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Editorial on the Research Topic

Topological Photonics

As one of the research frontiers of photonics in recent years, topological photonics plays an essential
role in fields of both fundamental physics and device applications. Topological photonics provides a
new and robust platform to study the interactions between light and matter based on a topological
degree of freedom, which has triggered the discovery of a kaleidoscope of new physical effects and new
device applications. These findings are bringing substantial potential in transformative technologies.

The purpose of this Research Topic is to systematically reflect on the latest research progress of
topological photonics, and promote the development of topological photonics in new directions. The
scope of the Research Topic includes design, fabrication, and measurement of photonic topological
insulators, synthetic dimensions, non-Hermitian topological photonics, high-order topological
states, quantum topological photonics, topological microwaves, topological acoustics, and their
applications.

This Research Topic includes nine original research articles and five review articles covering
fundamental physics and device applications of topological photonics. The nine original research
articles report the latest research progress and direction of topological photonics. Yuan et al. reported
a novel design strategy for constructing optical topological cavities using photonic crystals (Yuan
et al.), which could provide valuable guidance when constructing topological optical devices. Jia et al.
reported the fabrication of a pseudospin-dependent topological acoustic insulator by using
hexagonal rods (Jia et al.), which could offer useful reference when constructing multi-
functional acoustic devices. Li et al. reported the fabrication of two-dimensional acoustic higher-
order topological insulators, and demonstrated the coupling effects of topological corner modes (Li
et al.), which provided a new platform for the study of high-order topological photonics and non-
Hermitian physics. Lai et al. reported the construction and characterization of tunable topological
surface states of three-dimensional acoustic crystals (Lai et al.), where various multi-functional
topological acoustic devices could be realized. Peng et al. reported the theoretical results of the
properties of topological one-way edge states in an air-hole honeycomb gyromagnetic photonic
crystal biased by an external magnetic field (Peng et al.), which may open a new door towards the
observation of nontrivial edge states. Elshahat and Lu reported a unidirectional and bidirectional
rainbow trapping, realized based on trapping a chirped photonic crystal as a sandwich between two
edge states (Elshahat and Lu), which provided a new way to construct topological nanophotonic
devices. Liao et al. reported an equivalent circuit model for topological engineering of the iso-
frequency contours in connection-type metamaterials (Liao et al.), which may provide a new
pathway for the realization of novel nanophotonic devices. Zhao et al. reported the theoretical finding
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of multiple one-way edge modes in sonic crystals with large
Chern numbers (Zhao et al.), and the realization of acoustic
diodes by joining sonic crystals with different Chern numbers.
This work offers a new route for the realization of novel acoustic
non-reciprocal devices. Li et al. reported the realization of
multiport routing of topologically optical transport based on
the merging of valley-dependent edge states and second-order
corner states (Li et al.), which provided a valuable reference for
the realization of topological photonic integrated circuits.

Review articles are indispensible for both the specialists and
beginners engaged in the field of topological photonics. We are
excited that this Research Topic includes a high-quality collection of
in-depth reviews. Xie et al. give a systematical review of topological
semimetal phases in artificial photonic microstructures and their
applications in coupling spin-polarized electromagnetic waves,
anomalous reflection, vortex beams generation, bulk transport,
and non-Hermitian effects (Xie et al.). This article will promote
the study of higher-order topological semimetals and their
applications. Jiang et al. provide an in-depth review of recent
progress in the chiral topological quantum interface (Jiang et al.),
which will be a valuable reference for the research of quantum
topological photonics. Luo et al. offer a systematical and in-depth
review of Hermitian and non-Hermitian Dirac-like cones in
photonic and phononic structures (Luo et al.), which would
promote the research of non-Hermitian topological photonics
and phononics. Wang et al. give a comprehensive review of
fundamentals and applications of topological polarization
singularities (Wang et al.), which will help to improve the
applications of topological photonics in fields of optical
communication, biosensing, and so on. Haixiao Wang et al. offer
a review of the all-dielectric topological photonic crystals from the
aspect of topological phases (Wang et al.), which will surely improve
the developments of all-dielectric topological photonics.

The topic of “Topological Photonics” has brought rich
physical phenomena, and will stimulate more interest due
to the unique properties of topological protection. We
believe that this Research Topic will provide valuable
guidance for the future research direction and applications
of topological photonics. Both new physics and various new
kinds of functional nanophotonic devices and chips will be
expected to be realized based on topological photonics in the
near future. Last but not least, we wish to express our sincere
gratitude towards all the excellent scientists, including authors
and reviewers, whose invaluable contributions made this
Research Topic a reality.
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Construction of Optical Topological
Cavities Using Photonic Crystals
Meng Yuan1, Tao Xu1,2 and Zhi Hong Hang1,3*

1School of Physical Science and Technology and Collaborative Innovation Center of Suzhou Nano Science and Technology,
Soochow University, Suzhou, China, 2Shenzhen Kuang-Chi Institute of Advanced Technology, Shenzhen, China, 3Institute for
Advanced Study, Soochow University, Suzhou, China

A novel design of the Fabry–Pérot optical cavity is proposed, utilizing both the topological
interface state structures and photonic bandgap materials with a controllable reflection
phase. A one-to-one correspondence between the traditional Fabry–Pérot cavity and
optical topological cavity is found, while the tunable reflection phase of the photonic crystal
mirrors provides an extra degree of freedom on cavity mode selection. The relationship
between the Zak phase and photonic bandgap provides theoretical guidance to the
manipulation of the reflection phase of photonic crystals. The dispersions of interface
states with different topology origins are explored. Linear interfacial dispersion emerging in
photonic crystals with the valley–spin Hall effect leads to an extra n � 0 cavity mode
compared to the Zak phase–induced deterministic interface states with quadratic
dispersion. The frequency of the n � 0 cavity mode is not affected by the cavity length,
whose quality factor can also be tuned by the thickness of the photonic crystal mirrors.
With the recent help of topology photonics in the tuning reflection phase and dispersion
relationship, we hope our results can provide more intriguing ideas to construct topological
optical devices.

Keywords: photonic crystal, topological interface states, reflection phase, Zak phase, valley–spin Hall effect

INTRODUCTION

In 2008, Haldane and Raghu [1, 2] introduced topology to photonics, opening a brand-new research
direction in the realm of photonics: topological photonics [3, 4]. Various topological invariants,
having been applied to topological insulators, can also be used to characterize the properties of
photonic bulk bands. When two optical materials, characterized by different topological properties,
are placed in proximity, robust edge states emerge along their interfaces which could accommodate
backscattering-immune electromagnetic propagations. After the first demonstration of a
unidirectional optical waveguide [5], the Chern number, as the quantized flux of the Berry
curvature through the whole Brillouin zone (BZ), has triggered various designs in electronic [6],
photonic [7–9], and cold atom [10] systems. The Zak phase [11], a one-dimensional (1D) geometric
phase, was also found to be capable of describing bulk photonic band properties [12]. It was further
extended to two-dimensional (2D) and deterministic waveguiding in both acoustic and photonic
systems [13–16]. Different from the systems characterized by the Chern number, that time reversal
symmetry is broken; the inverted symmetry breaking results in a sign opposite to that of the Berry
curvature near the two inequivalent BZ corners where the valley Chern number [17–19] can be
defined and unidirectional valley pseudospin propagation was observed [20–23]. With the help of
these topologically induced unidirectional electromagnetic propagations, various novel designs, such
as optical delay lines [24], valley couplers [25], and nonlinear optical devices [26], have been
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successfully demonstrated. Moreover, major research attention
has also been devoted to laser operations, employing the
topological interface states [27–33]. Different topological
interface state designs, based on mechanisms such as the
Su–Schrieffer–Heeger (SSH) model [27, 28], magneto-optical
effect [29], coupled ring–resonator array [30], spin Hall effect
[31], and valley–spin Hall effect [32], have been applied to
increase the total emission power in topological cavities and
maintain a stable single-mode emission of the whole system.
Topological bulk lasing is also possible by engineering band-
inversion–induced reflection [33].

In a traditional laser, the Fabry–Pérot (FP) cavity, in which
photons bounce back and forth in the lasing medium between
two parallel plane mirrors (as shown in Figure 1A), is an
important component to provide light energy feedback.
Furthermore, it also plays an important role in frequency
selection. In this article, we extend the study of topological
photonics to the design of the FP laser cavity by using 2D
topological photonic crystals (PCs). Different from previous
studies where only topologically induced interface modes were
employed, we also design the reflection mirrors of PCs based on
topological photonics. By assembling different PCs with
topologically induced interface states and different PC mirrors
with different reflection properties, we can construct optical
topological cavities (OTCs) with tunable properties. Two
different types of OTCs, based on different topological
interface states, are designed and compared with the physics
discussed below. The PC-based reflection mirrors also provide a
degree of freedom for mode selection, and an efficient approach
to tune the cavity fidelity is also discussed.

DESIGNS AND RESULTS

Optical Topological Cavity Type I
As shown in Figure 1A, a traditional FP cavity is composed of
parallel cavity mirrors and a lasing medium in between. The laser
wavelength λFP to be selected depends on the distance between
the two cavity mirrors: nλFP/2 � Lcavity, where Lcavity is the
distance between the two mirrors and n indicates its index.

Our construction principle for OTCs is to use topologically
induced interface states to replace the lasing medium and PC
mirrors to replace the cavity mirrors. A scheme of OTC type I is
depicted in Figure 1B. In OTC type I, the Zak phase–induced
interface states are employed where PC2 is the counterpart of the
cylinder-arrayed PC1 with a shifted lattice [15]. The cavity length
L is defined as the number of columns of PCs used. Photonic
bandgap materials will serve as reflecting mirrors, and as an
example, mutually inverted 2D PCs with thickness b are used as
illustrated in gray. Other PC mirrors can also be considered. In
this work, we carry out numerical simulations using the finite
element method [34] to study the properties of such OTCs. A
point source (denoted as an orange star in Figure 1B) is used to
excite the cavity modes, and its transmission spectrum is obtained
by a line integral along the black dotted line on the right side of
the cavity. Within the gap frequencies of PC mirrors, the peaks
existing in the transmission spectrum denote the cavity modes
excited.

Here, we consider the transverse magnetic (TM, with electric
field EZ along cylinder axis) polarization. The calculated photonic
band diagrams of the PC1 and PC2 are shown in Figure 2A. PC2
(in red) is identical to PC1 (in blue) of a square array of dielectric
cylinders except that its unit cell is shifted by half a lattice
constant a along the y direction. The radius of cylinders for
PC1 and PC2 is r1 � 0.282a. In Figure 1B, colored regions (red,
blue, and gray) indicate where dielectric materials with εdiel �
10.5 are used and air is assumed in other regions. With identical
unit cells, PC1 and PC2 possess the same band diagram with a
common bandgap above the first photonic band. It is discussed
and experimentally verified [15, 16] that the Zak phase of the first
band is inverted between PC1 and PC2; thus, an interface state
would emerge if PC1 and PC2 are assembled, as shown in the
black line in Figure 2B. Here, we consider a supercell with 15 unit
cells of both PCs, and periodic boundaries are applied along both
the x and y directions. Electromagnetic waves will propagate
along the interface within the frequency range between 0.2521
and 0.3021c/a. The major physical reason that the interface state
shall arouse along the interface is that the reflection phase φPC1(2)
on PC1(2) is of a different sign, and when φPC1 + φPC2 � 0, an
interface state emerges [15]. The reflection phase of PCs plays a

FIGURE 1 | (A) Sketch of a traditional FP cavity. Light of wavelength λFP will exist in such a cavity. (B) The schematic diagram of OTC type Ⅰ constructed by 2D PCs.
PC1 and PC2 are with different Zak phases where interface states are induced along their interface within the common photonic bandgap of PCm1 and PCm2 (in gray).
Two PC mirrors are considered to replace the original reflecting mirrors.
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key role in the emergence of such an interface state. Will the
reflection phase play a role similar to that of the PC mirrors?
PCm1 is chosen to be the same as PC1, and its reflection phase is
calculated to be between 83.551 and 126.542°, within the
frequency range of the interface state dispersion. If we
consider a similar cylinder-in-air geometry and at the first
photonic bandgap, we shall obtain a reflection phase with
similar values. On the contrary, as discussed in Huang et al.
[14], an inverted PC, with air holes in a dielectric slab, will have
inverted the Zak phase as well as the reflection phase at the
photonic gap above the first band. In other words, the reflection
on an inverted PCm2 constructed by drilling air holes of radius
r2 � 0.473a in the dielectric slab will be totally different from that
with cylinder-in-air geometry, where its calculated reflection
phase is found between –170.309 and −136.291°, as shown in
Figure 2C. OTC type I is thus constructed with the Zak
phase–induced interface as the lasing medium and PCs with
inverted structures as mirrors, as depicted in Figure 1B. In
Figure 2D, the calculated transmission spectrum of OTC type
I is plotted with the cavity length L � 11a and mirror thickness
b � 3a. A cavity mode, peaked at 0.2696 c/a, is excited.What if PC
mirrors are changed? By replacing PCm2 back to PCm1, an
obvious shift of the cavity mode is acquired.

In the studies of traditional FP cavities, the reflection phase of
mirrors has never been considered. The major reason is that in a

traditional FP cavity, metallic mirrors are considered with a 180°

reflection phase. During the back-and-forth bouncing between
these two mirrors, no phase accumulation will occur. On the
contrary, although total reflection occurs on PCm1/PCm2, the
frequency shift we observe shall correspond to their different
reflection phases. Electromagnetic waves propagate along the
interface and then bounce back on one PC mirror with the
accumulated phase and propagate again along the interface.
Thus, the FP condition of a cavity shall be revised as

φPCm1 + φPCm2 + 2k(ω)L � 2nπ, (1)

where φPCm1(2) is the reflection phase on PCm1(2) in the radian
unit, k(ω) is the wave number (in the unit of 2π/2) of the interface
state at different frequency ω, L is the length of the OTC, and n is
an integer. Eq. 1 can be easily reduced to the FP condition if
inserting φPCm1 � φPCm2 � π and k(ω) � 2π/λFP. From Eq. 1, we
can easily see that using PC mirrors will provide an effective
approach to tune the reflection phases and the mode to be
selected. However, the precise verification of Eq. 1 is not
straightforward as both the reflection phases of PCs and the
dispersion of the interface states are frequency dependent. As
total reflection occurs here for PC mirrors, a simpler approach is
to replace PC mirrors with effective medium slabs with a single
negative value of permittivity/permeability, where the arbitrary

FIGURE 2 | (A) TM photonic band diagrams of PC1 and PC2 with shifted lattice. (B) Calculated projected band structure with a supercell of PC1 and PC2
assembled along the y direction. The folded bulk bands of PC1 and PC2 are painted in gray, and the interface state is in black. (C) The reflection phases upon PCmirrors.
(D) By changing PC mirrors, the cavity mode frequency will change. Red lines indicate the scenario where PCm1 serves as both cavity mirrors, and the black line
indicates the scenario where PCm1 and PCm2 serve as the two cavity mirrors, respectively. A slab of effective parameters ε � −2.8 and μ � 1.2 with a reflection
phase 113.578°is also considered to replace PCm1, whose reflection phase is the same as that of PCm1 at 0.2683 c/a.
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reflection phase can be tuned. As shown in the dashed line in
Figure 2D, by replacing PCm1 with a slab with
ε � −2.8, μ � 1.2a, whose reflection phase is the same as that
of PCm1 at the frequency 0.2683 c/a, a nearly identical spectrum
is obtained, indicating the validity of our effective slab model. We
thus can verify Eq. 1 through numerical simulations by various
slabs with tunable reflection phases. We change PCm1 to slab1
with ε1 � −3, μ1 � 2 and PCm2 to slab2 with ε2 � 3, μ2 � −2, and
their reflection phase sum is φm1 + φm2 � 0. The slab thickness is
a. As can be found in Figure 3A, multiple cavity modes are
excited in OTC type I with L � 11a. The corresponding mode
profiles (normalized to its own maximal intensity) can be found
in Figures 3B–G at the frequencies 0.2529, 0.2553, 0.2592, 0.2644,
0.2705, and 0.2771 c/a, respectively. Red (blue) color indicates
that the electric field is of positive (negative) value, which bears
great similarity to the first of the sixth-order FP modes. It is the
fifth-order FP mode that we achieved, as shown in Figure 2D.

Further analysis is conducted as shown in Table 1. We can
find its corresponding wave number k at the transmission
spectrum peak frequency in our calculated dispersion, as
shown in Figure 2B. Thus, the total phase accumulation 2 kl
with φm1 + φm2 � 0 is very close to the corresponding n
multiplied by 2π. For comparison, we can also obtain the
corresponding wave number k’ by the fast Fourier
transformation of the corresponding electric field distribution

as shown in Figures 3B–G, where good consistency can be found
with our dispersion readout.

Optical Topological Cavity Type II
Using Zak phase–induced interfaces, we have successfully
constructed OTC type I and discovered the role PC mirrors
play in the mode selection. As various applications have been
demonstrated utilizing the unidirectional interface states induced
by the valley-spin Hall effect, we extend our work to construct
OTC type II by using valley-spin Hall PCs. By introducing
sublattice symmetry breaking into the honeycomb lattice PC
[25], unidirectional interface states are induced and adopted to
construct OTC type II. We consider PC3 and PC4 with inverted
inversion symmetry. Here, three honeycomb lattices are
considered as an enlarged hexagonal unit cell, with six
dielectric cylinders with permittivity ε’diel � 7.5 inside, as
depicted in the inset of Figure 4A. If all six cylinders are of
the same radius, with such an enlarged unit cell, the Dirac cones
originally at BZ boundaries (K and K ’ points) of the honeycomb
lattice will be folded to the BZ center (Γ point) to form a doubly
degenerate Dirac cone. If neighboring cylinders are of different
radii (r3 � 0.176a’ and r4 � 0.147a’, where a’ is the side length of
the hexagon unit cell), a bandgap opens in the calculated TM
photonic band diagrams of PC3 and PC4, as shown in Figure 4A.
PC3 and PC4 are of an identical unit cell but cylinders of radius r3
are swapped with those of r4. Assembling PC3 and PC4 along the
lattice armchair orientation will give rise to unidirectional
interface states, with the calculated interface dispersions (in
green and orange) shown in Figure 4B. Here, we consider a
supercell (shown in the right panel) consisting of five unit cells for
both PC3 and PC4, with periodic boundary conditions applied
along the x direction and scattering boundary conditions applied
along the y direction. Interface states corresponding to valley
pseudospins up (in green) intercross those of pseudospin down
(in orange) linearly at Γ point, which is very different from the
Zak phase–induced interface state, as shown in Figure 2B. A
major difference between OTC type I and type II is that the

FIGURE 3 | (A) The calculated transmission spectrum with PCmirrors replaced by single negative effective medium slabs. (B–G) Simulated EZ field distributions at
0.2529, 0.2553, 0.2592, 0.2644, 0.2705, and 0.2771 c/a.

TABLE 1 | Cavity modes at length L � 11a.

n f(c/a) k(π/a) k9(π/a) 2 kl

1 0.2529 0.090 0.091 1.988π
2 0.2553 0.182 0.182 4.000π
3 0.2592 0.273 0.272 5.999π
4 0.2644 0.363 0.364 7.997π
5 0.2705 0.454 0.455 9.986π
6 0.2771 0.544 0.545 11.968π
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interface states are with linear or quadratic dispersion, which
leads to their different performance, as we shall elaborate later.

We have shown in the previous section that using an effective
medium slab can explain the role of PC mirrors in constructing
an OTC, and thus, a pair of effective medium mirrors with zero
total-reflecting phases is first considered here to construct OTC
type II with ε1 � −5, μ1 � 1 and ε2 � 5, μ2 � −1. In Figure 4C, we
show the calculated transmission spectrum through this OTC,
where multiple peaks, inferring multiple cavity modes, are
obtained. For comparison, as shown in Figure 4D, the
spectrum of another set of slab mirrors, with ε’1 � −6, μ’1 � 1
and ε’2 � 1.5, μ’2 � −1 is considered with φm1 + φm2 � 0.189π,
where all modes shift to higher frequency. But a detailed
analysis from Eq. 1 reveals some new physics. Instead of all-
positive mode indices found in OTC type I, negative indices are

also possible in OTC type II, as derived from Eq. 1. The field
profiles of mode ± 1( ± 2) are very similar to each other and bear
similarity to Figures 3B and C. Here, the corresponding
analytical mode index is achieved by finding wave number k
from Eq. 1 and its readout of the frequency from the valley
pseudospin up dispersion. Moreover, an extra n � 0 mode
emerges. As can be seen in Figure 4E, the mode is almost
homogenous along the whole interfacial region except for
some variations in one unit cell, inferring no phase
accumulation for electromagnetic waves during interfacial
propagation.

The unidirectional property of valley–spin Hall interface states
provides a totally different picture of the electromagnetic wave
propagation inside OTC type II. As our source is on the left side of
the OTC, only the valley pseudospin up state (the green-colored

FIGURE 4 | (A) Calculated bulk TM photonic band diagrams of PC3 and PC4. As the diameters of cylinders in a unit cell are not identical in both PC3 and PC4
(r3 � 0.176a’, r4 � 0.147a’, and ε’diel � 7.5), a photonic bandgap appears by sublattice symmetry breaking. (B) The projected band structure consists of five unit cells for
both PC3 and PC4 along the y direction, shown in the right panel. The folded bulk bands belonging to PC3 or PC4 are painted in gray, whereas the two topological
interface bands are shown by yellow dots. (C,D) The received transmission spectra for different effective medium slabs (ε1 � −5, μ1 � 1; ε2 � 5, μ2 � −1 and
ε’1 � −6, μ’1 � 1; ε’2 � 1.5, μ’2 � −1) serving as two cavity mirrors, respectively. (E,F) Simulated EZ field distributions of n � 0 and n′ � 0 modes at 0.6562 and 0.6579 c/a
(normalized to its own maximal intensity).
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dispersion in Figure 4B) is excited to propagate rightward, whose
wave number is decided by the corresponding frequency. With its
linear dispersion, both positive and negative values of the wave
number are possible and correspond to different frequencies.
When bounced on the right mirror, the pseudospin up state must
be flipped to the pseudospin down state as for the unidirectional
property and a change of dispersion occurs. However, although
the sign of the wave number changes accordingly, as for leftward
propagation, further phase accumulation will occur to satisfy the
FP condition as shown in Eq. 1. The phenomenon will be
identical if the source is put on the right side of the OTC with
an identical transmission spectrum to be received on the left side
of the OTC. However, if the leftward propagation valley
pseudospin down state is considered first, which is the case
with source on the right, mode index n will be reversed such
that the sequence of the peaks shall read as 2, 1, 0, –1, and –2, as in
Figures 4C and D, respectively. This is quite different from OTC
type I with a Zak phase–induced interface state with only positive
indices. With its quadratic dispersion, the frequency with wave
number k is the same as that of –k and thus positive and negative
indices are degenerate to each other.

The absence of n � 0 mode in OTC type I can also be
understood from their dispersion difference. Although k � 0
(at Γ point) is possible for the Zak phase–induced interface
state, time reversal symmetry requires that its dispersion be
quadratic, whose group velocity is zero there. This slow light
will not be physical and will not appear in our calculated
spectrum. On the contrary, the finite group velocity of the
linear dispersion of the valley–spin Hall effect at Γ point
allows its emergence.

Knowing the physics of OTC type II, we can construct it using
PC structures. We consider PC mirrors with deformed
honeycomb lattice, where the positions of the six cylinders in
PC3 and PC4 are changed. When the six cylinders in one unit cell
are moved closer to the center of the unit cell, decreasing the
intercylinder distance, a shrunken-latticed PCm3 is constructed
where its expanded counterpart is considered as PCm4, both
shown in gray in Figure 5A. The lattice deformation not only
provides an extra mechanism for the bandgap opening of the
linear dispersion of two interface states [35], but also leads to the
quantum spin Hall effect of photonic crystals [36, 37]. With the
bandgap of the interfacial state dispersion, PCm3 and PCm4 can
serve as the PC mirrors for OTC type II. Of course, other
honeycomb structures can be introduced as PC mirrors whose
photonic bandgap frequency overlaps with the linear interfacial
dispersion of the valley–spin Hall effect in the PC we design. The
introduction of lattice deformation is the easiest approach
(though not of the easiest geometry) to guarantee the bandgap
with matched lattice. With the same dielectric material
considered, this 2D design can be further extended to
photonic slab geometry. The intercylinder distance is t1 �
0.594a’ for PCm3 and t2 � 0.645a’ for PCm4, and thus, they
are with a common bandgap but different bulk topological
properties. We thus can obtain the transmission spectra
through OTC type II as illustrated in Figure 5A, and the
results are shown in Figures 5B–D. By considering different
PC mirror configurations, the obvious frequency shift of cavity
modes can be achieved. The frequency shift is a consequence of
the reflection phase difference between PCm3 and PCm4. It is
totally understandable because of the different topological bulk

FIGURE 5 | (A) Schematics of OTC type II and 2 PC cavity mirrors. PCm3 (PCm4) is considered with a shrunken (expanded) lattice compared to the PC structure
considered at the interface region. (B) Themode selection of different PCmirror configurations. (C) The received transmission spectra with different cavity lengths. (D)By
tuning the thickness of PC mirrors, the cavity fidelity will be enhanced (b � 3.5a’ , Q � 1333.20; b � 5a’ , Q � 3418.46; and b � 8a’ , Q � 4830.43).
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properties (Z2 topological invariant) for expanded and shrunken
lattices. In both OTC type I and type II, the use of PCmirrors with
different reflection phases is an efficient approach to select the
mode to be excited. From Eq. 1 and the traditional FP cavity, the
cavity mode will also be dependent on the cavity length L, except
for the n � 0 mode, which only exists in OTC type II. As can be
seen in Figure 5C, the frequency of the n � 0 mode remains at the
frequency of 0.6548 c/a with different cavity lengths considered,
but the frequency difference between other peaks becomes
smaller for a longer cavity. Here, PCm3 and PCm4 are
considered as cavity mirrors on either side. Mode fidelity is
also a key property of optical cavities. The quality (Q) factor,
the full-width half maximum of the n � 0 mode can be largely
enhanced if the PC mirror thickness is increased. Although the
results are obtained with cavity length L � 17a’, as the frequency
of the n � 0 mode is not sensitive to cavity length, the tuning of
quality factor can be applied to other cavity designs.

DISCUSSION AND CONCLUSION

In summary, we extend the study of topology photonics to the
construction of OTCs. Different topological invariants have been
utilized for the generation of robust topological interface states
with various applications triggered. Following the theoretical
derivation based on the Zak phase and valley–spin Hall effect
of light, respectively, different topologically induced interface
states are designed and introduced in the construction of OTC
type I (PCs with shifted lattice) and OTC type II (honeycomb
lattice with broken inversion symmetry). Although one-to-one
correspondence between a traditional FP optical planar mirror
cavity and OTCs can be found, the quadratic interface dispersion
in OTC type I and the linear interface dispersion in OTC type II
govern the totally different mode selection criteria in the two
OTCs. Negative and zeroth mode indices appear for OTC type II,
solely because of its linear dispersion with topological origin. The
zeroth mode maintains a constant working frequency irrespective
of the length of the cavity.

We also extend the study of topological invariants to the
design of the reflection phase in an OTC. We find that the
reflection phase of PC mirrors adopted in the construction of

OTC plays a key role in mode selection and will be essential when
designing an OTC working at one particular frequency. The
change of the topological invariant indicates a topology phase
transition which also accompanies a dramatic reflection phase
change at the associated photonic bandgap, which is verified for
PC mirrors based on the Zak phase and quantum spin Hall effect.
This new design principle to tune the reflection phase of PCs will
help the future development of optical devices.
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Pseudospin-dependent Acoustic
Topological Insulator by Sonic
Crystals With Same Hexagonal Rods
Ding Jia1,2, Shuai Gu1, Shuai Jiang1, Yong Ge1, Shou-qi Yuan1 and Hong-xiang Sun1,3*

1Research Center of Fluid Machinery Engineering and Technology, School of Physics and Electronic Engineering, Jiangsu
University, Zhenjiang, China, 2School of Computer Science and Communications Engineering, Jiangsu University, Zhenjiang,
China, 3State Key Laboratory of Acoustics, Institute of Acoustics, Chinese Academy of Sciences, Beijing, China

We report the experimental and numerical realization of a pseudospin-dependent acoustic
topological insulator based on two sonic crystals constructed by the same regular
hexagonal rods. Based on the zone folding mechanism, we obtain double Dirac cones
with a four-fold deterministic degeneracy in the sonic crystal, and realize a band inversion
and topological phase transition by rotating the rods. We observe the topologically
protected one-way sound propagation of pseudospin-dependent edge states in a
designed topological insulator composed of two selected sonic crystals with different
rotation angles of the rods. Furthermore, we experimentally demonstrate the robustness of
topological sound propagation against two types of defects, in which the edge states are
almost immune to backscattering, and remain pseudospin-dependent characteristics. Our
work provides a diverse route for designing tunable topological functional sound devices.

Keywords: sonic crystal, acoustic topological insulator, pseudospin, dirac cone, acoustics

INTRODUCTION

In the past few years, acoustic topological insulators (ATIs) have become a hot topic in the area of
acoustics for its great potential applications, such as acoustic-noise reduction [1], acoustic beam
splitter [2] and acoustic communications [3]. However, the intrinsic difference between electrons
and acoustics poses a challenge to realize a spin-like degree of freedom for acoustics due to the
longitudinal polarization characteristics of sound. To overcome it, four types of ATIs have been
proposed successively. To mimic the quantum Hall effect and break time-reversal symmetry,
topologically protected edge states were observed in acoustic waveguides by introducing circular
flowing air [4–9]. Later, analogous Floquet ATIs were proposed based on coupled acoustic trimers or
strong coupling ring resonator waveguides [10–13]. Moreover, to realize acoustic valley Hall (AVH)
states, the nonzero Berry curvature located near the valley K/Kʹ was obtained by breaking mirror or
inversion symmetry, and valley-projected topological edge states were observed at the interface
between two sonic crystals (SCs) with distinct AVH phases [14–28]. Furthermore, tomimic quantum
spin Hall states in acoustics, the SCs with C6 crystal symmetry were introduced to realize artificial
pseudospins-1/2 states by hybridizing degenerate modes [29–39]. Generally, the observed double
Dirac cones are accidental degeneracy in these pseudospin-dependent ATIs, and the sizes or shapes
of rods in the SCs are different, which is still a challenge for practical applications.

Recently, by introducing the zone folding mechanism, a type of pseudospin-dependent ATI
without depending on a fixed filling ratio was proposed [30, 31], in which the observed double Dirac
cones were a deterministic degeneracy. These types of pseudospin-dependent ATIs were designed by
fictitious soft metamaterial rods [30] and three circular rods with different radius [31], and the
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complex structures greatly limit their applications. Based on the
SCs composed of same rods, the experimental realization of the
pseudospin-dependent ATIs with a deterministic degeneracy is
still a challenge.

In this work, we propose a pseudospin-dependent ATI
constructed by two airborne SCs which consist of the same
rods. Based on the zone folding mechanism, we obtain double
Dirac cones with the deterministic degeneracy, and realize a band
inversion by simply rotating the rods in the SCs. Moreover, we
design an ATI composed of two SCs with different rotation angles
of the rods, and observe a one-way sound propagation of
topological edge states. Finally, we experimentally demonstrate
the robustness of the topologically protected sound propagation
against two types of defects of a disorder and a bend.

RESULTS AND DISCUSSIONS

Figure 1A shows an airborne SC composed of regular hexagonal
rods with the side length l � 14.4 mm. The proposed SC can be
described by the unit A or B, in which the lattice constants of the
units A and B are a0 � 30 mm and a � 30

�

3
√

mm, respectively. By
simply rotating these rods, we obtain another type of SC
composed of the unit B (shown in Figure 1B), in which the
rotation angles of a central rod and six surrounding rods are θ0

and θ, respectively. Figure 1C shows the folding mechanism of
the Brillouin zones (BZs) for the units A and B. In the BZ, the
point K0 with high symmetry of the unit A can be folded into the
point Γ of the unit B. Here, we use the COMSOL Multiphysics
software to numerically simulate propagation characteristics of
sound. The regular hexagon rods are fabricated with polymethyl
methacrylate (PMMA), which is used to meet the condition of
sound hard boundary in numerical models. The material
parameters are adopted as follows: the density ρ � 1180 kg/m3,
the longitudinal wave velocity cl � 2730 m/s and the transversal
wave velocity ct � 1430m/s for PMMA; the density ρ0 � 1.18 kg/m3

and sound velocity c0 � 346m/s for air.
Figures 2A, B show the dispersion relations of the units A and

B in the SC-I (θ0 � 0o and θ � 0o), respectively. As shown in
Figure 2A, there exists a Dirac cone with the two-fold degeneracy
at the point K0 for the unit A, which is attributed to its C6v

symmetry. However, for the unit B, we observe double Dirac
cones with a four-fold deterministic degeneracy at the point Γ
(Figure 2B). The dispersion characteristics of both units agree
well with the folding of the BZ.

Figures 2C,D show the dispersion relations of the unit B in the
SC-II (θ0 � 30o and θ � 0o) and SC-III (θ0 � 0o and θ � 30o),
respectively, in which the four-fold degeneracy is broken, and is
divided into a double two-fold degeneracy (p and d types) for
both cases. We can see that the bands of the d type are above the p

FIGURE 1 | (A) Schematic of an airborne SC composed of regular hexagonal rods. Black and red open regular hexagons refer to the units A and B with the
lattice constants a0 and a, respectively. (B) Schematic of the unit B with two types of configurations. Red regular hexagons exhibit its rotation state, and the
parameters θ0 and θ are the rotation angles of a central rod and six surrounding rods, respectively. Blue regular hexagons represent its riginal configuration (θ0 � θ � 0°).
(C) Schematic of the folding mechanism of the BZs for the units A and B, corresponding to the black and red open regular hexagons, respectively.
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type in the SC-II (Figure 2C), while the bands of the p type are
above the d type in the SC-III. The phenomenon of band
inversion arises from the increasing coupling strength between

the hexagonal rods by changing the values of θ0 and θ.
Additionally, the pressure eigenfunctions of the dipolar
(px and py) and quadrupolar (dxy and dx2−y2 ) modes which

FIGURE 2 |Dispersion relations of the units (A) A and (B) B in the SC-I (θ0 � 0o and θ � 0o), and of the unit B in the (C) SC-II (θ0 � 30o and θ � 0o) and (D) SC-III
(θ0 � 0o and θ � 30o). Black dots in Figures 2A,B represent the Dirac points. Eight insets in Figures 2C,D are the simulated pressure eigenfunctions of the
pseudospin dipolar (px and py) and quadrupolar modes (dxy and dx2−y2 ) at the BZ center (red and blue dots) of the SC-II and SC-III, respectively.

FIGURE 3 | (A) Dispersion relations of the ATI composed of the SC-II and SC-III. (B) Simulated pressure eigenfunctions (M1 and M2 modes) of the supercell at the
point A (k|| � −0.4). (C) Simulated acoustic energy flow of the pseudospin-dependent edge states at the points A and B (k|| � 0.4). Red dashed lines refer to the domain
wall of the ATI.
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correspond to the blue and red dots are displayed in eight insets of
Figures 2C,D, further showing a typical characteristic of the band
inversion. Additionally, we also calculated the Chern numbers of
SC-II and SC-III based on theWilson-loop method (shown in the
supplementary material), which further verify that both SCs have
different topological phases. Here, it is worth mentioning that the
pseudospin-1/2 modes of sound are the basis for imitating
quantum spin Hall effect in acoustics, which can be realized
by hybridizing both modes p and d
asp± � (px ± ipy)/

�

2
√

and d± � (dx2−y2 ± idxy)/
�

2
√

.
Figure 3A shows the dispersion relations of the designed ATI

composed of the SC-II and SC-III, in which the SC-III is placed
on the upside of the SC-II. We observe a pair of edge states (red
and blue solid lines) in the overlapped bulk band gap of both SCs,
which is located at the domain wall between the SC-II and SC-III.
Here, the group velocity of the edge states is determined by the
slope of the bands (red and blue solid lines), and thus the edge
states have the same acoustic velocity, but propagate in the
opposite directions. Moreover, it is obvious that there exists a
mini gap located between the bands of two edge states, which
mainly arises from the reduction of the C6ν point group symmetry

at the domain wall between SC-II and SC-III. Figure 3B shows
the eigen-modes for the real (M1) and imaginary (M2) parts of the
edge state at the point A. The edge states at the points A and B can
be obtained by hybridizing the modes M1 and M2 as the forms of
M1+iM2 and M1−iM2, respectively. To further exhibit the
pseudospin-dependent characteristics, we simulate the
distributions of energy flow around the domain wall of a
supercell at the points A and B (shown in Figure 3C). We find
that there exist energy vortexes around the domain wall, and the
chirality of the vortex is clockwise at the point A, but is anticlockwise
at the point B, which corresponds to the pseudospin− (red circular
arrow) and pseudospin+ (blue circular arrow), respectively.

Next, we simulate the pseudospin-dependent one-way
propagation of sound in the ATI composed of the SC-II
and SC-III, in which the intensity distributions excited by
two types of chiral sources (green stars) with the opposite
chirality at 16.0 kHz are shown in Figure 4. The chiral sources
are realized by six point sound sources arranged in a circular
array with different initial phase delays, which are placed at
the center of the domain wall. As shown in Figure 4A, when
the chirality of the source is anticlockwise, the edge state
propagates toward the left side along the domain wall with
almost negligible backscattering. In addition, it is found from
the zoom of R1 that, the chirality of the energy vortex remains
the same during its propagation along the domain wall, which
further demonstrates the one-way propagation of the
pseudospin + edge state. However, when the chirality of the
source is clockwise, the pseudospin edge state is excited and
propagates toward the right side. Therefore, we demonstrate
the one-way sound propagation of the pseudospin-dependent
edge states.

To demonstrate the robustness feature of the pseudospin-
dependent edge states, we separately introduce two kinds of
defects (a lattice disorder and a bend) around the domain wall
of the ATI. Figure 5A shows the photograph of the sample
without the defects. The description of experimental set-up is
displayed in the supplementary material. Figures 5B–D show the
simulated intensity distributions in the ATIs without defects and
with the defects of a disorder and a bend, respectively, in which a
point source is placed at the left side of the domain wall.
Meanwhile, the measured intensity distributions in the scanning
region (green open rectangle) are shown at the right side. We find
that the smooth propagations of the pseudospin edge states still exist
with both types of defects (Figures 5C,D), and the corresponding
intensity distributions are almost the same as those in Figure 5B.
The experimental results agree well with the simulations. Beyond
that, in the zooms of R3-R5 (Figures 5B–D), the chirality of edge
states is not affected by both defects, showing high robustness of the
pseudospin-dependent edge states.

Finally, to demonstrate the topologically protected sound
propagation, we also experimentally measure the transmission
spectra for the three types of ATIs in Figures 5B–D, which is
shown in Figure 6. Note that the transmittance spectra for the
three cases are almost the same, especially in the overlapped bulk
band gap (black shaded region). Therefore, we further
experimentally demonstrate the robustness of the pseudospin-
dependent edge states.

FIGURE 4 | Simulated intensity distributions in the ATI at 16.0 kHz
(within the bulk band gap). Two types of chiral sound sources (green stars)
with the opposite chirality (green circular arrows) are placed at the center of the
domain wall, realizing one-way sound propagation towards the (A) left
and (B) right sides along the domain wall. Red dashed lines represent the
domain wall, and blue arrows in the zooms R1 and R2 refer to the direction of
energy flow.
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CONCLUSIONS

In conclusion, we have demonstrated a pseudospin-dependent
ATI composed of two SCs with the same regular hexagonal rods.
The results show that, by using the zone folding mechanism, the
double Dirac cones with a four-fold deterministic degeneracy are
observed in the SC, and the band inversion is realized by rotating
the rods. Moreover, the ATI composed of two SCs with different
rotation angles of the rods is designed, and the one-way sound
propagation of the pseudospin-dependent edge states excited by
the chiral sound sources in the ATI is observed. Furthermore, by
measuring the transmission spectra in the ATIs with and without
defects, the robustness of sound propagation against two types of
defects (a lattice disorder and a bend) is demonstrated. The
simulated and measured results agree well with each other.
Our work opens a new venue to design tunable pseudospin-
dependent ATIs with various functionalities and
applications.
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The original contributions presented in the study are included in
the article/Supplementary Material, further inquiries can be
directed to the corresponding author.

FIGURE 5 | (A) Photograph of an ATI without defects. Green stars and red dashed lines represent the point sound source and domain wall, respectively. Green
open rectangle is the scanning region in the measurement. Simulated (SI) andmeasured (ME) distributions of intensity field in the ATIs with three different configurations at
16.0 kHz, corresponding to (B) without defects, with (C) a lattice disorder and (D) a bend around the domain wall. Green arrows are the propagation paths of sound in
the ATIs. Blue arrows in the zooms R3-R5 represent direction of energy flow.

FIGURE 6 | Measured transmittance spectra of the ATIs with and
without defects. Black shaded region represents the overlapped bulk
band gap.
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Measurement of Corner-Mode
Coupling in Acoustic Higher-Order
Topological Insulators
Xiao Li1,2,3‡, Shiqiao Wu2†‡, Guanqing Zhang2, Wanzhu Cai4, Jack Ng1 and Guancong Ma2*

1Department of Physics, Southern University of Science and Technology, Shenzhen, China, 2Department of Physics, Hong Kong
Baptist University, Kowloon Tong, China, 3Department of Physics, The Hong Kong University of Science and Technology, Hong
Kong, China, 4Guangzhou Key Laboratory of Vacuum Coating Technologies and New Energy Materials, Siyuan Laboratory,
Department of Physics, Jinan University, Guangzhou, China

Recent developments of band topology have revealed a variety of higher-order topological
insulators (HOTIs). These HOTIs are characterized by a variety of different topological
invariants, making them different at a fundamental level. However, despite such
differences, the fact that they all sustain higher-order topological boundary modes
poses a challenge to phenomenologically tell them apart. This work presents
experimental measurements of the coupling effects of topological corner modes
(TCMs) existing in two different types of two-dimensional acoustic HOTIs. Although
both HOTIs have a similar four-site square lattice, the difference in magnetic flux per
unit cell dictates that they belong to different types of topologically nontrivial phases—one
lattice possesses quantized dipole moments, but the other is characterized by quantized
quadrupole moment. A link between the topological invariants and the response line shape
of the coupled TCMs is theoretically established and experimentally confirmed. Our results
offer a pathway to distinguish HOTIs experimentally.

Keywords: topological corner modes, higher-order topological insulators, phononic crystals, tightbinding model,
green’s function

INTRODUCTION

The recent development of topological band theory has revealed the existence of higher-order
topological insulators (HOTIs) [1–5]. An important hallmark of such HOTIs is the existence of
(D − n) -dimensional topological boundary modes, whereD is the dimensionality of the system, and
n ∈(1, D] is an integer. Thanks to the development of classical wave crystals, HOTIs have not only
been observed in solid-state electronics but also in photonic crystals [6–12], sonic crystals [13–19],
and elastic-wave crystals [20, 21].

For HOTIs with two real-space dimensions, the higher-order topological boundary modes are
zero-dimensional modes localized at the corners of the lattice. These topological corner modes
(TCMs) can be protected by a variety of topological invariants, such as quantized dipole
moments [9, 10, 22], quantized quadrupole moments [1, 23, 24], combinations of first Chern
numbers [17], etc. However, although their topological protection can be revealed by theoretical
computation of the topological invariants, it is difficult to distinguish them from an observational
point of view.

A previous theoretical study has analyzed the finite-size effect on neighboring TCMs in a 2D
HOTI [25]. By comparing two different types of topologically nontrivial square-lattice HOTIs—a
topological dipole insulator (TDI) wherein the dipole moments are quantized and a topological
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quadrupole insulator (TQI) with a quantized quadrupole moment,
it was shown that the TCMs’ spectral responses split, and the line
shapes are associated with the topological characteristics of the
HOTI. As such, the spectral responses of the coupled TCMs are
an observable effect, by which the underlying topological nature can
be phenomenologically revealed.

THEORETICAL CONSTRUCT

For the sake of completeness, we first briefly summarize the
important theoretical background. A complete theoretical
analysis can be found in Ref. [25]. Here, the TDIs and TQIs are
both based on the extensions of the 1D Su-Schrieffer-Heeger (SSH)
model, and we show the unit-cell structures for the 2D TDI and
TQI in Figure 1A,B, respectively. The strengths of the staggered
nearest couplings along x and y directions are denoted as intracell λ
(thin tubes) and intercell c (thick tubes) hopping. For the TDI, all
hopping coefficients are on the same sign so that the net magnetic
flux in a plaquette is zero. For the TQI, the hopping coefficients can
take opposite signs, as indicated by the red tubes in Figure 1B. The
resultant net magnetic flux is π.When |λ/c|< 1, both systems are in
the topologically nontrivial phase and have topological edge modes
and TCMs, as shown in Figures 1C,D.

For a N ×N TDI lattice, the corresponding Hamiltonian can
be written as

HTDI � I2N×2N⊗HSSH
x +HSSH

y ⊗I2N×2N, (1)

with

HSSH
x � HSSH

y � HSSH � λ ∑
N

m�1
(|m,B〉〈m,A| + |m,A〉〈m, B|)

+c ∑

N−1

m�1
(|m + 1, A〉〈m,B| + |m,B〉〈m + 1, A|), (2)

where I2N×2N is a 2N × 2N identity matrix, ⊗ denotes Kronecker
product, and |m,A〉 and |m,B〉 denote states of the left and right
atoms, respectively, in themth unit cell for a 1D SSH chainmodel.
For a N ×N TQI, the Hamiltonian is

HTQI � I2N×2N ⊗ σ3 ⊗HSSH
x +HSSH

y ⊗ I2N×2N ⊗ σ0, (3)

where σ0 is a 2 × 2 identity matrix, and σ3 is the z-component of
the spin-1/2 Pauli matrices.

We plot the eigenvalues of Eq. 1, 3 in Figures 1C,D,
respectively. The parameters are set as λ � 0.1, c � 0.5, and
N � 3. The bulk, edge, and corner modes are marked by
black, blue, and red points, respectively. In both cases, four
TCMs are found. As seen in the insets, the four TCMs are not
degenerate. This is because, in a finite-sized lattice, the edges can
provide coupling to neighboring TCMs [25]. For the TDI, the
TCMs split into three clusters, with the two modes in the middle
being degenerate. The two degenerate TCMs are still pinned at
zero energy because of chiral symmetry. For the TQI, it can be
proved that all eigenstates, including bulk modes and TCMs, are
at least doubly degenerate [25, 26]. Therefore, the TCMs are
divided into two doubly degenerate clusters, which are symmetric
about zero energy. The finite-sized coupling effect can be
captured by a four-state effective Hamiltonian with the four
TCMs as the basis, which reads

FIGURE 1 | The unit cell of the TDI (A) and TQI (B), where the thin and thick tubes denote the intracell (λ or −λ) and intercell (c or −c) hopping, respectively. (C–D) The
bulk (black points), edge (blue points), and corner (red points) modes of a 3 × 3 lattice of the TDI (C) and TQI (D), where λ � 0.1 and c � 0.5. (E–F) Schematic drawings of
a corner-mode Hamiltonian for the TCMs of the TDI (E) and TQI (F). The gray boxes represent the TCMs. The blue and red tubes respectively represent positive and
negative edge hopping. (G–H) The corner responses with excitation at corner A. Here, η � 0.4.
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⎟
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, (5)

for the TQI. Here, tN � a1bNλ(−λ/c)N−1, where am (bm) denotes
the strength of the eigenstate |m,A〉 (|m,B〉) of HSSH. Since
|λ/c|< 1, tN is vanishing for large N. These models are
schematically shown in Figures 1E,F. Note that similar to
their respective unit cells, there is a magnetic flux of 0 and π
in the TDI and TQI-corner models, respectively. From Eqs. 4, 5,
we can use a Green’s function to describe the spectral responses of
the coupled TCMs

Ĝ(E) � ∑

4

j�1

∣

∣

∣

∣

∣

ϕj〉〈ϕj

∣

∣

∣

∣

∣

E − Ej + iηtN
, (6)

where Ej is the eigenvalue and |ϕj〉 is the eigenvector, and η
accounts for any dissipative effect in the system. When excited at
corner |m〉, the response at the corner |n〉 will be
Gm,n(E) � 〈m|Ĝ(E)|n〉. When excited at corner A, the responses
at each corner are shown in Figure 1G for the TDI, and Figure 1H
for TQI. It is seen that the spectral responses are different for the TDI
and TQI. Particularly, the TDI responses can split into three peaks
when measured at corners A and C, and the TQI response vanishes
when measured at C. Such distinctions are an important

manifestation of the quantized magnetic fluxes in the systems,
which can be used as experimental evidence to distinguish the
two classes of HOTIs.

EXPERIMENTAL RESULTS

We next present the designs of phononic crystals to realize both
the TDI and TQI. The unit cells are shown in Figures 2A,B,
respectively. The gray blocks denote the acoustic cavities, whose
first-order resonance fulfills the role of the on-site orbital. The
cavities have a height of H � 80mm and a width of L � 35mm,
and they are coupled by tubes that facilitate the hopping terms.
For the TDI, the widths of the intracell and intercell coupling
tubes are w � 17mm and W � 30mm, respectively. They are
connected at a vertical position with the height being the
same h � 21mm. The lattice constant is a � 150mm. The
design of the TQI is different because we need to realize
hopping terms with a negative sign. To achieve this, we
connect the top of one cavity to the bottom of the designated
neighbor using a bent tube (red in Figure 2B). The blue tubes
which facilitate positive hopping are also bent in the same
manner so that all tubes have the same length. The positions
of the cavities are staggeredly elevated so that the lengths of the
intracell or intercell coupling tubes are the same. We use
COMSOL Multiphysics to compute the band structures of the
two types of unit cells. The medium inside the cavity and
coupling tubes is air with a mass density of 1.23 kg/m2 and a
sound speed of 343 × (1 + 0.005i)m/s, where the imaginary part
denotes losses. The results are respectively shown in Figures
2C,D, where four bands are seen for both cases.

FIGURE 2 | (A–B) The designs of phononic crystal unit cells of the TDI (A) and TQI (B). (C–D) The band structures of the TDI (C) and TQI (D). The inset in each plot
denotes the first Brillouin zone.
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Based on these two designs, we have fabricated the phononic
crystals. The cavities are machined from aluminum alloy and the
coupling tubes are 3D printed using photosensitive resin. The
photographs of the TDI and TQI configurations are shown in
Figure 3A, 4A, respectively. Both lattices are 3 × 3 in size,
containing a total of 36 cavities. At the top of the cavities, we
drilled a small hole (covered with a small white plug), where a
sound signal is sent or a probe can detect the acoustic signal inside
the cavity. We excite corner A with a loudspeaker, as shown in
Figure 3A, 4A. Then, we used amicrophone to obtain the spectral
response field in every cavity. For the TDI lattice, the responses
measured at corners A, B, C, D are shown in Figure 3B. In the
predicted frequency regime, i. e., 2,050–2,150 Hz, a three-peak
response line shape is seen for both the spectra measured at
corners A and C. And two-peak line shape is seen for corners B
and D. These results agree well with the theoretical prediction by

the tight-binding model (Figures 1C,G). To confirm that these
responses are due to the coupled TCMs, we have measured the
pressure responses in all cavities at the frequencies of the response
peaks. The results are shown in Figures 3D–F. Clearly, the spatial
distributions are strongly localized at the corners, which is a
signature characteristic of TCMs. We have further verified the
responses in numerical simulations. The results in Figure 3C,G–I
also show excellent agreement with the experiment.

Similar experiments were performed for the TQI lattice. In
Figure 4B, two response peaks are identified in the bulk gap
(2,000–2,150 Hz) for the spectra measured at corners A, B, D.
Also, the response at corner C is significantly weaker. These
observations again align with the prediction (Figures 1D,H) and
simulations (Figure 4C). We further confirm in the measured
(Figures 4D,E) and simulated (Figures 4F,G) spatial maps that
the response peaks are indeed due to the TCMs.

FIGURE 3 | (A) A photograph showing the fabricated TDI phononic crystal. (B–C)Measured (B) and simulated (C) corner responses. (D–F)Measured responses
at the frequencies corner-mode resonant peaks: (D) 2046Hz, (E) 2080Hz, (F) 2115 Hz. (G–I) Simulated responses at the frequencies corner-mode resonant peaks: (G)
2040Hz, (H) 2070Hz, (I) 2105 Hz.
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CONCLUSION

In summary, we have experimentally observed the coupling
effects of TCMs in two different types of acoustic HOTIs. The
measured line shapes of the corner responses agree excellently
with a previous theoretical study, which confirms that the
topological properties of the HOTIs can indeed influence the
coupling effects of TCMs. Therefore, the corner responses can
serve as an experimental hallmark to separate HOTIs of different
classes. It is interesting to further the study by investigating the
coupling effects in other types of HOTIs such as a Kagome lattice
[4], honeycomb lattice [20], etc. On the other hand, the coupled
higher-order topological modes can be a useful starting point for
higher-order non-Hermitian physics [27, 28]. They may also find

applications such as topological wave and light confinement [13,
29] and topological lasing [30, 31].
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Tunable Topological Surface States of
Three-Dimensional Acoustic Crystals
Hua-Shan Lai, Yu-Li Xu, Bo He, Xiao-Chen Sun*, Cheng He* and Yan-Feng Chen*

National Laboratory of Solid State Microstructures and Department of Materials Science and Engineering, Nanjing University,
Nanjing, China

Topological design for band structures of artificial materials such as acoustic crystals
provides a powerful tool to manipulate wave propagating in a robust and symmetry-
protected way. In this paper, based on the band folding and breaking mechanism by
building blocks with acoustic atoms, we construct a three-dimensional topological
acoustic crystal with a large complete bandgap. At a mirror-symmetry domain wall,
two gapped symmetry and anti-symmetry surface states can be found in the
bandgap, originated from two opposite Su-Schrieffer-Heeger chains. Remarkably, by
enforcing a glide symmetry on the domain wall, we can tune the original gapped surface
states in a gapless fashion at the boundaries of surface Brillouin zone, acting as
omnidirectional acoustic quantum spin Hall effect. Our tunable yet straightforward
acoustic crystals offer promising potentials in realizing future topological acoustic devices.

Keywords: topological material, three-dimensional acoustic crystal, topological surface state, band folding,
interface glide symmetry

INTRODUCTION

In the past decades, the cross-disciplinary science of topology in mathematics and solid-state
material in physics has led to a prosperous research field, i.e., topological physics [1, 2]. The well-
known cases are the family of quantum Hall effect [1, 3] and topological insulators [4, 5]. One of the
most intriguing characters is the topologically robust boundary states protected by their bulk
topology [6]. In 2008, Haldane and Raghumade a crucial claim that topology is an intrinsic feature of
periodic Bloch waves independent of the statistical difference between fermions and bosons [7, 8],
extending the scope of topological physics from electronic to classical-wave systems, such as
photonic crystal and acoustic crystal (AC). The advantages of classical-wave systems in studying
topological behaviors come from their flexible structures, less complicated samples, and more
accessible measurements [9–12]. Since then, there have been enormous works focusing on the
classical-wave analogs of topological phases, ranging from one-dimensional (1D) to three-
dimensional (3D) and even higher synthetic dimensions [13–22]. These topological models
provide unprecedented ways to manipulate waves with robust and symmetry-protected manners.
For example, the localized zero-dimensional (0D) bound states in 1D Su-Schrieffer-Heeger (SSH)
chains can support extremely enhanced field intensity [13], and the 1D chiral edge states in two-
dimensional (2D) Chern insulators can support backscattering-immune one-way boundary
transport [20]. Compared to 1D and 2D topological phases, 3D topological phases can
efficiently manipulate waves in multiple dimensions [23–27]. Nevertheless, despite many works
on 3D acoustic semimetals [28–38], the studies on 3D acoustic topological insulators are insufficient
[39, 40].

In general, the topology of band structure space originates from its nontrivial geometry phase,
e.g., Zak phase in 1D [41] or Berry phase in 2D [2], which is ill-defined at the degenerated point.
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In other words, the degenerated point of band structure might
be the phase transition point between trivial phase and some
topological phase. An excellent way to realize topological
insulators is to lift band degeneracy by breaking
symmetries. One can lift the linear or quartic band
degenerated point by either breaking time-reversal
symmetry to obtain 2D quantum Hall effect [42], or
breaking spatial symmetry to 2D topological valley [43] and
quantum spin Hall effect [44]. Regarding the construction of
degeneracy by building symmetries, there are mainly three
approaches. The first one is to resort to group theory, creating
a high symmetric structure with 2D irreducible representation

such as E in C3v [43] or C4v [45] lattices. This kind of band
degeneracy requires careful lattice optimization to obtain
favorite dispersion and eliminate the influence of other
bands. The second one is to construct accidental band
degeneracy relying on elaborately designed parameters [46].
Last but not least, the band folding mechanism increases
symmetries by enlarging the primitive unit cell. For
example, with in-plane 2D folding, four-fold degeneracy can
be constructed using a triple unit cell three times larger than
the primitive one [44, 47]. Likewise, with out-of-plane 1D
folding, two two-fold Weyl points can reshape into one four-
fold Dirac degeneracy [40, 48]. Thus, extending the band

FIGURE 1 | Band folding and breaking in a 3D AC. (A) Two different acoustic atoms b (blue ball) and o (orange ball) with air cavity-tube structures. The structure
parameters are h � 0.4a, l � h′ � 0.2a (B) Simple cubic structure with identical b atoms, where the primitive unit cell is cubic structure denoted by yellow area (C)Doubling
case with the unit cell enlarged to a rhombic dodecahedral shape (D) Breaking the a/2 spatial translation symmetry by replacing the nearest neighbors with o atoms.
(E–G) Bulk band structures corresponding to (B–D), where the insets show the first BZs.

FIGURE 2 | Bulk band structures via TBA. (A) Band structures withm1 � m2 � 1, t � 0.8 (B) A 3D view of nodal plane in the 3D BZ. (C) Complete bandgap case of
the NaCl-like AC when m2 � 2.
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folding and breaking mechanism to a 3D Brillouin zone (BZ)
would bring us a convenient way to realize topological
insulators in 3D ACs.

In this paper, we propose a 3D AC with tunable topological
surface states based on the 3D band folding and breaking
mechanism. We start from one simplest 3D AC structure
with a simple cubic lattice by building blocks. By doubling
the unit cell in real space, the first isolated band of AC is
folded in a 3D BZ, forming two-fold band degeneracy with a
nodal plane. Then, we break the band degeneracy with a
NaCl-like AC structure to get a large 3D complete bandgap.
We can also obtain tunable topological surface states in the
bandgap upon different symmetries of domain walls, e.g.,
mirror or glide symmetry. Our model shows the controllable
and reconfigurable abilities of topological sound transport
on a 2D plane.

Band Folding and Breaking in a 3D AC
To begin with, we try to construct an AC by building blocks,
using two acoustic cavity-tube structures as shown in
Figure 1A. The structure parameters are h � 0.4a, l � h′ �
0.2a, where a is the lattice constant. These two cavities having
different resonant frequencies act as two different acoustic
atoms, represented by b and o. The connecting tubes act as
the hopping of neighboring atoms. Thus, as shown in Figures
1B–D, a simple cubic lattice AC can be built using identical
b-type acoustic atoms, where the primitive unit cell only
contains one atom. Using band folding and breaking
mechanism, we can double the primitive unit cell in real
space with two atoms to create band degeneracy. Then, we
break such degeneracy by replacing the nearest neighbors to
be o-type acoustic atoms with a NaCl-like structure.
Accordingly, their band structures will experience a

FIGURE 3 | Surfaces states on the mirror-symmetry domain wall. (A) Supercell configuration without domain wall. (B) The bulk BZ and (001) surface BZ. (C)
Supercell configuration with a mirror-symmetry domain wall. (D-E) Projected band structures on (001) surface corresponding to (A) and (C), respectively. (F) 3D view of
surface states in (E). (G) Acoustic field distributions at points P1 and P2 in (E), where black arrows represent the directions of energy flow.
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folding and breaking process to open a 3D complete bulk
bandgap (Figures 1E–G). Here, we only focus and operate on
the first band of such AC. In Figure 1C, the unit cell is chosen
to be rhombic dodecahedral geometry which is twice large as
that of a simple cubic case, associating with a half volume of
bulk BZ in Figure 1F. The band degeneracy originates from
additional symmetries in this non-primitive unit cell. In
other words, the cubic BZ is folded into a truncated
octahedral BZ in 3D.

We resort to the tight-binding approximation (TBA)
method to further illustrate the degeneracy created by band
folding. The TBA model can well describe our cavity-tube
structure with definite local resonance and hopping effect.
Considering two acoustic atoms (b and o) in a rhombic
dodecahedral unit cell, the Bloch Hamiltonian on the basis
of sublattices is:

H(k) � (

m1 HAB

H*
AB m2

)

where HAB � 2t[cos(akx/2) + cos(aky/2) + cos(akz/2)], Bloch
wavevector k � (kx, ky, kz), a represents the lattice constant, t
represents the nearest-neighbor hopping, and m1 (m2)
represents the onsite energy of the sublattice b (o). The
results are shown in Figures 2A,C. In identical atoms case
(m1 � m2 � 1), the band structure possesses a two-fold
degenerated nodal plane in the first 3D BZ, which is similar
to the Fermi surface of copper (Cu). Then, we can lift the nodal
plane to open a 3D complete bulk bandgap by changingm2 � 2,
corresponding to the broken half-lattice symmetry with a
NaCl-like AC in Figure 1D.

In our model, the moderate structure parameters already
ensure a large complete bandgap with a relative bandwidth of
36%, which facilities the propagation and manipulation of
acoustic surface states. Increasing the contrast ratio of two
acoustic atoms will bring a broader bandgap. The nodal plane
in Figure 2B resembles a sphere with a nearly identical amplitude
of Bloch vectors. It implies that the broken half-lattice symmetry
would have almost the same effect on the band degeneracy along
all directions, which minimizes the directional bandgap overlap

FIGURE 4 | Tunable surfaces states on different symmetries of domain walls. (A)Mirror-symmetry domain wall with a txa/2-thickness air layer at the interface (T-O-
T’ configuration). (B) Glide-symmetry case (T-O-T configuration). (C-D) Projected band structures under various thicknesses of air layers corresponding to (A–B). The
green, orange, and red lines represent tx � 0.1, 0.4, and 1, respectively (E-F) 3D views of surface states in (C–D) when tx � 1.
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to guarantee a large 3D complete bandgap. In this work, the
numerical results are calculated using a finite element method
software package (COMSOL Multiphysics). The density and
velocity are chosen to be 1.25 kg/m3 and 343 m/s, respectively.

Tunable Topological Surface States on
Different Domain Walls
Then, we focus on the surface states on the (001) surface, the
same as those on (100) or (010) surfaces. Figure 3A is a
supercell configuration without a domain wall along the
z-direction. A periodical segment is denoted by T.
Figure 3B shows the surface BZ. A typical domain wall can
be introduced by adding a mirror symmetry at the interface
with a T-T’ configuration, where segment T’ is the mirror
counterpart of T (Figure 3C). Due to the equivalence of each
principal axis in a cubic lattice, T and T’ also possess a relative
a/2 shift along x- or y-direction. Figure 3D is the projected
band structure without the domain wall, where the 3D
complete bandgap agrees with Figure 1G. For the case of
the mirror-symmetry domain wall, two gapped surface states
in the bulk bandgap can be found (Figure 3E).

These two surface states on the mirror-symmetry domain
wall can be taken as an extension of two bound states of two
z-direction SSH chains in the kxy plane. Here, we can exchange
the onsite and hopping terms and denote the original
connecting tube as u. Then, the cuboid supercell is
composed of a pair of SSH chains, as
(/u

2↔
o
u↔b u

2)-(
u
2↔

b
u↔o u

2/) and (/u
2↔

b
u↔o u

2)-(
u
2↔

o
u↔b u

2/)
along the z-axis. Each chain gives one bound state at the
domain wall according to 1D SSH with different Zak phases
on each side of the interface [41, 49]. In a 3D case, these two 0D
bound states extend to two 2D surface states with dispersion
under the coupling of two chains in the kxy plane. Along the
boundaries of surface BZ, the in-plane (kxy plane) coupling is
missing. Therefore, two surface states are separated. As in-
plane coupling increases from BZ boundary to center, these
two surface states will gradually merge into bulk bands in
opposite directions, forming two inverted bowl shapes
(Figure 3F). Due to the mirror symmetry
Mz: (x, y, z)→ (x, y,−z) relative to the interface, two
surface states can also be classified into symmetry and anti-
symmetry modes. Moreover, the interface is an anti-phase
boundary formed by shifting a portion of the crystal lattice as

FIGURE 5 | Acoustic transmission spectra. (A) Γ �M-direction transmission spectra on mirror- and glide-symmetry domain walls. The shadow area represents the
complete bulk bandgap. (B) �Γ�X-direction transmission spectra, where the shadow area represents the directional surface bandgap of the mirror case. (C-F) Acoustic
field distributions at a frequency of 0.74 c/a.
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well, which can support pseudospin-momentum locking [50,
51]. The acoustic pseudospin can be defined by the
rotating direction of the energy flow [52–55]. The
acoustic field distributions of anti-symmetry surface
mode P1 and symmetry mode P2 at �X point, with
counter-rotation of energy flow (black arrows), are
presented in Figure 3G.

Besides the mirror-symmetry domain wall, our model can
possess a glide-symmetry domain wall as well. Here, we consider
an additional air layer (O) with a thickness of txa/2 added on both
mirror-symmetry and glide-symmetry domain walls (Figures
4A,B). As the thickness parameter (tx) increases from 0.1 to 1,
for the mirror-symmetry case (T-O-T’ configuration), the anti-
symmetry mode gradually emerges into bulk bands, and
the symmetry one has a blue shift connecting the upper
bulk band (Figure 4C). On the other hand, for the glide-
symmetry case (T-O-T configuration), the surface states are
always two-fold degenerated at the boundaries of surface BZ
(Figure 4D). Such band degeneracy is the consequence of
glide symmetries [56–58], i.e., Gx: (x, y, z)→G(−x, y +

a/2, z) and Gy: (x, y, z)→G(x + a/2,−y, z). The 3D views
of surface states with tx � 1 are plotted in Figures 4E,F.

These flexible and tunable surface states can be used to realize
reconfigurable directional acoustic filters. For example, the
surface states have directional surface bandgap along �Γ�X
direction in the mirror-symmetry case, which is different
from the glide-symmetry case with gapless surface states.
Their transmission spectra are shown in Figures 5A,B. In a wide
frequency window from 0.58 to 0.76 c/a, �Γ �M transmission
spectra maintain a high valve for both two cases. However,
�Γ�X transmission is forbidden for the mirror-symmetry case in
the frequency window from 0.70 to 0.76 c/a, but allowed for the
glide-symmetry case. The acoustic field distributions at a
frequency of 0.74 c/a in Figures 5C–F match well with
projected band structures and transmission spectra. It should
be noticed that T and T’ are the same structures, only possessing
a relative a/2 shift along the x- or y-direction. That means we
can efficiently turn on/off sound transport by simply tuning the
relative displacement between left-side and right-side ACs in the
experiment.

FIGURE 6 | Tunable surface states withmodified interface layer. (A)Supercells of mirror and glide cases. The interface with uniform o-type acoustic atoms (denoted
as C). (B) Projected band structure. The red (purple) line represents the mirror (glide) case (C) A 3D view of surface states. (D) Γ �M-direction transmission spectra. The
shadow area represents the surface bandgap of the mirror case (E-F) Acoustic field distributions at a frequency of 0.74 c/a.
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Omnidirectional Acoustic Quantum Spin
Hall Effect
In addition to the directional surface bandgap, we can also construct a
complete surface bandgap by modifying the interface. In Figure 6A,
we elaborately tune the aforementioned air-interface layer to another
modified interface layer C with a/2 thickness composed of uniform
o-type acoustic atoms. The mirror symmetry and glide symmetries
still sustain in T-C-T’ and T-C-T configuration, respectively. The
projected band structures are shown in Figure 6B. A complete surface
bandgap is constructed for the mirror-symmetry case, forbidding
surface sound transport in all directions. For the glide-symmetry case,
the surface states at the boundaries of the surface BZ are still
degenerated but with flat dispersion.

In the glide-symmetry case, two SSH chains can be described
as modified (/o

2↔
u
b↔u o

2)-(
b
2↔

u
o↔u b

2/) and
(/b

2↔
u
o↔u b

2)-(
o
2↔

u
b↔u o

2/) along the z-axis. The interface is
chosen to be identical o-type acoustic atoms. Like two
unmodified chains in the mirror-symmetry case (T-T’
configuration), each modified chain also gives one bound state.
Around the surface BZ center with strong in-plane (kxy plane)
coupling, these two bound states lift in both cases. However, the
situation is different at the surface BZ boundaries without in-
plane coupling. The additional glide symmetry (T-C-T
configuration) guarantees two-fold degeneracy, forming two
buckled bowl-shaped fashion (Figure 6C). In each ky (or kx)
slice, these two degenerate surface states turn into a pair of helical
edge states, which implies that such glide-symmetry domain wall
can act as an omnidirectional acoustic quantum spin Hall layer
on a 2D plane [46, 59].

The simulated transmission spectra for both mirror-symmetry
and glide-symmetry cases are shown in Figure 6D, consisting of
their gapped and gapless surface states. The corresponding acoustic
field distributions at a frequency of 0.74 c/a are shown in Figures
6E,F. Note that there is a slight dip at a frequency of 0.70 c/a due to
the linear degeneracy, resembling the ballistic transport of sound at
the surface Dirac point [60, 61].

CONCLUSION

To conclude, we construct a sizeable topological bandgap in an
AC by building blocks based on a 3D band folding and
breaking mechanism. By adjusting the interface symmetries
of domain walls, we realize various kinds of topological surface
states to turn on/off sound transport efficiently. The
omnidirectional acoustic quantum spin Hall layer can be
achieved under a glide-symmetry domain wall as well.
Compared to 1D edge states in 2D models, these tunable
surface states show great potentials in manipulating acoustic
signals in multiple directions. Our simple yet flexible 3D AC
may provide a route of realizing tunable acoustic devices such
as acoustic filters on a 2D plane.
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In the past few years, the concept of topological matter has inspired considerable research
in broad areas of physics. In particular, photonic artificial microstructures like photonic
crystals and metamaterials provide a unique platform to investigate topologically non-trivial
physics in spin-1 electromagnetic fields. Three-dimensional (3D) topological semimetal
band structures, which carry non-trivial topological charges, are fundamental to 3D
topological physics. Here, we review recent progress in understanding 3D photonic
topological semimetal phases and various approaches for realizing them, especially
with photonic crystals or metamaterials. We review topological gapless band
structures and topological surface states aroused from the non-trivial bulk topology.
Weyl points, 3D Dirac points, nodal lines, and nodal surfaces of different types are
discussed. We also demonstrate their application in coupling spin-polarized
electromagnetic waves, anomalous reflection, vortex beams generation, bulk transport,
and non-Hermitian effects.

Keywords: topological photonics, metamaterials, photonic crystals, topological semimetals, Fermi arcs

INTRODUCTION

In the last 2 decades, artificial microstructures including metamaterials and photonic crystals have
attracted enormous interest because they provide great possibilities for manipulating optical waves. By
judiciouslymodulating their structural parameters, novel physical phenomena and functionalities can be
archived such as negative refractive index [1, 2], invisibility cloaks [3], and giant chiral response [4].
Optical metamaterials also promise an effective way for miniaturization and integration of optical
devices. They have shown significant advantages in many practical application areas, such as optical
holograms [5], sub-diffraction imaging [6], and the design of integrated multifunctional optical devices
[7]. Over the last decade, the concept of topology has been extended from condensed matter physics to
various systems including photonics, acoustics [8], mechanics [9, 10], and cold atoms [11]. As an optical
dimension, topology characterizes the quantized global behavior of wave functions in contrast to other
optical dimensions like amplitude, polarization, phase, or frequency. A topological phenomenon which
does not change under continuous deformation can provide a robust way to control photons, yielding
application in polarization control [12], lossless waveguides, lasers [13], and cavities. Based on the
quantum Hall effect [14, 15], anomalous quantum Hall effect [16], quantum spin Hall effect [17], and
valley Hall effect [18, 19], topological protected photonic waveguides have been proposed in the two-
dimensional (2D) space, leading to the emerging research field of topological photonics [20–23].
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With the development of research and experimental
technique, topological photonics has further expanded to 3D
[24]. Among the 3D topological states, topological semimetals
have attracted much attention recently as the topological gapless
phase, which possess topologically protected surface states and
novel topological transport phenomena [25]. Gapless band
structures such as Weyl points, spin-1 triple points, 3D Dirac
points, and nodal lines or surfaces have been discussed in the
photonic systems. The topological semimetal phase or gapless
phase is fundamentally different from the 2D cases. Unlike the 2D
Dirac points which can be easily removed if either time reversal
symmetry (T) or inversion symmetry (P) is broken, the Weyl
points as the fundamental band structure in 3D are stable in
systems lacking T or P. Weyl points and other nodal points can
carry non-trivial topological charge and give rise to topological
Fermi arc surface states. Although there are a number of reviews
covering the progress in topological photonics, approaches to
photonic topological semimetals have been considered a minor
subject of these reviews [26, 27]. Therefore, this review is focused
on photonic topological semimetals and their applications.

In this review, we follow the fast progress in 3D topological
photonic semimetal states. In the first part, we introduce the
category of photonic semimetals, their topological invariant, and
the condition to realize them. In the second part, we discuss the
realization of photonic topological semimetals on approaches
that use photonic crystals or metamaterials. PhotonicWeyl points
with T or P symmetry breaking, 3D Dirac points, nodal lines, and
nodal surfaces are elucidated. In the last part, we introduce
emerging applications including vector beam generation, chiral
zero modes, and non-Hermitian effects.

3D TOPOLOGICAL SEMIMETAL PHASES

The milestone of topological physics dates back to the discovery
of quantum Hall phases, where 2D electron gas under a
perpendicular magnetic field has quantized Hall conductance
[28]. Because the magnetic field broke T, electrons in the
quantum Hall effect propagate one way along the boundary,
generating the chiral current. Backscattering is not allowed even
with large defects because the edge states are topologically
protected. The quantized feature of the Hall conductance is
originated from the topological Chern number as follows:

Cn � 1
2π

∫

BZ
Fnd

2k, (1)

where Fn � i∇ × 〈un(k)|∇k|un(k)〉 is the Berry curvature of the
nth band and un is the nth eigenstate. The number of gapless edge
modes inside a bandgap is determined by the difference of gap
Chern number, which is the summation of all band Chern
numbers below the bandgap, also known as the bulk-edge
correspondence. When T is broken with magnetic field, the
photonic quantum Hall effect can also emerge in photonic
crystals composed of magnetoelectric or gyromagnetic
materials [14, 15, 28–30]. The magnetoelectric materials have
cross-coupling between electric and magnetic fields, where the

constitutive relations take the form of D � ϵ̂E + χ̂H and

B � μ̂H + ζ̂E. For example, Jacobs et al. demonstrated that
non-trivial band topology can be realized in Tellegen photonic
crystals with a diagonal magnetoelectric response [30]. In
contrast, the gyromagnetic materials do not have cross-
coupling between electric and magnetic fields [14], where the

permeability tensor takes the form as μ̂ � ⎡
⎣

μ iκ 0
−iκ μ 0
0 0 μ0

⎤
⎦. Other

photonic systems also use Floquet-like couple waveguides [31]
and dynamic modulation [32] to mimic the quantum Hall effect.

Although the T-broken photonic systems have excellent one-
way transport properties, it is difficult to realize or industrialize.
Instead, T-invariant systems utilizing the quantum spin Hall
effect have provided a solution without applying magnetic
field or gyromagnetic materials. The quantum spin Hall state
can be viewed as two copies of the quantum Hall state for each
spin. Each spin is a lock to one helical edge state. Elections with
spin up or spin down will generate an edge current of
counterclockwise or clockwise, or vice versa. As the Chern
number of each spin cancels with each other, the total Chern
number of quantum spin Hall system is trivial. The topology in
the quantum spin Hall effect is characterized by the Z2 invariant
[33], where the trivial and non-trivial Z2 invariants are 0 and 1,
respectively. The quantum spin Hall effect has been realized with
2D array of resonators [16], photonic crystals with crystalline
symmetries [17], and bianisotropy-induced photonic topological
insulators [34, 35].

Now, we introduce the 3D topological semimetals and show
how they relate to the non-trivial topological invariant. Weyl
points acting like relativistic fermionic particles with vanishing
mass are featured as point degeneracies among two bands in the
3Dmomentum space. Linear dispersion around theWeyl point is
governed by the Weyl Hamiltonian
H � ]xkxσx + ]ykyσy + ]zkzσz, where ]x,y,z are group
velocities and σx,y,z are Pauli matrices. Weyl points as the
most fundamental topological structure in 3D crystals, usually
occurring in pairs and can be viewed as monopoles with
quantized source of Berry flux. By integrating the Berry
curvature in a 2D surface enclosing a Weyl point, the Chern
number as the topological charge of Weyl point can be obtained.
Weyl points are virtually indestructible against perturbations in a
3D momentum space, unless a pair of Weyl points with opposite
topological charge annihilate with each other. The topological
character of Weyl points is reflected in the appearance of
topologically protected states on the surface. The
equifrequency contours of the surface states are open arcs
connecting the surface projections of Weyl points with
opposite topological charges, which are known as the Fermi
arcs, as shown in Figure 1A. Topologically protected surface
states in topological semimetals are immune to a special kind of
obstacles and defects, resulting in the non-reflective transmission
of wave modes. For those systems with a momentum gap along
the kz direction, a line defect or obstruction which is translation
invariant along the z direction can preserve the kz wavenumber of
the scattering waves, prohibiting the chiral surface modes from
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scattering into the bulk or other surface modes inside different
momentum gaps. As shown in Figure 1B, the topological charge
of a bulk Weyl node can be reflected by the connectivity of Fermi
arcs according to Nielsen-Ninomiya no-go theorem. For a
charge-2 Weyl point with quadratic dispersion, there are two
branches of Fermi arcs connecting the Weyl point. Figure 1C
shows the fourfold 3D Dirac points which are symmetry-
protected Z2 monopoles in the 3D momentum space. Two
branches of spin-polarized Fermi arcs can connect the Dirac
point pair in the Brillouin zone. Other form of semimetal band
structure has also been realized in photonics, such as nodal line
[36, 37] and nodal surface [38]. The nodal line contains
topological features as the Berry phase of π around the node.
Recent studies have shown that nodal lines can carry a non-trivial
Chern number as the Weyl points [37] or carry non-trivial Z2
charge as the 3D Dirac points [28]. Nodal surfaces can also carry
non-trivial Chern number in systems with non-symmorphic
symmetries and T [39].

REALIZATION OF 3D PHOTONIC
TOPOLOGICAL PHASES

Weyl Point With T-Breaking
Weyl points in 3Dmaterials can be achieved by breaking either T or
P. Here, we focus on the realization of photonic Weyl points
achieved by the T-breaking approaches. For the Weyl points in
electron systems with T-breaking, several novel topological
properties are supported, such as axial anomaly [40], chiral
anomaly [41, 42], gravitational anomaly [43], giant photocurrent
[44], and quantumoscillation phenomena [45]. Lu et al. theoretically
proposed that the breakthrough for achieving Weyl points with T-
and/or P-breaking occurred in gyroid photonic crystals at infrared
wavelengths. However, the realization of T-breaking in the photonic
system usually relies on the magneto-optical effect, while the
magneto-optical response of existing optical materials, such as
ferromagnetic materials, is weak in the microwave frequencies
and cannot cover the optical domain [46]. Although a
considerably simple approach has been earlier proposed
theoretically by Yang et al. in a magnetic tetrahedral photonic
crystal [47], the experimental observation for the T-breaking
Weyl point based on magnetic materials had not been realized
until very recently due to the difficulty of fabricating the 3D structure
in magnetic materials [48]. In addition, several theoretical works

proposed recently that T could be broken in plasma [49, 50]. A new
scheme shows that the plasma may support Weyl points in the
T-breaking photonic system when an external magnetic field is
applied [51]. Subsequently, Wang et al. experimentally observed
photonic Weyl degeneracies in magnetized plasma at the terahertz
regime, and the corresponding photonic Fermi arcs have also been
demonstrated [52]. In this section, we review the main numerical
and experimental schemes of 3D photonic topological Weyl points
based on T-breaking system, including gyroid photonic crystals and
magnetized plasmas.

The 3D photonic Weyl points with T-breaking were first
theoretically predicted in double gyroid (DG) photonic crystals.
The corresponding real-space structure in a unit cell consisting of a
single gyroid (SG) and its inversion counterpart is shown in the
Figure 2A [24]. The band structures of SG and DG photonic
crystals are donated by red and blue lines, respectively, as shown in
Figure 2B. The DG photonic crystal band structure exhibits a
threefold quadratic nodal point as highlighted in green ellipses.
When two air spheres are introduced in the DG photonic crystal
without breaking P or T, the trivial threefold quadratic nodal point
is transformed into a trivial twofold nodal ring. Starting with the
twofold nodal ring, Weyl points are introduced by breaking P or T.
P-breaking is done by adding an air sphere only in an SG, leading to
the appearance of two pairs of Weyl points, as shown in the band
structure plotted in Figure 2C. T-breaking is realized by adding an
external magnetic field to the DG photonic crystal composed of a
gyroelectric material. The band structure for only T-breaking is
plotted in Figure 2Dwhere only one pair of Weyl points appears in
contrast to the P-breaking case. In the T-breaking system, Pmaps a
Weyl point at k to −k with reversed chirality, while in the
P-breaking system, T maps a Weyl point at k to −k with the
same chirality. Because the net Berry flux integrated over the
Brillouin zone must vanish, the net chirality of Weyl points
must be zero. Therefore, a T-breaking system can only have one
pair of Weyl points, while a P-breaking system should possess even
pairs of Weyl points to neutralize the whole system. A single pair of
photonic Weyl points with T broken was observed very recently
based on a gyromagnetic photonic crystal operating at microwave
frequencies [48]. The unit cell of the photonic crystal consisting of a
gyromagnetic rod and a metallic plate perforated with holes is
shown in Figure 2E. An external static magnetic field is applied
along the z-axis to break T in the gyromagnetic photonic crystal. By
increasing the strength of the external magnetic field, one pair of
photonic Weyl points is generated and then annihilated, which

A B C

FIGURE 1 | (A) Pair of charge-1 Weyl points linked by a Fermi arc in the momentum space. The Weyl points have a cone-like linear dispersion. On equifrequency
contour (gray plane), the surface states form an open arc linking the projection ofWeyl points. (B)Charge-2Weyl point (middle) linked with two charge-1Weyl points. (C)
A pair of 3D Dirac points as Z2 monopoles linked by two branches of Fermi arcs.
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means the system transits into a topological semimetal phase and
then the topological insulator phase. With a 0.2 T biasing magnetic
field, the band structures of one pair of ideal Weyl points with
opposite topological charge at the same frequency in Brillouin zone
are shown in Figure 2F. The Fermi arc connecting the surface
projections of this pair of Weyl points with opposite topological
charges is measured experimentally, as shown in Figure 2G. With
distinct kz cases, the measured projected band structures
corresponding to topological transition are shown in Figure 2H,
where the Fermi arc exists only in the range of kz � 0 to kz �
0.53π/h.

Another experimental observation of Weyl points in the
T-breaking photonic system was realized in magnetized plasma
at the terahertz regime when an external magnetic field is applied.
Figure 2I shows the sample with a metal grating to compensate for
the phase mismatch on the top of the InSb substrate. For a
semiconductor InSb, the band structure under a magnetic field

strength of B � 0.19 T is plotted in Figure 2J. The band structure
shows four Weyl points with opposite chiralities donated by red
and blue spheres. The projected band structure around one Weyl
point is shown on the right side of Figure 2J. Since magnetic field
strength B behaves similarly with kz in the effective Hamiltonian as
well as in constructing the band structure of the Weyl points, a
parameter space was constructed by scanning B, instead of kz, in
order to facilitate the observation. The band structure constructed
in the synthetic parameter space [kx, ky, B] is shown in Figure 2K,
where linear dispersion demonstrates the presence of Weyl points.
By varying the magnetic field strength from 0 to 1T, the reflection
spectrum was measured, as shown in Figure 2L, which agrees well
with the theoretical results in Figure 2K.

Weyl Points With P-breaking
P-breaking can be realized by specially designed structures, while
an external or synthetic magnetic field is often required to break

C

D

BA

E

I J K L

F G H

FIGURE 2 | 3D photonic Weyl semimetals by breaking T [24]. (A) The unit cell of double gyroid (DG) photonic crystals. (B) The band dispersion of original DG
photonic crystal (blue line) and single gyroid (SG) photonic crystal (red line). (C) The band structure with only P-breaking by placing one air-sphere in only one gyroid,
where two pairs of Weyl points appear. (D) The band structure with only T-breaking by applying a magnetic field to the DG photonic made of gyroelectric material, where
one pair of Weyl points appears. (E) The unit cell of the gyromagnetic photonic crystal [48]. (F) Simulated band structure under a magnetic field of 0.2 T. The Fermi
arc is donated by a green line. (G)Measured surface projections of single pair of Weyl points and the associated Fermi arc. (H)Measured surface dispersions on the front
surface for kz � 0, kz � 0.53π/h, and kz � π/h, respectively. (I) Schematics of the sample with a metal grating on the top of the InSb substrate [52]. (J) Simulated band
structure of the magnetized plasma with B � 0.19 T. (K) Simulated band structure with kz substituted by B. (L) Experimentally measured reflection spectra.
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FIGURE 3 | (A) bcc cell of the P-breaking double gyroid photonic crystal [54]. (B) Two pairs ofWeyl points are illustrated on the green (101) plane along Γ-H and Γ-N
in the Brillouin zone. (C) The different bulk states can be excited by changing the incidence angle θ of the incident wave. (D) Experimental results of the Weyl point along
the Γ-H direction. (E) Schematic diagram of the chiral woodpile structure [58]. (F) The band structure along the Y-Γ-X and theWeyl point is illustrated with a blue circle. (G)
and (H) experimentally measured and simulated reflection spectra showing Weyl point for 45° polarizations, respectively. (I) The unit cell of the chiral metamaterial
[63]. (J)Weyl points are denoted by red and green dots in the band structure. (K)Measured projected band diagram on the kx–kz plane. (L)Measured surface dispersion
obtained by Fourier transformation. (M) Schematic diagram of the waveguide array structure [64]. (N) The dispersion diagram in the δkx–δkz plane when δkx � δky � 0
shows the type-II Weyl points and Fermi arc–like surface states. (O) Experimental results of the intensity plots at the output facet at a � 27 μm, λ � 1,525 nm, and conical
diffraction demonstrates the existence of type-II Weyl points. Green circles: position of input waveguides. (P) Experimental results of the intensity plots at the output facet
at a � 27 μm, λ � 1,500 nm demonstrate the presence of Fermi arc–like surface states. Green circles: position of input waveguides. (Q) Schematic diagram of the unit cell
of chiral hyperbolic metamaterials [71]. (R) Surface band structure on a varying frequency kx–kymap. (S) and (T) Experimental results of the topological surface-state arcs
and type-II Weyl points in the momentum space at 5.46 GHz, respectively.
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T. For example, using a periodic layered structure in the all-
dielectric system can break only P to realize Weyl points [53]. In
this section, we review Weyl points in photonic crystals and
metamaterials by breaking P.

Weyl points were experimentally observed at microwave
frequencies by using a 3D DG photonic crystal with broken P
[54]. The P-breaking DG is shown in Figure 3A. Because T is
preserved in the system, there are even pairs of Weyl points.
Figure 3B shows two pairs of Weyl points in the (101) plane of
the Brillouin zone. To observe the Weyl points, angle-resolved
transmission measurement was used to probe the dispersions of
the 3D bulk states. The bulk states of the k vectors can be
excited with an incident wave with an incidence angle θ, as
shown in Figure 3C. While maintaining the rotation angle of
the samples α � 90+, the beam scans through the upper Weyl
points along Γ −H. The experimental data and calculated band
structures projected along the (101) plane clearly show a type-I
Weyl point along Γ −H, as shown in Figure 3D. Type-I Weyl
points have also been observed at optical frequencies in a
photonic crystal coated with layered-composite nanometric
materials [55].

If the Weyl system has additional spatial symmetries, Weyl
points with higher topological charge can appear at high
symmetry points in the Brillouin zone [51, 56]. Charge-2
Weyl points can exist in a chiral woodpile photonic crystal
with screw symmetry [57]. Recently, a parity-breaking chiral
woodpile photonic crystal fabricated by two-photon
polymerization was constructed to observe a charge-2 Weyl
point in the mid-infrared regime [58]. Each layer rotates 45+

next to the neighboring layer, as shown in Figure 3E. The Weyl
point with quadratic dispersion occurs at the Γ point, as shown in
Figure 3F; Figure 3G shows the experimental observation of
charge-2 Weyl points using the angle-resolved Fourier-transform
infrared spectroscopy, in contrast to the simulated angle-resolved
reflection spectra in Figure 3H. With a similar woodpile
structure, not only Weyl points can be realized but also
negative refraction can be observed in phononic crystals [59].
Weyl points with higher topological charge are also reported in
metallic photonic crystals in microwave frequencies [60], acoustic
structure [61], and transition-metal monosilicides [62].

Weyl points with higher topological charge exist not only in
photonic crystal but also in chiral metamaterials [63]. Topological
charge-2 ideal Weyl points were reported in the chiral microwave
metamaterial which has C3 rotational symmetry and time-
reversal symmetry. The unit cell consists of three double-split
ring resonators, as shown in Figure 3I. The Weyl points with a
topological charge +2 at Γ point and −2 at A point are enforced by
chiral symmetry. The band structure of the system is shown in
Figure 3J. The measured projected band structure of the kx–kz
plane along the high-symmetry line �X′ �X shows the ideal Weyl
point, as depicted in Figure 3K. The crossing bands are quadratic
in the kx–ky plane and linear in the kz direction. Because the
topological charge is 2, there are two Fermi arcs connecting the
oppositely charged Weyl points, as shown in Figure 3L. Weyl
points carrying higher topological charges have exotic topological
properties; for instance, the Fermi arcs can extend over most of
the Brillouin zone.

In addition to type-I Weyl points, type-II Weyl points are also
observed in the experiment. The dispersion around type-II Weyl
points is strongly tilted in contrast to type-I Weyl points, where
the group velocities of the two crossing bands have the same sign
along one direction [64]. Noh et al. observed type-II Weyl points
at optical frequencies and Fermi arc–like surface states in a 3D
photonic crystal structure of coupled single-mode waveguides
[65]. The helical waveguides made by femtosecond direct laser
writing are shown in Figure 3M. The partner Weyl point is
associated with Fermi arc–like surface states, as shown in
Figure 3N. When the lattice constant is a � 27 um, the
conical diffraction pattern was clearly observed at the
frequency of 1,525 nm, confirming the existence of type-II
Weyl point, as shown in Figure 3O. The Fermi arc–like
surface states in the experiment are shown in Figure 3P.
Type-II Weyl points have also been found in acoustic systems
[66, 67].

Another mechanism to break P is realized by combining chiral
and hyperbolic properties in metamaterials [38, 68–70]. Yang
et al. experimentally observed type-II Weyl points and photonic
topological surface state arcs in a chiral hyperbolic metamaterial
by near-field scanning measurements [71]. The cubic unit cell is
shown in Figure 3Q. The unit cell has three layers as follows: the
top layer is a chiral layer, the middle layer is a blank layer, and the
bottom layer is a hyperbolic layer. Topological surface states
connecting two pairs of Weyl points in the frequency-varying
kx–ky plane are shown in Figure 3R. Topological surface state
arcs and type-II Weyl points observed in the experiment are
shown in Figures 3S,T, respectively. In addition, disorder in
chiral hyperbolic metamaterials can induce topological state
transition in the photonic Weyl system [72]. The combination
ofWeyl points and metamaterials has greatly enriched the field of
the topological semimetal phase and brings new potential to the
manipulation of electromagnetic and acoustic waves.

3D Dirac Point
Hosting a fourfold linear dispersion in the 3D momentum space,
the 3D Dirac point represents the degeneracy of paired Weyl
points with opposite chiralities. In photonics, fourfold degeneracy
of the Dirac point can be achieved through additional
symmetries, such as electromagnetic duality symmetry and
space symmetries. While 3D Dirac points carry a trivial Chern
number, they areZ2 monopoles in the 3Dmomentum space [73].
Upon symmetry breaking, the band structure can transit into the
Z2 nodal ring, Weyl dipole, and topological bandgap supporting
gapless surface states [74] or hinge states [75]. Recently, the
transition from the 3D Dirac point to Weyl dipole is
experimentally demonstrated in acoustics [76].

3D Dirac points can be classified into symmetry-enforced
Dirac points and band inversion Dirac points according to the
mechanism in forming the fourfold degeneracy. Symmetry-
enforced Dirac points are unavoidable results of the non-
symmorphic space group of a material. The first proposed
photonic 3D Dirac photonic crystal has glide reflections in x,
y, and z directions, as shown in Figure 4A [74]. The 3D Dirac
points which host linear dispersions appear at high-symmetry P
points of the Brillouin zone, as shown in Figure 4B. The glide
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symmetries together with time reversal symmetry not only
stabilize the Dirac point but also prevent the anti-crossing of
helicoid surface states, leading to the non-trivial band topology on
the surface. As an example, quad-helicoid surface states are
observed in acoustics [28, 77].

Meanwhile, band inversion 3D Dirac points have been
discovered in photonics utilizing screw symmetries [78],
hexagonal structures with C3 or C6 symmetry [79, 80], and
electromagnetic duality symmetry [81, 82]. These 3D Dirac
points lie on the generic momenta of an axis of rotation
symmetry, always come in pairs, and can be eliminated
through merging and pairwise annihilation. The locations of
the band crossings can be continuously tuned as a function of
the Hamiltonian control parameters. Figure 4C shows a type-II

3D Dirac photonic crystal with screw symmetries. Photonic
Kramers double degeneracy of p and d states is generated by
anti-unitary operators composed of the screw symmetry and T.
The crossing of p and d states forms the fourfold degeneracy, as
shown in Figure 4D. For hexagonal structures with C3 symmetry
(Figure 4E), the photonic band structure exhibits frequency-
isolated 3D Dirac points for fine-tuned lattice parameters, as
shown in Figure 4F. When removing the upper three split-ring
resonators in the unit cell, the photonic metamaterial becomes a
weak insulator (Figures 4G,H), which supports the robust
interface state with cone dispersion. Overall, the band
inversion Dirac points are formed with less symmetry
elements and may provide an option to realize strongly
anisotropic dispersion.

FIGURE 4 | (A) Photonic crystal with glide reflection in x, y, and z directions [74]. (B) Band structure with a single 3D Dirac point. (C) 3D Dirac photonic crystal with
screw symmetries and (D) its photonic band structure [78]. (E) 3D array of metallic split-ring resonators with 3D Dirac point [79]. (F) Band structure of the photonic crystal
with the unit cells in (E). (G) Unit cell giving rise to a 3D topological bandgap through removing the top three split-ring resonators. (H) Band structure of the photonic
topological insulator with the unit cells in (G). (I) Bulk and surface state dispersions of a Dirac metamaterial with electromagnetic duality symmetry [81].
Equifrequency contour at above (top-right) and below (bottom-right) the Dirac point frequency. (J) Printed circuit board unit cell and spin-polarized topological surface
states of a Dirac metamaterial (K) in the real and (L) momentum space [82].
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Electromagnetic duality symmetry is an internal symmetry of
the electromagnetic field [81, 82]. The realization of this
symmetry requires the proportionality between permittivity
and permeability tensors, which indicates that metamaterials
described by the effective medium theory are preferred. Due to
the electromagnetic duality, circular polarizations are the
eigenstates of the system. For left-handed circularly polarized
(LCP) photons, one Dirac point behaves like a sink of Berry flux,
while for right-handed circularly polarized (RCP) photons, it
behaves like a source. As a result, two pairs of spin-polarized
surface states appear at the interface between metamaterial and
air, as shown in Figure 4I. In the experiment, fine-tuned metallic
helical elements are used to introduce both electric and magnetic
resonances in the microwave regime, as shown in Figure 4J. The
spin-polarized topological surface states in the real and
momentum space were experimentally demonstrated in

Figure 4K and Figure 4L, respectively. This spin–orbit
coupling character may bring about a unique advantage in the
manipulation of light.

Nodal Line and Nodal Surface
Nodal lines protected by P and T symmetries are treated as the 3D
extrusion of 2D Dirac points. They share the same local
Hamiltonian H(k) � kxσx + kzσz. The Berry phase around the
nodal line is π. Due to the periodicity of the Brillouin zone, a
single nodal line forms a closed ring. The Berry curvature
vanishes under P and T symmetries, and the nodal line is not
charged. The breaking of P or T in the nodal line can give rise to
the phase transition toWeyl points [24]. Nodal rings can intersect
and form nodal chains under the local chain Hamiltonian
H(k) � kxσx + (kykz +mz)σz when the mass term mz � 0.
Nodal chains are experimentally observed in a metallic mesh

FIGURE 5 | (A) Schematic illustration for nodal chain photonic crystal [83]. (B) The bulk band structure and density of states. (C) The structure of nodal chains in the
Brillouin zone. (D) Tight binding model for a charged nodal line [37]. (E) The projection of the tight binding model on the x–y plane. (F) The band structures with charged
nodal lines are formed by geometric frustration. (G) Equifrequency contour on the ky–kz surface Brillouin zone. The red dot and cyan line represent the projection of the
charged +2 Weyl point and the charged -2 nodal chain. (H) Schematics of a nodal surface [38]. (I) Schematic of a unit cell of the nodal surface photonic crystal. (J)
Brillouin zone with the high-lighted nodal surface. (K) Surface state dispersion at kx � 0 and kz � 0.5π/p.
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photonic crystal [83], as shown in Figure 5A. These nodal chains
are protected by mirror symmetry and have little frequency
variation. The linear crossing of the third and fourth bands
forms the line degeneracies of nodal chains, as shown in band
structures in Figures 5B,C.

To obtain a charged nodal line, X. Meng et al. considered a
simple Hamiltonian H(k) � kxσx + kzσz + kρkyσy [37], where
kρ �

������

k2x + k2z
√

. The Hamiltonian possesses a nodal line along the
y direction as the bands are degenerate at kρ � 0 and exhibits
linear dispersion away from this nodal line. The quantized Berry
charge carried by the nodal line is 1. The tight binding model of
the charged nodal line is proposed using the concept of geometric
frustration, as shown in Figures 5D,E. Two types of couplings are
denoted as black and yellow bonds, respectively. Black bonds
occur between adjacent layers, while yellow bonds occur between
next adjacent layers. Figure 5F shows the band structure of this

tight binding model, where perfect flat bands of nodal chains are
found. The charged nodal chains give rise to the existence of
chiral edge states, as shown in Figure 5G. In addition to the nodal
line with a non-trivial Chern number, the Z2 nodal line may exist
in photonic crystals with glide reflection and T [28].

Nodal surfaces are degeneracies in two dimensions, as shown
in Figure 5H. M. Kim et al. proposed a nodal surface
metamaterial with twofold screw symmetry S2z and T [38].
The metamaterial is composed of metallic helices, as shown in
Figure 5I. The hyperbolicity and chirality of the metamaterial
give rise to the topologically non-trivial phase; thus, the nodal
surface carries a non-trivial topological charge of Chern number.
The nodal surface is formed between the first and the second
bands at kz � π/p, as shown in Figure 5J. Surface modes exist
according to the bulk–boundary correspondence, as shown in
Figure 5K at kx � 0 and kz � 0.5π/p.

FIGURE 6 | (A) Vortical mirror inWeyl metamaterial is composed of metallic saddle-shaped structure, and an incident Gaussian beam can be reflected into a vortex
beam [84]. (B)Weyl nodes with arrows indicating the directions of the Berry curvatures. Cylindrical surface enclosing the Weyl points has a topological charge of 2. (C)
Reflection measurement setup in a microwave. (D) Reflection phases of the eigenstates and the eigenpolarizations of the Jones matrix for incident light. (E) An incident
beam with the right-handed elliptical polarization state gives rise to (F) 4π phase winding, generating a vortex beam. (G) Spiral Fermi arcs formed by reflection
between the Weyl metamaterial and perfect electric conductor. (H) Reflection spectrum around a 3D Dirac metamaterial [81].
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APPLICATION IN MANIPULATING LIGHT

Winding Phase and Vector Beams
Generation
The non-trivial topology of photonic semimetals can be revealed
not only by the surface states but also by the vortical phase profile in
the reflection of spin-polarized electromagnetic waves. Cheng et al.
demonstrate the vortical phase and the generation of vortex beam
using the reflection property of Weyl metamaterials [84]. As shown
in Figure 6A, an incident Gaussian beam with left-handed
polarization can be reflected into a vortex beam with right-
handed polarization. The Weyl metamaterial constructed by a
metallic saddle-shaped connective coil has four ideal Weyl nodes
in the Brillouin zone.When light is incident with a certain elevation
angle φ and varies with an azimuthal angle θ, the winding number
of the scattering matrix, which is 2 in 2π of phase, is equivalent to
the projected topological charge enclosed by k0sin (φ) in the surface
Brillouin zone, as shown in Figure 6B. To reveal the topological
property of the reflected wave, a scattering matrix combined with
four s and p polarizations is measured for varying azimuthal angle θ.
It has been proven that the scattering matrix is topologically
equivalent to the Hamiltonian. Two microwave horn antennas
are used as a transmitter and a receiver, as shown in Figure 6C.
The topological feature of the Weyl metamaterial is that each
eigenstate’s reflection phase winds 2π, and eigenpolarizations
wind π for a full turn of rotation, as shown in Figure 6D. In an
ideal case where the metamaterial and air are matched with the
same impedance, the scattering matrix around the Weyl point is
given as follows:

Ŝ � e−iθ[
cos θ sin θ
sin θ −cos θ ]. (2)

The scattering matrix operated on the right-handed circular
polarization state |R〉 is converted to the left-handed
polarization state |L〉 with and an extra 2θ phase, while the
conversion from |L〉 to |R〉 is without the extra phase. Therefore,
a Gaussian beam with right-handed polarization would be
converted in to a vortex beam with an orbital angular
momentum of 2 upon reflection. In the experiment, a right-
handed elliptical incident beam described in Figure 6E would
give rise to a winding reflection phase of 4π, as shown in
Figure 6F. The winding phase also gives rise to the spiral
Fermi arc, as shown in Figure 6G.

The angle-resolved reflectance spectrum also shows how a Dirac
node can be decomposed into two relatedWeyl points with opposite
topological charge [81]. As shown in Figure 6H, an anticlockwise
loop in the momentum space around the Dirac point with RCP or
LCP incidence acquires a 2π or −2π reflection phase, when circular
polarizations are the eigenstates of the system with electromagnetic
duality. Moreover, symmetrical angular and radial vector beams are
generated by a Gaussian beam incidence with TE and TM
polarization states. In contrast to conventional vector beam
generators that rely on spatially varying phase elements, Weyl
and Dirac metamaterials which are alignment-free may establish
a new way to generating vector and vortex beams.

Chiral Zero Mode for Bulk Transport
Owing to the chirality of Weyl points, the Weyl or 3D Dirac
crystal can support one-way chiral zero modes under a strong
magnetic field, which leads to non-conservation of chiral currents
known as a chiral anomaly [85, 86]. The chiral zeromode is a one-
way propagative bulk mode, which can be applied for the robust
transport of photons in the bulk medium. In order to generate an
effective field, shifting of theWeyl point positions is applied in the

FIGURE 7 | (A) Saddle-shapedmetallic coil with rotation about z axis [41]. (B) Top surface of the sample. Gradient of rotational angle along the x direction generates
a synthetic magnetic field along the z direction. (C) Dispersion of the Weyl metamaterial with no rotation angle. (D) The position of the Weyl point Q1 shifts as the rotation
angle varies linearly with x. (E) Band structures showing Landau levels for Weyl points. (F) Experimental result for up-going (down-going) chiral zero modes around Weyl
points Q3 and Q4 (Q1 and Q2).
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metamaterial [41], as shown in Figures 7A,B. The four Weyl
points rotate around the z axis when rotating the metallic coil, as
shown in Figures 7C,D, generating a pseudo-gauge field. The
band structure is shown in Figure 7E, Landau levels for Weyl
points with positive (negative) chirality support a chiral zero
mode with a positive (negative) group velocity. This feature is
observed in the Fourier transform results, as shown in Figure 7F,
that zeroth Landau levels are up-propagating in Weyl points Q3
and Q4 while down-going in Q1 and Q2. Overall, the Weyl
system provides a platform for examining the interesting features
that appear under a magnetic field. It can also be applied for the
robust transport of photons in the bulk medium. The mechanism
to generate pseudo-gauge field in Weyl crystals has also been
applied in acoustics [87].

Non-Hermitian Photonic Topological
Semimetals
In the last few years, non-Hermiticity has been explored in
topological materials such as topological insulators and Weyl
semimetals [88, 89]. Photonic systems, which break Hermiticity
through material absorption, gain, or radiative outcoupling,
have a unique advantage to realize non-Hermiticity over the
solid-state systems. Recently, the Weyl exceptional ring has
been experimentally realized in a 3D photonic lattice composed
of evanescently coupled helical waveguides [90], as shown in
Figures 8A,B. The band structure of Weyl exceptional rings is
shown in Figures 8C,D. To remove the Hermiticity of this
system, periodic breaks are inserted into one of the two
sublattices. The Weyl exceptional ring possesses quantized
Berry charge–protected surface states, as shown in Figure 8E.
The topological transition from Weyl points to Weyl

exceptional rings is confirmed in the experiment by
observing the appearance of Fermi arc surface states and the
disappearance of conical diffraction for increasing break length.
Various unconventional Weyl exceptional contours are also
found in non-Hermitian chiral plasma, which can be
achieved using metamaterials with effective constitutive
parameters [91]. An unconventional Weyl point can
transform into a quadratic Weyl exceptional circle, a type-I
Weyl exceptional chain with one chain point, a type-II Weyl
exceptional chain with two chain points, or other forms.
Topological phase transition depending only on the strength
of the non-Hermiticity allows for a new route to obtain tunable
photonic topological materials [92].

PROSPECTIVE AND CONCLUSION

The study of photonic topological semimetal has been developed
very rapidly. Great success has been achieved in finding new
exotic features exploiting the spin-1 nature of photons. Having a
great designability in structural design with composite materials,
the photonic topological semimetal provides a unique platform to
study the chirality or spin-related effects. The application of
topology in photonic artificial microstructure also gives a new
way to manipulate light. The application area may cover the
robust transport, negative refraction, and vector beam generation.
Based on the topological semimetal phase, the 3D topological
insulator phase can be achieved through symmetry breaking. The
design of photonic topological semimetal may further cover the
non-linearity [93], non-Hermiticity [88], and more synthetic field
or synthetic space [94]. Very recently, 3D higher order
topological semimetals were proposed with topological

FIGURE 8 | (A) Bipartite helical waveguide array, where breaks have been added to one of the sublattices to remove the Hermiticity [90]. (B) Image of the output
facet (left) and microscope image showing breaks added (right). (C) Band structures in the δkx − δky plane possessing a Weyl nodal ring. (D) Band structures in the
δkx − δkz plane, exhibiting two exceptional points as the nodal ring intersects the plane twice. (E) Surface states convert to connecting the projection of Weyl exceptional
rings with Hermiticity broken.
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semimetals [95–99]. We believe that the photonic topological
semimetals will continue to play an important role both in the
theoretical study and application.
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Topological One-Way Edge States in
an Air-Hole Honeycomb
Gyromagnetic Photonic Crystal
Chaoqun Peng1†, Jianfeng Chen1*†, Qiumeng Qin1 and Zhi-Yuan Li1,2*

1School of Physics and Optoelectronics, South China University of Technology, Guangzhou, China, 2State Key Laboratory of
Luminescent Materials and Devices, South China University of Technology, Guangzhou, China

Topological one-way edge states have attracted increasing attention because of their
intriguing fundamental physics and potential applications, particularly in the realm of
photonics. In this paper, we present a theoretical and numerical demonstration of
topological one-way edge states in an air-hole honeycomb gyromagnetic photonic
crystal biased by an external magnetic field. Localized horizontally to the edge and
confined in vertical direction by two parallel metallic plates, these unique states
possess robust one-way propagation characteristics. They are strongly robust against
various types of defects, imperfections and sharp corners on the path, and even can
unidirectionally transport along the irregular edges of arbitrary geometries. We further utilize
the one-way property of edge states to overcome entirely the issue of back-reflections and
show the design of topological leaky wave antennas. Our results open a new door towards
the observation of nontrivial edge states in air-hole topological photonic crystal systems,
and offer useful prototype of robust topological photonic devices, such as geometry-
independent topological energy flux loops and topological leaky wave antennas.

Keywords: topological one-way edge state, robust one-way propagation, geometry-independent topological energy
flux loop, topological leaky wave antenna, gyromagnetic photonic crystal

INTRODUCTION

Topological physics is flourishing as an active field, which has drawn extensive attention in both
fundamental research and applied science [1]. Topological insulator commonly features the striking
phenomenon of topologically protected one-way transport, exhibiting edge states or surface states
that are strongly robust against defects, disorders, obstacles, sharp corners and so on [2, 3]. Inspired
from the discovery of condensed quantum Hall effect, many studies have shown that topological
states show essentially single-particle behavior of electrons and one can establish an analogy
relationship with photon behaviors called topological photonic state (or topological one-way
edge state) [4–7]. Topological one-way edge state provides a powerful platform for novel
photonic devices with nontrivial functionalities and excellent performances, such as one-way
waveguide [8–12], topological laser [13–17], rainbow trapping phenomenon [18–21],
dispersionless slow light [22–24], topological fibre [25–27].

One feasible way to produce topological one-way edge states is to immerse a gyromagnetic
photonic crystal (GPC) in an external static magnetic field to break the time-reversal symmetry
[28–34]. When this symmetry is broken, truly one-wave edge states emerge, allowing the
electromagnetic (EM) wave and light propagate forward smoothly when impinging on defects or
propagating in disordered media, or even tanking sharp turns at arbitrary angles. To date, plenty of
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topological one-way edge states are focused on the two-
dimensional cylinder-type GPC systems, which are consisted
of an array of gyromagnetic cylinders immersed in air
[30–34]. In contrast, little of them touch the air-hole-type
GPC formed by an array of air holes in a gyromagnetic slab
[35]. Yet, previous works in dielectric photonic crystals have
shown that usually the transport behaviors of EM wave and light
in cylinder-type photonic crystals are very different from that in
air-hole-type photonic crystals [36–38]. So, it is interesting to
examine the transport property of EM wave and light in an air-
hole GPC, and it is also very worthwhile to explore the potential
applications and devices of air-hole topological photonic system.

In this paper, we investigate, theoretically and numerically,
topological one-way edge states in an air-hole GPC of a
honeycomb lattice of air holes drilled in a gyromagnetic slab
surrounded by two parallel metallic plates in vertical direction.
We systematically study the projected band structures of edge
states at both zigzag and armchair edges and analyze their
eigenmodal fields. We demonstrate the one-way property of
these special edge states, and also verify their transport
robustness against various types of defects, imperfections,
sharp corners, and even the irregular edges of arbitrary
geometries. We further utilize the one-way property of edge
states to overcome entirely the issue of back-reflections and
show the design of topological leaky wave antennas. Our
results open a new door towards the observation of nontrivial
edge states in air-hole topological photonic systems, and show the
prototype of robustly topological photonic devices.

TOPOLOGICAL ONE-WAY EDGE STATES
AT ZIGZAG AND ARMCHAIR EDGES

We first design a rectangular air-hole GPC with 140 honeycomb
lattices, where the lengths along the x and y directions are seven
and twenty lattices respectively, as illustrated in Figure 1. The

lattice constants of honeycomb lattice along the zigzag edge (x
direction) and armchair edge (y direction) are a � 3.0 cm and

�

3
√

a
respectively. Each air hole has a radius r � 0.8 cm and a height of
h � 0.1a. In our simulations, this air-hole GPC is sandwiched
between two parallel metallic layers with a thickness of
d � 0.15 cm in vertical direction (z direction), as illustrated in
Figure 1. The relative permittivity and permeability of the air are
ε1 � 1 and μ1 � 1 respectively. The gyromagnetic slab is composed
of the commercial available yttrium-iron-garnet (YIG). In the
absence of external static magnetic field, the relative permittivity
and permeability of YIG is ε2 � 15.26 and μ2 � 1 respectively.
When an external static magnetic field is applied along + z
direction, strong gyromagnetic anisotropy will be induced in
YIG material, and its permeability can be given by [39–41].

μ̂2 � ⎛
⎜

⎝

0.78 −0.93i 0
0.93i 0.78 0
0 0 1

⎞
⎟

⎠. (1)

These constitutive parameters correspond to those of YIG at
6.0 GHz with an external magnetic field of 500 Oe and a
saturation magnetization of 1884 Gauss [39–41]. All the
simulations are calculated by using the commercial software
COMSOL MULTIPHYSICS with RF module in frequency
domain, and only E polarization (where the electric field E is
parallel to z-axis direction) is considered.

Next, we calculate the projected band structure of air-hole
GPC along the zigzag edge, by adopting a supercell consisting of
seven honeycomb lattices in one column, and the lattice constant
is a � 3.0 cm. The projected band structures of the zigzag edges
displayed in Figure 2A show that two dispersion curves (colored
in red and blue respectively) appear inside the bandgap (green
region) ranging from 5.52 to 6.21 GHz. The eigenmodal fields of
points 1 and 2 at a frequency of fs � 5.90 GHz depicted in
Figure 2B reveal that there exist two edge states at two
parallel zigzag edges. This phenomenon indicates that the YIG
material shows the bandgap property that forbids the transport of
EM waves in the YIG material, as a result, the one-way energy
fluxes can be strongly localized at the zigzag interfaces between
the air-hole GPC and the YIG material. As the slope signs of the
red and blue dispersion curves are positive and negative
respectively, the lower and upper zigzag edges will support
right-propagating (red arrow) and left-propagating (blue
arrow) one-way edge states respectively, as shown in
Figure 2B. To exhibit the transport behaviors of one-way edge
states, we use a configuration illustrated in Figure 2C. Two line
sources (white stars) oscillating at a frequency of fs � 5.90 GHz are
placed at the center of upper and lower zigzag edges. The energy
of line sources are confined at the upper and lower zigzag edges
and unidirectionally propagate leftwards and rightwards
respectively, in exactly agreement with the calculated results of
Figures 2A,B.

Then, we calculate the projected band structure of air-hole
GPC along the armchair edges, whose lattice constant is

�

3
√

a.
Their dispersions are calculated by adopting a supercell
consisting of eight honeycomb lattices in one column, as
plotted in Figure 2E. On the one hand, the calculated results
illustrated in Figure 2D show that there exist two red and blue

FIGURE 1 | Oblique-view of a rectangular air-hole honeycomb
gyromagnetic photonic crystal. There exist two zigzag edges (blue) and two
armchair edges (orange) along the x and y directions, respectively. The lattice
constant along the zigzag edge is a, but that along the armchair edge is
��

3
√

a. The thickness of this air-hole GPC is h � 0.1a � 0.3 cm, and the radius of
air-hole is r � 0.8 cm. The lower right panel is a partial schematic diagram.
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dispersion curves dwelling the bandgap (green region) with a
frequency range of 5.52∼6.21 GHz, and their slopes are opposite.
On the other hand, Figure 2E exhibits that the electric fields of
eigenmodes 1 and 2 are concentrated at the armchair edges. Thus,
there also exist two counter-propagating one-way edge states at
the two parallel armchair edges.When two line sources oscillating
at fs � 5.90 GHz are placed at the upper and lower armchair
interfaces, the left- and right-propagating one-way edge states can
be excited respectively, as seen in Figure 2F. Consequently, these
numerical simulations exhibit that both zigzag and armchair
edges of air-hole honeycomb GPC support the one-way edge
states in the green region with a frequency range of 5.52 ∼
6.21 GHz (their bandwidth is about 11.8%).

TOPOLOGICAL ENERGY FLUX LOOPS OF
ARBITRARY GEOMETRIES

We have demonstrated the one-way transmission property of
edge states existing at both zigzag and armchair edges. Now, we
proceed to show the transport robustness of these one-way edge
states in the presence of various types of defects, imperfections
and sharp corners on the path. We must note that in our
simulations, there exist two parallel perfect electric conductors
clamping the air-hole GPC along the vertical direction (z
direction) to avoid energy fluxes radiating into air. The line

source (white star) oscillating at fs � 5.90 GHz is placed at the
lower zigzag interface. Figure 3A shows the simulated result of
one-way edge states in a perfect rectangular air-hole honeycomb
GPC without any imperfections. The one-way edge states
propagate along the zigzag and armchair interfaces to form a
counterclockwise energy flux loop. Then, an imperfection
interface can be created by moving a line of five air holes at
the lower zigzag edge along the y direction with a distance of
0.55a, and the original positions of the moved air-holes are
marked as five dotted circles, as plotted in Figure 3B. The
electric field distribution shown in Figure 3B reveals that this
imperfect interface still allows the EM wave propagating in one
direction and forbidding backscattering. Figure 3C exhibits
another common defected interface that can be constructed by
replacing a honeycomb lattice of six air holes with six YIG
cylinders of same size. As illustrated in Figure 3C, a new one-
way interface between the air-hole GPC and the YIG material can
be created, so that the edge states can turn around the defects
without any back-reflection. We proceed to consider a regular
right-angled trapezoid air-hole GPC including three types of
sharp corners (60°−turn, 90°−turn and 120°−turn) and two
types of edges (zigzag and armchair edges), as illustrated in
Figure 3D. The schematic diagram of the partial structure
(black dotted rectangle) is shown on the right panel of
Figure 3D. It is a very common configuration in the previous
works to be usually used to verify the transport robustness of

FIGURE 2 | Topological one-way edge states at zigzag and armchair edges of a rectangular air-hole honeycombGPC. (A–C) Zigzag edges. (D–F) Armchair edges.
(A, D) Projected band structures. (B, E) Eigenmodal fields. (C, F) Electric field distributions. Blue and red arrows indicate the left- and right-propagating one-way edge
states respectively, and white stars represent the line sources oscillating at a frequency of fs � 5.90 GHz. The frequency at the black dotted lines is fs � 5.90 GHz, and the
bandgap are marked as the greed region with a frequency range of 5.52 ∼ 6.21 GHz.
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topological edge states against the sharp corners. The simulated
electric field distribution shows that the energy fluxes are strongly
confined in the zigzag and armchair interfaces of trapezoid air-
hole GPC. They can transport along the lower zigzag edge, climb
over the 120° sharp corner, continue to transport along the tilt
zigzag edge, pass through the 60°−turn to the upper zigzag edge,
bypass the left armchair edge, turn around the 90°−turn at the
bottom left, and finally go back to the source to form a
counterclockwise energy flux loop.

In addition to creating the common defects, imperfections and
sharp corners to demonstrate the transport robustness of one-
way edge states, we proceed to calculate the electric field
distributions in two configurations of irregular interfaces and
unusual sharp corners. Notably, a configurable, controllable and
efficient way to construct these special structures is to fill the YIG
material into the air holes as required. It can be seen that the EM
waves can robustly transport along the atypical zigzag and
armchair edges, and smoothly bypass a 88°−turn and two
144°−turns in a reflection-free way, as shown in Figure 3E.
More intriguingly, the simulated electric field distributions
shown in Figure 3F exhibit that the energy fluxes can almost

perfectly transmit from the lower zigzag edge to the upper edge
although there exist the irregular edges (not the zigzag and
armchair edges) and unusual sharp corners (such as 55°−turn,
125°−turn, and 147°−turn).

We have verified that the topological one-way edge states are
extremely robust against the backscattering from the defects,
imperfections and unusual sharp corners at both regular and
irregular edges outside the air-hole GPCs. Beyond the robust
transport, these results also imply the possibility of implementing
deformed topological energy flux loop of arbitrary geometries. So
we further investigate the transport behaviors of EM waves in the
energy flux loops of arbitrary geometries inside the air-hole
GPCs, including E-shaped, Heart-shaped and Lightning-
shaped energy flux loops, as illustrated in Figures 4A1–C1.
The excitation frequency of line source (white star) is
fs � 5.90 GHz. The electric field distribution shown in
Figure 4A2 shows that the energy fluxes are strongly confined
at the interface of E-shaped loop and travel unidirectionally along
the inside contour of air-hole GPC to form a counterclockwise
energy flux loop. Again, both the contours of Heart-shaped and
Lightning shaped energy flux loop also can be lighted by the line

FIGURE 3 | Topological one-way edge states in air-hole GPCs of various geometries. (A) A perfect rectangular honeycomb GPC. (B) An imperfect zigzag interface
is created by moving a line of five air holes at the lower zigzag edge along the y direction with a distance of 0.55a. (C) A defected zigzag interface is constructed by
replacing a honeycomb lattice of six air holes with six YIG cylinders of same size. (D–F) Three irregular air-hole GPCs of various geometries. The angle of sharp corner is
marked near the corner and the transport interfaces are marked as the red dotted lines.
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FIGURE 4 | Geometry-independent topological energy flux loop. (A) E-shaped loop. (B) Heart-shaped loop. (C) Lightning-shaped loop. (A1–C1) Schematic
diagrams. (A2–C2) Electric field distributions.

FIGURE 5 | Topological leaky wave antennas. (A) Single port antenna. (B) Four ports antenna. (A1, B1) Oblique-view. (A2, B2) Electric field distribution. (A3, B3)
Amplitude of electric field along the upper zigzag interface.

Frontiers in Physics | www.frontiersin.org January 2022 | Volume 9 | Article 8256435

Peng et al. Topological One-Way Edge States

54

https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles


source due to the excitation of one-way edge states, as seen in
Figures 4B2,C2. These simulated results exhibit that the
geometry-independent topological energy flux loops can be
created in the air-hole GPCs, which may provide the great
opportunity to develop complex topological circuitry of
arbitrary geometries for the robust transport of photons in
classical wave regimes.

TOPOLOGICAL LEAKY WAVE ANTENNA

We have mentioned above that when the metallic plates of air-
hole GPC in vertical direction are removed, EM waves will leak
into air. When the propagating wave is leaked out in air through a
opened port, a leaky wave antenna will be formed [42, 43].
Utilizing this peculiar property, we can introduce small holes
(or ports) in metallic plates (yellow) to allow EM waves to radiate
outwards, thus, to achieve topological leaky wave antenna. It
should be noted that one-way edge state in the rectangular air-
hole GPC system shown in Figure 3A is a closed energy flux loop
surrounding entire system. To suppress one-way energy fluxes
making a full round trip to affect the energy of line source, holes
or ports we introduced should be guaranteed that all electric field
amplitudes are released before making a full round trip.

We first consider a topological leaky wave antenna with a simple
configuration. Only one antenna port (Port 1) of a size of 9.0× 6.3 cm
above the upper zigzag edge is opened, and its schematic diagrams are
illustrated in Figure 5A1. The simulated results displayed in
Figure 5A2 show that when the one-way energy fluxes reach Port
1, all of them directly leak into the air. As a result, no energy fluxes
continue to propagate forwards to form a closed energy flux loop. The
electric field amplitude distributions along the upper zigzag edge
shown in Figure 5A3 also exhibit that when EM wave meets Port 1,
the amplitude of its electric field sharply drops to zero, exactly in
agreement with our expectations. It should be noted that attributed to
the one-way nature of edge states, the output port does not
backscatter any EM wave to affect the radiation property of line
source. In contrast, in the conventional trivial leaky wave antennas,
the energy fluxes backscattered from the output port will reflect back
to the previous transport channel and even transmit back to the line
source, thereby affecting the energy transmission and radiation
efficiency in the whole antenna system. Therefore, the one-way
property of edge states can overcome entirely the issue of back-
reflections and simplify the design of the leaky wave antenna.

On the other hand, we proceed to investigate the design of a
topological leaky wave antenna array, made by cascading four
antenna ports in the top metallic plate one after the other, as
plotted in Figure 5B1. The size of these antenna ports is 1.6 ×
1.6 cm, and the distance between the neighboring ports is 12.0 cm. As
seen in Figure 5B2, when the energy fluxes reach Port 1, about 75%
of them are released into air, and the rest continues to propagate
forwards along the upper zigzag edge. All of energy fluxes will be
completely leaked into air until they reach Port 4, as shown in
Figure 5B3. Certainly, one can change the energy radiation ratio by
modifying the size of each port and the distance between the
neighboring ports. Similarly, because the backscattering of the
topological one-way edge states is forbidden, the antenna ports do

not scatter back any EM waves, so that the second port with further
downstream will not affect the output properties of the first port.
However, for the conventional trivial leaky wave antennas, the energy
fluxes will be scattered back from the second port and transmitted
backward through the first port, so that the backscattering of output
port has a significant influence on the energy transmission and
radiation efficiency in the whole antenna system. Notably, this
backscattering has also significant consequences in many other
systems, specifically those systems seeded by a master oscillator
whose performance may be strongly affected by reflected signals.
It should be emphasized that by introducing the irregular edges of
arbitrary geometries into the air-hole GPCs, the geometry-
independent topological leaky wave antenna can also be realized.

CONCLUSION

In summary, we have demonstrated that the topological one-way
edge states could exist in a rectangular air-hole honeycomb GPC
biased by an external magnetic field. We have studied the projected
band structures of zigzag and armchair edges and they both
exhibited the transport behaviors of the topological one-way edge
states. Besides, we have demonstrated that these unique states are not
only strongly robust against various types of defects, imperfections
and sharp corners, but also can unidirectionally transport along
irregular edges of arbitrary geometries. Moreover, we have utilized
the one-way property of edge states to overcome entirely the issue of
back-reflections and provided the design of topological leaky wave
antennas. Our findings open a new door towards the observation of
nontrivial edge states in the air-hole topological photonic systems,
and show the prototype of robustly topological photonic devices,
such as geometry-independent topological energy flux loops and
topological leaky wave antennas.
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Multiple One-Way Edge Modes in
Sonic Crystals With Large Chern
Numbers
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1National Laboratory of Solid State Microstructures and Department of Materials Science and Engineering, Nanjing University,
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The quantum Hall effect (QHE) associated with Chern insulators reveals the non-trivial
topological properties of two-dimensional electronic systems subject to strong magnetic
field, which features finite Chern number C and chiral edge states. The latter promise
robust electron transport and have received tremendous attention in both the condensed
matter physics and classical systems including photonics and acoustics. In acoustics,
circulating air flow has been introduced to create an effective gauge magnetic field, which
breaks the time-reversal symmetry and leads to chiral edge states for acoustic waves.
While the robust edge states may offer possible routes towards acoustic devices yielding
unidirectional sound propagation, e.g., acoustic diodes, the mode density at the interfaces
is limited by small Chern numbers of ± 1. Here, we realize acoustic Chern insulators with
large Chern numbers, i.e., |C|≥ 1 (|C| = 1, 2, 3, 4). The system is based on circulating air
flow in a sonic crystal (SC) with fourfold rotational symmetry. The large Chern numbers are
obtained by breaking multiple accidental degeneracies at (non-)high-symmetric points.
Based on these Chern insulators, acoustic diodes are realized by joining structures of
different Chern numbers. Up to eight propagation modes are supported on the interfaces,
greatly improving the mode density and hence the propagation efficiency. Our design
offers possible routes towards high-efficient and topologically robust acoustic diodes,
which may further inspire acoustic non-reciprocal devices based on topological Chern
insulators. Experimentally, our proposals can be realized based on angular-momentum-
biased resonator arrays.

Keywords: large chern numbers, one-way edge states, quantum hall effect, acoustic diodes, topological protection

INTRODUCTION

The concept of topology has generated great research interest in the last few decades [1–10]. It was
first introduced into the field of condensed matter physics to explain many phenomena beyond the
scope of the traditional Landau symmetry breaking theory [11], for example, the QHE with broken
time-reversal symmetry [12–15] and the quantum spin Hall effect based on spin-orbit coupling
[16–19]. Thouless et al. found that band structures of certain materials, determined by the wave
vector k in momentum space, have nontrivial topological properties, and materials in different
topological phases cannot change smoothly into one another [20]. At their interfaces, topological
interface states emerge where the electrons can only propagate at the interfaces and do not enter the
bulk [21]. Such interface states exhibit the characteristics of robustness, immunity to defects, and
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one-way transport, and therefore promise unprecedented
applications in dissipationless electronics [22]. Later, the band
topology theory was introduced into the fields of photonics and
phononics, and quickly became a hot topic in recent years
[23–36]. In electronics and photonics, external magnetic fields
are applied to break the time-reversal symmetry. However, in
acoustics, due to the lack of interactions between sound waves
and magnetic fields, breaking the time-reversal symmetry faces
considerable challenges. Recently, it was proposed that circulating
air flow can act as an equivalent magnetic field for sound and
therefore provides an effective technique to break the time-
reversal symmetry in acoustics [37]. By using this technique,
acoustic Chen insulators are realized, as an analogy of the QHE,

supporting robust and unidirectional interface states for sound
[27, 28, 30, 31].

The Chern number (denoted as C), a type of topological
invariants, is often used to describe the topological properties
of the QHE systems [38, 39]. When the Chern number is non-
zero, the system is topologically nontrivial and can be referred to
as a Chern insulator. The value of the Chen number determines
the number of the one-way edge modes. In the previous studies
for QHE, the Chern number has been limited to |C| � 1, while
realizing large Chern numbers has many practical meanings, such
as increasing the mode density to reduce the contact resistance of
circuit interconnections and to improve the coupling efficiency,
in a similar way as reducing the potential for traffic congestion by

FIGURE 1 | An acoustic Chern insulator with C = 1. (A) Schematics of the proposed SC with C4v symmetry. The anticlockwise air flow is depicted by red arrows in
each unit cell. The inset in the lower right corner is the first Brillion zone (BZ). Geometric parameters for the SC are also listed. (B) Bulk band structure of the SC without air
flow, showing one quadratic degeneracy at the M point (marked by a red triangle). (C) The same as (B), only with a non-zero anticlockwise air flow ( �v � 50 m/s). The
quadratic degeneracy is lifted and a full band gap is opened ranging from 982.5 to 997.75 Hz, as indicated by the grey shading. (D) Projected band structure of a
ribbon supercell of the SC enclosed in the lower and upper directions by rigid boundaries. (E) Pressure field distributions of the lower and upper edgemodes at 996.7 Hz,
corresponding to those marked in (D). Note that for the sake of clarity, only partial of the supercell is presented. The red and blue arrows indicate the opposite directions
of the energy flow for these two edgemodes. (F) The intensity field distributions of the one-way edge modes excited at 996.7 Hz by a point source. The red star indicates
the position of the source and the red arrows indicate the propagation direction. (G) The same as (F), only with local perturbations deliberately introduced on the edges
(as highlighted by the red dashed boxes).
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expanding the roadways. In acoustics, similar properties are
required for unidirectional sound control with large mode
density and high efficiency. However, Chern insulators with
Chern number lager than one were only discussed in
electronic materials [40–45] and photonic crystals [46–48]. In
acoustics, such an advance has been absent.

In this work, we realize acoustic Chern insulators with large
Chern numbers up to four in a SC with circulating air flow. Our
system has a fourfold rotational symmetry. Such a reduced
symmetry from the previously adopted C6v symmetry of the
graphene-like honeycomb lattices [28] offers a more efficient way
to construct multiple linear (Dirac) and quadratic degeneracies.
By applying air flow, these degeneracies can be simultaneously
lifted, leading to band gaps with large Chern numbers. By tuning
the geometric parameters, we realize multiple Chern insulators
with |C|≥ 1 (|C| � 1, 2, 3, 4). Based on these Chern insulators,
acoustic diodes with large mode density are realized by joining
structures of different Chern numbers, forming a diode network,
where up to eight unidirectional sound “roadways” are obtained
for each diode channel.

DESIGNS AND RESULTS

Acoustic Chern Insulators With Circulating
Air Flow
The proposed SC is schematically shown in Figure 1A. Each unit
cell with a lattice constant a consists of a rigid cylinder of radius
ri at its center. A ring cavity of ri < r< ro is filled with an
anticlockwise circulating air flow and outside the cavity
(i.e., r> ro) is the stationary air. The ring cavity and the
outside region are separated by a thin impedance-matched
layer at radius ro. This layer has two functions. One is to
avoid the interaction between fluids in different regions, and
the other is to guarantee full sound transmission from the cavity
to the outside region and vice versa [30].

As discussed above, in electronics and photonics, external
magnetic fields break the time-reversal symmetry, while in
acoustics, circulating air flow acts as an equivalent magnetic
field to break the time-reversal symmetry for sound, which
leads to band gaps of non-zero Chern numbers. To see this,
we first present in Figure 1B the band structure of the SC in
Figure 1A (here, we refer to it as SC1), without air flow. A
quadratic degeneracy is observed at the high symmetric point M
(marked by a red triangle), which, upon introducing the air flow
with a velocity of �v � 50 m/s, is lifted and a full band gap is
opened, as shown by the grey shading in Figure 1C. This gap
carries a Chern number of C = 1 (as will be further discussed
later). The non-zero Chern number promises robust one-way
edge states at interfaces between materials of different topological
phases, i.e., materials with different Chern numbers. As shown in
Figure 1D, the projected band structures of a ribbon supercell of
SC1 consisting of 1 × 20 unit cells are presented. The upper and
lower boundaries of the supercell are enclosed by hard boundaries
which can be considered as topologically trivial with C = 0. It can
be seen from the figure that two dispersion curves emerge in the
band gap, connecting the lower and upper bulk states. These

dispersion curves correspond to the one-way edge states, which
counter-propagate at the bottom (blue) and upper (red)
boundaries, as exemplified by the pressure field distributions
for two marked modes (Figure 1E).

A smoking-gun feature of the edge states in QHE systems is
their unidirectionality and topologically protection. In Figure 1F,
we conduct simulations on the propagation of the edge states in a
finite structure made of 32 × 20 SC1 unit cells, which are enclosed
by hard boundaries in the lower, upper and right directions while
the left boundary is imposed by an absorbing boundary. The
excitation is launched by a point source at the center of the lower
boundary (denoted by the red star) with a frequency of 996.7 Hz
(the same frequency as the marked eigen-states in Figure 1D). It
is seen that despite the central position, the point source only
excites the rightward edge states, which travel anticlockwise,
consistent with the unidirectionality identified in Figures
1D,E. To further see the robustness of the one-way edge
states, some local perturbations, including defects with several
missing cells and disorders of reversed air flow, are deliberately
introduced on the propagation route of the edge states.
Surprisingly, it is shown that the edge states can go around
these perturbations, as well as the sharp bends of 90°, and
maintain their propagation without backscattering (Figure 1G).

Multiple Degeneracies at
Non-High-Symmetric Points and Large
Chern Numbers
The calculation of Chern numbers relies on the integration of
Berry curvature over the entire BZ and has been a well-developed
technique in studying the QHE systems [49–51]. Here, instead of
conducting such a calculation, we can obtain the Chern numbers
for each acoustic band gap intuitively from the bulk band
structures. Specifically, for the linear degeneracies (i.e., the
Dirac points), each of the two upper and lower bands
connecting a pair of Dirac points can acquire a non-zero
quantized Berry flux when gapped by breaking the time-
reversal symmetry, i.e., one Dirac point contributes a π Berry
flux and a pair sums to 2π [38, 47]. A 2π Berry flux change across
the band gap indicates a Chern number of ± 1. This means when
n (n≥ 1) pairs of Dirac degeneracies are gapped by the circulating
air flow, the Chern numbers of the target gap is n or −n,
depending on the air flow direction (an anticlockwise air flow
induces positive Chern numbers while the clockwise air flow
induces negative Chern numbers). For the quadratic
degeneracies, since each quadratic point consists of two Dirac
points [52], it singly contributes a Chern number of ± 1. Take the
example in Figures 1B,C, where a quadratic point at the high-
symmetric point M (at the BZ corner) is gapped by the air flow.
Considering its distribution over the entire BZ, four 1

4-quadratic
points count to one complete quadratic point, giving rise to C = 1
for anticlockwise air flow and C � −1 for clockwise air flow.

From above analyses, it is seen that in order to obtain large
Chern numbers, a straightforward way is to construct as many
degenerate points as possible. In the following, we demonstrate
that this can be realized in our system by tuning the geometric
parameters, which can help to construct degenerate points not
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only at high-symmetric points but also at non-high-symmetric
points. In Figure 2, we show the Chern insulator with C � 2. The
SC (referred to in the following as SC2) still has the same design as
that in Figure 1A, only the geometric parameters are slightly
changed. As a result, a linear Dirac point on the XM line is
formed, as shown in Figure 2A where the Dirac point is marked
by a red circle. After introducing air flow, this degeneracy is lifted
and a full band gap is opened (Figure 2B). Applying the rule that
we discussed above, eight 1

2-Dirac points on the BZ boundary
count to four complete Dirac points, suggesting a Chern number
of ± 2. The projected band structures for a ribbon supercell
enclosed in the lower and upper directions by rigid walls
indeed provide evidence. As shown in Figure 2C, there are
two pairs of edge states emerging in the band gap, with each
corresponding to the lower or upper edge. The mode profiles of

the pressure field distributions in Figure 2D further show that
one of the two pairs is localized on the lower boundary with an
energy flow in the forward direction while the other pair is
localized on the upper boundary with an energy flow in the
backward direction, consistent with the predictions.

We also conduct simulations to verify the one-way
propagation for the edge states and their robustness against
local perturbations. As shown in Figure 2E, a finite structure
made of SC2 with 32 × 20 unit cells and enclosed by rigid walls is
constructed where a point source is placed at the center of the
lower boundary. The excitation is launched at 996.7 Hz. Similar
as the edge states for C � 1, only the rightward propagation is
excited, indicating the unidirectional properties. Differently, in
this structure, due to the increased Chern number, each edge
supports two edge modes with a broader “roadway” than that in

FIGURE 2 | Band structures and one-way edge modes in SC2 with C � 2. SC2 has the same design as SC1, only that the geometric parameters are slightly
changed (as listed in the figure). (A,B) Bulk band structures of the SC2 with and without air flow. The red circle marks a Dirac point on the XM line. The grey region
indicates the band gap for SC2, ranging from 994.25 to 997.5 Hz. (C) Projected band structure of a ribbon supercell of SC2 enclosed in the lower and upper directions
by rigid boundaries. (D) Mode profiles for the eigen-states marked in (C) at 996.7 Hz. (E) The intensity field distributions of the one-way edge modes for C � 2
excited at 996.7 Hz. (F) The same as (E), only with local perturbations. (G,H) Edge modes propagation in structures joined by SC1 with C � 1 and SC2 with C � 2.
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Figure 1F. This can be seen from the apparently widened mode
profiles in the perpendicular (to the propagation direction)
direction. Further simulations on the edge state propagation
with the presence of local perturbations also confirm that the
edge modes for C � 2 are robust (Figure 2F).

As mentioned above, the number of edge states on an
interface made of different materials is determined by the
difference between their Chern numbers. This, combined
with the unidirectionality, suggests by joining different
Chern insulators, the edge modes can be effectively
controlled for how many edge modes can be supported
and which direction the edge modes propagate. For
example, when we join a Chern insulator with C � 2 to the
one with C � 1, at their interface, there will be 2 − 1 � 1 edge
mode. Depending on different joining directions, the edge
mode also propagates in different directions. As shown in
Figures 2G,H, where two Chern insulators with C � 1 and 2
are glued respectively in the y-direction and in the
x-direction, they present interesting propagation behaviors.
When the gluing is in the y-direction (Figure 2G), a point
source from the upper-left port-entrance launches downward
edge modes carrying two sound channels. Upon reaching to
the gluing interface, these two channels are split into two
directions, with one continuous in the downward direction
while the other propagating in the rightward direction. When
the gluing is in the x-direction (Figure 2H), signals from the
lower-left port-entrance initially travel in the two rightward
“roadways” and after a distance, they partially continue
travelling rightward with the rest split into the upward
“roadway”.

The above results demonstrate that using insulators with large
Chern numbers, versatile unidirectional sound control can be
realized, which motivates us to search for even larger Chern
numbers. In the following, we report the realization of Chern
insulators of C � 3 (referred to as SC3) and C � 4 (referred to as
SC4). Figure 3A presents the bulk band structure for SC3 without
air flow, showing a quadratic point (red triangle) at the high
symmetric point M and a linear Dirac point (red circle) on the M
Γ line, which are simultaneously gapped upon introduction of air
flow (Figure 3B). According to the rule to determine the Chern
number, these degenerate points lead to C � 3. The projected
band structures for the ribbon supercell in Figure 3C and the
corresponding mode profiles in Figure 3D indicate that indeed a
Chern insulator with three edge states on each boundary is
realized. In Figures 3E–H, similar studies as that in Figures
3A–D are conducted, only the geometric parameters are again
modulated, giving rise to two Dirac points (red circles in
Figure 3E) at the BZ boundaries, which contribute a Chern
number of C � 4 in SC4. The projected band structures for the
ribbon supercell and the associated mode profiles verify the
existence of four one-way edge modes on each boundary in
this type of Chern insulator.

Here, we briefly discuss the non-Hermitian properties in the
systems with circulating air flow. In general, there are two sources
that can introduce non-Hermiticity into the system. One is the
viscous dissipation induced by the friction between the acoustic
waves and the high-speed circulating air flow. The other comes
from the energy exchange between the system and the
environment that drives the circulating motions [53]. In our
studies, we neglect the viscous dissipation for simplicity (which

FIGURE 3 | Band structures and one-way edge modes in SC3 with C � 3 and SC4 with C � 4. (A–D) Respectively the bulk band structures for SC3 without air
flow, with air flow, the projected band structure of the ribbon supercell and the associated mode profiles of the one-way edge modes. The geometric parameters for SC3
are listed in (A). (E–H) The same as that in (A–D), only for SC4 with C � 4. The geometric parameters of SC4 are listed in (E). All marked edge modes are at 996.7 Hz.
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essentially is another form of energy exchange, i.e., that of sound
and heat). For the latter source, the aerodynamics is adopted to
characterize the energy exchange, which is implemented by the
Aeroacoustics module in the commercial finite element software
COMSOL. We find that the one-way edge states exhibit
interesting behaviors. It is shown that the edge-state bands can
be folded and consequently the edge states within the same band
can have two opposite propagation directions (Figure 3C). Such a
band folding, according to Ref. [53], is resulted from the anti-
resonances induced by the circulating air flow. This phenomenon
becomes especially visible when the filling fraction of the air flow

gets larger and the edge states can be folded more than once, as
shown in Figure 3G. These results offer an interesting perspective
on active non-Hermiticity (i.e., non-Hermiticity induced by
sources, external fields, external motions, etc.,) and its possible
novel phenomena, yielding further explorations.

Acoustic Diodes Created by Joining
Structures of Different Chern Numbers
As discussed above, the sign ofC can be changed when the air flow is
reversed. This means with our designs, there are up to eight types of

FIGURE 4 | Acoustic diode networks constructed by joining structures of different C. (A,B) Schematics of the acoustic diode networks. Numbers in black indicate
the Chern number for each Sudoku section and the green numbers illustrate the number of edge modes in each channel. Black arrows depict the unidirectionality for the
sound propagation. Thick red lines represent rigid walls while the rest boundaries are imposed by absorbing boundaries. The output ports are marked by the diode icons
with the red thick numbers inside them indicating howmany modes are outputted from the corresponding port. (C,D) Acoustic intensity field distributions for point
source excitations in the diode networks shown in (A,B). The source locations are marked by red stars and the excitation frequency is chosen as 996.25 Hz (E,F) The
same as (C,D), only that the excitations are launched by two outside-coming signals (indicated by red stars).
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Chern insulators with C � ± 1, ± 2, ± 3, ± 4, where the four
positive numbers are enabled by the anticlockwise air flow while
the four negative numbers are induced by the clockwise air flow. By
joining these Chern insulators, we realize an acoustic diode network
containing multiple interface channels and ports that support various
types of “roadways”with different “lanes”. As schematically illustrated
inFigures 4A,B, the diode network consists of a Sudoku-like structure
with the outer eight sections filled with the Chern insulators with
C � ± 1, ± 2, ± 3, ± 4 while the center section is a rigid void
offering rigid walls for the outer sections (the rigid walls are
highlighted by the thick red lines). The number labeled in each
section represents the corresponding Chern number and the green
numbers on the interfaces indicate the “lane” numbers. Eight output
ports are created, which provide versatile unidirectionalities with
different channel directions and up to 8 “lanes” (as indicated by
the diode nodes and the red thick numbers labeled in each diode).

To visualize how this diode network works, we conduct
excitation simulations. In Figure 4C, a point source is placed
at the interface between C � 1 and −1 (indicated by a red star),
which excites both leftward and rightward edge modes. The
leftward one directly goes to the Port 1 while the energy
carried by the rightward edge mode splits into two directions
upon reaching to the interface between C � 2 and −1, with a
substantial amount of energy flowing into the downward output
channel (to Port 3) as it supports three edge modes and can carry
more energy. The upward energy continuously flows, eventually
going out from Port 5 when reaching to the interface between
C � 3 and −2 and from Port 7 when reaching to the interface
between C � 4 and −3. When we reverse the air flow direction, on
the other hand, different functions can be obtained. As shown in
Figure 4D, the point source is located at the lower-right corner of
the section with C � 4. Its excitation now travels upwards and
sends substantial amount of energy into the output channel of
Port 8 which carries 8 “lanes” and is a considerably wide
“roadway” for energy flowing. The rest energy is split into the
rightward direction and successively goes out from Port 6, Port 4
and Port 2.

In addition to the excitations from a point source inside the
network, these eight unidirectional sound channels can be
launched from outside signals. As shown in Figures 4E,F, the
input signals from the bottom of the −1/1 interface (Figure 4E)
and from the top of the −4/3 interface (Figure 4F) also excite
similar unidirectional one-way edge modes as that in Figures
4C,D, which eventually also go out from the Port 1 to Port 8. By
further controlling the input signals, we can also turn off certain
output ports. For example, if we have an input signal from the
right of the −2/2 interface in Figure 4A, the Port 1 will be disabled
as no energy is allowed in the left direction due to the
unidirectionality. Similarly, if the input signal is from the right
of the −3/2 interface in Figure 4B (with reversed air flow), the
Port 8 will be disabled. Using similar ways, a flexible topological
switch for these unidirectional diodes can be realized.

It should be pointed out that within each port, the multiple
one-way edge transport suffers certain mode beating effect,
i.e., different modes can crosstalk with each other via
interferences. A direct evidence is the change of modal
pattern. As shown in Figure 2E, when the launched edge

states from the bottom edge go across the lower-right 90°

bend into the right edge, the modal pattern changes. When
the edge states go into the upper edge, the modal pattern
changes again. This is different from the single edge state
propagation shown in Figure 1F where the modal pattern
maintains the same across the bottom, right and upper edges.
This beating effect also exists in the acoustic diodes with multiple
propagation channels, as shown in Figures 4C–F. This is a
common phenomenon when multi-modes are travelling in
close proximity to each other [54]. While the mode beating
analysis is out the scope of this work, it can be performed
using several methods, e.g., interferometry [55], correlation
filtering [56] and spectral imaging [57]. By implementing
these methods, how each mode in a multiple-modal system
contributes to its neighbors in terms of profiles and weights,
as well as their relative phases that determine the output focal
spots, can be determined.

CONCLUSION AND DISCUSSION

In conclusion, we have realized acoustic Chern insulators with
large Chern numbers in SCs based on circulating air flow. We
identify a simple rule to obtain large Chern numbers, which relies
on the number and type of dispersion degeneracies in the bulk
bands. More degenerate points suggest larger Chern number.
Based on such a rule, we tune the geometric parameters of our
SCs to construct multiple degenerate points, which accordingly
give rise to large Chern numbers up to 4. This rule is universal in
QHE systems and therefore can guide the designs of large Chern
numbers in other systems. By joining structures of different
Chern numbers, we design an acoustic diode network, which,
further facilitated by controlling air flows, exhibits robust and
versatile unidirectionalities with controllable directions and up to
8 flowing “lanes” that can carry great amount of energy due to the
high mode density. Our results demonstrate the high potential of
Chern insulators with large Chern numbers, which can inspire a
wide range of applications in nonreciprocal (integrated) acoustics
and photonics, such as diodes, unidirectional sound/light control
and directional topological lasing. These results can be
experimentally tested in angular-momentum-biased resonator
arrays, which recently are found to be experimentally
feasible [58].
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Recent Progress in Chiral Topological
Quantum Interface
Ping Jiang*, Na Ma, Xiaozhen Qiao and Hui Zhang

College of Science, China University of Petroleum (East China), Qingdao, China

Chiral quantum optics and Topological photonics are both emerging field of research,
which have attracted great attention in recent years. Chiral quantum optics provides a new
approach to achieve full quantum control of light-matter interaction in a novel manner,
which has potential possibility for the implementation of complex quantum information
networks. Meanwhile, topological photonics provides a novel route for designing and
realizing optical device with unprecedented functionality, such as robust light propagation,
the immunity to various structural imperfection, back-scattering suppression as well as
unidirectional transmission. The application of topological photonics in chiral quantum
optics will promote the whole performance of integrated quantum device with topological
protection. In this review, we summarize the progress of chiral quantum optics and
topological photonics firstly. Then, we mainly focus on the research of topological chiral
edge states based on photonic quantum spin-Hall effect and photonic quantum valley-Hall
effect. Furthermore, we introduce the recent work of chiral topological quantum interface
formed by embedding quantum dot into the interface between two topologically distinct
photonic crystal structures. At last, we give short outlook on the future development
direction and prospect for application of topological chiral quantum interface.

Keywords: chiral quantum optics, topological photonics, chiral topological quantum interfaces, integrated quantum
devices, quantum dot

INTRODUCTION

A single photon interacting with a single quantum emitter is the canonical setting of quantum optics,
while the central goal of which is to develop techniques for complete control of light–matter
interaction at single quanta level [1]. Chiral interfaces provide a new approach to quantum control of
light–matter interaction. The coupling between light and emitter depends on the propagation
direction of light and the polarization of the transition dipole moment of the emitter. Then the
photon–emitter interaction becomes non-reciprocal, which means that forward- and backward-
propagating photons interact differently with the emitter. The photon emission and absorption even
becomes unidirectional in the most extreme case [1]. By suppressing the decoherence caused by the
surrounding environment, it has potential possibility for the implementation of quantum many-
body systems that promotes the speedy development of complex quantum information networks [2].
Many research groups have paid great attention to chiral quantum optics and started to explore
intrinsic correlations relating to spin-momentum locking and unidirectional propagation [3–8].
Although numerous efforts have been made, several limitations still exist in this research area which
seriously restrict the further development of on-chip integrated quantum networks and information
processing. Quantum systems are more susceptible to changes of surrounding environment
including external disturbance and internal structural imperfection, especially for more complex
multi-body system. Fortunately, the advent of topological photonics provides new strategy for
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addressing the awkward problems and promoting the whole
performance of integrated quantum device with topological
protection.

Topological photonics has attracted extensive attention
recently due to the unique optical behaviors, including robust
light propagation, the immunity to various structural
imperfection, back-scattering suppression as well as
unidirectional transmission [9–16]. Most remarkably, chiral
edge states with topological protection exist in the interface
between two topologically distinct regions, allowing for the
robust and directional propagation of light along the interface.
Robust propagation of light in chiral edge states protected by
topology is first demonstrated both theoretically and
experimentally in Ref. [16] and then all kinds of intriguing
physic phenomena based on photonic quantum Hall effect
[18, 19], photonic quantum spin-Hall effect [20–23], and
photonic quantum valley-Hall effect [24, 25] have been
observed in different designed topological structures.
Combining of chiral quantum optics with topological
photonics to form chiral topological quantum interfaces
promotes the further development of high-performance
quantum integrated circuits and complex cascaded quantum
systems [26, 27].

Herein, we review the recent progress in chiral topological
quantum interface. Firstly, we provide a brief introduction of
chiral quantum optics and topological photonics in Progress in
Chiral Quantum Interface and Topological Photonics. Then we
focus on chiral topological quantum interface combined with
quantum emitters in Realization of Chiral Topological Quantum
Interface. At last, we give a conclusion and a brief discussion for
potential prospect in quantum integrated networks in Conclusion.

PROGRESS IN CHIRAL QUANTUM
INTERFACE AND TOPOLOGICAL
PHOTONICS
Chiral quantum optics as an emerging research field has attracted
substantial attention. Some exotic physic phenomena in this field
cannot be explained by conventional quantum optics. The advent
of chiral quantum optics explains the intrinsic relationship
between the unidirectional propagation of light and
polarization of the emitter, which opens an intriguing research
area and provides an in-depth understanding of light generation,
propagation, and manipulation. If light with spin-momentum-
locking can be coupled to the emitter with polarization-
dependent dipole transition, the propagation direction of light
will be determined even in some extreme case. Furthermore,
propagation-direction-dependent emission, scattering, and
absorption of photons from quantum emitters will be also
obtained, which is a non-reciprocal process and a basic
operation principle of chiral quantum optics [28, 29]. This
chiral feature tends to appear in some specially designed
nanostructures due to tightly transverse confinement of light,
such as waveguides and nanobeams which will connect
polarization property of the emitter and propagation direction
of light due to spin-orbit coupling [30–32].

In recent years, chiral quantum optics has been investigated
extensively and this spin-momentum-locked unidirectional
propagation of light has been experimentally demonstrated in
various dielectric [6, 8, 33–35] and plasmonic [36–39] photonic
nanostructures. In these nanostructures, the strong transverse
confinement of light, which is perpendicular to the propagation
direction, naturally leads to a longitudinal component of the
electric field. The transverse and longitudinal components of
electric field produce π radian oscillations out of phase with each
other, leading to an elliptically polarized electric field with spin
angular momentum. The sign generated in this process
determines the propagation direction of light which is forward
or backward. Thus, the propagation direction of light reverses
with the inversion of this sign. Considering the interaction
between spin-momentum-locked light and quantum emitter,
only when the polarization of transition dipole moment of the
emitter is matched with local polarization of propagation
direction of light, can the directional emission be appearing at
this point. Some exactly engineered photonic crystal waveguides
and nanocavities have been demonstrated as a promising
platform to tailor interaction between light and matter due to
their ability to lock polarization of photons to their propagation
direction and realize unidirectional transmission of emitted
photons [40–43]. For example, a broken-symmetry glide-plane
waveguide can provide circularly polarized field mode at the
maximum of field intensity, which cannot be observed in other
conventional waveguides [44]. A number of associated
experiments have been implemented. Besides, this chiral light-
matter interaction between photonic nanostructure and quantum
emitter has also been realized in other structures, such as
nanobeam waveguides [34, 45], optical resonators [46, 47],
and metamaterials [48]. Here, more details about systematic
theoretical research and applications for chiral quantum
interface in conventional nanostructures have been reviewed in
Ref. [49].

A well-defined chiral quantum interface can not only enhance
chiral light-matter interaction but also suppress massive
transport loss. But disappointingly, the back-scattering loss
and imperfect directionality caused by inherent fabrication
impurities and disorders have negative influences on operation
efficiency and information fidelity of quantum photonic circuits,
which become extremely worse for long transmission length.
Fortunately, topological photonic structures have great ability to
solve these problems owing to their immunity to structural
imperfections and robust propagation of light.

In 2005, Haldane and Raghu introduced the concept of
topology to the realm of photonics [50, 51]. Then a new class
of research perspective named topological photonics is opened
up, which enables the massive potential possibility for realizing
various functional integrated photonic devices and on-chip
integrated photonic circuits with built-in protection.
Topological photonics has attracted widespread interest once
proposed as it provides a new paradigm in the further
development of various robust photonic devices for integrated
quantum photonic circuits and quantum computing [9–13]. The
robust edge states protected by band topology enable the highly
potential possibility for chiral light-matter interaction [52–55],
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which have been observed in various photonic systems, including
1D photonic structures based on SSHmodel and AAHmodel [56,
57], 2D topological photonic structures based on metamaterials,
synthetic gauge field and ring resonator arrays [58–61] as well as
complicated higher dimensional photonic structures [62].
Nevertheless, some limitations existing in these topological
structures impose serious restrictions on the further
development of topological photonic devices and cannot
satisfy on-chip integration requirements. Firstly, some
structures made of gyromagnetic or bianisotropic materials in
photonic quantum Hall systems with time-reversal broken can
only exhibit unidirectional edge states under a strong magnetic
field and cannot be applied in the optical range due to weak
magnetic response [17–19, 59, 63, 64]. Besides, some special
designs such as synthetic gauge field and ring resonator arrays are
so complicated with huge difficulty in nanofabrication and on-
chip integration, which is not similarly compatible with other
photonic devices [60, 61, 65–70].

Two-dimensional semiconductor photonic crystal structures
are promising candidates to solve these problems, as they are
easier to achieve robust topological edge states with
unidirectional transmission and anti-back-scattering and are
less stringent about current nanofabrication techniques.
Moreover, multiple defects and disorders can be introduced by
deforming the shape and size of individual cells to investigate and
verify some robust characteristics [71, 72]. Additionally, various
operating wavelengths like telecommunication wavelength or
even optical regime and different band structures can be
simply realized by engineering structural parameters like
lattice constant, air hole’s radius, and dielectric cylinders
[73–79]. Therefore, these 2D photonic crystal structures are
known as extremely infusive platform to achieve various
integrated photonic devices for on-chip integrated photonic
circuits, like topological circulators [80], on-chip channel
filters [71], and slow-light waveguides [81].

Here we just give a brief introduction to topological photonics.
Next, we mainly focus on the progress of chiral topological
quantum interface based on photonic quantum spin-Hall
effect and photonic quantum valley-Hall effect. More details
about the recent progress and applications of topological
photonics have been reviewed in Refs. [11, 16, 82].

REALIZATION OF CHIRAL TOPOLOGICAL
QUANTUM INTERFACE

An interface formed by connecting two topologically distinct
photonic structures supports chiral edge state with directional
propagation and immunity to back-scattering, which is easy to
constitute chiral topological quantum interface when combined
with quantum emitters like quantum dots (QDs). The
prerequisite for implementing this chiral quantum interface
in topological photonic is the appearance of chiral
topological edge states with spin-momentum locking and
directional transmission. The topological semiconductor
photonic crystal structures have successfully aroused immense
attention due to their compatibility with nano-manufacturing

technology and ease of implementation for on-chip integrated
photonic device [20]. Moreover, these structures can be directly
integrated with quantum emitters such as quantum dots (QDs) to
constitute chiral topological quantum interface with robustness to
some structural imperfection, which enables to immensely improve
the whole performance of integrated photonic devices and
quantum networks [73, 83]. In this section, we will review the
two-dimensional semiconductor photonic crystal structures and
the polarization properties of chiral edge states in the photonic
quantum spin-Hall systems and photonic quantum valley-Hall
systems, respectively. Furthermore, we will introduce the recent
work of chiral topological quantum interfaces formed by
embedding quantum dots into the interface between two
topologically distinct photonic crystal structures.

Chiral Topological Quantum Interface
Based on Photonic Quantum Spin-Hall
Effect
Chiral edge states can be realized in two-dimensional photonic
crystal structures based on photonic quantum spin-Hall effect.
These edge states protected by band topology can propagate in
opposite directions at the interface between two kinds of
topological distinct photonic crystals. In 2015, Wu et al.
provided the theoretical basis of chiral topological edge states
in a photonic quantum spin-Hall system and proposed the
concept of pseudo time-reversal symmetry for the first time
[84]. The considered honeycomb lattice with rotational
symmetry composed of six-sites unit cells can fold two Dirac
cones at K and K’ points into doubly degenerate Dirac cones at Γ
point in the first Brillouin zone. A topological nontrivial
bandgap with nonzero Z2 topology invariant can be opened
by simply deforming the honeycomb while maintaining the
hexagonal clusters and C6 rotational symmetry unchanged, as
shown in Figures 1A,B. Simultaneously, the photonic band
dispersion experience an opened state, a closed state, and a
reopened state when generally changing lattice constant from
larger to smaller, which directly results in a topological phase
transition and a band inversion identified as p± and d± states.
When an interface consisting of two regions with different band
topology is considered, two cross-bands connecting the upper
and bottom bulk band lead to two pseudo spin states with
opposite group velocities appearing within the bandgap as
shown in Figure 1C. These in-gap edge states can be well
located at the interface and exponentially decay into the
bulk. Moreover, it is explicitly concluded from energy flow
represented by Poynting vector shown in Figure 1D that
these two pseudo spin-up and spin-down states respectively
correspond to the left-hand and right-hand circular
polarizations of in-plane magnetic fields for TM mode and
also have a one-to-one correspondence with the propagation
direction of electromagnetic energy, which is the fundamental of
photonic quantum spin-Hall effect [85, 86].

After that, various semiconductor photonic crystal structures
with C6 rotation symmetry and pseudo time-reversal symmetry
that support chiral edge states at the interface have been
intensively investigated both theoretically and experimentally
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FIGURE 1 | (A) Topological photonic crystal structure with honeycomb lattice composed of six cylindrical pillars in each unit cell [84]. (B) Band structure in the first
Brillouin zone for transverse electromagnetic mode with expanding or shrinking the honeycomb lattice. (C) Dispersion relation in the topological interface. The gray
regions indicate bulk modes and the red curves indicate topological edge states within the bandgap. (D) Distribution of electric field intensity Ez at A and B points marked
in (C).
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[87–89]. Nanostructures based on cylindrical pillars made of Si or
Al2O3 materials in the air have been demonstrated experimentally
to realize two opposite pseudo spin edge states and unidirectional
propagation of edge states [21, 90]. Although their operating
wavelength can be extended to near-infrared or even visible
range, several limitations still exist just as the cylinder structures
are difficult to achieve in-plane transverse confinement of light.
The above problems can be solved well by adding metallic plates.
However, the enormous metal loss seriously deteriorates the
performance of the photonic devices [84]. Moreover, nano-
manufacturing technology and integration with other
topological devices are challenging. Another simpler design
approach has also been proposed to constitute all-dielectric
topological photonic crystal structures with honeycomb lattice
via etching air hole array on a dielectric slab, which is highly
desirable for chip-scale integration devices [20, 91, 92].

With deformed honeycomb lattices topological photonic
crystal structures, Barik et al. experimentally explored the
chiral topological quantum interface for the first time in
photonic quantum spin-Hall system, as shown in Figure 2A
[83]. Emitted polarization-dependent photons from quantum
dots coupled to two opposite pseudo spin edge states,
exhibiting directional propagation and robust characteristic
even in the presence of a 60° sharp bend. Chiral emission is
achieved as shown in Figure 2B. Moreover, the single-photon
behaviors at such topological interface have been experimentally
demonstrated. Subsequently, Jalali et al. proposed theoretically
and investigated experimentally GaAs topological ring resonator
combined with InGaAs quantum dots, in which topological
nontrivial photonic structure of hexagonal array with
expanded lattice is surrounded by topological trivial photonic
structure with shrunk lattice as in Figure 2C [72]. As shown in

FIGURE 2 | (A) Schematic of the chiral quantum interface formed by connecting two photonic crystal structures with different band topologies indicated by blue
and yellow [83]. (B) Emission and transmission spectrum collected from the position of a quantum dot, left and right grating output couplers as a function of the magnetic
field, respectively. (C) Schematic of the ring resonator constituted by embedding a topological nontrivial region of hexagonal shape with expanded honeycomb lattice
(blue area) in the center of the topological trivial region with shrunk honeycomb lattice (grey area). The green solid line indicates the interface between two
topologically distinct photonic crystal regions [72]. (D) The electric field intensity distribution of two pseudo spin edge modes with opposite polarization excited by
inversely polarized dipole sources represented by the white open circle.
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Figure 2D, the chiral emission is clearly observed via the electric
field intensity distribution and the propagation direction of edge
modes is closely associated with the polarization property of
dipole sources. Moreover, the mode structures of the optical ring
resonator remain unchanged when the location of the excitation
point is changed in the vicinity of the interface. Therefore, this
kind of topological ring resonator embedded with quantum dots
can be effectively coupled with a bus waveguide to form some
novel photonic device like add-drop filter, which represents an
important building block for integrated quantum photonics.

Additionally, a new class of topologically engineered photonic
crystal waveguides have been proposed and demonstrated
recently, the guided modes of which have been identified as
both chiral [6, 11] and resistant to back-scattering in 60-degree
bends [71, 81, 93–95]. Quantum chiral-light matter interface has
been demonstrated based on the quantum spin-Hall effect [96].

Chiral Topological Quantum Interface Based
on Photonic Quantum Valley-Hall Effect
Another promising platform for realizing chiral quantum interface
in topological photonics is valley photonic crystal (VPhC) based on

the photonic analogous of quantum valley-Hall effect. This kind of
valley photonic crystal is originally proposed in an all-Si photonic
crystal platform with triangular lattices made of Si rods [97]. An
interface or an edge constituted by two perturbed structures with a
triangular Si rod in the hexagonal unit cell supports highly confined
robust edge wave with immunity to back-scattering, which has the
ability for realizing photonic topological insulator (PTI) and has
immense potential for developing robust optical delay line with
arbitrary-shape cavity. Subsequently, Chen et al. discussed the
unidirectional excitation of valley bulk state with intrinsic
chirality and topological phase transition in a valley photonic
crystal platform with honeycomb lattice of circular Si rods [75].
In addition, other types of valley photonic crystals have been
proposed with some special structural designs, such as staggered
bianisotropic response with different bianisotropic coefficients but
identical rod radii [98], valley surface-wave photonic crystals on a
single metal surface made of metallic rods with different height
[76], topological edge states along the armchair and zigzag domain
walls composed of topologically distinct honeycomb lattices [79].

In the photonic valley-Hall system, the topological invariant
used to characterize band topology of differently perturbed
lattices is referred to the valley Chern number with the

FIGURE 3 | (A) Band structures of the valley photonic crystal slab with triangular air holes. The inset represents the unit cell structure composed of two unequal
triangular air holes [95]. (B)Band diagram of edge states in the interface between two distinct valley photonic crystals. Themagenta curve indicates the edge state. The green
and blue regions indicate the bandgap and bulk bands, respectively. (C) Schematic of the topological chiral interface by connecting two topologically distinct valley photonic
crystal regions marked by “VPC1” and “VPC2” [99]. (D) Calculated phase distribution of Hz field for differently perturbed honeycomb lattice. (E) Schematic of the
topological notch filter containing a triangular-loop ring resonator, in which only one edge state propagates forward and then directionally coupled to the ring resonator mode
due to valley-polarization locking [71]. (F) Experimental setup and structural image of a complex topological structure with two harpoon-shaped beam splitters [100].
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definition of CK/K′ � 1
2π ∫

HBZK/K′

Ω(k)d2(k) � ± 1
2, which is the

integration of Berry curvature over half of the first Brillouin
zone at K or K’ points and is quantified as ±1/2. The difference
between the valley Chern numbers determines the number of
edge state at each valley. According to the bulk-edge
correspondence and the difference of valley Chern numbers,
only one helical edge state crosses the whole bandgap region
between the first and second bulk band at the single valley, shown
in Figures 3A,B. Another edge state with opposite group velocity
and opposite helicity exists at the other valley due to time-reversal
symmetry and the symmetry of band structure with respect to
wave vector (kx) in the momentum space. It is different from that
of photonic quantum spin-Hall system in that photonic bands of
these edge states are both below the light line, which directly
ensures highly efficient in-plane confinement of light and
reflection-free propagation.

Shalaev et al. experimentally demonstrated planar silicon
photonic crystal structure with topological protection in
telecommunication wavelength [95]. The honeycomb lattice
with rhombic unit cell of two equilateral triangular air holes is
considered in this work. When the sides of two triangular holes
are equal and have C6 symmetry, a Dirac zone for TE mode
appears at K and K’ points in the momentum space, which is
protected by time- and spatial-reversal symmetry. When
perturbing the unit cell by changing the side length of these
two triangular air holes to break the spatial inversion symmetry,
the degeneracy around the Dirac points is lifted and a controllable
photonic bandgap is opened resulting in the presence of a
topological valley phase. Besides, this type of photonic crystal
structure possesses a nonzero Berry curvature with opposite signs
at K and K’ points. When the size of two triangular holes in the
same unit cell is exchanged, the sign of Berry curvature is
simultaneously flipped. A similar work that validates robust
propagation of light is also implemented by constructing three
various topological interfaces with flat-, Z-, and Ω-shape [99].
The experimental and simulation results illustrate that the high
transmission spectra within the bandgap region are maintained
flat-top, which means that broadband robust transportation can
be achieved due to the suppression of inter-valley scattering [99].
More importantly, the selective excitation of valley-chirality-
locked edge states existing an interface between two
topologically distinct valley photonic crystals is demonstrated
experimentally in this work, as shown in Figure 3C. The unit cell
of these two different structures, consisting of two nonequivalent
circular air holes, directly breaks the inversion symmetry and
opens a photonic bandgap for TE-like polarization. It is shown
from simulated Hz phase distribution in Figure 3D that the
vortex phase increases clockwise or anticlockwise by 2π around
the center of the unit cell for different photonic crystal structures,
which directly corresponds to right- or left-handedness circular
polarization and simultaneously has a straightforward
relationship with valley pseudo spin, that is, valley degree of
freedom (DOF). Thus, the valley-polarization-dependent edge
state is selectively excited by controlling the chirality of light and
highly efficient unidirectional coupling is expected to be achieved
via vortex fields of chiral edge states.

Apart from the topological waveguide with straight interface
or several sharp bends, other complicated topological photonic
devices including circulators are also investigated. Gu et al. both
theoretically and experimentally proposed a ring resonator with
topological protection, which is constituted by a closed
triangular-shape topological edge formed by two
topologically distinct photonic crystal structures [71]. Due to
valley-polarization locking, only one edge mode propagates
forward along the straight interface and propagates clockwise
along the ring resonator, as shown in Figure 3E. Besides, Chen
et al. experimentally demonstrated a topological harpoon-
shaped beam splitters (HSBS) with 50/50 splitting ratio in
valley photonic crystal fabricated on SOI wafer [100]. Two-
photon quantum interference based on Hong-Ou-Mandel is
realized with a high visibility of 0.956. This kind of device is also
verified to possess outstanding scalability and feasibility because
it can combine two or even more above harpoon-shaped beam
splitters to constitute more complex quantum networks as
shown in Figure 3F. Moreover, topological slow-light
waveguides made of Si valley photonic crystals are
theoretically and experimentally demonstrated [101, 102].
The light propagation with topological protection and back-
scattering-free in the slow light regime possesses widespread
application prospects ranging from enhancing optical gain to
nonlinearity for realizing active topological photonic devices
and photonic integrated circuits [103, 104].

Although considerable efforts in Si-based valley photonic
crystal slabs have been achieved both theoretically and
experimentally with a wide range of application prospects in
integrated Si photonics, it is challenging for chiral topological
quantum interfaces combined with quantum emitters such as
quantum dots. The III-V compound semiconductor materials
provide incomparable superiority because they are convenient to
directly integrate with various quantum emitters and enable the
implementation of chiral emission and transmission of photons
from quantum emitters. In 2019, Yamaguchi et al. experimentally
realized a valley photonic crystal waveguide on a GaAs slab with
embedded InAs quantum dot, as shown in Figure 4A. The
embedded InAs quantum dot acts as an internal light source
used not only for characterizing guiding mode of edge state at the
topological interface between two topologically distinct regions
with different modulated honeycomb lattices, but also for
emitting single photons to realize directional emission and
coupling with edge mode [105]. A bright radiation spot
appearing at output port of the non-trivial interface is
observed in Figure 4B by the micro-photoluminescence
measurements, which indicates that light emitted from
quantum dots can propagate along the topological interface.
And the high transmittance from output port also suggests the
robust propagation of light within the bandgap. The high
confinement of light at the interface is also verified by
changing excitation positions relative to the center of the
interface. Even in the presence of sharp bends, the light only
from the emission of quantum dot can propagate along the
Z-shaped interface without any back-scattering. These crucial
results lay the foundation for realizing chiral emission and
directional coupling between edge mode and quantum
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FIGURE 4 | (A) Schematic of a Z-shaped valley photonic crystal waveguide with two grating output couplers at the two ends [105]. (B) Measured
photoluminescence images of non-trivial and trivial interfaces. (C) Schematic of the topological interface formed by two valley photonic crystals with the same bulk band
but different topology properties, supporting two various edge states with opposite chirality [106]. (D) Structural image of the topological ring resonator composed of a
triangular loop and a straight waveguide terminated by two grating output couplers marked by “L” and “R”. The mark of “A” indicates the position of excitation. (E)
Measured photoluminescence spectra from A position, left grating, and right grating, respectively. (F) Schematic of the topological ring resonator (RR) with triangular
shape coupled to a straight waveguide (WG), terminated by two nanobeam waveguides and two grating output couplers [94]. (G) Calculated electric field profile of the
topological ring resonator when excited by a dipole source with opposite circular polarization of σ- and σ+.
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emitter as well as for exploring the chiral quantum ring
resonator with topological protection.

Recently, Barik et al. experimentally constituted a topological
ring resonator composed of chiral interface between two
differently perturbed valley photonic crystal regions on a GaAs
slab with embedded InAs quantum dots, as shown in Figure 4C
[106]. The unidirectional coupling between quantum emitter and
the resonator modes is observed in the simulation and
experimental results. It is displayed in Figure 4D that the
formed topological interface support two counter-propagating
edge modes with opposite helicity, which leads to the emergence
of resonator modes with opposite circular polarization. The light
within the photonic bandgap can be highly confined at the
boundary. And there is not any back-scattering at the three
sharp corners owing to topological protection. It is observed
from the calculated Poynting vector that when the ring resonator
is excited by the dipole with right circular polarization (σ-), the
electric field propagates clockwise along the triangular loop and
then couples to the right part of the straight waveguide while the
ring resonator is excited by the dipole with left circular
polarization (σ+), the electric field propagates
counterclockwise around the triangular loop and then couples
to the left part of the straight waveguide. The reason is that the
same band topology of the region below the straight waveguide
and inside the triangular loop results in the same chirality at the
interface. When applying a magnetic field on quantum dot, the
two spectrally resolved branches with different transition dipole
moments are formed due to Zeeman splitting, which corresponds
to the opposite circular polarization, as displayed in Figure 4E.
Moreover, when the emission lines of the quantum dot are
resonant with resonator modes, the Purcell enhancement
factor of 3.4 is obtained and thus the emission from
thequantum dot is significantly enhanced. This work opens a
new paradigm to engineer the chiral light-matter interaction in
valley photonic crystal platforms. Various intriguing phenomena
containing the generation of entangled spin states, photonic

clusters states, and superradiant are supposed to be achieved
in a new manner [107–109].

After that, Mehrabad et al. also experimentally demonstrated
a chiral ring resonator in valley photonic crystal of honeycomb
lattice on GaAs slab with an embedded layer of InGaAs
quantum dots [94]. The topological structure with a bearded-
shaped interface is displayed in Figure 4F. The light with σ-
state couples to the left part of the topological waveguide and the
light with σ+ state couples to the other part, which indicates that
the propagation direction of light at the bearded-shape interface
is determined by the chirality of the circular polarization of
photons from quantum dot. Chiral emission and unidirectional
coupling with topologically nontrivial guiding modes are
simultaneously achieved. Based on robust propagation of
light around sharp bends, a triangular-loop ring resonator
with a straight topological waveguide below is constituted,
the high Q factors of which can reach 12,500 and 4,000 in
simulation and experimental results, respectively. It is shown as
the simulation results in Figure 4G that a dipole with opposite
circular polarization placed at the highly chiral point on the ring
resonator interface excites different polarized resonator modes
and the generated light field couples evanescently to the bus
topological waveguide, in which the propagation of light is
dependent on the chirality of the dipole polarization. These
works have demonstrated the feasibility of chiral coupling for
topological ring resonators and facilitated the further
development of chiral light-matter interaction for various
spinful photonic devices.

Besides the chiral ring resonators with topological protection
combined with quantum emitters being essential components for
integrated quantum networks, other topological integrated
devices such as filters with quantum characteristics are also in
urgent need of exploration. Mehrabad et al. proposed a
topological add-drop filter composed of a rhombus-shaped
ring resonator and a pair of access waveguides named as
“through” and “drop” waveguides, as shown in Figure 5A

FIGURE 5 | (A) Schematic of a topological add-drop filter containing a rhombus-shaped ring resonator and a pair of access waveguides with the output ports
marked by “Through” and “Drop” [80]. (B) Calculated electric field intensity distribution when the device is excited by a dipole source with σ+ and σ- polarization.
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[80]. When the quantum dot at the interface is excited, the
photons with various transition dipole momentum are
coupled to different output ports under a nonzero magnetic
field, which demonstrates chiral behavior and directional
coupling between the ring resonator and quantum dot.
Simulated results in Figure 5B demonstrate the chiral
behavior again, enabling the realization of a bidirectional
chiral router. Additionally, the second-order correlation
function of g(2)(0) = 0.14 indicates that the single-photon
property of the single quantum dot emission can be well
preserved during the whole propagating and coupling process
of photons. Consequently, these kinds of valley photonic crystal
structures combined with quantum emitters reveal the inherent
mechanism of chiral control of light-matter interaction at the
single-photon level and possess a widespread application for
high-performance on-chip topological filters and circulators
with in-built protection against structural imperfections and
arbitrary-shape bending, which promote the future
development of chiral integrated quantum photonic
circuits [110].

CONCLUSION

On-chip chiral quantum light-matter interface provides a
promising platform for efficient spin-photon coupling, non-
reciprocal photonic elements, and quantum logic architectures.
In this review, we mainly focus on the topological chiral quantum
interfaces based on photonic quantum spin-Hall effect and
photonic quantum valley-Hall effect. Various integrated
devices including topological quantum ring resonators and
filters are discussed concretely.

At present, the quantum chiral edge state has been realized both
numerically and experimentally. But the experimental work on the
topological quantum chiral interface with quantum emitter is still
deficient. Therefore, relevant experimental research will be the
focus in the near future. Besides, the combined quantum emitters
are not solely limited to quantum dots, which can be extended to
other types of quantum emitters such as defects in two-
dimensional materials and color defects in diamonds.
Furthermore, the application prospects based on topological
quantum chiral interfaces will be the important development
directions. Various ring resonators based on the topologically
protected interface are formed with arbitrary shapes owing to
robustness against various sharp bends, which can leave more
space for high-density integrated quantum networks. Considering
the spin-orbit interaction and more complex information-carrying
capacity, the light beams with multiple degrees of freedom are in
urgent need of development for the future implementation of high-
speed and more secure multi-dimensional information
communications and quantum teleportation systems.

At last, we would like to give a short discuss on the applications
prospect of topological chiral interface. The platform of
topologically robust and chiral interface between a photonic
resonator and a quantum emitter could provide a robust and
scalable pathway to engineer chiral light-matter interaction
between multiple emitters coupled to a single resonator,
without fine tuning of system parameters. The combination of
quantum emitters and chiral topological interfaces can not only
constitute various functional photonic devices, but also facilitate
the development of effective single photon sources. The
preeminent characteristics of these topological edge states
especially topological ring resonators improve the light-
emitting properties of quantum emitters themselves and the
single photon behaviors can be well preserved during the
whole robust propagation of light, leading to the effective and
efficient coupling to other quantum devices. This undoubtedly
increases the possibility of the on-chip quantum circuit
implementation. Furthermore, various nanophotonic devices
containing ultracompact filters and circulators with excellent
performance based on topological quantum chiral interfaces
will experience rapid development in the future, which are
basic elements for achieving compact quantum integrated
circuits. Although the photonic devices consisting of a single
ring resonator have been intensely investigated, more complex
photonic devices with diverse functionality based on multiple
ring resonators possess enormous application prospects for
complicated and changeable quantum computing and
quantum information processing. In a chiral waveguide,
photon-matter interactions between emitters are location-
independent [110], which could promote the coupling of
multiple solid-state emitters via photons while overcoming
scalability issues associated with random emitter position,
enabling large-scale super-radiant states and spin-squeezing.
Finally, a versatile platform to explore many-body quantum
physics at a topological edge, create chiral spin networks, and
realize fractional quantum Hall states of light can be developed
[111], which provide a new approach to study QED in a new
regime.
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The rainbow trapping effect has attracted gathering attention due to its potential
application in data processing, energy storage, and light-matter interaction
enhancement. The interest has increased recently with the advent of topological
photonic crystals (PCs), as the topological PC affords a robust platform for
nanophotonic devices. We proposed a chirped one-dimensional (1D) PC as a
sandwiched trapped between two1D topological PCs to realize two topological edge
states (TESs) for topological protection and trap the formed rainbow. Through graded the
thickness of dielectric layers of the chirped 1D PC, light of different wavelengths
components localizes and stores at different spatial positions leading to rainbow
trapping formation. Unidirectional rainbow trapping can be observed by progressively
increasing the thicknesses of the chirped PC. Nonetheless, changing increasingly one of its
thicknesses and solidifying the other leads to bidirectional rainbow trapping. Achieving
bidirectional rainbow trapping will reduce the footprint of nanophotonic devices in the
future. This work brings inspiration to the realization of the rainbow trapping effect and
provides a way to design topological nanophotonic devices.

Keywords: rainbow trapping, topological photonic crystal, nanophotonic devices, chirped photonic crystal,
topological edge state

INTRODUCTION

Photonics is principally concerned with the wave properties of frequency, wavevector, and
polarization, representing the degrees of freedom of essential information for any optical system.
Frequency plays an instrumental part in integrated photonic devices. In particular, it has been shown
that in a tapered metamaterial structure, light can be trapped and slowed down in exact positions
depending on its frequency [1]. This phenomenon is named a trapped rainbow, just as sunlight is
scattered in a continuous color spectrum through a prism (hence the name is rainbow). The effect
can also be considered as the spatial separation of the frequency components of the propagating
wave. The appearance of rainbow trapping offers a novel technique for frequency routing of slow
light [1]. After the formation of the first theoretical work, many successive methods were presented to
realize rainbow trapping, such as metamaterials [1, 2], metasurfaces [3], plasmonic structures [4–6],
phononic crystals in one-dimensional (1D) [7] and two-dimensional (2D) [8], and photonic crystals
(PCs), in 1D [9], 2D [10, 11] and three-dimensional (3D) [12]. Most of the mentioned methods
depend on either metallic or dielectric materials. However, metallic materials are lossy at optical
wavelengths. Thus, the fully dielectric structure (PCs) is an excellent alternative to realizing rainbow
trapping.
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The rainbow trapping effect has attracted attention due to its
potential applications in data processing, energy storage, and
light-matter interaction enhancement. The interest has increased
recently with the advent of topological PCs, which affords a
robust platform for optical devices. Consequently, the
combination of topology and rainbow can make possible new
potentials designing topologically protected photonic devices.
Due to the complex design and manufacturing structure of 2D
and 3D PCs, topological PCs are preferred in the 1D structure for
the advantages of simple design and ease of fabrication.

In this paper, the proposed structure is based on two-1D
topological PCs to realize two topological edge states (TESs) for
topological protection and trap the formed rainbow. A chirped
1D PC is inserted as a sandwiched between the two-1D
topological PCs. The way to achieve the rainbow is to set the
structure (or chirp) statically through one or more basic
structural parameters such as position, size, and refractive
index that gradually change along the direction of
propagation. Through graded the thickness of dielectric
layers of the chirped 1D PC, light of different wavelengths
components localizes and stores at different spatial positions
leading to rainbow trapping formation. The interesting
observation is bidirectional rainbow trapping, increasing the
thickness of one layer kind progressively and solidifying a
different kind. Thus, the light propagates and localizes in
both directions in the trapped area between the two TESs.
Then, different frequencies can be segregated at different
positions in both directions. To the best of our knowledge,
this type of rainbow trapping has not been observed in
topological photonics. Achieving bidirectional rainbow

trapping will reduce the footprint of the nanophotonic device
in the future. It is possible for this type of rainbow trapping to
have numerous applications, for example, a bidirectional optical
filter, a bidirectional laser, etc.

Designs and Results
The topological heterostructure of PC is based on two topological
PCs, namely TPCL and TPCR as shown in Figure 1A. TPCL is
composed of two PCs (PC1 and PC2), from the same dielectric
materials of silicon Si and silicon dioxide SiO2 with refractive
indices nSi � 3.48 and nSiO2 � 1.45, respectively. TPCR, is
composed of two PCs (PC2 and PC1), is the mirror image of
TPCL. PC1 consists of six consecutive layers from Si and SiO2 of
layer thicknesses d1Si � 350nm, and d1SiO2 � 225nm,
respectively, and the lattice constant of PC1 is a1 � 575nm.
The thicknesses of PC2, are evaluated based on [13], are d2SiO2 �
276nm and d2Si � 115nm and consists of six consecutive layers
from SiO2 and Si, respectively with a2 � 391nm. The TESs can
exist in TPCL(PC1 + PC2) and TPCR(PC2 + PC1) at the
heterostructure interface because the two PCs possess
bandgaps in the same wavelength range with different
topological properties [14]. The transmission spectrum of
TPCL and TPCR is shown in Figure 1B using the finite
element method (FEM), solver package of COMSOL
Multiphysics, with perfect matched layer boundary condition
(PML). Two TESs formed at the left and right interfaces with a
high resonated transmission peak between the two stacked PCs.
The two TESs areas appeared inside the bandgap, allowing two
areas of slow light zones near the bandgap edges.Whereas the two
edge states work as a topological cavity to trap the light inside the

FIGURE 1 | (A) Schematic diagram of 1D PC heterostructure; (B) the transmission spectrum of TPCL andTPCR.
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chirped structure, which may enhance the field localization and
quality factor.

A linearly chirped 1D PC is inserted as a sandwiched between
the two-1D topological PCs. The chirped 1D PC is composed of
six consecutive layers from SiO2 and Si. It started from SiO2 to
avoid the edge states between PC2 and the chirped one.
Consequently, PC2, chirped PC and PC2 formed a trapped PC,
and the formed rainbow trapping will be topologically protected
by the two TESs as shown in Figure 1A. The possibility for the
light entering the trapped PC to escape is slight because the two
edge states work like topological cavities. The thicknesses of SiO2

and Si layers are dSiO2 and dSi respectively. Through graded dSiO2

linearly from 740 to 765 nm and dSi from 1,000 nm to 1,100 nm,
the light can be trapped and slowed down in exact position
depending on its frequency, forming a rainbow trapping effect.

Unidirectional and Bidirectional Rainbow
Trapping
As mentioned above, achieving rainbow trapping is to set the
structure statically through one or more basic structural
parameters that gradually change along the propagation

direction. Unidirectional rainbow trapping can be observed
by gradually increasing dSiO2 and dSi of the chirped PC
sandwiched between the two topological PCs. dSiO2 is
varying from 740 to 765 nm with an increment of 5 nm
and dSi from 1,000 to 1,100 nm with an increment
of 20 nm. Figure 2A shows the transmission spectrum
of the proposed structure with the fitting curves, which
are symmetric in the representative Lorentzian-line shape.
The resonated transmission peaks at nm wavelengths
are 1234.91, 1251.16, 1268.82, 1294.75, and 1328.50,
with the full width at half maximum (FWHM) by
nm is 1.41444, 0.23029, 0.05598, 0.01136, and 5.86 × 10−4
respectively. The quality factor (Q), which is the
ratio of the resonant wavelength to FWHM, at
each resonated transmission peak is
873.07, 5.43 × 103, 2.26 × 104, 1.13 × 105, and 2.26 × 106

respectively. The high Q-factor due to the robust field
localization between the two TES, which led to robust
optical localization in the chirped area.

To show the formed unidirectional rainbow trapping, the
electric field |E| intensity distribution is calculated as shown in
Figure 2B. Consequently, multi-modes are excited at the desired

FIGURE 2 | (A) The transmission spectrum of the unidirectional rainbow trapping structure with the Lorentzian-fitting curves when dSiO2 is varying from 740 to
765 nm and dSi from 1,000 to 1,100 nm; (B) the electric field |E| intensity distribution of the unidirectional rainbow trapping at wavelengths
1234.91, 1251.16, 1268.82, 1294.75, and 1328.50 by nm; (C) the transmission spectrum of the bidirectional rainbow trapping structure with the Lorentzian-fitting
curves of dSiO2 varying from 740 to 765 nm and dSi is fixed at 1,060 nm; (D) the |E| intensity distribution of the bidirectional rainbow trapping at wavelengths
1242.44, 1261.74, 1281.13, 1298.13, and 1310.52 by nm.
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wavelengths due to coupling light and the chirped structure. The
|E| intensity distributions point out the propagation of light
inside the chirped PC. The |E| intensity rises at the
localization points. With gradually increasing the thicknesses
of the chirped PC in the propagation direction and light
propagates from left to right. In principle, the light will
gradually slow down and eventually approach the “stop”. The
light of different wavelengths localizes at different spatial
positions leading to rainbow trapping in the slow light zone
near the left bandgap edge. The property of the bandgap rises
when the wavelength of the incident light is in the order of the
structure periodicity [15]. The left/right side of the chirped PC is
composed of smaller (740nm(dSiO2) + 1000nm(dSi) /larger
(765nm(dSiO2) + 1100nm(dSi) periodicity. This, in turn, affects
the shorter/longer wavelengths to be trapped in the appropriate
positions. As with increasing the wavelength, the trapped light
moves to the right side. The lowest wavelength of 1,234.91 nm is
localized near the left TES at the smaller periodicity. With
increasing the wavelength, the |E| intensity distributions move
to the right till the right TES at the wavelength of 1,328.50 nm.
The rainbow trapping bandwidth changed from 1,234.91 to
1,328.50 nm. We find that the formed rainbow is trapped
between the two TESs, which act as a strong cavity and
enhance the field localization and Q-factor.

The work can extend to construct bidirectional rainbow trapping
by progressively increasing one of its thicknesses and solidifying the
other. dSiO2 is varying from 740 to 765 nmwith an increment of 5 nm
and dSi can be fixed at any value from 1,000 to 1,100 nm. The results
of fixing dSi at 1060 nm is only shown. Figure 2C shows the
transmission spectrum of the bidirectional rainbow trapping
structure with the Lorentzian-fitting curves. The resonated
transmission peaks that appear at wavelengths by nm are
1242.44, 1261.74, 1281.13, 1298.13, and 1310.52 with FWHM
by nm is 0.50719, 0.13104, 0.12927, 0.01949, and 0.00327,
respectively. The Q-factor at each resonated transmission peak is
2.45 × 103, 9.77 × 103, 9.76 × 103, 6.66 × 104, and 4.00 × 105,
respectively. The |E| intensity distribution is shown in Figure 2D.
The field localization is observed in both directions near the two TESs
with a smaller wavelength. The two TESs work as a cavity to trap the
light inside the chirped PC and make the possibility of light escaping
slightly. With increasing the wavelength value, filed localization is
shrinking into the chirped PC to form a unidirectional rainbow in
both directions simultaneously. Accordingly, the different
wavelengths from the wave packet can be segregated spatially at
different positions in both directions, and bidirectional rainbow
trapping is realized clearly. To the best of our knowledge, this
kind of rainbow has not been observed yet in topological
photonics. It may possess numerous applications, such as
bidirectional devices. Realizing bidirectional rainbow trapping will
diminish the footprint of nanophotonic devices in the future.

With increasing the number of alternative layers of the chirped
PC, a higher Q-factor and multi-localized modes are obtained.
Unidirectional and bidirectional rainbow trapping can be realized
by considering ten periods of the chirped PC sandwiched between the
two topological PCs. Through the same manner, unidirectional
rainbow trapping is detected by gradually increasing dSiO2 and dSi
of the chirped PC. dSiO2 is varying from 740 to 785 nm with an

increment of 5 nm anddSi from 1,000 to 1,180 nmwith an increment
of 20 nm. Multi-modes are increased and excited at the desired
wavelengths due to coupling light and the increased chirped PC.
Figure 3A shows only three localized modes of the |E| intensity
distribution of the formed unidirectional rainbow at
1233.58, 1305.83, and 1410.54 by nm. Different wavelengths
localize in different spatial locations. Whereas the wavelength
increases, the locations where the light is trapped move to
the right side, as shown in Figure 3A. For the bidirectional
rainbow trapping, it can be created by gradually thickening
dSiO2 and anchoring dSi. A bidirectional rainbow is observed for
fixing dSi at any value from 1,000 to 1,180 nm with dSiO2 is
varying from 740 nm to 785 nm. Figure 3B shows the results of
fixing dSi at 1060 nm of the |E| intensity distribution of the
bidirectional rainbow trapping at 1239.93, 1277.23, and
1308.64 by nm. It seen clearly from Figure 3B, as the
wavelength value increases, the localization deposited in the
chirped PC shrinks to form a unidirectional rainbow in both
directions simultaneously. Hence, the bidirectional rainbow
can be achieved. Summing up, as the number of periods
increases, the transmittance remains high due to both TESs
serving as a light-trapping cavity within the chirped PC, but
with a very fine meshing and a small step size. It should be
noted that increasing the number of periods will increase the
manufacturing effort and cost. The less of the periods, the
smaller size of the structures, and it is better for the integration
of nanophotonic devices. We use six smaller periods for both
topological PCs and chirped PC; thus, the trapped PC is 18
periods under the premise of good performance.

FDTD Validation
The proposed PC heterostructure was modeled by the finite-
difference-time-domain (FDTD) method to validate the
propagation properties. A high resolution (grid size for
each dimension) of 30/a1 is used, which is small enough to
resolve a minor feature in the fields and structure during the
simulation. A PML boundary is added to the edge of the
domain of about a1 to absorb all incident energy without
producing reflections. A Gaussian source was launched for
FDTD calculation and placed in the middle of the trapped PC,
as shown in Figure 4A. During the simulation, two monitors
are introduced to study the spectral characteristics of the
structure at specific wavelength/frequency values and used
to measure the steady-state properties for the field
distribution. The first and second monitors (M1 and M2)
are placed at the trapped PC’s beginning and ending,
respectively. Figures 4B,C show the electric field intensity
amplitude (E2

z ) along the propagation (z) of unidirectional
and bidirectional rainbow trapping, respectively, at the center
point of the x-y-plane.

In the case of unidirectional rainbow trapping of dSiO2

linearly varies from 740 to 765 nm with dSi from 1,000 to
1,100 nm, and based on the above explanation, at low
wavelengths, M1 records the highest amplitude of the
electric field intensity indicating the field localization, and
the amplitude is minimized at M2 simultaneously. When the
wavelength increases, the intensity begins to decrease at M1
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gradually and vice versa at M2 because the field localization
moves progressively from left to right with increasing the
wavelength, which is illustrated in Figure 4B. A complete
agreement with the previous section’s results as shown in
Figure 2B. However, there is a minor disparity in the values of
wavelengths between FEM and FDTD methods, principally
originating from the limited discretization of grid size in
FDTD and the number of mesh points for FEM calculations.

Then, to verify bidirectional rainbow trapping, the same above
condition are fixed but with dSiO2 is varying from 740 to 765 nm

and dSi is fixed at 1,060 nm. The highest field intensity of M1 is
located sequentially in the trapped PC from the left side (with the
smallest wavelength) to the right side (with the largest
wavelength). On the contrary, for M2, the highest field
intensity is located sequentially in the trapped PC from the
right side (with the smallest wavelength) to the left side (with
the largest wavelength), as shown in Figure 4C, confirming the
results in Figure 2D. The two TESs works as a cavity which cases
exchange with transfer the energy flow between the two cavities of
the forward and backward propagation. Meanwhile, rainbow

FIGURE 3 | (A) The |E| intensity distribution of the unidirectional rainbow trapping at wavelengths 1233.58, 1305.83, and 1410.54 by nm when dSiO2 is varying
from 740 nm to 785 nm with an increment of 5 nm and dSi from 1000 nm to 1180 nm with an increment of 20 nm; (B) the |E| intensity distribution of the bidirectional
rainbow trapping at wavelengths 1239.93, 1277.23, and 1308.64 by nm, when dSiO2 is varying from 740 nm to 785 nm with an increment of 5 nm and dSi is fixed at
1060 nm.

A

B C

FIGURE 4 | (A) FDTD set up of grid size 30/a1 with placing a Gaussian source in the middle of the trapped PC and two monitors (M1, M2) to the left and right,
respectively; The electric field intensity amplitude (E2

z ) of (B) unidirectional (C) bidirectional rainbow trapping.
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trapping is observed in both FEM and FDTD methods, which
confirms our simulation results.

Immune to Defects
The critical step is to confirm that the formed rainbow is robust
and topologically protected from disorders by the two TESs on
both sides. Some disorders are introduced in the trapped PC
(PC2, chirped PC and PC2 ) between the two TESs through
changing thickness or refractive index of some layers. Three
cases are considered; the last layer of PC2 (d2Si) from the TPCL is
deformed by δd � ± 0.05a2. Via the same amount of

deformation (± 0.05a2) is applied on the first layer of PC2

(d2Si) from the TPCR. The last case is changing the refractive
index of the middle SiO2 in the chirped PC by δn � ± 0.01. By
applying each case individually or combined, rainbow tapping is
achieved with a slight shifting in the wavelength. Figure 5 shows
the realization of bidirectional rainbow trapping with
disordering of all deformed cases together. We can see
clearly, the |E| intensity distribution is highly localized in the
trapped PC due to topological protection by the two TESs even
in the presence of disorders. Bidirectional rainbow trapping is
still observed on both sides but with slight shifting in

FIGURE 5 |Bidirectional rainbow trapping realization with disordering of some parameters, the inset shows the deformation in last and first layers of PC2 from TPCL

and TPCR respectively.

A

B

FIGURE 6 | (A) Schematic diagram of the chirped PC sandwiched between two PCs. The |E| intensity distribution of the trivial unidirectional rainbow trapping of 18
periods of the trapped chirped PC between PC1 and PC2 (B)without defects; (C)with defects by the disordering of some parameters (deformation in last and first layers
of PC1 and PC2 respectively).
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wavelengths. Accordingly, the formed rainbow is robust and
immune to disorders.

Trivial Rainbow Trapping
Trivial rainbow trapping is realized through the same modality
by introducing a chirped PC as a trapped structure between
two conventional PCs. In the exact mechanism as mentioned
above, introducing a chirped PC as a sandwiched between two
topological PCs (TPCL and TPCR). Under the same conditions
and variables, values of PC1 and PC2 are setups, and the
chirped PC consists of 18 periods from SiO2 and Si as
shown in Figure 6A. The bidirectional trivial rainbow
trapping as in the content of the topological case cannot be
formed when dSi is fixed at any value from 1,000 to 1,340 nm
and dSiO2 is varying from 740 to 825 nm. This is because the
two TESs act as a cavity to transfer the energy flow between the
two cavities of the forward and backward propagation and
make the possibility of light escaping slightly. Therefore, the
formed bidirectional rainbow may occur in the
topological case.

Unidirectional trivial rainbow trapping can be formed with
the same conditions for topological cases. When dSiO2 is varying
from 740 to 825 nm with an increment of 5 nm and dSi from
1,000 to 1,340 nm with an increment of 20 nm, as shown in
Figure 6B. The trivial unidirectional rainbow trapping is
observed but lacks highly field localization and light
confinement compared with the topological case due to the
robust field localization between the two TES, which resulted in
a robust optical localization in the chirped region. Some
disorders are introduced. The last and the first layer of PC1

and PC2 (d2SiO2) on the left and right sides respectively are
deformed by δd � ± 0.05a2 with changing the refractive index of
the middle SiO2 in the chirped PC by δn � ± 0.01. Figure 6C
shows the formed trivial rainbow trapping with disordering.
Two points are observed clearly between the two cases; some
localized modes occurred at the same wavelengths, and others
slightly shifted. However, the case of 1,493.69 nm is localized at
a different position without defects.

CONCLUSIONS

In conclusion, a unidirectional and bidirectional rainbow
trapping have been investigated. The main idea is based on
trapping a chirped PC as a sandwich between two edge states.
At the same time, the two edge states work as a cavity to trap the
light inside the chirped structure and can be propagated in both
directions. Consequently, different frequencies from the wave
packet segregate at different positions in both directions.
Moreover, the propagation properties are validated using
FDTD by measuring the electric field intensity amplitude. In
addition, we confirmed that the formed rainbow is robust and
topologically protected even in the presence of disorders.
Bidirectional rainbow trapping will open a feasible way for
numerous applications, e.g., multichannel wavelength
demultiplexers, bidirectional optical filter, and bidirectional laser.
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Hermitian and Non-Hermitian
Dirac-Like Cones in Photonic and
Phononic Structures
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Accidental degeneracy plays an important role in the generation of novel band dispersions.
Photonic structures that exhibit an accidental Dirac-like conical dispersion at the center of
the Brillouin zone can behave like a zero-index material at the Dirac-point frequency,
leading to a number of unique features, such as invariant phase in space, wave tunneling,
photonic doping and anti-doping, etc. Such a phenomenon has been explored in on-chip
structures or three dimensions recently. The introduction of non-Hermiticity into the system
via loss or gain could transform the accidental Dirac-like cone into a spawning ring of
exceptional points, a complex Dirac-like cone or other unique dispersions. Similar Dirac-
like cones and related physics are also observed in phononic structures. This review
presents an overview of the accidental-degeneracy-induced Dirac-like cones at the center
of the Brillouin zone in both photonic and phononic structures, including the fundamental
physics, effective-medium description and experimental demonstration, as well as current
challenges and future directions.

Keywords: zero refractive index, photonic/phononic band structure, metamaterials, Dirac/Dirac-like cones, non-
Hermitian optics

INTRODUCTION

Dirac cones or conical dispersions are unique features in some electronic band structures that
describe unusual electron transport properties of materials like graphene. The electronic band
structure of graphene near the Fermi level can be described by the massless Dirac equation near the
six corners of the two-dimensional (2D) hexagonal Brillouin zone at the K and K’ points [1, 2]. The
linear dispersion can be visualized as two cones meeting at the Fermi level at the Dirac point, and the
conical dispersion near the Dirac point is usually referred to as Dirac cones. Due to this unusual
conical dispersion, graphene exhibits intriguing transport properties [1, 2], such as abnormal
quantum Hall effect, Zitterbewegung, Klein tunneling, anti-localization, etc.

Dirac cone dispersions can also be observed in classical wave periodic structures such as photonic
crystals (PhCs) [3, 4] and phononic crystals (PnCs) [5–8]. As photonic/acoustic analogue of
graphene, 2D triangular/honeycomb PhCs [9–24] and PnCs [23, 25–28] have been
demonstrated to possess Dirac cones near the K and K’ points. This type of Dirac cones of
double degeneracy are usually stable to the material parameters as long as the system exhibits the
perfect symmetry (e.g., C3(v) and C6(v), and time reversal) [28].

Besides the structural symmetry, Dirac cones can also be created by accidental degeneracy
through engineering the material and geometrical parameters [29–31]. In 2011, Huang et al.
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demonstrated a Dirac cone at the center of the Brillouin zone,
i.e., the Γ point with k � 0, of a square lattice of 2D dielectric PhC
[32]. The physical origin of this Dirac cone is different from the
symmetry-protected Dirac cones occurring at high-symmetry
points (i.e., K and K’ points of a triangular/honeycomb
lattice). The symmetry-protected Dirac cone is a result of
double degeneracy and carries a π Berry phase. While the
Dirac cone at the center of the Brillouin zone is a result of
triple degeneracy, i.e., accidental degeneracy of a doubly
degenerate mode and a single mode. The linear dispersions
created by triply degenerate modes cannot be mapped into the
Dirac Hamiltonian and carry no Berry phase. Therefore, the
conical linear dispersions with triple degeneracy at the Brillouin
zone center induced by accidental degeneracy instead of
structural symmetry is called Dirac-like cones [23].

The presence or absence of Dirac-like cones is determined by
the combination of mode symmetries [33, 34]. We should
emphasize that accidental degeneracy can also lead to Dirac
cones of double degeneracy in periodic systems without
structural symmetry and at almost any k point in the Brillouin
zone [35], i.e. beyond the Brillouin zone center, edges and high-
symmetry lines. Such accidental-degeneracy-induced Dirac cones
in general can be achieved by closing band gaps at a desired k
point with a band engineering method [35] or other optimization
techniques [36–40].

The PhC possessing a Dirac-like cone at the Γ point is of
particular interest, because it offers an effective refractive index of
zero at the Dirac-point frequency. It was discovered that such a
PhC behaves like an impedance-matched zero index material
(ZIM) [41–43] with εeff � μeff � 0 at the Dirac-point frequency,
and the linear dispersions could be understood from the effective
medium perspective [32]. In this sense, this type of PhCs is an
important class of dielectric metamaterials [44]. Possessing an
infinite effective wavelength and zero spatial phase change, ZIMs
exhibit extraordinary physical properties that enable many
applications including directive emission [45–47], tunneling
waveguides [48–50], energy flux control [51–56], photonic
doping [57–61], cloaking and anti-doping [62–65],
transmission and scattering manipulation [65–74], perfect
absorption [59, 60, 75–80] and nonlinearity enhancement
[81–85], etc. To date, the ZIMs have become an important
class of artificial electromagnetic materials with potential
applications in the wide spectrum from microwaves to optical
frequencies. The dielectric PhCs with a Dirac-like cone at the
center of the Brillouin zone provide a feasible and promising
route towards ultralow-loss ZIMs.

The PhC with a Dirac-like cone has attracted significant
research interest [23, 33, 35, 40, 59, 60, 64, 86–121]. Extensive
investigations revealed many unique and interesting features. For
instance, double Dirac cones, as a pair of two identical and
overlapping Dirac cones, were observed at the Γ point of by
utilizing a fourfold accidental degeneracy in triangular PhCs [100,
122, 123]. The double Dirac cones can also be obtained through
folding the Dirac cones at the K and K’ points in a honeycomb
PhC to the Γ point [124–126]. Dual-polarization Dirac-like cones,
i.e., the existence of Dirac-like cones for both transverse electric
and magnetic polarizations in 2D PhC, have been proposed [39,

127, 128]. Semi-Dirac cones, which exhibit linear-parabolic
dispersion, were created by the accidental degeneracy of two
modes with a linear dispersion in one direction but a quadratic
dispersion in the other direction [129–134]. The PhCwith a semi-
Dirac cone behaves as an intriguing class of anisotropic ZIM with
εeff � μeff � 0 along only one direction.

The Dirac cone system has been extended from the original 2D
to on-chip platform or the bound state in continuum (BIC) [22,
135–147] and three-dimension (3D) [148–150], and from the
original Hermitian (lossless) to non-Hermitian (lossy or gain)
ones [136, 151–155]. It was discovered that the Dirac degeneracy
can be straightforwardly linked to exceptional points (EPs)
through the introduction of non-Hermiticity, i.e., material loss,
gain, or open boundaries. The EP is a singularity in a non-
Hermitian system where two or more eigenvalues and their
associated eigenfunctions collapse into one eigenvalue or
eigenfunction [156–158]. Besides photonic structures, the
concept of Dirac-like cones has also been applied to other
kinds of classical wave structures, including acoustic and
elastic structures [23, 28, 148, 159–174].

This review presents an overview of Dirac-like cones from
Hermitian and non-Hermitian systems in both photonic and
phononic structures. We will introduce the fundamental physics,
effective-medium description and experimental demonstration,
as well as current challenges and potential directions of future
research.

PHOTONIC CRYSTALS WITH A
DIRAC-LIKE CONE AS ZERO INDEX
MATERIALS
Figure 1A shows an example of a 2D PhC that exhibits a Dirac-like
cone at the center of the Brillouin zone. The PhC consists of a square
lattice of dielectric cylinders. The polarization is transverse-magnetic
polarization, with electric field parallel to the cylinder axis. A Dirac-
like cone, i.e., the triply-degenerate point, occurs at the Γ point. It
comprises two linear bands that generate conical dispersions and an
additional flat band. The two linear bands correspond to the
accidental degeneracy of the electric monopole and magnetic
dipole modes, whereas the flat band corresponds to the magnetic
dipole mode in a rotated orientation, as shown by the right panel of
Figure 1A. The doubly degenerate dipole modes correspond to the
fields rotated by 90° with the wave vector perpendicular or parallel to
the dipole moment (i.e., transverse or longitudinal dipole mode), as
the result of C4v symmetry of the PhC. The flat band is the
consequence of the longitudinal dipole mode whose magnetic field
is parallel to the wave vector, which is inaccessible from normal
incidence.

In the vicinity of the Γ point where the in-plane wave vector k
is small, the band structure of the PhC can be described by an
effective Hamiltonian given by first-order degenerate
perturbation theory [33, 136].
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where ωD is the Dirac-point frequency, vg is the group velocity of
the linear Dirac dispersion. The effective Hamiltonian has three
eigenvalues as

ω1 � ωD + vg|k|, ω2 � ωD − vg|k|, ω3 � ωD (2)

The first two eigenvalues indicate the conical linear dispersion
in the vicinity of Dirac-point frequency, while third one is related
to the intersecting flat band.

The experimental observation of the Dirac-like cone was
realized in the microwave regime by Huang et al in 2011 [32]
using a square array of alumina rods embedded within a parallel-
plate waveguide, as schematically shown in Figure 1B. In the
experimental implementation, the alumina rods have a finite
height of 16 mm. To realize effective 2D PhC with infinite height,
aluminum plates, as perfect electric conductor boundaries, are
utilized to form a parallel plate waveguide. At the Dirac-point
frequency, the PhC was found to behave like an impedance-
matched ZIM with εeff � μeff � 0. Experimental observation has
clearly verified the ZIM-enabled cloaking and lensing effect with
this PhC.

The optical PhC with a Dirac-like cone was demonstrated by
Moitra et al in 2013 [91]. We note that the implementation at
microwave frequencies cannot be directly transplanted to the
optical frequencies because the dissipation loss of metal plates is
dramatic. Therefore, an out-of-plane configuration by patterning
horizontal square array of silicon bars was proposed instead
(Figure 1C). The measured spectrum shows a ZIM-induced
transmission peak at the wavelength of 1,409 nm,
corresponding to the Dirac-like point. Furthermore, ZIM-

enabled applications including angular selectivity of
transmission and directional quantum dot emission were
experimentally demonstrated.

It is noteworthy that the Dirac-like cone is a consequence of
accidental degeneracy rather than structural symmetry.When the
system parameters (e.g., cylinder radius or relative permittivity)
are changed, the triple degenerate modes at the Dirac point will
split into a single monopole mode and doubly degenerate dipole
modes, forming a photonic band gap [32]. The band edge points
at the Γ point are related to the zero effective parameters, because
the phase accumulation on adjacent unit cell boundaries is zero. It
is found that the zero permittivity, i.e., εeff � 0, originates from
the electric monopole resonance, while the zero permeability,
i.e., μeff � 0, originates from the doubly degenerate magnetic
dipole resonance [47]. However, due to the quadratic
dispersions at band edges, the zero parameter leads to zero
group velocity. Interestingly, the accidental degeneracy of the
monopole and dipole modes turns the quadratic dispersion into a
linearly conical dispersion with εeff � μeff � 0, but with a non-
zero group velocity. In addition, due to the ultralow-loss of the
dielectric materials, the PhCs with a Dirac-like cone are excellent
candidates for the ultralow-loss ZIMs.

ZIMs with a Dirac-like cone and a finite group velocity
enable many intriguing applications. In the following, we give
three examples of unique applications. The first one is the
hybrid invisibility cloak based on the integration of
metasurfaces and ZIM (Figure 2A) [64]. The key
functionalities of wavefront tailoring with the metasurfaces
and wave energy tunneling with the ZIM are combined
together to achieve the invisibility cloak. The second one is

FIGURE 1 | (A) The band structure of a PhC consisting of a square lattice of dielectric rods. Two branches with linear dispersion intersect at a triply-degenerate
point at the Γ point, forming a Dirac-like cone. The right panel shows the distributions of out-of-plane electric fields (color) and in-plane magnetic fields (arrows) of the
eigenstates near the Dirac-like point. (B) The PhCwith a Dirac-like cone was experimentally demonstrated in the microwave regime using a square array of alumina rods.
Reproduced with permission from Ref. [32]. (C) A PhC consisting of horizontal square array of silicon bars was demonstrated to exhibit the Dirac-like cone in the
infrared regime. Reproduced with permission from Ref. [91].
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a geometry-invariant coherent perfect absorber via doping an
impedance-matched ZIM with absorptive defects (Figure 2B)
[59]. The behavior of coherent perfect absorption is
independent of the size and shape of the ZIM and the
position of the doping defects, because of the zero spatial
phase change and uniform electric fields inside the ZIM. The
third one is a plane-concave lens made of ZIM at near-infrared
wavelengths (Figure 2C) [139]. Due to the zero spatial phase
change across the ZIM, such a plane-concave lens can focus the
incident plane wave with ultralow spherical aberration.

NON-HERMITIANDIRAC-LIKECONES AND
EFFECTIVE MEDIUM DESCRIPTION

The abovementioned Dirac-like cone is based on the
assumption of Hermitian PhC. It is reasonable, as the PhC
are composed of low-loss dielectric materials. It is interesting
to point out the band dispersion of the PhC could be

drastically deformed if there exists loss/gain [24, 80, 136,
151–155, 175]. In 2015, Zhen et al experimentally
demonstrated that in a photonic crystal slab the radiative
loss-induced non-Hermitian perturbation can deform the
Dirac-like cone into a 2D flat band enclosed by a ring of
EPs [136]. The EP is a singularity in a non-Hermitian system
where two or more eigenvalues and their associated
eigenfunctions collapse into one eigenvalue or
eigenfunction [156–158]. In the absence of loss, a Dirac-
like cone as the result of accidental degeneracy of a doubly
degenerate dipole mode and a single quadrupole mode dipole
can be obtained at the Γ point. While in the presence of
radiative loss, the Dirac-like cone is deformed into a flat band
enclosed by a ring of EPs. As shown in Figure 3A, inside the
ring of EPs, the real parts of the eigen-frequencies have
degenerate flat dispersions, while the imaginary parts split
into two branches. Outside the ring of EPs, the situations are
just the opposite. The real parts split, while the imaginary
parts tend to degeneracy.

FIGURE 2 | (A) Left: schematic graph of a hybrid invisibility cloak based on the integration of metasurfaces and ZIM. Middle: picture of the fabricated microwave
cloaking shell, which consists of a metasurface and a PhCwith a Dirac-like cone. Right panel shows the electric-field distribution. The part inside the regionmarked by the
green rectangle is measured in the experiment, and the other part is obtained by simulations. Reproduced with permission from Ref. [64]. (B) Left: illustration of the
geometry-invariant coherent perfect absorber by using impedance-matched ZIM doped with absorptive defects. Middle panel shows the microwave experimental
setup. A dielectric PhC with a Dirac-like cone is utilized to work as an effective impedance-matched ZIM. Right panel shows the measured electric-field distribution at the
Dirac-point frequency. Reproduced with permission from Ref. [59]. (C) Left: schematic view of a plane-concave lens made of ZIM. Middle: scanning electron microscopy
image of the fabricated lens consisting of silicon nanopillars on a silicon substrate. Right: optical microscope images of two incoherent beams passing through the lens,
showing the focusing behavior at 1490 nm. Reproduced with permission from Ref. [139].
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These unique dispersion characteristics of the non-Hermitian
PhC can also be described by an effective Hamiltonian as
[33, 136].
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where γd is induced by the radiative loss of the dipole modes. It is
noted that the quadrupole mode does not radiate owing to its
symmetry mismatch with plane waves in free space [136]. The
first two eigenvalues indicate a ring of EPs appears at |k| � γd/2vg.
Inside the ring, the real parts of eigenvalues are dispersionless and
degenerate. While outside the ring, the imaginary parts are
dispersionless and degenerate.

We note that the radiative loss from the PhC slab can be
considered equivalent to the material loss in a 2D PhC. This
provides us a simple way to investigate the non-Hermitian
properties through engineering the losses in different
constituents of the PhC. In 2021, Luo et al proposed a non-
Hermitian 2D PhC composed of a square lattice of cylindrical
rods [155]. The background medium and/or cylindrical rods
contain material loss/gain. Through engineering the material
loss/gain, it was discovered that besides the ring of EPs
(Figure 3B), complex Dirac-like cone with conical dispersions
in both real and imaginary frequency spectra (Figure 3C), and the
quadratic degeneracy (Figure 3D) can be realized in non-
Hermitian PhCs [155]. Such phenomena show the unique
consequences of introducing loss/gain to the PhCs with Dirac-
like cones.

Moreover, it was found that these non-Hermitian properties
can be well explained from the effective medium point of view
[155]. In a non-Hermitian PhC involving loss and/or gain, the
eigen-frequency becomes a complex value as ω � ωR + iωI, and
the effective permittivity ε(ω) and permeability μ(ω) are
generally complex and dispersive, which can be expressed as
ε(ω) � εR(ω) + iεI(ω) and μ(ω) � μR(ω) + iμI(ω). In a small
frequency regime near the Γ point, linear relations between the
effective parameters and the eigen-frequency can be assumed as:

⎧⎪
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⎪
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⎩

εR(ωR) � AεR × (ωR − ωεR)

μR(ωR) � AμR × (ωR − ωμR)

εI(ωI) � AεI × (ωI − ωεI)

μI(ωI) � AμI × (ωI − ωμI)

(5)

where AεR, AμR, AεI and AμI are unknown coefficients to be
determined. When the loss/gain is small, we have ωεI ≈ ωμI ≈ 0
and ωεR ≈ ωμR ≈ ωD with ωD being the Dirac-point frequency in
absence of loss/gain. In the complex frequency space, the
dispersion relation can be expressed as,

(ωR + iωI)2(εR + iεI)(μR + iμI) � c2k2 (6)
where k is the in-plane wave vector, and c is the speed of light in
free space. Based on the effective medium model with parameters
and dispersion relation, besides the well explanation of the
occurrence of the EP ring, other unique non-Hermitian
phenomena like complex Dirac-like cone with conical
dispersions in both real and imaginary frequency spectra, as
well as the quadratic degeneracy were predicted [155], as
summarized in Table 1. Moreover, we note that the flat band

FIGURE 3 | (A) The real (left panel) and imaginary (right panel) parts of
the eigen-frequencies of a PhC slab with finite thickness. By tuning the
radius, accidental degeneracy in the real part can be achieved, but the
Dirac-like cone is deformed into a 2D flat band enclosed by a ring of
EPs. Reproduced with permission from Ref. [136] [(B–D)] The real (left) and
imaginary (right) parts of the eigen-frequencies of a 2D non-Hermitian PhC
consisting of a square lattice of cylindrical rods, showing (B) the ring of EPs,
(C) complex Dirac-like cone with conical dispersions in both real and
imaginary frequency spectra, and (D) the quadratic degeneracy. The relative
permittivities of the rods (or background medium) are 12.5 + 0.5i (or 1) in (B),
12.5 + 0.33i (or 1 + 0.0264i ) in (C), and 12 + 0.33i (or 1.04 + 0.02978i ) in (D).
Reproduced with permission from Ref. [155].
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induced by the longitudinal electromagnetic mode in all scenarios
can also be accurately predicted by using this non-Hermitian
effective medium theory [155].

ON-CHIP APPLICATIONS WITH CLADDING
AND BIC TECHNIQUES

For on-chip applications, the PhCs with a Dirac-like cone would
suffer from large radiative losses in the out-of-plane direction,
because the Dirac-cone dispersion resides above the light line
and the transverse dipole mode forming the Dirac-like cone can
couple to extended plane waves in free space [30, 31]. This
would turn the PhC to be non-Hermitian, and hence the Dirac-
like cone would disappear, hindering its applications as the
ultralow-loss ZIM. In this sense, it is very important to solve the
issue of radiative loss from real PhC chip structures with finite
pillar height [22, 135–147]. In order to eliminate the out-of-
plane radiative loss, two important classes of approaches have
been proposed, that is, the utilization of claddings and BIC
techniques.

A mirror cladding can reflect the leaky wave back down into
the PhC slab, so as to eliminate the out-of-plane radiation. In
2015 Li et al fabricated an on-chip PhC slab cladded with gold
films to avoid out-of-plane radiation, and a Dirac-like cone was
observed at the wavelength of 1,590 nm (Figure 4A) [138].
However, such an implementation suffers propagation loss due
to the conduction loss originating from the gold films. To reduce
the conduction loss from the mirror, a dielectric Bragg reflector
was proposed (Figure 4B) [30]. The Bragg reflector can reflect the
leaky wave back down into the pillars, where it destructively
interferes with the leaky wave below the array, thus eliminating
the radiative loss.

Another technique is based on the concept of BIC, which is the
photonic mode in the radiation continuum above the light line
but is confined with an infinite quality factor [176]. With the BIC,
it is possible to create resonances in a PhC slab with a Dirac-like
cone that do not radiate [177]. Specifically, through engineering
the height of the PhC slab, all the upward/downward out-of-plane
radiation destructively interferes, thus forming a resonance-
trapped BIC with a high quality factor (Figure 4C) [140].
Consequently, the radiative loss-induced EP ring would shrink
into a Dirac-like cone [140, 145–147], which has been
experimentally demonstrated at near-infrared wavelengths
(Figure 4D) [147]. The Dirac-like cone is the consequence of

the accidental degeneracy of a pair of dipole modes and a single
quadrupole mode at the Γ point in [140, 147], while is formed due
to the accidental degeneracy of a single monopole mode and
doubly degenerate dipole modes in [145, 146] (Figure 4E). The
low-order mode-based design can be better treated as a
homogeneous ZIM.

We note that the monopole and higher-order modes besides
the dipole modes at the Γ point do not have out-of-plane radiative
loss because of their intrinsic mode symmetry. This suggests that
it is possible to realize Dirac-like cone through harnessing the
mode symmetry of the degenerate modes at the Dirac point. In
2018 minkov et al theoretically proposed a PhC slab with a
hexagonal lattice described by the C6v point group, in which a
Dirac-like cone at the Γ point is achieved via the symmetry-
protected BIC (Figure 4F) [144]. For a PhC slab with the C6v

symmetry, at the at the Γ point, modes that belong to the E2 2D
irreducible representation or a one-dimensional irreducible
representation do not couple to plane waves in free space, that
is, these modes are symmetry-protected BICs. Through
engineering the structural parameters of the PhC slab, a
Dirac-like cone as the result of accidental degeneracy of
modes in the E2 and the B1 or B2 irreducible representations
can be obtained [144]. This theoretical prediction was
experimentally demonstrated at near-infrared wavelengths
recently (Figure 4G) [147].

THREE-DIMENSIONAL DIRAC-LIKE CONE
AND THE ELECTROMAGNETIC VOID
SPACE
Previously, Dirac-like cones due to accidental degeneracy are
mostly investigated in 2D systems. 3D Dirac-like cones and
ZIMs were rarely explored. Actually, the wave behaviors in 2D
and 3D ZIM are inherently different as the former obey scalar
wave equations while the latter follow vector wave equations.
As a result, some physical effects observed in 2D ZIM, such as
photonic doping [57–61], are absent in 3D ZIM. Instead, when
a 3D impedance-matched ZIM contains random defects,
unusual percolation of electromagnetic waves could appear
[62]. In 2015 Luo et al theoretically demonstrated that there
exists an unusual type of percolation threshold which, unlike
normal percolation theory, is induced by the long-range
connectivity of the defects in the transverse direction [62]
(Figure 5A). It was discovered that below the percolation

TABLE 1 | Features of band structures of non-Hermitian PhCs.

Characteristics of parameters Features of band structures Flat band

ωεR ,ωμR ωεI ,ωμI Real parts Imaginary parts

Case 1 Figure 3B ωεR � ωμR � ωD ωεI ≠ ωμI Dispersion-less within EP ring Ring of EPs
@{

ωR � ωD

ωI � ωμI

Case 2 Figure 3C ωεR � ωμR � ωD ωεI � ωμI � ωDI Dirac-like cone Dirac-like cone
@{

ωR � ωD

ωI � ωDI

Case 3 Figure 3D ωεR ≠ ωμR ωεI � ωμI � ωDI Band gap Quadratic degeneracy
@{

ωR � ωμR

ωI � ωDI
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threshold, the transmittance is always unity, irrespective of the
material, shape and size of the embedded inclusions. The
electromagnetic waves can squeeze through the gaps
between random defects. While beyond the threshold, the
transmittance will generally suffer a sharp reduction, and
become strongly dependent on the configuration of defects
(Figure 5B).

The 3D PhC with a Dirac-line cone dispersion offers a
platform to explore the intriguing features of 3D ZIM. A
theoretical design was investigated by Chan in 2012 [148]. The
PhC consists of a simple cubic lattice of core-shell spheres.
The core is a perfect electric conductor, and the shell is
dielectric. From Figure 5C Dirac-like cone as the
consequence of sixfold degenerate modes is observed at the
Γ point. Both the effective permittivity and permeability are
zero, i.e., εeff � μeff � 0, at the Dirac-point frequency.
However, the design is sensitive to the parameters and the
fabrication is quite challenging. In 2021, Xu et al [150]

experimentally realized the Dirac-like cone by employing
another design of a 3D PhC composed of dielectric meshes.
The dielectric meshes are orthogonally aligned along the x, y,
and z directions, and intersect at the center of the unit cell
(Figure 5D). At the Γ point, a sixfold accidental degeneracy of
electric and magnetic dipole modes results in a Dirac-like
cone. The microwave experiment demonstrated the near-
perfect transmission of electromagnetic waves when there
exist defects inside the PhC (i.e., effective 3D impedance-
matched ZIM) below the percolation threshold. Such an
extraordinary phenomenon that the transmission through
an impedance-matched ZIM is independent of the
embedded impurities may be referred to as an impurity-
immunity or anti-doping effect [63, 150]. We emphasize
that the 3D PhC of εeff � μeff � 0 represents an interesting
electromagnetic void space that is generated by expanding an
infinitesimal point to a finite volume of space using
transformation optics [178–180]. Such an electromagnetic

FIGURE 4 | (A) Scanning electron microscopy image of an on-chip PhC with a Dirac-like cone, and the schematic of unit cell. The cladding gold films are used to
eliminate the out-of-plane radiation. Reproduced with permission from Ref. [138]. (B) Schematic of Bragg reflector design used to reflect the leaky wave back down into
the pillars, where it destructively interferes with the leaky wave below the array. Reproduced with permission fromRef. [30]. (C) Extent of the ring of EPs in the ΓX direction
versus the thickness of the PhC slab, which is illustrated by the inset. The radiative losses can be reduced using resonance-trapped BIC. Reproduced with
permission from Ref. [140]. (D) Scanning electron microscopy images of a PhC slab with resonance-trapped BIC. A Dirac-like cone is formed due to the accidental
degeneracy of a pair of dipole modes and a single quadrupole mode. Reproduced with permission from Ref. [147]. (E) Schematic of an on-chip PhC with resonance-
trapped BIC. A Dirac-like cone is formed due to the accidental degeneracy of a single monopole mode and doubly degenerate dipole modes. Reproduced with
permission from Ref. [146]. (F) Radiative quality factors for three photonic bands of a PhC slab illustrated by the right panel. A Dirac-like cone dispersion is obtained via
symmetry-protected BIC without out-of-plane radiation. Reproduced with permission from Ref. [144]. (G) Scanning electron microscopy images of the PhC slab with
symmetry-protected BIC. Reproduced with permission from Ref. [147].
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void space has many interesting features that are absent in any
other electromagnetic media.

DIRAC-LIKE CONES IN ACOUSTIC AND
ELASTIC STRUCTURES

The concept of Dirac-like cones has also been developed in other
kinds of classical wave structures including acoustic and elastic
structures [23, 28, 148, 159–174].

In acoustics, the two key physical parameters that are
essential for the propagation of the sound wave in materials
are mass density and bulk modulus. Through carefully
designing the two key physical parameters, microstructure
and dimension parameters of PnCs, the Dirac-like cones at
the center of the Brillouin zone can be obtained, also showing
the effective zero refraction index property (i.e., simultaneous
zero mass density and zero reciprocal bulk modulus). An
experimental visualization of the Dirac-like cone in a 2D
PnC was realized by Dubois et al in 2017 [166]. The PnC is
a square lattice of blind holes (Figure 6A). Three bands are
degenerate at the Dirac point, which correspond to a monopole
mode and doubly degenerate dipole modes. Through

measuring pressure field radiated by acoustic point source
embedded in PnC, the directive emission enabled by zero
refractive index was observed at the Dirac-point frequency.
The 3D PnC exhibiting a Dirac-like cone was experimentally
demonstrated by Xu et al in 2020 (Figure 6B) [174]. The unit
cell of the PnC comprises three aluminum rods in air. A Dirac-
like cone composed of fourfold degenerate modes occurs at the
Γ point. The effective zero refractive index property at the
Dirac-point frequency was demonstrated through
investigating of wave tunneling effect in bending
waveguides in both simulations and experiments, which is
referred to as an acoustic “periscope”.

In solids, both longitudinal and transverse waves exist, and the
wave propagation properties are characterized by more
parameters, such as the shear modulus. Through engineering
the characteristic and dimension parameters, it is also possible to
obtain Dirac cones in a PnC supporting both longitudinal and
transverse waves. For example, Liu et al designed a 2D triangular-
lattice PnC consisting of rubber cylinders embedded in silicon
host, exhibiting a double Dirac cone at the Γ point as the
consequence of fourfold degenerate modes (Figure 6C) [163].
Such a PnC possesses simultaneous zero effective refractive
indices for both longitudinal and transverse waves at the Dirac

FIGURE 5 | (A) Schematic of unusual percolation of electromagnetic waves in a 3D impedance-matched ZIM host with defects. (B) Upper: schematic diagram of a
3D ZIM host embedded with random dielectric cylinders below the percolation threshold (left), and the simulated electric-field distribution, showing perfect transmission
of electromagnetic waves (right). Lower: schematic diagram of the case beyond the percolation threshold (left), and the simulated electric-field distribution, showing near-
zero transmission (right). Reproduced with permission from Ref. [62]. (C) A theoretical design of 3D ZIM using a 3D PhC consisting of a simple cubic lattice of core-
shell spheres. A Dirac-like cone composed of sixfold degenerate modes is observed at the Γ point, and the effective parameters satisfy εeff � μeff � 0 at the Dirac-point
frequency. Reproduced with permission fromRef. [148]. (D) Amicrowave experimental realization of the 3D PhCwith a Dirac-like cone for 3D ZIM. The PhC is composed
of dielectric meshes. Reproduced with permission from Ref. [150].
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cone frequency, which can be utilized to prohibit the
longitudinal-transverse mode conversion even in the presence
of scattering objects. In 2017 Zhu et al experimentally realized
simultaneous zero mass density and zero reciprocal shear

modulus in an elastic waveguide filled with a square-lattice
PnC with a Dirac-like cone. The unit cell consists of a square
plate having an embedded elliptic torus-like taper and a
resonating center mass (Figure 6D) [165]. Threefold

FIGURE 6 | (A) Left: enlarged view of dispersion surfaces near the Dirac-like cone of the PnC consisting of a square lattice of blind holes. Middle: photograph of the
fabricated sample. Right: measured pressure field radiated by an acoustic point source embedded in PnC, showing the directive emission behavior at the Dirac-point
frequency. Reproduced with permission fromRef. [166]. (B) Left: simulated pressure-field distribution when a bending waveguide is filled with 3D cubic-lattice PnCwith a
Dirac-like cone. The inset shows the unit cell comprising three aluminum rods in air. Right: photograph of the fabricated bending waveguide. Reproduced with
permission from Ref. [174]. (C) Left: band structure for in-plane modes of a 2D triangular-lattice PnC consisting of rubber cylinders embedded in silicon host, and the
enlarged view of the double Dirac cone. Right: simulated displacement-field distributions for the 2D PnC embedded with the steel cylinders to achieve transmission
preserving plane wave characteristic (upper) and total reflection (lower). Different columns represent the incident longitudinal and transverse waves, respectively.
Reproduced with permission from Ref. [163]. (D) Left: schematic of the tapered unit cell of a square-lattice PnC. Middle: enlarged view of dispersion surfaces near the
Dirac-like cone. Right: photograph of U-shaped waveguide channel filled with the PnC, and measured amplitude of out-of-plane velocity at the Dirac-point frequency.
Reproduced with permission from Ref. [165].
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degenerate modes result in a Dirac-like cone at the Γ point.
Numerical and experimental results confirmed the zero-
refractive-index-enabled cloaking and super-coupling effects at
the Dirac-point frequency.

SUMMARY AND OUTLOOK

We have reviewed the study of Dirac-like cones in both PhCs and
PnCs, from Hermitian to non-Hermitian systems and from 2D to
3D. PhCs/PnCs with a Dirac-like cone at the center of the
Brillouin zone behave as effective ZIM at the Dirac-point
frequency, providing a remarkable platform for the ultralow-
loss ZIMs and the ZIM-based applications. Due to this unique
feature, the Dirac-like cones have attracted considerable attention
from theoretical investigation of underlying physics to
experimental verification and application exploration.

Despite the above advances, there are some remaining
important open questions are worth exploring. For instance,
the fast inverse design of Dirac-like cones at will is an
interesting question. The inverse design problem, meaning the
direct retrieval of the proper structure for the desired optical
performance, requires exploration of a large degree of freedom in
the design space, and hence is very challenging and time-
consuming [36, 181]. Recently, topology optimization, as a
large-scale computational technique employing powerful
gradient-based numerical algorithms, has been applied to
inversely design Dirac-like cones [36–40]. The topology
optimization is a rule-based approach containing iterative
searching steps in a case-by-case manner, usually relying on
numerical simulations in each step to produce intermediate
results that help to modify the searching strategy [181]. This
process would be very time-consuming especially when dealing
with complicated 3D structures. Deep learning, as a data-driven
methodology, could overcome complicated design problems with
growth of structural complexity and higher degree of freedom
through training the artificial neural network [36, 181]. A trained

neural network can be used as a fast, general purpose predictor of
optical and electromagnetic responses of complicated 3D
structures, and is particularly efficient in solving notoriously
difficult inverse problems in nanophotonics [182–185].
Another way is the utilization of the systematic band
engineering method that has realized Dirac cones at arbitrary
k point in the Brillouin zone of PhCs without symmetry [35].
With such advanced designing techniques, customized Dirac and
Dirac-like cones can realized in complex PhCs/PnCs.

Another interesting topic is the realization of Dirac-like cones
or ZIMs at the deep-subwavelength scale. One of the most
important features of PhCs/PnCs with Dirac-like cones is that
they can mimic effective ZIM. However, most of the PhCs/PnCs
are composed of periodic structures, whose lattice constant is in
the half-wavelength scale. Such a bulky size hinders many
applications that require deep-wavelength ZIM, including
tunneling effect in deep-subwavelength channels [48–50] and
arbitrary control of energy flux in the deep-subwavelength scale
[52], etc. The realization of PhCs/PnCs with Dirac-like cones in
the deep-subwavelength scale is important to expand their
application scenarios.
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Topological Engineering of the
Iso-Frequency Contours in
Connection-Type Metamaterials
Zhao-Lin Liao, Wei-Min Deng, Ze-Liang Xiang, Wen-Jie Chen * and Jian-Wen Dong *

School of Physics and State Key Laboratory of Optoelectronic Materials and Technologies, Sun Yat-Sen University, Guangzhou,
China

The topology of isofrequency surface governs the electromagnetic wave propagation and
light–matter interaction in metamaterials. For most metamaterials with local medium
description, the low-frequency isosurfaces are typical spheres or ellipsoids centered at
zero momentum, which, to some extent, limits our manipulation ability on low-frequency
wave. In this work, based on connection-type wire metamaterials, we propose a scheme
to engineer the shapes of isofrequency surfaces. An equivalent circuit model is developed
to analyze the low-frequency dispersion of connection-type metamaterials. It implies that
the shape of index ellipsoids at quasistatic limit is determined by the equivalent
inductances and capacitances of the metallic meshes. By adjusting these equivalent
circuit parameters, we can achieve the isotropic or anisotropic index ellipsoids at
quasistatic limit and, hence, a cruciform or bowtie-shaped isofrequency contours for
the lowest-frequency band. Our results demonstrate a feasible platform for topological
engineering of isofrequency surfaces, which may pave the way to novel devices for
manipulating long-wavelength electromagnetic wave.

Keywords: metamaterials, metallic meshes, isofrequency contours, quasistatic limit, equivalent circuit

1 INTRODUCTION

The isofrequency surfaces (IFSs) of a medium play an important role in determining the
electromagnetic (EM) wave propagation[1] and light–matter interactions [2, 3] inside the
medium. For a natural material, the shape of IFSs depends on its microscopic atomic
arrangement and is usually an isotropic sphere or an anisotropic ellipsoid in k space.
Metamaterials (MMs) [4–10], artificially synthesized materials with subwavelength
microstructures, can exhibit various types of closed/open IFSs with exotic topologies (concave
sphere [11, 12], hyperboloid [2, 3, 13, 14], cuboid [15, 16], etc.), which lead to anomalous wave
phenomena (negative refraction [1, 11, 12], subwavelength imaging [17–20], self-collimation [15, 16,
21, 22], etc.) alongside numerous engineering applications. However, since their unnatural responses
rely on the EM resonance of metallic structures [4, 5, 10], these exotic IFSs and associated
phenomena only occur near the resonant frequency, which limits their working bandwidth.
Also, when the wave frequency approaches quasistatic limit, the IFSs of these artificial media
usually deteriorate to an ordinary ellipsoid centered at a zero k-point.

It would be highly desirable if the shapes of low-frequency IFSs can be customized at will, then we
could control the EM wave propagation behavior in a relatively broader bandwidth. It is well known
that metallic wire medium [4, 23–40], such as disconnected wire arrays, can exhibit the strong spatial
dispersion (nonlocal effect) even in long-wavelength limit [25, 26]. By incorporating two or more sets
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of metallic meshes, one can engineer the density of states at
quasistatic limit [28, 32, 33]. The EM properties of these
multiple interlocking meshes are governed by electric circuit
equations [28, 29] rather than Maxwell equations [41]; they are,
thus, called non-Maxwellian medium. Interestingly, researchers
[33] found that the global connectivity of these metallic meshes can
introduce a momentum shift of the low-frequency index ellipsoid
away from the zero k-point. Recently, wire medium again attracted
the attention of researchers, since it could serve as a new design
degree of freedom to tailor the low-frequency dispersion [34–37]
and associated wave properties [38–40] of MMs.

In this study, based on connection-type MMs [28, 32–34, 36]
that support multiple quasistatic modes at a nonzero k-point, we
propose a scheme to engineer the shapes of low-frequency IFSs. As
frequency increases from zero, isotropic or anisotropic index
ellipsoids emerge from these nonzero k-points. By properly
shaping the index ellipsoids, one can, in principle, realize
arbitrary-shaped isofrequency contours (IFCs) even for the
lowest frequency band. The benefit of our method is that it
may provide a novel way for manipulating long-wavelength EM
wave. To illustrate our idea clearly, we focus on a 2D slab of
connection-type MMs, instead of complex 3D MMs. We develop
an equivalent circuit model for the connection-type MMs to
describe their low-frequency EM behaviors. The model implies
that the shape of index ellipsoids can be engineered via the
equivalent inductances and capacitances of the metallic meshes,
which are determined by the structural details of the meshes. By
appropriately adjusting the metallic structure, we can achieve
isotropic or anisotropic index ellipsoids with different group
velocities, which agree well with our equivalent circuit model.

2 RESULTS

Connection-type MMs are a type of MMs composed of N sets of
interpenetrating metallic meshes, which support (N−1)

quasistatic modes lying at a nonzero k-point. Their positions
in k space are determined by the global connectivity of the
meshes, rather than the structural detail of the meshes. For
instance, 2D double-mesh MMs with square lattice [33] can
support one quasistatic mode at the Brillouin zone corner (M
point), as shown in Figure 1. In addition, this quasistatic mode is
not an isolated solution at zero frequency. When frequency
increases, the index ellipsoids turn into a circle or ellipse from
an isolated point at M, which corresponds to a linear cone
dispersion emerging from the M point. While the emerging
point can be controlled by designing the mesh connectivity,
the shapes of index ellipsoids or the group velocities of linear
bands are determined by the structural details. Once we can
engineer both the centers and the shapes of the low-frequency
index ellipsoids, arbitrary-shaped IFCs can be achieved in
principle. For the case in Figure 1, if the index ellipsoids
emerging from the M point are a circle, then cruciform-
shaped IFCs (dashed line in Figure 1A) would be expected for
the midband frequency of band 1. Also, if the index ellipsoids
emerging from the M point are an ellipse, bowtie-shaped IFCs
(dashed line in Figure 1B) would be expected. Generally
speaking, multiple zero-frequency modes would appear at
multiple k-points when considering more sets of interlaced
wire meshes. By engineering the shape of each ellipse via the
equivalent inductances and capacitances between multiple
meshes, arbitrary-shaped IFCs can, in principle, be realized in
connection-type MMs.

To analyze the low-frequency index ellipsoids, we establish an
equivalent circuit model which could serve as a guideline in
designing connection-type MMs. Here, we consider a 2D double
mesh arranged in a square lattice. Centered in its unit cell is a
metallic block (height d and width w), whose top (bottom) end is
connected to the adjacent unit cell via the metallic bar in the û1
(û2) direction (Figure 2A). When the unit cell is repeated in x
and y directions (3 × 3 supercell in Figure 2B), it is actually
composed of two disconnected meshes (colored in blue and red)

FIGURE 1 | Topological engineering of IFCs utilizing the degree of freedom of index ellipsoids at a nonzero k-point. While the centers of index ellipsoids are
determined by the global connectivity of the metallic mesh, the shapes of index ellipsoids can be designed via the structural details of the mesh. (A) IFCs of the
metamaterial with an isotropic index circle at the Brillouin zone corner. As the frequency increases, the four circles grow and shape into a cruciform. (B) IFCs of the MM
with an anisotropic index ellipse at the Brillouin zone corner. As the frequency increases, the four ellipses grow and shape into a bowtie.
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arranged in a checkerboard manner. Since all the metallic
components in this study are assumed to be a perfect electric
conductor (PEC), blue and red colors just highlight the two sets of
meshes with independent quasistatic potentials. According to the
quasistatic potential analysis in [33], these 2D double-mesh MMs
have one quasistatic mode lying at zone corner M.

We construct a circuit model for this structure to describe its
Bloch modes at relatively low (but not zero) frequency. Note that
the double-mesh MMs are a slab with finite thickness in the z-
direction embedded in air background, and we only consider the
EMmodes with Bloch k near theM point. Since Bloch k lies below
the light cone, the EM mode is guided in the slab and its leakage
into air can be neglected. The EM field of Bloch mode would
induce alternating currents on the metallic wires and charge
accumulation. In Figure 2A, the total current passing through the
top (bottom) wire along the û1 (û2) direction is assumed to be Iû1
(Iû2). Taking into consideration the Bloch boundary condition,
the currents at the unit cell corners should be Iû1e

i
2 (kx+ky)a and

Iû1e
− i
2 (kx+ky)a (Iû2e

i
2 (kx−ky)a and Iû2e

i
2 (−kx+ky)a) along the û1 (û2)

direction. Due to these alternating currents, a time-varying
charge Q should accumulate on the metallic block, which
satisfies the following equation:

iωQ � Iû1e
i
2 kx+ky( )a − Iû1e

− i
2 kx+ky( )a + Iû2e

i
2 kx−ky( )a

− Iû2e
i
2 −kx+ky( )a. (1)

Since we are dealing with the low-frequency Bloch modes at
the k-point not far away fromM, the charge on each block should
be almost plus or minus alternatively in the square array. Also, as
the twomeshes serve as two conductors of a capacitor at quasistatic
limit, the charge on one block should be proportional to the local
potential difference between the twomeshes and written as follows:

Q � CΔφ, (2)
where Δφ is the local potential difference between a metallic block
and its nearest four neighboring blocks. On the other hand, the
alternating currents flowing on the wires would induce
alternating magnetic fields, which are here specified by vector
potential field �A( �r). They satisfy the following relation:

Aû1

Aû2
[ ] � Lû1

Lû2
[ ]

Iû1
Iû2

[ ], (3)

whereAûn (n = 1, 2) is a line integral of the vector potential on the
path between two neighboring blocks (gray solid line in
Figure 3B). The inductance matrix is a 2 × 2 matrix whose
off-diagonal terms vanish due to the mirror symmetry of the
structure. As we are considering the Bloch modes near the M
point, Iû1 in Eq. (3) represents a series of currents (Figure 3A),
rather than a single line current, in an infinite square lattice.
Meanwhile, Aû1 represents the vector potential field (Figure 3B)
induced by these collectively oscillating currents. Thus, the
inductance Lû1 is actually the ratio between the current array
and its induced vector potentials, rather than the self-inductance
or mutual inductance of a single wire.

For a perfect conductor, the microscopic electric field inside
should vanish, and we have the following equation:

iωAû1 � Δφei kx+ky( )a − Δφ,
iωAû2 � Δφei −kx+ky( )a − Δφ.

, (4)

where the local potential difference Δφ satisfies Bloch theorem,
and the voltage drop between two adjacent unit cells can be
evaluated by the difference between the local potential differences
of the two unit cells.

FIGURE 2 | 2D double-mesh MM. (A) Unit cell (lattice constant a = 1 cm). The metallic block (width w and height d) centered at the unit cell is connected to the
adjacent blocks by two metallic wires (width wûn

and n = 1, 2) in û1 and û2 directions. The alternating currents on the wires crossing through the cell boundaries would
lead to a time-varying charge Q accumulated on the block. (B) 3 × 3 supercell of the 2D double-mesh MM. It shows that the MM is composed of two disconnected
metallic meshes (blue and red) with independent potentials. The potential difference for the central unit cell is assumed to be Δφ, and then, the potential differences
elsewhere can be obtained using Bloch theorem. (C) Equivalent circuit model of the 2D double mesh.
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Combining Eqs. 1–4, we obtain the following generalized
eigenvalue equation:

e
i
2 kx+ky( )a − e−

i
2 kx+ky( )a e

i
2 kx−ky( )a − e

i
2 −kx+ky( )a −iωC

−iωLû1 ei kx+ky( )a − 1

−iωLû2 ei −kx+ky( )a − 1

⎡
⎢

⎢

⎢

⎢
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⎢
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⎣

⎤
⎥
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⎥

⎥

⎥
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⎥
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⎥

⎥
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⎥

⎥

⎥

⎦

Iû1
Iû2
Δφ

⎡
⎢

⎢

⎢

⎢

⎢

⎣

⎤
⎥

⎥

⎥

⎥

⎥

⎦ �
0
0
0

⎡
⎢

⎢

⎢

⎢

⎢

⎣

⎤
⎥

⎥

⎥

⎥

⎥

⎦. (5)

The equation has a nonzero eigenvector only when the
determinant in Eq. 5 vanishes; then, the low-frequency
dispersion can be derived as follows:

ω2 � 4C−1 L−1
û1
sin2

δkx + δky( )a

2
+ L−1

û2
sin2

δkx − δky( )a

2
⎛
⎝

⎞
⎠. (6)

The band dispersion is controlled by two equivalent
inductances and one equivalent capacitance mentioned above,
which can be calculated in magnetostatic and electrostatic limits.
Also, this model applies well for low frequencies, as long as the
Bloch modes near the quasistatic mode (at the M point in this
case) are considered (δkx and δky are sufficiently small compared
to the reciprocal vector). Although the equivalent circuit model
would deteriorate as the frequency increases, it still gives a
qualitative prediction on the IFCs at midband frequency and
can serve as a guideline for MM design.

From Eq. 6, the group velocities in û1 and û2 directions are
written as

vg,û1 � a
�������

2C−1L−1
û1

√

,

vg,û2 � a
�������

2C−1L−1
û2

√

.
(7)

and can then be controlled by the equivalent capacitance and
two equivalent inductances. Since the group velocities depend

on the equivalent capacitance and inductances, the shape of
the index ellipsoid can be controlled by adjusting the structural
details of meshes, which determine the equivalent circuit
parameters.

To investigate the dependence of group velocities on the
structural parameters, we numerically calculate the equivalent
inductances and capacitances of a series of double-mesh MMs.
First, we alter the height of the metallic block centered at the
unit cell while keeping other parameters unaltered (width wp =
0.4a and wû1 � wû2 � 0.05a). Results from electrostatic and
magnetostatic simulations are shown in Figure 4A. It is
found that the change of block height would mostly alter
the equivalent capacitance C between the two meshes,
rather than inductances Lû1 and Lû2. The reason is that the
block height would increase the surface area of the meshes and,
thus, the equivalent capacitance rises. On the other hand, the
equivalent inductances are related to the width of the
horizontal metallic wires and the distance between them
[29]. The two inductances almost remain unchanged, as in
Figure 4A. Hence, the group velocities at quasistatic limit
along û1 and û2 directions should decrease as the block height
changes. Figure 4B shows the results obtained from calculated
band structures and the ones from equivalent parameters,
which agreed well with each other.

In another case, we increase the û1 wire width while keeping
the other structural parameters unchanged (height d = 0.8a,
width wp = 0.4a, and wû2 � 0.05a). The results are plotted in
Figures 4C,D. In this case, the symmetry of the structure is
reduced from S4 to C2, resulting in anisotropic inductances in û1
and û2 directions. The inductance Lû1 (purple open circle in
Figure 4C) decreases, while Lû2 (blue solid circle in Figure 4C)
remains almost unchanged. In the meantime, the equivalent
capacitance slightly increases due to the surface area of the û1
wire. To sum up, the group velocity vg,û1 becomes faster as wû2
increases while vg,û2 becomes somewhat slower, see the symbols

FIGURE 3 | Periodic distributions of (A) currents and (B) the current-induced vector potentials on the double-mesh MM. Since the quasistatic mode is located at
Brillouin zone cornerM, the electric currents on the twomeshes are out of phase (blue and red) and so do the vector potentials they induce. The inductance Lû1

is defined
as the ratio between this vector potential distribution and the current distribution.
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(model) and lines (simulation) in Figure 4D. Here, the index
ellipsoids are oriented in û1 and û2 directions. In principle, the
index ellipsoids can be oriented in other directions by
properly designing the widths of four horizontal wires in
the unit cell.

To further see the applicability of our model, Figures 5A,B
plot the numerically simulated band structure and index
ellipsoids for isotropic double-mesh MMs (height d = 0.8a,
width wp = 0.4a, and wû1 � wû2 � 0.05a) while Figure 5C
gives the index ellipsoids predicted by our model. They agree
well with each other and validate our theory. In both results, the
index ellipsoids gradually evolve from a circle to a squircle shape
as the frequency increases, due to the two sinusoidal terms
in Eq. 6.

To see the influence for different equivalent inductances in
û1 and û2 directions, we increase the bar width of the metallic
wire in the û1 direction in order to weaken its inductance Lû1.
Meanwhile, all the other parameters remain unchanged
(height d = 0.8a, width wp = 0.4a, wû1 � 0.4a, and

wû2 � 0.05a) (inset of Figure 5E). The group velocity in the
û1 direction of the first band becomes faster than that in the û2
direction, leading to elliptical index ellipsoids simulated in
Figure 5F. Also, as the frequency increases, the shape of index
ellipsoids evolves gradually from an ellipse to a rounded
rhombus. This is well predicted by our circuit model
(Figure 5G).

According to our circuit model, we can achieve isotropic or
anisotropic shape of index ellipsoids at quasistatic limit by
adjusting the equivalent inductances in û1 and û2 directions.
Then, the special-shaped IFCs can be achieved for midband
frequencies of band 1, as proposed in Figure 1. For isotropic
wire MM slabs in Figure 2A with appropriate structural
parameters (height d = 0.42a, width wp = 0.4a, and
wû1 � wû2 � 0.2a), an index ellipsoid emerges from the M
point due to the isotropic equivalent inductances. For
midband frequencies (f = 0.2 (c/a) for example), the IFCs
become cruciform shaped (Figure 6A). In another case, the
index ellipsoid at M can be anisotropic when two equivalent

FIGURE 4 | Tuning the group velocities of index ellipsoids by the inductances Lûn
and capacitance C of the double-mesh MM. (A) Parameter dependencies of the

inductances and capacitance for the isotropic MM. Here, we change the metallic block’s height while keeping the other parameters unchanged (width wp = 0.4a and
wû1

� wû2
� 0.05a). (B) Group velocities of the index circle at quasistatic limit as a function of d. Solid lines are given by the equivalent circuit model, while symbols are

given by the simulated band structure. (C,D) The same as panels A and B but for the anisotropic MM, where we change one of the bar widthswû1
instead of height

d (height d = 0.8a, width wp = 0.4a, and wû2
� 0.05a).
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inductance parameters are unequal. Considering the MM slabs
with structural parameters (height d = 0.36a, width wp = 0.4a,
wû1 � 0.3a, and wû2 � 0.05a), we have bowtie-shaped IFCs at

around f = 0.2 (c/a) (Figure 6B). In addition, the frequency range
of special-shaped IFCs can be adjusted by the mutual capacitance
between double meshes.

FIGURE 5 | Shaping the index ellipsoids by introducing anisotropic inductances. (A) Simulated band dispersion and (B) corresponding IFCs for the isotropic MM
shown in Figure 2A. In this case, the two metallic wires have the same bar width (height d = 0.8a, width wp = 0.4a, and wû1

� wû2
� 0.05a), leading to the isotropic

inductances along û1 and û2 directions. (C) IFCs given by the equivalent circuit model. When the frequency increases, the index circle gradually evolves into a squircle
shape, which agrees well with the simulated result in panel B. (D) First and second Brillouin zones. (E) Simulated band dispersion and (F) corresponding IFCs for an
anisotropic metamaterial. In this case, the metallic wire in the û1 direction has a thicker bar width than the one in the û2 direction (height d = 0.8a, width wp = 0.4a,
wû1

� 0.4a, and wû2
� 0.05a), leading to anisotropic inductances and the index ellipse in panel F. (G) IFCs given by the equivalent circuit model.

FIGURE 6 | MMs with (A) cruciform-shaped or (B) bowtie-shaped IFCs (simulation). Structural parameters: in (A), height d = 0.42a, width wp = 0.4a, and
wû1

� wû2
� 0.2a; in (B), height d = 0.36a, width wp = 0.4a, wû1

� 0.3a, and wû2
� 0.05a.
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3 CONCLUSION

In conclusion, we propose an equivalent circuit model for
connection-type MMs to analyze its low-frequency dispersion
away from quasistatic limit, taking into account the mesh
connectivity. The model implies that the low-frequency IFCs
can be engineered via the equivalent inductances and capacitance
of the metallic meshes. For instance, we adjust the metallic block
height and the wire width according to the model and
demonstrate the feasibility of shaping the low-frequency IFCs.
Coupled with the degree of freedom of the quasistatic mode at an
arbitrary k-point, one can, in principle, realize the arbitrary
topology of IFCs and manipulate the EM propagation
properties using an artificial medium.
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Fundamentals and Applications of
Topological Polarization Singularities
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Radiations towards the continuum not only brings non-Hermicity to photonic systems but
also provides observable channels for understanding their intrinsic physics underneath. In
this article, we review the fundamental physics and applications of topological polarization
singularities, which are defined upon the far-field radiation of photonic systems and
characterized by topological charges as the winding numbers of polarization
orientation around a given center. A brief summarizing of topological charge theory is
presented. A series of applications related to topological polarization singularities are then
discussed.

Keywords: topological charges, topological photonics, bound states in the continuum, optical singularities, non-
Hermitian optics

1 INTRODUCTION

Waves are ubiquitous phenomena in the nature. Serving as one of the most fundamental
concepts in modern physics and applications, the examples range from electromagnetic waves,
acoustic waves, to matter waves. Ever since the discovery of the transverse nature of some waves,
the study of the polarization properties of those vector waves has attracted a great deal of
attention, and varieties of novel mathematical concepts have been introduced. Among them, the
most direct representation of polarization is the elliptically polarized state. For a generic plane
wave, its field vector can be traced from the evolution of amplitudes and phases along two
orthogonal directions, and correspondingly, the wave motion becomes a rotating vector that
follows an ellipse path. In addition, the complicated polarization states can be projected onto the
Poincaré sphere for better visualization, by using the Stokes’ parameters [1]. Such a geometric
representation shed lights upon deeper understanding of polarization from topological
perspectives [2].

From a topological point of view, the objects of interest are some special points or regions on the
Poincaré sphere, known as the singularities, such as lines where the polarization gets linear (“L
lines”), points with circular polarization (“C points”), and centers of polarization vortices (“V
points”) [2–6]. At these regions, one or two components that compose the polarization, namely
amplitude and phase, are ill-defined, so that the waves may exhibit some abnormal behavior, leading
to exotic and potential useful physical phenomena. In particular, a special attention has been paid to
the realization of singularities in optical domain [2, 6–9]. Examples include optical vortex beam
generation [10–12], cylindrically polarized laser beams for tighter focusing [13–16], and the bound
states in the continuum (BICs) [17–20]. It is noteworthy to highlight the BICs. Although the BICs
have been developed from different contexts in history, their nature was found to be topological.
Since first proposed in 1929 by von Neumann and Wigner [21], the BICs are understood as an
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elimination of radiation in the case that radiation is allowed. After
the first photonic realization [22], the BICs had been intensively
investigated in various systems from a picture of destructive
interference of waves [17, 18, 23, 24].

Later, the topological picture regarding BICs was
established: they are interpreted as the vortex centers in far-
field polarization orientation field where the polarization is ill-
defined and all the radiation is forbidden [25]. In other words,
BICs are a type of V-points in k-momentum space. By counting
on the winding times of polarization direction around a
specific center in momentum space, a conserved quantity
called “topological charge” was defined, which was proved
to be a topological invariant. It is found that the BICs possess
integer topological charges [25]. Besides, the circularly-
polarized states (CPs) carry half-integer topological charges,
as a type of C-points. Furthermore, the topological charges
defined on polarization are connected to the non-trivial band
topology of non-Hermitian systems: half charges have been
observed from a bulk Fermi arc encircling paired exceptional
points (EPs) [26]. These findings built a framework to
understand the polarization singularities, and utilize them
for many applications.

In this article, we review the fundamental physics and
applications of the research field of topological polarization
singularities. We start from briefly summarizing the general
principles and theory framework, and then present a
comprehensive review on a series of applications related to
polarization singularities. At last, we give our prospect and
summary.

2 PRINCIPLES AND THEORY

The concept of optical singularities provide vivid and useful
representations to understand the exotic phenomena of light,
and thus they are applied in a series of investigation for different
purposes. To keep the review focused, we concentrate on
topological polarization singularities in this article. Specifically,
we review the theoretical framework of polarization topological
charges in this section, including their definitions, origins, and the
methods for manipulating them. More information and
connections regarding related topics can be found in other
review articles, including topological photonics [27–29],
singular optics [2, 6, 7], non-Hermitian topology [30–36],
BICs [37–39], and orbital angular momentum of light (OAM)
[40–42].

2.1 Theory of Polarization Topological
Charges
Polarization topological charge was firstly proposed to depict the
topological nature of BICs. In 2014, Zhen et al. [25] pointed out
that the BICs areV-points in the far-field polarization vector field,
carrying integer topological charges in momentum space. At the
vortex center, the radiation is eliminated since the far-field
polarization cannot be defined. Figure 1A illustrates the basic
concepts of BICs. A resonance turns into a BIC if and only if cx =
cy = 0, where (cx, cy) is the projection on the x-y plane of electric
field < uk > of the radiative wave. The polarization field winds
according to the topological charge, and Q diverges at BICs. An

FIGURE 1 | Definitions and properties of different types of polarization singularities, (A) BICs [25] copyright American Physical Society; (B) a CP with charge +1/2
[43] copyright Springer Nature Ltd., and (C) a bulk Fermi arc connecting paried EPs [26] Copyright AAAS.

Frontiers in Physics | www.frontiersin.org March 2022 | Volume 10 | Article 8629622

Wang et al. Review on Topological Polarization Singularities

110

https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles


explicit definition of the polarization topological charge is
given by:

q � 1
2π

∮

C
dk · ∇kϕ k( ) (1)

in which ϕ(k) is the angle of the polarization vector arg [cx(k) +
icy(k)] describing the orientation of polarization major axis, k is the
in-plane wavevector, and C is a closed simple path in momentum
space that goes around a specific point along the counterclockwise
direction. Eq. 1 describes the number of times that the polarization
vector winds around the specific point in momentum space.
Encircling the BICs, namely the vortex centers, the polarization
vector has to come back to itself after travelling through a closed
loop, upon which the topological charge q must be an integer.
Besides, according to the definition, we readily check that the CPs
carry half-integer charges as q = ±1/2 from a topological view.
Figure 1B gives a possible configuration of the polarization field near
a CP, giving rise to a topological charge q = +1/2. Both the BICs and
CPs are types of topological polarization singularities.

Note that the polarization topological charge is defined upon
the far-field polarization in momentum space, which may
connect, or say project the intrinsic band topology to the
radiation field. For example, half-integer charges was observed
around the bulk Fermi arc (Figure 1C), as a direct consequence of
paired EPs [26] revealing the non-Hermitian topology of the bulk
bands. However, the connection between band topology and
radiation topology may not be obvious. For instance, the BICs
and CPs are polarization singularities in radiation field, but they
are topologically trivial upon the energy band. Further
explorations are for sure interesting topics.

As a topological invariant, topological charges are conserved
quantities: they continuously evolve in the momentum space and
cannot suddenly disappear unless one charge drops out of the
light cone or annihilates with another charge with the opposite
sign. Besides, a pair of half charges canmerge to an integer charge,
or annihilate to nothing according to their signs. Consequently,
the topological charge evolution offers an abstract but essential
view to understand the radiation characteristics, as well as new
methods to manipulate it. Examples and consequences of charge
evolution will be presented in the following section.

Topological charge is actually a quite general concept that can
quantitatively depict the winding of any arbitrary attributes.
Although sharing the same terminology, the term “topological
charge” are not only defined on the polarization, but also on
phase, or other attributes of wave, in the real space, momentum
space or parameter space. It is worthy to pay extra attention to
distinguish the definitions. For instance, the term has been
applied to phase singularities [44–51] that are related to vortex
beam generations, and singularities on transmissions or
reflections [52–55]. Other definitions utilizing the concept of
winding are also reported in electromagnetic [19, 56–58],
phononic [59] and mechanical systems [60].

2.2 Origins of Integer Topological Charge
The BICs, which are polarization singularities carrying integer
charges, have been an attractive topic for several decades. The
history, origins and results of BICs have been comprehensively

reviewed by Hsu et al. [37] in 2016. In this section, we will
summarize the new advances and understandings developed in
recent years. Given that the investigations upon the BICs are
diverse and extensive, we organize our review from different
aspects.

From the aspect of physics origins, Friedrich and Wintgen
presented a fundamental picture of interfering resonances to
create the BICs [61]. Their original work pointed out that, the
coupling between any two or more leaky resonances could
eliminate the radiation of particular hybridized resonances, if
the coupling strengths were well chosen. Although the term “FW
BIC” is currently usually specialized to a BIC raised from
interband coupling, other types of BICs can also be
interpreted from Friedrich and Wintger’s picture, if one
appropriately defines the “resonances”. For instance, for a
photonic crystal (PhC) slab or gratings system, such
resonances are guided-mode resonances [62–67]; for
nanoparticles, dielectric spheres or tight-binding metasurfaces,
the resonances are Mie resonances or other localized states
[68–70]; for metallic systems, they are plasmonics resonances
[20, 71]. Accordingly, BICs can be explained as the hybridization
of different bases (i.e. unperturbed resonances) equivalently from
amathematical point of view. Examples include the coupled-wave
theory that uses quasi-plane waves as the bases in periodic
structures [17, 23, 24], and the multipole-expansion theory for
Mie resonances in which the shape of a single resonator matters
[72–74].

From the aspect of system symmetry, the BICs are classified
into “symmetry-protected BICs”, and “symmetry-incompatible
BICs” [17, 37]. Since the radiation elimination originates from the
high symmetry, the symmetry-protected BICs usually reside at
the symmetry center in momentum space (for instance the Γ
point). It is noteworthy that the symmetry-protected BICs have
been independently developed in different photonic fields in
history and described by different terminologies, such as band-
edge modes in distributed-feedback lasers (DFB) [75–79], and
photonic-crystal surface emitting lasers (PCSELs) [78, 80–83].
On the other hand, the symmetry-incompatible BICs also have
many alias names, such as tunable BICs [24], off-Γ BICs [23],
resonance trapping BICs [84], and topology-protected BICs [25,
85]. Since the creation of symmetry-incompatible BICs doesn’t
rely on the in-plane symmetry, they can move off the symmetry
center in momentum space, which is distinguishable from the
symmetry-protected ones.

From the aspect of platforms, the BICs are realized in both
periodic and non-periodic structures. PhC is an easy-to-fabricate,
optical-friendly platform to investigate BICs and other
polarization singularities, in which the lattice periodicity offers
naturally well-defined Bloch bases to depict the wave interactions
[20, 86, 87]. Compared with PhCs, metasurfaces [68–70], coupled
arrays of rods [19, 88, 89] and spheres [85, 90] share some
similarities in their geometries: both of them are periodic and
planar. The major difference might be—while the PhC supports
long-range interactions, the wave interactions in metasurfaces are
likely short-ranged and dominated by a few of adjacent unit cells.
Alternatively, another type of systems is single resonators [18, 91,
92]. Although in principle a perfect BIC cannot be realized in a
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three-dimensional compact volume [37, 93], the single resonators
can support quasi-BICs with considerably high-Q and extremely
small modal volume V, thus they are promising for nonlinear
optic application and sensing.

It is noteworthy that, the BICs with high-order topological
charges |q| > 1 are also reported. The vortices with q = −2 were
found in a triangular latticed PhC slab [20] owing to the high in-
plane symmetry of the lattice at the high-order Γ point although
not been explicitly mentioned. In 2020, Yoda et al. [94] reported a
symmetry-protected BIC with charge q = −2 in a C6 symmetric
lattice. It was found that two BICs each with q = −1 spawned from
the q = −2 charge when the in-plane symmetries were broken
from C6 to C2.

Another interesting fact is, although the BICs are usually
isolated points, they can appear as a line in momentum space
when involving extra dimensions. In 2019, Cerjan et al. [95]
proposed a method called the environmental design for this
purpose, in which the environment worked as new degree of
freedom. Recently, this line of BICs was observed in a slab by
altering the surrounding radiative environment with a 3D
PhC [96].

Moreover, the topological polarization singularities are found
in other systems such as disordered or quasi-crystal systems, and
parity-time-symmetric (PT-symmetric) systems. In 2019, De
Angelis et al. [97] reported the random vortices in a chaotic
cavity composed of 2D PhCs. In 2021, Che et al. [98]
experimentally observed the quasi-BICs in 2D photonic quasi-
crystals. In 2020, Song et al. [99] reported the emergence of two
types of modes with divergence of Q in a PT-symmetric system,
named as a “PT-BIC” and a “lasing threshold mode”.

2.3 Emergence of Half-Integer Topological
Charge
Another type of polarization singularities, namely CPs, can also
emerge in momentum space by tuning material or structural
parameters. According to the definition of topological charges,
the CPs carry half-integer charges that obey the conservation law
of topological charge together with the integer charges. Several
methods are reported to create these half charges.

One method is to split integer charges to paired half charges
following the conservation law, for instance q = 1 → 1/2 + 1/2,
by breaking the in-plane symmetry. As reported by Liu et al.
[100], it was observed that a symmetry-protected BIC split into
a pair of CPs with opposite helicity but carrying topological
charges of the same sign. Similar phenomenon was observed by
Chen et al. [71]. The CPs can also originate from symmetry-
incompatible BICs. For instance, Ye et al. [101] reported two
CPs with identical topological charges of q = −1/2 but different
handedness originating from a BIC with charge q = −1 at the K
point in a honeycomb-lattice PhC. As mentioned above, Yoda
et al. [94] showed that the BIC with high order charge q = −2
split to integer charges following q = −2 → (−1) + (−1) by
breaking the symmetry from C6 to C2. By further breaking the
C2 symmetry, the integer charge split to paired half charges as
q = −1→ (−1/2) + (−1/2). It is noteworthy that all the evolution
followed the conservation law.

An alternative method for creating half charges is to spawn the
CPs from trivial polarization field, namely q = 0. Recently, Zeng
et al. [102] built a two-layered 1D PhC with an offset between the
layers. Two CPs emerged from a given k point where the far-field
polarization is trivial, carrying opposite signed half charges as q =
0 → 1/2 + (−1/2). Apparently, the conservation law still held.

Besides, polarization half charges are related to another
important type of singularities in non-Hermitian system,
namely EPs. In 2018, Zhou et al. [26] reported a pair of EPs
connected by so-called bulk Fermi arc. A flip of the
polarization major axis was observed in experiment along
one closed loop around the EP pair connected by bulk
Fermi arc, showing a clear signature of polarization half
charge. It is noteworthy that the EPs belonged to the
singularities upon the non-Hermitian band, while the
polarization half charges represented the singularities upon
the radiation. It is still vague that how the band topology
connects to the radiation topology. Nevertheless, as reported
by Chen et al. [103], a conservation law of global charge was
still valid.

2.4 Consequences of Topological Charge
Evolution
The conservation law of topological charges allows the
continuous evolution of charges in momentum space, namely
moving, merging, splitting and annihilating with the summation
of all charge numbers remaining constant. Since the topological
charges are related to the far-field radiation characteristics, it was
found that interesting and useful consequences could be obtained
from the topological charge evolution.

One of the example is the merging of multiple integer
topological charges, i.e. the BICs, which strongly suppresses
the out-of-plane scattering and leads to a class of robust ultra-
high-Q resonances. Although the BICs completely forbid the
radiation and own infinite photon lifetime in theory, their
experimental realizations had suffered from a limited Q in a
level of 104 [17], due to the energy leakage from the inevitable
out-of-plane scattering originated from fabrication
imperfections. To address this problem, Jin et al. [104]
reported a method of merging BICs in a C4 symmetric PhC
slab where existed eight off-Γ BICs with q = ±1 charges around
one symmetry-protected BIC at the Γ point. By continuously
tuning the lattice periodicity a, the eight BICs kept moving until
merging at Γ, and further annihilated into one isolated BIC with
charge q = +1. (Figure 2A).

Asmentioned, the configuration of topological charges implies
the radiation capabilities of nearby resonances, and further
determines the observable Qs in samples by taking into
account the scattering losses. Near an isolated BIC with charge
q = ±1, the Q scales quadratically (1/k2) as the distance k away
from the BIC. However, the scaling law dramatically changes to 1/
k6 when nine BICs just merge, as shown in Jin’s work. As a result,
the scattering loss was significantly suppressed, and a record-high
Q of 4.9 × 105 was experimentally observed.

Recently, Kang et al. [105] took a further step and realized a
merging BIC at off-high symmetry points, namely the merging
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behavior of integer charges were not restricted to the Brillouin
zone (BZ) center. The in-plane C4 and mirror symmetries were
broken, resulting in the merging of an FW-BIC and a tunable-BIC
at a nearly arbitrary point in momentum space.

Another example of topological charge evolution is related to
an interplay with half charges and integer charges, leading to the
realization of unidirectional guided resonances (UGRs)
(Figure 2B), reported by Yin et al. [43]. The evolution started
from an off-Γ BIC in a 1D silicon PhC slab, carrying a topological
charge of q = +1 upon both up- and downwards radiation. By
tilting the sidewall that broke the in-plane C2 symmetry and up-
down mirror symmetry simultaneously, the BIC split into a pair
of CPs carrying q = +1/2 upon both the top and bottom sides of
the slab. Further, paired CPs evolved following different
trajectories in the upward and downward radiation fields due
to the breaking of up-down mirror symmetry. At a specific angle,
the paired CPs in downward radiation merged into an integer
charge while upward CPs remained departing. Therefore, the
downward radiation was totally eliminated while the upward
radiation channel was still open, thus generating a resonance with
directional emission named UGR. The experimental results
demonstrated 99.8% of the energy radiated through the
upward channel at UGR.

Recently, Zeng et al. [102] reported a similar phenomenon
from theory in a two-layered 1D PhC with an offset between
the two layers which broke the up-down-mirror symmetry.
Two pairs of CPs with q = ±1/2: one left-handed pair and
another right-handed pair, emerged at a specific value of the
offset. By continuously varying the offset, the CPs evolved in
momentum space, and merged to integer charges at different k
points upon up- and downward radiation, which created
two UGRs.

3 APPLICATIONS

Topological charge provides not only a convenient mathematical
tool in theory, but also flexible and richmethods for manipulating
lights, thus paving the way to a variety of applications. In
particular, topological charges can be tuned to selectively
eliminate or suppress the radiation, which leads to the
realization of optical modes with ultra-long lifetime and
desired radiation patterns in intensity, phase and polarization.
Consequently, topological charges have been applied in many
scenarios, boosting the development of light trapping, lasing,
light-matter interaction enhancement, nonlinear optics, wave-
front control, polarization conversion, photonic integration and
others. In this section, we review the recent progresses of
applications related to the topological charges.

3.1 Trapping of Light and Optical High-Q
Cavities
From a scientific or technological point of view, the importance of
light-trapping is self-evident. The BICs are interpreted as vortices
in far-field polarization, thus providing novel methods for light-
trapping other than conventional optical cavities such as bound
states under light-cone [108–110].

Early efforts was paid to inhibit out-of-plane radiations in
large-area 2D systems. In 2012, Lee et al. [106] reported
observation of a unique high-Q resonance near zero
wavevector in large-area 2D PhC slab by using angular
resolved analysis. Q of 1 × 104 was found near the symmetry-
protected BIC at Γ point (Figure 3A). In 2013, Hsu et al. [17]
reported the off-Γ BICs for the first time, in which the Qs of
resonances diverge to infinity at seemly insignificant wavevectors

FIGURE 2 | Consequences of topological charge evolution. (A) A high-Q cavity robust of out-of-plane scatterings constructed by the merging of multiple integer
charges [104]. (B) The merged half-charges in downward radiation leading to a unidirectional radiation [43]. Copyright Springer Nature Ltd.

Frontiers in Physics | www.frontiersin.org March 2022 | Volume 10 | Article 8629625

Wang et al. Review on Topological Polarization Singularities

113

https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles


on certain bands. The structure is shown in Figure 3B. A radiative
quality factorQr of 1 × 106 wasmeasured at a direction angle ~ 35°

of the reflection. Such BICs can stably exist in a general class of
geometries and can move to a different k point by continuously
tuning the system parameters.

Subsequently, Zhen et al. [25] proposed the topological
interpretation of the BICs in 2014 as elaborated in previous
sections. The BICs’ capability of trapping light are further
promoted. In 2019, Jin et al. [104] proposed and realized a
class of ultra-high-Q resonances by merging multiple off-Γ
BICs carrying topological charges towards the center of
Brillouin zone (BZ). As a direct consequence of topological
charge manipulation, Qs as high as 4.9 × 105 were observed in
an SOI PhC slab, as mentioned in Section 2.4. The merging-BIC
designs strongly suppressed out-of-plane-scattering losses caused
by fabrication imperfections, thus paved the way to realistic
applications of BICs.

Strictly speaking, all the above examples belong to high-Q
resonances but not high-Q cavities. According to the
continuity of electromagnetic field, it was proved that fully
3D compact BIC does not exist in theory [37, 93]. In addition,
the periodic conditions of PhC imply that the structure extends
infinitely in the lateral direction, which is not practically
feasible. The high-Q resonances in PhC slabs only localize
in the vertical direction but remain de-localized in transverse
direction across the slab.

The most straightforward method for achieving 3D light-
trapping is to simply truncate the PhC slab laterally. Such
method reduces modal volume V but also drastically degrades
the quality factor Q because it introduces leakage in both lateral
and vertical directions. A common relationship between Q and V

for truncated BICs was derived [111] and verified experimentally
[112]. In 2019, Liu et al. [69] observed a truncated BIC with Q of
18,511 and footprint of 19 × 19 μm2. In 2021, a long-lifetime
mode with Q of 7,300 was reported in InGaAsP PhC slab for low-
threshold lasing in a footprint of 22.4 × 22.4 μm2 [113]. In
addition to simply truncating the PhC, the light can be
confined transversely by applying lateral hetero-structures as
reflective perimeters. For example, a mode with Q of 2 × 104

has beenmeasured in footprint of 215 μm2 [114]. In these designs,
although the hetero-structure suppress the lateral energy leakage
effectively, the leakage toward out-of-plane direction raised by
truncation remains unresolved.

Recently, Chen et al. [107] reported a new method of light
trapping combining lateral mirrors and BIC in a cooperative way
(Figure 3C). Light was confined in the vertical direction by
manipulating the constellation of topology charges, matching
them with the finite-size radiation channel. In the transverse
direction, the light was trapped by the near-perfectly reflective
photonic bandgap of the lateral hetero-structure, with the
radiative and scattering losses of the boundary region being
greatly suppressed, at the same time, the radiation in cavity
region becomes highly directional. The coworking of the
topological-charges covered a larger area in momentum space
that protects the scattered waves from radiation. Since the
boundary region shared similar geometries with the cavity
region, they also benefit from the protection of topological
constellation for a smaller radiation loss. As a result, light-
trapping in all three dimensions was achieved. Miniaturized
BICs with Qs of 1.09 × 106 was measured experimentally with
a footprint of ~ 20 μm × 20 μm. Benefiting from the protection of
topological constellations that are composed by topological

FIGURE 3 | (A) Macroscopic photonic crystal [106] for observing symmetry-protected BICs, copyright American Physical Society. (B) The observation of
symmetry-incompatible off-Γ BICs [17], copyright Springer Nature Ltd. (C) Miniaturized BICs [107], copyright Science China Press.
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charges, the microcavity exhibited excellent robustness to
fabrication imperfections.

3.2 Lasing and Vortex Beam Generation
Since the integer topological charges carried by BICs are good
candidates for realizing high-Q resonances, their most direct
application is for lasing. Historically, the band-edge modes
were widely adopted for semiconductor lasers such as DFB
lasers [75–79] and distributed Bragg reflector (DBR) lasers
[115–117]. Although it is not explicitly mentioned, the grating
modes that operate at the band-edge of second-order Γ point are
actually the symmetry-protected BICs. Later, the periodicity of
one-dimensional gratings was extended to two-dimensional PhC
slabs, leading to the invention of photonic-crystal surface-
emitting lasers (PCSELs) [80]. The PCSELs also operate near
the band edge residing in the continuum, supporting coherent
oscillations in large areas. In the case that the periodic lattice and
unit cells of PCSELs respect C2 or higher in-plane symmetry, the
lasing band-edge modes are found to be symmetry-protected
BICs, too [118, 119].

In the past two decades, PCSELs have experienced
dramatically developments and become a promising laser
architecture as the successor of DFB lasers which had
already made tremendous successes in industry. With a
comprehensive review of PCSELs presented elsewhere [120],
here we just list several major milestones: the first lasing action
of PCSELs was observed in 1999 [80], as illustrated in
Figure 4A; room-temperature, continuous-wave operation,
current-injected lasing was achieved in 2004 [81]. Later, the

abilities of tailoring beam patterns were reported in 2006
[121]; the lasing wavelength was extended to blue-violet
region in 2008 [78]; a beam-steering functionality was
demonstrated in 2010 [118]. What’s more, much efforts
have been paid to promote the lasing power, and watt-class
lasing was achieved (shown in Figure 4B) in 2014 [82] and 10-
W-class lasing in 2019 [83]. Recently, PCSELs with a peak
power of 20W and pulse width of 35 ps were realized [122] and
on-chip beam scanning lasers were first achieved [123] as
illustrated in Figure 4C. It is noteworthy that, in the early
age of PCSELs, circular shaped holes were adopted to pattern
the PhC, so that the lasing modes were the BICs with infinite
Qs in theory. Although the high Q factor lowered the lasing
threshold, it was not good for high-efficient power extraction
which was critical for high-power lasers. Therefore, the in-
plane C2 symmetries were broken on purpose, which turned
the BICs with infinite Qs to quasi-BICs with high but finite Q
values in carefully controlled manners [82, 83].

Besides the PCSELs, the lasing action utilizing the BICs have
also been developed in a parallel lane motivated from physics
curiosity. In 2017, Kodigala et al. [84] demonstrated the optical-
pumped lasing in an array of suspended cylindrical
nanoresonators consisting of InxGa1−xAsyP1−y multiple
quantum wells, claimed as the first lasing action of the BICs.
In 2018, Ha et al. [125] reported directional lasing in resonant
semiconductor nanoantenna arrays, that is, arrays of GaAs
nanopillars. On the other hand, lasing action has been
reported in Mie-resonant BICs, too. For instance, combining
colloidal CdSe/CdZnS core-shell nanoplatelets with square-

FIGURE 4 | (A) Early PCSEL based on wafer fusion technique [80], copyright AIP publishing. (B) A W-class high-power PCSEL [82], copyright Springer Nature Ltd.
(C) The on-chip beam scanning laser [123], copyright Springer Nature Ltd. (D) All-optical switching from the vortex microlaser [124], copyright AAAS.
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latticed TiO2 nanocylinders, Wu et al. [126] reported the lasing
from in-phased out-of-plane magnetic dipoles in 2020.

It is worthy to mention that, the polarization singularities
accompanied with the BICs can be adopted to generate rich and
exotic beam patterns. Some early experiments of PCSELs showed
such possibility of creating tailored vectorial beams [121].
Recently, vortex beam generation has attracted huge attention,
particularly owing to its great potentials in escalating the optical
communication systems to higher level of multiplexing. In 2020,
Wang et al. [12] reported optical vortex generation in a PhC slab
with i-fold (i > 2) rotational symmetry related to the BICs, in
which spin-to-orbit angular momentum conversion was realized
and the vortex beam was proved to be a diffraction resistant high-
order quasi-Bessel beam. Also in 2020, Huang et al. [124]
reported that the BICs enabled ultra-fast control of vortex
micro-lasers based on a perovskite metasurface, as shown in
Figure 4D. Through modifying the two-beam-pumping
configuration, ultra-fast switching between a vortex beam and
regular linearly polarized beam was demonstrated with a
transition time of only 1.5 ps.

3.3 Light-Matter Interaction Enhancement
and Nonlinear Optics
As elaborated in Section 3.1, ultra-high Qs and small modal
volume Vs can be achieved by arranging the topological charges,

leading to dramatic enhancement of Purcell effect that favors the
light-matter interactions and nonlinear optics. In 2019, Xu et al.
[127] experimentally demonstrated third-harmonic generation
(THG) in silicon metasurfaces and observed a conversion
efficiency of 5 × 106 at 100mW. Later, Liu et al. [69]
promoted the Q to a record-high value of 18,511 in the
metasurface, and reported that the THG conversion efficiency
was five orders of magnitude higher than the former silicon
metasurfaces. Even the second-harmonic generation (SHG) was
also observed in silicon in their work. Moreover, Kang et al. [128]
observed the high-order vortices, namely, high-order topological
charges upon the harmonic waves generated from optical
nonlinearity.

To enhance the efficiency of the nonlinear processes, several
considerations were taken into account. Firstly, the excitation and
emission of the resonances under critical-coupling condition
would maximize the field strength in the cavity. As reported,
by slightly breaking the in-plane symmetry that shifted the
resonance away from the complete dark BIC, the energy
exchange between the external excitation and the resonance
became more efficient, thus promoting the conversion
efficiency [127, 130]. Besides, the process benefited a lot from
a doubly-resonant design, namely both the excitation and its
harmonics were resonances supported by the same cavity. For
example, Wang et al. [114] realized a GaN photonic cavity from
this concept, in which the fundamental frequency matched with a

FIGURE 5 | Light-matter interaction enhancement and nonlinear optics. (A) SHG in an isolated antenna, the SH intensity vs nano-resonator diameter was
measured at different pump polarizations [18], copyright AAAS. (B) Routing of valley photons with different chiralities by coupling to CPs, measured valley polarization in
momentum space at 615 nm (left) and 628 nm (right) [129], copyright Springer Nature Ltd.
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defect mode and its second-harmonics operated upon a quasi-
BIC. As a result, the intrinsic conversion efficiency was 10 times
larger than singly resonant cavities with similar materials.

Besides the periodic structures including PhCs and
metasurfaces, single Mie resonators provide another promising
platform for nonlinear optics. Although the Qs of single
resonators are lower than that of periodic structures, single
resonators have particular advantages in small modal volume
V to promote the strength of light-matter interaction. In 2018,
Carletti et al. [91] predicted that the conversion efficiency of SHG
in an isolated AlGaAs nano-antenna could be two orders of
magnitude stronger than that in conventional designs. In 2020,
Koshelev et al. [18] experimentally implemented such design, as
illustrated in Figure 5A. They found a quasi-BIC in a particle with
a diameter of 930 nm and height of 635 nm. Owing to the mutual
interference of several Mie modes, Q of 188 was realized.
Combining with doubly-resonant strategy, two orders of
magnitude higher conversion efficiency was achieved as expected.

In addition to those dielectric nonlinear materials, thin-film
materials such as 2D transitional metal dichalcogenides
(TMDCs) were specifically cooperated with the BICs to
investigate the light-matter interaction. In 2018, Koshelev et al.
[131] achieved a strongly-coupled exciton-photon system in
which PhC was covered by a WSe2 monolayer. Two years
later, Kravtsov et al. [132] demonstrated a BIC-based
polaritonic excitation with MoSe2 upon PhCs, in which strong
exciton-fraction-dependent optical nonlinearities were exhibited.
Besides, as reported by Yu et al. [133], the decoupling from the
continuum could confine light in a low-dielectric waveguide upon
high-dielectric substrate, which contributed to new graphene
device designs.

Besides the V-points (BICs), the C points (CPs) can also be
involved in the light-matter interactions since they provide extra
selectivity in chirality. In 2020, Wang et al. [129] generated paired
CPs with different chirality. Owing to the valley-dependent
selection rules in WSe2, the photons radiated from
inequivalent valleys could couple to the two CPs, as illustrated
in Figure 5B. Accordingly, a maximum degree of valley
polarization over 80% was observed.

3.4 Intensity and Phase Modulation
Amplitudes and phases are fundamental attributes depicting the
characteristics of light. By cooperating with the resonances
associated with topological charges, these attributes can be
manipulated thus leading to a series of applications.

As a directly-observable attribute, the intensity of light can be
controlled for a variety of purposes. Specifically, in 2019, Yu et al.
[133] realized a BIC-waveguide-integrated modulator in which
the electro-absorption effect of graphene was adopted and a
bandwidth of 5 GHz was achieved. In 2020, Tian et al. [134]
theoretically proposed that a near-unity absorption could happen
on an all-dielectric metasurface with quasi-BICs, when the
material absorption rate matched with the radiative decay rate
(Figure 6A). Dai et al. [53] proposed a mechanism for perfect
reflection called coherent perfect reflection (CPR), which was
raised from interband coupling between two propagating modes
so the forward transmission of light could be eliminated under
appropriate complex coupling coefficients. Besides, Wong et al.
[55] conceived an idea for perfect isolation of light from
topological theory, upon a nonreciprocal metasurface
composed of dimer unit cells interacting with a static
magnetic field.

FIGURE 6 | Light manipulation in intensity and phase. (A) High-Q silicon metasurface and its absorption spectra [134], copyright American Chemical Society. (B)
Intensity flatten phase shifting based on the unidirectional radiation resonance [135], copyright De Gruyter.
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Besides, phase is also a key attribute of light that plays
important roles in many scenarios. The modulation of phase
is as straightforward as intensity, since both of them are related to
the tuning of the resonances themselves. As an example, a
thermo-optic phase-shifter utilizing the high-Q quasi-BICs was
reported [136]. However, phase-only modulation, namely the
phase modulation without the change of intensity, is even more
important for applications ranging from three-dimensional video
projection, flat metalens optics, to optical phased arrays and light
detection and ranging.

Although perfect phase-only modulation is difficult, much
effort was devoted for intensity-flatten phase modulation, with
the key concept of making the resonance operating under over-
coupled status. For instance, Kwon et al. [137] experimentally
demonstrated nano-electromechanical tuning of gratings
associated with quasi-BICs in the telecom wavelength. They
realized a spectral shift over 5 nm, with absolute intensity
modulation over 40%, modulation speed exceeding 10 kHz,
and a phase shift of 144° with a bias of 4 V. Salary et al. [138]
proposed an electro-optically tunable all-dielectric metasurface
composed of elliptical silicon nanodisks for the same purpose. By
applying bias voltage, the electro-optical driven Huygens mode
produced a dynamic phase span of 240° while maintaining an
average transmission amplitude of 0.77, giving rise to a
unevenness of about 25%.

Recently, it was reported by Zhang et al. [135] that perfect
phase-only modulation was possible in theory with the assistance
of the UGRs (Figure 6B). As mentioned, UGRs are connected to
single-sided topological polarization singularities. A UGR

mandates the light transmitting to only one out-going port
without other choices, which creates perfect phase-shifting
upon the transmission if nonradiative loss is negligible. The
unevenness of transmission intensity could be lower than 10%
with nonradiative Q > 8,000 which was feasible in state-of-art
fabrication process.

3.5 Polarization Conversion
Polarization is a critical and fundamental attribute of
electromagnetic waves and the polarization control has been
widely used in optical communications [139], nonlinear optics
[140], imaging [141], etc. Besides cascading polarizers and
waveplates to regulate the polarization, periodic structures
including the metasurfaces and PhC slabs are promising
platforms to achieve the polarization conversion [52, 139,
142–146], by manipulating the polarization singularities in
radiation.

To be specific, Khan et al. [142] reported a single-layer,
mirror-symmetric anisotropic metasurface constructed of fish-
like unit cells to demonstrate both the linear cross-polarization
conversion and linear-to-circular polarization conversion in X-
band, as illustrated by Figure 7A. Besides, broadband linear-to-
circular polarization conversion in the terahertz region with
almost unity conversion efficiency was demonstrated by Chang
et al. [144] based on the birefringent metasurface. In 2021, Wang
et al. [145] proposed a monolayer all-dielectric metasurface
composed of dimerized nanopillars shown in Figure 7B,
which generated arbitrary polarization on the Poincaré sphere
from the unpolarized input light. This effect was equivalent to an

FIGURE 7 | (A) fish-like metasurface converting linear polarization to orthogonal-linear and circular polarization [142], copyright Springer Nature Ltd. (B) Dimerized
nanopillars generating linear, elliptical and circular polarization regardless of input polarization [145], copyright Springer Nature Ltd. (C)Maps of reflection coefficient and
vector field of reflection in momentum space in the polarization conversion [52], copyright American Physical Society. (D) PhC slab manipulating incident polarization to
arbitrary polarization in reflection [146], copyright Wiley-VCH GmbH, Weinheim.
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“all-in-one” full Poincaré sphere polarizer. In addition, Yu et al.
[143] reported a dynamic control of polarization conversion
depending on the metasurfaces with electrically tunable
refractive indices for the metasurface antennas.

Recently, 2D PhC slab structures were employed to
manipulate the polarization without tuning the structural
parameters [52, 146]. In particular, Guo et al. [52] achieved
complete polarization conversion between linear polarizations,
indicating the full energy exchange between p- and s-polarized
incident lights; in addition, they proved such polarization
conversion was topologically protected owing to the winding
vector of the complex reflection coefficient. Complete
polarization conversion happened at the vortex center, where a
nonzero winding number (+1 or −1) in momentum space gave
rise to a zero reflection coefficient, which is shown in Figure 7C.
More interestingly, they revealed the relationship between the
complete polarization conversion and the integer topological
charges, namely the BICs. Given that the BICs correspond to
the vanishing points of out-going coupling coefficients, they
always appeared on the curves that supported complete
polarization conversion in momentum space, thus bridging the
phenomena with topological singularities.

Furthermore, arbitrary polarization conversion was proposed
in a lossless 2D PhC slab [146]. Namely, by tuning the incident
light with any given polarization towards a given direction that
fell into a wide range of frequency, the polarization of the
reflected light could cover the whole Poincaré sphere.
Figure 7D shows the result of the reflected polarization under
s-polarized incidence for frequency 0.402 × 2πc/a and 0.405 ×
2πc/a, in which a is the lattice constant. Complete polarization
conversion occurred at W point where all the s-polarized
incidence converted to p-polarized, related with the topological

property of the scattering matrix [52]. Moreover, with losses, the
2D PhC slab system could still generate arbitrary output
polarization if the input was p- or s-polarized.

3.6 Spectral and Chiral Sensing
Given that topological polarization singularities possess exotic
characteristics upon the radiation fields, it is reasonable to utilize
them for sensing the surrounding environment. In particular, the
high-Q nature of integer charges (BICs), and the chiral responses
of half charges (CPs) are two promising features. In a perturbated
environment, the ideal BICs transform to quasi-BICs with shifted
resonance wavelengths while remaining considerably high Qs,
thus providing the capability of sensing small refractive-index
changes from spectral observation. High sensitivity refractive
index (RI) sensing in chemical and biological processes has
been realized in many high-Q resonators [147–157]. The RI
sensors based on BICs realized by dielectric metasurfaces and
PhC slabs have also shown promising performances in figure-of-
merit (FOM) and detection-limit (DL) [158, 159]. On the other
hand, since chiral responses observed from the reflected or
transmitted light can be used to distinguish the chirality of
targets, chiral sensing were realized accordingly [160]. In
addition, although not directly utilizing the polarization
singularities, it is noteworthy to mention a class of novel
methods that use the EPs to improve sensing performance
[161–170], given by the underlying connections to the
polarization singularities.

For instance, in 2017, Liu et al. [158] experimentally
demonstrated RI sensing in a wavelength range of 1,400, −,
1,600 nm by applying the BICs in PhCs, which showed great
potential for label-free optical biosensors. To further promote the
sensing performance, it was important to suppress the out-of-

FIGURE 8 | Refractive index and chiral sensing applications. (A) Topological charge evolution of merging BICs and the Qs with refractive index variation [159],
copyright IEEE. (B) Comparison of CD reflection spectrum of the BICs metasurface enhanced chiral layer and the bare chiral layer [160], copyright American Chemical
Society.
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plane scattering loss caused by fabrication imperfections to
improve the Qs. Following this strategic, Lv et al. [159]
adopted the merging BIC design to RI sensing, which
significantly promoted the DL performances in practice owing
to the higher Qs (Figure 8A). However, the sensitivity of RI
sensors are also related to the field overlap between the optical
resonances and the targets embedded in surrounding
environment. Methods such as breaking the in-plane
symmetry or using low-contrast materials have been developed
on PhC slabs [171] and metasurfaces [172] platforms for high-
sensitivity hyper-spectral bio-molecular detection.

On the other hand, chiral sensing is desired in medical and
biological applications. Since many biochemical compounds are
chiral in nature, circular dichroism (CD) spectroscopy is utilized
for the enantiomer-specific analysis of chiral samples. It is
noteworthy that certain resonant nanostructures can significantly
enhance the circular dichroism responses and improve the sensitivity
of spectroscopy as well as photochemical, and thus ehannce the
sensitivity of chiral sensing [173]. In 2019, Koshelev et al. [174]
investigated the effect of detuning between the electrical and
magnetic dipole resonances in silicon nano-cylinders in which
the optical chirality at the nanoscale could be greatly enhanced.
Later in 2020, Chen et al. [160] demonstrated the acquisition of CD
spectrum and molar concentration over an individual metasurface
with a high sensitivity (Figure 8B). Owing to the high-Q resonances,
a hyperchiral field enhancement of the CD signal by a factor of 59
was observed, together with a large FOM of 80.6 in the detection of
molar concentration, and thus it became a promising mythology in
food industry, medical diagnostics, and drug development.

The EPs belong to a type of topologically non-trivial diabolic
points. In 2017, for the first time, Chen et al. [170] proposed the
scheme of using the micro-cavities operated at non-Hermitian
spectral degeneracies for sensing. Owing to the complex-square-
root dependency near an EP, the frequency splitting scaled as the
square root of the perturbation strength, and hence, led to larger
responses from small perturbation than that from traditional

dispersion relations. This method paved the way for the sensors
with unprecedented sensitivity. It is noteworthy that asmentioned in
Section 2.1, the EPs are accompanied with polarization singularities,
namely half-charges. Although not reported yet, we are optimistic to
see the polarization singularity raised from EPs being utilized for
sensing in the future.

3.7 Photonic Integration
Topological polarization singularities provide a vivid picture for light
manipulation, which is useful in eliminating radiations, suppressing
scatterings, and creating directional emitting, and thus shed light on
the possibilities of photonic integration. Specifically, the superior
photon confinement ability of the BICs leads to the ultra-high Q,
ultra-narrow linewidth and low propagation loss, and themerging of
half charges upon a single-side may boost the applications requiring
unidirectional emission. Hereby we introduce some devices as
examples, including waveguides [175–178], filters [179], couplers
[43] and lasers [180].

By using BICs to confine light vertically, Zhang et al. [176] and
Lin et al. [177] demonstrated waveguiding in PhC slabs. These
works demonstrated the possibility to manipulate the radiation
lifetime and spatial dispersion of BIC in a cooperative way. The
BIC-based in-plane waveguiding was also utilized in the
topological edge state in Zhang et al.'s work [175].

Recently, a new photonic platform with a low-refractive index
material (Polymer) patterned on a high-refractive-index substrate
(LiNbO3) was demonstrated for integrated BIC-based devices
including waveguides, microcavities, directional couplers, and
modulators [178, 181]. This platform overcame the challenge of
fabricating nano-scale structures upon high-refractive-index
dielectric materials. The schematic of the platform in [178] is
shown in Figure 9A. Specifically, the waveguide width was
optimized and a BIC was observed by tuning the coupling
strength between the TM bound mode and TE continuous
mode. Benefiting from the BIC, the propagation loss of a
straight waveguide was reduced to almost zero. For bent

FIGURE 9 |BIC-based photonic integrated components, including (A) photonic circuit where low-refractive indexmaterial was patterned on a high-refractive-index
substrate. Adapted with permission from [178] copyright The Optical Society, (B) filter [179], copyright American Physical Society. (C) Grating coupler [43], copyright
Springer Nature Ltd. and (D) laser [180], copyright Springer Nature Ltd.

Frontiers in Physics | www.frontiersin.org March 2022 | Volume 10 | Article 86296212

Wang et al. Review on Topological Polarization Singularities

120

https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles


waveguides, the bending loss was suppressed in a similar way by
changing the bend radius and waveguide width. Besides, the BICs
also provided an ultra-high Q, showing an intrinsic Q over 106 in
microdisk cavities.

Gong et al. [179] implemented a BIC filter based on silicon
photonic integrated circuits (PICs). The BIC filter was composed
of two cascaded ring resonators side-coupled to two bus
waveguides, as illuatrated in Figure 9B, with the two
resonance frequencies ω1and ω2 both tunable. By tuning the
phase delay between the two rings to a multiple of π, the working
state approached a near-FP-BIC [37] point, resulting in a filter
performance with a near-unity transmission at ω0 � ω1+ω2

2 and a
near-zero transmission at ω1 and ω2.

On the other hand, unidirectional guided resonances (UGRs)
proposed by Yin et al. [43] paves the way to energy-efficient
grating couplers. The UGRs only radiate toward one side of the
PhC slab with the radiation at the other side eliminated
(Figure 9C). The asymmetry ratio of the directional radiation
reached 27.7 dB which indicated 99.8% of the power radiated
toward the target direction. Moreover, the effect was maintained
within a reasonably broad bandwidth (over 90% within a 26 nm
bandwidth), and was proved to be effective for a coupling angle
ranging from 5 to 11°.

The ultra-narrow linewidth of the BICs also facilitates the on-
chip integrated lasers. Yu et al. experimentally an demonstrated a
Fano BIC laser with a 5.8MHz linewidth based on InP PhC slab
buried within Si wafer [180](Figure 9D). Fano interference
occurred between the discrete mode of a nanocavity and the
continuum modes of a waveguide. The propagating modes in the
waveguide destructively interfered with the nanocavity mode at
the BIC wavelength, thereby turning the ordinary leakymode into
a BIC. Assuming an ideal BIC, a Fano mirror with total reflection
would be formed in the waveguide region. Therefore, the light
would be confined in the nanocavity and the region within the
Fano mirror. The Q of the Fano BIC was significantly increased
because photons were generated in the active region but stored in
the passive region. Furthermore, the long lifetimes of the photons
in the passive area can offset part of the quantum fluctuations
caused by spontaneous radiation in the active area. The Fano BIC
laser showed good mode selectivity and its lasing linewidth met
the requirement of coherent optical communication.

4 DISCUSSION

In previous sections, we have reviewed the fundamentals and
applications of polarization singularities that are defined upon the

far-field radiations. As elaborated, the polarization singularities
are topological in nature, with their existence and continuous
evolution robust in the momentum space. From the view of
science, polarization singularities reflect the “inside information”
of a system which becomes observable since the escaping photons
carry it out. On the other hand, polarization singularities establish
abstract and primitive concepts for depicting, and further
manipulating lights, and then pave the way to many
applications as discussed.

For an outlook, several points might be noteworthy. From
theoretical point of view, it is essential to build up a
comprehensive connection between radiation topology, where
polarization singularities are defined, and non-Hermitian
topology, where generic topological band theory is developed
upon. Given that radiation raises non-Hermiticity, it is expected
that non-trivial intrinsic band topology might lead to observable
manifestation in radiation field, that bridges to polarization
singularities. Given that many exotic phenomena were
discovered in non-Hermitian systems, it is necessary to study
how the radiation raises and represents unique topology
landscapes for deeper understanding of the physics. For
instance, both the BICs and EPs carry topological charges in
their far-field radiation, but only the latter are associated with
nontrivial Chern numbers. Besides, from the view of technology,
there’s still much to explore about extending the idea of
polarization singularity manipulation to more materials,
devices, scenarios and applications. We are optimistic to
foresee that the utilization of polarization singularities will be
boosted by the methodology of topological photonics, thus bring
essential promotion to many key applications, including optical
communication, LIDAR, AR/VR, and bio-sensing.
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A Short Review of All-Dielectric
Topological Photonic Crystals
Hai-Xiao Wang1* and Jian-Hua Jiang2*

1School of Physical Science and Technology, Guangxi Normal University, Guilin, China, 2School of Physical Science and
Technology and Collaborative Innovation Center of Suzhou Nano Science and Technology, Soochow University, Suzhou, China

Topological photonics is an emergent field at the cross of photonics and topological
physics which opens our eyes to novel topological phenomena and versatile photonic
effects. Photonic crystals (PhCs) are the optical analogs of conventional crystals that have
proven to be an excellent photonic platform to explore topological physics. Here, we
present a brief review of the all-dielectric topological PhCs by focusing on several
prominent milestones of topological phases, such as the Su-Schrieffer–Heeger model,
topological insulators, topological semimetals, and higher order topological phases. For
each topological phase, the topological invariants and the intriguing topological properties
as well as the potential applications are discussed. We conclude with the current challenge
and the prospect of all-dielectric topological PhCs.

Keywords: all-dielectric, photonic crystals, crystalline symmetry, topological phases, higher-order topology

INTRODUCTION

Photonic crystals (PhCs), originally proposed by Yablonovitch [1] and John [2], are periodic
structures of electromagnetic materials in which the electromagnetic wave propagates in a similar
way as electrons move inside the conventional crystals (Figures 1A–C). Actually, many natural
structures, such as the colorful wings of butterflies (Figures 1D, E) [3, 4] and the skin of chameleons
(Figures 1F,G) [5], have PhC origins. PhCs not only decorate nature brilliantly but also provide a
powerful means to manipulate and control the propagation of light. For example, PhCs with
complete band gaps, which serve as light semiconductors, are highly desirable in controlling and
manipulating light [6–8]. Thanks to the Bloch band theory for the periodic systems, the photonic
band structure can be designed and tuned conveniently, making PhCs a key platform for studying a
broad spectrum of energy band-related physics [9].

The past decades also witnessed the birth of various topological phases of electrons in condensed
matter systems, such as topological insulators, superconductors, and semimetals [10–12]. One of the
well-known topological phases is the integer quantum Hall effect (IQHE), which is a quantized
version of the Hall effect discovered by Klitzing [13]. He found that two-dimensional (2D) electron
gas in a strong magnetic field with low temperatures has a quantized Hall conductance. The most
significant feature of IQHE is that electrons are localized in the bulk but unidirectionally propagate
along the boundaries without any backscattering, even in the presence of large defects. An invariant
called Chern number (or TKNN number) is employed to characterize the topological property of
IQHE [14, 15]. Haldane [16] later on proposed a toy model based on the honeycomb lattice for
supporting IQHE and demonstrated that the essential element to obtain IQHE is not a net magnetic
field but the breaking of time-reversal symmetry (T), which paves a way to realize IQHE in the
periodic lattice systems. Moreover, because the nontrivial topological phases can survive in the non-
interacting systems, the topology studies later on transferred to the photonics and directly led to the
birth of topological photonics [17–23]. Generally, topological photonics aims to explore the physics
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of topological phases of matter, which was originally discovered
in condensed matter physics, in a novel optical context. The first
case of topological photonics is proposed by Haldane and Raghu
[24, 25], who transferred IQHE to the realm of photonics in PhCs
made with nonreciprocal media. Subsequently, Haldane and
Raghu’s idea was experimentally demonstrated by Wang et al.
[26, 27] in the gyromagnetic PhCs in the microwave regime. In
the literature, the photonic analogs of IQHE with nonzero Chern
number and unidirectional and backscattering immunity edge
states (also known as chiral edge states) are generically termed
photonic Chern insulators (PCIs).

Although chiral edge states featured with unidirectional and
backscattering immunity are highly desirable in light guiding,
the use of PCIs in optical devices remains a challenge mainly
because magneto-optical responsive materials hardly exist in the
optical frequency. It is natural to explore the photonic analog of
the quantum spin Hall insulator (QSHI) [also known as a
photonic topological insulator (PTI)] with T, which makes it
more suitable for practical applications. In the context of
condensed matter physics, the QSHI can be regarded as two
copies of Chern insulators with opposite spin, where the spin-up
and spin-down electrons propagate in opposite directions

[28–31]. Therefore, a topological invariant named spin Chern
number can be employed to characterize the QSHI in some
situations. The sign of the group velocity of the edge states is
locked by the spin. The edge states featured with
spin–momentum locking are termed helical edge states.
Thanks to the Kramers theorem, the edge states of spin-up
and spin-down cross each other at k = 0 without opening a gap,
making it a pair of topologically protected edge states. However,
the Kramers theorem is no longer valid in photonics due to the
distinct nature between electrons and photons. Therefore, to
realize the photonic Kramers degeneracy is at the heart of the
design of PTIs. At the early stage of the development of
topological photonics, the optical polarization such as TE/
TM [32, 33], TE + TM/TE-TM [34], and LCP/RCP [35] are
utilized to act as the spin degree of freedom (DoF) in realizing
PTIs. Nevertheless, these schemes extremely rely on the
metamaterial with special electromagnetic properties, such as
the electromagnetic duality, which hardly exist in the optical
frequency. It was not until 2015 that Wu et al. [36] proposed a
scheme of PTI via crystalline symmetry, which goes beyond the
material limitation and largely promotes the development of the
all-dielectric topological photonics.

FIGURE 1 | All-dielectric PhCs in nature [3–5, 9]. Schematic model of (A) one-dimensional (1D), (B) two-dimensional (2D), and (C) three-dimensional (3D) PhCs
Reproduced permission from Ref. [9]. (D) Image of butterfly. (E) Electron micrographs of the scale on the wings of the butterfly, which exhibit long-range order.
Reproduced Permission from Ref. 3. (F) Reversible color change in chameleons. (G) Transmission electron microscopy images of guanine nanocrystals and the 3D PhC
model. Reproduced permission from Ref. 5.
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In addition, it is also deserved to mention the photonic analog
of valley Hall insulator that preserve T but lacks the parity
inversion symmetry (P). In the context of electronics, the
valley labels the degenerate energy extrema of bands in the
momentum space, which can be employed to process
information in modern electronic devices. By employing the
valley DoF, a number of intriguing phenomena such as valley
filters [37] and valley-selective Hall transport [38, 39] have been
achieved due to the valley-contrasting physics. Taking the
honeycomb lattice as an example, gapping the Dirac point via
staggering the sublattice potential results in the K and K′ valleys.
Electrons at different valleys (K and K′) propagate along the
boundaries in the opposite directions. Similar to the helical edge
states in QSHI, the edge states dispersion of a valley Hall insulator
exhibits opposite signs of the group velocity. In the view of
topological physics, the Berry curvature around K(K′) is
nonzero, giving rise to the valley-dependent edge state as local
topological effects. However, the Berry curvature at K and K′ is of
opposite value, which leads to a total Chern number of zero.
Inspired by the valley Hall effect in the valleytronics, Ma et al. [40]
first bring the valley DoF into photonic realms, leading to the
studies of photonic valley Hall insulators (PVHIs).

Very recently, a new class of topological insulators, called the
higher-order topological insulators (HOTIs) that are characterized
by higher-order bulk-boundary correspondence, were discovered
[41–44]. The higher-order topology manifests itself with nontrivial
boundary states that are more than one dimension lower than bulk
states. For example, a 2D HOTI hosts one-dimensional (1D) edge
states at the edge boundaries as well as zero-dimensional (0D)
corner states at the corner boundaries. Prototype HOTIs include
quadrupole and octupole topological insulators [41, 45, 46], three-
dimensional (3D) HOTIs in electronic systems with topological
hinge states [42, 47–49], and HOTIs with quantized Wannier
centers [43]. Although the concept of HOTI was first proposed in
electronics, the experimental confirmations of most HOTIs are still
absent. By contrast, HOTIs and the emergent higher-order
topological states have been realized in acoustic and photonic
systems, thanks to their versatile performance. To the best of our
knowledge, Li et al. [50] first reported the photonic HOTI in the
kagome lattice that exhibits topological bulk polarization.

In addition to the aforementioned 2D topological systems, it is
also deserved to pay attention to other topological systems
associated with their photonic counterparts. For example, the
1D Su-Schrieffer–Heeger (SSH) model, originally proposed for
polyacetylene [51], describes spinless fermions hopping on a
diatomic chain with staggered hopping amplitude.
Remarkably, exchanging the hopping amplitudes within a unit
cell yields two topologically distinct phases. A topological
invariant named Zak phase [62] for the SSH model can be
defined, which is an integer related to the ratio of the two
hopping amplitudes. The study of the 1D SSH model also
attracts much attention since it provides a concise physical
picture to understand the topological phenomena [52–54]. To
the best of our knowledge, Xiao et al. [55] first studied the
photonic analog of the SSH model based on 1D all-dielectric
PhCs. For 3D topological systems, both topological gapless and
topological gapped systems should be highlighted, where the

former includes the Dirac semimetal, Weyl semimetal, nodal
line semimetal, and so on, while the latter includes 3D topological
insulators and 3D HOTIs. It is natural to extend QSHI to 3D
version, which led to the study of 3D topological insulators.
However, the 3D topological gapless phase has no 2D
counterpart. A typical 3D topological gapless phase is the
Weyl semimetal, of which the band structure contains Weyl
points that corresponding to the solution of the massless Dirac
equations. The topological invariant of a Weyl point is called
topological charge (or chirality), which can be obtained by
integrating the Berry curvature over a small sphere enclosing
the Weyl point. When two Weyl points with opposite signs of
chirality merge, a 3D Dirac point featured with Z2 topological
charge appeared [12]. As a manifestation of topology, the surface
dispersion of Weyl (Dirac) semimetal map to helicoid (double-
helicoid) structure, of which the isoenergy contours are Fermi
arcs [56, 57]. To the best of our knowledge, the 3D all-dielectric
topological insulator are initially proposed by Lu et al. [58] and
Slobozhanyuk et al. [59], respectively, while the first report of
topological semimetal is implemented by Lu et al. [60, 61] in the
all-dielectric gyroid PhCs.

In this review, we focus on the topological photonics that is
made of all-dielectric PhCs. We first review various topological
phases and point out the initial proposals of the all-dielectric
topological photonics. Then, we introduce several milestones of
topological phases based on all-dielectric topological photonics,
from 1D to 3D, by discussing topological invariants, intriguing
properties, and potential applications. Finally, we conclude by
providing the outlooks for the future development direction of
the all-dielectric topological photonics.

1D ALL-DIELECTRIC TOPOLOGICAL
PHOTONIC CRYSTALS AND THEIR
INTERFACE STATES
We start from the 1D all-dielectric topological photonics based on
the SSHmodel. The topological invariant for the SSHmodel is the
Zak phase [62], which is defined as follows:

θ � ∫

π

−π
dkΛn,k, (1)

where Λn,k = i〈ψn,k(r)|∇kψn,k(r)〉 is the Berry connection for the
nth band and ψn,k(r) is the periodic part of the k-dependent Bloch
wavefunction. Note that we set the lattice constant to be unity
in Eq. 1.

In systems with P, the Zak phase can only be 0 (trivial) or π
(nontrivial). The integral of the Berry connection can be obtained
by dividing the Brillouin zone (BZ) into many small segments and
approximating the integral as the summation of the contribution
from each small segment. For example, if the BZ is divided into N
segments, then the Zak phase is given by [63].

θ � i ln∏
N

i�1
〈ψn,ki

∣

∣

∣

∣

∣

ψn,ki+1〉. (2)
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The aforementioned method to calculate the Zak phase is
termed the Wilson loop approach, which is a gauge invariant and
compatible with numerical implementations [63, 64]. In addition,
in the systems with P, the bulk states at the high symmetry points
are either even or odd. Therefore, the Zak phase can also be
determined via the parity inversion picture, which is given by

θ

π
� 1
2
[ξ(k � 0) − ξ(k � π)]: mod 2, (3)

where ξ(k = 0) and ξ(k = π) are the parity at k = 0 and π, respectively.
The nontrivial Zak phase manifested itself in the topological edge
mode as the most significant feature of the SSH model. Therefore, it
is expected that the interface states exist when the Zak phase of the
occupied band on the one side of 1D PhCs is different from that on
the other side. In 2014, Xiao et al. [55] theoretically demonstrated a
rigorous relation between the surface impedance of a 1D PhC and
the Zak phases of the bulk bands, which is given by

exp(iθn) � −sgn(ϕn)/sgn(ϕn−1). (4)
Here, θn is the Zak phase of the nth bulk band, and φn and φn−1

are the reflection phase of the nth gap and (n−1)th gap,
respectively. Soon after this work, Wang et al. [65]
experimentally demonstrated Eq. 4 by implementing a
reflection measurement. Figure 2A presents the structure of
the measurement setups, which are composed of a silver film
and a binary PhC. The values of the Zak phases can be acquired
via either numerical calculation or the parity inversion picture,
which are labeled in Figure 2B. In particular, the numerically
calculated reflection phase in Figure 2C shows that the Zak phase
of a specific band depends on the ratio of the reflection phase of
its upper and lower band gaps, which is in good agreement with
Eq. 4. Moreover, in Figure 2D, the experimental reflection
spectra of the PhCs (black lines) and silver/PhCs (red) reveal
that interface state only exists in the band gap with the nontrivial
Zak phase, which matches well with the numerical simulation in
Figure 2E. Remarkably, Eq. 4 unveils an inner connection
between the topology and optical property of a 1D PhC,
which provides an effective method to calculate the Zak phase
in order to avoid the cumbersome calculation [66], as well as to

generate PhC interface states for various applications [67]. Note
that Eq. 4 is even applicable to explain the origin of some
geometric-induced interface states, such as 2D PhC possessing
Dirac-like cone at k = 0 [68], mutually inverted PhCs [69], and
self-complementary checkerboard PhCs [70].

2D TOPOLOGICAL GAPPED PHASES
BASED ON ALL-DIELECTRIC PHOTONIC
CRYSTALS
Photonic Analog of Chern Insulator
As a landmark of topological photonics, Wang et al. [27] first
experimentally demonstrated unidirectional electromagnetic
wave featured with backscattering immunity in the 2D
magneto-optical square-lattice PhCs that made of yttrium iron
garnet (YIG). When an external DC magnetic field is applied, the
YIG produces strong magnetic anisotropy, making the PhC a
magnetic insulator. The breaking of T via an external applied
magnetic field is essential to realize the PCI. Figure 3A presents
the band structure of PhCs with T breaking adopted fromWang’s
scheme. The primitive unit cell is shown in the inset. The
nontrivial band topology can be demonstrated via the first-
principle calculation of band Chern number, which can be
implemented through the integral of Berry curvature in the
discretized Brillouin zone [71] or the Wilson loop approach
[63]. Here, we introduce the main idea of the Wilson loop
approach to calculate the band Chern number. Note that the
Chern number that is related to the Berry phase can be calculated
using the following relations [72]:

2πCn � −∫
π

−π
∫

π

−π
dkxdky(zkxΛ

(y)
n,k − zkyΛ

(x)
n,k)

� ∫

π

−π
dky zky

⎡
⎢

⎢

⎢

⎢

⎢

⎣∫

π

−π
dkxΛ

(x)
n,k
⎤
⎥

⎥

⎥

⎥

⎥

⎦

≡ ∫

π

−π
dθn,ky,

(5)

FIGURE 2 | One-dimensional all-dielectric topological PhCs [65]. (A) Schematic structure of the silver films/PhC systems. (B, C) Inner connection between Zak
phase and the sign of reflection phase, where (B) gives the photonic band structure with Zak phase and (C) displays the reflection phases of the 1D PhCs. (D)
Experimental and (E) numerical reflection spectra of the PhC (black line) and the silver film/PhC (red line). Reproduced permission with Ref. 65.
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where

θn,ky ≡ ∫

π

−π
dkxΛ

(x)
n,k (6)

is the Berry phase for the nth band along the loop kx ∈ [−π,π] for a
fixed ky which is obtained by the integration over the Berry
connection through Eq. 2 for the Wilson loop along kx. Note that
the 2D BZ is equivalent to a torus under the periodic boundary
condition for the Bloch states. Therefore, in numerical
calculations, the Chern number Cn is obtained by counting the
winding phase of when ky goes from −π to π. The Chern numbers
of the first three bands are determined by plotting the Berry phase
θn,kx (n = 1, 2, and 3) as functions of kx. For the first photonic
band, the Berry phase remains zero for all kx, leading to a zero
Chern number, while for the second (third) photonic band, the
Berry phase has a winding number of 1 (-2), corresponding to a
Chern number C2 = 1(C3 = −2), as shown in Figures 3B–D. The
Chern numbers calculated here from the Wilson loop approach
agree with the Chern numbers inferred from the chiral edge states
in using the bulk-edge correspondence [73]. As shown in
Figure 3E, the projected band structure (light blue areas) with
a chiral edge state (red line) is calculated in finite systems. A
typical field distribution of the chiral edge state is also displayed in
Figure 3F. To characterize the chiral edge states, the transmission
measurement is implemented. From Figure 3G, it is shown that a
strong forward transmission with the second band gap
approximately 50 dB greater than the backward transmission
at frequencies was observed at mid-gap frequencies. After this
milestone of work, a series of work related to the PCIs made of
gyromagnetic PhCs are implemented, such as cladding-free
guiding of topologically protected edge states [74, 75], steering
of multiple edge states along domain walls with large Chern
numbers [76, 77], designing of one-way slow-light PhC
waveguide [78–81], and antichiral edge states [82, 83]. It is
evident that the unidirectional backscattering immunity edge

states are expected to have a deep impact on the designing of
new optical devices. However, owing to the weak magnetic
response in optical materials and the difficulty in device
integration, the use of PCIs in optical devices remains a
challenge. To date, there is an urgent need to achieve one-way
waveguides at optical wavelength.

Photonic Analog of Quantum Spin-Hall
Insulator
In 2015, Wu et al. [36] proposed a scheme for achieving PTI by
using the all-dielectric PhC, which paves a way for the practical
application of PTI. In their seminal work, they start with an
expanded cell of photonic honeycomb lattice. Based on the band
folding mechanism, the well-known Dirac cone at K and K′
points are folded at Γ point, giving rise to the deterministic double
Dirac cone. By either stretching or compressing the expanded
unit cell, the double Dirac cone lifted into a trivial or nontrivial
band gap. Such a scheme for realizing PTI was later demonstrated
by observing the momentum–pseudospin locking in the
microwave experiment [84]. Inspired by Wu’s work, a large
number of studies of all-dielectric PTI are implemented based
on the photonic honeycomb lattice [85–96] and other specific
PhC structures, such as core–shell PhCs [97], Stampfli-triangle
PhCs [98], and moon-shaped PhCs [99].

Actually, to construct all-dielectric PTI, two issues should be
highlighted: one is to create the fourfold-degeneracy double Dirac
cone, which is the mother state of PTI, the other one is to find out
the photonic analog spin–orbit coupling terms. Guided by these
two principles, Xu et al. [97] systematically studied accidental
band degeneracy in an all-dielectric core–shell PhC (Figure 4A),
where the Mie resonance can be regarded as atomic orbits for
photonic bands [100]. Those atomic orbits can be of s, p, d, and f
nature and have well-defined parities at Γ point [see a typical band
structure of the core–shell PhCs in Figure 4B]. Note that due to
the C6 crystalline symmetry, both the photonic p-orbit and

FIGURE 3 | Photonic analog of Chern insulators [27, 63]. (A) Photonic band structure with applied magnetic field. The Chern number of each band is labeled in red. (B–D) The
evolution of the Berry phase of (B) the first, (C) the second, and (D) the third photonic band as the functions of kx. The winding number of the Berry phase gives the Chern number.
Reproducedpermission fromRef. 27. (E)Calculatedprojectedphotonicbandstructurewith the chiral edgestate exits at the interfacebetween themetal claddingand thePhC. (F)Chiral
edge state field distribution,which radiates only to the right alongmetal cladding. (G)Measure transmission spectra of the chiral edge states. Reproducedpermission fromRef. 63.
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d-orbit are double degenerate. Figure 4C gives the electric field
patterns of the p doublets (px and py) and d doublets (dxy and
dx2−y2). In particular, these four states can be linearly combined
into p± = (px ± ipy)/√2 and d± = (dx2−y2 ±idxy)/√2, where
subscript + (−) refers to pseudospin-up (pseudospin-down).
Apparently, the spin DoF here is synthesized by the orbital
angular momentum [89]. By tuning the inner and outer radii
of the core–shell PhCs, the phase diagram with multiple
accidental degeneracies can be acquired (Figure 4D).

Importantly, the double Dirac cone formed by the p and d
doublets plays a vital role in the phase transition between PTI and a
normal insulator. When the p band is below the d band (Figure 4E),
the gap exhibits a trivial phase, while flipping the order of the p and d
photonic bands results in a nontrivial band gap (Figure 4F). Such a
parity inversion (also known as p-d inversion) picture is at the heart
of the quantum spin Hall effect in electronic systems [31]. The
topological invariant of PTI can be also acquired via theWilson loop
approach [63]. Considering the Berry phase calculation for multiple
bands, the inner product 〈ψki

|ψki+1〉 in Eq. 2 should be replaced by
matrix Mk̂i,ki+1 of which the matrix elements are given.

Mki,ki+1
nn′ � 〈ψn,ki

∣

∣

∣

∣

∣

ψn′,ki+1〉, n, n′ ∈ 1 . . .N, (7)
where the band indices n and n′ go over all the bands below the
concerned band gaps. Then, the Berry phase for a loop in the BZ

can be obtained by the matrix product of the Berry connection
matrix through the following form,

Ŵ � ∏

N

i�1
M̂

ki,ki+1 . (8)

To evaluate the topological invariant, one needs the
eigenvalues of the above Berry phase matrix, which can be
written as follows:

θn ≡ −I[log(wn)], n � 1, . . . , N, (9)
where wn is the nth eigenvalues of the matrix Ŵ.

Typical Berry phase calculations for a trivial insulator and PTI
via the Wilson loop approach are displayed in Figures 4G,H. For
the trivial case, the Wilson loop of the first band has a constant
value equal to 0 (see left panel in Figure 4G), while that of the set
of the second and third bands does not exhibit any winding
properties (see right panel in Figure 4G). For the nontrivial case,
it is necessary to take the three lowest bands as a set since there is a
band crossing between the first and second bands. As shown in
Figure 4H, there is no winding but the Wannier centers are
localized at the edge of the unit cell, in contrast to that in the
trivial case. In the literature, such a topological insulator with
non-winding values of Wilson loop is called the photonic

FIGURE 4 | Photonic analog of quantum spin Hall insulator [97, 101]. (A) Schematic configuration of a triangular PhC using core–shell dielectric. (B) Typical band
structure of the core–shell PhCs, where the photonic-like orbits are labeled. (C) Phase diagram of the p − d inversion induced photonic topological insulator in the geometric
parameter spaces. (D) Eigen modes of p doublets (px, py) and d doublets (dxy, dx

2−y2), which served as the photonic pseudospin DoF. (E, F) Band structure of core–shell
PhCs with (E) trivial and (F) nontrivial band gaps. (G, H)Wannier center positions of the bands below the (G) trivial and (H) nontrivial band gap. Reproduced permission
from Ref. 101. (I) Projected band structure of two PhCs with helical edge states. (J) and (K) are the Ez field pattern in (I). Reproduced permission from Ref. 97.
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obstructed atomic limit [101, 102], which is easily confusing with
the concept of fragile topological insulator [96, 99, 102, 103].
Parallel to the topological invariant calculation, a typical
calculation of the edge state using two PhCs with distinct
topology is presented in Figure 4I. Note that the helical edge
states are gapped, which originate from theC6 symmetry breaking
at the boundary between the two different PhCs. The size of the
gap depends on the strength of the perturbation induced by the
symmetry breaking. However, the helical feature of the edge states
is still clearly demonstrated. As shown in Figures 4J,K, the edge
states at the J(K) point are mostly pseudospin-down (pseudospin-
up) as recognized from the real space distribution of the Poynting
vector with the negative (positive) group velocity.

Utilizing the robust transport properties of the topological
PhC interface, many intriguing physical systems are explored,
including unidirectional electromagnetic waveguide [84],
topological all-optical logic gates [104], topological whispering
gallery modes [105], coupled cavity-waveguide system [106],
topological converter [95], topological bulk laser [93], Dirac
vortex cavity [107], and Dirac vortex fiber [108]. Additionally,
all-dielectric PTIs also open an avenue to quantum optics. In
2018, Barik et al. [86] proposed an all-dielectric topological PhC
slab with 2D helical edge states confined in a dielectric slab, which
is highly desirable to achieve out-of-plane confinement without
the use of metal [85, 86, 90, 94]. They also demonstrate the strong
interface between the single quantum emitters and topological
photonic states [94]. Since all-dielectric PTIs take full advantage

of crystalline symmetry and thus go beyond the material
limitation, more in-depth research based on all-dielectric PTIs
is foreseen.

Photonic Analog of Valley Hall Insulator
Another kind of topology-related gapped systems with T is PVHIs
[40, 109–135]. Following the idea of valleytronics in the graphene,
Chen et al. [119] proposed a PVHI based on the modified
honeycomb PhCs, as shown in Figure 5A, where the radii of
the two rods are different in a unit cell. Note that most PVHI
studies are based on themodified honeycomb lattice [110, 111, 113,
116, 117, 119, 122, 123] since it provides a concise physical picture.
Other proposals, including detuning the refractive index [124, 125]
and specific geometric designs without P [40, 109, 112, 114, 115,
118, 120, 121, 126], are also adopted to study valley physics. From
the point of view of the symmetry, these PVHIs broke the C6

symmetry of the structure while preserved the C3 symmetry. A
typical band structure of PVHI is presented in Figure 5B, where
two inequivalent but T valleys (K and K′) with vortex-valley
locking (Figures 5C,D) are observed.

Using the valley as a binary DoF, the unidirectional excitation
of the valley chirality bulk states can be realized either by sources
carrying orbital angular momentum with proper chirality
(Figures 5E,F) [119] or by a point-like chiral source based on
the azimuthal phase matching condition [120]. Similar to the
pseudospin–momentum locking effect in PTIs, there also exist
valley pseudospin–momentum locking edge states at the interface

FIGURE 5 | Photonic analog of valley Hall insulator [119]. (A) Schematic of valley PhCs based on honeycomb lattice, where the radii of the two rods are different in a
unit cell. (B) Photonic band structure for transverse magnetic modes, in which four valley states are marked. (C,D) Valley-contrasting chiral orbital angular momentum
and the phase distributions of Ez at K and K′ valleys. (E, F) Electric intensity of the excited. (E) K′ and (F) K valley states. (G) Schematic of the edge constructed by two
distinct valley PhCs. (H) Valley-dependent edge states. (I) Electric field intensity at a specific frequency, illustrating the smooth propagating wave through the Z
sharp corners. Reproduced permission from Ref. 119.
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of two valley Hall PhCs (Figures 5G,H). Most studies hold that
the different valley topological index between two of the valley
Hall PhCs gives a nonzero valley Chern number and lead to the
emergence of the valley-dependent edge states. However, the
valley Chern number cannot be used as a topological invariant
because it is not a quantized value. Yang et al. [117] addressed
that the chiral vortex-valley locking plays a fundamental role in
the emergence of the valley-dependent edge states, rather than the
valley Chern number. Thanks to the chiral vortex-valley locking,
valley PhCs with valley-dependent edge states exhibit robust
transportation against sharp corners (Figure 5I).

For applications, many intriguing photonic devices, including
energy beam splitters [127, 131, 132, 135], logic gates [127],
switches [132], fiber [134], and filter [132] are created via PVHIs
[131, 132]. Based on valley edge states, the electrically pumped
terahertz quantum cascade laser is also realized [128]. Xie et al.
[133] constructed a topological cavity based on slow-light valley
Hall edge states, which exhibit a greatly enhanced Purcell factor.
Moreover, it is also desirable to realize PVHIs with a large Chern
number, which can support multimode topological transmission
[114, 118].

Photonic Higher-Order Topological
Insulators
The recent advances in higher-order topology deepen our
knowledge of the topology physics. The first HOTI proposed by
Benalcazar et al. [41] is a quadrupole topological insulator (QTI), in
which the bulk dipole is absent while the quantized, fractional
electric multipole moments emerged in the bulk. The key to realize
a QTI is to generate both positive and negative nearest-neighbor
couplings in a single physical system. In order to meet such
requirements, Chen et al. [136] proposed a scheme to realize
QTI in plasmon-polaritonic systems by utilizing the sign-
reversal mechanism for the coupling between the plasmon-
polaritonic cavities. In addition, He et al. [137] extended the
idea of QTI from tight-binding models to continuum theories.
They demonstrated that the quadrupole topological phase survived
in a gyromagnetic PhC, of which the quadrupole moment is
quantized by the simultaneous presence of crystalline symmetry
and broken T. Since the realization of photonic QTI is limited to
some specific systems, most studies focus on the photonic HOTIs
with quantizedWannier centers. In 2018, Ezawa [43] constructed a
tight-bindingmodel on the breathing kagome lattice, in which both
gapped edge states and corner states are observed. In his proposal,
the bulk polarization is served as a topological index, which can be
defined as the integral of the Berry connection. Intuitively, the bulk
polarization characterizes the displacement of the average position
of theWannier center from the center of the unit cell, giving rise to
the emergence of corner states in a finite system.

Inspired by Ezawa’s proposal, the studies on the HOTI based on
the kagome lattice are later transferred to various classical systems
[50, 138–143]. In particular, all-dielectric PhCs provide an
excellent platform to study HOTI with quantized Wannier
centers and thus have been extensively studied [50, 144–154].
Wang et al. [154] systematically studied the multiple higher-order
phase transition in a 2D hexagonal PhC with C3 symmetry, where

each unit cell consists of three dielectric rods, as illustrated in
Figure 6A. By moving the three dielectric rods along three
symmetry lines, the PhCs undergo a continuous geometry
transformation that includes three triangular lattice
configurations and three kagome lattice configurations. Typical
band structures for the triangular and kagome lattices are presented
in Figures 6B,C. Accompanying with the geometry
transformation, the first photonic band experiences multiple
phase transitions (Figure 6D). To characterize the higher order
topology, one can calculate the bulk polarization (Wannier center
positions) via the Wilson loop approach, as depicted in Figures
6E–G, or use the symmetry indicators [155], which can be achieved
from C3 eigenvalues at high symmetry points.

As a direct manifestation of the higher-order band topology,
onemay expect that corner states appear in a finite systemwith C3

symmetry. However, the emergence of corner states also depends
on the geometric configurations [141, 156]. We remark that often
the photonic bands do not have the chiral symmetry and the
corner states may shift into the bulk continuum and disappear
without the chiral symmetry. To avoid this, it is necessary to place
two all-dielectric PhCs with distinct higher topological phases
together in a finite system. Along with the geometry
transformation, various cases of the calculated supercell are
realized, where outside PhCs are of trivial phase, while the
insider PhCs are dependent. Several prototype geometries of
the calculated supercell are presented in Figure 6H. The eigen
solutions are displayed systematically in Figure 6I. Figures 6J,K
give the electric field |Ez| distributions of the eigenstates of the
corner and edge states. In particular, two types of corner states
emerge, as revealed in Refs. 50, 142, 154: type-I corner states due
to the nearest neighbor couplings and type-II corner states
originating from the next nearest-neighbor coupling.

In addition to the kagome lattice with C3 symmetry, the
nontrivial bulk polarization and corner states can also appear
in the expanded C4 symmetric lattice. A typical case is the 2D Su-
Schrieffer–Heeger model, which has been extensively studied
[151–153]. The 2D Zak phase is employed to characterize the
higher-order topology. The photonic HOTIs have been found
promising applications in high-quality nanocavities [157], cavity
quantum electrodynamics [158], topological nanolasers [159,
160], and multi-channel system fibers [161]. Since HOTIs set
up examples with multidimensional topological physics going
beyond the bulk-edge correspondence in conventional
topological insulators and semimetals, it opens a new avenue
toward exploring novel topological phenomena and optical
device applications.

Before proceeding, let us comment on the 1D and 2D all-
dielectric topological PhCs. Since all-dielectric PhCs are the
optical analogs of conventional crystals, it is natural to explore
different topological phases as well as to find the potential
applications based on all-dielectric PhCs. For 1D topological
photonics, the 1D PhC consists of a dielectric AB layered
structure that is regarded as a photonic analog of the SSH
model. Since the 1D binary PhC supports the Tamm mode,
which originates from the lack of translation symmetry, there is a
need to clarify the difference as well as a connection between the
topological interface states and Tammmodes [162]. For 2D cases,
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topological phases in all-dielectric PhCs are more diverse,
including PCI, PTI, PVHI, and HOTI. We notice that most
studies focus on the topological phase transition between trivial
and nontrivial phases, while that between two nontrivial phases is
very few [163–165]. It is expected that all-dielectric PhCs will
become more versatile if two topological phases coexist in a
single system. In addition, it is also interesting to introduce other
ingredients into the all-dielectric PhCs, such as layer DoF [111, 166].

3D TOPOLOGICAL PHASES BASED ON
ALL-DIELECTRIC PHOTONIC CRYSTALS

In the previous sections, we have reviewed the 2D topological
phases. It is natural to extend 2D topological phases to 3D cases. In
what follows, we give a brief review on several milestone works of
3D topological insulators and topological semimetals that aremade
of all-dielectric PhCs.

3D All-Dielectric Photonic Topological
Insulator
Generally, 3D topological insulators can be realized in both
T-broken and T-invariant system. A typical T-broken case is
the 3D quantum Hall phase [also known as a strong topological

insulator (STI)], which can be regarded as a 3D extended version
of the 2D quantum Hall phase. To the best of our knowledge, Lu
et al. [58] first proposed the photonic analog of 3D STI by using
PhCs composed of ferrimagnetic materials (Figure 7A). A
magnetic field bias breaks T and produces a nontrivial band
gap that hosts a single-surface Dirac cone (Figures 7B,C), which
is protected by the nonsymmorphic glide reflections. Such a
gapless surface state is fully robust against the random
disorder of any type. The evolution of Wannier centers is
calculated via the Wilson loop approach to characterize the
bulk topological invariant (Figure 7D).

Similarly, the 3D quantum spin Hall phase [also known as a
weak topological insulator (WTI)] can be viewed as a
generalization of the 2D quantum spin Hall phase and
corresponds to the T-invariant case. In 2011, Yannopapas
[167] proposed a scheme for realizing a 3D photonic analog of
WTI. A tetragonal lattice of uniaxial dielectric cavities in a lossless
metallic host was investigated using a coupled dipole method,
which is the photonic counterpart of topological crystalline
insulators in an electronic system [168]. This system with T
and point-group symmetry exhibit a complete 3D band gap and
gapless topological surface states. Topological photonics with 3D
band gaps also have been proposed by using 3D bianisotropic
structures [59, 169]. As shown in Figure 7E a stacked layer of
triangular arrays of mirror-symmetry-broken dielectric rods

FIGURE 6 | Photonic higher order topological insulator [154]. (A) 2D PhCs with C3 symmetry, where the primitive cell is indicated by hexagonal dotted lines. (B, C)
Typical band structure for (B) triangular PhCs and (C) kagome lattice. (D) Eigenfrequencies of the first and second photonic bands at the K point as a function of
geometric parameter d. (E–G) The calculated Berry phase for PhCs with (E) the phase [0,0], (F) the phase [−1,1], and (G) the phase [−1,0]. The bulk polarization is shown
in red dots. The corresponding Wannier center configuration is also displayed in the insets. (H) Schematic illustration of large triangular supercell with two types of
PhCs with distinct higher order topology. (I) Eigenfrequencies of the photon as functions of the geometric parameter d. (J–L) Typical electric field pattern for (J) type-I
corner state, (K) edge state, and (L) type-II corner state. Reproduced permission from Ref. 154.
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(Figure 7F) supports a conical dispersion of topological surface
states (Figures 7G,H) and backscattering immunity propagation
of the surface modes. The scheme for achieving 3D photonicWTI
paves a way to various optical devices, such as topological lasers
and circuits in previously inaccessible 3D geometries.

3D All-Dielectric Photonic Topological
Semimetals
As one of the earliest studies of topological semimetals, Lu et al.
theoretically [60] and experimentally [61] demonstrated the
existence of Weyl points in gyroid PhCs. The Weyl point
refers to the 3D linear point between two bands, of which the
dispersions are governed by the Weyl Hamiltonian. Unlike the
2D Dirac point, which is protected by PT symmetry, the 3DWeyl
point only exists on the systems that lack T or P or both
[170–176]. Such a character makes a single Weyl point
absolutely robust to any perturbations. The only way to
eliminate and create Weyl points is through pair annihilations
and pair generations of Weyl points with opposite chirality. It
seems the emergence of Weyl points is somehow accidental,
nevertheless, one can have a 3D topological phase with symmetry
protection first and then have the Weyl points by symmetry
reduction (Figure 8A) [170–173]. From this point of view, Wang

et al. [170, 171] systematically studied the 3D Z2 Dirac point,
which can be viewed as a pair of Weyl points with opposite
chirality, based on all-dielectric PhCs. Usually, the 3D Dirac
points are unstable when two Weyl points annihilate each other
and form a gap. Nevertheless, Wang et al. [170, 171] pointed out
that 3D Z2 Dirac can survive stably via certain crystalline
symmetry, and split into the Weyl points when the P is broken.

As an illustration, Figure 8B presents a kind of 3D all-
dielectric PhCs with nonsymmorphic symmetry. In each unit
cell, there are two dielectric blocks of the same shape and
permittivity, which are connected via screw symmetry Sx and
Sy (Figure 8C). To realize the Z2 photonic Dirac point, both
Kramers double degeneracy and parity-inversion should be
synthesized, in which the crystalline symmetry plays a key role
in realizing these two elements. On the one hand, anti-unitary
operators that combine the screw symmetry with T symmetry are
created to simulate the photonic Kramers degenerate pairs. On
the other hand, the eigenvalue of a two-fold rotation symmetry
operator is employed to define the parity of photonic states. The
distribution of 3D Z2 Dirac points in the BZ is displayed in
Figure 8D.

The 3D Dirac point emerges from the band crossing of two
doublets with distinct parities (Figures 8E,F). The spit–orbit
physics of the Dirac points can be understood via a symmetry-

FIGURE 7 | Three-dimensional photonic topological insulators [58, 59]. (A) Three-dimensional all-dielectric PhCs with topological band gap. (B) Bulk band
structure when magnetization is applied. (C) Single-surface Dirac cone in the M′ − M line. (D)) Gapless hybrid Wannier centers corresponding to the nontrivial surface
states in (C). (E) Schematics of the domain wall formed by the two 3D PTIs. (F, G) Band diagrams of topological surface states supported by the domain wall in (E) with
2D cut-planes (F) ω-k|| and (G) ω-kz, respectively. (H) Conical Dirac-like dispersion of the surface states. Reproduced permission from Refs. 58, 59.
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based ~k·p ~ theory. When the space symmetry is reduced, it is
expected that the Dirac point will split into Weyl points. As shown
in Figures 8G,H, by transforming the dielectric blocks into other
shapes, namely, breaking the screw symmetry while keeping the
two-fold rotation symmetry, the crossing between the band with
distinct parities (i.e., p and d bands) result in Weyl points

(Figure 8I). Following this idea, the Weyl point is also realized
in the metasurface [172] and twisted 1D dielectric PhCs [173].
Because the 3D Dirac point acts as the mother state of the Weyl
points, it is interesting to explore the properties of surface states
according to the bulk-edge correspondence principle. Figure 8J
shows a gapless surface band traversing the projected photonic

FIGURE 8 | Photonic topological semimetals [171]. (A) Relationship between type-I/type-II Dirac points and Weyl points. (B) Three-dimensional structure of a unit
cell, where the boundaries are indicated by black lines. (C) Illustration of the two screw symmetry Sx and Sy in top-down view. (D) The bulk and surface Brillouin zone, with
the distribution of the Dirac points. (E) Parity inversion induced type-I and type-II Dirac points on theMA line. (F)Magnetic field profiles of the p- and d-wave doublets, p1/2
and d1/2, respectively. The doubly degenerate states are connected by the screw symmetries. (G) Unit cell structure of the symmetry-broken PhCs. (H) Three-
dimensional viewwith zoom-in illustration of structure deformations. (I)Band structure on theMA line for part of the first six photonic bands indicates, which the crossings
are identified as type-I and type-II Weyl points. (J) Surface band and projected bulk band on PhC–air surface. (K) Energy density and Poynting vector profiles for the
topological surface states at two opposite wavevectors. Reproduced permission from Ref. 171.

TABLE 1 | Summary of various all-dielectric photonic topological systems mentioned in this review.

Dimensionality
topological system

Topological invariant Significant feature Potential applications

1D Photonic SSH Zak phase Interface states Generate specific interface states
2D PCI Chern number Chiral edge states Unidirectional and backscattering immunity waveguide
2D PQSHI Spin Chern number Helical edge states Whisper gallery waveguide, all-logic gates, and lasers
2D PVHI Vortex chirality Valley-dependent edge states Energy beam splitter, all-logic gates, fiber, and filter
2D HOTI Polarization 1D gapped edge states and 0D corner states Nanocavity, nanolaser, and fibers
3D STI Z2 invariant Single-surface Dirac cone Optical diodes
3D WTI Z2 invariant Two-surface Dirac cone with spin locking High-power laser, optical diodes, and photonic computer chips
3D Weyl semimetal Topological charge Helicoid surface states Anomalous refraction
3D Dirac semimetal Z2 topological charge Doubled-helicoid surface states Open cavity and anomalous refraction
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band gap. The topological surface states carry finite total angular
momentum as indicated in Figure 8K by the winding profile of the
Poynting vectors. The sign of the photonic total angular moment is
changed when the wavevector is reversed. This property is similar
to the “spin–wavevector locking” on the edges of topological
insulators. Based on such a salient feature, one can further
study frequency-, angle-, wavevector-, and angular momentum-
selective transmission in Weyl/Dirac PhCs. In addition, note that
the topological surface states are below the light-line and hence can
form cavity states on the PhC–air interfaces with no need for
additional cladding. Last but not least, the conical dispersions in
Dirac/Weyl all-dielectric PhCs provide a newmechanism to realize
unconventional optical properties, such as anomalous
refraction [171].

CONCLUSION AND OUTLOOK

The past decade has witnessed the rapid development of
topological photonics, which is beneficial for both electronics
and photonics. Although many exotic topological phenomena
have been demonstrated, the aid of metamaterials hinders the
application of topological photonics. Therefore, it is highly
desirable to realize all-dielectric topological PhCs, which take
full advantage of the crystalline symmetry and get rid of the
limitation of the material. In this review, we give a brief review on
several milestones of all-dielectric topological PhCs by discussing
their topological invariants, intriguing properties, and potential
applications. A summary of all-dielectric topological PhCs
mentioned in this review is provided in Table 1. We conclude
that all-dielectric PhCs served as a common photonic system have
achieved great success in both emulating various topological
phases and finding potential application in light manipulation.

All-dielectric topological PhCs will continue to evolve in the
coming years, as in the past decade. The scope of all-dielectric

topological PhCs is becoming diverse and can be further
expanded by combing nonlinearity [177–181], non-hermiticity
[182–186], real space topology (such as dislocation [187] and
disinclination [188–190]), and synthesis dimension [196–206]. In
particular, it was reported recently that non-hermiticity
fundamentally changes the topological band theory, leading to
exotic phenomena like non-Hermitian skin effect, as confirmed
in the 1D SSH model [191–195]. By adding gain and loss into the
all-dielectric PhCs, one can study non-Hermitian topological
photonics in a direct way [182–185]. Alternatively, as an open
system, topological waveguide-cavity coupled structure made
of all-dielectric, offers an excellent platform to study non-
Hermitian topological physics [186]. In addition to non-
hermiticity, it also deserves to study the all-dielectric
topological PhCs with the ingredient of synthesis
dimension. It is generally believed that the dimension of a
physical system cannot be larger than its geometric
dimensionality. However, with the introduction of synthetic
frequency dimension, and combined with the intrinsic
geometric dimension, one can investigate higher
dimensional physics. These studies may sustain further
developments of all-dielectric topological photonics and
offer novel methods for light manipulations.
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Multiport Routing of Topologically
Optical Transport Based onMerging of
Valley-Dependent Edge States and
Second-Order Corner States
Meng-Yu Li, Wen-Jie Chen, Xin-Tao He* and Jian-Wen Dong*

School of Physics and State Key Laboratory of Optoelectronic Materials and Technologies, Sun Yat-sen University, Guangzhou,
China

Topological photonics provide a novel platform to robustly manipulate the flow of light and
design high-performance nanophotonic devices. To do this, a fundamental mechanism is
the flexible control of optical transport based on topological boundary states on edges or
corners. In this work, we design a multiport device to route the topologically optical
transport by using both valley-dependent edge states (VDESs) and second-order corner
states (SOCSs). The VDESs are derived from sublattice symmetry breaking in a
honeycomb lattice, while SOCSs are induced by the lattice deformation of Kagome
lattice. In terms of unit cell, we find that both configurations can be reconsidered as
the same triangular-lattice photonic crystal, which consists of a hexagon-profile air hole
array in silicon background. Therefore, a four-port device is designed based on the two
configurations. In simulation, we observe the frequency-dependent routing effect of the
topologically optical transport by merging of VDESs and SOCSs. This work not only shows
a novel platform to explore various topological phases in the photonic system but also
provides guidance in the development of topological photonic integrated circuits with
mode division multiplexing.

Keywords: topological photonics, photonic crystals (PCs), topological edge states, corner states, multiport routing

INTRODUCTION

Topology, a concept of mathematics that studies the invariant global properties under continuous
deformation, has been introduced into the physics systems to explore the intriguing band structures
in the momentum space [1, 2]. Due to tunable geometric structures and controllable band
dispersions, photonic crystals (PCs) arouse a wide range of research interest to implement the
topological concept in photonic systems [3–7]. The topological PCs have been used to demonstrate
many topological physics with nontrivial phases, such as quantum Hall effect, quantum spin Hall
effect, quantum valley Hall effect (QVHE), and 2D Zak phase [8–15, 42, 43]. By using the
topologically protected states, topological PCs also provide a platform to design intriguing
devices in integrated optics and nanophotonics [16–25].

For example, the QVHE of light can be demonstrated by a honeycomb-lattice PC with sublattice
symmetry breaking, namely, valley photonic crystal (VPC) [19, 20, 26–29]. When two topologically
distinct VPCs are placed side-by-side to form an interface, valley-dependent edge states (VDESs) will
emerge and robustly propagate along the interface with backscattering-suppressed electromagnetic
features. On the other hand, by lattice deformation in a Kagome-lattice PC, one can implement a
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second-order topological photonic crystal (SOTPC) with the
nontrivial 2D Zak phase [30–34]. Such SOTPC supports in-
plane-localized 0D state, i.e., second-order corner state
(SOCS), which is derived from the topological nontrivial phase
of 2D insulating bulk states. Based on those topological boundary
states on edges or corners, optical transport can be controlled
flexibly and various prototypes of novel photonic devices have
been successfully demonstrated [19, 35, 36], such as topological
photonic routing, slow light waveguide, and PC mirrors.
Furthermore, it is interesting to merge different types of
topological boundary states in a single PC platform [37, 38],
which can be potential to develop mode-division multiplexing in
the topological photonic integrated circuits.

In this work, we apply both VDESs and SOCSs to construct a
frequency-dependent routing platform in a multiport device. For
one, by breaking the sublattice symmetry in a honeycomb-lattice
PC, the VDESs can be acquired in an interface between two
topologically distinct VPCs. For another, the SOTPCs are
designed by the lattice deformation of Kagome-lattice PC, and
the localized SOCSs can be induced at the intersection of the
interface between two SOTPCs with different 2D Zak phases. The
unit cells for both configurations consist of hexagon-profile air
holes in a triangular lattice, and the geometry of air holes has the
same size. Therefore, both configurations can be reconsidered as a
same triangular-lattice photonic crystal in silicon background.

Therefore, a four-port device is designed based on the two
configurations. By merging of VDESs and SOCSs, the
simulation results of the four-port device demonstrate the
frequency-dependent routing effect of topologically optical
transport, which is potential for the mode-division
multiplexing in the development of topological photonic
integrated circuits.

Design of Valley Photonic Crystals in
Honeycomb Lattice
To design a valley photonic crystal, we construct a two-
dimensional honeycomb-lattice photonic crystal, whose unit
cell contains two types of hexagon-profile air holes at the
corners, i.e., hole A and hole B. As shown in Figure 1A, the
air holes are embedded in the dielectric background (shaded in
black) with a relative permittivity εeff. The side length of hole A
(or B) is SA (or SB), and the lattice constant is a. Here, εeff = 8.12 is
the effective permittivity of the dielectric background based on
the TE0 mode index of silicon slab with 0.55a thickness
(corresponding to a 220-nm-thickness silicon slab when the
operation wavelength is around 1,550 nm). When the two air
holes have an equivalent side length that SA = SB = 0.198a, the
transverse-electric (TE) photonic bands of honeycomb-lattice PC
[left panel of Figure 1B] possess a Dirac cone around the K/K′

FIGURE 1 | Design of valley photonic crystal in a honeycomb lattice. (A) The evolution of honeycomb-lattice photonic crystals (PCs) and (B) the corresponding TE-
polarized band structures. The unit cell of honeycomb-lattice PC with lattice constant a consists of two hexagon-profile air holes at the corners, where the side length of
hole A (or hole B) is SA (or SB). When the two air holes have equivalent side length that SA = SB = 0.198a (left panel), the TE-polarized photonic bands possess a Dirac
cone around the K point. The spatial inversion symmetry of honeycomb PC is broken when SA ≠ SB, and thus the degenerate states at the K point are lifted to open
a common TE band gap. Finally, we have two specific cases, i.e., PC1 with SA = 0 and SB = 0.28a and PC2 with SA = 0.28a and SB = 0. (C) Phase distribution of Hz

eigenfields of the first TE bulk band at the K point. For PC1 (or PC2), we can observe that the phase vortex increases counterclockwise (or clockwise) by 2π around the
center of unit cell, indicating the valley Chern index CK � −1/2 (or CK � +1/2). (D,E) Schematics of two types of valley-dependent interfaces and their edge dispersions
(labeled as V1 and V2). The red points represent the edge states, while the black points represent bulk states.
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point due to the C3v point group symmetry of the lattice. Note
that the photonic bands and their eigenmodes in this work are
calculated by the MIT photonic band (MPB) package [39]. If we
increase (reduce) SA and reduce (increase) SB, the spatial
inversion symmetry of honeycomb PC will be broken and
thus a common TE-polarized band gap is opened, which is
derived from the lift up and down of degenerate states at the
K/K’ point. These configurations are both valley photonic crystals
(VPCs), as described and demonstrated in previous works [19, 20,
28]. Note that the filling ratio of air holes maintains constant
during the evolution, which ensures that the band structures of
PCs do not change much in frequency.

As shown in the right panel of Figure 1A, we consider two
specific configurations, i.e., PC1 that SA = 0.28a and SB = 0 and PC2
that SA = 0 and SB = 0.28a. Such a configuration can be reconsidered
as a simple triangular-lattice PC with a hexagon-profile air hole at
the corners. Both PC1 and PC2 possess the same band structures and
a 15.2% band gap from 0.243 c/a to 0.283 c/a. Here, the band-gap
size is expressed as a percentage of the gap-midgap ratio Δω/ωm,
where Δω is the frequency width of the band gap and ωm is the
frequency at the middle of the gap. It is a general and useful
characterization, which is independent of the scale of PCs.

Although PC1 and PC2 have the same bulk band structures
[i.e., the band structures in the right panel of Figure 1B], their
topological properties are distinct and characterized by different
valley Chern indices CK/K′. For valley-contrasting physics
[40–42], the valley Chern index is defined as

C
K/K′ � τzsgn(Δ)/2, (1)

where τz is the z component of the Pauli matrix that τz � +1 at
the K valley and τz � −1 at the K′ valley. 2Δ denotes the frequency
difference between two valley bulk modes. For another, modes at
the two inequivalent valleys K/K′ are a pair of pseudospins, so
they carry valley-dependent magnetic momentum,

m(K,K′) � τzμ
p
B, (2)

where μpB is the effective Bohr magneton at the bottom band and
sgn(μpB) � sgn(Δ) [40]. With regard to a PC, the effective
“magnetic” momentum is related to the phase vortex of
electromagnetic fields around the center of unit cell. When the
phase vortex increases clockwise or counterclockwise by 2π, we
can have τzsgn(μpB) � +1 or −1. In other words, by observing the
phase vortex of bulk modes at different valleys, it is easy to
determine the valley Chern index. Figure 1C gives the phase
distribution of Hz eigenfields of the first TE bulk band at K point.
For PC1 (or PC2), we can observe that the phase vortex increases
counterclockwise (or clockwise) by 2π around the center of the
unit cell, indicating the valley Chern index CK � −1/2 (or
CK � +1/2). Therefore, though one part of air holes (A or B)
vanishes, PC1 and PC2 still maintain the topologically distinct
features of valley-contrasting physics in a manner.

As band gaps of PC1 and PC2 are topologically distinct, the
valley-dependent edge states (VDESs) can be obtained at the
interface of domain walls between two VPCs with different valley
indices. In Figures 1D,E, we show two types of interfaces (i.e., V1

and V2) constructed by PC1 and PC2 and their edge dispersions.
The V1 case is PC1 at the upper domain and PC2 at the bottom,
while V2 is PC2 at the upper domain and PC1 at the bottom. We
calculate the edge dispersions for both two types of interfaces. The
black points and red points represent bulk states and VDESs,
respectively. The edge dispersions of V1-type and V2-type
interfaces cover over the frequency range of the bulk band
gap. Note that the group velocity direction of the V1-type
(V2-type) VDES at the K valley is positive (negative) and vice
versa for the K’ valley. It is in agreement with the bulk-edge
correspondence, for example, that the difference of the valley-
dependent topological index at the K valley crossing the domain
wall of the V1-type interface (i.e., Cbottom

K − Ctop
K ) is +1.

Design of Second-Order Topological
Photonic Crystals in Kagome Lattice
Except for VDES, another kind of topological boundary state in
this work is the second-order corner state (SOCS). To implement
SOCS, we will firstly design the second-order topological PC in
Kagome lattice. As shown in Figure 2A, the unit cell is the
assignment of Δ-shape cluster, consisting of three rhombic-
profile air holes in a dielectric background. The side length of
the rhombic hole d = 0.28a, where a is the lattice constant of
Kagome PC. L1 is the distance from the center of the rhombic hole
to the center of the unit cell, such that the coupling length of the
intra-cell cluster is

�

3
√

L1. L2 is the distance from the center of the
rhombic hole to the vertex of the unit cell, and thus the coupling
length of the inter-cell cluster is

�

3
√

L2.
To approximately describe the topological properties of such

PC, we can use the 2D Su–Schrieffer–Heeger (SSH) model [14,
15], which is determined by the relationship between L1 and L2.
When L1 = L2, the strength of the intra-cluster coupling is equal to
that of inter-cluster coupling, and there is a degeneracy point
around the K point in the band structure, as shown in the left
panel of Figure 2B. When we shrink the clusters with the decrease
of L1 (or expand the clusters with the increase of L1), the balance
of intra-coupling and inter-coupling is broken and thus open a
TE-polarized band gap [as shown in the middle and right panels
of Figure 2B]. The expanded case (i.e., red border with L1 > L2)
shown in the top panel of Figure 2A is majorly dependent on
inter-cluster coupling, while the shrunken structure (i.e., green
border with L1<L2) shown in the bottom panel of Figure 2A is
dominant for intra-cluster coupling. For the specific condition
that L1 = 0.5d (or L2 = 0.5d), the intra- (or inter) clusters can be
reconsidered as a new hexagon hole with side length equal to d. In
this case, there is a 15.2% TE-polarized band gap from 0.243 c/a to
0.283 c/a for both PC1 and PC3. Based on the second-order
topological physics [43, 44], it is easy to obtain the expanded PC
that has a non-trivial phase and the shrunken PC that has a trivial
phase. On the other hand, when we consider a ▽-shaped cluster
as shown in Figure 2C, the shrunken case also changes to be PC3
(green border) and the expanded case can have another nontrivial
second-order TPC (i.e., PC2 labeled as a blue border). More
details about the discussions of the topological properties will be
shown in the next section.
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There are six types of the interfaces formed by two of these
three PCs, and we have discussed two of them (i.e., V1 and V2) in
the last section. Here, we show two types of second-order
interfaces formed by the second-order topologically nontrivial
case (i.e., PC1 or PC2) and the second-order topologically trivial
case (i.e., PC3), which will be applied to design the multiport
routing device in the following discussion. As shown in
Figure 2D, one is the H1-type interface between PC1 in the
left and PC3 in the right. The edge dispersion shows that there is
an “edge” band gap between the edge states (red dots) that does
not support any bulk and edge state. As shown in Figure 2E,
another one is the H2-type interface between PC2 in the left and
PC3 in the right. There is an “edge” band gap between the bulk
states (black dots) and edge states (red dots). The second-order
corner states we are interested in will fall in these “edge”
band gaps.

Two Types of Second-Order Corner States
in the Topological Interfaces
To characterize the topological phases of the expanded and
shrunken PCs in Kagome lattice, one can extract the bulk
polarization P � (p1, p2), where pm is the bulk polarization
component in the direction of the reciprocal vector bm and m
represents 1 or 2. In particular, the Kagome-lattice PCs have C3

symmetry that constrains on P, so p1 = p2 and we can extract a
simple form of the bulk polarization with respect to the parities at
high-symmetry wavevector points (i.e. Γ and K) [43–45],

pm � −i
2π

ln[∏
n∈occ

θnm(K)
θnm(Γ)

], (3)

where

θnm(k) � 〈un(k)|R3|un(k)〉/〈un(k)|un(k)〉, (4)
is the expectation value of the three-fold symmetric operator R3

in the bm direction and un(k) is the Bloch function of n-th-band
eigenfields at a specific k point. The subscript “occ” in Eq. 3
implies the summation over the bands below the band gap. Note
that the Kagome-lattice PCs in this work only have one TE-
polarized bulk band below the topological band gap. At Γ point,
the bulk state of the first TE band is a zero-frequency
mode, which is always homogeneous in real space such that
θ1m(Γ) ≡ 1. Thus, the expression of bulk polarization can be
simplified as,

pm � −i
2π

ln[θm(K)], (5)

Here, θm represents the expectation value of the threefold
symmetric operator R3 of the first band. In simulation, when we

FIGURE 2 | Design of the second-order topological photonic crystal in Kagome lattice. (A) The evolution of Kagome-lattice photonic crystals (PCs) with the
assignment of Δ-shape cluster and (B) the corresponding TE-polarized band structures. The unit cell of Kagome-lattice PC with lattice constant a consists of three
rhombic-profile air holes as a cluster, where the side length of the rhombic hole d = 0.28a. L1 is the distance from the center of the rhombic hole to the center of the unit
cell, and L2 is the distance from the center of the rhombic hole to the vertex of the unit cell. Starting from L1 = L2, the intra-cluster coupling strength is equivalent to
the inter-cluster case and there was a degenerate point around the K point of bulk band structures. With the expansion and shrinkage of clusters, the degenerate point
disappears and the two bands gradually opened to form a TE-polarized gap. (C) The evolution of Kagome-lattice PCs with the assignment of▽-shape cluster. We can
have the same shrunken PC (i.e., PC3) and another expanded PC (i.e., PC2). (D,E) Schematics of two types of interfaces and their edge dispersions (labeled as H1 and
H2). The red points represent the edge states, while the black points represent bulk states.
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introduce the distribution of the Bloch mode at K un(K) into Eq.
5, the bulk polarization can be estimated to determine the second-
order topological phase. For the two types of expanded PCs, the
PC1 [labeled as a red border in Figure 2A] has a non-trivial phase
with nonzero bulk polarization P = (-1/3,-1/3), while the PC2
[labeled as a blue border in Figure 2C] has another type of
nontrivial phase with nonzero bulk polarization P = (1/3,1/3).
And the shrunken PC3 has a trivial phase with zero bulk
polarization P = (0,0).

When PC1 and PC3 are spliced together that the topological
non-trivial lattice is surrounded by the topological trivial lattice,
the two H1-type boundaries are intersected at a corner (marked
by a yellow star) and thus form a 120-deg-bending interface, as
shown in Figure 3A. Next, we will compute the eigenmode
spectrum of the interface by using the frequency-domain
eigenvalue solution of COMSOL, in order to better understand
the optical behavior. The PC1 [red border] is arranged as a
rhombus shape with a side length of 20a, and the outer region is
terminated with the topologically trivial PC3 [green border]. In
the simulatedmodel, the computational cell is a rhombus with the
total side length of 40a and covers with a scattering boundary.
Figure 3B shows the eigenmode spectrum of the H1-type
interface with a 120-deg-bending geometry. Green and blue

regions indicate the frequency range of bulk states and edge
states, respectively. There are two eigenmodes (marked by red
point) falling in the band gap and isolating from bulk and edge
states, i.e., two types of SOCSs. In Figures 3C,D, we show the real
part of Hz-field distributions of the two isolated modes, i.e., H1-
type I and H1-type II corner states. With respect to mirror
symmetry (the mirror planes are marked as white dashed
lines), the lower-frequency one (around 0.262c/a) is an even
mode derived from the nearest-neighboring hopping of SOTPC,
while the higher-frequency one (around 0.263c/a) is an odd mode
under the consideration of the next-nearest-neighboring hopping
of SOTPC [46].

Proposal for Topological Photonic Crystal
Routing Platform
In this section, based on the VDESs with robust transport and
localized SOCSs, we will show the design of a multiport
topological routing platform for the flexible control of
topologically optical transport. As shown in Figure 4A, the
platform is rhombus with a side length of 55a. There are four
domains in the topological routing platform, which is constructed
by PC1, PC2, and PC3. The boundaries formed by these

FIGURE 3 | Two types of second-order corner states (SOCSs) in H1-type topological interfaces. (A) Schematic view and (B) eigenmode spectrum of the H1-type
topological interface with a 120-deg-bending geometry. The interface is constructed by PC1 and PC3. Green and blue regions indicate the frequency range of bulk
states and edge states, respectively. There are two eigenmodes (marked by red point) falling in the band gap and isolating from bulk and edge states, i.e. two types of
SOCSs. (C) and (D)Distributions of real-partHz fields for the two SOCSs. The SOCSwith even symmetry (around 0.262c/a) is the type I corner state (labeled as H1-
type-I), while the SOCS with odd symmetry (around 0.263c/a) is the type II corner state (labeled as H1-type-II). We use dashed white lines marking the mirror plane.
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topological PCs introduce three different edge states (V1, H1, and
H2) along the interfaces and two corner states (H1-type I and H1-
type II) at the intersection point [marked by a yellow star in
Figure 3A]. The merging of different types of those topological
boundary states can realize the frequency-dependent selection of
transmission path. For incidence, a 4a-width waveguide-mode
source with TE polarization is placed at the input terminal of port
1, depicted as purple arrows of Figure 4A. The incident source
has the same amplitude for different frequencies. Three detectors
with 4a width are placed at the output ends of ports 2–4 to
measure the transmittance, shown as green, red, and cyan arrows
in Figure 4A, respectively. In Figure 4B, we calculate the
transmission spectrum of the four-port device when light is
incident from port 1. The transmission intensities are
described as arbitrary unit (a.u.) and normalized by the
maximum intensity. We can see that the transmission of
different paths obviously varies with frequency. With the
increase of frequency, the excited waves change from bulk
states to edge states and output to a certain port dependent on
the selective excitation of those topological boundary states. Port
4 has the highest transmittance (cyan line) because the
propagation light from port 1 to port 4 only experiences the

coupling of V1 to H2 with a 120-deg detouring angle. On the
contrary, port 2 has the lowest transmittance (green line). The
propagation light from port 1 to port 2 involves the coupling of
three types of edge states and two different angles, so that the high
transmission should meet criteria that the boundary states of V1,
H1, and H2 are all excited simultaneously. As for port 3, the
transmission should mainly rely on the VDES of the V1 interface,
but there is another interface (i.e., H1) in the middle that has an
effect on its transmission efficiency.

To visually demonstrate the routing characteristics with the
variation of frequency, we also calculate the distributions of
electric-field intensity at several representative frequencies, as
shown in Figures 4C–G. In Figure 4C, since the operation
frequency of 0.240c/a is below the bulk band gap, both bulk
states and edge states are excited and the propagation waves leak
to the bulk crystal. At a frequency of 0.253c/a [Figure 4D], the
propagation waves have mainly splitted to both port 2 and port 4, so
the platform can act as an optical power splitter in this case.
Although there is a lack of edge states in the H1 interface at a
frequency of 0.263c/a, most of the propagation waves can output to
port 3 with the aid of SOCS, as shown in Figure 4E. The inset gives
the real part of Hz fields with odd symmetry that confirm the

FIGURE 4 | Design of a four-port routing platform based on topological photonic crystals. (A) Schematics of the multiport topological routing platform. There are
four domains on the platform constructed by PC1, PC2, and PC3. The boundaries of these different topological photonic crystals introduce three different edge states
(V1, H1, and H2) and two corner states (H1 type) at the intersection point. (B) Transmission spectrum of the four-port device when light is incident from port 1. The
transmission intensity of different paths obviously varies with frequency. (C–G) Electric-field intensity distributions at the frequencies 0.240c/a, 0.253c/a, 0.263c/a,
0.267c/a, and 0.278c/a, respectively. The inset of panel (E) shows the real part ofHz field distribution at a frequency of 0.263c/a, indicating the excitation of the H1-type II
corner state. Through the frequency-dependent selective excitation of different types of topological boundary states, such a four-port device provides a novel way to
route the optical transport with topologically protected robustness.
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excitation of the type II corner state. Due to the absence of H1 edge
states and SOCSs at a frequency of 0.267c/a [Figure 4F], the
propagation waves incident from port 1 can only couple to the
bottom-left H2 interface and output to port 4. At a frequency of
0.278c/a in Figure 4G, H2 edge states are absent but the channel
supports both V1 and H1 edge states, so that the propagation waves
can output to port 3. In a word, through the frequency-dependent
selective excitation of different types of topological boundary states,
such a four-port device provides a global method to route the optical
transport with the topologically protected robustness. The global
method means such robustness is one of the intrinsic properties of
VDESs and SOCSs, which could be totally predicted by investigating
the bulk topology, regardless of the local region around the corner.
Therefore, some promising applications for light manipulation in
topological nanophotonics (e.g., mode-division multiplexing) will
benefit by the decrease of design complexity.

CONCLUSION

In summary, we have realized both VDESs and SOCSs based on
two configurations of unit cell in the same triangular-lattice PC.
The VDESs are derived from sublattice symmetry breaking in the
honeycomb-lattice configuration, while SOCSs are induced by the
lattice deformation of the Kagome-lattice configuration. We have
designed a four-port device to selectively excite VDESs and
SOCSs. Finally, the frequency-dependent routing effect of
topological optical transport has been confirmed by simulation
results. Our work explores various topological intriguing phases
in a single photonic crystal platform, which will enrich the
capability of light manipulation based on topological photonic
systems. By merging of VDESs and SOCSs, the proposal of the

multiport routing device provides a novel method to develop
mode-division multiplexing in topological photonic integrated
circuits.
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