems may arise and evolve through self-organization such that they are neither completely regular nor completely random, permitting the development of emergent behavior at macroscopic scales [38].
As such, corruption in public procurement manifests as a non-separable or intertwined activity that takes places within a complex procurement system defined by contracting institutions, suppliers, public servants, and business people interacting through tendering processes, awarded contracts, labor relationships, and through hidden ties or connections [8, 12, 15]. At the level of ownership and management of the companies involved in procurement, this definition allowed us to hypothesize the criminal conspiracy (as a proxy for corruption) of corporations as an underlying behavior that creates connections among companies with shared personnel and that could be identified and quantified through the macroscopic properties of the corporate networks. First, we found that the companies involved in the scandals have unusual corporate profiles full of multi-role personnel, especially Case 1 (Figure 1). Also, the rate of creation of companies compared to the rate of addition of new personnel displayed some common patterns, except for Case 1 (Figure 2). Then, the analysis was performed under an empirical bipartite company–personnel network approach that allowed us to do the following: i) show how companies indeed nucleate into networks, with different properties, due to the existence of shared multi-role personnel, pointing toward potential criminal conspiracy activity (Figure 3); ii) describe and quantify the subtle differences and similarities in the structure and dynamics of the corporate networks for each corruption scandal (Figure 4); iii) show the degree to which the companies behave in a conspiracy fashion by introducing a conspiracy indicator, [image: image], based on the fraction of connected components of each network (Eq. 5); and iv) identify some elements that contribute to the description of corporate criminal conspiracy based on network-based metrics, specifically, the conspiracy-clustering description (Figure 5). The conspiracy-clustering description (see Figure 5F) generated a relevant classification of the cases that are in an interesting correspondence with their general features, such as scale of operation and percentage of shell companies involved: Veracruz, Case 1 (local scale of operation with less than 50% of shell companies involved) evolves in time toward the low clustering and high conspiracy region I; Puebla y Guanajuato, Cases 2 and 3 (local scale of operation with close to 100% of shell companies involved) remain within the low clustering and low conspiracy region III; and Federation, Case 4 (federal scale of operation with less than 50% of shell companies involved) falls into the high clustering and low conspiracy region IV.
We would like to remark that although our analysis is able to differentiate the corrupt cases in terms of the conspiracy and other metrics (such as the clustering) of the corporate networks, it still needs to be applied in a context that also includes non-corrupt companies in order to test its capabilities to classify corrupt from non-corrupt patterns. Also, one downside of our analysis is that so far, we have no evidence to conclude that these network structures are features of the whole ecosystem. As such, our research does not replace or substitute traditional corruption approaches or research on the procurement environment, but brings more elements to consider regarding corporate risk indicators based on the network properties of companies connected at the ownership and management level before any tendering process or contract is awarded.
4.1.2 Professional Practice and Further Research
Corruption practices in procurement processes have been extensively explored in the literature [8, 39], and it has been relevant to promote standards, legislation, and enforcement mechanisms in order to prevent opportunities for behaviors such as collusion, bid-rigging, and cartel agreements [17, 20, 40, 41], often by looking at the economic incentives and punishment rules [42, 43]. Global strategies seek to increase transparency, convenience, higher revenue in procurement through electronic government procurement [2, 4, 44, 45], and improve the value of reputation of the suppliers with compliance policies [46–48]. The underlying presumption seems to be that governments’ purchasing decisions are influenced by legitimate concerns and governments are willing to work with firms with a reputation, where public–private partnership will be endorsed within the compliance of domestic and international legal framework and codes of ethics [9]. Nevertheless, the assessments and risk metrics in procurement are becoming more comprehensive in order to fully ascertain the presence of organized crime acting in conspiracy and other offenses such as collusion and fraud in a way that they promote competition on the bases of law enforcement scenarios [49, 50]. Governments are the controllers and the responsible parties for enforcing anti-corruption legislation, but fragmentation, electoral interests, or private gain often diverts public officials from public purpose, and corruption is more difficult to detect [51].
The cases presented in this study represent examples of corruption where the government officials such as governors; heads of federal and state agencies, companies, and notaries; and natural persons undertake corruption action plans allegedly for electoral and self-profit ends. In contexts where governments are acting unlawfully, buyers and/or suppliers are acting in conspiracy with the obvious intent to remain undetected, and public officials protect or act in collusion with corporate networks; information traces hidden in journalistic investigations remain one of the best tools to expose criminal activities. Using corruption scandals data precisely benefits scientific analysis by often proving that regardless of a comprehensive legal framework, procurement practices overtake normative rationality, to serve a practical realpolitik system that poses a challenge to the design of corruption proxies and network analysis. Also, by analyzing corporate corruption under a network’s perspective, it is possible to avoid biases, such as taking for granted honesty, firm’s reputation [18], or public officials’ lawfulness, that go beyond the risks posed by single author’s offenses into patterns of racketeering activity [37].
Further research should delve into which corporate characteristics are likely to maximize connectivity by exploring the contribution of each personnel layer to the macro properties of the network together with the heuristic function for alleged conspiracy introduced in this article. Also, with more official information about the cases regarding government participation and financial transactions or taxpayers activities, extra analysis could assess the role of government in perpetuating and protecting corruption networks in procurement. Likewise, the more corruption judicial cases there could be before courts, the better understanding of the wrongfulness of the conspiracy activities could be categorized.
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Agent-based modeling (ABM) is a versatile social scientific research tool that adapts insights from sociology and physics to study complex social systems. Currently, ABM is nearly absent from legal literature that evaluates and proposes laws and regulations to achieve various social goals. Rather, quantitative legal scholarship is currently most characterized by the Law and Economics (L&E) approach, which relies on a more limited modeling framework. The time is ripe for more use of ABM in this scholarship. Recent developments in legal theory have highlighted the complexity of society and law’s structural and systemic effects on it. ABM’s wide adoption as a method in the social sciences, including recently in economics, demonstrates its ability to address precisely these regulatory design issues.
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INTRODUCTION
The time is ripe for legal scholars to use agent-based modeling (ABM) to produce actionable theoretical insights. One major strand of legal scholarship attempts to design or evaluate potential regulatory approaches based on their anticipated effectiveness at achieving societal goals [1, 2, 3]. This is an inherently normative project: both the overall consequentialist perspective and particular choices of appropriate goals are contestable. This sort of legal scholarly project also has social scientific underpinnings, however, because its success depends on the quality of its predictions about how society will respond to legal changes. Indeed, legal scholarship of this sort is often explicitly interdisciplinary, relying on theoretical concepts, models and methods from various fields of social science fields to inform those predictions. Microeconomics has been particularly influential, spawning a sub-field known as “law and economics,” (“L&E”) or sometimes “economic analysis of law” [4–7]. (As one rough measure of this impact, the LEXIS database of law journal articles contains more than 35,000 articles mentioning “law and economics” or “economic analysis of law,” just over 3,000 articles mentioning “law and sociology” or “sociology of law” and just about 1,500 mentioning each of “law and political science” and “law and psychology.”)
ABM is a computer simulation approach that has been increasingly deployed in social science to study the societal implications of various specifications of agents (who can be modeled as individuals, firms or other entities), their incentives and decision-making strategies, the interactions between those agents, and the social frameworks in which they interact. The computer simulation approach allows agent-based models to incorporate heterogeneity, nonlinearity and feedback effects in ways that are not possible with more traditional analytical solutions and approximation techniques [8, 9]. Using ABM’s bottom-up “generative social science” approach, “fundamental social structures and group behaviors emerge from the interaction of individuals operating in artificial environments under rules that place only bounded demands on each agent’s information and computational capacity” [10].
ABM’s strengths would appear to make it an attractive approach for exploring the potential societal implications of proposed changes to laws and regulations, particularly in light of the difficulty of employing experimental methods to probe these issues. Moreover, laws and regulations intersect with many aspects of social life that have been studied with ABMs. Yet the legal literature seems surprisingly oblivious to ABM’s potential to inform the evaluation of proposals for legal and regulatory change. Because ABM is an increasingly important social scientific tool, its lackluster uptake by legal scholars who aim to predict the effects of regulatory proposals is disappointing. Nonetheless, we believe that several developments make a more robust incorporation of ABM into legal scholarship possible now. A first set relates to legal scholarly demand for less individualistic and more systemic, structural, and political approaches to regulatory design, while a second set relates to the legal academy’s capacity for and openness to computational modeling. Both sets are usefully understood in relation to “law and economics,” which has been one of the most (arguably the most) influential–and controversial – strands of legal scholarship since the seminal work by Posner and others in the mid-1980s [6, 7, 11].
AGENT BASED MODELING AND ITS ABSENCE FROM THE LEGAL LITERATURE
Arguably rooted in mathematical sociology [12, 13], ABM is an alternative to analytical calculation that leverages computational resources to permit a wide and flexible range of specifications of agents, their incentives and decisionmaking strategies, and the interactions between them [8, 9]. The modeler is also free to specify features of the social, legal and policy frameworks in which the agents interact.
ABMs have been used in many social scientific domains of public policy relevance. We mention only a few examples. Notably, economists have begun to use ABM, especially since the 2008 financial crisis [14, 15, 16, 17, 18]. ABMs have also been used to study housing segregation beginning with models based on ethnic homophily and over time introducing models of market dynamics [13, 19–24]. Another line of research investigates labor markets, referrer networks, segregation, and affirmative action [25–28]. These studies are obviously relevant to questions in legal theory about antidiscrimination law. ABM models of the formation and adoption of norms [29–31] have general relevance to theories about the need for and effects of regulation.
Though Picker [29] article noted the potential usefulness of ABMs in understanding the interaction between norms and law, other legal scholars have not, for the most part, followed his lead. For example, a search of the LEXIS database of law journals for mentions of “agent-based model” or “agent-based modeling” turned up only 80 articles in total. Of those, 61 mention ABM only in footnotes (52) or in passing (9). Of the 19 articles that do more, seven merely propose ABM as a potentially useful technique for addressing policy issues related to: market panic [32]; water pollution in a river basin [33]; “exploratory analysis of policy options” in telecommunications [34, 35]; administrative rulemaking [36]; telecommunications complexity in comparative law [37]; and taxpayer behavior [38]. Seven others cite results from previously published ABM studies: [39] (citing ABM results about dependence of social structure on initial conditions to refute argument for genetic determinism of societal differences); [40] (citing ABM studies in discussion of environmental justice); [41] (citing ABM studies of crime displacement); [42]; (using results of ABM of the effects of economic-based college admissions criteria on racial diversity); [43] (further analysis based on the residential segregation ABM described below); [44] (relating ABM results about collective behavior formation to the formation of customary international law); [45] (using concepts from ABM to consider diffusion of innovations).
Thus, only five articles uncovered by our LEXIS search report new ABM studies designed to address a legal issue. [46], uses ABM to test and critique the assumptions underlying the Supreme Court’s invocation of “critical mass” in its affirmative action jurisprudence. [47], uses a detailed agent-based model of the Lake Champlain Basic as part of a larger project aimed at designing policies to ensure clean water. [48], reports the results of an ABM model designed to test theories about what factors influence tax compliance. [29], uses ABM to explore social norm formation as part of an inquiry into when legal regulation is required. [22], uses an ABM to explore how residential segregation can be locked in by historical events that create wealth and social disparities even in the absence of intentional discrimination or any preference for racial homophily. She then argues that current housing discrimination law cannot overcome these lock-in effects. Another seven articles apply the results of a previous ABM study to analyze a legal issue.
Of course, this quick survey is not an exhaustive search of the legal literature: for example, some articles may rely on agent-based modeling without using the term. These numbers also do not capture publications by legal scholars in non-law journals or other venues not included in the LEXIS database. Nonetheless, one can only conclude that ABM has made few inroads into legal scholarship, despite earlier discussions of its potential benefits [49–52].
LAW AND ECONOMICS, ITS CRITICS AND THE ABM OPPORTUNITY
Both the strengths and the weaknesses of Law and Economics make it an important backdrop for understanding the current potential for a more robust incorporation of ABM into legal scholarship. L&E adopts the consequentialist goal of steering the social system toward a desirable state and conceptualizes law primarily in terms of the incentives for individual behavior that it provides (rather than, for example, primarily as a means for compensating harms or providing “just deserts”). It thus requires some method for predicting how society will respond to a legal regime and some way to normatively evaluate the states of the world that are likely to result. Normatively, L&E adopts the goal of designing legal rules that will maximize social welfare, ordinarily defined as the sum of individual utility functions. It traditionally leaves distributional concerns to be addressed (if at all) through the tax system. To predict how society will respond to a proposed legal regime, L&E analyses often employ mathematical models and game theory, adopting simplifying assumptions from neoclassical microeconomics that favor analytical tractability over realistic portrayal of social dynamics and complexity. L&E analysis also tends to focus on designing rules to incentivize transaction-by-transaction efficiency, under the assumption that the cumulative effect will be social welfare maximizing.
L&E is a powerful methodology because, once one accepts its simplifying assumptions, it can be used to explore many questions about legal design, such as whether a negligence rule or a strict liability rule will induce the socially optimal level of precautions in a particular context, what combination of punishment severity and enforcement certainty most effectively deters crime, and whether the costs of implementing a regulatory regime outweigh its benefits. The legal academy’s experience with L&E also demonstrates the value of mathematical models for sharpening analysis and clarifying assumptions, as well as (for better or for worse) the persuasive force of simple models. Beyond L&E’s appeal as a basis for detailed models, its foundational assumptions, such as that incentives matter and that rational self-interest drives much of human behavior, can usefully be deployed to make “hand-waving,” but plausible, informal assessments of incentives and trade-offs. This flexibility means that the L&E approach can be used not only by L&E scholars, but also by a wide range of legally relevant actors, including judges, attorneys, legislators and administrative policymakers.
To predict how affected individuals might respond to a legal change, traditional L&E models individuals as self-interested, informed and rational actors, whose goals are to maximize individual utility by satisfying their preferences. Because utility cannot be easily determined, compared or summed across individuals, L&E typically focuses on arranging society’s rules to facilitate “efficient” voluntary transactions, in which participants decide for themselves whether they are made better off. When, as is often the case, transactions have spillover effects (“externalities”) on the utility of outsiders, however, the L&E analyst must somehow account for those effects. One approach is to design regulatory mechanisms aimed at forcing the transactors to internalize–or at least account for–the social costs of the externalities. Often, however, L&E analyses simply redefine efficiency in terms of “Kaldor-Hicks” improvement [53, 54], in which “state A is to be preferred to state B if those who gain from the move to A gain enough to compensate those who lose” [55]. This approach requires an interpersonal comparison of utilities that is ordinarily performed using a monetary metric. L&E analyses thus often boil down to transaction-by-transaction marginal cost-benefit analyses. Because the goal is to maximize total social utility, the analysis need not consider whether the Kaldor-Hicks losers are actually compensated.
Of course, predicting how individuals will react to legal changes and how the state of the world will evolve as a result is a Herculean (or perhaps Sisyphean) task. Legal systems are thus designed to facilitate revisions when existing law begins to have socially undesirable effects. The marginal, transaction-based approach of L&E implicitly assumes that when this happens, problems with current laws can be detected and incremental course corrections can effectively guide society toward an optimal legal regime. This expectation has led some L&E scholars to embrace the common law system, in which legal doctrine shifts gradually as cases come to court.
The assumptions made in traditional L&E analyses are advantageous for tractability, but have well-known practical, conceptual and normative weaknesses [11]. L&E has always been criticized for its simplified, rational actor model of human motivations and behavior. The subfield of “behavioral economics” arose to develop and implement more realistic models of human beings as boundedly rational, subject to cognitive biases and not fully informed [56]. While such more realistic representations of individual behavior can sometimes be incorporated into L&E’s traditional analytical methods, this is more easily done in an ABM, which can incorporate heterogeneity, limited information and various forms of motivations and behavioral rules without the need for analytical tractability. Nonetheless, better modeling of individual behavior is not ABM’s most important contribution. Indeed, while ABM can be used for highly detailed and realistic modeling of specific situations (see [33, 47]), ABM’s main strength is its ability to demonstrate and explore the ways in which unexpected system-level properties can arise from relatively simple models of individual behavior. In this respect, most applications of ABM to legal theory are likely to retain both the advantages and some of the disadvantages of L&E’s simple modeling of individual behavior.
Defining social welfare in terms of total wealth maximization is normatively troubling, especially because the traditional L&E proposal to deal with the unfairness of Kaldor-Hicks efficiency through the add-on of redistributive taxation is both practically and politically infeasible. In practice, traditional L&E tolerates large disparities in its single-minded pursuit of increasing the size of the pie. Some scholars have suggested ways to tweak standard L&E analyses to account for other normatively important considerations such as equality. For example, one might posit individual preferences for altruism, equality, or reciprocity or for biodiversity or clean air [6] or introduce quantitative and qualitative mechanisms for taking non-monetary and distributional social values into account in cost-benefit analysis [57, 58]. These proposals certainly have some practical merit (indeed some of Sunstein’s proposals for modified cost-benefit analysis were implemented during the Obama administration). Nonetheless, these attempts to maintain the tractability of L&E’s utility maximization by representing other values in terms either of individual preferences or of add-ons to total social utility are difficult to calibrate empirically, do not direct account for the nuanced ways in which people care about the utility of others, and tend to frame policy debates in terms of “trade-offs” between total utility and other values.
Overall, by attempting to maintain L&E’s basic framework–and analytical tractability–these tweaks continue to prioritize wealth maximization over other normative considerations. Moreover, adopting a more realistic model of individual behavior or a more complicated social welfare function deprives L&E of some of its main selling points–analytical tractability and simplicity–requiring further approximations elsewhere and reducing the range of questions which the model can address.
One example of an L&E regulatory design approach that has not aged well comes from privacy law. Early L&E literature argued that laws restricting use of personal information are suspect because they prevent allocative efficiency in the market [7]. While later work in Economics has challenged this view and provided more sophisticated models [51, 59, 60], these upgrades have not been sufficient to deal with the changing conditions of e-commerce and the breadth of social concerns implicated in digital technology’s use of personal information. Alternative frameworks for understanding privacy in terms of contextually defined norms [61] and systemic financial risk [62] suggest that legal scholarship could benefit from ABMs, perhaps adapted from those modeling norm formation [63–66] and bank stress testing [67, 68, 69], and enforcement policies [70].
[71], provides a direct comparison of ABM and traditional L&E approaches to the problem of devising tort law standards for accident compensation. While some findings are consistent between the two, the ABM demonstrates that when agents learn the rules from experience, they behave differently from the neoclassical predictions. Among other observations, results vary depending on how the duty of care is specified. Agents sometimes are careful even when they would not be liable under the applicable standard of negligence, but sometimes continue to behave negligently for long periods of time; and individual agents generally continue to experiment with safer and riskier strategies long after overall system variables appear to have settled at equilibrium values. This sort of heterogeneous experience of individual agents may affect long-term wealth distributions and might plausibly be relevant to the design of tort law.
ABM AND THE COMPLEXITY CRITIQUE
Fundamentally, even the most “souped up” L&E approaches tend to take an individualistic transaction-by-transaction perspective, implicitly assuming that society’s response to legal rules will approximate a linear cumulation of these assessments, where deviations can be handled by incremental course corrections. Unfortunately, complexity theory suggests that L&E’s faith in linearity and incrementalism is likely to be misguided. The networked nature of social systems makes non-linear cumulative effects and feedback between transactions not only likely, but increasingly so as technology increases global interconnectedness. As Miller and Page [72] explain:
Complexity arises when the dependencies among the elements become important. In such a system, removing [or altering] one such element destroys system behavior to an extent that goes well beyond what is embodied by the particular element that is removed [or altered]. (p. 9).
Complex systems are known to exhibit phenomena, such as phase transitions, tipping points and metastability, that have dramatic non-linear effects. Computational simulation has been the primary tool for studying these systems. When the world is complex, a head in the sand insistence on locally tractable models simply will not do. Indeed, the increasing reliance on ABM in the social sciences is a direct consequence of the recognition of complexity’s importance in social systems.
Our unfortunate recent experiences with the mismanagement of the COVID-19 pandemic [73] and the spread of electoral misinformation highlight the importance of devising regulatory approaches responsive to complex phenomena. It is thus increasingly urgent for legal scholars to attend to those who have long been sounding the alarm about the challenges that complexity poses for law. (For overviews of complexity science and its applications in law, see [4, 74–81]). To date, the legal scholarly response to “complexity science” (also called “complex adaptive systems”) has focused mostly on environmental law and financial systems, where the focus has understandably been on designing legal structures and institutions to avoid disastrous tipping points. Other systemic problems, such as the persistence of racial inequality, suggest that society has become stuck in a metastable state that cannot be escaped through incremental improvements. Though such metastability is to be expected in the social welfare landscape of a complex society, even less attention has been paid so far to the question of how law might be used to facilitate socially desirable systemic change. Moreover, as our above survey of the literature suggests, to date the legal literature addressing complex systems has mostly tried to spin out the implications of general observations about the nature of complex systems, rather than ABMs tailored to the problem under consideration. This translational work is extremely valuable, but more could be learned from more targeted ABM projects.
For example, Malcai and Shur-Ofry [74] point out that the conceptual toolbox of complexity theory can illuminate a longstanding, and polarized, debate about whether to apply cost-benefit analysis or a more constraining “precautionary principle” in shaping environmental regulation, particularly with regard to climate change. They contend that a complexity-based approach can alleviate concerns that the precautionary principle is insufficiently sensitive to the costs of environmental precautions by “delineating several factors, which may serve as guidelines for the principle’s application: phenomena that spread exponentially, in short time-scales, and pose systemic, existential, risk.” With that basic insight in hand, more specifically tailored ABM could help to further delineate these (and possibly other) factors and provide further guidance as to when they are likely to arise in real-world systems.
The stream of applications of ABM to residential segregation, discussed earlier, illustrates the value of this approach, as well as the unique perspective that legal scholars can bring to these questions. While sociologists have focused on understanding how small amounts of racial bias and preference for homophily can result in drastic segregation, legal scholars' contributions [22, 43] emphasize the lasting effects of prior legal tolerance of enforced segregation and critique the way that current anti-discrimination law fails to address these “lock-in” effects. These two effects both arise from feedback effects characteristic of complex social systems, but they are quite different and might suggest different regulatory responses. To understand and address current housing segregation problems, both of these perspectives (and others) are undoubtedly needed.
DISCUSSION
While the number of scholarly articles discussing law and complexity is dwarfed by the law and economics literature, it is by no means negligible today. Nonetheless, as discussed above, ABM remains largely absent from the legal literature. As noted, however, we see two sorts of reasons—theoretical and practical–to be optimistic about the potential for growth in legal scholarly attention to ABM methods and results.
Theoretical Demand for Consideration of Law’s Structural and Systemic Effects
Two recent developments in legal theory, framed as critiques of L&E and highlighting current societal problems, draw attention to precisely the sort of systemic, structural and dynamic effects that ABM may be able to model. These movements, termed “Law and Macroeconomics” and “Law and Political Economy” by their proponents, are still relatively nascent, but seem to be gaining traction among legal scholars. Moreover, both movements have so far lodged their critiques at a relatively abstract and theoretical level. ABM provides a method for translating at least some of these systemic critiques of L&E into actionable insights about legal and regulatory design that can be compared to and juxtaposed with those of traditional L&E. While ABM does require somewhat simplified models, it can avoid many of the most troublesome simplifying assumptions of traditional L&E, while maintaining the many advantages of using well-specified models to test and deepen qualitative insights.
Law and Macroeconomics
[82] proposal for “Law and Macroeconomics” argues that traditional L&E “should really be called ‘law and microeconomics,’” because of its inability to reckon with aggregate level constraints, such as financial recessions and the business cycle, that appear in macroeconomics. He argues that legal analysis should be more responsive to macroeconomic considerations, at least under some conditions. Meanwhile, the 2008 financial crisis was a wake-up call for macroeconomics, which has since revisited its assumptions about the connections between individual behavior and larger patterns and effects. Whereas macroeconomic models formerly depended on a “representative agent” that was somehow both a single agent and an average of all agents in the economy, now the field is moving toward heterogeneous agent modeling (HAM), explicitly modeling a variety of agents with ex ante and ex post differences [83]. HAM methods combine the classic economic tool of dynamic stochastic programming [84] with the flexibility of ABMs. ABM macro methods have found some traction in federal policy-making through research aimed at studying financial risk [68]. Further incorporation of ABM into relevant legal scholarship would be both a natural outgrowth of Listokin’s call for a “Law and Macroeconomics” approach and a method for conducting such studies.
Law and Political Economy
A new scholarly movement calling itself Law and Political Economy (LPE) has recently combined a number of earlier critiques of L&E to contend that L&E is reflective of a “[n]eoliberal political economy, with its underlying commitments to efficiency, neutrality, and antipolitics, [that] helped animate, shape, and legitimate a twentieth-century consensus that erased power, encased the market, and reinscribed racialized, economic, and gendered inequities.” [11] LPE scholars see a need to correct L&E’s erosion of antitrust, intellectual property, and environmental law (for example) through “a legal imaginary of democratic political economy, that takes seriously underlying concepts of power, equality, and democracy” to “amplify and accelerate [recent] movements for structural reform.”
One need not believe that computational models can account for all of these scholars’ criticisms of L&E to expect that the wider modeling scope made possible through ABM techniques can help to illuminate the effects of separated markets and power imbalances, take into account the endogenous effects of the market on the law, and model various ways in which law and legal institutions can promote social values such as equality and democracy, rather than optimizing a linear representation of the atomistic preferences of individuals. These models would necessarily have a different view of social structure, taking less for granted and acknowledging new forms of social (in)stability and transformation.
Practical Developments Favoring Law and ABM
In addition to the current demand by legal scholars for ways to account for a broader set of normative values and systemic effects in evaluating legal and regulatory proposals, several more mundane developments favor greater use of ABM in legal scholars. Whatever L&E’s failings and limitations, several decades of L&E scholarship, along with other influences such as the emergence of the discipline of technology law, have created a significant cadre of legal scholars with the capacity to engage in mathematical and computational modeling, either alone or in interdisciplinary collaboration, as well as a much larger group that is now prepared to read, discuss and critique the resulting applications to legal questions. While some legal scholars are equipped to take on ABM projects alone, bringing such efforts to the wide range of legal arenas involving significant complexity is likely to require interdisciplinary collaborations between legal scholars and social scientists. Fortunately, as a result of various “law and … ” approaches and of the growing importance of technological understanding for regulatory design, interdisciplinary collaboration is now entirely unremarkable for legal scholars (at least in the U.S.) Moreover, the growing use of ABM methods in social science means that many new legal scholars will have been exposed to these techniques during their undergraduate or graduate studies prior to entering law school. The spread of ABM methods also means that open source software packages are now widely available for running fairly sophisticated simulations without deep programming expertize. This development, along with the widespread availability of cheap computing resources that are powerful enough to run meaningful simulations (indeed, a laptop will often suffice) reduces barriers to entry for this type of research.
In sum, the potential for ABM to contribute to progress on important issues in the evaluation and design of proposals for law and regulation is high in light of the complex problems confronting today’s society. Fortunately, for both theoretical and practical reasons, the ground is much more fertile for adoption of ABM methods than it has been in the past.
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Many scholars have employed the term “entropy” in the context of law and legal systems to roughly refer to the amount of “uncertainty” present in a given law, doctrine, or legal system. Just a few of these scholars have attempted to formulate a quantitative definition of legal entropy, and none have provided a precise formula usable across a variety of legal contexts. Here, relying upon Claude Shannon's definition of entropy in the context of information theory, I provide a quantitative formalization of entropy in delineating, interpreting, and applying the law. In addition to offering a precise quantification of uncertainty and the information content of the law, the approach offered here provides other benefits. For example, it offers a more comprehensive account of the uses and limits of “modularity” in the law—namely, using the terminology of Henry Smith, the use of legal “boundaries” (be they spatial or intangible) that “economize on information costs” by “hiding” classes of information “behind” those boundaries. In general, much of the “work” performed by the legal system is to reduce legal entropy by delineating, interpreting, and applying the law, a process that can in principle be quantified.

Keywords: entropy, indeterminacy, legal entropy, information theory, modularity, Hohfeld, legal complexity, legal uncertainty


INTRODUCTION

It goes without saying that the law and legal systems are uncertain to a significant degree. Several scholars (e.g., Katz and Bommarito [1]; Friedrich et al. [2]) have attempted to determine the uncertainty (and related complexity) of legal systems by formulating measures of the “entropy” of words in legal texts, including statutes and other legal authorities. Although measuring the ambiguity of words in texts can be valuable in many situations, it does not provide a comprehensive measure of the uncertainty in interpreting legal rules, much less a “system-wide” measure of the uncertainty of the law and legal system and subsystems more generally. Other scholars (e.g., Dworkin [3], Parisi [4, 5], Ruhl and Ruhl [6]) have focused their efforts on more general notions of legal entropy and related concepts, but have done little to nothing to formalize those notions in mathematical terms.

This article provides several important contributions to the literature by formalizing the notion of legal entropy. First, it offers a conceptual framework to quantify the entropy of legal systems that extends beyond legal text to capture how the law actually functions in real-world situations, including not only legal interpretation, but also the entropy and related information costs in formulating and applying the law. Second, although some previous works have foreshadowed the possibility of a quantitative description of legal entropy (e.g., D'Amato [7]), the formalization offered here provides a fully mathematical formulation as it applies to legal systems and disputes. Third, the mathematical model proposed here offers a potential template for how legal AI systems can measure and store information about the uncertainty of legal systems. Fourth, the model helps to explain more fully the nature and function of important concepts in the law, including the so-called “modularization” of the law and legal concepts, as proposed in the seminal works on the topic by Smith [8–10] and follow-on works by others (e.g., Newman [11]), as a well as the Coase Theorem [12] and the indeterminacy of legal rules [13].

The article proceeds as follows. Part 2 provides a brief background of the notion of entropy in physics and information theory, particularly Shannon's [14] formulation of information entropy. Part 3 describes previous attempts to describe legal entropy, including descriptive notions of legal entropy and measures of the word entropy found in legal texts. It explains the limitations inherent in these previous treatments. In Part 4, relying on Shannon [14] and the theoretical work of Hohfeld [15], it introduces a formal mathematical description of legal entropy, as it applies to a particular legal issues and disputes as well as across legal systems and subsystems. Specifically, Part 4 proposes models for quantifying entropy in formulating and interpreting the law, as well as applying the law to a set of facts. In Part 5, the article applies its formal model to important theoretical and practical issues in the law, including legal indeterminacy, modularity, and the Coase Theorem. In so doing, it discusses practical problems in “measuring” legal entropy. Finally, the article concludes with some suggestions for further research.



ENTROPY IN PHYSICS AND INFORMATION THEORY

The concept of entropy in physics traces to the work of Clausius [16] in the mid-nineteenth century to describe a property of the transfer of heat, ΔQ, from a heat source at a certain temperature, T, to an idealized engine in a so-called reversible process.1 In this situation, according to Clausius, the entropy of the system increases by ΔQ/T. Similarly, entropy decreases by such an amount when an idealized engine loses heat ΔQ to a heat sink at temperature T. In other words, as heat enters a thermodynamic system, entropy increases—particularly, if the system is cold, less if the system is already hot.

In the 1870s, Boltzmann [17] offered a molecular (i.e., microscopic) description of Clausius's notion of entropy. Specifically, Boltzmann [17] postulated that Clausius's macroscopic description of entropy could be explained in relation to microscopic states. Because heat at a macroscopic level is essentially a “disordered” collection of microscopic particles, the exact behavior or which is unknown at the macroscopic level, the entropy of the system can be viewed roughly as a measure of macroscopic disorder. As a cold system becomes hotter, its ordered, stable microscopic state of particles in fixed positions yields to a frenzy of quickly moving particles. Although in a classical system, the position and momentum of microscopic particles is measurable in principle, merely measuring the temperature and other macroscopic properties of a system would be insufficient to determine the precise position and momentum of each and every particle. As more heat enters a system, the more difficult it becomes to use macroscopic measures to determine the position and momentum of each particle that the system comprises. This increasing uncertainty results because the microscopic particles could be in a greater number of potential states (i.e., of position and momentum) in an increasingly hotter system than an increasingly colder system, where particles are relatively motionless. If a system is already hot, introducing a bit more heat increases the uncertainty of the microscopic states much less than if the system begins cold.

Boltzmann [17] was able to formulate a microscopic definition of entropy along these lines, S = kb ln W, that explained Clausius's macroscopic definition. According to Boltzmann's Equation, the entropy S of an ideal gas is simply the natural logarithm (introduced for mathematical convenience) of the number of microstates, W, of the system corresponding to the gas's macrostate multiplied by a constant kb (Boltzmann's constant).2 In other words, the number of different position and momentum arrangements the microscopic particles may occupy for a given macroscopic state effectively explains the macroscopic entropy of the system.

Boltzmann [18] and later Gibbs [19] generalized his equation to take into account that certain microstates are more or less probable than others. In this case, weighting is necessary to take account of the variable probability of certain microstates that correspond to a given macrostate. In this case, using a well-known mathematical approximation, the so-called Gibbs entropy becomes:
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Roughly speaking, the Gibbs entropy reflects a weighted average of the number of microstates corresponding to a given macrostate, where pi is the probability for a certain microstate to occur. In this regard, note that ln pi (for pi < 1) is negative and decreases as pi approaches zero. Thus, a state i with a seemingly small probability of occurrence may significantly contribute to overall entropy.

The Gibbs entropy is in effect a special case of a more general phenomena in which some “macroscopic” state of a generalized system, call it M, may be instantiated by W different “microscopic” states of the generalized system (Jaynes [20]). For instance, the “macroscopic” state of having 10 cents in one's hand can be instantiated by four “microscopic” states: (1) 10 pennies; (2) a nickel and 5 pennies; (3) two nickels; or (4) one dime. In other words, knowing the “macroscopic” state (here, the total monetary value) generally will be insufficient to specify the “microscopic” state (here, the precise coins used to achieve the total monetary value).

The greater the uncertainty in microscopic configuration, the greater the entropy. In other words (and using log base 2 to capture the number of bits of entropy), S = k log2 W. Setting k = 1 for simplicity, and reducing W in the same manner as the Gibbs entropy, one arrives at the formula for Shannon [14] entropy in bits:
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If we suppose that each of the four microstates in our example are equally likely, the Shannon entropy of 10 cents is−4 x 0.25 × log2 (0.25) = 2 bits of information.3 This is sensible since there are only four choices, which we can label 00, 01, 10, or 11. This more generalized notion of entropy as the uncertainty over a range of informational microstates, as reflected in the Shannon entropy, will play a central role in quantifying legal entropy herein.



PREVIOUS TREATMENTS OF ENTROPY IN LEGAL SYSTEMS

Many scholars have applied the concept of entropy to legal systems. All of these treatments can be classified into two categories: (1) metaphorical uses of the concept of entropy; and (2) uses of formal mathematical and physical definitions to measure the “entropy” of legal texts.

Although the first category of scholarship (metaphor) can often be useful in thinking about the disorder, complexity, and uncertainty present in legal systems, it fails to offer any formal quantification of legal entropy. For instance, in a well-known article, Parisi [4] contends that real property is subject to a fundamental law of entropy that leads to increasing fragmentation of property interests, but fails to quantify the notion. Lewis [22] applies thermodynamic principles, including entropy, to the explain corporate reorganizations but, like other treatments, does not extend his notions beyond the level of metaphor. Ferrara and Gagliotti [23] purport to develop a conceptual “mathematical” approach to the law, including a notion that has “somewhat to do with the concept” of entropy in information theory, but their scheme is devoid of formal definition and thus reduces to metaphor. Ultimately, all previous treatments of the broad of concept of legal entropy (see also Berg [24], Edgar [25], Fromer [26], King [27], Moran [28], Stephan [29], as examples) fail to quantify the notion.4

Perhaps the treatment that comes closest to any quantification of legal entropy is that of D'Amato [7], who recognizes that entropy is at a maximum when the outcome of a legal dispute is equally likely for each part, further remarking that “[i]n order to use entropy in law directly, the legal scientist would have to embed the collection of predictions we call law into an abstract space that exhibited the variations in the level of uncertainty of the predictions.” Yet, immediately following this insight, D'Amato [7] states that “Since law cannot be completely transcribed into words, it cannot be transcribed into symbols and spaces either.” D'Amato's [7] statement is deficient in two important respects. First, to the extent one is concerned about the probabilities of outcomes in legal disputes, as is D'Amato [7], although it may be practically difficult to “transcribe” disputes into probability spaces, it is not impossible. Indeed, attorneys regularly the estimates the odds of winning and losing cases. Moreover, recent developments in legal artificial intelligence have vastly expanded the promise of more automated approaches to predicting legal outcomes (e.g., Katz et al. [32]; Branting et al. [33]). Second, aside from practical interest, it may be theoretically illuminating to devise mathematical models of the operation of the law. In this regard, such theoretical modeling is in turn arguably critical to practical advances in legal artificial intelligence.

The second category of articles relies on measures of entropy from computational linguistics and related fields, typically derived from Shannon [14, 34], to measure the uncertainty or ambiguity that is present in the text of statutes, regulations, and legal documents. For instance, Katz and Bommarito [1] measure legal complexity based on linguistic entropy present in U.S. federal statutes. In a similar vein, Friedrich et al. [2] examine the word and document entropy of opinions from the U.S. Supreme Court and the German Bundegerichtshof in order to measure and compare the textual ambiguity present in the courts' opinions.5

Although these text-based endeavors are important contributions to the literature, especially by formalizing previous metaphorical treatments, they are limited to what I term the “interpretive entropy” of legal systems—namely, the entropy and associated information costs involved in interpreting the law prior to its application to a particular set of facts. Moreover, because this scholarship tends to focus on the language of statutes and regulations, it measures only a portion of the interpretive entropy, because interpretation also involves the consultation of authoritative legal opinions, administrative interpretations, legislative and regulatory history, the text of other statutes and regulations, and not infrequently, general facts about the world (e.g., social norms, scientific facts, etc.).6

The present article adds to the literature by formalizing the metaphorical treatments in the first category. Like the articles examining the entropy of legal texts, it relies on formal mathematical and physical definitions, but it extends beyond the mere words of laws to provide more general, quantitative definitions of legal entropy.7



FORMALIZING LEGAL ENTROPY

This section relies on the work of Shannon [14], Hohfeld [15], and others to introduce a basic mathematical formalization of the entropy involved in the formulation, interpretation, and application of a law to a given set of facts involving a single legal actor, as well as system-wide entropy across multiple laws and facts concerning many legal actors. In so doing, it begins to overcome the theoretical limitations of the prior literature described earlier.


The Entropy of Legal Systems

As noted, although formal measures of the ambiguity of words in legal documents through measures of word entropy is useful to analyze and parse legal texts, it does not measure the entire extent of interpretive entropy, much less the entropy of legal systems more generally. Rather, one would like to quantify the ambiguity across the entire range of the formulation, interpretation, and application of particular laws to particular behavior.

For instance, the tax laws are notorious for being uncertain in delineation, interpretation, and application (Osofsky [37]). Regarding application, just small variations in the underlying facts relating to a particular tax provision can lead to large changes in the likelihood that the applicable legal actor is obligated to pay taxes or not. Similarly, patent infringement disputes are often difficult to predict, and like tax issues, are sensitive to small variations in the underlying law and facts (Sichelman [38]). Moreover, even if one can quantify the “entropy” of a particular application of law to facts involving a single legal actor, is it possible to quantify the entropy of a legal system and its subsystems encompassing many laws and many legal actors?

Thus, it becomes incumbent to conceptualize the different domains of entropy that arise in legal systems. Delineative entropy involves the ambiguity and related information costs in formulating the law in the first instance, typically into written symbols, in a constitution, statutes, regulations, judicial decisions, and the like. As noted earlier, interpretive entropy concerns the ambiguity in interpreting the written symbols in legal documents, including not only constitutions, statutes, and regulations, but also judicial decisions. Such an endeavor is not merely textual in nature, but will often involve relying upon institutional and social norms, which themselves can be uncertain. Finally, applicative entropy is roughly the uncertainty involved in applying an interpreted law to a given set of facts.8 Each type of legal entropy is considered in turn, along with a proposed formal quantification of each.9



Delineative Entropy

Formulating the law involves many different types of transaction costs. For instance, legislators must be paid to meet, investigate, negotiate, deliberate, and so forth. Similar transaction costs are borne by regulatory agencies and judges in formulating the law. Political scientists and economists have regularly modeled the delineation of law, including related transaction costs, in terms of public choice, game theoretic, and related models (e.g., Benson and Engen [42], Crump [43]). Yet, some of these transaction costs involve information costs that potentially relate to reducing the legal entropy involved in formulating the law, and scholars have yet to provide quantitative measures of such.10

What information costs reduce entropy? According to Shannon [14], the entropy of a system is precisely the number of informational bits needed to encode the microstates of the system. When the microstates themselves are unknown, such encoding involves an information cost in determining the precise informational bits of the microstates. As explained more fully in Part 5, actors within the legal system—such as lawyers, lawmakers, judges, law enforcement and others—regularly perform work by incurring information costs to encode microstates—typically, in order to reduce legal entropy by selecting one of the microstates, or at least by reducing the uncertainty in which microstate will be selected. In general, all information costs that genuinely generate new “legal” information about the microstates of some legal system or subsystem will reduce that system's or subsystem's legal entropy (see Part 5). Delineating the law involves many activities that generate new legal information and, in turn, reduce legal entropy. Here, I examine just a portion of those activities. A fuller account of delineative entropy would systematically review each and every one of them.

To begin with, lawmakers must determine which actions, roughly speaking, of legal actors not subject to law should be subject to law and, at conversely, which actions currently subject to law should not be subject to law (or should be subject to amended laws). Ex ante, there will be uncertainty in which categories of human behavior should be subject to law, not subject to law, or subject to legal amendment. Ultimately, this boils down to whether a category of human behavior should be subject to a general change in state with respect to the law.

Astute observers, perhaps aided by legal artificial intelligence, could estimate the probability that some given area of human behavior, especially those relating to newly arising technologies, should be subject to a change in legal state. Suppose it is first day of Nakamoto's [48] now-famous article on bitcoin, and just a few observers know about it. Eventually, information spreads—including from information costs incurred generally unrelated to legal entropy—and lawmakers learn about it but want to know more. At this time, whether activities related to cryptocurrency will be regulated is highly uncertain, probably close to 50%. The lawmakers expend information costs, including formal hearings with experts, to learn more about the economic and social ramifications of bitcoin and whether it should be subject to law.

After much expenditure, legal observers estimate that the probability is 80% that it will be subject to regulation in the near-term within some legal jurisdiction. At each stage during the investigative and deliberative process, one can in theory construct a “near-term” Shannon entropy related to whether some category of human behavior will be subject to law, call it “deontic” entropy,11 which will be one form of overall delineative entropy.12

Specifically, for a “single” human behavior (e.g., whether cryptocurrency usage will be regulated), one can calculate the near-term Shannon deontic entropy by summing across the probability that the category will be subject to law. So, assuming 80%, we arrive at
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Such entropy may appear at first blush low, but one must sum across all categories of human behavior to determine the total deontic entropy. Indeed, the level of abstraction at which we categorize human behavior will have a substantial effect on the total deontic entropy. For instance, within the category of cryptocurrency usage, there may be hundreds of distinct behaviors, of which may be subject to law. Thus, conditional on the category being subject to law, one may want to know the probabilities and associated entropy with specific behaviors within the category being subject to law, and for some areas of human behavior, even more fine-grained analyses. Here, in theory, one can use the formal notion of conditional entropy—described further below—to quantify the amount of entropy at every level of abstraction.

Of course, in practice, perfectly quantifying the entropy of hundreds of distinct behaviors at multiple levels of abstraction will be impossible. But contrary to D'Amato's [7] pessimistic suggestion that we give up on the endeavor entirely, as noted earlier, conceptualizing how we should formulate various types of legal entropy, even if practically difficult, serves important purposes. First, it provides an ideal model and, thus, a proper roadmap as to how one should build out a practical approach to modeling entropy. For instance, with respect to cryptocurrency, one may build out a rough model of various behaviors and categories potentially subject to law to generate a rough quantification of deontic entropy. Increasingly, these processes may be aided by legal artificial intelligence and related mechanisms. Second, building out these models may help us to understand law, from a theoretical perspective, in a more coherent and precise fashion. Indeed, the history of science is rife with models that are initially rough and thus difficult to solve, model, or explain, but later become subject to rigorous modeling and application. Notable examples are the development of the atomic theory of matter [50], the theory of evolution [51], and the theory of gravitation [52].

Once lawmakers determine that a given category of human behavior should be subject to law, the question becomes how to specifically draft statutes, regulations, or judicial decisions, particularly at a conceptual level, but even at a textual level, that instantiate the aims of the lawmakers. Specifically, if one begins with a concept (or set of concepts) that lawmakers or judges seek to instantiate into written law (or some other more concrete expression), there will exist multiple ways of instantiating the concept into written law.

Often, this involves the particularization of a more general concept (e.g., “Though shall not kill”) into a main rule that specifies the conditions under which the law is violated (e.g., “The killing of another person with malice aforethought,” etc., etc.) and sets of exceptions (e.g., except in self-defense, legitimately as a soldier in war, etc.). In other situations, it involves aggregating multiple concepts (e.g., the types of prohibited interferences of third parties against a landowner's permitted uses) into a single rule (e.g., the law against trespass). Quantifying the amount of uncertainty in how to specify the law, generally in text, is useful to understand how delineative entropy and the associated information costs in reducing that entropy play a role in formulating the law—particularly to illustrate how that process differs across different legal domains (e.g., torts vs. real property). In general, one can term this form of delineative entropy as “specificative” entropy.

Suppose there is a single, general concept of interest (e.g., “Thou shall not kill”) and astute observers have determined that there are roughly 50 different ways in which the lawmakers could conceptually instantiate the law. These 50 different ways may represent the various degrees of crimes (e.g., 1st vs. 2nd degree murder, voluntary and involuntary homicide), mens rea requirements (e.g., malice aforethought, intent, recklessness, and gross negligence), available defenses (e.g., self-defense and duress), and other potentially relevant aspects of the crime (e.g., transferred intent). In general, there may be a large number of permutations of how to instantiate a single concept, either as a single criminal rule, or a large set of related criminal rules.

The line between deontic entropy and specificative entropy is not bright. Although arriving at the applicable concept (e.g., “Thou shall not kill”) is squarely in the deontic entropy box, determining the permutations of instantiations under consideration (e.g., 50 forms) and the viability of each of those instantiations can be related both to deontic and specificative entropy. Once the likelihood of each instantiation is estimated, we can calculate the residual specificative entropy, again using Shannon entropy:
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For instance, returning to the bitcoin example, suppose that lawmakers are debating three different bills to regulate bitcoin and other cryptocurrencies. Experts estimate that the first bill has a 50% chance of passage, the second bill a 30% chance, and the third bill, a 20% chance, all subject to the earlier 20% chance that no bill passes.

In this case, we can first calculate the specificative entropy as:
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Note that the total delineative entropy will be a form of conditional entropy, on which the specificative entropy is conditional upon the deontic entropy, for if a given category of human behavior is not going to be subject to regulation, then lawmakers need not expend any effort to regulate it. In this bitcoin example, there is only an 80% chance that any bill will pass, which resulted in a deontic entropy of 0.72 bits. How should one combine the deontic and specificative entropy into an overall delineative entropy value?

Because the specificative entropy is conditional on the deontic entropy, one cannot simply add them together. Rather, the chain rule for conditional information entropy [53] applies:
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where H(X,Y) is the joint (or combined) entropy of two random variables conditional upon one another, H(X) is the entropy solely due to random variable X and H(Y|X) is entropy of Y, conditional upon some specific X (i.e., X = x) occurring.13

In other words, the joint (or combined) entropy of a second random variable (Y) that is conditional on a first random variable (X) is the entropy of X plus the entropy of Y conditional on X.14 In our bitcoin example this results in the following total delineative entropy:
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Note that this is less than simply adding the deontic and specificative entropy together. This is because the specificative entropy only plays a role conditional upon the deontic entropy resulting in the passage of a bill, which happens 80% of the time. Thus, in this simple example, one effectively adds the deontic entropy to chance that the specificative entropy will be meaningful.



Interpretive Entropy

As noted earlier, once a law is formulated—in a constitution, statute, regulation, judicial decision, or some other legal text—it must typically be interpreted to understand its scope and applicability. In this regard, other types of intermediate legal documents, such as contracts and patents, must be interpreted to determine their legal effect. Legal interpretation is fraught with ambiguity, which can be conceptualized in the framework of information entropy as interpretive entropy. Specifically, if one considers the legal rule under consideration the legal “macrostate,” then the “microstates” are all of the possible interpretations of the legal rule.15 Thus, the interpretive entropy is again expressed by the Shannon information entropy, where each state i is a potential interpretation, and the probability of i being the interpretation adopted by the legal institution of interest (e.g., a court or regulatory agency), pi:
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If the only step involved in this process were to interpret the express text of a legal rule with a standard dictionary, then techniques using word and related forms of linguistic entropy would provide a fairly accurate value of the interpretive entropy. For instance, one could measure the word entropy of legal texts that measures the ambiguity inherent in each word using a standard corpus (cf. Piantadosi et al. [54]).

Yet, legal interpretation extends well-beyond textual interpretation with a standard dictionary. As an initial matter, many legal terms are “terms of art,” requiring interpretation by specialized, legal dictionaries. Quantifying interpretive entropy using text-based measures of entropy must rely therefore not on a standard corpus, but a specialized one. More problematic, legal interpretation typically draws upon the language of other legal rules, which necessitates determining how those other rules' affect the entropy of the rule-at-issue. And even more problematic, interpreting rules draw on yet more disconnected sources, such as legislative history, judicial decisions, and even general policies and social norms. Not to mention that interpretive entropy applies not only to the interpretation of legal rules, but also legal documents more generally, such as patents and contracts, which introduce further interpretive issues.

In the face of such complexity, following D'Amato [7], one might throw up one's hands and abandon the quantitative endeavor entirely. However, while complex, legal rules ultimately are interpreted, and experienced attorneys regularly estimate the likelihood of a court interpreting a rule in one fashion or another. Indeed, so much has been recognized since at least Holmes [55]. Moreover, new approaches in legal analytics—like those in sports analytics—are likely to be paradigm-shifting in the ability to predict the outcomes of disputes and related aspects of the law more generally (cf. Katz et al. [32]; Branting et al. [33]).

Finally, the notions of joint and conditional entropy described in the context of delineative entropy similarly allow for interpretive entropy in principle to be broken into discrete parts and recomposed. For instance, courts and others interpreting legal documents usually only turn to sources other than the words when there is some ambiguity in specific words or phrases. If a word or phrase is entirely clear on its face, then typically legal interpreters will adopt a textual interpretation. Thus, the text-based techniques described earlier (e.g., Friedrich et al. [2]) and others can be used as initial cut to determine those words and phrases subject to some latent ambiguity. Words without such ambiguity can either be assumed to have zero entropy or simply the entropy calculated on the basis of the text-based methods. For those words or phrases with latent ambiguity, the text-based score may roughly be considered a primary variable upon which other sources for interpretation (e.g., other statutes or regulations, case decisions, social norms, and the like) can be considered secondary variables conditioned on the primary variables, allowing for the use of joint and conditional entropy as explained earlier. Although the precise nature of this staged approach is beyond the scope of this paper, the general contours sketched here should provide the beginnings of a more comprehensive and realizable method to quantifying interpretive entropy.



Applicative Entropy

Once a legal rule has been interpreted, in order to understand how it specifically regulates human behavior, it must be applied to a specific situation, or set of facts.16 Even though the applicable legal rule has been fully interpreted, residual indeterminacy in the application of the law may remain and can be quantified by applicative entropy. This indeterminacy can arise from “uncertainty as to the impact evidence will have on the decisionmaker,” idiosyncratic behavior in adjudication by a decisionmaker such as a judge or jury, and the influence of extra-legal factors on the regulatory and judicial process [56].

Applying the law typically results in the imposition of liability (or no liability), plus some form of remedy in the event liability is imposed. Again, Shannon entropy can be used to measure the entropy of liability and the conditional entropy to measure the entropy present in the range of remedies in the event liability is imposed. Before turning to these specifics, it is instructive to examine the typology of Hohfeld [15], as it offers a sound, quantitative conceptual basis to describe the entropy of composite legal systems and subsystems, which is illustrated well by applicative entropy.


Hohfeld's (Probabilistic) Typology

Rather than try to describe the entire formalism of Hohfeld [15], for purposes of this article, is straightforward enough to explain two Hohfeldian relations: a Hohfeldian right (that is, a right in the strict sense, hereinafter “strict-right”) and a Hohfeldian power (see generally Sichelman [57] for a detailed exposition).

Specifically, a legal actor, X, who holds a positive strict-right vis-à-vis Y, with respect to some action A, implies that Y is legally obligated vis-à-vis X to perform that action. For instance, X may hold a contractual strict-right that Y deliver to X's warehouse 100 widgets by the following Wednesday. If X holds a negative strict-right vis-à-vis X with respect to some action A, then Y is obligated to refrain from performing that action (in other words, Y is prohibited from performing the action). For instance, X may hold strict-right in tort that Y not punch X on the nose without justification (e.g., in self-defense).

In Hohfeld [15], whether a first actor X holds a strict-right vis-a-vis a second actor Y can be answered only in a binary fashion such as by a classical bit of information.17 In other words, if the strict-right is positive in nature, Y either has an obligation to perform some action A or not. Adjudication in the sense of Hohfeld [15] thus involves a determination by the court (or other adjudicatory body) if the application of a law to a given set of facts results in a strict-right/obligation for X and Y or a no-right/no-obligation for X and Y.

For convenience, we will label a strict-right as r1 and the absence of a strict-right as ~r1. In this fashion, one can represent a strict-right as an “on-bit” (in binary notation, the number “1”) and a no-right as an “off-bit” (in binary notation, the number “0”). In order to more easily manipulate these bits mathematically, it is useful to adopt an equivalent vector formalism, wherein:
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Hohfeldian powers alter, terminate, or create other legal relations. For instance, by changing the applicable law, the legislature in effect may change X's right vis-à-vis Y that Y perform some action A to no obligation for Y perform the action. In mathematical terms, the legislature's power would be akin to second-rank permutation tensor (here, a 2 × 2 permutation matrix) that changes X's right vector into its negation (a Hohfeldian “no-right”) corresponding to the lack of any obligation (a Hohfeldian “privilege”) on the part of Y (Sichelman [59]).

Similarly, higher-order powers may change lower-order powers. For instance, a new constitutional amendment may eliminate a previously held second-order power of the legislature. One such example is the passage of the controversial Proposition 209, which amended the California Constitution to prohibit the government, including the legislature, from “discriminat[ing] against, or grant[ing] preferential treatment to, any individual or group on the basis of race, sex, color, ethnicity, or national origin in the operation of public employment, public education, or public contracting” (Cal. Const. art. I, § 31).

In this instance, the amendment would act as a higher-rank tensor that flips the legislature's second-order permutation tensor to a second-rank identity tensor. This is because an identity tensor that operates on first-order right/obligation relations would have no effect on these relations. In other words, a second-order identity tensor is emblematic of the lack of (a second-order) power (a Hohfeldian “disability”). More generally, higher-order powers can be described mathematically as higher-rank tensors that operate on lower-rank tensors (lower-order legal relations) (Sichelman [59]). In this regard, it is important to recognize that vectors are simply lower-rank tensors—thus, a first-order Hohfeldian strict-right is simply a lower-order Hohfeldian power. Thus, all Hohfeldian relations can simply be expressed in terms of legal powers and well-known mathematical relations.

A probabilistic version of Hohfeld's [15] schema may also be developed (Sichelman [59]). Here, instead of legal relations being described by a classical binary bit, the states can exist in probabilistic superpositions, better described by a quantum bit (i.e., qubit). The probabilistic nature of the legal relation may be a result of lack of knowledge of the underlying system or due to inherent indeterminacy in the system itself prior to judgment (a form of system measurement), or a combination of both reasons.18 Using the qubit formalism, one can specify a probabilistic Hohfeldian relation in the following form:
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Where |jr > n is a legal power (or right, to first-order), |j~r>n is the negation of a legal power, P(jr)n = |an|2 is the probability of a legal power obtaining upon judgment, P(j~r)n = |bn|2 is the probability of the negation, |an|2 + |bn|2 = 1, and n is the order of the legal relation. In other words, probabilistic Hohfeldian relations, be they first-order strict-rights and obligations or higher-order powers and liabilities, can be characterized by the qubit formalism,19 where there is a probability |an|2 that the legal relation will be measured (i.e., adjudicated) in the “power” state and 1–|an|2 = |bn|2 in the negation (or lack) of the “power” state. The indeterminacy regarding the state of the system prior to judgment can be quantified as a form of applicative legal entropy.20



Quantifying Applicative Entropy

As noted earlier, a legal judgment with respect to a first-order relation (strict-right/obligation) will either result in a finding that the defendant had an obligation (is liable) or not. Less frequently, a judgment may concern whether a legal actor holds a higher-order relation (power) or not. Prior to this judgment, the indeterminacy in the judgment again can be quantified using the Shannon entropy:
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As there are only two potential outcomes in judgment, this reduces to the binary Shannon entropy:
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where p is the probability that a court finds a power (right to first-order) and corresponding liability (obligation to first-order) on the part of the defendant. In general, as discussed earlier, this entropy is maximum when there is a 50% chance of liability and a 50% of chance of no liability (see Figure 1).


[image: Figure 1]
FIGURE 1. Binary shannon entropy vs. probability of an event occurring.


Conditional upon a finding of liability, Shannon entropy can be applied to the range of potential remedies. In the event the remedies are discrete in nature, the ordinary Shannon entropy formula may be used. However, because remedies are usually continuous,21 it becomes necessary to use the differential or continuous entropy [53]:
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where f(y) is a probability density function of the potential remedies. For instance, f(y) may represent the likelihoods of various lengths of prison sentences or the amount of damages owed.

For example, suppose that the likelihood of sentences follows a typical bell curve function:
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where μ is the mean of the distribution and σ is the standard deviation of the curve. In this instance, the differential entropy is:
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With some rearranging, this reduces to the simple expression [61]:
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The total applicative entropy of a given dispute can then be calculated by the chain rule discussed in Part 4.2:
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Here, H(X) is applicative entropy related to whether liability will be found or not, and H(Y|X) is the applicative entropy related to the remedy, conditional upon liability being found.




Systemwide Entropy

The previous discussion of legal entropy, be it delineative, interpretive, or applicative entropy, has involved one or a narrow set of rules, interpretations, and applications. An immediate question arises as to how to derive the entropy of a legal system or subsystem that encompasses numerous legal relations (in the Hohfeldian sense). Although a full treatment of systemwide legal entropy is beyond the scope of this article, some preliminary remarks may be made.

First, the Hohfeldian mathematical formalization of relations into vectors and tensors is particularly helpful in conceptualizing the quantitative state and related entropy of a system. Recall that the general probabilistic state of a legal relation can be described as the following:
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For a first-order relation (a Hohfeldian strict-right), the state of a single legal relation is simply a 2-D vector in a “Hohfeldian” state space. As the vector rotates in the state space, the an and bn—and, hence, the relative probabilities of a right being found—change in time. This rotation may be due to the operation on the vector by a power (i.e., a tensor) or simply by the change in external circumstances (e.g., changing underlying facts). For the higher-order relations (a Hohfeldian power), the state of a single relation is a multi-dimensional tensor in the Hohfeldian state space. Like the vector, these tensors may rotate (in a higher-dimensional sense) in the state space, with corresponding changes in the relative probabilities of liability being found (or not).

In theoretical terms, one can imagine the complete Hohfeldian state space as a collection of a multitude of vectors and tensors corresponding to every possible action and states of the world affected by law (and a complement space of all of those actions and states not so affected). In other words, any action or state of the world with a non-zero probability of being subject to a power (including a first-order, power, i.e., strict-right) has an associated vector (or tensor) in the state space representing that specific probability.22 The complement state space represents all actions and states of the world with a zero probability of being subject to a power (including a strict-right).

Of course, listing every possible action and state of the world potentially subject to law and determining how those states change over time is essentially an impossible task.23 However, for discrete subspaces, it is certainly possible to construct such a space, measuring entropy and other useful properties of the system. For instance, a patent typically will contain multiple, separate claims, each of which describes a slightly different instantiation of the invention. In this sense, each claim provides a separate legal right to prevent third parties from making, using, and selling the corresponding claimed invention. One claim in a patent may relate to a product, the sale of which infringes that claim, while another claim in a patent may relate to the performance of a method with the product that infringes the claim. Although the two claims are related, actions that infringe one claim (e.g., the product claim) may not infringe the other claim (e.g., the method claim).

The legal subspace of interest may be all of the claims of the patent as they apply to the activity of a potential infringer. For an accused infringer to be found liable, the claim must both be valid and enforceable (which typically does not depend on the specific activity of the infringer24) and infringed (by the particular activity of the infringer). Thus, using Shannon entropy, one can first determine the probability that each claim will be found valid and enforceable, using that to determine the entropy related to validity/enforceability, and conditional upon a positive determination, the probability that the claim is infringed by the accused infringer, which then can be used to calculate the conditional entropy and, ultimately, total entropy of each claim (again, according to the chain rule described earlier).

If the decision for each patent claim is statistically independent, then one can simply add the entropy for each claim together. However, whether a given patent claim is valid, enforceable, and infringed is typically correlated to other patent claims in the same patent. When the judgment of particular claims is correlated, the joint entropy of the claims in combination can be used to determine the total entropy.

Specifically, the joint entropy of a set of multiple, random, discrete variables that are potentially correlated can be written as [53]25:
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Here, P (x1, … xn) is the joint probability that each event occurs together. For instance, if there are only two patent claims, X and Y, then the possible outcomes are defendant is liable on X and Y (outcome 1); liable on X but not Y (outcome 2); liable on Y but not X (outcome 3); and liable on neither (outcome 4). If the probability of outcome 1 is 1/4, outcome 2 is 1/3, outcome 3 is 1/6, and outcome 4 is 1/4, then the joint entropy for the two patent claims is:

[image: image]

Note that the underlying probabilities of liability—and, hence, legal entropy—may change in time due to the exercise of a second-order power by a legislature or some external set of circumstances. For instance, Congress passed the America Invents Act in 2011, which effectively changed the probability that a given patent claim would be found invalid. In this instance, the legislative change would immediately rotate all patent claim vectors in state space, resulting in different probabilities and, in turn, a different subsystem entropy. Similarly, exogenous changes in societal norms, technology, economics, and so forth, may affect the underlying probabilities of legal claims (e.g., Cooter [64]), again, rotating vectors in state space as these changes take effect. For instance, the advent of the Internet arguably changed how judges view software patent claims as a whole, which in turn led to a diminished role for software patents more generally (e.g., Barzel [65]).

These concepts can be extended to the legal system as a whole. First, divide the legal system into independent legal subsystems (To the extent the law is truly a “seamless web,” skip this step.) The entropy of any legal subsystem can be constructed in principle by using the joint and conditional entropies of individual states within the subsystem. (Even if the law is a seamless web, at some point, the correlations among states is so low, they can be ignored and the legal system treated as if it is composed of independent subsystems.)

Again, in practice, this will be nearly impossible, but for certain subsystems of interest—e.g., a patent—certainly possible, especially with improvements in AI approaches for modeling the law. And, again, in the very least, it provides a conceptual framework for richer jurisprudential understandings of the law. The next part considers the beginnings of these richer accounts in a few notable areas.




PRACTICAL USES OF LEGAL ENTROPY


Legal Indeterminacy

There is an extensive literature on the notion of legal indeterminacy (see Solum [13] for a discussion). One camp, particularly those in the critical legal studies vein, argue for radical indeterminacy of legal doctrine and judicial decisionmaking (e.g., Kennedy [66], D'Amato [7], Singer [67]). Another argues for minimal determinacy, at least in principle (e.g., Dworkin [3]). And the last camp takes an intermediate position (e.g., Kress [68]). Yet, despite the numerous articles on the topic of legal indeterminacy, only a handful of pieces attempt to quantify it—some by examining the ambiguity of legal language using measures from computational linguistics (e.g., Katz and Bommarito [1]) and others by analyzing reversal rates and dissents as a possible proxy of indeterminacy (e.g., Lefstin [69]). Yet, none attempt a wholesale quantification of the amount of indeterminacy present in legal rules and adjudication. This lacuna is notable, because filling it may help to solve many of the recurring debates and disagreements regarding legal indeterminacy in the literature.

For instance, Kress [68] contends, “The pervasiveness of easy cases undercuts critical scholars' claim of radical indeterminacy.” Interpretive and applicative entropy measured across numerous legal rules and related disputes provide a quantitative test of this assertion. Of course, practically quantifying these types of entropy is no simple feat, but a combination of human-coded and automated methods—including those using advances in AI (e.g., Branting et al. [70]; Katz et al. [32]; Branting et al. [33])26—could certainly provide a precise quantitative metric for at least a particular field or doctrine in the law. As machine learning and other automated techniques in legal document classification and analysis continue to improve, arguably, the previous impasse among scholars regarding the “indeterminacy” of the law should yield to at least a modicum of agreement. Regardless, quantitative approaches to legal entropy can provide a deeper understanding of this core issue in the law.



Legal Entropy, Modularity, and Work
 
Refining Legal Modularity With Legal Temperature and Work

As noted earlier, the original concept of entropy in thermodynamics resulted from investigations regarding an ideal engine and how the transfer of heat, ΔQ, from a heat source at a certain temperature, T, to an idealized engine in a so-called reversible process, increased the entropy of the system by an amount ΔQ/T. Recall that Boltzmann [17] provided a microscopic picture of the macroscopic entropy, whereby heat is essentially a “disordered” collection of microscopic particles, the introduction of which increases the system disorder by a measure of ΔQ/T. According to Boltzmann [17] this ratio can be captured by the total number of microstates of a system corresponding to a given macrostate.

To gain a deeper appreciation of legal entropy, it is useful to construct the notion of legal heat and legal temperature. For simplicity, consider the context of applicative legal entropy with respect to first-order Hohfeldian relations (i.e., strict-right/obligation), where a fully interpreted legal rule is subject to judgment. Recall that each legal relation can be depicted as a vector in state space, such that if the vector does not lie upon one of the axes, there is indeterminacy in the judgment, such that:
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where |jr> is a legal right, |j~r> is the negation of a right, P(jr) = |a|2 is the probability of a legal right obtaining upon judgment, P(j~r) = |b|2 is the probability of the negation obtaining, and |a|2 + |b|2 = 1. Also recall that the entropy in this situation is:
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As legal “heat” enters a legal system, the entropy of the system increases by increasing the underlying uncertainty in outcome. For instance, in the context of applicative entropy (i.e., judgments), increasing uncertainty in the underlying facts constitutes legal “heat” that shifts the Hohfeldian state vector away from vertical or horizontal and into a diagonal position, maximizing entropy when the state vector is at a perfect diagonal, |a|2 = |b|2, with the corresponding result that judgment is a coin flip (50/50).

Incoming legal heat will have less effect the higher the legal temperature. For instance, if a legal system is at its maximum applicative entropy (50/50), the introduction of more heat cannot increase the entropy of the system. For instance, suppose that the adjudicator—the judge or jury—has already decided to flip a coin to determine the outcome of a dispute. Thus, increasing uncertainty in the underlying facts will have no effect on the ultimate outcome. Because the change in entropy is proportional to the change in heat divided by the background system temperature, at least for applicative entropy, we can see that background system temperature is directly proportional to the background entropy. In other words, when the background entropy is very low, the background temperature is low, and the introduction of legal heat will be more meaningful.

The notion of legal heat, temperature, and entropy can be useful in explaining important theoretical concepts in the law at a more quantitative and arguably deeper level. Importantly, the insightful work of Smith [8–10] on the role of modularity in legal systems can be refined using these concepts. Specifically, Smith [8–10] posits that information costs play an integral role in the “modularity” of legal systems—namely, the use of “boundaries” in the law (be they spatial or intangible) to “economize on information costs” by “hiding” classes of information “behind” the boundaries.

Smith's concept can also be understood in terms of legal entropy. Specifically, as the entropy of a legal subsystem increases, more information—and, hence, more information costs—are required to encode and resolve disputes concerning the legal subsystem. For instance, consider a piece of real property, and the potential uses of an “owner” and “third parties” with respect to the property. One could list out every potential use of the owner and third parties with respect to the property, determining whether such use “improperly” interferes with the owner's or a third party's “rights,” where the rights and interference thereof are defined by some set of background laws and principles. Each step in this use-by-use analysis would be fraught with substantial indeterminacy, generating high entropy and hence large information costs to resolve whether each use is “rightful” (cf. Smith [8–10]). Similarly, a use-by-use approach would involve large costs in delineating and interpreting the law.

As an alternative, the boundary of the property may be used as a proxy to define rightful and wrongful uses to substantially reduce systemwide entropy and, hence, information costs in delineating, interpreting, and applying the law. In other words, in the terms of Smith [8–10], the boundary effectively hides the owner's (unspecified) interests in using the land from legal consideration in the investigation of actions by a third party. To determine if a third party unreasonably interfered with the owner's interests, instead of examining whether a particular action on the part of the third party interfered with particular uses of the owner, the law generally assumes that when a third party unjustifiably crosses the boundary, an interference occurs. This assumption economizes on information costs by using the boundary as a reliable proxy for actual interference with the owner's and third parties' specific interests.

Of course, erecting boundaries as proxies can introduce error costs in allocating rights and duties, so it is important to place some constraints on the modularization of law. The notions of legal temperature and entropy can also perform important work in imposing such constraints. Namely, it is only when the legal system inside the boundary has relatively low temperature and entropy, especially when compared to the temperature and entropy near or outside the boundary, that modularity will serve its role to reduce information costs without imposing significant error costs. If, on the other hand, entropy and temperature were to rise inside the boundary—for instance, as the result of substantial, ever-changing and indeterminate State regulation as to the uses that the owner could undertake—then the modularity of an “exclusionary” approach to property becomes less attractive, instead yielding to a more particularized “governance” approach (Smith [8–10]). Using the information-theoretic concepts of legal entropy and temperature not only helps to more fully explain modularity, but also provides a means to quantify how modularity functions, and when exclusionary regimes should yield to governance regimes [see generally (Sichelman and Smith, unpublished)27].



Reducing Legal Entropy and the “Work” of the Legal System

As the discussion of modularity shows, the legal system can in effect reduce legal entropy by reducing the uncertainty and related information costs in delineating, interpreting, and applying the law. More generally, lawyers and the legal system expend “work” by drafting and interpreting constitutions, laws, regulations, contracts, patents, and other legal documents to reduce the amount of uncertainty in whether particular actions that legal actors may perform are permitted, forbidden, or obligated (in deontic terms) and in whether particular laws are valid or not (i.e., can effectuate a power in Hohfeldian terms).

Legal “work” expends transaction costs in the time and effort required to draft, interpret, and apply the law, which often encompasses time and effort in negotiation, the collection of facts, the investigation of background law, and so forth.28 A portion of these transaction costs are “information costs” in the sense of Smith [8–10]. The efficient level of information costs can be specifically quantified as the amount of entropy reduction in a legal system or subsystem performed by legal work.29 Specifically:
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In other words, the amount of legal work efficiently expended in information costs directly reduces the legal entropy by the same amount.30 The legal entropy is the sum of the delineative, interpretive, and applicative entropy defined in earlier, as well as other types of legal entropy not discussed here (e.g., enforcement entropy).

The direct relationship between legal work, information costs, and entropy reduction provides a direct linkage between legal entropy and the economic theory of law, importantly including Coase's Theorem. Specifically, because information costs are a class of transaction costs, one can postulate a Coasean world in which the only transaction costs are information costs.

In a world solely of information costs, the efficient allocation of legal rights will depend on the amount of legal work the legal system must expend on reducing the entropy of the system from one in which both actors hold Hohfeldian privileges (i.e., the absence of a duty) to one in which the actors are subject to one or more duties. As Parisi [4] notes, it is only in the hypothetical absence of transaction costs that delineation is costless and entropy may effectively be disregarded.

Importantly, Coase [12] abstracted away from the fact that the initial delineation of legal entitlements between legal actors itself expends transaction (including information) costs (Lee and Smith [76]). Instead, Coase posited an artificial world of zero transaction costs only after the initial assignment of “property rights,” assuming such assignment is costless. Indeed, as Lee and Smith [76] properly recognize, Coase's [12] notion of “property rights” is more akin to “thin,” costly-to-delineate contractual rights than the usually “lumpy,” less-costly property rights. In this sense, Coase [12] obscured an important aspect of the relationship between transaction costs and the assignment of legal rights. Namely, because “pre-Coasean” transaction costs must be expended in the delineation of the law itself, it will only be efficient to randomly delineate and assign a right to one legal actor or another when these pre-Coasean transaction (including information) costs in so doing are symmetric and, thus, equal.

However, in many, if not most, cases, the transaction costs of delineation are not symmetric in the assignment of entitlements, which implies that an efficient allocation of entitlements will not occur even if transaction costs following that allocation are zero.31 This is particularly so for well-defined legal entitlements, a key assumption of the Coasean, post-assignment, transaction cost-less world.32

In sum, even before the Coasean world comes into being, transaction costs typically play a fundamental role. Thus, postulating a world with no transaction costs only subsequent to the allocation of entitlements does not necessarily imply that the initial assignment is always efficient. An understanding of the delineation entropy involved in the assignment of rights prior to the Coasean world of zero transaction costs is central to a deeper understanding of how transaction costs bear on the efficiency of the legal system.





CONCLUSION

Numerous legal scholars have discussed the notion of legal entropy, but few have attempted to quantify it. Those attempts to quantify the notion have been limited to analyzing the ambiguity of legal texts by measuring the entropy of words. Although certainly useful, these approaches fail to capture the multifaceted nature of legal entropy. In this article, relying upon the work of Shannon [14, 31] and Hohfeld [15], I have proposed the beginnings of a mathematical framework to quantify legal entropy more broadly. The model proposed offers several useful benefits. First, it offers a potential template for how legal AI systems can measure and store information about the uncertainty of legal systems. Second, the model helps to explain more fully the nature and function of so-called legal indeterminacy as well as the “modularization” of the law and Coasean notions of how transaction costs affect the allocation of legal entitlements. To be certain, the model fails to address important practical details concerning how to assess the underlying probabilities necessary to calculate legal entropy, but hopefully increasing advances in legal AI will lead to the wide-scale realization of such a model in the near future.
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FOOTNOTES

1The discussion in this section is designed to offer a concise and simplified qualitative background of the notion of entropy in physics and information theory in order to set the stage for the following discussion of legal entropy, and thus should not be viewed as a precise technical account.

2Because the log (AB) = log A + log B, by defining the entropy in terms of a logarithm (such as the natural logarithm), it becomes simpler to calculate entropy as the number of microstates increases, particularly when two systems are combined.

3Another way to conceptualize Shannon entropy is in terms of “surprise,” which typically is defined as the unlikelihood of an event occurring, i.e., 1/p [21]. Since the log (1/p) = –log p, we can rewrite Shannon entropy as proportional to the sum over states of pi log2 (1/pi). Thus, information entropy is driven by a combination of the logarithm of the level of surprise (i.e., improbability) of a given microstate and the probability of the microstate occurring, summed across all microstates.

4Loevinger [30] cites Shannon and Weaver [31] and offers an “equation,” which is best characterized as tongue-and-cheek. Namely, Loevinger [30] states: “The second law of sociodynamics is the law of the conservation of entropy. Entropy, in social as in physical phenomena, is a measure of disorder, uncertainty or confusion. The law of the conservation of entropy in sociodynamics states that the amount of entropy concerning any social problem remains constant regardless of the number of agencies or entities to which it is referred while the time required for decision or action on the problem increases in geometrical proportion to the number of agencies or entities whose concurrence is required. This law can be expressed as T = NC2, where “W” is the time required for decision or action and ‘NC' is the number of agencies or entities whose concurrence is required.”

5Other studies use legal documents as inputs and measure entropy unrelated to legal entropy. For instance, Zhang et al. [35] extend the application of Shannon entropy from text to patent indicators, including citation counts, number of patent families, and similar indicators, to measure the importance of particular patents in technological innovation. Although such approaches may be useful for determining the economic “information” content and, hence, the economic importance signified by a particular legal document, they do not measure legal entropy, that is, the uncertainty or ambiguity of a legal document or broader legal relation within the legal system.

6As D'Amato [7] insightfully remarks, “For example, a statute that seemed to mean one thing may be construed by a court to mean something different. Although the court will usually say that it is clarifying the statute, it does not always do so. It may create an exception, an exemption, a privilege; it might construe the rule narrowly to avoid constitutional problems, or broadly to give effect to an unnoticed legislative intent buried in the legislative history. The court's decision becomes a part of the meaning of the rule, so that the rule now becomes more complex—it is a statute plus a judicial decision. The more complex rule may invite further adjudication and more inventive subsequent constructions by courts.”

7Lee et al. [36] propose a statistical mechanics-based model of voting within groups using a maximum entropy model, applying it to the U.S. Supreme Court. This approach is more in the vein of political science than law per se and, as such, is somewhat orthogonal to the discussion here, but it could be useful in quantifying applicative entropy for disputes to be resolved by a group of adjudicators (e.g., on appeal).

8In this regard, contracts also may be considered as a form of “private lawmaking” [39], subject to delineative, interpretative, and applicative entropy. In other instances, law may be formulated in unwritten ways, such as through oral tradition or even social symbols (e.g., Weyrach and Bell [40]), again, subject to all forms of legal entropy.

9Another type of legal entropy is enforcement entropy, which stems from the uncertainty in the enforcement of a given law. I abstract away from enforcement entropy in this treatment for simplicity, but the same types of approaches discussed herein would apply to enforcement entropy (see generally Lederman and Sichelman [41]).

10Dinga et al. [44] provide a conceptual model of “social entropy,” briefly addressing legislation, but do not quantify social entropy in any manner. Although there is a substantial literature regarding “entropy economics” and “economic complexity,” that literature does not address the legal domain (see, e.g., Golan [45], Gold and Smith [46], Hausmann et al. [47]).

11Deontic logic concerns the logic of normative concepts, including obligations (see generally Hilpinen [49]).

12Alternatively, one might imagine a hypothetical in which lawmakers investigate whether some behavior previously subject to legal restrictions should no longer be subject to them—for instance, the use of a previously illegal drug—resulting in similar deontic probabilities. More generally, deontic entropy concerns the uncertainty regarding whether some set of human behavior should be subject to a change in the law, from no regulation to regulation, from regulation to no regulation, or some intermediate set of changes.

13In this regard, the term p(y|x) means the probability of event y given that event × occurs [12].

14Formally, the joint entropy H(x, y) of a pair of discrete random variables (X, Y) with a joint distribution p(x, y) is defined [12] as [image: image]. The conditional entropy is formally defined [12] as [image: image].

15Of course, one must also determine where a legal rule begins and ends to interpret the rule. Sometimes, this process is fraught with difficulty, which itself may introduce a form of interpretive entropy. Here, I abstract away from this potentially additional layer of entropy.

16Of course, some laws apply to the process of lawmaking, enforcement, and adjudication itself. The discussion of applicative entropy here extends to these legal rules as well. Relatedly, it also applies to the application of an interpreted contract, patent, or similar legal document to a set of facts.

17See Marinescu and Marinescu [58] for a detailed discussion of classical information theory.

18In the event the indeterminacy results from mere lack of knowledge, the state of the system can be described wholly by classical probability theory. However, the qubit formalism can easily model both the lack of knowledge and inherent indeterminacy in a given system prior to measurement. Like the difference between classical and quantum mechanics (i.e., in physics), the conceptual difference between mere lack of knowledge and inherent indeterminacy for legal relation states may—in certain conceptions—lead to quantum-like legal effects, such as legal “entanglement” of states, that can distinguish “classical” legal indeterminacy (i.e., lack of knowledge) from “quantum” legal indeterminacy (i.e., inherent indeterminacy). For simplicity, however, I rely upon the classical entropy formulas herein.

19Note that the for the higher-order relations, the states |jr>n and |j~r>n are 2nd-rank and higher-rank tensors, not simply vectors, as in the standard quantum formalism.

20In this regard, note that while the Von Neumann entropy—which in effect measures the indeterminacy of a mixed quantum state with respect to its entangled substates—is zero for a pure quantum state, there is nonetheless Shannon information entropy for a pure state with respect to the indeterminacy of its potential measurement outcomes prior to a measurement [60].

21In general, outcomes in legal contexts are discrete and small in number, e.g., one of a small number of potential formulations, interpretations, and applications of the law. Even potential remedies are often discrete, though as noted, in some cases, remedies may form a continuous distribution. Enforcement likelihoods may also form a continuous distribution, but as noted, this paper abstracts away from enforcement for simplicity. Of course, empirical studies of legal systems may construct effectively continuous distributions from large datasets (e.g., of words in statutes), but this paper explores legal entropy from an internal perspective of the legal system itself. Of course, it should be straightforward given the discussion here to apply its concepts to such external empirical studies.

22Cf. Gold and Smith [45, 46] (“In other words, we pick the costlier-to-provide legal relation where Shannon entropy is higher and the cheaper signal (sometimes doing almost nothing) for where it is lower.”).

23For a discussion of how one might model the changing information nature of legal rights and related interests over time using an evolutionary approach, see Alston and Mueller [62] and Ruhl [63].

24Sometimes the enforceability of a patent claim turns on facts unique to a given dispute, but for simplicity, I assume here that it is a general determination—i.e., that it applies across all disputes.

25For continuous variables, such as remedies, the differential joint entropy may be used [53].

26Branting et al. [33] uses “maximum entropy” classification models to predict outcomes of a variety motions in federal district court. Although Branting et al. [33] does not discuss legal entropy as that term is used here, maximum entropy models as applied to legal disputes implicitly concern interpretive and applicative entropy. Specifically, Branting et al. [33] attempt to predict outcomes for three different types of motions using the following features: “the party filing the motion, the judge ruling on the motion, the sub-type of motion, and alphanumeric character sequences having non-alphanumeric characters on both the left and right sequence borders that occur in the text of the motion.” As Berger et al. [50] explain, a maximum entropy approach “model[s] all that is known and assume[s] nothing about that which is unknown.” Thus, if one has no information about the result of a motion in court, one assumes the “maximum entropy,” which would give each side a 50% chance of winning. In modeling legal outcomes with maximum entropy models, one begins with one bit of interpretive and applicative entropy per decision and works to reduce the overall entropy—and, thus, increase predictability—by incorporating more and more (training) information by fitting that information to the known data through a series of logistic regressions (see, e.g., Yu et al. [71]).

27Sichelman T, Smith HE. Measuring Legal Modularity. On file with author (2021).

28Another set of information costs (and associated entropy) arises from enforcement of the law. As noted earlier, this article abstracts away from such concerns for simplicity, but they are certainly important, and susceptible to the approaches described herein.

29Here, the “efficient level of information costs” assumes that it is efficient to increase legal certainty; in some situations, legal uncertainty may be economically efficient. Cf. Kaplow [72] (describing potential benefits of uncertainty in legal rules).

30Parisi [5] is apparently the earliest work to associate legal entropy with positive, asymmetric transaction and strategic costs. The model offered in the present article provides a more precise relationship between legal entropy and transaction costs; namely, it posits that transaction costs arise from activities that reduce legal entropy. In other words, information (a form of transaction) costs are expended to make a legal system or set of entitlements more predictable. Cf. Yang [73] (noting that costs to acquire information in the context of an economic coordination game reduce informational entropy). However, in economic parlance, transaction costs may be viewed as a form of economic “friction,” burning up surplus in a metaphorical manner that reduces the amount of available energy (i.e., analogous to surplus) with a concomitant increase in systemwide entropy. More precisely, the burning of surplus in the form of transaction costs will lead to economic uncertainty in the sense of Shannon entropy if the number of microstates corresponding to suboptimal, high-transaction cost welfare regimes is higher than the number of microstates corresponding to relatively optimal, low-transaction cost welfare regimes. (For general reflections on the notion of entropy in economics, see Rosser [74].) Moreover, economic transactions are achieved by physical activities that generate transaction costs, including information costs, and may result in real-world, physical entropy (e.g., the use of a computer) (see, e.g., Georgescu-Roegen [75]). Nonetheless, economic and physical frictions are not the type of “frictions” of concern to legal entropy in the sense used in the present article. In other words, each form of entropy (e.g., legal, economic, physical) is an independent instantiation of the general notion of entropy embodied in the Shannon entropy formula (cf. Jaynes [20]).

31Parisi [77] offers a revision to the Coase Theorem based on a conceptual approach to entropy that focuses on how asymmetric transaction costs in the transfer of property rights affect remedies, rather than the asymmetric costs in the delineation of legal entitlements in the first instance (see also Luppi and Parisi [78]).

32Barzel [65] notes that “[i]t is evident, however, that costless transacting results in the perfect delineation of rights and that it is redundant to also require that rights are well defined,” but does not extend this observation to its effects on the Coase Theorem in the first instance (see also Barzel [79]). Cheung [80] makes a similar observation, stating “private property rights cannot coexist with zero transaction costs.” Cheung [80] criticizes the Coase Theorem on these and other grounds, but does not discuss how these costs might be incorporated into an extended notion of the Coase Theorem.
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This mini-review article offers a commentary on a singular analytical problem faced by legal scholars who use complexity theory and methods in legal research on climate change and the “Anthropocene”. It positions such research as a subset of complexity scholarship in law, which is generally faced with the methodological and analytical challenge of negotiating and reconciling empirical description with normative prescription. It argues that this challenge is particularly acute for legal scholars writing on climate change and the Anthropocene. Using examples from scholars writing about “Earth systems law,” it demonstrates how a heavy reliance on complexity-based empirical data as a source material for normative claim-making can distract scholars from important but difficult questions about normative legitimacy and how legal change happens at multiple levels. The special epistemological challenges posed by climate change and the Anthropocene should demand that scholars writing in this domain be especially mindful and explicit on how they link complexity descriptions to the normative claims they make, both for the sake of scientific credibility as well as for the legitimacy and viability of their propositions.
Keywords: complexity, Anthropocence, law, climate change, methodology and approaches
INTRODUCTION
Climate change and the “Anthropocene” [1] pose new challenges for understanding how complexity can usefully contribute to research in environmental law as legal discussions increasingly anticipate existential challenges to law in the face of heightened risks in the uncertain future of a rapidly changing planet [2, 3]. The advent of the Anthropocene has spawned calls for better and new understandings of humanity’s relationship(s) to the planet along with considerable debate about how law should change in the future [4–6]. How complexity might contribute to these discussions is not self-evident. While it is uncontroversial that complexity-based analytical frameworks can provide insights into the dynamics of law’s constitutive responsibility for both enabling and mitigating climate change, it is far less certain what normative contribution complexity models and analysis can or should make. This short article will focus attention on the boundary zone where the descriptive meets the normative in complexity studies in law to consider problems that arise when the two are not clearly distinguished in legal discussions about the Anthropocene. It will argue that muddying the descriptive and the normative leaves insufficient room for considerations about how law is to be socially legitimized as a part of any adaptive response to climate change. While there are opportunities for complexity research to serve as a frame of reference for law in the Anthropocene, its use comes with some dangers that demand the careful delineation of normative questions for which complexity on its own cannot be expected to provide answers.
COMPLEXITY’S NORMATIVITY FOR LEGAL RESEARCH
Legal scholars have been imagining complexity’s utility for law and legal analysis for at least the past quarter century. Initially, it was seen as a compelling antidote to the limitations of traditional, doctrinal legal analysis. One of its earlier advocates, JB Ruhl, envisioned complexity as a key to a better understanding of law and society interactions and hoped that complexity would be a way to break free from the descriptive limitations of “reductionist” legal reasoning and the increasingly complicated legal architecture that such reasoning misguidedly constructed in pursuit of “absolute system predictability” [7]. By analogizing law to a dynamic, interactive complex system, it became possible to describe in new ways for how and why law and legal phenomena change over time as outcomes of processes of systemic self-assembly and emergence, without having to rely on mechanistic and linear doctrinal or institutional explanations that often struggle to account for observable reality [8].
Ever since then, complexity theorists have offered new perspectives and vocabularies for understanding a variety of legal phenomena over the past decades, often demonstrating its novel utility for certain kinds of legal research. However, the application of complexity to law generally has never been clear-cut, and its utility has always been bounded by the difficulty of distinguishing and negotiating the relationship between its descriptive capacity with the normative concerns of law and legal reasoning. It is not clear, for instance, how to best describe law as a systemic object of complexity analysis: is law a system of interacting norms [9]; or an institutional administrative system governing complex societies [10]; or a site of interaction between norms and larger social or geophysical systems [11]; or something else? Describing law in complex terms as an evolving, nonlinear complex system that produces stochastic and probabilistic outcomes [12] can run against the grain of law’s self-image as a stabilizing force that ensures future certainty in social relations or that anchors political–legal orders around goals and policy objectives in the legitimate exercise of authority [13]. Complexity’s fit with law, in other words, is imperfect.
This imperfection can pose risks when certain realities are given normative readings when they are described as complex. As social and legal constructs [14], legal institutions and rule systems present thorny normative problems that complexity-based descriptions about law struggle to engage with. While there is little that is objectionable with using complexity to understand how normative goals are pursued in legal systems [15], the same cannot be said of deriving normative conclusions from complex descriptions of law or other empirical realities. Complexity-based proposals that legal systems should have as their goal system stability or robustness teeter on that line [16]. Propositions that legal systems benefit from being more “resilient,” or by increasing their adaptative capacities by promoting lower level systemic innovation [7], etc., are unproblematic only when they do not presume to know what normative outcomes such as systemic features should produce. One cannot simply assume that any legal or legislative intervention that is inspired by complexity will be “good” or appropriate simply because it respects complex system dynamics [17]. Complexity does not lend itself easily to normative claim-making because it is not designed for that purpose [8].
This awkwardness of complexity’s fit parallels rich ongoing debates about the fluid and difficult relationship between law and science generally, much of which tends to emphasize that they are distinct realms [18]. One can consider how legal systems in some ways maintain this distinction, such as with mechanisms like the precautionary principle in environmental law that recognizes the limits of scientific certainty in predicting future risks and serves as a counterweight to narrow science-based decision-making processes by experts [19]. On the other hand, Sheila Jasanoff has pointed out how legal scholarship typically has a “deep rooted commitment to the existence of objective facts” [20, 21] and Robin Feldman has cautioned against law and policymakers relying too heavily on science as an “authoritative other” whose “superior reliability allows us to indulge in the fantasy that it can reduce us from the discomfort of legal dilemmas and deliver the certainty we crave” [22]. “The appropriate role for science,” Feldman argues, “should be to test the assumptions that underlie legal rules, rather than prescribe them” [22]. The inverse has also been argued that it is inappropriate for the law and courts to act as arbiters of scientific truth, and Katalin Sulyok has observed how international courts are grappling with this problem and increasingly ruling on the legitimacy of competing scientific evidentiary claims only from the restricted perspective of legal rules [23]. The ambiguity of this law/science divide becomes similarly problematic when complexity is used in legal scholarship and commentary about climate change and the Anthropocene. Even though the bread and butter of much complexity research is systemic uncertainty and nonlinearity, descriptions of largely positivist complex realities in legal scholarship can offer temptations of “superior reliability” and material certainties that can distract from the equally complex social and political structures, processes, and mechanisms by which law and norms are legitimized in the human society.
COMPLEXITY IN ENVIRONMENTAL AND CLIMATE CHANGE LEGAL SCHOLARSHIP
Environmental law has attracted the attention of complexity scholars since as early as the 1990s [24], in part because its relative incoherence [25] makes it fertile ground for complexity research: it is methodologically plural, interdisciplinary, and concerns itself with intricately interconnected legislative and treaty regimes that address difficult transboundary and multi-jurisdictional problems. Finding a home within this domain, scholars have turned to complexity as a theoretical frame to describe environmental governance regimes [26–28], to anticipate how law will change as social values and interests compete in the advent of climate change [29], and to critically reflect on law’s present inadequacy at tackling the magnitude of environmental problems around the world [30, 31]. In arguing that international environmental law “exhibits some key characteristics of a complex adaptive system,” Kim and Mackey, for instance, propose that in spite of its capacity for self-organization, international environmental law is mal- or mis-adaptive and needs to be “more appropriately align[ed] with the functioning of the Earth system itself” [32].
Legal scholars writing in the “Earth systems” domain are emblematic of a certain temptation in environmental law and complexity scholarship to intermingle the normative and the descriptive in writing about the climate change and the Anthropocene. The Earth systems approach treats the Earth as a single complex and dynamic system [33] that is characterized by a limited number of biochemical subsystems that human activity is pushing out of balance in ways that threaten the biosphere’s capacity to maintain life [34, 35]. The paradigm of “Earth system law” seeks out normative determinations about what coordinated human behavior would best manipulate the constitutive flows of energy and matte of those subsystems in ways that can maintain biospheric stability for human and nonhuman life. In this way, law should better “reflect” Earth system transformations and be “simultaneously reformative or prescriptive … to proactively enable and govern human-dominated Earth-system transformations for sustainability” [30]. Such an approach implies that the structural benefits of normative centralization around the “Earth system” would be enough to legitimize the global normative project of “aligning with the functioning of the Earth system.”
From a normative standpoint, the complexity-based description of the “Earth system” produces a powerful and unambiguous narrative that often reduces climate science down to specific reference points like “planetary boundaries” [36] or “tipping points” [37]. The presentation of these reference points as certainties places any normative objective other than optimizing planetary biochemical systems into stark relief as concerns of secondary importance, thereby attempting to limit the scope and range of political solutions that should be available to policymakers in the present [38]. While using environmental and biochemical complexity as a reference or base for lawmaking is rhetorically compelling, assuming that it can translate into a self-evident global legal project disregards the complexity of the political mechanisms by which human polities around the world determine what should be done, what constitutes acceptable risk, or what relationship science should have with those questions [19, 39]. It also disregards how choices made about how to empirically describe climate change as a particular kind of complex process itself produces specific normative framings that can conflict with those offered by different models. Consider, for instance, how historical accounts of the complex human processes responsible for global warming today might offer very different prescriptions for what can or should be done on the basis of retrospective responsibility and distributive compensatory justice compared to future-oriented Earth system perspectives that aim to adjust human behaviors in ways that manipulate planetary biochemical systems [40, 41].
Things like reparations or debts owed by those who have benefitted from industrialization to present and future generations who will suffer its consequences do not fit the specific focus of the Earth system model. Furthermore, the planetary scale of its abstractions are difficult to translate down to middle- or microlevels where policy and legal actors must engage in compromise and horse trading among the many conflicting norms, values, opinions, needs, and interests that come to bear around climate change in different societies. In this sense, while laudable, the ambition of devising a coherent global normative framework around a particular complexity-based model of the world understates the difficult problem of how law is legitimized while overstating the universality of the problem it addresses. The call for law to be “align(ed) with the functioning of the Earth system” equates to a call to reorder national legal and political priorities and processes through some kind of a global planetary regulatory goal-setting process. The powerful rhetorical emphasis that the model provides that this must be done overshadows questions about how and in what form it could be done, who would benefit or lose the most in so doing, and who or what could have sufficient authority and legitimacy to accomplish it in the absence of any genuinely self-aware “global” public [19, 42, 43].
None of this is to say that Earth system models of climate change are wrong, nor that using them for legal and normative purposes is also wrong. Rather, the concern here is with the reliance on complexity-based descriptions to make normative prescriptions in ways that obscure the norm-making role that modelers and scholars play whenever they interpret a given empirical reality as “complex.” It is quite artificial to separate such models from the equally complex sociopolitical contexts in which they are made and those to which they are expected to be applied. Victor Galaz has referred to this as the analytical challenge of “double complexity” [44], which scholars in the “socio-ecological systems” subfield have tried to reconcile in singular system frames, although with no consensus on how exactly to do this [45]. Scholars have also tried to delicately navigate this terrain by limiting themselves to asking questions on how law plays a facilitating or obfuscating role in processes of legal change and reform in the face of climate change, and evaluating whether or to what degree law contributes to or weakens the capacity of social and governance systems to adapt or be “resilient” (i.e., capable of absorbing disturbances without having to induce structural systemic changes) [46, 47]. Importantly, however, such perspectives cannot rely on the descriptive systemic frames they deploy to address difficult normative questions of whether or to what degree social and political change and/or stability and continuity are good or desirable in the first place [48]. Engagement along these lines will always have to circle back authorial choices about what is or is not desirable and beg bigger questions about who benefits or loses when a given legal system is made more or less “resilient” or “adaptive” [49, 50], or what kind of “resilience,” if any, is desirable for a given legal system [51], or what is worth keeping and preserving, and what can “we” afford to lose and change [52]? These are substantive and often deeply political questions that descriptive complexity models of planetary systems cannot provide answers to on their own, largely because they are not designed to account for how social factors like knowledge, power, agency, and conflict factor into how different human societies determine their normative pRefs. [48, 53].
RECONSIDERING COMPLEXITY’S USES FOR LEGAL SCHOLARSHIP IN THE ANTHROPOCENE
The brief discussion above cautions against relying on complexity models of climate change to meaningfully prescribe legal decision-making because doing so can miss or deflect attention away from the normative dimensions of the social and political contexts in which lawmaking occurs. These concerns are augmented further by orders of magnitude if the vastness of the Anthropocene is appreciated as being a kind of “hyper-object” that may be beyond our powers to describe accurately [54]. In this light, the role of climate change system modelers then becomes one of authoritatively reducing the unimaginable to the (merely) complex but in ways that are normatively consequential and should be treated with care by legal scholars. While one should be skeptical of the ability of complexity analyses to provide specific normative answers to the Anthropocene, they can nevertheless play a significant role in improving what Timothy Clark has called “scalar literacy” around law and climate change [55] and to offer insights into the ranges of options and possibilities available for decision-makers to choose from. Furthermore, if the Anthropocene truly does lie beyond our descriptive capacities, then complexity may be more useful to help elucidate the limits of human knowledge [56] and to draw the attention of lawyers and politicians to difficult problems where normative choice-making is needed in the face of uncertainty [26]. In such a role, complexity’s utility comes not from its ability to portray the world more accurately or with greater normative truth, but from how it can assist with thinking about conflicting and contradictory environmental and social phenomena that coexist on multiple levels and scales. Clark offers the global market for biofuels as an example, something that is simultaneously beneficial and destructive, depending on which overlapping narrative about emissions reductions and deforestation one ascribes to [55].
What complexity models cannot be relied upon to do on their own, however, is to speak to the normative dimensions of the empirical findings they generate. This is because what makes them useful and meaningful for law is determined not by the strength of their data, but by the nature of the socialized domains in which modelers and authors use them as interventions for particular legal purposes [45]. Legal scholars interested in complexity therefore have an ethical responsibility to resist the temptation that the empirical strengths of their complexity models give them any special methodological ability or authority to better determine what is normatively appropriate or better for the society [57]. Taking complex social and environmental realities into account may better help policymakers, but it cannot guarantee that they will be more able to discern what is normatively desirable. Indeed, with their emphases on empirical uncertainty and contingent variability, they may actually make it harder for them.
Nothing in this article should be construed as proposing that complexity scholars should never make normative claims about law, of course. Rather, the point is that it would be inappropriate for them to use the complexity of environmental realities as a rationale for de-complexifying political choice-making in ways that disregard the equally complex realities of the human political society and legal systems through which such realities are made meaningful. In effect, this is a call to remember that law is a politicized realm, and that scholars who are interested in complexity-based understandings of law in the Anthropocene cannot afford to disregard how the normative–descriptive interface affects the scientific credibility of their analyses and the political legitimacy of their prescriptions.
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There is a growing discussion in the legal literature of an emerging global community of courts composed of a network of increasing judicial dialogue across national borders. We investigate the use of foreign persuasive authority in common law countries by analyzing the network of citations to case law in a corpus of over 1.5 million judgments given by the senior courts of twenty-six common law countries. Our corpus of judgments is derived from data available in the vLex Justis database. In this paper we aim to quantify the flow of jurisprudence across the countries in our corpus and to explore the factors that may influence a judge’s selection of foreign jurisprudence. Utilization of foreign case law varies across the countries in our data, with the courts of some countries presenting higher engagement with foreign jurisprudence than others. Our analysis shows that there has been an upward trend in the use of foreign case law over time, with a marked increase in citations across national borders from the 1990s onward, potentially indicating that increased digital access to foreign judgments has served to facilitate and promote comparative analysis. Not only has the use of foreign case law generally increased over time, the factors that may influence the selection of case law have also evolved, with judges gradually casting their research beyond the most influential and well-known foreign authorities. Notwithstanding that judgments emanating from the United Kingdom (chiefly from the courts of England and Wales) constitute the most frequently consulted body of jurisprudence, we find evidence that domestic courts favor citing the case law of countries that are geographically proximal.
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1 INTRODUCTION
There is a growing discussion in the legal literature of an emerging “global community of courts” composed of a network of increasing judicial dialogue across borders [1–3]. Here we investigate the use of foreign persuasive authority in common law systems by analyzing the network of citations to foreign case law in a corpus of over 1.5 million judgments of the senior courts of twenty-six common law countries. Our corpus of judgments is derived from the vLex Justis database 1. In this paper we aim to quantify the flow of jurisprudence across the countries in our corpus and to explore factors that may influence a judge’s selection of foreign case law.
A fundamental feature of common law legal systems is the doctrine of precedent, which places a binding obligation on judges to follow principles established by coordinate and superior courts in earlier similar cases. This binding obligation to follow the decisions of courts of equal and higher standing (mandatory authorities) stands in contrast to the concept of persuasive authority (optional authority), the most common example of which are decisions of foreign national courts [4].
The concept of persuasive authority is well-known but imprecise [5], yet there has been growing consensus among legal scholars since the late-1990s that “more and more courts, particularly within the common law world, are looking to the judgments of other jurisdictions” [1].
The practice of cross-jurisdictional citation of persuasive authority sits within the broader context of the emergence of what Slaughter describes as a “global community of courts” [2]–the formation of which has been driven by a range of factors, including increasing similarities between the issues facing courts around the world; the international nature of human rights and the proliferation of international courts and tribunals; advances in technology and vastly improved accessibility of foreign jurisprudence; and increased personal contact among judges [1].
Slaughter acknowledges that the phenomenon of “cross-pollination” of judicial thinking via the citation of one nation’s jurisprudence by another is not new and is well established in the Commonwealth [2]. However, Claire L’Heureux-Dubé, a former justice of the Canadian Supreme Court, observes that the contemporary “process of international influences has changed from reception to dialogue. Judges no longer simply receive the cases of other jurisdictions and then apply them or modify them for their own jurisdiction.”[1] Instead, according to L’Heureux-Dubé, “... cross-pollination and dialogue between jurisdictions is increasingly occurring. As judgments in different countries build on each other, mutual respect and dialogue are fostered among appellate courts. Judges around the world look to each other for persuasive authority, rather than some judges being “givers” of law while others are “receivers”. Reception is turning to dialogue [1].”
The cross-pollination of judicial thinking via the citation of optional, yet persuasive, foreign judgments occurs horizontally between nations independently of the doctrine of precedent as opposed to vertically between nations and the decisions of their supranational counterparts by which the national court is either bound2 or at the very least obligated to take into account.3
There is ample support for L’Heureux-Dubé’s conception of judicial dialogue between nations to be found in the decisions of senior common law courts. For example, in the United Kingdom House of Lords case of Fairchild v Glenhaven Funeral Services Ltd.4, which concerned the issue of causation of mesothelioma arising from the appellant’s exposure to asbestos during different periods of employment in breach of each employer’s duty of care, Lord Bingham, having conducted a survey of case law from Australia, South Africa, the United States, France, Germany and Canada, said: “Development of the law in this country cannot of course depend on a head-count of decisions and codes adopted in other countries around the world ... The law must be developed coherently, in accordance with principle, so as to serve, even-handedly, the ends of justice. If, however, a decision is given in this country which offends one’s basic sense of justice, and if consideration of international sources suggests that a different and more acceptable decision would be given in most other jurisdictions, whatever their legal tradition, this must prompt anxious review of the decision in question. In a shrinking world ... there must be some virtue in uniformity of outcome whatever the diversity of approach in reaching that outcome 5.”
Similar sentiments have been expressed, extra-judicially, by former justices of the Canadian Supreme Court [6] and the High Court of Australia [7]. However, the phenomenon of participation in cross-jurisdictional dialogue is not universally embraced. For example, in the United States Supreme Court case of Foster v Florida, 6 in which a death-row inmate sought a writ of certiorari on the grounds that the lengthy delay between his sentencing and execution constituted a violation of his Eighth Amendment rights against cruel and unusual punishment, Justice Thomas denigrated Justice Breyer’s willingness to cite foreign authorities, stating: “While Congress, as a legislature, may wish to consider the actions of other nations on any issue it likes, this Court’s Eighth Amendment jurisprudence should not impose foreign moods, fads, or fashions on Americans 7.”
The discourse in academic articles and the cases themselves present a mixed picture where the use of foreign case law is concerned. The courts of some countries, notably Australia and Canada, appear to have taken advantage of increased access to case law from around the world to engage in comparative analysis and dialogue. However, other common law jurisdictions, most notably the US, appear to have adopted a more restrictive approach to the citation of foreign jurisprudence, rarely reaching beyond their borders when seeking guidance on legal issues [8].
A lack of access to judgment data the spans multiple common law systems has made it difficult to analyze the use of foreign case law at scale. Most earlier work has therefore concentrated on the analysis of interactions with foreign case law by a specific court or a specific territorial jurisdiction, such as the United States. This paper utilizes the case law citation network derived from a substantial corpus of senior and appellate court judgments from twenty-six common law countries to examine how, and to what extent, domestic courts in common law jurisdictions make use of foreign case law. We anchor our analysis in the overarching theme that there is an emerging global community of courts composed of a network of judicial dialogue flowing between national courts via the mechanism of citation to persuasive foreign case law.
We make five core findings. First, the use of foreign case law has followed a consistent upward trend throughout the 20th century to the present, with a pronounced increase in foreign case law utilization from 1990 onward. The timing of this increase appears to correspond to the rise of digital platforms that facilitate more comprehensive and low-cost systems of case law dissemination and retrieval. Second, although all of the countries we examine participate in the citation of foreign case law, the extent to which they do varies, with some countries making more frequent reference to foreign cases than others. Third, while there is evidence of a historical preference among judges to cite foreign cases that are highly influential in their own domestic jurisprudence, this pattern has given way to citation behavior that potentially indicates a shift in attitudes toward the citation of less well-known cases. This shift corresponds to a rapid expansion in the citation networks that is likely attributable to increased online accessibility to case law. Fourth, domestic courts have a general tendency to cite to the jurisprudence of legal systems that are geographically proximal. Finally, in aggregate we find support for the proposition that there is an emerging global community of courts held together by an increasingly seamless web of foreign case law citation. However, that community is dominated by a clique of countries–Australia, Canada, the United Kingdom (chiefly, England and Wales), New Zealand and the United States–that exchange dialogue between themselves and attract the majority of inward citations from the rest of the community.
The remainder of this paper is organized as follows. Section 2 provides an outline of previous work applying network analysis to judgment corpora. In Section 3 we present the framework for our study and analyze the global properties of the cross-jurisdictional citation network. Section 4 utilizes the network of citations to explore the extent to which a judge’s decision to cite a particular foreign case is guided by how influential the case is; the degree to which is it well-grounded in established precedent and the country from which it emanates.
2 RELATED WORK
There is a growing line of research that seeks to represent judgment corpora, and their underlying citation structures, as complex networks [9]. Several earlier studies that utilize citation network analysis on judgments have focused on American case law. These studies have aimed to measure the influence of US Supreme Court and Federal Courts of Appeals judges [10,11] and analyze citation patterns between state appellate courts [12–14]. Attention has been directed toward understanding the general internal network dynamics of US Supreme Court decisions [15,16], tracing the evolution of legal principle in that court’s body of jurisprudence [17], measuring the importance of its precedents [18] and evaluating how strategic interactions between Supreme Court justices during the court’s bargaining process affects citations to precedent in the court’s final opinion [19].
Network analysis of citations have also been applied to Canadian [20] and Australian [21] case law, in addition to judgments of international courts and tribunals, including the European Court of Human Rights [22], the Court of Justice of the European Union [23], the International Criminal Court [24,25], the Appellate Body of the World Trade Organization [26] and the International Court of Justice [27].
Other work focused on quantitatively analyzing the use of foreign authority by domestic courts is scarce. A comparative analysis of engagement with foreign case law in the decisions of the highest courts of the United States, Canada and Australia suggests that judges in Canada and Australia promote the use of foreign case law as persuasive authority, particularly in the context of criminal cases, using the case law of other countries both to defend arguments and to refute them, and to clarify a position through comparison and contrast with domestic case law [8]. A survey of US federal court case law citation practice between 1945 and 2005 revealed that citation of foreign decisions is a relatively rare phenomenon in the United States that is generally confined to cases where international issues are squarely presented by the facts [28]. In Australia, an analysis of decisions of the High Court of Australia between 2015 and 2016 found that court tended to cite foreign judicial decisions emanating from jurisdictions that reflect values common to the Australian legal system, particularly where the cited case considers statutory language that is similar to that which is in dispute [29]. Most recently, an analysis of United Kingdom Supreme Court decisions found that citations to foreign jurisprudence occurred in just under 30% of that court’s decisions [30].
The work outlined above focuses on citation activity that is specific to an individual court (e.g., the United States Supreme Court, the European Court of Human Rights etc.) or to an individual territorial jurisdiction (e.g., Australia, Canada, the United States etc). This paper provides a cross-jurisdictional perspective on judicial citation interactions between multiple countries and their respective senior courts.
3 THE COMMON LAW CITATION NETWORK: GLOBAL PROPERTIES
To demonstrate how citations to earlier cases in judicial decisions can be modeled as a network, consider the following example based on a small selection of cases concerning the ability of an accused person to challenge hearsay evidence admitted against them in criminal proceedings. In Crawford v Washington8 the United States Supreme Court held that the Confrontation Clause in the Sixth Amendment prohibited the introduction of testimonial hearsay as evidence at trial unless the declarant was unavailable to give evidence in person and the accused had the prior opportunity to cross-examine the declarant. In its reasoning the court cited, and overruled, an earlier decision of the United States Supreme Court addressing the Confrontation Clause–Ohio v Roberts9. The United States decisions in Crawford and Roberts were both subsequently considered, as persuasive authority, by the United Kingdom Supreme Court in R v Horncastle10. Finally, the United States decision in Crawford and the United Kingdom decision in Horncastle were considered by the Victoria Court of Appeal in Australia in Bray v The Queen11. The relationships between the cases in this example network are shown in Figure 1B.
[image: Figure 1]FIGURE 1 | The citation network. (A) Nodes a and b representing cases linked by a directed edge from citing to cited node. (B) The graph for four hearsay cases decided in Australia, the United Kingdom and the United States with cross-jurisdictional citation edges. (C) Triads between three citation nodes. It is considered a Triangle if the dotted edge c-b is included in the graph.
Our corpus consists of 1,559,807 judgments covering a rich spread of civil and criminal matters given between 1717 and 2020 by the senior and appellate courts of twenty-six common law systems. In addition to setting out the court’s reasoning for its determination in a given case, the judgments cite principles settled in earlier cases emanating from their own respective domestic legal systems and, to a lesser extent, from cases decided by courts in foreign jurisdictions. These judgments contain citations to 853,287 unique judgments. Citations in the judgments were identified using a proprietary rules-based engine developed by vLex Justis that allows for ambiguous reporter series abbreviations and the accurate resolution of malformed references. Detected citations are reconciled to unique case entities using a database of parallel citations developed and maintained by vLex Justis.
As outlined in Section 1, a fundamental feature of common law systems is the principle that judges are bound by the earlier decisions of judges in superior courts. Notwithstanding that the legal systems of the countries represented in our corpus are not identical, they all broadly conform to a similar hierarchical court structure. Inferior or lower courts sit at the bottom of that hierarchy. In general, inferior courts are concerned with questions of fact and provide the venue within which the majority of legal disputes are resolved at a local level. For example, in the context of the English and Welsh legal system, the majority of civil disputes are heard in the county court (the lowest civil court) and most criminal matters are heard in the magistrates’ court (the lowest criminal court). In contrast, senior or higher courts, which are located higher up the court hierarchy, are generally concerned with questions of law and exercise supervisory and appellate jurisdiction over the courts below them in the hierarchy. All of the countries represented in our corpus have a “court of last resort” that sits at the apex of the court hierarchy. Apex courts in our corpus include the High Court of Australia, the United Kingdom Supreme Court and the United States Supreme Court. The jurisdiction of apex courts, such as the United Kingdom Supreme Court, is generally reserved for cases of significant public importance and legal complexity. Accordingly, senior jurisdiction is conferred to courts lower down the hierarchical structure. For example, in England and Wales, the United Kingdom Supreme Court sits at apex of the court hierarchy. The Civil and Criminal Divisions of the Court of Appeal are subordinate to the Supreme Court, but are superior to the High Court; and the High Court is subordinate to the Court of Appeal, but is superior to the county court. Collectively, the United Kingdom Supreme Court, the Court of Appeal and the High Court are the senior or higher courts in the United Kingdom. Earlier work analyzing the use of foreign case law L’Heureux-Dube [1]; Lefler [8]; Tyrrell [30] indicates that the majority of cross-border interactions occur between courts situated at the top or near to the top of the relevant domestic judicial hierarchies. For this reason, we limit the scope of our study to the higher courts of the countries in our corpus.
This paper does not exhaustively cover all of the common law systems available in the vLex Justis collection; judgments of India, Kenya and Sri Lanka, for example, are not included in this study because data on inward and outward citations of cases in judgments emanating from those countries is currently unavailable. Moreover, for the same reason, our corpus does not include data on the number of South African judgments cited by other countries. However, we include South Africa in this study because the data does include foreign cases cited by South African courts. Additionally, our data for the United Kingdom chiefly consists of judgments of the courts of England and Wales, including decisions of the House of Lords and the Supreme Court that consider appeals originating in England and Wales. However, for convenience, we refer to the United Kingdom to describe this portion of the data. Finally, given its leading role in global affairs and the size of the jurisdiction generally, it would be reasonable to assume that the number of inward and outward citations for the United States would be larger than they appear in our data (6,008 outward citations and 7,910 inward citations). In common with the other countries in our data, we have selected courts that sit at the top of the United States court hierarchy. As discussed elsewhere in this paper, the low citation counts are consistent with earlier work which has found that foreign case law utilization is rare in the United States [28].
We construct the complete directed case-to-case network of domestic and cross-jurisdictional citations in which, as per Figure 1A, cases are represented as nodes and citations between them as edges. A directed edge extends from case b (the citing case) to case a (the cited case) if case a is referred to at least once in the judgment of case b. By construction, there are no cycles because a case is only capable of citing earlier decisions. The resulting network is a directed acyclic graph that evolves over time.
A majority of the complete network consists of relationships between cases where both the citing case and the cited case emanate from the same country (domestic citations), in additional to a smaller proportion of relationships where the citing case and the cited case emanate from different countries (foreign citations). Our analysis is principally concerned with relationships falling into the latter category. To construct the second network, the cross-jurisdictional network, we exclude all instances of domestic citation from the data (for example, where a United States case cites another United States case) so that the network only consists of cases that have interacted at least once with a case from a different country. A summary of the data in the cross-jurisdictional network is shown in Table 1.
TABLE 1 | Composition of the cross-jurisdictional (XJ) network showing the courts included in our analysis. Citing Cases is the number of unique cases that have at least one outward edge. For example, cases from the United Kingdom cited to a total of 10,928 foreign cases. Cited Cases is the number of unique cases with at least one inward edge. For example, 313,111 cases from the United Kingdom were cited by other countries in the data. The year of the earliest and latest citations are provided for both networks. For the United Kingdom, the year of the earliest case with either an inward or outward edge in the cross-jurisdictional network is 1767 (1713 in the complete network) and the latest is 2020 (also 2020 in the complete network).
[image: Table 1]3.1 Global Properties of the Networks
We begin by analyzing the global properties of the complete and cross-jurisdictional networks. A summary of the global properties of both networks is shown in Table 2.
TABLE 2 | Properties of the complete and cross-jurisdictional networks.
[image: Table 2]The first feature of interest emerges from a comparison of the size of both networks. As mentioned above, we construct the cross-jurisdictional network of citation interactions between cases emanating from different countries by excluding all cases that do not have at least one interaction (either as a citing or a cited case) with a case emanating from a different country. We retain 9.88 percent of the nodes in the complete network and 2.81 percent of the edges. This yields the insight that a reasonably large number of the cases in our corpus have engaged, whether actively as a citing case or passively as a cited case, in the practice of citation of foreign case law.
We also compute the density, average clustering coefficient and transitivity of both networks. The average clustering coefficient is a global measure of the abundance of triangles present in the network. In the context of a case law citation network, a triangle exists where case b cites case a and both cases a and b are cited by case c (see Figure 1C). Given that instances of domestic citation (citations between two cases that emanate from the same country) have been removed from the cross-jurisdictional network, for both networks we compute the clustering coefficient for a case, ν, by dividing the number of edges between ν’s neighbours by the number of edges between ν’s neighbors that do not emanate from the same country. In other words, if node j has [image: image] nearest neighbors with [image: image] connections between nodes in different jurisdictions, the local clustering coefficient [image: image] is
[image: image]
and [image: image] is the average clustering coefficient of the network
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Transitivity measures the fraction of possible triangles by identifying the number of triads in the network. A triad of nodes in our networks exists where case a is cited by cases b and c, but no edge exists between cases b and c.
In common with other real-world complex networks, such as social networks [31]; ecological systems [32]; and patent citation networks [33], the complete and cross-jurisdictional networks present low density (4.32[image: image] and 1.24[image: image], respectively). In the complete network, the coefficients of average clustering and transitivity are four orders of magnitude greater than the global density. In the cross-jurisdictional network, the average clustering coefficient and transitivity are two orders of magnitude greater than that network’s density. Both networks present global properties that are similar to those found in a similar study that focused on the citation network in a corpus of judgments from the International Criminal Court [25].
The complete network presents clustering behavior that is an order of magnitude higher than its cross-jurisdictional counterpart (see Table 2). This is expected, because the cross-jurisdictional network was constructed by pruning all nodes from the complete network that did not have at least one interaction (as the citing or cited case) with a foreign case. The comparatively low degree of clustering in the cross-jurisdictional network provides an indication that instances in which three or more cases become linked through citation are rare. We analyze this further in Section 3.2.
3.2 Degree Distributions
The degree distribution of a network is a fundamental quantity measured in most analyses of complex networks. In this section we analyze the distribution of inward citations (citations to a case) and outward citations (citations from a case) in the cross-jurisdictional network. The inward and outward degree distributions examined in earlier studies of case law citation networks constructed from the decisions of the US Supreme Court, European Court of Human Rights and the International Criminal Court have each exhibited two common characteristics. First, their inward and outward degree distributions are heterogeneous. Second, both distributions appear to follow a pattern whereby most decisions in the network are cited by relatively few cases, whereas a small number of decisions are cited by many cases. The same pattern applies to the inverse scenario, where most decisions in the network cite relatively few other cases, whereas a minority of decisions cite many cases. Similar patterns have been widely observed in the degree distributions of other large networks, including scientific paper citation networks [34], patent citation networks [35, 36], the structure of the World-Wide Web [37] and social networks [38]. It has been argued that these distributions are the consequence of a process of “preferential attachment” [39, 40] which would indicate, in the context of a judicial citation network, that the more a case has been cited by past cases, the greater the likelihood that it will be cited by future cases. The inward and outward degree distributions in our cross-jurisdictional network, as can be seen in the log-log plots in Figure 2, share these properties.
[image: Figure 2]FIGURE 2 | Log-log distributions of inward and outward citations in the cross-jurisdictional network.
There is evidence of the process of preferential attachment in the cross-jurisdictional network. We observe that 611 cases ranked in the 99th and 100th percentiles by inward citation count constitute a quarter of the total inward citations in the entire cross-jurisdictional network. Examining this small population of 611 cases with high indegrees, which we will refer to as super authorities [41, 42], provides initial insights into the dominance of case law emanating from specific countries in the cross-jurisdictional network. We find that the majority (80.4%) of citations in the cross-jurisdictional network were to United Kingdom super authorities, while the second largest group of most cited cases were Canadian super authorities, with 17.3% of the share of inward citations. The dominance of super authorities from the United Kingdom (chiefly, England and Wales) and Canada persists when we limit the pool of cited cases to those decided in or after 2000. However, the proportion of United Kingdom super authorities declines to 67.2%, while the proportion of Canadian cases in the top two percentiles of inward citation count rises to 23.2%.
To examine the extent to which the cases in this group of super authorities possess landmark12 qualities, we calculated the proportion of the top ranking 100 cases emanating from courts in the United Kingdom (which are mainly decisions from the English and Welsh jurisdiction) by indegree that had been reported in England and Wales’ leading series of law reports, The Law Reports, published by the Incorporated Council of Law Reporting for England and Wales since 1865. For a case to be selected for inclusion in The Law Reports it must exhibit, in the view of that series’ editors, the potential to have longstanding significance as a precedent 13. In general, cases selected for inclusion in The Law Reports are published in that series within a year to eighteen months from the date of judgment.
We found that 86 of the top ranking 100 United Kingdom cases by inward citations had been reported in that series of law reports and that 66 of these cases were decisions of the United Kingdom apex courts: the Supreme Court, the House of Lords and the Judicial Committee of the Privy Council. This suggests that there is a correlation between the indegree of a case and the status of that case as a landmark authority. This indication is supported by an inspection of the top three ranking United Kingdom cases, all of which are generally regarded as seminal decisions:
• American Cyanamid Company v Ethicon Ltd., 14 the leading authority on applications for interim relief. 1,477 inward citations.
• Associated Provincial Picture Houses Ltd. v Wednesbury Corporation, 15 a leading case in the sphere of judicial review that established the test of unreasonableness in public body decision making. 860 inward citations.
• Donoghue v Stevenson, 16 established the foundations of the tort of negligence. 719 inward citations.
While using The Law Reports as a benchmark provides a useful guide for ascertaining the correspondence between indegree and the status of a case as a landmark authority, there are limitations to this approach. Inclusion of a case in The Law Reports amounts to a prediction on the part of that series’ editors as to the likelihood that the case in question bears the marker of a landmark authority. Publication in that series of law reports therefore has the potential to enhance the visibility and the perceived impact of a given reported case to users of case law, thereby increasing the likelihood that it will be discovered and cited in future cases when compared to a case that was not reported in that series. One way to control for this effect, which we leave for future work, may be to examine the rate of citation to a case for a period prior to (generally, a year to eighteen months) and following its publication in The Law Reports. Moreover, it has been recognized that citation counts are biased by the age of the cited unit. For example, in the context of academic paper citation networks, the number of citations received by a paper depends on the age of the paper [43]. Older papers have more time to acquire citations than more recent papers–an advantage that is enhanced by the phenomenon of preferential attachment [44, 45]. Both the complete and cross-jurisdictional networks are subject to this bias.
3.3 Average Clustering as a Function of Degree
In their analysis of the citation network constructed from a corpus of International Criminal Court decisions Tarissan and Nollez-Goldbach [25] observed a pattern under which the local clustering coefficient of a decision was inversely proportional to its indegree: decisions with high indegree presented low clustering, whereas decisions with low indegree presented higher local clustering. The authors of that study explain this pattern by noting that small indegree cases in their network tended to deal with esoteric issues pertaining to the court’s procedure that raised specific and technical points of law, while larger degree cases addressed substantive issues of broader application. A similar pattern has been observed in other growing directed networks, such as scientific paper author collaboration networks [46].
Translating this trend into the context of our cross-jurisdictional network, it would suggest that large degree cases establish general principles that are applicable to a wide range of factually disparate disputes: case a establishes principles or rules of general application that are relevant to the issues to be determined in cases b and c, but the factual and legal matrices of cases b and c do not overlap sufficiently for either of those cases to cite the other. The inverse scenario in which low degree cases present higher clustering would suggest that low degree cases have a tendency to address specific factual and legal issues that are relevant to small cliques of cases entering the network.
We compute the average local clustering coefficient (using the approach outlined in Section 3.1) as a function of indegree to explore whether a similar relationship exists in our networks and compare our results to random networks. For both networks, we generate a random network using the degree distribution of the respective real network as the configuration model, removing all self-looping and parallel edges from the generated network. We then randomly assign a country attribute to each node in the generated random network, following the distribution of countries in the respective real network (i.e., the proportion of Canadian nodes in the random cross-jurisdictional network is equal to the proportion of Canadian nodes in the real cross-jurisdictional network). Finally, all edges between nodes from the same country were removed from the random version of the cross-jurisdictional network. Our results are shown in Figure 3.
[image: Figure 3]FIGURE 3 | Local average clustering coefficient of cases as a function of indegree. (A) The complete network (B) The cross-jurisdiction network. Cases with high degrees present lower clustering coefficients. The complete and cross-jurisdictional networks are shown in blue, their randomized counterparts are shown in orange.
There is some evidence of a correlation between indegree and local clustering in the cross-jurisdictional network (Figure 3B), although it is weak. In the random cross-jurisdictional network, shown in orange, the clustering coefficient of cases with low indegree is small before increasing at higher indegrees. There is deviation between both networks at low degree, with the cross-jurisdictional network presenting higher clustering for cases with low inward citations. However, the deviation between the real and the random network is less distinct at high degree. High degree nodes in both networks present low clustering, although the coefficient is larger in the cross-jurisdictional network than in the random cross-jurisdictional. As can be seen, the majority of the cases in the cross-jurisdictional network have high degree. It is therefore possible, even when compared with the random network, that the presence of higher clustering at low degree in the cross-jurisdiction is the product of chance rather than the phenomenon observed by Tarissan and Nollez-Goldbach [25].
The opposite pattern is observed in the complete network (Figure 3A), which demonstrates a trend of increased clustering for cases with higher inward citations compared to cases with fewer citations. This trend is also reflected in the random complete network. However, clustering at high indegree in the complete network exhibits far more variability than that observed in the random complete network. This variability may indicate the presence of cases in the complete network that act as frequently cited hubs of jurisprudence on legal issues that are common or prominent across a range of countries in our network. Deeper analysis, which we reserve for future work, could be directed to confirm and explore the presence of these hub cases and the role they may play in diffusing key common law concepts across nations.
3.4 Evolution of the Cross-Jurisdictional Network Over Time
Our focus now turns to exploring how the cross-jurisdictional network has evolved over time. To enable this we follow the temporal window approach of Steer et al. [47]. This approach allows us to view the exact state of the networks at any point throughout its lifetime and move through this history at different temporal levels of granularity. By filtering out older entities shorter term patterns may be extracted which would otherwise be obscured by the full data aggregate.
The temporal window approach is illustrated in Figure 4. In Figure 4A the evolution of a network is plotted over time, showing new vertices joining the network and which existing nodes they are connected to. This can be envisioned within our cross-jurisdictional network context where new judgments are published, citing previously established judgments and, therefore, generating edges. Aggregating all of these vertices and edges together will create the latest version of the graph G, seen in the middle of the figure, which is what typical graph analysis will be performed on. Lastly, in Figure 4C, we can see a windowed view of the graph [image: image]. This consists of the graph as it would have existed at time t and with a set window size of τ.
[image: Figure 4]FIGURE 4 | Temporal graph. (A) Windowing procedure to construct the graph [image: image](B) Complete graph G with 6 nodes and 8 edges (C) Sub-graph [image: image](D) Authority score. Example where the shade of each node represents its Authority score. Node a has high authority.
3.4.1 Growth of the Cross-Jurisdictional Network
We begin our temporal analysis of the cross-jurisdictional network by investigating the growth of the network, based on the number of nodes and edges present, between 1940 and 2020. This temporal period is chosen because as Table 1 shows, the majority of citation interactions in the corpus selected for this study begin in the mid-twentieth century. The results of this analysis are shown in Figure 5.
[image: Figure 5]FIGURE 5 | Evolution of the cross-jurisdictional network. (A) Nodes and (B) edges present over time and four window widths, [image: image].
The growth of the network was modest in the fifty years between 1940 and 1990, with an approximate increase of 28,000 cases and 60,000 edges present in the network over that period. The size of the network accelerates from 1990 onward, with a three-fold increase from 60,000 cases in 1990 to 181,618 cases in 2020. The increase in edges in the network is even more striking, rising from approximately 70,000 edges in 1990 to 384,336 edges in 2020. The growth in cases entering the network from 1990 may be attributable to the rise in the use of digital systems to author, store and disseminate case law [1, 48, 49] and the fact that as time passes the stock of precedent increases–there are more earlier cases available to be cited.
3.4.2 Average Case Degree
The increase in the number edges in the network raises the question as to whether judges have increased the number of cases cited in their judgments. To explore this, we analyzed the mean degree of the cases in the complete network and the cross-jurisdictional network between 1940 and 2020. The results of this analysis are shown in Figure 6.
[image: Figure 6]FIGURE 6 | Distribution of case average degree. (A) The complete network (B) The cross-jurisdiction network. Window widths.[image: image].
Both networks present an increase in mean degree over time. The mean degree of cases in the complete network, shown in Figure 6A rises from five in 1940 to 7 in 2020, with a noticeable increase occurring between 1970 and 2000, at which point the mean degree plateaus. The mean degree of cases in the cross-jurisdictional network, shown in Figure 6B are lower, rising from a mean of 0.6 in 1940 to 2 in 2020. This indicates that judges have progressively increased the amount of case law cited in their judgments over time, both in the complete network, which includes domestic citations, and in the cross-jurisdictional network.
Our conclusion that judges have increased the number of cases they cite in their judgments over time leads to the possibility that the network of foreign citations has grown progressively more connected over the same period. This is supported by a temporal analysis of the growth of the largest connected component in the cross-jurisdictional network, the results of which are shown in Figure 7. In the context of a case law citation network, a component is a set of cases for which each pair of cases are linked by at least one path through the network (see Figure 7A).
[image: Figure 7]FIGURE 7 | Connected components. (A) Connected components on for a graph [image: image] at time t illustrating the largest connected component (LCC). (B) Temporal connected components with five window widths showing the change in the proportion of the LLC in the cross-jurisdictional network.
The trend presented by our analysis of the growth of the largest connected component in the cross-jurisdiction network in Figure 7B shows that the size of that component has more than doubled from where it stood in 1940 at approximately 45% of the network to approximately 95% of the network in 2020. The presence of a single giant component in the network is consistent with the findings of earlier analyses of case law networks [18, 22]. This may be an indication that the body of foreign persuasive authority cited by the countries in the cross-jurisdictional network has achieved a some degree of integration over the passage of time. When citing foreign cases, domestic judges are sampling from, and contributing to, a progressively more seamless web of case law [16] as opposed to fragmented isolated clusters of authority. However, we also observe in Figure 7B that the size of the largest component in the cross-jurisdictional network temporarily decreased between 1955 and 1965 when τ is set to a window size of 5 and 10 years. This reduction in the size of largest component is likely due to the fact that the majority of non-United Kingdom judgments in our corpus entered the network during this period, which led to the temporary creation of smaller components that were subsequently assimilated into the largest component once they were cited by later cases.
4 A GLOBAL COMMUNITY OF COURTS
4.1 Overview of Foreign Citations by Country
In the last section we presented our analysis of the fundamental global properties of the cross-jurisdictional network, along with an investigation of how the network has evolved over time. Our focus in this section turns to address the extent to which the cross-jurisdictional network reveals evidence of the emergence of a global community of courts formed by the cross-border flow of persuasive authority. The legal scholarship in this area presents a mixed picture in which the extent to which specific domestic legal systems are willing to engage with foreign case law varies considerably. Lefler’s [8] analysis of the judgments of the US Supreme Court, the Canadian Supreme Court and the High Court of Australia found that judges in Australia and Canada promote the use of foreign case law, particularly in criminal cases. The United Kingdom Supreme Court also makes regular reference to jurisprudence of other countries [30]. In contrast, earlier work indicates that American judges make relatively little use of foreign case law [8, 28]. Figure 8 show the log-scale quantities of foreign cases cited by and citing to each country in the network. Three points of interest emerge. The first is the dominance of cases emanating from the United Kingdom as the most cited legal system in the network. This is likely due to historical factors which are discussed further in Section 4.2. The second concerns Australia, which stands out as the most prolific user, by volume, of foreign authority–this trend is consistent Lefler’s [8] findings. The third relates to the United States. Notwithstanding that the use of foreign case law by United States courts has proven to be a contentious issue in the discourse of American legal scholars [42, 50], our data suggests that in contrast to comparable jurisdictions–such as the United Kingdom, Canada and Australia–the instances of United States engagement with foreign case law are rare. This is consistent with earlier work which found that American courts make scarce use of foreign case law [28]. Despite the fact that United States judgments appear to be relatively isolated from the influence of foreign jurisprudence, they form the fourth most consulted body of jurisprudence in the cross-jurisdictional network, after the United Kingdom, Canada and Australia.
[image: Figure 8]FIGURE 8 | Citation distributions in the cross-jurisdictional network. (A) Outward citations for each country (B) Inward citations per country. Australia is shown to be the most prolific user of foreign case law by outward citations. Judgments of courts in the United Kingdom, chiefly courts of England and Wales, are the most cited source of case law.
4.2 Considerations Relevant to the Citation of Foreign Case Law
Our analysis shows that although the courts of all countries in our corpus engage in the citation of foreign case law, the extent to which they do so varies. In all cases the volume of citations to foreign case law are dwarfed by the volume of citations to domestic law. The variability in interactions with foreign case law across the countries in the cross-jurisdictional network suggests the existence of deeper considerations on the part of judges when reaching beyond their domestic law to persuasive judgments given by the courts of other countries.
We begin from the basic legal and constitutional imperative that in order to maintain their institutional and decision legitimacy, national courts will generally seek to resolve the legal issues before them in accordance with the content of their own binding domestic law. From this imperative, we assume that where the resolution of legal issues presented by a case appears to require, and the doctrine of precedent permits, the use of authority by which the court is not bound (persuasive authority), the court will prefer domestic persuasive authority over foreign authority. Accordingly, we proceed on the basis that national courts will generally refer to foreign case in limited circumstances as a matter of last resort where 1) the content of domestic law (binding or otherwise) is inconclusive as to the issues presented; 2) the content of domestic law is conclusive, but leads to an “unjust” 17 outcome and the court has the latitude to depart from established principle; or 3) the issues of the case squarely present an international dimension [28].
In this section, we test three assumptions to explore the extent to which the selection of foreign case law is guided by the citing court’s perception of how influential and well-reasoned a foreign case is and the country from which it emanates.
Assumption 1 : “Importance” of foreign cases: Our first assumption relates to the perceived “importance” of foreign cases. On the most straightforward view, an “important” case is a case that has subsequently been cited by many important later cases. In view of the evidence that citation of foreign case law is a minority occurrence that arguably deviates from the strict goal of settling domestic legal questions in accordance with domestic law, we assume it is more likely than not that courts will have historically tended to confine themselves to the citation of foreign cases that exhibit high importance and influence in the jurisdictions from which they emanate. However, we assume that the emphasis courts place on the perceived influence of a foreign case as a prerequisite for citation will have declined over time as the practice of foreign citation has grown more commonplace.We use the authority score computed by the hyperlink-induced topic search algorithm (HITS) [51] as a proxy for the importance of a case: important cases are those with high authority scores and less important cases are those with low authority scores. We compute HITS over successive temporal partitions of the complete network to analyze how the authority scores of cases cited in the cross-jurisdictional network between 1940 and 2020 change over time. A reduction in the mean authority score of cases cited over time may provide an indication that judges have grown less concerned about limiting themselves to citing foreign cases that are regarded as having particular importance or weight of authority.
Assumption 2 : “Grounding” of foreign cases: Our second assumption examines the extent to which cited foreign cases are “well-grounded” in their own domestic jurisprudence. On the most straightforward view, a “well-grounded” case is a case that it itself cited many earlier important cases. In common with Assumption 1, we assume that judges will have historically preferred to cite foreign cases that were well-grounded in their own domestic case law when they were decided. However, we assume that as the practice of foreign citation has grown more commonplace over time, the emphasis a judge may place on how well-grounded a case is will have reduced.We use the hub score computed by HITS as a proxy for how well-grounded a case is: well-grounded cases are those with high hub scores and less well-grounded are those with low hub scores. We compute HITS over successive temporal partitions of the network to analyze how the hub scores of cases cited in the cross-jurisdictional network between 1940 and 2020 change over time. A reduction in the mean hub score of cases cited over time may provide an indication that judges have grown less concerned about limiting themselves to citing foreign cases that are regarded as having been well-grounded in their own domestic law.
Assumption 3 : Geographic proximity: Homophily, the principle that similarity breeds connection, has been found to influence a range of network settings, including paper citation networks [52] and social networks [53]. A recent study examining an Australian case law citation network observed that judges in that country generally favoured the jurisprudence of countries that reflect their social values and legal traditions [29]. There are any number of points of similarity between national legal systems, including socioeconomic factors, language, style of constitution and government. A further point of similarity, which we explore, is geographic proximity. Our third assumption is that judges will tend to favour the citation of foreign case law that emanates from countries that are geographically proximal. We use the geographic distance between the countries in our data as a proxy for similarity, where countries separated by low distance are assumed to be more similar than countries separated by larger distance.
4.2.1 The Importance and Grounding of Cited Foreign Cases
In their analysis of over 30,000 majority opinions of the United States Supreme Court, Fowler and Jeon [17] explore the ways in which the citation network could be harnessed to identify cases that are the most important or influential for establishing precedent. At the most basic level, as we have shown in our analysis of the 100 most frequently cited United Kingdom cases in the cross-jurisdictional network, it is possible to rely on degree centrality–a classic and intuitive measure of importance [54]. However, Fowler and Jeon’s study argues that degree centrality fails to fully utilize the information in the case law citation network because all inward citations are treated equally and that, when estimating the importance of a case, we should ideally be able to account for the cases that those cases themselves cite. This is made clearer with an example. Suppose case a is cited by a case of considerable importance, case x, and that case b is cited by a case of low importance, case y. This would indicate that case a is more important than case b, because case x is more important than case y.
An alternative strategy to the calculation of importance considered by that paper is eigenvector centrality, which computes the importance of nodes in a network based on the centrality of its neighboring nodes [55]. Eigenvector centrality was also discounted by Fowler and Jeon as an appropriate measure of importance for case law because that approach only treats nodes associated by an inward edge as neighbors for the purposes of the calculation. Fowler and Jeon regarded this as problematic because the importance of a case is simultaneously dependent on the importance of the cases citing it and the importance of the cases that it itself cites. For example, if case a is cited by case x, which cited many important cases, and case b is cited by case y, which mainly cited cases of low importance, then case a may be said to be more important than case b, because case x is well-grounded in important cases and case y is not.
The approach adopted by Fowler and Jeon to assess importance, which we follow in this paper, is the hyperlink-induced topic search algorithm (HITS) [51]. HITS uses two related but distinct scores of importance: the authority score and the hub score. In the context of a case law citation network, an authority is a case that is extensively cited by other cases in the network and a hub is a case that itself cites many other cases in the network. The relationship between authorities and hubs is mutually reinforcing–a good authority is generally a case that cites many good hubs; a good hub is a case that cites many good authorities. The authority score for a given case depends on 1) the number of cases it has been cited by; and 2) the hub scores of the cases it cites. This is illustrated in Figure 4D. Meanwhile, the hub score for a given case depends on 1) the number of cases it cites; and 2) the authority scores of the cases it cites 18.
We follow Fowler and Jeon [17] and use the authority score as a proxy for the importance of cases in the network to test Assumption 1, which assumes that the emphasis courts place on the perceived importance of a foreign case when considering whether to cite it will have been historically greater than it is in present times. The framework underlying Assumption 1 draws on two strands. First, the evidence in the literature and in the cases indicating the phenomenon of “cross-pollination” of judicial wisdom [1] suggests that judges are beginning to cast a wider net when it comes to the citation of foreign case law. There is an increase in cases cited per judgment over time in the cross-jurisdictional network in Figure 6B. The motivations driving wider citation of foreign jurisprudence, particularly in cases involving human rights, appear to stem from the recognition among an increasing community of judges that they are fellow professionals engaged in a common endeavor that transcends national borders [2] and improved accessibility of foreign case law online [1, 48, 49]. We therefore assume that the more widely judges are prepared to cite foreign authority, the less emphasis they will place on the “importance” of those authorities.
The second strand we draw on is the “strategic legitimation” model explored by Lupu and Voeten (2011) in their analysis of the European Court of Human Rights’ (ECtHR) use of its own body of jurisprudence. In that study Lupu and Voeten found that the selection of authority by ECtHR judges is guided by a strategic concern to persuade the domestic parties, particularly national governments, to comply with the court’s decisions by demonstrating impartial and careful decision-making [56]. Strategic legitimation was analyzed through the prism of the extent to which the ECtHR grounds its decisions in its own precedent, using the hub score calculated by HITS as the proxy for how “well-grounded” a given decision is in the court’s body of case law. The overarching hypothesis running through that analysis, which the authors confirmed, was that the ECtHR seeks to promote its institutional legitimacy by taking care to ground its decisions, particularly those bearing on controversial issues, in a thorough survey of its own case law.
Returning to our core assumption that domestic courts are subject to the legal and constitutional imperative to decide the cases before them in accordance with their own domestic law, the model of strategic legitimation operates as a counterbalancing check on the freedom of judges to sample and incorporate foreign jurisprudence in their judgments. In the context of this cross-jurisdictional analysis, therefore, there is a tension between the advantages of participation in cross-border judicial dialogue and the countervailing concern not to undermine institutional and decisional legitimacy by over liberally citing foreign case law.
To examine how the emphasis placed by judges on the perceived importance of foreign cases changes over time, we compute the authority and hub scores for all of the cases in the complete network across nine temporal partitions. We use the complete network for this computation because the importance of a case is a product of all of its citation activity, including citations to and from other cases emanating from the same country. The first partition contains all cases and their relationships between 1767 (the year of the oldest case in the network) and 1940; the second partition from 1767 to 1950; and so on, where the terminal year is incremented by ten years in each partition until it reaches 2020, at which point authority scores are computed for all of the cases in the complete network. This temporal partition approach was deployed by Fowler and Jeon [17] in order to analyze the rise and fall of a case’s authority score over time and allows us to overcome the fact that authority and hub scores would be frozen in a static network. To enable us to compare the evolution of the authority scores with a null network for each partition of the complete network, we generate a random equivalent using the degree distributions from the corresponding partition of the complete network and compute HITS on that random partition.
Given that the majority of the cases in the cross-jurisdictional network date from the mid-twentieth century, we start our analysis of the authority scores from 1940 stepping forward in time toward 2020 in ten year windows. For the first window, we induce the sub-graph of all cases cited between 1940 and 1950 from the cross-jurisdictional network and calculate the mean of the authority scores for that set of cases from the first partition of the complete network (1767–1950). For the next step, we slide the window forward in time to 1950 to 1960 and repeat the procedure against the second partition (1767–1960) of the authority score computed in the complete network, and so on. We repeat this procedure on the complete network to enable a comparison between purely cross-jurisdictional citation interactions one the one hand, and a complete representation of all citation activity, including domestic citation activity, on the other. We replicate this procedure on the random networks.
The evolution of authority scores of cases cited in the complete and cross-jurisdictional networks between 1940 and 2020, along with the authority scores computed in the random networks, are shown in Figures 9A,B, respectively.
[image: Figure 9]FIGURE 9 | Authority scores of (A) The complete network and (B) the cross-jurisdictional network between 1940 and 2020. For the real networks the authority scores are shown in blue, for the random networks the scores are shown in orange.
Our temporal analysis of authority scores in the complete network (Figure 9A), shows that the authority scores of cases cited steadily decreases over time. The same trend can also be observed in the evolution of the authority scores in the randomized version of the complete network, shown in orange, however the average score in the random network is consistently lower across the examined time period. The trend in the authority scores of cases cited in the cross-jurisdictional network (Figure 9B) is less uniform. We observe, in contrast to the complete network, that the authority scores of cited cases start off low between 1940 and 1970, before sharply increasing between 1970 and 1990, where they peak. This peak in scores is likely due to the fact that in our data most of the citation activity starts in the mid-twentieth century. The peak in scores over this period indicates that extensive citation was being made to a select group of cases of heavily cited cases. From 1990, the average authority score proceeds to steadily decline over the following 30 years toward 2020.
The analysis of the authority scores in the cross-jurisdictional network and the complete network both demonstrate a steady decline in the authority score of cases cited over time, although the points at which the decline commences differ. This is consistent with Assumption 1, which proposes that the preference of judges to cite high importance cases will have reduced over time as the practice of foreign citation grows more widespread. However, the fact that the trend of decreasing authority scores is mirrored in the random networks provides an indication that the fall in importance, as measured by the authority score, may in fact be a consequence of the growth in the size of the network rather than a conscious decision on the part of judges to cite lower impact cases, as envisaged by Assumption 1.
The decline in authority scores in the cross-jurisdictional network begins in 1990. From this point in time we observe two patterns that are common to both networks: a steep increase in the number of cases entering the networks (Figure 5A; Section 3.4) and an increase in the number of cases cited per case (Figure 5B). The period from 1990 onward is marked by increased digitization both of the judgments themselves and the platforms used to facilitate their dissemination and retrieval. Technological advances in the online legal research domain in particular have significantly increased the ease with which judges and lawyers are able to access foreign jurisprudence and engage in comparative analysis [48,49]. Prior to the widespread digitization of legal sources, discovery of case law, both foreign and domestic, largely depended on access to printed collections of law reports or to textbooks, both of which tended to be limited to the treatment of well-known cases. The ability to access foreign case law in volume online is likely to have resulted in a broadening of the horizons of judges, enabling them to simultaneously cast their nets wider across a growing number of bodies of foreign jurisprudence and deeper into case law pertaining to esoteric issues.
Accordingly, it is difficult to decouple the emphasis placed by judges on the importance of a foreign case when considering whether to cite it from the effects of dramatically improved accessibility of foreign case law over time and its apparent effect on the growth of the networks. However, the overall trend is that over time, and certainly since the advent of digital access to case law, citations to foreign authority have increased and the importance of the cases that are being cited, as measured by their authority scores, has decreased. This, in turn, indicates an increased willingness among judges to make use of foreign case law and a reduced tendency to confine reference to landmark cases.
Assumption 2 proposes that the preference of judges to cite cases that are well-grounded in existing case law will have reduced over time as the practice of foreign citation grows more widespread. We use the hub score computed by HITS as a proxy for how well-grounded a case is in earlier authority.
The trends in the evolution of the average hub scores closely resemble those of the authority scores. In the complete network, shown in Figure 10A the hub scores start high and steadily decline over time. The same steady decline is reflected in the movement of the hub score in the random network, shown in orange. The evolution of the hub score in the cross-jurisdictional network and the random model generated from its degree distribution, shown in Figure 10B, is less straightforward. The hub scores in the cross-jurisdictional model are generally low throughout the observed period. The scores are seen to peak in 1990 and then to continually decline from that point onward. As with our analysis of the evolution of the authority scores, this trend is consistent with Assumption 2. However, the movement of the hub score in the random cross-jurisdictional network provides strong evidence that the decline in hub scores from 1990 onward is a consequence of the increasing size of the network rather than a conscious change in approach on the part of judges.
[image: Figure 10]FIGURE 10 | Hub scores of cited cases in (A) the complete network and (B) the cross-jurisdictional network between 1940 and 2020. For the real networks the hub scores are shown in blue, for the random networks the scores are shown in orange.
As with our analysis of the evolution of the authority scores, our analysis of the hub scores do not provide sufficient evidence to enable us to state that the reduction in hub scores is a direct consequence of judges lowering their attention to how well-grounded a particular foreign case is in the domestic authority of the country from which it emanates. Rather, the rise of widespread digital access to case law from 1990 onward is likely to be playing the prominent role in this respect.
Our analysis of the authority score raises a general question as to its effectiveness of as a measure of importance in large evolving case law citation networks. In their study, Fowler and Jeon [17] compared the top ten ranking cases by authority score in their network with three sets of expert rankings of the most influential United States Supreme Court decisions and found that all but one of those cases appeared in at least two of the three sets of rankings. Their analysis therefore revealed a strong association between the authority score and importance. In order to evaluate the validity of the authority when applied to the data in our network, we compare the relationship between case indegree and authority score (the independent variables) with whether a case has been reported in the leading series of law reports for England and Wales, The Law Reports. We use the inclusion of the case in The Law Reports as a proxy for importance and this serves as our dependant variable. For this comparison, we induce the sub-graph of citations internal to the United Kingdom from the complete network and compute the authority scores in that network. Then for each measure (authority score and indegree), we sample to the top 100 cases, the bottom 60 cases and 60 additional cases around the middle yielding 280 cases for each measure. We then manually check whether the cases for each measure were reported in The Law Reports. The results of a logistic regression, along with Pearson correlation scores, on the relationship between these measures and importance, shown in Table 3, indicate that there is a significant relationship between indegree and importance using The Law Reports as a benchmark. The authority score, on the other hand, has a weaker association with importance in our data.
TABLE 3 | Relationship between importance and indegree/authority in United Kingdom cases. N = 280. Coefficients and standard errors calculated using logit. The dependant variable is whether the case was reported in The Law Reports.
[image: Table 3]4.2.2 The Role of Geographic Proximity
In Assumption 3, we draw on Spottiswood’s [29] study of the High Court of Australia and assume that in making choices as to which foreign country to cite from, judges will generally favor the jurisprudence of countries that share similar values. We use geographic proximity as the proxy for similarity and assume that countries that are close in distance are more likely to share values than countries that are separated by larger distances.
United Kingdom We plot the matrix of citation interactions between the countries in the cross-jurisdictional network in Figure 11. Virtually all countries, with the exception of the United States, direct the bulk of their outward citations toward the United Kingdom. This is likely due to historic factors: all of the countries in the network were at some point subject to British imperial rule and, as a consequence, have systems of law modeled on that used in England. Moreover, all countries, with the exception of the United States and the United Kingdom itself, at some point had the Judicial Committee of the Privy Council as their final court of appeal (this remains the case for twelve of the countries in the network).
[image: Figure 11]FIGURE 11 | Heatmap of citations between countries in the cross-jurisdictional network. Citing countries are show on the left axis and citing countries are shown on the top axis.
North America 58% of United States outward citations were to Canadian cases. In this respect, our findings are broadly consistent with those of Zaring [28]. 64% of outward Canadian citations were to decisions emanating from courts in the United Kingdom. This is not surprising given Canada’s close historic ties with the United Kingdom. However, the second country most cited by Canada is the United States, the decisions of which amount to 31.7% of Canada’s outward citations.
Asia-Pacific When references to decisions of courts in the United Kingdom are removed, Malaysian courts are seen to prefer the case law of Singapore (33.5% of Malaysian outward citations) and Australia (48.2%), and to a lesser extent, New Zealand (7.2%). New Zealand directs most of its non-United Kingdom outward citations to its closest neighbor, Australia (63.1% of New Zealand’s non-United Kingdom outward citations). The flow of outward citations from Australia to New Zealand is also high (36.5% of Australia’s non-United Kingdom citations), although Australian courts are shown to have a stronger preference for Canadian jurisprudence (41.9%).
Caribbean Countries in the Caribbean region stand out as the most cosmopolitan users of foreign case law, spreading their outward citations across neighboring jurisdictions in the region. However, outward citations to foreign case law by courts in Caribbean jurisdictions are concentrated on Australia, Canada, United Kingdom and the United States.
To gain a clearer understanding of the extent to which geographic distance between countries influences the selection of foreign case law, we analyze the extent to which there is a negative correlation between distance and citation count. A strong negative correlation would provide support for Assumption 3. We calculate the log distances in kilometres between the capital cities of each pair of countries in our data along with the total inward and outward citations between each pair. Owing to its peculiar role from a historical perspective, we exclude the United Kingdom from our analysis. Further, in view of the fact that countries in the Caribbean region cite to many different countries, we compute the correlations both with and without these countries. Our analysis is shown in Table 4.
TABLE 4 | Correlations between log geographic distance and number of citations. Geographic distance is measured in kilometres between national capital cities. “Overall,” shown in bold, denotes correlation calculated on all country pairs (excluding the United Kingdom). Correlations for individual countries are calculated using only the subset of country pairs each country belongs to. Larger negative values indicate stronger negative correlations between distance and citation count.
[image: Table 4]When the Caribbean data is included in the analysis, the overall correlation is weak (−0.055), although the strength of the correlation is high in countries situated in Asia and Australasia. In contrast, the negative correlation becomes stronger (−0.565) when we exclude Caribbean citation activity, with a marked increase in the observed correlation for Canada and the United States. The correlation for Ireland is weak in both scenarios because as shown in Figure 11 the majority of Ireland’s citations are to the United Kingdom, which was excluded from the analysis.
In general, this analysis supports Assumption 3–when citing foreign case law, the courts of the citing country tend to prefer the jurisprudence of their geographic neighbors over the case law of countries that are further afield. However, distance alone is unlikely to provide an optimal surface of similarity between the countries in our data and it would be useful for future work to explore a wider range of factors.
The citation interactions between countries in the network also highlight the existence of a clique of countries–the United Kingdom (chiefly, England and Wales), Canada, Australia, New Zealand and the United States–that serve as pillars in the network, acting as the main hubs of case law to which the other countries in the network reach. Not only do the members of this clique attract the most outward citation from the rest of the network, there is a considerable rate of exchange of authority between them. This suggests, based on our analysis of the data in the cross-jurisdictional network, that to the extent that there is an emerging “global community of courts”, that community orbits, and is driven by, the jurisprudence of these five countries.
4.3 Evidence of Dialogue Between Domestic Courts Across Borders
L’Heureux-Dubé’s [1] and Slaughter’s [2] conceptions of a global community of courts place their emphasis on the notion of increased dialogue between the domestic courts of the countries in that community. L’Heureux-Dubé distinguishes reception of law, under which country a, the receiver, extensively cites the jurisprudence of country b, the donor, from a model of dialogue, under which country a and country b cite each other’s jurisprudence on a more balanced footing. Reception is marked by a one-way exchange of judicial-wisdom; whereas by definition dialogue requires a two-way exchange of citation.
The clearest support for evidence of dialogue in the cross-jurisdictional network is seen among the jurisdictions in the Caribbean, where our analysis of the role of geographic proximity indicates a fairly even distribution of two-way citation between the courts of the nations in that region. We also observe a reasonable degree of exchange between the cross-jurisdictional network’s “pillar” jurisdictions: Australia, Canada, New Zealand, the United Kingdom and the United States). There are indications in the matrix of citation interactions between the countries in the cross-jurisdictions that some of the dominant jurisdictions, notably the United Kingdom, Australia and New Zealand, are beginning to reach outwards beyond their clique toward the jurisprudence of the domestic courts of nations in the Caribbean and Asia-Pacific regions. To this limited extent, on the basis of the data included in this study, we conclude that the early signs of a transition from reception to dialogue are present in the network.
5 CONCLUSION AND FUTURE WORK
We constructed the network of the cross-border flow of citations to foreign case law in a substantial corpus of judgments given by the senior courts of twenty-six common law countries. In common with other complex networks, the cross-jurisdictional network presented low density and low global clustering. The degree distribution of the cross-jurisdictional network follows a pattern whereby most decisions in the network are cited by relatively few cases, while a small number of decisions are cited very frequently. This revealed a collection of 611 predominately English super authorities that attracted most of the citation activity in the network. The number of cases entering the network, the number of connections between those cases and the number of cases cited per judgment, increase from 1990 onward. We attribute the growth in the network to advances in technology during this period that served to improve online access to foreign case law [1,48,49].
The extent to which each country in our corpus engages with foreign case law varies. The courts of Australia and Canada were shown to be the most active users of foreign jurisprudence, while the United States is more restrictive in their use of decisions of other countries. In this respect, our findings correspond with those of Lefler [8] and Zaring [28]. The decisions of courts in the United Kingdom (chiefly, cases decided in the courts of England and Wales) are consulted the most. We attribute this to the fact that the legal systems of all of the countries in our data were based on the English common law model and were, or remain, members of the Commonwealth.
We tested three assumptions to gain a better understanding of the considerations judges may apply when citing foreign case law. Our first assumption was that judges would have historically used foreign cases cautiously and limited citation to cases of high importance, but that as the practice of foreign citation became more widespread, judges would lower their focus on the most influential cases. We used the authority scores calculated by the HITS algorithm [51] as a proxy for importance and found that the authority scores for cases cited declined over time. The same trend was observed in the analysis of our second assumption, which assumed that judges would have historically limited their reference to cases that were well-grounded in their domestic jurisprudence. Following the work of Lupu and Voeten (2011), we used the hub score calculated by HITS as a proxy for the extent to which a judgment was well-grounded in established jurisprudence and found that the average scores we historically high but declined with the passage of time. However, comparisons of these measures against random networks indicates that the reduction in the authority and hub scores over time is more likely to be a consequence of the rapid growth of the network from 1990 onward. Finally, we tested the assumption that judges tend to prefer to cite case law that emanates from countries that are geographically nearby over countries that are less proximal. We found this to be the case in our data, with localized dialogue between domestic courts in North America, the Caribbean and Asia-Pacific.
Notwithstanding evidence that national courts have a tendency to prefer case law from nearby jurisdictions, our analysis provides quantitative support for the overarching theme that there is an emerging global community of courts [1, 2]. While there are signs that reception of law is gradually giving way to increased dialogue, we found that the most of this dialogue is concentrated among a clique of countries–the United Kingdom, Canada, Australia, the United States and New Zealand. This work is far from complete, but our analysis lays the groundwork for future studies that can cast yet more light on the use of foreign case law by national courts. While our study utilizes a large corpus of senior court judgments from a broader range of common law countries, future work would ideally extend across a wider selection of countries, including systems based on the civil law model, and a deeper selection of courts, including courts lower down in the judicial hierarchy.
Finally, our finding that there has been a general increase in engagement with foreign case law over time raises the question as to whether this phenomenon points to a pattern of increasing convergence between national systems, and if so, the degree to which that convergence is distributed across substantive and procedural points of law.
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FOOTNOTES
1vLex Justis (www.vlex.com) is one of the largest online collection of legal information, with more than 120 million documents spanning 130 jurisdictions.
2For example, the courts of member states of the European Community are bound by the decisions of the Court of Justice of the European Union.
3For example, under Section 2 (1) of the Human Rights Act 1998, United Kingdom courts are required to take judgments of the European Court of Human Rights into account when determining a question related to any of the rights conferred by the European Convention on Human Rights.
4[2003] 1 AC 32, HL(E).
5Fairchild v Glenhaven Funeral Services Ltd., at [32].
6537 US 990 (2002).
7Ibid, at 991 (emphasis supplied).
8541 US 36 (2004).
9448 US 56 (1980).
10[2009] UKSC 14; [2010] 2 AC 373, HL(E).
11[2014] VSCA 276.
12Landmark cases are cases that have a long-term effect on the state of the law.
13The Law Reports are regarded as the most authoritative series of law reports in England and Wales. See Practice Direction (Citation of Authorities [2012] 1 WLR 780 at [6]. This Practice Direction is available online at https://www.judiciary.uk/wp-content/uploads/JCO/Documents/Practice+Directions/lcj-pract-dir-citation-authorities-2012.pdf (accessed 21 January 2021).
14[1975] AC 396.
15[1948] 1 KB 223.
16[1932] AC 562.
17This, for example, was the motivation for recourse to foreign case law in the United Kingdom House of Lords decision in Fairchild [2003] 1 AC 32, HL(E).
18A useful account of how HITS is implemented is provided in A. Langville and C. Meyer, “A survey of eigenvector methods of web information retrieval.” SIAM Rev 47(1), 135–161: 137.
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We propose and evaluate generative models for case law citation networks that account for legal authority, subject relevance, and time decay. Since Common Law systems rely heavily on citations to precedent, case law citation networks present a special type of citation graph which existing models do not adequately reproduce. We describe a general framework for simulating node and edge generation processes in such networks, including a procedure for simulating case subjects, and experiment with four methods of modelling subject relevance: using subject similarity as linear features, as fitness coefficients, constraining the citable graph by subject, and computing subject-sensitive PageRank scores. Model properties are studied by simulation and compared against existing baselines. Promising approaches are then benchmarked against empirical networks from the United States and Singapore Supreme Courts. Our models better approximate the structural properties of both benchmarks, particularly in terms of subject structure. We show that differences in the approach for modelling subject relevance, as well as for normalizing attachment probabilities, produce significantly different network structures. Overall, using subject similarities as fitness coefficients in a sum-normalized attachment model provides the best approximation to both benchmarks. Our results shed light on the mechanics of legal citations as well as the community structure of case law citation networks. Researchers may use our models to simulate case law networks for other inquiries in legal network science.
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1 INTRODUCTION
Citations between cases form the bedrock of Common Law reasoning, organizing the law into directed graphs ripe for network analysis. A growing number of complexity theorists and legal scholars have sought to exploit legal networks to uncover insights about complex systems in general and legal systems in particular. Clough et al. [1] show that transitive reduction produces different effects on a citation network of judgments from the United States Supreme Court (“USSC”) as compared to academic paper and patent networks. Fowler et al. [2, 3] pioneered using centrality analysis to quantify the authority of USSC precedent. This inquiry has been since been extended and applied to other courts [4] such as the Court of Justice of the European Union [5], the European Court of Human Rights [6], and the Singapore Court of Appeal (“SGCA”) [7]. Examining case law citation networks (“CLCN”s) from the Supreme Courts of the United States, Canada, and India, Whalen et al. [8] find that cases whose citations have low average ages, but high variance within those ages are significantly more likely to later become highly influential. Beyond case law networks, Bommarito, Katz, and colleagues [9–11] have exploited the network structure of US and German legislation to study the growth of legal systems as well as the law’s influence on society.
The community structure of CLCNs has received significantly less attention. This, however, is a rich area of research that retraces to seminal works in network science [12, 13]. Understanding communities broadly as connected subgraphs with denser within-set connectivity than without [14] allows us to automatically uncover network communities by iteratively removing links between otherwise dense subgraphs [13] or stochastically modelling link probabilities [15, 16]. A wide range of community detection techniques [17–21] as well as measures for evaluating community quality [22–24] have been studied. To our knowledge, two prior works have examined community structures in case law. Bommarito et al. [25] develop a distance measure for citation networks which they exploit to uncover communities in USSC judgments. Mirshahvalad and colleagues [26] use a network of European Court of Justice judgments to empirically benchmark a proposed method for identifying the significance of detected communities through random link perturbation.
Studying community structures in CLCNs can reveal deeper insights for both legal studies and network science. For legal studies, how far communities in CLCNs mirror legal doctrinal areas (e.g., torts and contracts) is telling of judicial (citation) practices. A judge who cites solely on doctrinal considerations should generate likewise doctrinal communities; one who cites for other (legal or political) reasons would transmit noisier signals. Community detection algorithms could also further the task of legal topic classification. Thus far, this has primarily been studied from a text-classification approach [27, 28].
For network science, CLCNs present a special case of the citation networks that have been studied extensively by the field. Studies mapping scientific papers as complex networks have demonstrated that they exhibit classic scale-free degree distributions [29] (but cf [30]). This has been attributed to preferential attachment, in that papers which have been cited more will be cited more. Other factors shaping paper citations include age [31] and text similarity [32]. These variables’ interacting influences on citation formation yield rich structural dynamics in citation networks. For instance, over time, some papers come to be entrenched as central graph nodes while others fade into obsolescence, showing that age alone does not determine centrality [33]. Numerous generative models, discussed further in Part 2.2, have thus been proposed for citation networks, including for web hyperlinks [33–35].
As [1]’s findings suggest, however, the structure of CLCNs may differ from those of these traditional citation networks. In law, judges must consider the authority and relevance of precedent, amongst other things, when citing cases in their judgments. The doctrine of precedent further requires them to prefer certain citations to others. It is thus worth studying how CLCNs relate to traditional citation networks.
To this end, we examine how far generative models proposed for traditional citation networks can successfully replicate CLCNs. After a brief review of existing models (Section 2.2), we propose and evaluate a CLCN-tailored model that attempts to account for the unique mechanics of legal citations. The model is premised on an attachment function that attempts to capture aspects of legal authority, subject relevance, and time decay (Section 2.3). As measures for legal authority and decay are well-established, we focus on how subject relevance may be modelled. We devise a method for simulating node-level subjects and experiment with alternative attachment functions that incorporate these vectors in four different ways: using subject cosine similarity as a standalone linear feature in the attachment model; using the same as fitness coefficients [36]; constraining nodes to citing within subject-conditional “local worlds” [37]; using subjects to generate subject-sensitive PageRank scores [38] (Section 2.3.3). We then study by simulation the topological and community properties of networks produced by these alternative models (Section 3.1) and benchmark promising models (and baselines) against two empirical CLCNs: early decisions of the United States Supreme Court and of the Singapore Court of Appeal (Section 3.2).1
We find that using subject similarity scores as fitness coefficients within a sum-normalized probability function best approximates these actual networks. However, key differences remain between the simulated and actual networks, suggesting that other factors influencing legal citations are remain unaccounted for. Nonetheless, our work represents a first step towards better capturing and studying the mechanics of case law citation networks.
2 MATERIALS AND METHODS
Section 2.1 sets the legal theory and context behind case law citation formation. Section 2.2 explores how far these are captured by existing models. Section 2.3 explains our proposed models. Section 2.4 describes the simulation protocol. Section 2.5 explains the graph metrics used to evaluate the simulations. Section 2.6 details the benchmark datasets.
2.1 Legal Context
We define a CLCN as a graph [image: image] where all nodes [image: image] are legal case judgments and all edges [image: image] citations between them.2 Let [image: image] and [image: image] respectively denote the degree, in-degree, and out-degree distributions of G. Nodes may have attributes such as the authoring judge, decision date, legal subject, and the text of the judgment. Edges may be weighted (e.g., if a judgment cites another more than once), and have attributes such as whether the citation affirms or overrules the cited case.
Like all citation networks, CLCNs are time-directed and acyclic.3 CLCNs are unique, however, because the probability that a new node [image: image] cites an earlier [image: image] (denoted [image: image] and the entire distribution P) is shaped by legal theory and practice. Posner [39] identifies five overarching reasons for legal paper citations, namely to:
1. Acknowledge priority or influence of prior art
2. Provide bibliographic or substantive information
3. Focus disagreements
4. Appeal to authority
5. Reinforce the prestige of one’s own or another’s work
Reason (4) is particularly pertinent to case citations in Common Law systems characterized by the doctrine of binding precedent. The doctrine, in brief, means propositions of law central to a court’s essential holding are taken as binding law for future purposes. Lower courts are bound to follow these holdings. While courts at the same level of hierarchy are not technically bound the same way, great deference is generally accorded to past cases nonetheless.
Recent studies have thus sought to measure legal authority with network centrality measures calibrated for the legal domain [2, 3]. Beyond citation counts, a judgment’s authority is further shaped by its subject areas and time context [40]. Lawyers do not think of judgments as simply authoritative in the abstract, but within a given doctrinal subject area (i.e., torts or contracts) and at a given time. Precedential value waxes and wanes as a judgment gets entrenched by subsequent citations, ages into obsolescence over time, and as other complementary or substitute judgments emerge [7, 39]. Relevance, authority, and age are thus key, interconnected drivers of CLCN link formation [8].
2.2 Existing Models
How far are these legal mechanics captured by existing network models? In this section, we review existing citation network generative models and consider how they may be used to simulate CLCNs. Note that this paper is not a comprehensive review and will only highlight illustrative examples.
2.2.1 Degree-based Models
Classic Barabasi-Albert (“BA”) [41] preferential attachment sets [image: image]. This model famously recovers scale-free degree distributions observed in empirical networks. However, in this model earlier nodes acquire a significant and permanent advantage over later ones, particularly if the former are cited early on. Thus, a known limitation [42] of using BA model for simulating citation networks is that, since [image: image] whenever [image: image], new nodes (which necessarily have [image: image]) are very unlikely to gain citations. Thus, the final graph may be such that most subsequent nodes cite the root node. This, of course, does not occur in empirical CLCNs (see also Section 3.2).
The “copying” model [34] offers a partial workaround. Links are determined by first randomly choosing one node from N as a “prototype”, denoted [image: image]. Destinations are then either selected randomly from N by a coin toss with manually-specified probability α or copied from [image: image] otherwise. While the model does not explicitly include k in its attachment process, notice that nodes with zero in-degree may only be cited under the former branch, while nodes with high in-degree are more likely to be cited under the latter branch. The copying model can therefore be broadly understood as a mixture between the Erdos-Renyi and BA models with mixture intensity controlled by α. Setting [image: image] recovers Erdos-Renyi completely, though the model with [image: image] is not completely equivalent to BA. This allows the copying model to produce scale-free degree distributions while leaving open the possibility for [image: image] nodes to be cited. However, these nodes are still less likely (depending on α) to be cited, as they cannot be cited under the copying branch. Moreover, the random process used for selecting prototypes and deciding whether to copy does not accord with legal intuitions. We do not expect new judgments (or papers) to randomly choose older judgments to either cite or copy citations from.
Another alternative proposed by Bommarito et al. (“BEA”) [43] is a generalizable attachment function which considers in- and out-degree separately. More precisely,
[image: image]
where [image: image] and [image: image] are node i’s in- and out-degree respectively, and [image: image] are parameters for tuning their influences on P. Denoting [image: image] as a single feature vector [image: image] and [image: image] as weight vector B, (1) may be rewritten as
[image: image]
Because the softmax has a vector smoothing effect, using it over conventional sum normalization ensures that non-zero citation probabilities are assigned to all nodes, even for nodes where [image: image]. Seen this way, BEA provides a readily-extensible framework for modelling citation networks. [image: image] is capable of encompassing an arbitrary range of weights and features.4
The BA and BEA models may be seen as instances of what Pham et al. [44] call the General Temporal (“GT”) model. GT generalizes k into an arbitrary function of node degree [image: image], known as the “attachment kernel”, such that [image: image]. The GT framework allows a large class of degree-based attachment models to be specified and estimated by maximum likelihood. For instance [44], simulate networks with [image: image]. GT thus offers an attractive framework for modelling legal authority in CLCN link formation. But, despite its name, GT attachment does not explicitly model node age. Yet, age has been identified as a factor driving citation networks, including CLCNs [8].
2.2.2 Aging Models
More generally, degree-based models generally ignore the well-documented influence of node age on citation formation [31, 42, 45]. By contrast, “aging” models [31, 45] propose introducing a decay vector [image: image] such that [image: image]. Here, [image: image] can be any standard decay function which takes maps every n to weights bounded by [image: image] based on their arrival time [image: image]. Decay functions are further monotonically non-increasing with item age [image: image], and assign weight 1 to nodes with [image: image] [46]. For instance, a simple sliding window assigns all items younger than a cut-off age to weight 1 and all other items to weight 0.
The specific aging model proposed by Wang et al. [31] uses node in-degree and exponential decay such that [image: image]. In exponential decay functions, the parameter τ controls decay rate and induces a fixed half-life of [image: image]. Thus, the aging model gives younger nodes a higher chance to be cited than older ones with the same in-degree. However, nodes with [image: image] still have zero probability of being cited, regardless of age.
One extension of the aging model which incorporates intuitions from copying models are Singh et al.’s “relay” models [33]. Like copying models, relay models first choose a prototype [image: image] and performs a coin toss to determine the next step. But unlike copying models, prototypes are chosen by BA preferential attachment instead of randomly. The first coin’s head probability is given by [image: image] (that is, exponential decay). On heads, [image: image] itself is cited and the process ends. On tails, a second coin toss with manually-specified head probability θ decides if citations are “relayed” (on heads) or if [image: image] will be cited nonetheless (on tails). In a “relay”, a new prototype is selected from within the set of nodes citing[image: image] via a specified distribution D (Singh et al. use either uniform-random or preferential attachment). The process repeats until broken by a coin toss or the maximum specified relay depth is reached (in which case the final prototype is cited).
The exponential decay which parameterizes the first coin toss means aged papers are less likely to be cited themselves than they are to relay citations to younger papers citing them. At the same time, since prototypes are chosen initially by preferential attachment and subsequently re-chosen by D, relay models incorporate aspects of degree-based, scale-free models [33]. show that relay models better fit empirically-observed distributions of paper citation age gaps (i.e. the age difference between citing and cited papers) than the classic aging model. Relay models thus provide a more sophisticated method to account for both degree and age simultaneously. What remains missing, however, is a way to incorporate subject relevance as well. We thus turn to examine “fitness” models.
2.2.3 Fitness Models
Fitness models [47] attempt to account for each node’s innate ability to compete for citations. This is generally achieved by introducing a vector of node fitness coefficients [image: image]. For instance, the Bianconi-Barabasi model [36] introduces a vector of uniform-randomly sampled ηs to classic preferential attachment such that [image: image]. Introducing η weakens the monopoly k holds over citation probabilities in [image: image]. A fit node has a good chance of being cited even if its degree is low (though not if its degree is zero) [48]. further propose introducing a time-decay vector w, such that the final attachment function becomes [image: image]. Notice that fitness in this regard may represent any arbitrary attribute other than degree which is believed to influence citation probabilities. For instance [42], use the ratio between (a) the theoretical number of citations a node should receive under BA and (b) the actual number received to measure the “relevance” of a node.
Likewise, if we conceptualize η, [image: image], and w as capturing legal relevance, authority, and time effects respectively, this three-variable model appears ideal for modelling legal citations. Here, degree-based centrality scores (an instance of [image: image]) have been shown to capture legal authority well (see Section 2.3.1 below). Modelling time effects with w is also relatively standard. The crux, therefore, is devising [image: image]s that capture subject relevance. This turns on the distribution it is sampled from. Drawing fitness uniformly from [0, 1], as in [36], yields in expectation an evenly distributed node ranking inconsistent with the intuition that nodes sharing subjects with the citing node should be fitter (that is, more relevant) than others.
One workaround is to calculate [image: image] empirically from the text content of actual papers [35]. use the cosine similarity between (stopped and lemmatized) word frequency distributions of two papers’ texts to their content similarity. They then propose a “three-feature model” which places content similarity scores alongside in-degree preferential attachment and power-law time decay as competing node attachment distributions. The model randomly chooses one of the three (with probability [image: image] respectively, [image: image]) as the final attachment function. This creates a probabilistic mixture between the content similarity, degree, and aging models, although only one model is ultimate used to generate any given edge.
Using text similarity measures to capture content overlap is intuitively logical and allows us to exploit the growing literature on text embeddings [49] (which find increasing representation in legal studies as well [7, 50]). The main drawback is that because text is difficult to simulate, we are limited to simulating edges between actual, existing nodes. To illustrate, for CLCNs, we can compute text similarity between empirically-observed case judgments and simulate citations between them. This would, of course, reveal important insights about CLCNs. However, generating the case judgments themselves would be difficult. We would not be able to deviate from empirically-observed node attributes.
To summarise, existing literature provides a wealth of citation network generation models. Each have their own strengths and weaknesses when theoretically applied to CLCNs. At the same time, we are not aware of any study that attempts to do this. Building on this literature, the next Section proposes a model tailored for CLCNs.
2.3 Modelling Case Law Citation Networks
Following [43], we start at time [image: image] with [image: image] comprising [image: image] node and [image: image] edges. For each t till a specified stop T, [image: image] new nodes are added. Each [image: image] cites [image: image] prior nodes (re-drawn independently per node). [image: image] thus control network growth rates. The main innovation of our model lies in the attachment function. In the abstract, we use a probability function [image: image] where [image: image] generalizes [image: image] above to encompass any function, including functions not based on k alone, capable of measuring legal authority, ρ measures subject relevance, and w is a time-decay function. The goal is to calibrate these variables in a legally-contextualized manner. Below we expand on each variable in turn.
2.3.1 Authority
In place of [image: image] and [image: image] above, we use Kleinberg’s [51] authority and hub scores. These have been shown to accurately recover legally-significant cases from CLCNs [2, 3, 5, 40, 52]. We denote authority and hub scores as [image: image] and [image: image] respectively. While we might intuitively expect in-degree to be more representative of authority than out-degree, legal scholars have found that out-degree-based scores can be a better predictor of future case influence [40]. Cases which discuss and synthesize a large number of authorities tend to represent important disputes into which significant legal and financial resources are poured. For similar reasons, they also tend to become important legal checkpoints themselves. We therefore include both score types in the model. In any event, α or β could be set to zero to remove either score.
2.3.2 Time
Following the aging model, we use a standard exponential decay where [image: image]. This suits the legal context because citations to centuries-old judgments are not uncommon. Thus, discrete decay functions like the sliding window that apply a standard discount to all papers above a certain age would not model this observation well. Given the law’s respect for old authority, we assume throughout this paper that [image: image], resulting in a precedent half-life of about 70 periods. Of course, future work could explore how τ may be empirically estimated (see [31]) and how it may vary over time, jurisdiction, subject, or even judge.
2.3.3 Subject Relevance
To derive relevance, we first need to simulate subjects for each node. Drawing inspiration from Latent Dirichlet Allocation (“LDA”) [53], we assign each node a vector of m subjects [image: image]. ψ is a m-sized vector that controls subject skew. If we want some subjects to occur more than others, possibly following a power-law, a similarly skewed ψ may be used. As a null model, however, we may set [image: image].
One drawback of the Dirichlet is that non-zero probabilities may occur across many subjects. This is inconsistent with how legal cases generally discuss only a few subjects. Thus, we set a minimum cut-off of 0.1 below which subject values are floored to 0. The vector is then normalized to sum back to 1. Should this cutoff result in an entirely zero vector, one randomly-chosen subject is assigned weight 1. Because LDA treats documents as finite mixtures over m latent overlapping ‘topics’ that are in turn multinomial distributions across words, such a cut-off is intuitively similar to assuming that any subject generating less than 10% of the words in a judgment is not a subject that should be ascribed to it.
These subject vectors are analogous to overlapping community belonging coefficients [24], though it is always possible to partition nodes into discrete subjects by taking, for instance, [image: image]). Here, we interpret ϕ as non-fuzzy subject proportions rather than probabilities. That is, a case with [image: image] has subjects 1, 2, and 3, each with probability 1. But it is primarily about subject 1, in that 51% of its content is expected to come from the same.
Given ϕ, subject relevance can be modelled in at least four ways:
As Linear Features: First, we can derive subject similarity scores [image: image], where g is some vector similarity measure. Many options for g exist, but for now we default to cosine similarity given its established use in document clustering, including for legal documents [54]. The simplest way to model relevance is then to include [image: image] as a standalone linear feature with its own weight γ such that [image: image].
As Fitness Coefficients: Including [image: image] linearly is attractively simple, but may fail to account for interaction effects between authority, relevance, and time. Thus, a second approach is to model [image: image] as fitness coefficients, so [image: image]. This is broadly similar to the model proposed in [48], except that fitness values are computed from simulated subjects. Notice that, unlike with the linear features approach, using subject similarities as coefficients ensures that prior nodes with zero subject overlap with the citing node will be assigned [image: image] as well.
As Locality Constraints: Another more direct to enforce this is to limited nodes to citing within subject-conditional “local words” [37]. Within each locality, nodes can be selected by any subject-conditional probability distribution [37].’s original paper used the uniform distribution. To account for legal authority and time effects, we continue to choose nodes using HITS scores and exponential decay. To approximate the idea of nodes being authoritative within subjects, HITS scores are re-computed within the subgraph of nodes sharing at least one subject with the citer. More precisely then, [image: image], with the subscript ‘local’ denoting that the vector is computed on a subject-local subgraph.
For Subject-Sensitive PageRank: Another way to interact subject overlap with degree-based authority is to use ϕ to compute so-called topic-sensitive PageRank (“TSPR”) scores [38] that may be used in place of HITS scores. While conventional PageRank [55] produces one global ranking that disregards node topic, TSPR first calculates m (the total number of topics) different rankings by setting non-uniform personalization vectors for each topic given by
[image: image]
where [image: image] is the set of nodes with subject j. Given a query node q with topic weights [image: image], TSPR then returns [image: image], with [image: image] being personalized PageRank scores for topic j. While TSPR has not been studied in legal networks literature, it offers a promising way to simultaneously account for authority and subject relevance using just one centrality measure. Thus, [image: image].
The subject models above are, of course, based on the literature reviewed in Section 2.2. The best approach for modelling subject relevance is not obvious. Neither are the approaches mutually exclusive. For instance, after constraining the citable node set by subject, we may still include ρ as a linear feature while also using TSPR scores to model authority. Other combinations are also theoretically possible. But doing so may lead to contradictions. For example, calculating TSPR within a subject-constrained subgraph will return the simple PageRank score of that subgraph. It may also overplay the importance of subject relevance. For now, we study the properties of the networks produced by each approach independently.
To summarise, the proposed subject models begin with one root node and, at each time step t, adds [image: image] nodes with [image: image] edges per node. Attachment probabilities are specified generally by [image: image], where [image: image] is some degree-based centrality measure including simple in/out-degree, HITS scores, and TSPR, [image: image] is an exponential decay function, and [image: image] a vector of simulated node subjects which may be incorporated into P in four different ways proposed here (though we do not rule out alternatives).
2.4 Model Simulations
To study the properties of our proposed models, we simulate 50 iterations of [image: image] steps for each subject model. Building on [43], we experimented with softmax as well as sum normalization for each model. For ease of reference, below we refer to the four proposed subject models as Linear, Fitness, Locality, and TSPR respectively. We use brackets to identify the normalization scheme. To illustrate, TSPR (sum) refers to a sum-normalized attachment model based on exponentially-decayed subject-sensitive PageRank scores.
For baseline comparison, we also simulated the BA, BEA, aging, copying, and relay models. We ran BA with degree-based preferential attachment (not in-degree), following the original model. Likewise, BEA was simulated with α and β both equal to 1. The aging baseline follows [31]’s specification, using only in-degree and an exponential decay with [image: image]. A softmax-normalized alternative was tested as well. The copying model was run with copying probability [image: image] (not to be confused with the in-degree weight α in our models). Finally, we used preferential attachment relay and set relay depth at 1, [image: image], and [image: image]. This follows optimal parameters found by Singh et al. for approximating the scientific paper networks they studied.
Including 5 baselines, subject models, and alternative normalizations, a total of 16 different models are run for 50 iterations each.5 To promote comparisons across models, we fix a few key parameters in our simulations. First, [image: image] is fixed universally at 1. Thus, exactly one node is added at every step for every simulation. Second, the number of subjects is fixed at 30. Third, within each iteration we first draw all [image: image]s from [image: image] and all [image: image]s from [image: image] and use the same inputs across all models/approaches. This means the out-degree distribution of all models in the same iteration will be similar. Further, because the same subject vectors are used across all parameterizations within the same iteration, only [image: image] individual node subject vectors are generated.6 Fourth, all weights [image: image] are set at 1 whenever relevant (though recall that γ is only used by the linear feature subject model). Finally, an exponential decay with [image: image] is used for all models (except the relay model).
A few implementation details are worth noting. First, because [image: image] is randomly-drawn, it can exceed the total number of nodes in the existing, citable graph. Further, some attachment models result in zero citation probabilities for certain nodes, further limiting the citable node set. Thus, whenever [image: image], we draw only [image: image] destinations (while still using P). As a result, a node’s realized out-degree can be lower than its initially-drawn out-degree. This is more likely to occur in the Locality models since nodes may only cite within subject-local subgraphs. This accounts for minor differences in total edge counts across model simulations. Second, nodes and edges are added in batches after attachment probabilities and edge destinations for every new node at a given t is determined. All computations are based solely on [image: image], so nodes and edges added at the same t do not influence computations for each other. Third, after P is calculated, destination nodes are selected without replacement, so [image: image]unique destination nodes are always drawn. This follows prior literature which (implicitly) samples without replacement [43].
Finally, we use NetworkX’s [56] Python package to compute HITS scores. Since convergence is not guaranteed, we allow the algorithm to run for a maximum of 300 power iterations, three times the package default. We modify the package slightly to return prevailing scores if convergence is not achieved by then. To facilitate convergence (and save computational resources), we exploit the intuition that HITS scores for step [image: image] should not differ too much from those of step t and provide HITS scores from previous steps as warm starts. Note that this cannot be done for Locality. Because the citable node set in that model varies from node to node, relevant prior HITS scores vary.
2.5 Model Properties
An important preliminary question is whether the subject models yield scale-free degree distributions even as they seek to model time and relevance effects. As our simulation protocol fixes out-degree distributions, so comparing out-degree or total degree distribution is less meaningful. Thus, we begin by examining each model’s realised in-degree distributions. To compute the average distribution across 50 iterations of the same model, we stack distributions on each other to produce a [image: image] matrix of in-degree counts. We then take the column-wise mode of this matrix7 as the average distribution and compute the frequency-rank distribution of the same.
To further examine how the baseline and subject models differ in subject structure, we also derive subject signatures for each network. These are broadly inspired by [33]’s temporal bucket signatures. More precisely, denote the subject edge histogram of a graph G whose nodes fall within m subjects as a size [image: image] matrix [image: image] where each entry is the total number of times nodes with subject j have cited nodes with subject i. Because one node may have many subjects, a single edge can add to many entries.8 Thus, [image: image].
The global-sum-normalized matrix [image: image] then yields the unconditional probability distribution for the cited and citing subject pairings of an arbitrary edge. Meanwhile, normalizing H column-wise so that [image: image] yields in each column the probability of subject i being cited conditional on the citing edge having subject j. In this way, H, [image: image] and [image: image] offer different insights on the subject signature of a single network. Subject signatures for each model may then be computed by averaging these matrices across model iterations.
Finally, we compute a range of network density and community quality metrics for selected models. These include intra/inter-community edge ratios [57] and link modularity, being [18]’s modularity scores extended to the case of overlapping, directed communities [22]. We compute these metrics against (1) the simulated ϕs themselves (as ground truth subject labels) and (2) communities recovered by k-clique percolation. k-Clique percolation is a useful baseline because it is an established method for overlapping community detection [14]. Briefly, it recovers communities by percolating k-sized cliques to adjacent k-cliques (i.e., those sharing k-1 nodes). Its time-efficiency also means running the algorithm on all simulated networks is more practical than other equally established but less efficient algorithms, such as Girvan-Newman edge-betweenness [13]. We fix k at 3, the smallest meaningful input, to allow more, smaller communities to be returned. Though a directed k-clique algorithm exists [58], we could not find any open-source implementation. As an accessible baseline was desired, we relied on NetworkX’s undirected implementation instead. Code for k-clique percolation and all community quality metrics are from CDLIB [59].
2.6 Empirical Benchmarks
Studying the structural properties and subject signatures of the simulations identifies certain more promising approaches for modelling CLCNs. As a final step, we benchmark selected approaches against two empirical CLCNs. The first is the internal network of USSC judgments that is well-studied in legal network science. To obtain legal subjects, we join Fowler et al.’s [3] edgelist with metadata from the Spaeth database [60], particularly the “issue areas” identified for each case. The second is an internal network of SGCA judgments that has also been studied in prior work [7]. The dataset covers citations between all reported decisions of the SGCA from 1965 (the year Singapore gained independence) to 2017. Judgments are assigned to subjects using catchwords provided by the Singapore Law Reports, the authoritative reporter of SGCA judgments. Following [28], we map these subject labels to 31 unique subject areas (including the “Others” category). Note that in both datasets subjects are overlapping in that the same case may belong to more than one subject.
These networks represent different CLCN archetypes. Although both the United States and Singapore inherited English law, the legal, social, and time contexts in which each system originated and developed is vastly different. Further, while the USSC primarily (and selectively) reviews cases of federal and constitutional significance, the SGCA, as its name suggests, routinely considers appeals on matters of substantive (including private) law. The datasets are also practically usefully because both provide human-labelled legal subjects. To be sure, this also implies that comparisons between the two networks must be made with caution. On top of their different legal contexts, the legal subjects provided by each database also differ. The Spaeth database uses broad issue areas such as “Civil Rights” and “Due Process”. The Singapore dataset uses specific doctrinal areas such as torts and contracts. Below we refrain from drawing comparisons between the two networks except on broad properties such as degree distributions.
As we are primarily interested in network generation, we focus on the first 2001 nodes of the USSC network and the first 1001 of the SGCA network (making allowance for one root node). More USSC nodes were used because the early USSC graph was sparser. The resultant USSC and SGCA benchmark graphs had 777 and 779 edges each. The USSC benchmark spans from the year 1791 (the first node) to 1852 (the 2001th node), while the SGCA benchmark spans from 1970 to 1999. More detailed properties of both graphs are discussed in Section 3.2.
To set up the comparison, we first calibrated the model with the empirical properties of each network. Specifically, USSC simulations used an average edge rate per case of [image: image]. Subject vectors were drawn across 14 issue areas from [image: image], with [image: image] being the normalized issue frequency distribution of the benchmark graph. Likewise, SGCA simulations were run using edge rates of [image: image] with subjects drawn from [image: image]. As with the initial simulations, we fix [image: image] for all t and pre-draw all [image: image]s and ϕs per iteration.
All benchmark simulations are run and assessed using the same protocols and metrics described in Section 2.4. The implementation details noted there apply. Additionally, we exploit the subject signatures to compute vector distances between the simulated and empirical graphs. In particular, we take the distance between [image: image] as an indicator of the aggregate differences between the subject structure of two graphs. We also measure distances between the main diagonals/off-diagonals alone for insight into differences between intra/inter-subject structure. Column-wise distances between [image: image]s can be taken as a measure of per-subject differences in structure.
Amongst the wide range of graph distance measures available (see [61] for a review) we use the L1 distance because of its simple, intuitive interpretation as the sum of absolute differences.9 More precisely, [image: image]. At the same time, classic measures such as the Hamming and Jaccard distances are meant primarily for binary (adjacency) matrices. Future work could explore more tailored distance measures. In particular, since H and [image: image] may also be interpreted as adjacency matrices for a weighted and directed meta-graph between the subjects, a distance measure specialized for such graphs (e.g. [62, 63]) may be useful.
Importantly, note that subject indexes must be aligned before computing most vector distances, including the L1, as entry order affects results. In our context, this is akin to ensuring that subject i of [image: image] is comparable to subject i of [image: image]. As our simulated subjects are arbitrary, we cannot order them by substantial content: say, to place torts at index 0 and contracts at index 1. Instead, we place the most frequent subject at index 0 and the least frequent at [image: image]. Since the most common subjects are often also more likely to be cited (simply as a function of frequency), frequency indexing desirably concentrates probabilities towards the top-left quarter of the matrix, presenting a visually-readable signature (see Section 3.2). When computing signature distances, therefore, we are comparing citation patterns across subjects as ranked by frequency. If the most common subjects in graphs [image: image] and [image: image] both primarily cite other common subjects, signature distances would be relatively small. But if common subjects in G2 primarily cite its least common subjects, signature distances would be larger.
3 RESULTS
3.1 Model Simulations
As shown in Figure 1, most subject models successfully generate scale-free in-degree distributions similar to baselines. We also observe that Aging (sum) produces an average in-degree distribution with one node monopolizing most edges. Because aging models consider only in-degree, sum-normalization leads exactly to the problem, discussed in Section 2.2, where new nodes are never cited. This is partially addressed in by softmax normalization, but the Aging (softmax) model still manifests a visibly more imbalanced in-degree distribution than others. The same is also true for the BEA model. This is because even though the softmax function generally assigns non-zero probabilities, small-valued input elements are quickly assigned vanishingly small values. Consider for example that [image: image] at three decimal places. This affects models like BEA and Aging, which use simple degree counts as inputs, more directly because differences in feature values are larger.
[image: Figure 1]FIGURE 1 | Mode-averaged in-degree distributions for simulated sum-normalized (left), softmax-normalized(centre), and other baseline models (right). 50 iterations of 500 node steps are run per model. Models in the same iteration number use identical, pre-drawn out-degree counts from [image: image] and subjects from [image: image].
The models are further differentiated by subject signatures. Figure 2 shows that the baseline models do not reproduce intra-subject citations. Instead, citation densities are evenly spread across all subjects. As expected, this also applies to the softmax-normalized subject models (except Locality). The softmax function’s smoothing effect is particularly significant here because we use features — such as authority score and cosine similarities — that range within [image: image]. Much of the potentially differentiating information captured by these variables are expressed in terms of small decimal differences which are easily smoothened away. Therefore, except when used in the context of the Locality model (which would impose strict subject constraints to begin with), softmax normalization appears unsuited for our purposes.
[image: Figure 2]FIGURE 2 | [image: image] subject signatures for simulated baselines (top row), sum-normalized subject models (middle row), and softmax-normalized subject models (bottom row). Subjects are indexed by descending frequency from 0 to 30.
The remaining subject models have largely similar subject signatures. To further distinguish them, we examine specific graph properties presented in Tables 1 and 2. While our subject models are similar to baselines in some respects like connectivity, they have clear structural differences, particularly in terms of subject communities.
TABLE 1 | Simulated properties for sum-normalized and relay models.
[image: Table 1]TABLE 2 | Simulated properties for softmax-normalized and copying models.
[image: Table 2]General Properties: Clustering coefficients were generally low (save in the BEA and Aging (softmax) models). All models produced giant components encompassing most (around 99.9%) of the graph. However, in-degree distributions in baselines are generally more imbalanced than in the subject models. Gini coefficients for the baselines ranged between 0.52 (relay) to 0.998 (Aging (sum)) whereas those for the subject models ranged between 0.417 (Linear (sum)) to 0.598 (TSPR (sum)).
Subject Structure: Relative to all others, sum-normalized subject models yielded more intra-subject edges, lower expansion and conductance scores for communities defined by the gold labels, as well as higher link modularities. These networks therefore exhibit stronger within-subject clustering (an attribute which, to recall, should in theory characterize CLCNs). Conversely, the softmaxed subject models differed only slightly from the baselines. To be sure, stronger conformity with subject labels is not necessarily better, since legal citations are influenced by more than subject relevance alone. Depending on the extent of subject clustering desired, therefore, TSPR approaches may offer a middle-ground.
k-Clique Structure: The k-clique metrics paint a less coherent picture. There is no clear correlation between how well the models retrace gold label subjects and the average number, size, and quality of the communities recovered by k-clique percolation. The average number (size) of communities uncovered amongst sum-normalized subject models varies from around 28 to 82 (7–18) whereas the softmaxed subject models tend to yield around 70 k-clique communities of 5–8 nodes. Insofar as our models approximate the legal citation process, these results suggest that k-clique percolation may be less useful for clustering (and classifying) case law by legal subjects. Communities recovered by the algorithm do not appear to reflect actual legal areas, suggesting that legal subject clustering does not follow the assumptions of k-clique percolation. Nonetheless, the observed k-clique communities may be the result of other clustering mechanics inherent in legal citation networks. To this extent, they offer an independent basis for assessing the structural similarity of different simulated models. For instance, it is clear from Table 2 that the BEA model, which always results in exactly 1 large k-clique community that encapsulates the whole network, is structurally distinct from the rest. The sum-normalized Fitness and TSPR models also stand out from the other sum-normalized subject models as they tend to produce fewer but larger k-clique communities (see Table 1).
In sum, preliminary simulations demonstrate that the specific approach used to incorporate subject relevance induces significantly different network structures. While using subject cosine similarities as fitness values in a sum-normalized model may be theoretically similar to setting subject constraints on citable localities, the resulting networks differ in key aspects such as in-degree distribution and k-clique structure. The normalization function used also makes a key difference. This in turn underscores the importance of carefully selecting the subject model. Here we do not declare any one model as correct or best. To the extent that an ideal model exists, its parameterization likely turns on the specific type of CLCN we are trying to simulate. The legal and institutional context underlying the network would be relevant. Citation practices in one court at a given time may fall closer to the Fitness model, whereas another court may cite more in line with the TSPR model.
That said, it is also clear that certain subject models, especially those using softmax normalization, are unlikely to successfully capture the nuances of legal citations for the reasons given above. For benchmarking purposes, therefore, we focus on approaches that appear more promising, being Linear (sum), Fitness (sum), Locality (softmax), and TSPR (sum). For brevity, we only present results for more promising baselines as well (being BA, Copying, and Relay).10
3.2 Empirical Benchmarks
Figures 3 and 4 compare in-degree distributions produced by the calibrated baseline and subject models against actual distributions from the USSC and SGCA benchmarks respectively. Both benchmark distributions are broadly reproduced by all models (including baselines), though BA and Fitness (sum) produce slightly gentler-sloping distributions in both cases. At the same time, Figures 5 and 6 show that only the subject models successfully reproduce empirical subject signatures. To see this, first notice that since subject distributions for both the USSC and SGCA are imbalanced, citation densities are naturally concentrated within the top left quarter (which indexes the most frequent subjects). Second, observe that main diagonals for both benchmarks are also denser than their off-diagonals, showing that subject overlap materially influences actual legal citations. Although the general top-left concentration is reproduced by all models (recall that simulated subjects are drawn from a Dirichlet parameterized by actual subject frequencies), only subject models exhibit the benchmarks’ distinctive signature.
[image: Figure 3]FIGURE 3 | Mode-averaged in-degree distributions for USSC-calibrated baselines (left) and subject models (right) relative to the actual. Mirroring the actual network, 50 iterations of 2000 node steps are run per model. Models in the same iteration use identical, pre-drawn out-degree counts from [image: image] and subjects from [image: image], mirroring the USSC network’s actual properties.
[image: Figure 4]FIGURE 4 | Mode-averaged in-degree distributions for SGCA-calibrated baselines (left) and subject models (right) relative to the actual. Mirroring the actual network, 50 iterations of 1000 node steps are run per model. Models in the same iteration use identical, pre-drawn out-degree counts from [image: image] and subjects from [image: image].
[image: Figure 5]FIGURE 5 | [image: image](top row) and [image: image](bottom row) subject signatures for USSC-calibrated baselines and selected subject models. Subjects are indexed by descending frequency from 0 to 14. Note that color scales differ across rows.
[image: Figure 6]FIGURE 6 | [image: image](top row) and [image: image](bottom row) subject signatures for SGCA-calibrated baselines and selected subject models. Subjects are indexed by descending frequency from 0 to 31. Note that color scales differ across rows.
These observations apply to both [image: image] and [image: image] signatures. As expected, [image: image] densities for both the actual and simulated graphs are concentrated upwards across all rows, reflecting how nodes with the most frequent subjects are relatively likely to be cited, regardless of citing subject. This may be explained by subject frequency imbalance. To illustrate, most nodes, by definition, will have subject 0. Assuming node i has subjects [image: image] and node j has [image: image], j may cite i under the subject models due to the shared subject 0. The edge [image: image] would count not only towards [image: image] but [image: image] and [image: image] as well.
Downward density gradients for the benchmarks’ signatures are noticeably less smooth than for the simulations. This is clearest for the SGCA benchmark, where (within the top 15 subjects) some less frequent subjects are more likely to be cited than the most frequent. This is suggestive of specific correlations between legal subjects. For example, subject 15 may be legally very relevant to and therefore often cited by subject 5 even though the former rarely occurs. Our models do not currently account for such subject covariance and future work could explore this further.
Figure 7 tabulates L1 distances between the benchmark and simulated networks and provides further confirmation that the subject models offer a closer approximation of CLCNs than baselines. Total, diagonal, off-diagonal, and column-wise distances are consistently smaller for the subject models than for the baselines. Note that results are similar if we include other (previously discussed) baselines, including alternative paramaterizations of Copying and Relay, and also if we use Kullbeck-Leibler divergence instead of L1 distance.11 Surprisingly, none of the subject models are clearly superior to the others. All clock in comparable numbers for every metric.
[image: Figure 7]FIGURE 7 | L1 distances for USSC-calibrated (left) and SGCA-calibrated models (right) relative to their respective benchmarks. Distances in the top three rows are computed from [image: image] while the column-wise average L1 is computed from [image: image](though for L1 distances computing this from [image: image] yields the same result).
Therefore, to determine which models produce better empirical fit, we look into detailed network properties for each benchmark as presented in Tables 3 and 4. Results here are consistent with the preliminary simulations. Clustering coefficients and giant component percentages for all models are broadly similar, but in-degree distributions vary across models.
TABLE 3 | Actual versus simulated properties for the USSC network.
[image: Table 3]TABLE 4 | Actual versus simulated properties for the SGCA network.
[image: Table 4]As expected, subject models yield networks with stronger subject communities than all baselines. The subject models fit the SGCA benchmark well, each producing around 800 intra-subject edges compared to the benchmark’s 889. They also yield expansion, conductance, and link modularity scores indicating better subject community quality. However, the community quality metrics for the benchmark’s network are even better, suggesting that our models can place even more weight on subject overlap.
Fit for the USSC benchmark is less clear. The USSC network has relatively few intra-subject edges. Resultantly, the baselines fall closer to the benchmark on this metric. However, community quality for the subject models are significantly closer to the actual. Re-creating the USSC network may therefore require model paramaterizations which create smaller but even more distinctive communities.
In terms of k-clique structure, the model closest to both benchmarks is Fitness (sum). The model produces on average 13.62 communities of 3.85 nodes (compared to 24 and 4.042) and 20.52 communities of size 4.452 (compared to 45 and 4.978) for the actual SGCA network). All other models yield significantly fewer k-clique communities. Indeed, 15 iterations of Linear (sum), 28 iterations of Locality (softmax), and 13 iterations of TSPR produced 0 k-clique communities. Conversely, Fitness (sum) always returns at least one k-clique community (including when calibrated with the SGCA network).
4 DISCUSSION
The mechanics of case law citations involve complex interactions between the legal authority of a case, its relevance to the citer’s subjects, as well as the case’s age. We may represent the case law citation function in abstract as a probability distribution [image: image], where each input variable captures each of these attributes respectively. Determining the exact functional form to be used, however, is difficult. Numerous reasonable approaches can be imagined. For subject relevance alone, we experimented with using subject similarities as linear features, fitness values, to constrain citable horizons by subject, and to use subject-sensitive centrality scores. These all draw on existing literature on citation networks, but other approaches may be possible.
In this light, this paper studied by simulation the expected properties of networks generated by the four approaches above and compared them against established network models. We then compared more promising models against two actual CLCNs from the USSC and SGCA respectively. Our findings underscore the importance of a legally-informed model of link generation process. The properties of all proposed subject models were substantially different from those of the baseline models, (provided that sum-normalization was used), and closer to empirical benchmarks in terms of both graph properties and subject signature.
Amongst the range of approaches studied, we found softmax normalization generally unsuited for the task because it smoothens away distinguishing differences in case attributes. We also see that model properties vary substantially when alternative means of modelling subject relevance were tested. All subject models performed comparably in terms of subject signature distance from both benchmarks. However, while three of the four subject models studied yielded average in-degree distributions very close to both benchmarks, the Fitness (sum) model yielded a noticeably gentler degree-rank slope. Nonetheless, Fitness (sum) best fits the k-clique structure of both benchmarks.
The emergent picture is that all subject models provide plausible (and superior to baseline) approaches for modelling CLCNs. For our two benchmarks, however, Fitness (sum) slightly edges out the other approaches as the most promising method for modelling CLCNs. To recall, this model takes the cosine similarity between the subject belonging vectors of two cases as a fitness coefficient that modifies the weight computed from each case’s authority and age. Notice that this model is similar to the General Temporal model in many respects, and may be seen as an extension of that model tailored to the legal citation context. An important caveat here is that although Fitness (sum) is relatively better when compared to alternative models, it is not in absolute terms a perfect approximation of either benchmark. Key differences remain between the actual and fitness-simulated networks. Further, alternative models may be better suited for CLCNs from other courts.
Our findings hint at possible universality in terms of the way courts think about subject relevance when deciding which cases to cite, though we hasten to add that the two benchmarks ran do not offer sufficient evidence. Universal or otherwise, the alternative models proposed may be useful for examining how courts and possibly individual judges differ when selecting cases to cite. If court/judge A’s citation network is better approximated by model X while court/judge B’s network is better approximated by model Y. Our models are also helpful for generating better simulated data that may be used to research other questions in legal network science. For instance, researchers could benchmark centrality algorithms against networks simulated with these models to study how far these algorithms recover legally-significant nodes. This, to recall Section 1, is a rich area of legal networks research. Since the data is simulated, it becomes possible to specifically dictate which nodes are legally-significant.
5 LIMITATIONS AND FUTURE WORK
This paper is the first to study how the unique mechanics of case law citations may be simulated and studied using network models. As a first step, it necessarily leaves a number of important questions unexplored.
First, although we have identified promising approaches for modelling CLCNs, alternative models for legal authority, subject relevance, and time decay remain to be studied. We have focused on comparing different methods for modelling subject relevance because this is the least explored question. Nonetheless, the effect of varying authority and time-decay models are worth studying further. Varying time-decay models in particular may yield insights on how quickly the value of precedent depreciates (a question often raised by legal scholars [8, 39]), as well as how much deference different courts accord to antiquated precedent.
Second, future work can explore a larger space of model parameterizations. An immediate extension would be using time-variant network growth rates. That is, both λ and μ may vary across time. Further, the feature weights α, β, and γ may be adjusted to generate and also reflect different judicial attitudes towards assessing authority and relevance. It may be possible to learn these weights from empirical data, whether using exponential random graph models or machine learning techniques. This would provide a means of quantitatively measuring which factors most influence legal citation decisions, providing a common metric for comparing how these differ (or remain the same) across judges, time, and space.
Third, this study was limited by data availability. Despite growing literature in case law citations analysis, few publicly available edgelists can be linked to case-level (subject) metadata. For now, we have benchmarked our models against two empirical networks produced by apex Common Law courts. Future work can consider how closely these models approximate the citation mechanics of courts in other jurisdictions, particularly those of Civil Law jurisdictions where the doctrine of precedent theoretically holds less sway.
Fourth, while we have focused primarily on network structure, the microscopic properties of our proposed networks remain largely unexplored. Future work could use node-level metrics such as centrality and accessibility to study what kinds of cases and subjects are most likely to become entrenched in the core of such networks (e.g. [64]). Additionally, the task of replicating and studying CLCNs would also benefit from also exploiting the textual content of case judgments, as was done in [35]. Methods that exploit both network structure and node attributes for community detection (e.g. [65]) could be explored. This would connect our work to the growing literature on legal language processing (e.g. [66, 67]).
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FOOTNOTES
1All models and simulation methods are implemented in Python and will subsequently be made available in a GitHub repository.
2Though judgments often cite to other forms of law such as statutes. We leave these such hybrid networks aside for now.
3Judgments published close in time could cite one another. This occurs, albeit rarely, in the Singapore dataset below.
4Notice that this effectively models link probabilities with a multi-class logistic model.
5Other parameterizations for the copying ([image: image]) and relay models(uniform relay) were run but do not change our results.
6This includes the root node plus 500 node-time steps.
7Mean and median are not suitable here since they yield decimal values that would render frequency counts problematic. Where more than one mode exists we take the smallest value.
8To illustrate, if a node with subjects 1 and 2 cites a node with subjects 3 and 4, entries(3,1), (4,1), (3,2) and (4,2) are all incremented.
9We also experimented with Kullbeck-Leibler divergence and obtained similar results, though that measure often returns infinity.
10Results for the other baselines and varying paramaterizations of Copying and Relay(on file) do not affect our conclusions.
11Though Kullbeck-Leibler returns infinity on some graphs.
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The structure and dynamics of modern United States Federal Case Law are examined here. The analyses utilize large-scale network analysis tools, natural language processing techniques, and information theory to examine all the federal opinions in the Court Listener database, containing approximately 1.3 million judicial opinions and 11.4 million citations. The analyses are focused on modern United States Federal Case Law, as cases in the Court Listener database range from approximately 1926–2020 and include most Federal jurisdictions. We examine the data set from a structural perspective using the citation network, overall and by time and space (jurisdiction). In addition to citation structure, we examine the dataset from a topical and information theoretic perspective, again, overall and by time and space.
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INTRODUCTION
This paper examines the structure and emergent dynamics of United States Federal Case Law over time and across jurisdictions. The motivation of this work is twofold. First, we wish to demonstrate analysis of the legal corpus at-scale: to the best of our knowledge this is the largest study by case count to date. Second, we wish to conduct a sociolegal meta-analysis to explain the legal corpus’ network properties and behavior as endemic to the legal system.
To justify the need for a big data approach to studying law, take, for example, the analysis of transcripts from the Old Bailey court of London showing an increasing intolerance of violence over time [1]. Unfortunately, like the corpus from the Old Bailey court, this corpus is far too large for any single individual or team to review and analyze. Therefore, we must develop automated, computational methods to explore and understand this set of artifacts from a society’s significant institutions. This way we may be able to quantitatively understand how the legal system functions, how it changes, and how it relates to the society within which it is embedded.
As information scientists first, we study the citation network using graphical analysis and information theory to investigate the novelty and attachment dynamics of incoming cases, exposing self-reinforcing citation hubs as well as sparsely-connected loci. In parallel, we categorize and interrogate corpus content using topic modeling and natural language processing techniques. We then overlay the topical space with the citation network using a DeepWalk Graphical Neural Network to demonstrate the correlation between citation and topical dimensions in navigating the legal corpus. Finally, we model law over time, assessing the developing importance of cases and how circuit cases scale with population growth to inform classification of the legal system as a social structure. With the requisite amount of storage and computing power at our disposal, we use this constellation of information theoretical perspectives to shed light on the contours of the legal landscape.
By no means is this composite picture a comprehensive study; this work’s intention is to quantify and qualify assumptions of a network generated not randomly but on principles of stare decisis and subject to precedential constraints of a hierarchical court structure. We hope these insights signal avenues for innovation in legal technologies and set the stage for broad-ranging data-driven sociolegal commentary as previous examinations of the records created by a nation’s judicial system have done.
PRIOR WORK
A large and growing body of literature borrows from graph theory, information theory, and physics to systemically analyze the body of law. The edited volume Law as Data [2] represents a recent compilation of much of this work. The reader is referred to [3]; [4]; [5]; [6]; [7,8] for ground laying work here but specifically to Liebon et al. [9] whose work is closest to this paper in concept as well as Smith [10] and Coupette et al. [11] whose work is closest to this paper in scope. With the exception of Smith and Coupette et al., all aforementioned work hones in on subsets of the data analyzed in the ensuing paper. Smith and Coupette et al. respectively offer structural hypotheses and make inroads toward a generalized analytic framework. Finally, while not an application to publish opinions, Katz et al. [12] proved an example of the use of these techniques to help answer a specific research question: namely, what is driving the growth of the law and its complexity in the United States and Germany.
DATASET SCOPE AND HANDLING
The data set used for this analysis was obtained from Court Listener (www.courtlistener.com) which supports a nearly complete set of federal cases from 1926 and onward and a virtually complete set of United States Supreme Court cases prior to 1926. We use the modifier “modern” for this work, given that the dataset is dense for all federal courts’ published opinions as of 1926 (see infra). We leveraged Court Listener’s bulk download option to obtain a data set of 1,317,233 federal judicial opinions spanning the Supreme Court, the Appellate Courts, District Courts, Bankruptcy Courts, and most courts of special jurisdiction. Citations to corpora not a part of the Court Listener database, for example state court opinions, statutes, regulations, law reviews, etc., were removed, leaving 11,451,351 citations from federal case to federal case for network construction.
The dataset was stored both in corpus form as well as a citation network representation with document identifiers. We supported a MongoDB database, optimized for storing documents, and a Neo4J database, optimized for storing graph networks. In-text citations define directed edges which form the citation graph network. Given the size of the network (Table 1), we utilized NetworKit [13], a python package which runs distributed across multiple central processing unit (CPU) cores for reasonably fast processing speeds in a high-performance computing (HPC) environment. NetworKit computed betweenness and centrality metrics for all nodes in parallel. These computations measured 164 days of core-wall time but just under 6 days in MITRE’s HPC environment.
TABLE 1 | Judicial opinion network properties.
[image: Table 1]Prior Assumptions and Preliminary Analysis
Given the hierarchical structure of the judicial system and the importance it places on the concepts of stare decisis and precedence, we hypothesize our analyses should show, inter alia:
• Sparsity, because some cases have more precedential importance than others; the more-important cases should be preferentially cited at the expense of less-precedentially-important cases.
• Highly skewed (possibly power-law distributed) degree centrality among cases; we expect a Proportional Attachment [14] dynamic is at play here (also known as a Preferential Attachment dynamic [15]). We expect this near-scale-free dynamic to anneal to a power-law distribution of node centrality as law settles over time, though it may truncate the extreme tail of a true power-law distribution.
• Cases from the Supreme Court should be most central, followed by appellate courts, then district courts. Generally, nodes’ degree centrality to be proportional to the hierarchy of courts represented.
• Given that cases express specific legal concepts that build upon each other, we should be able to use these concepts to trace the development of legal doctrine through time.
• There is an intuition that jurisdictions tend to specialize over time, if that is the case, then we should find consolidation in the topical distribution associated with a particular jurisdiction.
Finally, law is a product of social interaction (this is especially true in the United States where courts are constrained by the “cases and controversies” clause of the United States Constitution; this being the case, we should find legal productivity is correlated with social systems scaling dynamics.
These assumptions serve as the starting point of preliminary empirical analysis to expose network effects of hierarchy and precedence.
Throughout of the present examination, we use the term “Federal Case Law” to mean the ideas and statements contained within the published opinions of the Article III, United States Federal Courts. We make no assertion as to the force of law of federal opinions or whether they constitute a federal common law in the same way as state common law relates to state statutes, only that they are part of a judicial system and express the ideas of the courts across time and space while being subject to a hierarchical structure and the constraints of stare decisis and precedence.
In what follows we discuss our initial work analyzing this large corpus and highlight some of our significant findings. Some findings confirm our intuition about the judicial system, while others raise additional questions and point to what analyses should be performed next. First, we discuss the structural features of the citation graph defined among the court opinions. Next, we discuss the topical analyses of the corpus. Third, we explore the relationship between the citation network and the semantic information of topic fits by training a Graphical Neural Network to learn structural embeddings which predict topical embeddings. Fourth, we turn to into an information-theoretic deep dive of the corpus using our topical analyis. Finally, we conclude our analyses with a discussion of how the legal system fits into broader social dynamics.
FEDERAL JUDICIAL OPINIONS CITATION GRAPH
To examine the structure of federal judicial opinions, we first treat the corpus as a citation network, in which in-text citations from opinion-to-opinion form directed links. The corpus analyzed contains 1,317,233 opinions and 11,451,351 citations between them. As discussed, supra, given the size of the graph, we utilized the python package NetworKit [16], which runs distributed across multiple central processing unit (CPU) cores, allowing us to perform the analyses of the structural properties of the Court Listener data set in a reasonable period of time. Basic network statistics are given in Table 1. Of note is the sparsity of the graph and that there are isolated cases and more than 1.2 million individual “islands” of interconnected cases. These features are consistent with the structure and function of the judicial system, namely, that only cases on point and with precedential value are cited by a given case. It is also interesting to note that there is not a citation path between all pairs of cases. This could be a feature of distinct legal concepts that are not dependent upon each other. This will be discussed further infra.
Next, we employed a high-performance computing (HPC) environment to compute centrality measures for each case in the network; the NetworKit python package supports parallel centrality measure calculations. Note that NetworKit has two algorithms that approximate the betweeness centrality of all nodes in a graph, as well as an algorithm that directly computes it. Using the HPC environment we were able to run the direct computation in just under 6 days (using nearly 164 days of core-wall time). The centrality distributions are shown in Figure 1.
[image: Figure 1]FIGURE 1 | Centrality measures.
Node Centrality
In order to validate some of our primary assumptions, we computed Betweeness, Degree Centrality, and Eigenvector Centrality scores for each case-node. Each case received a ranked score between 0 and 1,317,233 for each metric and a composite rank score to measure its overall node centrality. The composite rank score was created by summing the three rankings together to create a single, ordinal scale ranking which, in essence, served as a convenient method to normalize the centrality metrics. As expected, the top central cases are Supreme Court opinions (Table 2) with the most highly-cited Supreme Court case, Anderson v. Liberty, exhibiting the highest score for each metric and composite centrality score.
TABLE 2 | Most central opinions.
[image: Table 2]In order to comprehensively assess the hierarchical influence on node centrality, we gathered the top 1,000 nodes and grouped them by jurisdiction. This data is shown in Figure 2.
[image: Figure 2]FIGURE 2 | Jurisdiction of most central options.
Of note is the striking predominance of Supreme Court case decisions. These empirical data underscore the hierarchical structure of the legal system and the role of stare decisis and precedence. As a whole, this initial structural analysis of the citation network among judicial opinions largely conformed with our hypotheses: exhibiting sparsity, highly skewed degree centrality among cases, and centrality proportional to courts’ hierarchy. These points are consistent with the results of prior work and how the judicial system functions. In the next section we discuss our results of an analysis of the text of the opinions by creating a set of topic models of the judicial opinions.
Federal Opinion Topic Modeling
A topic model identifies groups of words that meaningfully co-occur to represent topics latent in a data set of documents. Topics are represented as probability distributions over the data set’s vocabulary, while a probability distribution over topics is learned for each document [see [16] for a conceptual introduction]. Topic models learn topics in an unsupervised manner, enabling both inferential analysis and improved utilization of the data set, without the cost and bias of human labeling. Thematic topics that emerge from a distribution over salient words can be explicitly labeled by post-hoc analysis or may persist as unidentified groupings of words for downstream tasks on the data set.
Various implementation approaches are taken to capture latent ideas in a data set’s bag-of-words (BoW) representation. Of note for its high popularity is Latent Dirichlet Allocation (LDA) [17], a probabilistic topic model that smooths its distributions by Dirichlet concentration parameters. As a generative model, LDA does not assign but draws topics and word-identities from probability distributions. With distributional sparsity, LDA encourages a constraint of perhaps more than one but not too many topics discussed in a document, and perhaps more than one but not too many uses for a given word.
LDA has been implemented in multiple ways: sampling, optimization, and trained models. Initial implementations used Gibbs sampling as implemented in MALLET [18]. Gibbs sampling is a Markov Chain Monte Carlo sampling technique that allows for sampling a distribution with a large number of variables. Instead of sampling from all variables at once, each variable is sampled in turn, conditioned on the samples of the preceding variables. Gibbs sampling is computationally expensive and non-deterministic; processing larger data sets requires approximation methods formed as an optimization problem.
Online variational Bayes [19] as implemented in sci-kit learn [20] converts the sampling problem into an optimization problem that can be solved via stochastic gradient descent. The algorithm alternates between subsampling the data and adjusting the hidden structure based on the subsample [21].
Here we utilize the Topic Modeling Neural Toolkit (TMNT) (https://tmnt.readthedocs.io/, paper forthcoming), an open-source topic modeling toolkit designed to compute topic models on large text collections using a neural network variational autoencoder (VAE) [22]; [23]. It is similar in approach to the Autoencoded Variational Inference for Topic Model (AVITM) as described in [24]. A neural network is trained as an inference network that maps a document directly to a distribution of topics. This is useful because it allows one to utilize a computer’s graphical processing unit (GPU) to perform many of the necessary calculations. Efficiency is important here as we need to build the topic model for all 1.3 million documents in our corpus, thus using all opinions and jurisdictions contained in the Court Listener database.
Topical Granularity
In order to stress-test the number of useful topics supported by the legal corpus, we trained models on the Court Listener data set constrained to three different counts of latent topics: 20, 40, 80. Upon evaluating the highest performers for each topic-count, we discovered that model variants constrained to a larger number of topics were splitting topics of lower-count models: increasing the number of latent topics did not simply encourage the model to find more distinct topics but encouraged the model to find increasingly granular subtopics. To demonstrate this, we will trace a single legal issue through the 20-, 40-, and 80-topics models to show how it trickles down into topics and subtopics as the number of topics increases. In the following example, we chose intellectual property topics as they seemed particularly clear, however similar dynamics were seen across the discovered topics.
In our 20-topics model, Topic 11 is focused broadly on intellectual property as can be seen from its salient terms which includes property-protection word-forms of “copyright,” “patent,” and “trademark,” while balancing economic legal issues of “infringement” and “monopoly” in the context of “trade” and “competition” (Figure 3). While the 20-topics model’s Topic 10 also contains salient terms “invention” and “patent” as relevant terms, it contains more terms dealing with environmental topics, specifically “nepa” (national environmental protection act), “eis” (environmental impact statement), “specification,” “environmental,” and “epa.” As such, it is not focused on intellectual property but on environmental policy and processes. Therefore, we comfortably assess one and only one of the model’s 20 topics to be dealing with intellectual property.
[image: Figure 3]FIGURE 3 | Most relevant terms for Topic 11 of 20-tpoic model.
In our 40-topics model we find two topics semantically-similar to the 20-topics’s model Topic 11: Topics 6 and 29 (Figure 4). These topics show the single intellectual property topic has been split into two topics, with each further specialization. Topic 6 is focused on trademark and copyright, as evidenced by the words “trademark,” “copyright,” and “mark,” while Topic 29 centers around patents as shown by the words “invention,” “patent,” and “patented.”
[image: Figure 4]FIGURE 4 | The most relevant terms from Topics 29 and six from the 40-topic model.
Moreover, increasing the number of topics increases the idea granularity. For instance, the 40-topics model becomes increasingly specific in its ideas: “foia” processes, “similarity” and “confusion” issues, and “advertising” and “website” context. In turn, the 80-topics model’s1 topics derivative of “intellectual property” includes for example a product-driven topic with salient terms “features,” “device,” and “design.” Thus, though we see an increase in diversity of concepts as the number of topics increase, these seem to emerge as finer points of their broader topic headers with fewer topics and coarser classification.
Extending the Topic Model to Include Structure
Card et al. [25] incorporate metadata into their VAE-TM implementation to guide an otherwise unsupervised clustering process [25]. The authors differentiate “labels” that were jointly generated with their document (in the generative story) from “covariate” priors that influence the topics latent in their ensuing document. With artful demonstration as to the value and effectiveness of tracing topics along a covariate structure or embedding topics together with their labels, Card et al. (2018, p. 2037–2038) motivate Structural Topic Modeling (STM) for the legal corpus with the expectation that metadata such as a case’s year or jurisdiction could influence or bring to focus a case’s latent topics.
Setup
Though standard vanilla LDA does not make use of priors, VAE’s latent representation medium lends itself to enmeshing metadata priors together with the document’s BoW. VAE-based TMNT is built on top of popular machine learning libraries such as AutoGluon [26] for plug-and-play usability as well as parameter grid-search and pyLDAvis [27] for topic model visualization and qualitative analysis (Figures 3, 4, 7, 8). TMNT also supports covariance incorporation and is, therefore, a tool of choice for STM efforts.
We start with a subnet of the connected citation hub between Plessy v. Ferguson, 163 United States 537 (1896) and the case that began to chip away at its decision: Brown v. Board of Education, 347 United States 483 (1954). This 1,808 document-sized component incorporates each central node’s first-edge citation neighborhood. Considering Brown v. Board of education cites Plessy v. Ferguson directly, each belongs to the other’s first-edge citation network, resulting in a tightly connected component with a maximum distance of three citation-edges between any two nodes. Given the historically-progressive nature of this component then, we might expect themes to emerge when conditioned on year, with perhaps further complexities presenting when year interacts with another covariate, jurisdiction, and topics are conditioned on the compounded covariate.
Potential Drawbacks
Though the topically-connected nature of the Plessy-Brown component enables local testing with tight experimental control, such a training set could carry significant extrapolative limitations. Foremost, we might expect loss in topic coherence and perplexity if the fully-connected citation component is separated into more topics than it can support. Furthermore, the training set (1,265 documents with a 70 percent -15 percent—15 percent train-validation-test split) may be too small to meaningfully represent tokens with vectors instantiated by random assignment. Card et al. (2018, p.2037) suggests training using pretrained word embeddings to represent tokens. TMNT supports pretrained word embeddings including word2vec [28], GloVe [29], and fasttext [30] and will be used in future work.
Incorporating Covariate Priors
To mirror aforementioned work on topical granularity, we ran TMNT on a range of topics, with 20 topics as its lower search bound and 80 topics as its upper bound. The vanilla run converged on 22 topics with topics lying along an interaction line between its two principal components. Salient topic terms include ideas of education and (de)segregation as expected from an unsupervised modeling of a Plessy-Brown (BoW) subnet.
With compelling need to pull apart the topics, we conditioned the Plessy-Brown training set on the compound covariate of case jurisdiction and year (decade). With 400 compound covariate options, the network forcefully separated its topics but converged on 50 topics, far too many latent topics than could be supported by our small connected data set. “Too many” was assessed by a dramatic drop in Normalized Pointwise Mutual Information score between training and testing, implying an overfit to statistical artifacts.
With a closer look at the principal components within Plessy-Brown’s Topics’ distribution, some linear progression from tolerance to criminalization becomes apparent: topics in the second quadrant (Figure 5) dispassionately relate to “elementary,” “attendance,” “zones,” “neighborhood,” and “desegregation” while a progression along the identity line reaches topics of “criminality” and “prosecution.” With a second attempt at structural topic modeling but this time conditioned just on its decade (14 decades in total), the topic model incorporating a “decade” covariate only ever so slightly pulls apart the topics but converges back to 22 topics, mitigating concern of over-imposed conditionality. Noticeably, the Decade variant seems to project the Vanilla model’s topics’ distribution onto a lower-dimensional space. While there is a retention of progression from unobjected acceptance to prosecutorial offense, from this projection there seem to emerge broader ideas of rights and liberty, including women’s (reproductive) rights (Figure 6), which historically emerged alongside the civil rights movement2. Thorough investigation and analysis are required to meaningfully pull apart the legal corpus while maintaining the integrity of its underlying statistics. As our work advances, we will slowly move outward from focusing on a singular connected component toward topic modeling the full legal corpus for improved structural network analysis and utilization. However, these initial analyses demonstrate the ability to find social change and legal doctrine development within a corpus utilizing NLP and statistical methods.
[image: Figure 5]FIGURE 5 | Sentimental progression in topic space of the Plessy-Brown subnet, vanilla topic model.
[image: Figure 6]FIGURE 6 | Sentimental progression in topic space of the Plessy-Brown topic model conditioned on case decade.
The topic model, while insightful by itself, also provides us with additional data we can then assign to each opinion in the corpus and make use of in conjunction with the citation network. Similar to Leibon, et al. (2018), we can now analyze the relationship between network structure and the topics contained within each opinion. We first turn to these results and follow that analysis with an information theoretic analysis of the Federal Case law across time and space (jurisdiction).
Linking the Citation Network and Topic Model
Another way to investigate the link between citation network and topic space is to employ graph-based machine learning techniques where the goal is to learn a structural node embedding. This embedding, also known as a feature vector, is then used as input into a statistical model trained to infer topic from embedding. While the 20-topics model identifies major legal areas in the Court Listener dataset useful for broad classification, the 40 and 80 topics models are able to elicit more fine-grained issues. As such, document-vectors produced from the 20-topics model were used downstream as graph neural network embeddings which provide a structural overview of the corpus. The accuracy of this model is proportional to the strength of the link between the citation space and the topic space. It answers the question of whether it is possible to use an opinion’s location in the citation network to accurately infer its topic.
In our experiments we choose the DeepWalk algorithm [31] to learn the structural embedding of the federal opinion citation network, due to its impressive performance with some benchmark multi-label classification problems performed on a graph. The algorithm is also highly scalable, which makes it ideal for a network of this size. DeepWalk is an unsupervised feature learning technique that generalizes proven research on word embeddings originating from the natural language processing (NLP) community. The intuition being that random walks on a graph are analogous to the sentences that feed the NLP methods—we transition from sequences of words to considering short random walks along the graph. This approach enables the features learned by DeepWalk to encode community structure and neighborhood similarity. The node degree distribution of many social networks follows a power law; consequently, the appearance of vertices in a short random walk will also follow a power law. The original paper points out that word frequency in natural language follows a power law as well, and because the techniques from NLP account for this fact, it is intuitive that approaches based on NLP methods would also achieve impressive performance here. The DeepWalk algorithm is based around the following optimization problem:
[image: image]
Where [image: image] represents the node embedding, [image: image] represents the vertices, and [image: image] represents the window around node [image: image]. This formulation determines the embedding that maximizes the probability of a node’s context, i.e., its neighbors within a certain number of hops.
Figure 7A demonstrates DeepWalk’s ability to distinguish between the neighborhoods of 10 landmark Supreme Court cases using only two of its 128 dimensions. Each dot in the figure represents an opinion, and the landmark case cited is identified by the dot’s color. Separation is already apparent using just two dimensions, and the full embedding encodes much more-nuanced structural information that was fully leveraged in the machine learning models discussed supra.
[image: Figure 7]FIGURE 7 | DeepWalk prediction results for 10 Landmark Supreme Court cases: (A) A reduced dimensional scatter plot of cases showing relative neighborhood (spatial location), and case relationship via color; (B) the confusion matrix for the random forest model, correct prediction is shown as the lighter color diagonal.
It turns out it is possible to infer the topic of an opinion (argmax of the TMNT embedding) accurately using just the citation network embedding (output from DeepWalk). It’s not unexpected that the link between the structural embedding and the textual embedding would be strong. The classification target for each opinion was the largest contributing topic from the 20-topics model, and the input features were the 128 values from the structural embedding produced using DeepWalk. We trained a multinomial logistic classifier and a random forest, with the random forest doing approximately two percent better on the 20 percent hold-out set. Figure 7B shows the confusion matrix from the random-forest model. The diagonal indicates correct predictions, and we see that the link between DeepWalk’s structural embedding and TMNT’s topical embedding is very strong.
INFORMATION THEORY METHODS
Upon completion of the topic modeling (discussed supra), we had additional information about each opinion (node) in the citation graph in the form of a vector of numbers representing how likely each discovered topic was present in the opinion. This, in addition to information about the opinion, such as date published and jurisdiction, provided additional ways to explore the dynamics of the United States federal courts. In this analysis we leveraged techniques from Information Theory to quantify changes among the opinions in time and space. First, we will discuss the methods and then move to results. As discussed infra, some discovered dynamics have plausible explanations, while others will require additional, follow-on analyses to adequately understand.
Novelty, Transience, and Resonance
The number of citations and other centrality measures are commonly used to quantify the importance and influence in citation networks. These measures rely on the presence of a citation network, however. We attempt to quantify the influence of an opinion purely semantically, without reference to the citation network.
The structure of the United States courts makes United States Federal Case Law a uniquely interesting corpus in which to study semantic influence. The precedential doctrine of stare decisis, along with the hierarchical structure of the court system, imply that a single opinion from a high court can profoundly affect the future opinions of lower courts. Moreover, the influence is asymmetric; a single decision in a lower court is not likely to exert the same influence on higher courts or even courts in other districts. Here an exogenous structure specifies the manner and flow of influence, unlike a corpus on academic papers that have, in theory, a weaker exogenous structure.
To quantify semantic influence, we begin with the information theoretic quantity of Kullback-Leibler divergence (KLD). Broadly speaking, KLD measures the difference between two probability distributions. Results in cognitive science support the interpretation of KLD as a measure of surprise [32]. Others have previously employed KLD, in combination with topic modeling, as a measure of surprise in the context of natural language [33,34]. Here, we use an 80-topic model trained on the entire corpus to infer a topic probability distribution for each document. We perform all subsequent analysis on these document vectors.
To further quantify semantic influence, we employ three measures defined by Barron et al.: novelty, transience, and resonance [35]. These measures rely on the per-document topic probability distributions produced by the aforementioned topic model. Novelty measures how surprising a document is, given the topic distributions of the preceding documents. High-novelty documents introduce new topics or combinations of topics into the corpus. Likewise, transience measures the surprise of a document, given the subsequent documents. High-transience documents contain topics or combinations of topics that do not persist within the corpus. Finally, resonance is the difference between the novelty and the transience. A document with high resonance introduces new topics that persist, while low resonance is indicative of documents that introduce new topics that do not persist.
The formal mathematical specification of our measures follows:
We use a topic model to generate a topic probability distribution for each document in the corpus. This distribution can be thought of as an N-dimensional vector [image: image] where N is the number of topics specified by the topic model. We use the 80-topic model in our subsequent analyses, so here N = 80. The nth element [image: image] of each document quantifies the relative prevalence of Topic n within document i.
The KLD between two document vectors is defined as follows:
For two opinions i and j, the KLD between their corresponding document vectors [image: image] and [image: image] is:
[image: image]
Note that KL divergence is asymmetric. This implies that:
[image: image]
Then we define the set of all cases in the same circuit published within the previous and subsequent w years as [image: image] and [image: image], respectively. All the analysis here used a window of 10 years. While many different window sizes were tested, we settled on 10 not on theoretical ground but because it produced the strongest signal.
We then compute the centroid vector by computing the mean of all the vectors within the set.
[image: image]
The centroid vector represents a typical opinion in each circuit in each window of time. We define the novelty as:
[image: image]
And transience as:
[image: image]
Finally, resonance is simply the difference between the novelty and the transience:
[image: image]
Given the structure of the United States judiciary, and that courts are most influenced by cases within their jurisdiction, we calculate the novelty and transience of each opinion with a window of 10 years and compare opinions to opinions within the same circuit.
INFORMATION THEORETIC RESULTS
Transience Versus Novelty
We begin by examining the relationship between novelty and transience. One would expect to find a strong correlation between novelty and transience; opinions with a high novelty tend to have a correspondingly high transience. What is new is often forgotten. For the most part, the opinions in the corpus follow this trend very closely. Figure 8 plots the relationship between novelty and transience. We see highly novel opinions do not tend to leave a lasting impact on the jurisprudential landscape. The slope of a linear regression indicates the bias toward novelty or transience. A fit with a slope <1 indicates a novelty bias, whereas a fit with a slope >1 indicates a transience bias. A linear regression preformed on the corpus yields a slope of 0.97, close to 1. Figure 8 also plots the slope of the regression line for each circuit as well as the Supreme Court. All circuits have a slope of slightly less than 1. This indicates a slight bias toward novelty. The Supreme Court is the closest to 1, with a slope of 0.97. The 10th Circuit has the largest novelty bias, with a slope of 0.87. Overall, the United States court system lacks a strong novelty or transience bias. This strongly implies that change moves slowly within the court system, as implied by stare decisis. Furthermore, the novelty bias is consistent with the notion that law becomes settled over time and individuals tend to bring new cases and controversies to a court.
[image: Figure 8]FIGURE 8 | The relationship between transience and novelty.
Novelty Over Time
Looking at novelty over time, we see two effects: the mean novelty increases over time, and the 95-percent bootstrapped confidence interval shrinks over time. Figure 9 plots the mean novelty for all cases over time. Each circuit follows a similar pattern. From 1920 to 1970 the mean novelty increases over time and has a large confidence interval, meaning the data is scattered. After 1970 the mean novelty has a much lower confidence interval and stops increasing. The significance of these trends were tested using the standard Mann-Kendall test with level set to 0.05 and were found to be significant, matching our assumptions from examining the graph. The presence of a statistically meaningful trend suggests that the decreasing confidence interval results from a larger number of opinions per year, not from a true variance in the mean novelty.
[image: Figure 9]FIGURE 9 | Mean case novelty by year.
This finding that novelty increases over time perhaps suggests an acceleration in the pace of law. The low-mean novelty in the early 20th century suggests that the pace of law was comparatively slow; new opinions did not stray from what came before. Does this suggest the pace of law is increasing? Why would this be? Perhaps law scales with population, the pace of life increases with the size of a city. This is explored in more detail, infra.
ArticleRank and Resonance
Another way to quantify the influence of an opinion is to use ArticleRank. ArticleRank is a centrality measure closely related to Google’s PageRank algorithm. The ArticleRank algorithm has proven useful in the analysis of citation measures. Unlike the traditionally used measure of times cited, ArticleRank does not weight all citations equally. Citations from other influential opinions are weighted more heavily [36].
Do our purely semantic influence measures correlate with the ArticleRank?
We find that the ArticleRank and resonance are largely orthogonal measures. Table 3 shows the Pearson correlation between ArticleRank and Novelty, Transience, and Resonance. There appears to be no meaningful correlation between citation-based measures of influence and semantic measures of influence within our corpus. A high ArticleRank does not imply an opinion will have a high or low resonance.
TABLE 3 | Correlation between ArticleRank and semantic measures.
[image: Table 3]Jensen Shannon Distance
In the analyses above, we compared trends within circuits. In the subsequent sections we want to examine trends between circuits. To quantify the distance between circuits, we compute the Jensen-Shannon distance (JSD) between pairs of circuits. Unlike KLD, which is a type of f-divergence, JSD distance is true distance metric and is therefore symmetric. The JSD between two vectors p and q is defined as the square root of the mean of the KLD between each vector and their mean vector. We use JSD here rather than KLD because there is less of a sense of “direction” between circuits. With, for example, novelty, there is a directionality to the question, so there is a specific way to apply KLD. However, when comparing the 6th Circuit to the 7th Circuit, there is no specific directionality to the analysis, thus the need to use JSD rather than KLD. The specific JSD calculation is:
[image: image]
Distance Between Circuits
To examine how the circuits change over time we compute the mean JSD between each pair of circuits for each year. This data is displayed in Figure 10A. Once again, the trend is checked using the Mann-Kendall test and found to be significant to a level of 0.05. The results indicate a significant increase in the distance between courts over time. The distance begins to increase more slowly in the 1970s.
[image: Figure 10]FIGURE 10 | Mean JSD among circuits over time and associated entropy: (A) Shows increasing mean JSD and decreasing variance over time among circuits; (B) Show relatively little change in entropy over time among circuits.
The most obvious cause of an increase in semantic distance would be specialization. Many have noted specialization occurs among judges, even those on courts without special jurisdiction, see generally Baum [37,38] and Wasserman and Slack [39]. This hypothesis seems reasonable since circuits loosely correspond to geographic location and as societies specialize in activities geospatially (for example, banking and equity trading in New York City), the courts will disproportionately hear cases associated with these social activities. Given this dynamic among individual judges and the role of precedence and stare decisis, one might expect this to cause a more generalized specialization over time within a jurisdiction. If this were the case, one would also expect the mean opinion entropy to drop over time. However, Figure 10B shows the entropy over time remains, essentially, constant. The Pearson correlation between the year and the entropy is −0.022 with a p-value of 5.2E-22. No correlation exists between the entropy and time, and therefore no evidence exists of any increasing specialization.
We can also see this lack of specialization for circuits over time by looking at the frequency of the most common topics within circuits. In the context of the topic model, a court specializing in a particular type of case should appear as a specific topic having a high value in the document probability vectors for a progressively larger proportion of cases over time. To investigate this possibility, for each case in a circuit we identified the topic that had maximum probability in the topic probability vector and then plotted the distributions of most likely topics over the period between 1950 and 2010. Figure 11 shows these distributions for the 9th circuit. The distributions are grouped by decade and displayed for each of the 20-, 40-, and 80-topic models. From the graphs it is apparent that no single topic is ever the most likely for more than 25% of cases in that decade, and for the 40- and 80-topic models it was extremely rare for a single topic to be most likely in more than 10% of cases in that decade. Graphs of the other 10 circuits demonstrate broadly similar behavior to the to Figure 11.
[image: Figure 11]FIGURE 11 | Distributions of max probability topics by decade for each topic model.
The lack of consolidation within the topical distributions of jurisdictions demonstrates a lack of specialization over time, but that still leaves the question of what is causing the increasing distance between circuits. One possibility is that the increasing circuit distance is a result of what Smith labels “legal clustering.” The cause for clustering in the citation network is evident. He writes: “A court is likely to cite what is jurisdictionally relevant. The judge will prefer to cite a case from his own court or from a higher court in its jurisdiction than from some remote jurisdiction” [10]. High correlation exists between distance in the citation network and semantic distance. It is not unreasonable to conclude that judges also tend to use jurisdictionally relevant language and concepts. The increasing semantic distance between circuits could be explained by an increase in the amount of clustering within the network. This hypothesis could be tested in several ways. The correlation between the inter-circuit semantic distance and the clustering within the citation network could be measured. Additionally, if semantic clustering is the cause of the increasing semantic distance, one would expect the semantic distance between lower courts and higher courts in the same jurisdiction to be consistently lower than the semantic distance between lower courts in different jurisdictions. These are analyses queued up for our next study.
Investigating Scaling and the Pace of Law
Many complex systems have been shown to exhibit power-law scaling relationships. These relationships have been found in biological systems, like the scaling of metabolic rate with weight [40]. Importantly, the scaling relationships within biological systems are sublinear, larger organisms metabolize more efficiently. We find scaling laws in social systems like cities, as well. Some aspects of cities related to infrastructure scale sub-linearly [41]. Larger cities exploit efficiencies and require less infrastructure per resident than smaller cities. Unlike biological systems, social and economic aspects of cities scale super linearly. Research by Bettencourt, West, and others indicates that these super-linear scaling relationships result from the properties of cities’ social networks and the increased interaction among the residents.
Next, we investigate the scaling properties of the United States legal system. On the one hand the United States legal system acts like infrastructure, a publicly funded institution intended to provide justice for its citizens. From this perspective one might imagine the legal system scales sub-linearly like other pieces of infrastructure. On the other hand, the law is a deeply social activity, and the cases it sees arise from the social interactions between individuals. In this case we would expect the law to scale super-linearly. It should also be noted that we limited the dataset used for this analysis to the United States Supreme Court (as the most influential) and Circuits 1–11 (as having some geospatial connection via jurisdictional boundaries). Jurisdictions based upon subject were removed as they have very little geospatial connection to a particular region.
We use two different metrics to quantify the scaling of the legal system. The first is the total number of opinions filed per year. This simply measures the productivity of a circuit. We also consider the ArticleRank, which quantifies the amount of influence a given jurisdiction has over the legal system. We begin by examining the dynamics of the case count by year and the population separately. For population data we used United States Census Annual Estimates for the United States population by state.3 Not surprisingly, the state population grows quite differently than the opinions of the surrounding judicial jurisdiction.
Scaling–Linear Regressions
We use linear regressions to quantify these scaling properties. We plot the number of cases published in each state district court versus the population of the state, both on linear axes as well as on a log-log scale. If the linear regression explains the data well on the log-log plot, with a > 1, this will lend credence to the idea that the number of cases scales exponentially with the state population. If the data is better explained by a regression on the data with linear axes, or if neither regression explain the data well, one may conclude the data does not follow a power-law like scaling relationship. Figure 12 plots an example of the caseload versus population data on a log-log plot; the regression is displayed as the blue line. The regression suggests the scaling relationship is almost linear, with a slope of 0.97, which indicates that law scales somewhere between social infrastructure and social interaction.
[image: Figure 12]FIGURE 12 | Example case load versus population plot for 2009.
We perform this same analysis of the data for every year in the data set, from 1926 to 2020, on both linear as well as log-log axes. The linear regressions on linear axes result in slopes that increase significantly over time from near 0 to over 1.7. The log-log axes linear regression slopes suggest a relationship between population and caseload that changes over time from highly sublinear, with slopes near 0.4, to close to linear. The r-squared values of the linear axes regressions begin to decrease in the 1970s while the r-squared values of the log-log regressions begin to steadily increase at the same rate. These results, taken together, suggest the linear scaling properties of the United States Federal Case Law only begin to emerge in the 1970s. The near-linear scaling suggests that the law as whole does not benefit from efficiencies as would infrastructure that scales sub-linearly. Neither does the law benefit from the snowballing effect of social interaction. Furthermore, one might expect the largest jurisdictions to produce a disproportionate number of opinions. Instead, the number of opinions appears to be directly proportional to the population of the state. Again, this suggests law is a “hybrid.” Meaning, it is both an outgrowth of social interaction, as well as infrastructure supporting the general functioning of society.
TEMPORAL SCALING BY CIRCUIT
Previously we examined the scaling relationship between a state’s population and the number of opinions authored. These scaling relationships are static, examining the relationship between states at a single moment in time. Next, we examine the scaling of each circuit over time. We group the states by circuit and sum the population of each state within a circuit to find the total historical population of each circuit. Figure 13 plots the results and shows the statistics for each fit. We find that the scaling of each circuit is super-linear. The minimum and maximum slopes of the linear regression are 1.9 and 7.3, with a mean of 3.96. The r-squared values range from 0.52 to 0.94, with a mean of 0.8. The only true outlier is Circuit 10. The distribution for circuit 10 visually does not fit the regression line, and an r-squared value of 0.52 lends further support. What is different about circuit 10? Circuit 10 contains much of the American west and southwest and has a small population relative to its size. Perhaps this lower population density causes fewer sociolegal collisions and interactions, thereby making this circuit an outlier.
[image: Figure 13]FIGURE 13 | Graph of yearly caseload versus population by circuit and statistics for linear regression fits of yearly caseload versus population by circuit.
Interestingly, when examined as a whole, i.e., aggregating across all circuits, one finds sublinear scaling. These results, when coupled with the previous results, paint a strange picture. The scaling relationship across states at a given moment in time is sub-linear. The scaling relationship within the same circuit over time is super-linear. The same super-linear relationships that exist withing circuits over time exist within individual states over time as well. This is likely a function of the level of aggregation used within the analysis, an example of the Simpson’s Paradox. Comporting with the “cases and controversies” clause, one would expect court productivity to be closely related to social activities contained within its jurisdiction and, thus, scale super-linearly. In addition to meeting this prior expectation, intra-circuit activity rather than inter-circuit activity controls precedence. Thus, though circuit jurisdiction is not tightly coupled to its surrounding populations, on balance, circuit-by-circuit super-linear scaling seems to best model the pace of law over time.
ARTICLE RANK POWER-LAW SCALING
Description
In their 2007 paper “Web of Law,” T. Smith showed that American case law is a scale-free network, in which the number of citations follows a power-law distribution [10]. Smith conjectured that this structure is a result of so-called preferential attachment. Highly cited opinions are more visible and thus more likely to receive more citations in the future. In this section we expand this work, fitting a power law not to the number of citations but to the ArticleRank of a case. ArticleRank is less sensitive to the dynamics of preferential attachment. A relatively unknown case may achieve a high ArticleRank by being cited by several landmark cases. We also examine the ArticleRank distribution in federal district, federal appellate, and United States Supreme Court cases separately to compare the dynamics. Figure 14 plots the complementary cumulative distribution function (CCDF) of the of the ArticleRank distributions as solid lines and their corresponding power law fits as dotted lines.
[image: Figure 14]FIGURE 14 | Article Rank CCDF by jurisdiction type.
RESULTS
We use the statistical methods developed by [42] and implemented in python by [43]. Examining the CCDF of the ArticleRank distributions within Figure 14, the major difference between the three types of federal courts is immediately obvious. Supreme Court opinions have a much higher ArticleRank than federal appellate opinions, and federal appellate opinions have a much higher ArticleRank than federal district opinions. This result is to be expected. Higher courts have more influence than lower courts. The scaling exponent, alpha, of each distribution is displayed in Table 4. The scaling exponent determines the heaviness of the distribution tail. A low scaling exponent implies the distribution has more weight in its tail, or more high-rank cases. A high scaling exponent implies a distribution has fewer high-rank cases. The table shows that higher courts have lower scaling exponents, or more high-rank cases.
TABLE 4 | Scaling exponent for each court type.
[image: Table 4]As power laws are mathematical objects, one does not expect to find perfect power-law fits from data gathered from a real-world system. This being the case, it is difficult to say definitively if a power-law fit is statistically significant. Typically, one would look at the fits of several different skewed distributions, with the assumption that the best fit of the set is the true underlying distribution. Following from Alstott, we use comparative methods to assess the goodness of fit of the distributions. We fit several candidate distributions to the data and compute the log-likelihood ratio of each to determine what distribution explains the data best. The results of the power-law fit as well as the log-likelihood ratios are shown in Table 5. A positive value of the log-likelihood ratio indicates the first distribution is a better fit than the second, while a negative value indicates the reverse. The exponential distribution is an exceedingly poor candidate. The results are inconclusive for the two higher courts, the Supreme Court and federal appellate courts; for both courts, the log-likelihood ratio between the power law and the log-normal distribution is close to zero. The district court has a power-law and log-normal log-likelihood ratio of −0.47, indicating the log-normal distribution is a significantly better fit than a power law. Once more, the high p-values indicate these results are not conclusive as to the power law fit.
TABLE 5 | Goodness of fit for power-law distribution by court-type. p-values of log-likelihood ratios are in parenthesis.
[image: Table 5]T. Smith showed that the number of citations in the United States Federal Case Law follows a clear scale-free distribution [10]. Our results are performed on another metric, ArticleRank, and performed on a significantly larger sample of the corpus. Our results, in contradistinction to T. Smith, show that the ArticleRank, while clearly a heavy-tailed distribution, is not definitively a power law. One of two causes could explain this discrepancy. First, ArticleRank is not strongly dependent on the number of citations an opinion receives. It has been shown both empirically and analytically that the degree distribution of scale-free networks follows a power law [15], but others have shown analytically that the PageRank distribution in scale-free networks departs from a power law for large and small values [44]. If this result holds for ArticleRank as well as PageRank, it could explain the deviations in our data. Second, our fits were conducted on a much larger sample than Smith’s. It is possible the United States Federal Case Law network is not in fact scale-free, although more work would be needed to confirm or reject this hypothesis. For example, when a landmark case is published it may be initially heavily cited per a preferential attachment dynamic; however, as that part of the law becomes well-settled it may be litigated less often, resulting in fewer citations and thus breaking the preferential attachment dynamic and truncating the power law into something more closely resembling an exponential distribution.
CONCLUSION
This paper explored the structure and dynamics of modern United States Federal Case Law. The dataset was larger than previous work of which we are aware. While not all of the analyses performed were novel, e.g., others have analyzed the citation network structure of some cases, we demonstrated the ability to perform these analyses at very large scales, and our analyses confirmed previously hypothesized features of the citation network: namely sparsity and degree centrality that is both highly skewed and proportional to the hierarchy of courts represented. Other analyses performed on this data were novel in this space and demonstrated that these techniques can highlight change occurring within society that are then reflected in changes to the society’s legal system. Adding the structure of topic modeling to the citation network gave a grounding for tracing the development of legal doctrine through time. In future analyses we hope to investigate additional specific threads of legal doctrine development [akin to the constitutional analyses undertaken by 47]. The results of analysis with topic modeling also give evidence against the common intuition that jurisdictions have specialized in particular types of cases over time, even if the circuits have grown further apart as measured by certain distance metrics. We find signatures of stare decisis and precedence within the data via increasing ArticleRank within the court hierarchy and a distribution not clearly scale-free nor exponential. This also provides quantitative evidence that cases are built very purposefully. While not a shocking insight, it is instructive to know that these data contain the correct signals. We also find the impact of the “cases and controversies” clause in the scaling dynamics of opinion production, scaling super-linearly with population growth suggesting courts are directly impacted by social interaction. Furthermore, this analysis highlighted the impact of controlling precedence, by showing that the “correct” level of analysis is likely the circuit rather than the whole of the courts. Additionally, our analysis indicates that a change occurred in the dynamics of the federal courts in the 1970s. It is our intention to investigate this further in a subsequent study.
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FOOTNOTES
1An interesting connection that arose in the 80-topics model was a high relevance of trademark to a topic centered around banking. Banks were initially tightly regulated, highly local institutions with nondescript, similar names. As regulation loosened and the local banks began to increase their geographic footprint, name collisions occurred, and court cases ensued.
2See for example, Quanquin, H., 2019 who illustrates the push-and-pull yet side-by-side co-emergence of feminism and Black civil rights [45] and Pierson, M.D., 2005 who revisits the “patriarchal institution” of slavery in the 1850s, cautioning that while “the flow of influence ran in both directions” (p. 387), “too little attention has been paid to the ways in which the early feminist campaign affected antislavery” (p. 398) [46].
3Data from Annual Estimates of the Population for the U.S. and States, and for Puerto Rico | FRED | St. Louis Fed.
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For many system level questions jurisprudential data has grown to a size and scale that no longer lends itself to traditional analytic techniques driven by human examination and direct analysis. While there will always be vast numbers of specific questions well within the capabilities of humans, an understanding of the system as a whole is no longer among them. Over the past several decades jurisprudence has begun to use mathematical and other analytic techniques many of which were developed in the physical sciences. It is now time for jurisprudence to embrace more fully the analytic tools of these other disciplines, specifically those coming out of physics, in order to continue to produce new insights to aid in the structure, function, design of judicial systems and the analysis of judicial dynamics.
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INTRODUCTION
Jurisprudential data grows monotonically over time. Every law that is passed, every case that is decided, every brief that is filed increases the size of the jurisprudential dataset. In 1756 Blackstone published a version of his lecture notes on English Common Law that later became the four volume set Commentaries on the Laws of England [1]. He was able to do this based upon his efforts to understand the common law developed over approximately the first 20 years of his legal career and with a relatively small number of other individuals. Today, even if one only examines US Federal judicial opinions, this would be a difficult feat. Figure 1 shows the monotonic increase in opinions over time. The quantity of opinions just within the United States is now well into the millions. Even with very optimistic assumptions (each being only ten pages in length and being able to read a page in 2 minutes for 12 hours a day), it would take a team of one hundred people years to read them all. And, of course, the number of opinions would continue to grow over that period.
[image: Figure 1]FIGURE 1 | The monotonic accumulation of judial opinions over time.
Moreover, federal opinions are not the only part of this jurisprudential dataset. There are executive orders, statues, regulations, state court opinions, treaties, constitutions, court transcripts, etc. The task of understanding a nation’s judiciary is now beyond the scope of a human, or even a team of humans, over the course of their career. It is now time for jurisprudence to embrace more fully the analytic tools and techniques from other disciplines that are designed to deal with this scale. For example, CERN is able to process approximately one petabyte of data per day, and the Large Hydron Collider alone produces about twenty-five petabytes of data per year. Given that there are tools and techniques from physics and other fields that can handle the scale of jurisprudential data, will these analytic techniques provide any useful insights for jurisprudential study? In what follows, I will argue that not only have these techniques produced meaningful insights for jurisprudential study, but they can also produce insights that are not able to be created by other means.
Is it valid to approach jurisprudence with such a new set of tools? Simply put, yes, it is consistent with concepts of jurisprudence to use tools and techniques from outside the legal discipline to study the law. [2] commented on the decline of law as an autonomous discipline as the field of economics grew in importance within jurisprudence. This was further stressed a few years later when Posner articulated an approach to jurisprudence that is consistent with the perspective taken here:
“By ‘jurisprudence’ I mean the most fundamental, general, and theoretical plane of analysis of the social phenomenon called law. For the most part it deals with problems, and uses perspectives, remote from the daily concerns of legal practitioners: problems that cannot be solved by reference to or by reasoning from conventional legal materials; perspectives that cannot be reduced to legal doctrines or to legal reasoning” ([3] at xi).
ANALYTIC METHODS
The artifacts generated by a nation’s judiciary are becoming more and more accessible. For example, the Free Law Project’s CourtListener website provides access to the text of millions of judicial opinions from many Federal and State jurisdictions (www.courtlistener.com). The Harvard Caselaw Access Project has digitized forty million pages of US court opinions spanning 360 years (www.lil.law.harvard.edu). As a final example, transcripts of London’s Old Bailey court from 1,674–1913 have been digitized and made available online (www.oldbaileyonline.org). The US Courts even have biographical information available for all justices that have sat and are sitting on a court. And, of course, the code of federal regulations and US code are all available in machine usable formats.
Researchers have made great use of these datasets. Notable early work in this space includes [4] and [5]. These works examined judicial voting behavior through correlation analyses to shed light on the decision making of justices and whether or not a judge’s decisions are consistent over time and topic, as well as consistent with institutional traditions such as stare decisis. This line of correlative analysis of judicial dynamics has been significantly extended and broadened over time with works such as [6] that examined the statistical mechanics of the US Supreme Court.
Bias in judicial decision making has also received analytic-based analyses, such as those by [7], and [8]. [9] and [10] both studied law from a geometric perspective created by embedding the text of opinions in a high dimensional space. Finally, researchers are even having success predicting the citations a judicial opinion contains based upon its language [11].
As data about judiciaries and their actions have increased researchers have begun studying different aspects of dynamics of legal systems, from their development to their structure. For example, Barron et al. [12], explored the dynamics of debates from the National Constituent Assembly during the French Revolution during which the new French state was formed. Katz and his many collaborators have studied the dynamics of lawsuits around the US tax code, the movement of clerks from one court to another, the citation structure among the US code and judicial opinions, and created methods of characterizing the temporal dynamics of laws and regulations (e.g. [13,16]).
Many of the aforementioned studies have benefited from tools and techniques developed within Physics, including, inter alia, Ising models, graph analysis, information theory, statistical mechanics, and maximum entropy methods. For example, Barron et al., supra, used a natural language processing technique, topic modeling, to transform the raw text of the speeches into a set of “topics” (here a topic is a collection of co-occurring words) with a numeric value characterizing how likely each topic was contained within the document. Now that concepts of all the texts could be related to each specific text, the authors could use another technique, Kullback-Leibler Divergence, to measure changes in ideas contained within the speeches over time. This is an example of how these new tools can be used by interested researchers to explore collections of documents far too large to read or examine individually. Another example of the utility of these approaches comes from [17]. Here the authors used similar techniques to those of Barron et al., but here the unit of analysis was national constitutions. With these techniques the research team was able to show the flow of concepts from one constitution to another across both time and space and was able to characterize the relative impact of a given constitution based upon its “downstream” influence.
GENERATIVE NUMERIC METHODS
While analytic methods have experienced tremendous growth, so much so that the Santa Fe Institute published a volume on law as data [18], generative methods have experienced much less. For the present discussion I will use generative numeric methods to be representations of judicial processes through time based upon models of their function at the exclusion of numeric approximations used for some analytic methods, e.g., the approximation of stochastic partial differential equations. More specifically, I refer to the use of simulation as a means of testing our understanding of the generative mechanisms at play within a judicial system. The analytic methods discussed supra do an excellent job of producing insights into the current state of a legal system and how that system changed over time, but they do not provide as much insight into why a judicial system produced the observed dynamics or how the system might respond to a perturbation. Here, I argue, progress can be made with the combination of jurisprudential theory and simulation. Furthermore, as a judiciary is made up of many dynamically interacting heterogeneous components (judges, lawyers, citizens, etc.) who may learn and adapt through time and who are distributed across a meaningful space (jurisdictions), the most efficient way to analyze the system’s potential future state is to explicitly represent it and simulate its state changes through time [19]. Typically, this is done via the agent-based model [20,21].
As discussed by [22] the use of agent-based models has dramatically increased over the past 20 years, however they remain largely absent from the jurisprudential literature. As highlighted by the examples discussed by Benthall and Stranburg, when law and agent-based models do collide it is largely in the space of regulation and policy analysis or, more generally, a topic within law and economics. These are truly important uses of agent-based models as they allow for a richer representation of human behavior and decision making than most other methods [23] and have led to many insights, but this is not where the use of agent-based models should end.
In my opinion jurisprudence has before it one of the most fascinating subjects of study available to any discipline. It is studying a complex system that has become self-aware and is now trying to guide itself into specific equilibria, e.g., our society has formalized governing institutions that then created laws and regulations in order to induce its members into particular sets of behavior. The use of agent-based models to examine this aspect of jurisprudence appears to not have been largely embraced … , yet.
This is unfortunate as agent-based models provide the jurisprudential scholar with a truly new way to study a society and its judiciary. What if France had a different judicial system? Is a common law judicial tradition a good way to solve hard problems? Ceteris paribus, if the costs associated with courts were to change in manner X what would happen to their utilization? If all judges in a judiciary are slightly biased does that make the system as a whole slightly or greatly biased? If one assumes that a better understanding of a nation’s judicial system is critical for the long-term stability and prosperity of a nation, then agent-based modeling provides the jurisprudential scholar with a uniquely powerful way to explore these and many other questions. Unfortunately, I am aware of only three works that specifically use an agent-based model to explore legal or judicial dynamics ([24–26]). These works explored the evolution of stable norms/institutions, the impact of changing information quantities on jurispathic and jurisgenerative judicial decision making, and the evolutionary dynamics of judicial systems respectively. Agent-based models can be particularly useful for abductive exploration, perhaps most famously performed by [27] during his analysis of segregated settlement dynamics in large US cities. In that work Schelling was able to show that even with a society that prefers integrated neighborhoods, if individuals have even a slight bias and do not coordinate their movements, segregated settlement patterns will emerge. And, thus, he was able to create a coherent system from seemingly incoherent signals (individuals prefer integration but create segregated settlement patterns).
BEHAVIORAL AND EXPERIMENTAL JURISPRUDENCE AND AN ANALYTIC COUPLING
Relatively new trends from cognitive psychology and game theory that will aid dramatically the development of our understanding of jurisprudential dynamics are Behavioral Law and Economics [28] and Experimental Jurisprudence [29]. This growing body of literature highlights another example jurisprudence can take from physics: that of the tight coupling of theory and experimentation with perhaps the clearest example those where the existence of a subatomic particle is determined theoretically long before it is discovered experimentally. On the jurisprudential side, one potential example of this coupling could be the Coase Theorem [30]. Coase’s theoretical analysis concluded that while the law establishes how negotiations commence it will not impact the conclusion. This analysis was game theory-based and assumed no transaction costs. This conclusion and the relative impact of the rather strong assumption about transaction costs could be experimentally studied within the growing field of experimental jurisprudence.
Another example of the utility of this coupling of techniques relates to the body of jurisprudential literature relating to the notion that common law (judge made law) will evolve to higher levels of efficiency over time largely irrespective of how judges decide the outcome of a case, see generally [31]. Unfortunately, when [32] tested this theory empirically they found no evidence of this increasing efficiency over time. We now have theory and analysis at odds with each other. Here generative techniques may be used to explore how this inconsistency could arise and what it might mean. [26] was able to show through a simulation-based analysis that judicial problem solving may exhibit punctuated dynamics resulting in very short periods of improvement and long periods that resembled random walks. This being the case, a relatively small sample of judicial dynamics would be more likely to show random activity than improvement. In this abductive analysis simulation was used to show that what at first seemed like incoherent results from theory could actually be coherent. Given ongoing advances in cognitive science, experimental jurisprudence, and behavioral law and economics, it is not difficult to imagine using agent-based models to explore the decision-making dynamics of juries, social ideas of justice, or, more tactically, the functioning of a court room or judiciary and how that functioning may be made more efficient.
DISCUSSION
The combination of tools, techniques, and practices of physics and jurisprudence would be a very powerful way to explore judicial dynamics and better understand what drives these dynamics and how we might create more effective judicial systems and reforms to existing systems. Together these fields could observe a particular dynamic, analyze data collected from it, expose statistical regularities in the data, then formulate a closed form expression of the system that is consistent with the regularities found in the data. The abstract representation can be used to understand the basic dynamics of the system and bound its behavior. As understanding improves, the model system can be moved from a closed form representation to that of a simulation allowing for the relaxation of assumptions often needed to express a complex system in closed form. I believe it is the tight coupling of analysis, theory, human-centric experimentation, and generative analyses that will allow jurisprudence to create ever new and more useful insights into judicial dynamics.
While it is likely naive to envision a time when jurisprudence has explanatory and predictive power on par with physics, one can foresee a time when jurisprudence is a science made up of qualitative and quantitative methods; where theory, quantitative analysis, and simulation come together to provide a more complete picture of justice and judicial dynamics. As societies face questions about judicial reform, the impact of bias in decision making, or the use (and impact of) artificial intelligence-based systems within a judicial system these methods become more important, especially when coupled together. These methods provide us with a way to understand the potential impact of changes to, and reforms of, a judiciary. Additionally, these methods provide a way to experiment with a judiciary en silico before making changes that could potentially have negative social or judicial consequences and may be difficult and time consuming to undo.
Until recently it was difficult to conceptualize how these tools could be leveraged within the field of jurisprudence. However, as data continues to become more available, agent-based modeling tools become easier to use, and computer hardware becomes more powerful hopefully this will begin to change. As can be seen in much of the literature highlighted herein, and more generally within this special issue, the narrative data produced by judicial systems can now be fruitfully analyzed and used to produce many new insights and test our intuitions about judicial dynamics in ways unavailable a few years ago. This, combined with emerging academic programs that combine law and data science, will produce the next generation of researchers forging a new jurisprudential science with a tight coupling among theory, experimentation, and analytics all of which will be well informed by other fields such as physics.
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(a) United States
5 USC 552 Public information; agency rules, opinions, orders,
records, and proceedings

40 CFR 721.125 Recordkeeping requirements
40 CFR 721.185 Limitation or revocation of certain notification
requirements

5 USC 552a Records maintained on individuals

40 CFR 721.80 Industrial, commercial, and consumer
activities

8 USC 1101 Definitions

49 CFR 171.7 Reference Material

49 CFR 172.101 Purpose and use of hazardous materials
table

10 USC 101 Definitions
15 USC 637 Additional Powers

7 OFR 2.22 Under Secretary for Marketing and Regulatory
Programs

7 OFR 2.21 Under Secretary for Research, Education, and
Economics

19 GFR 178.2 Listing of OMB control numbers

7 CFR 2.16 Under Secretary for Farm Production and
Conservation
7 CFR 2.79 Administrator, Agricultural Marketing Service

(b) Germany
§ 36 Gesetz {iber Ordnungswidrigkeiten

§ 4 Berufsbildungsgesetz

§ 25 Gesetz zur Ordnung des Handwerks.

§ 1 Berufsbildungsgesetz

§ 1 Gesetz Uiber das Kreditwesen

§ 3 Einkommensteuergesetz

Art 229 Weitere (iberleitungsvorschriften
Einfilhrungsgesetz zum Birgerlichen Gesetzbuche
§ 60 Lebensmittel-, Bedarfsgegensténde-und
Futtermittelgesetzbuch

Art 97 iibergangsvorschriften
Einfilhrungsgesetz zur Abgabenordnung

§ 100a StrafprozeBordnung

§ 69a StraBenverkehrs-Zulassungs-Ordnung

§ 340 Kapitalanlagegesetzbuch
§ 194 Gesetz zum Schutz vor der schadlichen Wirkung
fonisierender Strahlung

§ 184 Verordnung zum Schutz vor der schédiichen Wirkung
ionisierender Strahlung

§ 120 Gesetz (iber den Wertpapierhandel

Description

Authority to delegate agency rules, records, efc. to regulations

Authority to require particular records to be kept
Griteria and procedure for fimitation or revocation of nofifications by

an agency

General definitions and procedure for keeping records on
individuals

Definition of a new use of a regulated substance

Definitions for subchapter on immigration and nationality

Gollection of materials to be incorporated by References in other
subchapters
Collection of substances deemed hazardous materials

Definitions including bundiing of statutes
Authority to carry out actions required throughout the chapter

Enumeration of stand-in duties contained in other statutes
Enumeration of stand-in duties contained in other statutes

Mapping of documents i other parts to control numbers from the
office of management and budget
Enumeration of stand-in duties contained in other statutes

Enumeration of stand-in duties contained in other statutes

Determination of the competent authority to prosecute
misdemeanor

Authority to delegate vocational training regulations (professions)
Authority to delegate vocational training regulations (crafts)

Goal and definitions for vocational training

Definitions for financial and banking regulation

Enumeration of tax-free income types

Transitional provisions of the civil code

Misdemeanors in food and feed safety
Transitional provisions of the fiscal code

Defintion of particularly serious crimes allowing for
telecommunication surveillance

Misdemeanors in traffic and road safety

Misdemeanors in the capital investment code
Misdemeanors in the radiation protection statute

Misdemeanors in the radiation protection regulation

Misdemeanors and authority to delegate in the securities
trading act
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Property Value

Number of nodes 3,863
Number of edges. 8,198
Average node degree 4.24
Average node in-degree 212
Average node out-degree 212
Network diameter 11
Connectance 00005495041
Modularity coefficient 0725
Transitivity 0071

Metrics correspond to the network displayed in Figure 5. Diemeter measures the shortest
path between the two most distant nodes. Connectance measures the ratio of realized to
possible links (computed as yf—;). The modulatority coefficient is calculated from the
vector of community membership generated via Newmans's [24] fast-greedy algorithm
for community detection. Transivity measures the probabilty that adjacent nodes are
connected.
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CBD[27]
cBD[51]
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UNCLOS [10]

UNCLOS [13]

UNCLOS [17)
CBD[2)

UNGLOS [42]

cBD (9]

UNCLOS [82]

UNCLOS 5]

83 {AC}
Contracting party
24.3 {AC}
Contracting party
33.1 {MR} EEZ

10.0 {CR} Technol.

capacity

16.4 (MR}
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nodule

11.8 (MR} Natural
Resource

50.0 {AC}
Sovereign right
8.1{NO}
Sovereign right

16.7 {AC) State

12.8 {MR} The
Area

200 {MR} The
Area

7.4 {AC) State
11.8 (PA} Access

16.6 {AC} Coastal
state
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assistance

11.5 (AC)
Developing state

7.8 {AC} Coastal
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50.0 {NO) State

4.8 {AC) Coastal
state

16.7 {NO}
Sovereign right

2.9 (PA} Activty in
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national
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3

7.4 (PA} Method
for sustainable use

4.9 {AC) Country
8.6 (AC) State

10.0 (CR} National
capabilty

11.6 (CR}
Qualffication
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Environmental
policy
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Technology
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Non-iving
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65 {PA) Control
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In braces, the type of the designated entity (see text). EEZ, “exclusive economic zone"; *qualification” relates to some competencies of actors; “significance” relates to some resource
of activity with regard to some actor.
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Court type

Federal Appellate
Federal District
Supreme Court

KS statistic for
power law fit

0.006119
0.015566
0.026405

Power Law/Log-Normal

Power law/Exponential

Log-normal/Exponential

Log-likelihood ratio

0.073231 (0.778403)
-0.47829 (0.371466)
0.003575 (0.733253)

Log-likelihood ratio

2,228.198 (1.64E-27)
548.2672 (2.46E-11)
63.86727 (0.000175)

Log-likelihood ratio

2,228.124 (1.45E-27)
548.7454 (2.93E-11)
63.8637 (0.000173)
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Supreme Court 2.879686
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Correlation quantities Pearson correlation p-value

ArticleRank-Novelty 0.014 1.3E-12
ArticleRank-Transience 0.010 5.0E-7
ArticleRank-Resonance 0.010 5.0E-7
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Graph Density
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Country

Overall
United States
Canada
Australia
New Zealand
Singapore
Malaysia
South Africa
Hong Kong
Ireland

Pearson correlation coef
(w/Caribbean)

-0.055
-0.409
-0.391
-0.776
-0.789
-0.889
-0.938
-0.408
-0.306
0.268

Pearson correlation coef
(w/o caribbean)

-0.565
-0.727
-0.649
-0.759
-0.773
-0.888
-0.929
-0.408
-0.306
0.075
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Independent variable Coef Standard error p-value Pearson correlation

Authority score 92.8268 91.998 0.313 0.06
Indegree 0.0081 0.001 0.0 0.56
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Nodes
Edges

Average clustering coefficient
Density

Transitiity

Complete network

1,711,626
12,666,156
0.019
4.32x10°°
0.06

Cross-jurisdiction network
169,131
356,598
0.006
1.24x10°
0.003

Percentage

9.88
281
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Country Citing Cited Year of Year of Year of Year of latest Superior courts included

cases  cases earliest latest earliest citation in
citation in  citation in  citation in complete
XJ XJ complete network
network  network  network

Anguilla 834 15 1967 2019 1842 2019 High Court, Court of Appeal

Antigua and Barbuda 2,504 23 1959 2019 1808 2018 High Court, Court of Appeal

Australia 75919 10,387 1903 2020 1,679 2020 Federal Court, High Court, Court of Appeal (Victoria),
Supreme Courts (northern teritories, New South
Wales, Victoria)

Bahamas 11,686 43 1972 2019 1718 2019 Supreme Court, Court of Appeal

Barbados 7616 326 1950 2019 1721 2017 High Court, Court of Appeal

Belize 3802 111 1967 2019 1768 2019 High Court, Court of Appeal, Supreme Court

Bermuda 9,584 131 1957 2020 1772 2019 High Court, Court of Appeal, Supreme Court

Briish Virgin Islands 2212 12 1967 2019 1828 2016 High Court, Court of Appeal

Canada 17546 12,156 1938 2020 1722 2020 Supreme Court of Canada, federal Cour, federal
Court of Appeal, Suprerme Court (Bitish Columbia),
Court of Appeal (Alberta, British Columbia, Manitoba,
newfoundland, New Brunswick, Nova Scotia,
nunavaut, Ontario, Yukon territory)

Cayman Isiands 1,920 57 1972 2020 1813 2019 Court of Appeal

Grenada 1675 11 1962 2019 1777 2017 High Court, Court of Appeal

Guyana 7,263 684 1946 2017 1,687 2016 High Court, Court of Appeal

Hong Kong 1,712 0 2019 2020 1838 2020 High Court, Court of Appeal, Court of Final Appeal

Ireland 30730 2229 1876 2020 1,682 2020 High Court, Court of Appeal, Court of Criminal Appeal,
Supreme Court

Jamaica 27617 872 1905 2019 1,694 2019 Court of Appeal, Suprerme Court

Malaysia 43295 2277 1932 2020 1,687 2019 Supreme Court, High Court, federal Court, Court of
Appeal

New Zealand 22579 3884 1964 2020 1702 2020 High Court, Court of Appeal, Supreme Court

Saint Kitts and Nevis 1,562 1 1967 2019 1774 2019 High Court, Court of Appeal

Saint Lucia 2,109 16 1956 2019 1809 2017 High Court, Court of Appeal

Saint Vincent and the 2,136 4 1967 2020 1777 2018 High Court, Court of Appeal

Grenadines

Singapore 19063 1542 1967 2018 1725 2017 Court of three judges, High Court

South Africa 21616 1 1910 2020 1763 2019 Supreme Court of Appeal and other courts®

Trinidad and Tobago 24,641 1319 1948 2019 1707 2019 High Court, Court of Appeal

Turks and Caicos 570 o 1999 2018 1875 2016 Supreme Court, Court of Appeal

islands

United Kingdom 10928 813111 1767 2020 1713 2020 Supreme Court, house of lords, privy council, Court of

Appeal (england and wales), Court of Appeal (northern
Ireland), High Court (england and wales)

United States 6008 7,910 1968 2020 1,697 2019 United States Supreme Court, State Supreme Courts,
United States Courts of Appeals

“Appelate Division, Cape Town - Bloemiontein, Appellate Division, Pietermaritzburg - Cape Town, Appelate Division, Pretoria, Appelate Division, Pretoria - Bloemfontein, Appeliate
Division, Privy Council, Bhisho High Court, Bophuthatswana Appeliate Division, Bophuthatswana High Court, Bophuthatswana Supreme Court, Cape Provincial Division, Ciskei Appeliate
Division, Ciskei High Court, Ciskei Supreme Court, Constitutional Court, Constitutional Court, Zimbabwe, Durban and Coast Local Division, East London Circuit Local Division, Eastern
Cape Division, Eastemn Districts Local Division, Free State Division, Bloemfontein, Free State Division, Bloemniontein, Gauteng Division, Pretoria, Gauteng Local Division, Johannesburg,
Griqualand-West Local Division, Hooggeregshof van Vienda, KwaZulu-Natal Division, Durban, KwaZulu-Natal Division, Pietermaritzburg, KwaZulu-Natal High Court, Durban, KwaZulu-
Natal High Court, Pletermaritzburg, KwaZulu-Natal Local Division, Durban, Lesotho High Court, Maseru, Limpopo Division, Polokwane, Mpumalanga Division (Main Seat), Mpumalanga
Division, Nelsprut, Natal Provincial Division, North Gauteng High Court, Pretoria, North West Division, Mahikeng, North West High Court, Mafikeng, North West High Court, Mahikeng,
Northem Cape Division, Orange Free State Provincial Division, Privy Coundi, Rhodesia and Nyasaland Court of Appeal, South Eastern Cape Division, South Eastem Cape Local Division,
South Gauteng High Court, Johannesburg, Southen African Development Community Tribunal, Supreme Court of Appeal, Supreme Court of Namibia, Transkei Appeliate Division,
Transkei Division, Transkei High Court, Transkei Supreme Court, Transvaal Provincial Division, Venda High Court, Venda Supreme Court, Westem Cape Division, Cape Town, Westemn
Cape High Court, Cape Town, Witwatersrand Local Division.





OPS/images/fphy-09-665563/inline_34.gif





OPS/images/fphy-09-665719/fphy-09-665719-g011.gif
i
IERERE

1

|
IERERE]

!

i






OPS/images/fphy-09-665563/inline_33.gif





OPS/images/fphy-09-665563/inline_32.gif





OPS/images/fphy-09-665719/inline_14.gif





OPS/images/fphy-09-665719/inline_13.gif





OPS/images/fphy-09-665563/inline_40.gif
exp(—ta,)





OPS/images/fphy-09-671882/inline_42.gif





OPS/images/fphy-09-667471/inline_69.gif





OPS/images/fphy-09-671882/inline_40.gif





OPS/images/fphy-09-667471/inline_68.gif
(s) — (k)





OPS/images/fphy-09-665563/inline_106.gif





OPS/images/fphy-09-671882/inline_4.gif





OPS/images/fphy-09-667471/inline_67.gif





OPS/images/fphy-09-665563/inline_105.gif





OPS/images/fphy-09-665563/inline_68.gif





OPS/images/fphy-09-671882/inline_39.gif





OPS/images/fphy-09-667471/inline_66.gif





OPS/images/fphy-09-665563/inline_104.gif





OPS/images/fphy-09-665563/inline_67.gif





OPS/images/fphy-09-671882/inline_38.gif
t— (H,(t), r(t)





OPS/images/fphy-09-667471/inline_65.gif
(K)pr = 4





OPS/images/fphy-09-665563/inline_103.gif
Dlr( Y 30)





OPS/images/fphy-09-665563/inline_66.gif
k™





OPS/images/fphy-09-671882/inline_37.gif





OPS/images/fphy-09-667471/inline_64.gif
(K)pr = 1





OPS/images/fphy-09-665563/inline_102.gif





OPS/images/fphy-09-665563/inline_65.gif





OPS/images/fphy-09-671882/inline_36.gif





OPS/images/fphy-09-667471/inline_63.gif





OPS/images/fphy-09-665563/inline_101.gif
Po(5)





OPS/images/fphy-09-665563/inline_64.gif





OPS/images/fphy-09-671882/inline_35.gif
Cre





OPS/images/fphy-09-667471/inline_62.gif





OPS/images/fphy-09-665563/inline_100.gif
E,,,





OPS/images/fphy-09-665563/inline_63.gif





OPS/images/fphy-09-671882/inline_34.gif





OPS/images/fphy-09-667471/inline_61.gif





OPS/images/fphy-09-665563/inline_10.gif





OPS/images/fphy-09-665563/inline_62.gif





OPS/images/fphy-09-667471/inline_60.gif





OPS/images/fphy-09-665563/inline_1.gif





OPS/images/fphy-09-665563/inline_61.gif





OPS/images/fphy-09-665563/fphy-09-665563-t004.jpg
General Structure
Avg Clust Coef
Giant Comp %
Gini(in-Deg)

Subject Structure
#intra Edges
Expansion
Conductance
Link Modularity

k-Ciique Structure
#Comms Recov'd
Avg Comm Size
#intra Edges
Expansion
Conductance
Link Modularity

Actual

0.044
0.347
0.789

889
0.332
0.449
0.047

45
4.978
386
1.139
0.273
0.031

BA

0.005(0.0)
0535(0.02)
0903(0.0)

250.96(24.28)

0.7120.08)
0870.01)
0011(0.0)

11.98(3.03)
4.482(0.99)
69.44(15.58)
0922(0.15)
0.283(0.03)
0.005(0.0)

Copy

0.001(0.0)
0.657(0.03)
0.804(0.01)

260.7(19.54)

0.713(0.03)

0.869(0.02)
0011(0.0)

2.06(1.46)
3.659(1.5)
9.545(6.04)
0.391(0.24)
0.14(0.08)
0.001(0.0)

Relay

0.002(0.0)
0535(0.02)
0.789(0.01)

257.22(21.85)
0.709(0.03)
0872(0.02)
00110.0)

7.08(2.66)
3.233(0.25)
24.56(9.53)
1.079(0.18)
0.323(0.04)
0.002(0.0)

Linear(sum)

0.003(0.0)
0572(0.04)
0.624(0.01)

815.82(32.9)
0534(0.03)
0.564(0.02)
0.037(0.0)

6.14(2.15)
3.448(0.42)
23.64(8.11)
0.63(0.19)
0.21(0.05)
0.002(0.0)

Fitness(sum)

0.009(0.0)
0.534(0.02)
0911(0.01)

831.18(41.47)
0.531(0.03)
0.577(0.03)
0.037(0.0)

20.52(4.19)
4.457(0.64)
122.0(24.07)
0.78(0.15)
0.242(0.04)
0.009(0.0)

Locality(softmax)

0.0020.0)
0.584(0.08)
0.721(0.01)

813.04(31.06)
0.533(0.09)
0.563(0.03)
0.036(0.0)

474(2.08)
3.172(0.22)
15.88(7.24)
061(0.24)
0207(0.07)
0.001(0.0)

TSPR(sum)

0.005(0.0)
0.589(0.03)
0.710.01)

768.5(27.59

0479(0.03)

0.462(0.03)
0.0830.0)

9.86(2.85)
3.167(0.21)
33.12(10.69
0519(0.14)
0.183(0.04)
0.0030.0)

Notes: Except in the “actual” column, values are the mean(standard deviation) of the relevant statistic over 50 simulations per model. For the actual network properties, case catchwords
assigned by the Singapore Law Reports are used as subject labels. k-Clique expansion, conductance, and link modularity scores are only computed for and averaged within simulations
which retum at least 1 k-clique community and should be interpreted in this light. 6 iterations of the Copy model retumed 0 k-cligue communities. All other models tabulated always
returned at least 1. In each row, results numerically closest to the benchmark are boided.
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General Structure
Avg Clust Coef
Giant Comp %
Gini(in-Deg)

Subject Structure
#intra Edges
Expansion
Conductance
Link Modularity

k-Ciique Structure
#Comms Recov'd
Avg Comm Size
#intra Edges
Expansion
Conductance
Link Modularity

Actual

0.009
0.259
0811

384
0.206
0.356
0.036

24
4042

124
1925
0378
0011

BA

0.001 (0.0)
0.32(0.01)
0.940.0)

623.76(42.38)
0.325(0.03)
0.764(0.02)
0.028(0.0)

6.12(2.15)
3.420(0.47)
23.26(8.63)
0.596(0.15)
0.207(0.04)
0.002(0.0)

Copy

0.0 (0.0)
0.041(0.02)
0.841(0.01)

618.4(31.41)
0.325(0.03)
0.759(0.02)
0.028(0.0)

0.14(0.5)
3.000)
4.2(2.68)
0.267(0.28)
0.107(0.11)
0.00.0)

Relay

0.00.0)
0.320.01)
0.876(0.01)

618.54(35.13)
0.323(0.03)
0.758(0.02)
0.028(0.0)

2.66(1.62)
3.204(0.5)
9.082(5.34)
0.591(0.22)
0.213(0.06)
0.001(0.0)

Linear
(sum)

0.00.0)
0.025(0.01)
0.736(0.01)

956.0(42.03)
0.263(0.09)
0.562(0.04)
0.046(0.0)

1.009)
3.005(0.26)
4.6(2.51)
0252(0.3)
0.095(0.1)
000.0)

Fitness
(sum)

0.002(0.0)
0.319(0.01)
0.962(0.0)

964.0(46.54)

0.266(0.02)

0.585(0.04)
0.045(0.0)

13.62(2.93)
3.852(0.3)
63.8(13.67)
0.468(0.13)
0.162(0.04)
0.004(0.0)

Locality
(softmax)

0.00.0
0.101(0.04)
0.792(0.01)

900.98(38.74)
0.27(0.03)
0585(0.04)
0.043(0.0)

0.52(0.68)
3.091(0.29)
3.727(1.55)
0321(0.35)
0.12(0.12)
0000)

TSPR
(sum)

0.001(0.0)
0.037(0.02)
0.785(0.01)

986.66(43.5)

0.206(0.03)

0.382(0.04)
0.044(0.0)

1.4(1.07)
3.009(0.05)
5.73(2.42)
0.296(0.24)
0.114(0.08)
0.001(0.0)

Notes: Except in the “actual” column, values are the mean(standard deviation) of the relevant statistic over 50 simulations per model. For the actual network properties the case issue areas
assigned by the Spaeth database are used as subject labels. k-Clique expansion, conductance, and link modularity scores are only computed for and averaged within simulations which
return at least 1 k-clique community and shouid be interpreted in this light. 45, 15, 28, and 13 iterations of the Copy, Linear, Localty, and TSPR models respectively retumed 0 k-cligue
communities. All other models tabulated always retumed at least 1. In each row, results numerically closest to the benchmark are bolded.
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BEA Aging Copy
General Structure
Avg Clust Coef 0.469 (0.01) 0341 (0.02) 0044 (0.0)
Giant Comp % 0.994 (0.0) 0997 (00) 0999 (0.0)
Gini (In-Deg) 0.988 (0.0) 0.905 (0.01) 0.719 (0.01)
Subject Structure
#intra Edges 417.82(64.92)  411.02 (48.24) 423.82 (24.52)
Expansion 4.561 (0.14) 4565 (0.12) 4,567 (0.11)
Conductance 0878 (0.02) 0874 (0.01) 0.863 (0.01)
Link Modularity 0005 (0.0) 0005 (00) 0005 (0.0)
k-Clique Structure
#Comms Recov'd 1.0 (0.0) 1.32 (0.87) 27.94 (5.58)
Avg Comm Size 48068 (4.38) 419163 (109.05)  14.826 (2.86)
#Intra Edges 2452.9 (56.38) 2388.24 (61.4) 1680.34 (95.53)
Expansion 00(0.0) 0353 (0.74) 4.035 (0.27)
Conductance 00(0.0) 0064 (0.13) 0629 (0.02)
Link Modularity 0072 (0.0) 007 (0.0) 0042 (0.0)

Linear

0015 (0.0)
0999 (0.0)
0544 (0.01)

476.0 (25.78)
4.511 (0.1)
0.847 (0.01)
0.006 (0.0)

77.34 8.28)
5.245 (0.27)
986.3 (81.47)
4502 (0.18)
0663 (0.01)
0019 (0.0)

Fitness

0015 00)
0999 (0.0)
0548 (0.01)

42042 (25.01)
4.559 (0.1)
0864 (0.01)
0,005 (0.0)

7652 (8.07)
5.203 (031)
1000.64 (84.98)
4476 (0.16)
0662 (0.01)
002 (0.0)

Locality

0051 (0.0)
0999 (0.0)
0564 (0.01)

2448.34 (58.85)
2,642 (0.08)
0.385 (0.01)

0034 (0.0)

62.96 (7.16)
8.565 (0.89)
1742.48 (110.98)
4,027 02)
0.629 (0.01)
004 0.0)

TSPR

0016 (0.0)
0999 (0.0)
0549 (0.01)

424.32 (26.85)
4.555 (0.1)
0.862 (0.01)
0,005 (0.0)

77.46 8.91)
5.257 (0.35)
997.5 (83.89)
4.469 (0.15)
0.661 (0.01)
002 (0.0)

Notes: Values represent the mean (standard deviation) of the relevant metric over 50 iterations. Copy was simulated with « = 0.5. Note that Copy is not a softmax-normalized model but is

tabulated here for brevity.
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General Structure
Avg Clust Coef
Giant Gomp %
Gini (In-Deg)

Subject Structure
#intra Edges
Expansion
Conductance
Link Modularity

k-Ciique Structure
#Comms Recov'd
Avg Comm Size
#intra Edges
Expansion
Conductance
Link Modularity

BA

0.043 (0.0)
0994 (0.0)
0.739 (0.01)

420,08 (29.29)
4.559 (0.11)
0.865 (0.01)
0005 (0.0)

32.66 (7.64)
13.485 (2.92)
1819.5 (94.97)
4.563 (0.23)
0,663 (0.01)
0,044 (0.0)

Aging

00(0.0)
0.994 (0.0)
0.998 (0.0)

83.84 (33.9)
0917 (0.03)
0923 (0.03)
0005 (0.0)

0.0(0.0)

Relay

0018 (0.0)
0994 (0.0)
052 (0.01)

405.86 (25.50)
4.435 (0.11)
0866 (0.01)

0005 (0.0)

84.74 (10.69)
5.205 (0.38)
983.42 (85.87)
4911 (0.19)
068 (0.01)
0019 (00)

Linear

0.059 (0.0)
1.0 (0.0)
0417 (001)

2228.54 (52.4)
2.981(0.08)
0.437 (0.01)
0031 (0.0)

72.36 (9.59)
8929 (0.98)

1915.8 (124.49)

3.864 (0.14)
0.598 (0.01)
0.042 (0.0

Fitness

0.086 (0.01)
0994 (00)
0597 (0.01)

2507.18 (60.4)
2.594 (0.07)
038 (0.01)
0,035 (00)

28.14 (5.45)
18.058 (3.09)
2107.3 (89.04)
4,007 0.27)
0.62 (0.02)
0.056 (0.0)

Locality

0.088 (0.0)
0.999 (0.0)
0.456 (0.01)

2449.08 (59.06)
2,626 (0.08)
0387 (0.01)
0034 (0.0)

81.92 (10.15)
7.661 (0.81)
1740.84 (116.24)
4.01 (0.15)
0617 (0.01)
0038 0.0)

TSPR

007 (0.0)
0.999 (0.0)
0598 (0.01)

1740.94 (46.04)
3388 (0.09)
0528 (0.01)
0023 (0.0

52.48 (6.4)
10.02 (1.04)
1890.7 (103.19)
4078 (0.2)
0628 (0.01)
0047 0.0)

Notes: Values represent the mean (standard deviation) of the relevant metric over 50 iterations. Relay was simulated with 8 = 0.9, 7 = 0.3, relay depth 1, and preferential relay. Relay is not
a sum-normalized model but because the relay mechanism relies on sum-normalized preferential attachment, it is expedient to present its properties here instead of in a separate table.
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