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Understanding the temporal characteristics of sea surface chlorophyll (SSC) is helpful for marine environmental management. This study chose 10 time series of remote daily sea surface chlorophyll products from the European Space Agency during the period from July 29, 1998 to December 31, 2020. A generalized Cauchy model was employed to capture the local and global behaviors of sea surface chlorophyll from a fractal perspective; the fractal dimension D measures the local similarity while the Hurst parameter H measures the global long-range dependence. The generalized Cauchy model was fitted to the empirical autocorrelation function values of each SSC series. The results showed that the sea surface chlorophyll was multi-fractal in both space and time with the D values ranging from 1.0000 to 1.7964 and H values ranging from 0.6757 to 0.8431. Specifically, regarding the local behavior, 9 of the 10 series had low D values (<1.5), representing weak self-similarity; on the other hand, regarding the global behavior, high H values represent strong long-range dependence that may be a general phenomenon of daily sea surface chlorophyll.
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INTRODUCTION
Sea surface chlorophyll (SSC) is an important bio-indicator, representing the biomass of the phytoplankton in the surface layer of the ocean [1–3]. On one hand, phytoplankton have made significant contributions to capture greenhouse gas from the atmosphere and balance the carbon cycle globally [4,5]; on the other hand, under a suitable living environment condition (such as temperature, nutrients, etc.), the phytoplankton will grow rapidly and cause blooms, leading to the degradation of the water environment and ecosystem corruption [6–8]. Therefore, understanding the evolution and pattern of SSC is of great significance to ocean environmental management.
With the development of remote sensing technology, the sensors equipped on satellites can provide long-term SSC products at a global scale, which is conducive to the studies of SSC. For example, the pattern of global ocean primary production can be investigated at a large scale [9–12]. Likewise, the regional SSC variations were studied using remote sensing data. Yamada et al. [13] employed the Ocean Color and Temperature Scanner (OCTS) and the Sea-Viewing Wide Field of View Sensor (SeaWiFS) remote sensing data to study the SSC variation in the East China Sea and the Sea of Japan and found the interannual variability of the spring bloom and the weak temporal transition of the fall bloom. In the Bohai Sea and the North Yellow Sea of China, Zhai et al. [14] found the SSC exhibited a spatially coherent increasing trend over 2003–2011 and a decreasing trend over 2012–2018 by using Moderate Resolution Imaging Spectroradiometer (MODIS) data; specifically, the decreasing trend was more obvious than the increasing trend. Further, the Ocean Colour Climate Change Initiative (OC-CCI) standard products with locally modified SSC was also used to detect four types of SSC annual cycle in the East China Sea, i.e., the summer bloom, spring and autumn bloom, early spring bloom, and low SSC [15]. In summary, the studies mentioned above only focused on the trends and made simple statistics for exploring the space-time SSC patterns.
Recently, specific SSC variation modeling has been implemented in several studies. He et al. [16] chose the optimal theoretical model (such as Exponential model, Spherical model, Gaussian model, and their combinations) to fit the spatial covariance of the SSC distribution in the Gulf of St. Lawrence, and found that the highest SSC variability occurred in November while it changed a lot during the period from August to November. Despite this, few studies have modeled the temporal variance or pattern of SSC. The long-range correlation (or dependence) of SSC was detected in the South China Sea with time scales ranging from a few weeks to 2 years [17]. However, the long-term mathematical modeling of the long-range dependence (LRD) and self-similarity of SSC is still lacking.
In general, several important parameters are used to characterize the complex behavior and dynamics of a time series, such as the Hurst parameter and the fractal dimension/index. Further, some methodologies have been developed to estimate these two parameters separately. Traditionally, the fractal dimension or index can be estimated by counting the number of level crossings, using increments, or the relationship between power variations and the fractal dimension [18–20]; besides this, some other fractal dimensions, such as number-based fragmentation fractal dimension and mass fractal dimension for soil properties can be calculated as shown in other studies [21–23]. Regarding the Hurst parameter, the variance-plot with various block sizes were fitted to obtain the slope [image: image] and the Hurst parameter can be calculated subsequently by [image: image]; Kettani and Gubner [24] developed a variogram-based method to calculate the Hurst parameter and found the new method was superior to the wavelet method; Li [25] used the generalized fractional Gaussian noise to fit the autocorrelation function (ACF) of the traffic and further obtain the Hurst parameter; moreover, modified multifractal Gaussian noise theory was also developed to calculate the Hurst parameter of the sea level across the study period [26]. Given that the two parameters denote various fractal characteristics of the time series, it is important to seek ways to simultaneously obtain the fractal dimension and Hurst parameter. Luckily, the generalized Cauchy model provides a potential way to achieve this goal. It can be used to model the ACF of the studied time series, and it proves that the two parameters were independent of each other [27]. In the past few decades, the generalized Cauchy process has been successfully applied to model the sea-level fluctuations, teletraffic, and network traffic [27,28].
Given the above considerations, the objective of this work is to use the generalized Cauchy process to model the ACF of remote SSC data and explore the fractal characteristics of SSC, which will benefit local SSC monitoring, controlling, and policy-making.
METHODS AND MATERIALS
Data Collection
The long-term daily SSC data was collected from the European Space Agency (ESA). It merged remote sensing reflectance (Rrs) from several satellites, including SeaWiFS, MERIS (Medium Resolution Imaging Spectrometer), Aqua-MODIS, VIIRS (Visible and Infrared Imager/Radiometer Suite), and OLCI (Ocean and Land Color Instrument) [29]. Then, the SSC products are generated using Algorithm Theoretical Baseline Document (Optical Classification and Algorithm Blending) [30]. In the present study, the daily SSC products with spatial resolution 1° × 1° were integrated during the period from July 29, 1998 to December 31, 2020 (8,192 days in total), and 10 locations were selected for further analysis, see Figure 1. Of the 10 locations, 7 are located in the Gulf of California (Figure 1B), with 2 and 1 located in the western coastal regions of Madagascar and South Africa, respectively.
[image: Figure 1]FIGURE 1 | 10 sea surface chlorophyll data locations. (A) shows the distribution of the 10 data locations at a global scale, while the zoom-in views of the two rectangles are shown in (B) and (C). The number represents the identity of each data location.
Basic Theories
Long-Range Dependence
Let [image: image] and [image: image] denote the time series of the studied natural attribute and its ACF, i.e., [image: image], where E represents the expectation operator. Thus, LRD or long memory is used to depict the situation that the ACF decays slowly with the characteristic as [image: image] [31–33], i.e., the values of the studied natural attribute with large temporal lag show a strong correlation. Further, the asymptotic form of ACF with LRD can be expressed as Eq. 1 with the help of the Hurst parameter [34].
[image: image]
Where the Hurst parameter H ranges from 0.5 to 1 under the LRD condition, representing the global property of the time series [image: image], a larger value of H implies that the LRD is stronger.
Self-Similarity
The ACF is self-similar when it remains the same through aggregating the sub-series of [image: image] with nonoverlapping blocks [35], i.e., part of the time series is locally approximately similar to the entire time series. According to the literature [36,37], the fractal index ([image: image]) was employed to measure the local self-similarity, as follows:
[image: image]
where [image: image] and [image: image]. The fractal dimension, D, belongs to [image: image]. A larger value of D means that the local self-similarity of the studied time series is stronger [27].
Generalized Cauchy Process
The generalized Cauchy process is applied when the time series [image: image] and its ACF are of the form of the following equation, subject to [image: image] and [image: image] [28,38]:
[image: image]
where [image: image] is the intensity of [image: image]. The following comments discuss features of the two parameters in Eq. 3. Regarding the parameter [image: image], it defines the dependence of [image: image] by setting [image: image]: (a) if [image: image], [image: image], i.e., it represents the LRD with respect to [image: image]; (b) if [image: image], [image: image], where B is the beta function, i.e., it represents short-range dependence (SRD). Regarding the parameter [image: image], it defines the self-similarity of [image: image] by setting [image: image], thus [image: image] with respect to [image: image]. In short, the LRD and self-similarity of [image: image] only rely on the parameters [image: image] and [image: image], respectively. In this case, with the definition of Eq. 1b and Eq. 2b, the generalized Cauchy process can be written as
[image: image]
For modeling purpose, the intensity [image: image] can be set to 1, and Eq. 4 becomes
[image: image]
In this case, the generalized Cauchy process can simultaneously depict the LRD (global property) and self-similarity (local property) of [image: image] by using the two parameters H and D, respectively. Regarding the Hurst parameter H, if [image: image], i.e., [image: image], it represents LRD, and the values of ACF remain high even over large temporal lag; whereas if [image: image], i.e., [image: image], it represents SRD, and the value of ACF usually decays quickly, e.g., the value of ACF may decline to zero over a lag of several days. With various values of H and D, the ACFs were plotted in Figure 2. It was found that the ACF value of the generalized Cauchy process decreases as the temporal lag [image: image] increases. Moreover, the ACF value increases when the value of H increases and the value of D is fixed, while the ACF value decreases a little when the value of D increases and the value of H is fixed. Among the six lines shown in the sub-figures, the three blue represent the LRD cases, and three red lines represent the SRD cases. Specifically, when the temporal lag, H value, and D value are equal to 7.2 days, 0.05, and 1.7 respectively, the value of ACF declines to 0.01, representing SRD characteristics; see the dark red line of the bottom right sub-figure in Figure 2. On the other hand, when the temporal lag, H value, and D value are equal to 31 days, 0.75, and 1.1 respectively, the value of ACF is still greater than 0.179, representing LRD characteristics; see the middle blue line of the top left sub-figure in Figure 2.
[image: Figure 2]FIGURE 2 | Simple examples of the generalized Cauchy model with various values of D and H.
Autocorrelation Function Fitting Process
The original time series of SSC at each location was divided equally into 16 sub-series with no overlapping cases, each containing 512 data points. Considering that the value of the autocorrelation function may decay to zero with a 1-month temporal lag in some parts of the world [39,40], the theoretical autocorrelation function values for temporal lags between 0 and 32 was calculated by averaging the 16 autocorrelation functions of each sub-series. Then, the generalized Cauchy model (Eq. 5) was employed to fit each of the theoretical autocorrelation function values using the “lsqnonlin” function embedded in MATLAB software. Then, the fractal dimension D and the Hurst parameter H were estimated. The fitting performance of the generalized Cauchy model was evaluated by R2, MAE, and RMSE, as follows:
[image: image]
[image: image]
[image: image]
where [image: image] and [image: image] represent the empirical ACF value and fitted ACF value at temporal lag τ respectively, [image: image] represents the mean value of the ACF series, [image: image] represents the length of the series, and [image: image] and [image: image] represents the sum of squared residuals and the sum of squares of deviation from mean respectively.
RESULTS
Descriptive Statistics
The proportion of missing daily SSC data from ESA at the 10 locations ranges from 8.02 to 11.56% over the entire period. Given that the missing values were discretely distributed in each SSC time series, they were interpolated by using the “spline” function in MATLAB software for further analysis. The SSC time series with full length (including 8192 SSC data) at the considered 10 locations are plotted in Figure 3 and the corresponding descriptive statistical results are presented in Table 1. The statistical results indicate that the SSC has the highest range (i.e., from 0.3129 to 50.6148 mg/m3) in the location with ID 10103 during the studied period; while the values of SSC at the other six locations around the Mexico offshore regions range from 0.0753 to 8.8930 mg/m3. On the other hand, similar ranges (i.e., from 0.0522 to 1.5799 mg/m3) are found in the two locations around the offshore of Madagascar. The values of SSC at the last location with ID 25853 range from 0.0536 to 7.2255 mg/m3.
[image: Figure 3]FIGURE 3 | Sea surface chlorophyll time series at the 10 chosen locations.
TABLE 1 | Descriptive statistics of the considered 10 time series of SSC.
[image: Table 1]Generalized Cauchy Process Fitting Results
Figure 4 shows the theoretical autocorrelation values and the corresponding fitted generalized Cauchy model with the fitting performance at each of the 10 daily SSC series. Our findings are as follows: 1) The autocorrelation functions of SSC can be well fitted by the generalized Cauchy model with R2 ranging from 0.9469 to 0.9875, MAE ranging from 0.0143 to 0.0358, and RMSE ranging from 0.0187 to 0.0434. 2) The values of the fractal dimension D and the Hurst parameter H vary at different locations. 3) A high value for the fractal dimension D (1.7964) with strong self-similarity was only found at the location with ID = 10,103, while the D values at other locations are lower than 1.5 and 5 of the 10 locations have D values approximately equal to 1. This shows that most of the 10 daily SSC series have weak self-similarity. 4) The values of the Hurst parameter H of the 10 daily SSC series range from 0.6757 to 0.8431, indicating that the daily SSC series at the 10 locations have strong long-range dependence.
[image: Figure 4]FIGURE 4 | The empirical autocorrelation function values (dash blue line) and the fitted generalized Cauchy model (black line) for each of the 10 data points.
DISCUSSION
The present work employed the generalized Cauchy process to model the ACF of daily remote SSC data during a 23-year period and good performance of the fitting was obtained, indicating that the SSC in the 10 chosen locations follows a heavy-tailed distribution [41]. Compared to the generalized Gaussian noise model, the outstanding ability of the generalized Cauchy model is that it can simultaneously estimate both independent variables (Hurst parameter and fractal dimension). This means that it can describe the global correlation and local self-similarity of the considered natural attribute [27,42], such as the SSC in the present work. To the best of my knowledge, the present effort is one of the earliest studies in obtaining the LRD and self-similarity of the SSC in view of fractal statistics.
Impacts of Environmental Factors on the Fractal Characteristics of Sea Surface Chlorophyll
Relatively low self-similarity and high LRD of the SSC series at the 10 locations can be summarized. A rather different case was found in a lake study, i.e., the chlorophyll-a was autocorrelated over lags of five or 6 days [43], indicating SRD. The nutrients and aquatic environment (light, temperature, salinity, etc.) impact the algae growth and further influence the SSC variability [44–48]. With the continuous variation of these factors, the variation of SSC across time is also smooth according to the algae growth, causing the weak irregularity characteristics with low values of the fractal dimension and strong LRD with high values of the Hurst parameter. This phenomenon leads to the empirical values of ACF (blue dash line shown in Figure 4) being slightly higher than the theoretical values of ACF (black line shown in Figure 4) with the temporal lags between 2 and 10 days at most locations. However, with the temporal lag increasing from 10 to 25 days, the empirical values become smaller than the theoretical values, because the SSC may be influenced by the global climatic dynamics, such as the Southern Pacific Oscillation Index [49], which is different from algae’s own growth condition. Moreover, there may be another situation that algae blooms with enough nutrient inputs [50], leading to extremely high SSC values, e.g., the SSC value increases rapidly and peaks for one or 2 days (as some peaks shown in Figure 3); and that may be the reason that the value of the fractal dimension is the highest among the 10 series, i.e., D = 1.7964 with the highest maximum SSC value and standard deviation across the study period. On the other hand, the values of the fractal dimension and Hurst parameter varied at various locations, indicating that the environmental conditions are rather different from each other. Moreover, various species of algae may exist at various locations and their growth response to the environmental conditions are rather different [51,52]. Compared to the values of the fractal dimension (varies from 1.7244 to 1.7838) of SSC in the Chesapeake Bay [45], the values of the fractal dimension obtained in the current study are rather low; this may due to the fact that the river discharge and the nutrients it carries are not as large as the rivers (e.g., Susquehanna River and Potomac River) that run into the Chesapeake Bay. However, the values of the Hurst parameters in the current study are greater than that in the Chesapeake Bay study with LRD characteristics, indicating that a large nutrient load in the Chesapeake Bay may lead to weak LRD. Therefore, the LRD may be a general feature of SSC variations in oceans.
Besides this, the aquatic environment will also influence the behavior of the zooplankton, e.g., warm waters will favor the consumption of the zooplankton, causing the reduction of SSC [53–55]. On the other hand, the upwelling system and surface currents around the coastal areas play important roles in shaping the distribution of zooplankton and further influence the variation of SSC [56]. The upwelling system on the California coast shows seasonal variabilities and can be summarized into four types: “Winter Storms” season (Dec-Jan-Feb), “Upwelling Transition” period (Mar and Jun), “Peak Upwelling” season (Apr-May), “Upwelling Relaxation” season (Jul-Aug-Sep), and “Winter Transition” season (Oct-Nov), so the impacts of upwelling system on the SSC are also seasonally continuous. That may be one of the reasons that SSC has LRD characteristic [57].
Long-Range Dependence of Sea Surface Chlorophyll at the Studied Locations
The present study employed ACF to describe the fractal characteristics (especially the long-range dependence) of SSC with temporal lags of 32 days. The empirical values of the ACF at the 10 studied locations range from 0.1160 to 0.3351, and the mean and standard deviation of the empirical values are 0.2319 and 0.0764, respectively. These results show that strong long-range dependence can be detected within a temporal lag of 1 month. Robles-Tamayo et al. [49] detected seasonal, semi-annual, and annual cycles of SSC in the Gulf of California using the Level 3 products of MODIS remote sensing data. In other words, the SSC variation may experience peak and valley values in a season (3 months). Moreover, the SSC values of the four seasons vary a lot with high values of the standard deviation. Regarding the seasonal variation, Escalante-Almazán [58] found that the mean values of SSC in the central gulf were 1.09, 1.20, 0.44, and 0.60 mg/m3 for winter, spring, summer, and autumn, respectively. The large variation between seasons suggests that the SSC may not have long-range dependence at an annual or semi-annual scale. On the other hand, in the warm period the mean ± standard deviation values of SSC in the south, central midriff islands, and north sub-regions of the Gulf of California are 0.79 ± 0.89, 0.55 ± 0.37, 1.19 ± 0.83, and 0.63 ± 0.39 mg/m3 respectively, and in the cold period, the values are 2.05 ± 1.20, 1.84 ± 0.73, 2.80 ± 1.40, and 1.50 ± 0.61 mg/m3 respectively [49]. The large standard deviations represent large variations of SSC, indicating that the SSC may not have large LRD at a semi-annual or annual scale. To test the LRD of SSC at a seasonal scale, the empirical values of ACF at the 10 studied locations were calculated with a temporal lag of 128 days. The results show that the value of empirical ACF at the 10 locations first reached 0 at the temporal lags of 49, 75, 89, 59, 47, 85, 89, 69, 70, and 67 days, respectively. Otherwise, with large temporal lags, the values of ACF will fluctuate around zero. Hence, long-range dependence at a seasonal scale (i.e., with temporal lag larger than 90 days) is relatively weak compared to the monthly scale.
Comparisons to Previous Works
Comparisons between the current study and previous studies were conducted as follows. Some ACFs of teletraffic was rather high, above 0.98 with even 128 days lag [27], but the ACF value of SSC in the current study fall below 0.5 with 31 days lag. This may be the reason why very high values of the Hurst parameter (larger than 0.99) were detected with teletraffic rather than SSC. In addition, the values of the fractal dimension of teletraffic were much larger than that of SSC, demonstrating that stronger self-similarity was found in teletraffic series than SSC. This may be due to the fact that values for teletraffic are more random in occurrence while the values for SSC are more like a continuous series associated with several environmental factors mentioned above. In another study [28], the generalized Cauchy process was used to model the ACF of sea level fluctuations with a temporal resolution of 1 h, and found that the value of the fractal dimension was approximately equal to 1 at several locations while the most of them were larger than 1.8; the values of Hurst parameter were larger than 0.98. Interestingly, the locations with low fractal dimension values are located in the Gulf of Mexico, which is similar to the seven locations studied in the current study, i.e., the weak self-similarity may occur in a stable environment.
Limitations and Future Work
Certain limitations of the current study should be acknowledged: 1) Although there may be a relationship between the fractal characteristics of SSC and the living environment, rigorous proof and statistical analysis was not conducted in the current study due to lack of data. Therefore, future work can focus on quantitatively exploring the impacts of nutrients and temperature on the fractal dimension or Hurst parameters of SSC. 2) Even SSC products with high spatiotemporal coverage were used in the current study, there still exist missing values from other locations. Hence, spatiotemporal interpolation methods should be employed to obtain a more complete remote SSC dataset for mapping the global fractal dimension or Hurst parameter of SSC, such as the Bayesian maximum entropy approach [59–61], so that the spatial pattern of the fractal dimension and Hurst parameter can be further studied. 3) Taking into consideration the stochastic differential equations, the evolution pattern (or law) of SSC can be further explored, such as the fractional Brownian motion pattern [62,63].
CONCLUSION
The present study applied a novel generalized Cauchy model to depict the variations of SSC and good performance was obtained. The fractal characteristics of the SSC vary at different locations in terms of the fractal dimension and Hurst parameter; weak self-similarity was found in most locations with low values of the fractal dimension while strong LRD was detected across all locations with reactively high value of the Hurst parameter.
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In this paper, the exponential stability of stochastic differential equations driven by multiplicative fractional Brownian motion (fBm) with Markovian switching is investigated. The quasi-linear cases with the Hurst parameter H ∈ (1/2, 1) and linear cases with H ∈ (0, 1/2) and H ∈ (1/2, 1) are all studied in this work. An example is presented as a demonstration.
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1 INTRODUCTION
In the natural world, it is a common phenomena that many practical systems may face random abrupt changes in their structures and parameters, such as environmental variance, changing of subsystem interconnections and so on. To deal with these abrupt changes, Markovian switching systems, a particular class of hybrid systems, are investigated and widely used [1, 2]. Especially in signal processing, financial engineering, queueing networks, wireless communications and so on (see, e.g. [1, 3]).
In recent years, much attention has been paid to the stability of stochastic hybrid systems. For example, Mao [4] considers the exponential stability of general nonlinear stochastic hybrid systems. In [5], the criteria of moment exponential stability are obtained for stochastic hybrid delayed systems with Lévy noise in mean square. Zhou [6] investigates the pth moment exponential stability of the same systems. Some sufficient conditions for asymptotic stability in distribution of SDEs with Markovian switching are reported in [7]. See also [8, 9] for more results about Markovian switching.
On the other hand, it is generally known that if H ∈ (0, 1/2) and H ∈ (1/2, 1), [image: image] has a long range dependence, which means if we put
[image: image]
then [image: image]. Besides, the process [image: image] is also self-similar for any H ∈ (0, 1). Since the pioneering work of Hurst [10, 11] and Mandelbrot [12], the fractional Brownian motion has been suggested as a useful tool in many fields such as mathematical finance [13, 14] and weather derivatives [15]. Even though fractional Brownian motion is not a semimartingale, more and more financial models have been extended to fBm (see, e.g. [16, 17]). Therefore, in this paper, the risk assets are described by hybrid stochastic systems driven by multiplicative fBm. Then it is a natural and interesting question that under what conditions, this stochastic systems have some exponential stability. For the sake of clarity, we only consider the one dimensional cases. For more details about fractional noise, we refer the reader to [18–21].
The main purpose of this paper is to discuss the exponential stability of a risky asset, with price dynamics:
[image: image]
where g(Xt, t, rt) = σ(t, rt)Xt, [image: image] is a Markov chain taking values in [image: image], [image: image] is a standard fractional Brownian motion. Moreover, [image: image] and [image: image]. In this paper, the initial value x0 is assumed to be deterministic, otherwise more calculations about Wick product are required.
Equation 1 can be regarded as the result of the following N fractional stochastic differential equations:
[image: image]
switching from one to another according to the movement of [image: image].
Throughout this paper, unless otherwise specified, we let C denote a general constant and p denote a non-negative constant. Let [image: image] denote the family of all real value functions on [image: image] which are continuously twice differentiable with respect to the first variables and once differentiable with respect to the second variables.
This paper is organized as follows. For the convenience of the reader, we briefly recall some of the basic results in Section 2. In Section 3, we investigate the solution and an extended Itô’s Formula for the general hybrid fractional stochastic differential Equation 1. Section 3 is devoted to the linear cases. In this section the moment exponential stability and almost sure exponential stability are discussed respectively. In Section 4, some useful criteria for the exponential stability with respect to quasi-linear cases are presented. Finally, a numerical example and graphical illustration are presented in Section 6.
2 PRELIMINARIES
2.1 Markov Chain
Let [image: image] be a right-continuous Markov chain taking values in a finite state space [image: image]. The generator [image: image] is given by
[image: image]
where △ > 0.
Here qij is the transition rate from i to j if i ≠ j. According to [22, 23], a continuous-time Markov chain [image: image] with generator [image: image] can be represented as a stochastic integral with respect to a Poisson random measure. Then we have
[image: image]
with initial condition r0 = i0, where ν(dt × dy) is a Poisson random measure with intensity dt × m(dy). Here m(⋅) is the Lebesgue measure on [image: image].
Throughout this paper, unless otherwise specified, the Markov chain [image: image] has the invariant probability measure [image: image] and is assumed to be independent of [image: image]. Almost every sample path of the Markov chain [image: image] is assumed to be a right-continuous step function with a finite number of simple jumps in any finite time interval [0, T]. The generator [image: image] is assumed to be irreducible and conservative, i.e., qi≔ − qii = ∑i≠j qij < ∞. For more details about Markovian switching we further refer the reader to [24–26].
2.2 Fractional Brownian Motion and Wick Product
We recall some of the basic results of fBm briefly, which will be needed throughout this paper. For more details about fBm we refer the reader to [16, 17, 27, 28]. If H ∈ (0, 1/2) ∪ (1/2, 1), then the (standard) fractional Brownian motion with Hurst parameter H is a continuous centered Gaussian process [image: image] with [image: image] and covariance function:
[image: image]
To simplify the representation, it is always assumed that [image: image].
Besides, [image: image] has the following Wiener integral representation:
[image: image]
where [image: image] is a Wiener process and KH(t, s) is the kernel function defined by
[image: image]
in which [image: image], where B(⋅, ⋅) is the Beta function, and s < t. In this paper, [image: image] generates a filtration [image: image] with [image: image]. Denote [image: image] the complete probability space, with the filtration described above.
Let [image: image] be the set of all finite multi-indices α = (α1, …, αn) for some n ≥ 1 of non-negative integers. Denote |α| = α1 + ⋯ + αn, and α! = α1!⋯αn!.
Define the Hermite polynomials:
[image: image]
and Hermite functions:
[image: image]
Let [image: image] denote the Schwartz space of rapidly decreasing infinitely differentiable [image: image]-valued functions. Denote the dual space of [image: image] by [image: image]. Define
[image: image]
the product of Hermite polynomials. Consider a square integrable random variable
[image: image]
According to [17, 29], every F(ω) has a unique representation:
[image: image]
besides,
[image: image]
Definition 2.1. (Wick Product) For [image: image], set [image: image] and [image: image]. Their Wick product is defined by
[image: image]
2.3 Malliavin Derivative
Let [image: image] be the space of all random variables [image: image], such that
[image: image]
and let
[image: image]
where ϕ(s, t) = H(2H − 1)|s − t|2H−2.
Definition 2.2. The ϕ-derivative of F ∈ Lp in the direction of Φg is defined by
[image: image]
if the limit exists in Lp. Moreover if there exists a process [image: image] such that
[image: image]
for all [image: image], then F is said to be ϕ-differentiable.According to [16, 30], let [image: image] be the family of stochastic process on [0, T] such that [image: image] if [image: image] and F is ϕ-differentiable, the trace of [image: image] exists and [image: image], and for each sequence of partitions [image: image] such that |πn| → 0, as n → ∞. Moreover
[image: image]
and
[image: image]
as n → ∞. Here [image: image], and [image: image].Now we define the [image: image]-integral considered in [16].
Definition 2.3. Let [image: image] be a stochastic process such that [image: image]. Define [image: image] by
[image: image]
where |π| =  maxi∈{0,1,…,n−1}{ti+1 − ti}.
Remark 2.1. : According to Theorem 3.6.1 in [16], if [image: image], then the stochastic integral satisfies [image: image], and 
[image: image]
What’s more, according to Definition 3.4.1 in [16], the stochastic integral can be extended by
[image: image]
where [image: image] is a given function such that Ft ⋄ WH(t) is dṭ − integrable in [image: image]. Here [image: image] is the fractional Hida distribution space defined by Definition 3.1.11 in [16]. In particular, the integral on [0, T] can be defined by
[image: image]
3 HYBRID FRACTIONAL SYSTEMS
In this section, firstly, we consider the existence and uniqueness of solution for Eq. 1. Then, an extended Itô’s Formula is presented.
3.1 Existence and Uniqueness
To ensure the existence and uniqueness, we impose the following assumptions.
Assumption 3.1. Let [image: image] satisfy the hypothesises:
1) For each fixed [image: image], f(x, t, i) is measurable in all the arguments.
2) For each fixed [image: image], there exists a constant C > 0, such that [image: image].
3) For each fixed [image: image], there exists a constant C > 0, such that 
[image: image]
Assumption 3.2. Let [image: image] satisfy the hypothesises:
1) For each fixed [image: image], σ(t, i) is nonrandom;
2) For each fixed [image: image], [image: image].
Lemma 3.1. : Let Assumptions 3.1, 3.2 hold. Then Eq. 1 has a unique solution.
Proof: The existence and uniqueness can be proved similar to that for Theorem 2.6 in [31], so we omit it here.
3.2 The Itô Formula
Next, we first review the results in [16, 30] on the Itô formula with respect to fBm. Then we extend it to SDEs driven by fBm with Markovian switching.
Lemma 3.2. [16] (The Itô Formula) Let (Fu, 0 ≤ u ≤ T) be a stochastic process in [image: image]. Assume that there exists an α > 1 − H and C > 0 such that
[image: image]
where |u − v| ≤ δ for some δ > 0 and
[image: image]
Let sup0≤s≤T|Gs| < ∞ and [image: image] with bounded derivatives. Moreover, for [image: image], it is assumed that [image: image] and [image: image] is in [image: image]. Denote [image: image], [image: image] for t ∈ [0, T]. Let [image: image], [image: image]. Then for t ∈ [0, T],
[image: image]
Here [image: image] is the Malliavin derivative defined in Definition 2.2.In particular, for the process [image: image], with each fixed [image: image], we have that
[image: image]
Formally,
[image: image]
Let
[image: image]
Substituting Eq. 3 into Eq. 2, we get
[image: image]
In the sequel of this paper, unless otherwise specified, we let the coefficients of Eq. 1 satisfy the conditions in Lemma 3.2, for each fixed [image: image]. Set [image: image]. Next we consider the Itô formula which reveals how V maps (Xt, t, rt) into a new process V(Xt, t, rt), where [image: image] is a stochastic process with the stochastic differential Eq. 1.
Lemma 3.3. If [image: image], then for any 0 ≤ s < t,
[image: image]
where [image: image] is defined by
[image: image]
Proof: This result can be obtained similarly to that in [31] and we therefore omit it. For further details we also refer to [2, 23].
4 LINEAR HYBRID FRACTIONAL SYSTEMS
There are many models for financial markets with fBm (see, e.g. [16]). The simplest nontrivial type of market is the fBm version of the classical Black Scholes market, in which linear fractional SDEs is used. Thus, we would like to give some new criteria for switching linear fractional SDEs with [image: image] or [image: image]. At first, we present a definition and a useful lemma.
Definition 4.1. Let H ∈ (0, 1). The operator M is defined on functions [image: image] by
[image: image]
where
[image: image]
Here Γ(⋅) denotes the classical Gamma function.According to [16], Eq. 6 can be restated as follows.For H ∈ (0, 1/2), we have
[image: image]
For H = 1/2, we have
[image: image]
For H ∈ (1/2, 1), we have
[image: image]
Lemma 4.1. Let [image: image] be a right-continuous Markov chain which takes values in a finite state space [image: image]. Assume that it is irreducible and positive recurrent with invarient measure μ. If [image: image] is a function verifying
[image: image]
Then there exists constants C, c > 0 such that:
[image: image]
for any initial condition r0 and every t ≥ 0.
Proof: It is a consequence of Perron-Frobenius theorem and the study of eigenvalues. See Proposition 4.1 in [25], Proposition 4.2 in [25], and Lemma 2.7 in [26], for further details.In Eq. 1, let us consider the case g(x, t, rt) = σ(t, rt)x = thb(rt)x, f(x, t, rt) = α(rt)x, where α(i) and b(i) are constants for each [image: image]. This means that we are considering the following linear equation:
[image: image]
Set [image: image] and [image: image]. x0 is the deterministic initial value. For the sake of clarity, we firstly set h = 1/2 − H.
4.1 pth Moment Exponential Stability
Theorem 4.1. Let [image: image] be the solution of Eq. 7 with H ∈ (1/2, 1), h = 1/2 − H.
1) If [image: image], then [image: image].
2) If [image: image], then [image: image].
Proof. According to [16], without too many calculations, we obtain that [image: image] has the following form:
[image: image]
where Ms is the operator M acting on the variable s. Let x0 ≠ 0. It follows from Eq. 8 that
[image: image]
We then see from Eq. 9 that
[image: image]
where
[image: image]
Noting that ζt is the solution to the equation
[image: image]
with initial value ζ0 = |x0|p. Thus
[image: image]
which yields
[image: image]
Substituting Eq. 11 into Eq. 10 gives
[image: image]
Note that
[image: image]
Consequently, by Definition 4.1 and [16], one has
[image: image]
Making use of Eqs 12, 13, we obtain that
[image: image]
Therefore, by Lemma 4.1 and Eq. 12, the required assertions follow. The proof is complete.
Theorem 4.2. Let [image: image] be the solution of Eq. 7 with H ∈ (0, 1/2), h = 1/2 − H.
1) If [image: image], then [image: image].
2) If [image: image], then [image: image].
Proof: Similar to Theorem 4.1, we write the solution as follows.
[image: image]
Note that Ms is the operator M acting on the variable s, where
[image: image]
According to [16], we also have that
[image: image]
Consequently, by Lemma 4.1, the result follows. The proof is complete.
Remark 4.1. In the above Theorems 4.1, 4.2, the parameter h is supposed to be H − 1/2. Noting that by Eqs 13, 15 and together with the Definition 4.1, the stability of solution for Eq. 7 with h < 1/2 − H or h > 1/2 − H can be deduced respectively without too many difficulties.
Remark 4.2. Take H = 1/2. It’s easy to show that if [image: image], then [image: image], and if [image: image], then [image: image], which coincide with the results of SDEs driven by Brownian motion in [4, 32].
4.2 Almost Sure Exponential Stability
To proceed, we need to introduce the definition of almost sure stability and a useful lemma.
Definition 4.2. The equilibrium point x = 0 is said to be almost surely exponential stable if
[image: image]
for any [image: image].
Lemma 4.2. (Law of the iterated logarithm) For a standard fBm [image: image], we have that
[image: image]
where CH > 0 is a suitable constant.
Proof: By [33], we have
[image: image]
where cH is a suitable constant. Then the thesis follows by the self-similarity of fBm and a change of variable t → 1/t.For the sake of clarity, we firstly set h = 0. Namely, let us consider
[image: image]
Noting that Eq. 17 is exactly the geometry fBm with Markovian Switching. We proceed to discuss the almost sure exponential stability about it.
Theorem 4.3. 1) If 0 < H < 1/2, the equilibrium point x = 0 of the system Eq. 17 is almost surely exponential stable when [image: image], but unstable when [image: image]; 2) If H = 1/2, the equilibrium point x = 0 of the system Eq. 17 is almost surely exponential stable when [image: image], but unstable when [image: image]; 3) If 1/2 < H < 1, the equilibrium point x = 0 of the system Eq. 17 is almost surely exponential stable for all parameters α(i) and σ(i), [image: image].
Proof: Define
[image: image]
From Eqs 8, 16, we have
[image: image]
By Definition 4.1 and [16], one has
[image: image]
Making use of Eq. 18, we get
[image: image]
Especially, when H = 1/2, we have that
[image: image]
Therefore, the required results follows. The proof is complete.
Remark 4.3. Making use of Eq. 18, one can discuss the almost sure exponential stability for Eq. 7 with h ≠ 0. The proofs are similar to Theorem 4.3 and are omitted.
5 QUASI-LINEAR HYBRID FRACTIONAL SYSTEMS
We now apply the extended Itô Formula in Section 3 to discuss the stability for quasi-linear fractional SDEs with Markovian switching.
Theorem 5.1. : Let Assumptions 3.1, 3.2 hold. If there exists a function [image: image] and positive constants a1, a2, b and p ≥ 1, such that
[image: image]
[image: image]
for all [image: image], t ≥ t0, [image: image].Then the solution of Eq. 1 is pth moment exponential stable. More precisely,
[image: image]
Proof: According to Lemma 3.1, Eq. 1 has a unique solution. Denote it [image: image]. Set
[image: image]
where [image: image], η > 0. Making use of Definition 2.3 and Lemma 3.2, one has [image: image] and [image: image].Applying the conditions Eq. 19, 20, together with the generalized ItôEq. 5 and Remark 2.1, we obtain that for any t ∈ [0, T]
[image: image]
Thus we obtain that
[image: image]
Dividing both sides of Eq. 21 by a1eηt, noting that λa2 − b < 0, we get
[image: image]
Consequently,
[image: image]
Letting T → ∞ gives
[image: image]
and the required assertion follows. The proof is complete.In the sequel of this section, we give another useful criterion and prove it briefly.
Theorem 5.2. Assume that Eq. 1 has a unique solution and there exist a function [image: image] and positive constants b1, b2, p ≥ 1 and [image: image] such that for all [image: image], t ≥ t0, [image: image],
[image: image]
[image: image]
and 
[image: image]
Then Eq. 1 is pth moment exponential stable.
Proof: Set [image: image], where θ ∈ (0, 1). Let [image: image]. Let [image: image] denote the vector which all elements are 1. Then,
[image: image]
By [1], Eq. 22 implies the Poisson equation:
[image: image]
Note that Eq. 23 has the solution [image: image]. Hence,
[image: image]
For each [image: image], set U(x, t, i) = (1 − θci)V(x, t, i), where θ ∈ (0, 1) is already defined and sufficiently small satisfying 1 − θci > 0.Then, for any t ∈ [0, T] we get
[image: image]
According to [1, 31], one has
[image: image]
Making use of Eqs 25, 26, we obtain that
[image: image]
Substituting Eq. 24 into Eq. 27, we get
[image: image]
where κ < 0. Making use of Theorem 5.1, the desired criterion follows.On the other hand, we can prove it in another way. Set η > 0 and λ ∈ (η, − κ). Define
[image: image]
Compute
[image: image]
Thus we obtain that
[image: image]
Dividing both sides of Eq. 28 by b1eηt, noting that b2(λ + κ) < 0, we get
[image: image]
Therefore, we obtain the required assertion
[image: image]
The proof is complete.
6 EXAMPLE
In this section we give a numerical example to illustrate our results.
Example 1. Let [image: image] be a right-continuous Markov chain taking values in [image: image] with invariant probability measure [image: image].Consider a risky asset, with the price dynamics:
[image: image]
on t ≥ 0. Here we take H = 0.7 and
[image: image]
Note that for all [image: image], [image: image] satisfy the hypothesises (i)-(v). Then, by Lemma 3.1, it is easy to show that Eq. 29 has a unique solution [image: image] as well. Set V(x, t, i) = x2, for i = 1, 2.Noting that for some t0 > 0 sufficiently large and all t > t0, we have
[image: image]
and
[image: image]
Compute 
[image: image]
By Theorem 5.2, it’s clear that the solution of Eq. 29 is second moment exponential stable. Figures 1, 2 show a single path of the solution and the solution’s norm square, respectively.
[image: Figure 1]FIGURE 1 | A single path of solution.
[image: Figure 2]FIGURE 2 | Norm square trajectory.
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In this article, we study the existence and uniqueness of square-mean piecewise almost periodic solutions to a class of impulsive stochastic functional differential equations driven by fractional Brownian motion. Moreover, the stability of the mild solution is obtained. To illustrate the results obtained in the paper, an impulsive stochastic functional differential equation driven by fractional Brownian motion is considered.
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1 INTRODUCTION
Impulsive systems arise naturally in a wide variety of evolutionary processes in which states are changed abruptly at certain moments of time. Impulsive stochastic modeling has come to play an important role in many branches of science where more and more people have encountered impulsive stochastic differential equations. For example, a stochastic model for drug distribution in a biological system was described by Tsokos and Padgett [1] as a closed system with a simplified heart, one organ, or capillary bed, and recirculation of blood with a constant rate of flow, where the heart is considered as a mixing chamber of constant volume. Recently, there has been a significant development in impulsive stochastic differential equations (ISDEs). The existence and stability of ISDEs were investigated in [2–11] and the references therein.
On the other hand, in recent years, there has been considerable interest in studying fractional Brownian motions (fBms) due to their compact properties and applications in various scientific areas, including telecommunications [12, 13], turbulence [14], image processing [15], and finance [16]. Stochastic differential equations (SDEs) driven by fBms attract the interest of researchers [2, 3, 17–21]. Taking the time delay into account, the theory of stochastic differential equations has been generalized to stochastic functional differential equations; it makes the dynamics more complex and the system may lose stability and show almost periodicity. Arthi et al. [2] considered the existence and exponential stability for neutral stochastic integrodifferential equations with impulses driven by fractional Brownian motion (fBm), and Caraballo [3] studied the existence of mild solutions to stochastic delay evolution equations with fBm and impulses.
In this paper, we are concerned with the existence and stability of almost periodic mild solutions to the following impulsive stochastic functional differential system driven by fBm with Hurst index [image: image]:
[image: image]
where [image: image] is the set of integer, for any [image: image], and the sequence {ti} is such that the derived sequence [image: image] is equipotentially almost periodic. Moreover, [image: image] is a linear bounded operator, ρ(A) is the resolvent set of A, and for λ ∈ ρ(A), R(λ, A) is the resolvent of A. In addition, b, σ, and Ii are appropriate functions, [image: image] is given by xt(s) = x(t + s), for any s ∈ [ − θ, 0], and [image: image] is an [image: image]measurable random variable such that E‖ξ‖2 < ∞. Let θ > 0 be a given constant and let
[image: image] be continuous everywhere except for a finite number of points s at which ϕ(s−) and ϕ(s+) exist and satisfy [image: image], endowed with the norm
[image: image]
such that ϕ(s, ⋅) is [image: image]-measurable for each s ∈ [ − θ, 0] and [image: image].
There are several difficulties with our problems. First, there is the delay for the impulsive stochastic differential equations. Second, about the stochastic differential equations driven by fractional Brownian motion, the classical stochastic integral failed for lack of the martingale property. Third, there is no strong solution for stochastic partial delay differential equations driven by fractional Brownian motion. The lifting space method, mild solutions, fixed point theorem, and semigroup theory will be used to overcome these difficulties.
The paper is organized as follows. In Section 2, we introduce some notations and necessary preliminaries. Section 3 is devoted to stating the existence and uniqueness of the mild square-mean piecewise almost periodic solution to (1). In Section 4, we show the stability of the mild square-mean piecewise almost periodic solution. An example is provided to illustrate the effectiveness of the results.
2 PRELIMINARIES
Let [image: image] and [image: image] denote two real separable Hilbert spaces. We denote by [image: image] the set of all linear bounded operators from [image: image] into [image: image], equipped with the usual operator norm ‖ ⋅‖ and use |⋅| to denote the Euclidean norm of a vector. In this article, we use the symbol ‖⋅‖ to denote the norms of operators regardless of the spaces involved when no confusion possibly arises. Let [image: image] be a filtered complete probability space satisfying the usual condition.
2.1 Fractional Brownian Motion
In this subsection, we briefly introduce some useful results about fBm and the corresponding stochastic integral taking values in a Hilbert space. For more details, refer to Hu [22], Mishura [23], Nualart [24], and references therein.
A real standard fractional Brownian motion [image: image] with Hurst parameter H ∈ (0, 1) is a Gaussian process with continuous sample paths such that E[βH(t)] = 0 and
[image: image]
for all s, t ≥ 0. It is known that fBm {βH(t), t ≥ 0} with [image: image] admits the following Wiener integral representation:
[image: image]
where W is a standard Brownian motion and the kernel KH(t, s) is given by
[image: image]
where cH > 0 is a constant satisfying [image: image]. For any function σ ∈ L2(0, T), the Wiener integral of σ with respect to βH is defined by
[image: image]
for any T > 0, where [image: image]. A [image: image]-valued, [image: image]-adapted fBm BH with Hurst index H can be defined by
[image: image]
where [image: image] are independent fBms with the same Hurst parameter [image: image], which is a complete orthonormal basis in [image: image] that is a bounded sequence of non-negative real numbers satisfying Qen = λnen, and Q is non-negative self-adjoint trace class operator with [image: image].
Let [image: image] denote the space of all [image: image] such that [image: image] is a Hilbert–Schmidt operator. The norm is defined by [image: image]. Generally, σ is called a Q-Hilbert–Schmidt operator from [image: image] to [image: image].
Definition 2.1 Let [image: image] such that
[image: image]
then the stochastic integral of σ with respect to fBm BH is defined by
[image: image]
Remark If [image: image] is a bounded sequence of non-negative real numbers such that the nuclear operator Q satisfies Qen = λen, assuming that there exists a positive constant Kσ such that [image: image] uniformly in [0, T], then it is obvious that [image: image] is uniformly convergent for t ∈ [0, T].
2.2 Piecewise Almost Periodic Stochastic Processes
In this subsection, we recall some notations about the square-mean piecewise almost periodic stochastic process and introduce some lemmas. For further details, we refer to Takens and Teissier [25] and Liu [26].
Recall that a stochastic process [image: image] is said to be continuous if
[image: image]
for all [image: image], and it is said to be bounded if there exists N > 0, such that E‖X(t)‖2 ≤ N for all [image: image]. For convenience, we list the following concepts and notations:
• [image: image] is Banach space when it is equipped with norm [image: image].
• Let [image: image] be the set consisting of all real sequences [image: image] such that [image: image], and [image: image], [image: image],and [image: image] represent the left and right limits of x(t) at the point [image: image], respectively.
• Let [image: image] be the space consisting of all stochastically bounded functions [image: image] such that b(⋅) is stochastically continuous at t for any [image: image], and [image: image] for all [image: image], [image: image].
• Let [image: image] be the space of all piecewise stochastic process [image: image] such that
• for any [image: image], b(⋅, ϕ) is stochastically continuous at point t for any [image: image] and [image: image] for all [image: image];
 and b(t, ⋅) is stochastically continuous at [image: image], for [image: image].
• For k < i, t − tk = t − ti + ti − tk ≥ t − ti + (i − k)α, if [image: image], and ti < t ≤ ti+1 (see [27]).
Definition 2.2 ([28]). The family of the sequence [image: image] will be called equipotentially almost periodic if for any ɛ > 0; there exists a relatively dense set [image: image] of [image: image] and an integer [image: image] such that the inequality
[image: image]
holds for each [image: image] and [image: image].
Definition 2.3 A function {b(t), t ≥ 0} is said to be square-mean piecewise almost periodic if the following conditions are fulfilled:
a) For any ɛ > 0, there exists a positive number δ = δ(ɛ) such that if the points t′ and t″ belong to the same interval of continuity and |t′ − t″| < δ, then E‖b(t′) − b(t″)‖2 < ɛ.
b) For any ɛ > 0, there exists l(ɛ) > 0, such that every interval of length l(ɛ) contains a number τ with the property
[image: image]
which satisfies the condition [image: image].Let [image: image] denote the space of all square-mean piecewise almost periodic functions. Obviously [image: image] endowed with the supremum norm is a Banach space. Let [image: image] be the space of all functions [image: image] such that b satisfies the condition (a) in Definition 2.3. It is easy to check that [image: image] is a Banach space with the norm
[image: image]
for each [image: image].
Definition 2.4 (compare with [28]). A sequence [image: image] is called square-mean almost periodic if for any ɛ > 0, there exists a natural number N = N(ɛ) such that, for each [image: image], there is at least one integer p in the segment [k, k + N], for which inequality
[image: image]
holds for all [image: image].
Definition 2.5 The function [image: image] is said to be square-mean piecewise almost periodic in [image: image] uniformly in φ ∈ Λ, where [image: image] is compact if for any ɛ > 0, there exits l(ɛ, Λ) > 0 such that any interval of length l(ɛ, Λ) contains at least a number τ for which
[image: image]
for each x ∈ Λ, [image: image], satisfying |t − ti| > ɛ. The collection of all such processes is denoted by [image: image].
Lemma 2.1 Let the function [image: image] be square-mean piecewise almost periodic in [image: image] uniformly for [image: image], where [image: image] is compact. If f is a Lipschitz function in the following sense,
[image: image]
for all [image: image], [image: image], and a constant M2 > 0, then for any [image: image].
Proof Noting that [image: image] is square-mean almost periodic, we can conclude that ϕt = {ϕ(t + s), − θ ≤ s ≤ 0, θ > 0} is square-mean almost periodic by Theorem 1.2.7 of [29]. Thus, for each ɛ > 0, there exists a constant l(ɛ) > 0 such that every interval with the length l(ɛ) contains a number τ satisfying
[image: image]
Noting that [image: image] is square-mean piecewise almost periodic, we can see that for any ɛ > 0, there exits l(ɛ, Λ) > 0 such that each interval with length l(ɛ, Λ) contains at least a number τ satisfying
[image: image]
for any [image: image], [image: image] with |t − ti| > ɛ. Using the elementary inequality |a + b|2 ≤ 2(|a|2 + |b|2) and condition (3), we have
[image: image]
for all [image: image]. Combining (4) and (5), one can show that
[image: image]
which implies that f(t, ϕt) is square-mean piecewise almost periodic.
3 EXISTENCE OF SQUARE-MEAN PIECEWISE ALMOST PERIODIC SOLUTION
In this section, we study the existence of the square-mean piecewise almost periodic solution to (1). We first present some assumptions as follows:
(H1) Let the bounded linear operator A be an infinitesimal generator of an analytic semigroup {S(t), t ≥ 0} such that
[image: image]
for some γ > 0, M > 0. Moreover, R(λ, A) is almost periodic, where λ ∈ ρ(A).
(H2) Let [image: image]. Moreover, there exists a positive constant Mb such that
[image: image]
for any [image: image].
(H3) Let [image: image] and let [image: image] be a square-mean piecewise almost periodic sequence satisfying
[image: image]
for some positive constant MI.
Recall the notion of a mild solution for Eq. 1.
Definition 3.1 An [image: image]-progressive process [image: image] is called a mild solution of the system (1) on [image: image] if it satisfies the corresponding stochastic integral equation
[image: image]
for all t ≥ t0 and for each [image: image].
Theorem 3.1 Let (H1) − (H3) be satisfied. Then, (1) has a unique square-mean piecewise almost periodic mild solution whenever
[image: image]
Consider the following equation:
[image: image]
with t ≥ t0. It is easy to verify that the above equation is equivalent to (7). Define the operator [image: image] on [image: image] by
[image: image]
for all [image: image]. To prove the theorem, it is sufficient to show that the next statements hold:
I) [image: image] is square-mean piecewise almost periodic.
II) [image: image] admits a unique fixed point.
Proof of Statement (I) This will be done in two steps.
Step 1 We claim that [image: image].
Let [image: image]. By the uniform continuity of S(t), we can see that, for any ɛ > 0, there exists a number δ > 0 between 0 and [image: image] such that
[image: image]
for all t′, t″ ∈ (ti, ti+1), t′ < t″ as 0 < t″ − t′ < δ, where [image: image]. It follows from the inequality |a + b + c|3 ≤ 3(a2 + b2 + c2) that
[image: image]
for all t′, t″ ∈ (ti, ti+1), t′ < t″. By the assumptions (H1), (H2), and (H3), we have that
[image: image]
and
[image: image]
for all t′, t″ ∈ (ti, ti+1), t′ < t″. Moreover, we also have that
[image: image]
and
[image: image]
for all t′, t″ ∈ (ti, ti+1), t′ < t″. Combining these with Hölder’s inequality and (9), we get that
[image: image]
and
[image: image]
for all t′, t″ ∈ (ti, ti+1), t′ < t″ provided |t″ − t′| < δ. Similarly, by the assumptions (H1) and (H3) and (9), one can see that
[image: image]
for all t′, t″ ∈ (ti, ti+1), t′ < t″ provided |t″ − t′| < δ. Thus, we have shown that the estimate
[image: image]
holds for all t′, t″ ∈ (ti, ti+1), t′ < t″ provided |t″ − t′| < δ, which means [image: image].
Step 2 We prove the almost periodicity of [image: image].
For Φ1(t), let ti < t < ti+1; by (H1), (H2), and Hölder’s inequality, we have that
[image: image]
where [image: image]. By Lemma 2.1 and (H2), we find that for any ɛ > 0 and [image: image], there exists a real number l(ɛ, Λ) > 0 such that every interval of length l(ɛ, Λ) contains at least a constant τ and
[image: image]
for each x ∈ Λ, |t − ti| > ɛ, since [image: image], where [image: image] is compact.
For s ∈ [tj + η, tj+1 − η], [image: image], j ≤ i, t − s ≥ t − ti + ti − (tj+1 − η) ≥ t − ti + α(i + j − 1) + η, we have
[image: image]
For [image: image], by the mean value theorem of integral, we get that
[image: image]
Similarly, we can show that
[image: image]
where C1, C2 are two positive constants. Thus, we have introduced the next estimate:
[image: image]
where N1 is a positive constant, which implies that Φ1(t) is square-mean piecewise almost periodic.
We now show that Φ2(t) is square-mean piecewise almost periodic. Recall that t↦σ(t) is piecewise almost periodic if for each ɛ > 0 there exists a real number l(ɛ) > 0 such that the estimate
[image: image]
holds for every interval of length l(ɛ) containing a number τ. By using (H1) and the computation of fBm, we have
[image: image]
Furthermore, by Hölder’s inequality, we have
[image: image]
where [image: image]. In the same way as that of handling Φ1(t), one can introduce the estimate
[image: image]
where N2 is a positive constant, and hence Φ2(t) is piecewise square-mean almost periodic.
For [image: image], let βi = Ii(x(ti)). For ti < t ≤ ti+1, |t − ti| > ɛ, [image: image], by (2), one has ti+q+1 > t + τ > ti+q. From (H3), it follows that βi is a square-mean almost periodic sequence, for any ɛ > 0; there exists such a natural number N = N(ɛ) that, for an arbitrary [image: image], there is at least one integer p > 0 in the segment [k, k + N] such that the inequality
[image: image]
holds for all [image: image]. We get
[image: image]
which implies that [image: image]. Thus, we have proved that [image: image] and [image: image] is square-mean piecewise almost periodic.
Proof of Statement (II) Given [image: image] and assuming that x(t), y(t) ∈ B are both almost periodic solutions of (1) and x(t) ≠ y(t), then we have
[image: image]
From (H1), (H2), (H3) and the Cauchy-Schwarz inequality, we have that
[image: image]
[image: image]
and
[image: image]
It follows that
[image: image]
for each [image: image], which implies that
[image: image]
This means that [image: image] is a contraction when (8) holds and statement (II) follows.
4 ASYMPTOTIC STABILITY
In this section, we are interested in the asymptotical stability of the almost periodic mild solution to (1) with t0 = 0. For convenience, we rewrite the equation as follows:
[image: image]
Lemma 4.1 ([30]). Let a nonnegative piecewise continuous function t↦v(t) satisfy the inequality
[image: image]
for t ≥ t0, where C ≥ 0, u(σ) > 0, αi ≥ 0, [image: image], and σi, [image: image] are the first kind discontinuity points of the function v. Then, the following estimate holds:
[image: image]
Theorem 4.1 Assume that (H1) − (H3) hold. The almost periodic solutions to (15) are asymptotically stable in the square-mean sense if
[image: image]
Proof Let x(t) and x*(t) be two square-mean piecewise almost periodic mild solutions of (15); we then have that
[image: image]
for all t ≥ 0. By using Cauchy–Schwartz’s inequality, Fubini’s theorem, and assumptions (H1) − (H3), we deduce that
[image: image]
for t ≥ 0. Multiplying both sides of the above inequality by eγt, we get
[image: image]
[image: image]
for t ≥ 0, which implies that
[image: image]
for t ≥ 0. Combining this with Lemma 4.1, we get that
[image: image]
for t ≥ 0. So,
[image: image]
for t ≥ 0. Thus, we get the desired estimate
[image: image]
and the square-mean piecewise almost periodic solution of (15) is asymptotically stable in the square-mean sense because of (16). This completes the proof.
5 AN EXAMPLE
Consider the semilinear impulsive stochastic partial functional differential equations of the following form:
[image: image]
where r is a constant and BH(t) is a fractional Brownian motion. Denote X = L2(Ω, L2([0, π])) and define A: D(A) ⊆ X → X given by [image: image] with the following domain:
[image: image]
It is well known that a strongly continuous semigroup {S(t)}t≥0 generated by the operator A satisfies ‖S(t)‖ ≤ e−t, for t ≥ 0. Take
[image: image]
and
[image: image]
Thus, one has
[image: image]
and
[image: image]
Let α = 1. Then, (17) has a square-mean piecewise almost periodic mild solution, provided that [image: image] by Theorem 3.1, and moreover the solution of (17) is asymptotically stable in the square-mean sense provided that [image: image] by Theorem 4.1.
6 CONCLUSION
In this article, we have investigated the existence and asymptotic stability of square-mean piecewise almost periodic mild solutions for a class of impulsive stochastic delay differential equations driven by fractional Brownian motion with the Hurst parameter [image: image] in a Hilbert space. An example is presented to illustrate our theoretical results. Fractional Brownian motion BH with [image: image] admits different Wiener integral representation from fractional Brownian motion with [image: image]. It is difficult to get the square-mean piecewise almost periodic mild solutions of ISDEs driven by fractional Brownian motion with [image: image] in a Hilbert space properly due to estimation without moment.
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Global mean sea level data are examined in this work by looking at the presence of time trends in the context of long memory or long range dependent processes. By looking at both seasonal signals retained and seasonal signals removed data from 1992 to 2020, the results show that the two series display significant time trend coefficients and high levels of persistence.
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1 INTRODUCTION
The evidence shows that global mean sea level (GMSL) has risen during the 20th century [1], and this rise has been larger than that observed during the previous two centuries [2]. In line with this, GMSL data are examined in this work by using a long memory or long range dependent model. The idea is to estimate a linear time trend in the data under the assumption that the errors in the regression model might be fractionally integrated, which is a particular model within the long memory class. The reason for this is that this property (long memory) has been widely observed in the majority of geophysical and climatological series (see, e.g., [3–5]; etc.) and therefore it should also be expected in the sea level data (see also [6]).
The model examined in the empirical section is the following one:
[image: image]
where yt is the sea level data; γ0 and γ1 are unknown parameters referring to an intercept and a (linear) time trend, and xt is the regression error that is assumed to be integrated of order d or I (d) where d can be any real value, and thus, potentially fractional. In this context, B is the backshift operator, i.e., Bkxt = xt-k, and the d-differenced process ut in (1) is supposed to be integrated of order 0, or I (0), defined as a covariance stationary process where its spectral density function is positive and bounded at all frequencies. It includes the case of a white noise process but also stationary and invertible AutoRegressive Moving Average (ARMA) models. Thus, if ut is ARMA (p,q), xt is said to be AutoRegressive Fractionally Integrated Moving Average (ARFIMA (p,d,q) model. In this paper, however, we will deal with the autocorrelation by using a non-parametric method [7] widely used in the context of I (d) models. In this context, evidence of significantly positive values of γ1 in (1) will indicate that the sea level data reflect increases over time, and we do the estimation without imposing the strong assumption that the xt in (1) are I (0) but I (d) with d freely estimated from the data.
2 METHODOLOGY
As it has been mentioned in the previous section, the methodology used in this work is based on long memory, which is a feature observed in many time series of different disciplines including among others climatological and meteorological data. Long memory processes are characterized because the spectral density function of the data (which is the Fourier transform of the autocovariances) displays values that explote at the smallest (zero) frequency, which is usually consistent with first differentiation of the data. However, in many cases, the spectral density function of the first differenced data shows values close to zero at the zero frequency, which is consistent with over-differentiation. This was the origin of fractional differentiation [8], which is a particular model satisfying the long memory property, and that is described by the second equation presented in (1).
The differencing parameter d is important from various viewpoints. Thus, if d = 0, the series is said to be short memory or I (0), unlike what happens with positive d that implies long memory or long range dependence, so-named because of the strong degree of association between the observations even if they are far distant in time; also, from a statistical viewpoint, the value 0.5 is important. Thus, if d < 0.5 the series is still covariance stationary, while d ≥ 0.5 implies nonstationarity; finally, if d < 1 the series is said to be mean reverting with the effect of the shocks disappearing in the long run, contrary to what happens with d ≥ 1 with shocks persisting forever.
We estimate the parameter d by using the Whittle function expressed in the frequency domain, employing a version of the tests of Robinson [9] widely used in empirical applications (see, e.g. [10]). Note, however, that the fractional integration approach employed in this work is merely one of the numerous formulations for long range dependence that include among others the generalized Cauchy processes, the generalized fractional Gaussian noise models and the modefied multifractional fractional Gaussian noise model (see, e.g., [11, 12]). These methods may also be considered as flexible tools to investigate long range dependence in time series, including sea level data ([13, 14], etc.).
3 DATASET
We use data which are estimates of sea level based on measurements from satellite radar altimeters. They are available for TOPEX/Poseidon (T/P), Jason-1, Jason-2, and Jason-3, which have been monitored. Only altimetry measurements between 66°S and 66°N have been processed. An inverted barometer has been applied to the time series.
Two time series are examined (see Figure 1) referring to the global mean sea level data, with seasonal signals retained and removed.
[image: Figure 1]FIGURE 1 | Time series plots. Seasonal signals retained. Seasonal signals removed.
The data are provided by the NOAA Laboratory for Satellite Altimetry from the NOAA (http://www.star.nesdis.noaa.gov/sod/lsa/SeaLevelRise/) and Radar Altimeter Database System (http://www.deos.tudelft.nl/altim/rads/).
4 RESULTS
Table 1 displays the estimated coefficients of the model given by Eq. 1 under the assumption that the error term ut is a white noise process. We observe that the estimated value of d is 0.73 for the seasonal signals retained data and 0.45 for the seasonal signals removed data, and in both cases, the confidence intervals reject the null of d = 1 in favour of d < 1, implying mean reversion in its behaviour. Thus, shocks will have a transitory effect in the series, disappearing by themselves in the long run, and faster in the case of the seasonal signals removed data. The time trend coefficient is significantly positive in the two series, being slightly higher with the seasonal signals retained data.
TABLE 1 | Estimated coefficients I: White noise errors.
[image: Table 1]Very similar results are obtained under the assumption of autocorrelated (Bloomfield)1 errors. The estimates of d are now slightly smaller (0.66 for the seasonal retained data and 0.38 for the seasonal removed data), and the slope coefficients are again significant, 0.0637 in the first case (seasonal retained) and 0.0622 in the seasonal signals removed data. The estimated time trends are displayed in Figure 1.
Finally, in Table 2, we display the coefficients under the assumption that xt in Eq. 1 is I (0). Thus, the long memory feature is not taken into account. We observe that the slope coefficient, though significant, is slightly smaller than under the I (d) specification. Note, however, that this hypothesis is decisively rejected according to the results in Tables 1, 3 where d was found to be significantly positive. Thus, the fact that the long memory is not considered here produces a bias reducing the amount of the global sea level rise.
TABLE 2 | Estimated coefficients imposing d = 0.
[image: Table 2]TABLE 3 | Estimated coefficients II: Weakly autocorrelated (Bloomfield) errors.
[image: Table 3]5 CONCLUSION
We have examined data corresponding to the global mean sea level for the time period from 1992 to 2020, using a long range dependent model based on fractional integration and testing for the presence of time trends. Our results show first that long range dependence is a feature of these data, consistent with works such as Ercan et al. [6] and others, since the degree of differentiation is in the interval (0, 1) in the two series examined. Moreover, the slope coefficient is highly significantly positive and slightly higher than the one observed under the wrong assumption that the errors are I (0).
Further work with these series should investigate other alternative approaches for trends in the data such as LOWESS, piece-wise-linear trends, or the presence of non-linear trends, using, for example, either segmented trends based on structural breaks or, alternatively, using non-linear polynomials in time, like those based on Chebyshev polynomials [15], in both cases using still long memory and fractional integration. Data disaggregated by areas should also be examined. Finally, it would also be of interest to link the inter-annual fluctuations with ENSO as suggested by authors such as Cazenave et al. [16]. Work in these directions is now in progress.
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Papers in the literature dealing with the Ethernet network characterize packet delay variation (PDV) as a long-range dependence (LRD) process. Fractional Gaussian noise (fGn) or generalized fraction Gaussian noise (gfGn) belong to the LRD process. This paper proposes a novel clock skew estimator for the IEEE1588v2 applicable for the white-Gaussian, fGn, or gfGn environment. The clock skew estimator does not depend on the unknown asymmetry between the fixed delays in the forward and reverse paths nor on the clock offset between the Master and Slave. In addition, we supply a closed-form-approximated expression for the mean square error (MSE) related to our new proposed clock skew estimator. This expression is a function of the Hurst exponent H, as a function of the parameter a for the gfGn case, as a function of the total sent Sync messages, as a function of the Sync period, and as a function of the PDV variances of the forward and reverse paths. Simulation results confirm that our closed-form-approximated expression for the MSE indeed supplies the performance of our new proposed clock skew estimator efficiently for various values of the Hurst exponent, for the parameter a in gfGn case, for different Sync periods, for various values for the number of Sync periods and for various values for the PDV variances of the forward and reverse paths. Simulation results also show the advantage in the performance of our new proposed clock skew estimator compared to the literature known ML-like estimator (MLLE) that maximizes the likelihood function obtained based on a reduced subset of observations (the first and last timing stamps). This paper also presents designing graphs for the system designer that show the number of the Sync periods needed to get the required clock skew performance (MSE = 10–12). Thus, the system designer can approximately know in advance the total delay or the time the system has to wait until getting the required system’s performance from the MSE point of view.
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1 INTRODUCTION
Clock synchronization is an essential process in computer networks. This process has to achieve frequency (clock skew) and time (offset or phase) synchronization to ensure that all the components function accurately. There are three significant protocols for time and frequency distribution over the Network: global positioning system (GPS), network time protocol (NTP), and Precision Time Protocol (PTP) Pinchas [1]; Levy and Pinchas [2]; Karthik and Blum [3]. GPS offers frequency and time synchronization accuracy in the sub-microsecond range Levy and Pinchas [2]. However, it requires expensive equipment and routine maintenance Guruswamy et al. [4]. Furthermore, we have a limitation in placing the equipment that communicates with the satellites in certain places Shan et al. [5]; Karthik and Blum [3]. According to Vyas et al. [6]; Peng et al. [7] the GPS also suffers from a weak indoor GPS signal. The NTP is not designed for local area networks (LANs) and has slow response and software clock implementations Levy and Pinchas [2]. Therefore, it can not achieve accurate results compared to the PTP protocol Pinchas [1]. The PTP is defined by the standard IEEE 1588v2 Arnold [8]. It requires minimal Network, computing, and hardware resources Fubin et al. [9]. According to Arnold [8], the PTP is based on a two-way message exchange scheme between the Master and the Slave. By using the two-way message exchange, frequency and time synchronization can be approximately estimated by applying some assumptions. The synchronous Ethernet (SyncE) is a protocol defined by the ITU ITU-T Recommendation [10,11]. It distributes a reference timing signal, where this signal can be extracted, processed, and frequency can be recovered from this signal by the Ethernet equipment clock (EEC) ITU-T Recommendation [10,11]. It should be pointed out that according to Levy and Pinchas [2], the EEC is not available in every system. Generally, the GPS or the SyncE are applied for frequency synchronization, where the PTP protocol and the GPS can be also applied for time or frequency synchronization as well unlike SyncE. The use of PTP for time synchronization is an important step for operations such as managing, securing, planning, and debugging when it is needed to determine the time that events happen Pinchas [1]. The use of PTP for time and frequency synchronization is required in electrical grid networks, cellular base station synchronization, industrial control, communication in financial markets Guruswamy et al. [4]; Karthik and Blum [12] and in Industrial Internet of things (IIoT) Puttnies et al. [13]. The PTP has three different synchronization issues: a.) phase synchronization only, where the PTP protocol is applied for estimating the constant offset. In this scenario, frequency synchronization already exists between the Master and the Slave. b.) Frequency synchronization only, where the PTP is applied for this purpose, while the time (offset) synchronization is not needed here. c.) Time and frequency synchronization is carried out with the PTP protocol. Please note that the offset between the Master and the Slave increases when no frequency synchronization exists between the Master and the Slave.
The PTP uses hardware timestamps traveling between the Master and the Slave nodes Arnold [8], where the path is through several switches and routers. The traveling time in those components determines the duration of the delay in this path. According to Karthik and Blum [12,14,15]; Guruswamy et al. [16] there are two types of delay: a.) the fixed delay, a deterministic propagation delay along the network path, and b.) the random delay, also named as PDV. The PDV is defined as a random variable due to the routers, or the switches behavior ITU-T Recommendation [11]. As mentioned in Karthik and Blum [12] the primary source of the PDV is the output queuing delay, caused when a message arrives at a switch or router and has to wait in a queue due to other traffic that blocked the exit port. The PDV has a major impact on the accuracy obtained with the PTP Sathis Kumar and Kemparaj [17]. Theoretically, PTP can achieve precision of the order of nanoseconds, but, in practice, the PDV causes lower accuracy Puttnies et al. [13]. The queuing delay depends on the load in the network Levy and Pinchas [2]. As the load in the network increases, the PDV may increase accordingly, meaning a higher load may lead to a lower synchronization (time and frequency) accuracy Pinchas [1]. In order to estimate the offset or the clock skew in that scenario, the PTP usually needs more message exchanges between the Master and the Slave, as will be also seen in the simulation results.
The presence of the fixed delay and the PDV cause a problem in estimating the clock skew (frequency) and the offset (time). Due to the behavior of the random delay (PDV), this problem is modeled as a statistical estimation problem Guruswamy et al. [4]. This estimation task is an open issue because we have more unknown variables than number of equations. In order to overcome this problem, the symmetric path between the Master and the Slave is assumed in some algorithms (please refer to Table 1). However, the assumption of a symmetric path may lead to an inaccuracy in the clock skew and offset estimation task, since in practice, this assumption is not valid.
TABLE 1 | Clock skew estimators.
[image: Table 1]According to Mizrahi [18]; Mizrahi and Moses [19], a correlation exsits between network latency measurements taken at adjacent times. Therefore, the network latency can not be characterized as white noise. In Li and Limb [20]; Peng et al. [21]; Jusak and Harris [22] the PDV is characterized as a Long-Range Dependence (LRD) process. This process can be modeled as a fractional Gaussian noise (fGn) Li and Zhao [23]; Pinchas [1]; Levy and Pinchas [2]; Paxson [24]; Ledesma and Liu [25] or as a generalized fractional Gaussian noise (gfGn) Li [26] (where fGn is a special case of gfGn). Those models (fGn, gfGn) are with Hurst exponent in the range of 0.5 ≤ H < 1, where for H = 0.5 we have the white Gaussian noise. It should be pointed out that we have also the modified multifractional Gaussian noise (mmfGn) Li [27] and the multi-fractional generalized Cauchy process Li [28] for representing a LRD process. But, in this paper we focus on the fGn/gfGn case. The traffic model has a significant impact on the estimation accuracy. Therefore, network traffic models such as the Gaussian or Exponential models may not accurately describe a real network traffic.
On one hand, the PTP is applied for the offset synchronization task only as is done in Pinchas [1], Mizrahi [18,29], Karthik and Blum [14]; Guruswamy et al. [4]; Anand Guruswamy et al. [30]. On the other hand, we may find other algorithms estimating the clock skew and the offset as is done in Levy and Pinchas [2]; Chin and Chen [31], Puttnies et al. [13], Chaudhari et al. [32]; Li and Jeske [33], Noh et al. [34], Guruswamy et al. [4]; Karthik and Blum [12,14,15], Giorgi and Narduzzi [35]. In addition, we may find in the literature algorithms that estimate only the clock skew as is done in Shan et al. [5]; Chaloupka et al. [36]. In this paper, we focus on the clock skew algorithms. In the literature, we can find several approaches estimating the clock skew: 1) The Maximum Likelihood (ML) estimator Levy and Pinchas [2], Karthik and Blum [12]; Guruswamy et al. [4], Chaudhari et al. [32]; Li and Jeske [33]; Noh et al. [34]; Karthik and Blum [11,14]. 2) The Linear Programming estimator Puttnies et al. [13]. 3) The Kalman Filter (KF) estimator Chaloupka et al. [36]; Shan et al. [5]; Giorgi and Narduzzi [35]. Please note that each algorithm used different assumptions, which may also lead to inaccuracy of the clock skew estimator. The authors in Puttnies et al. [13] presented a linear programming estimator that can decrease the influence of the PDV on the synchronization accuracy. However, they assumed that the PDV is Gaussian and that the fixed delay is symmetric between the forward (Master to Slave) and the reverse (Slave to Master) paths. In Chaudhari et al. [32]; Li and Jeske [33] the authors presented an ML estimator where an Exponential model was applied describing the PDV. In addition, they assumed the symmetric path assumption between the forward and reverse paths. In Noh et al. [34] the author suggested first an ML estimator for estimating the clock skew by using the Gaussian and Exponential model for the PDV case. The fixed delay was assumed to be known in this algorithm, which is often an unknown parameter. Therefore, the author presented another algorithm that does not depend on the knowledge of the fixed delay. Still, these algorithms presented in Noh et al. [34] are suitable only for the Gaussian or for the Exponential case. In Levy and Pinchas [2] the authors proposed an ML estimator for estimating the clock skew and the offset in the presence of asymmetric paths and where the PDV was modeled as fGn. This method Levy and Pinchas [2] is based on the dual slave clocks in a slave presented by Chin and Chen [31]. However, Kim [37] demonstrated that the algorithm in Chin and Chen [31] is unusable in practical cases. In Giorgi and Narduzzi [35] the authors presented KF equations with symmetrical paths assumption. The measurement uncertainty in Kalman’s equations gives the solution to the asymmetric forward and the reverse paths. According to Giorgi and Narduzzi [35], the uncertainty was taken in a range of 0.1–100 micro seconds. However, in practice, the asymmetry between the paths can be greater than the given range, so that the clock skew simulation results may be less accurate for that scenario. In addition, this algorithm Giorgi and Narduzzi [35] applies the Gaussian model for the PDV. In Chaloupka et al. [36] the authors used the One Way Mode (OWM) to avoid the asymmetric path problem. Based on simulation results demonstrated in Chaloupka et al. [36], the clock skew estimator achieves relative accurate results only after we wait for a relative long time which in practical cases we can not always afford. The authors in Shan et al. [5] applied KF combined with Sliding Mode Controller (SMC) in order to get better accuracy. Also here, the algorithm assumes symmetrical paths and a Gaussian model for describing the PDV. In Karthik and Blum [12,15]; Guruswamy et al. [4] the authors presented an innovative estimator for the clock skew and for the offset between the Master and the Slave. In Guruswamy et al. [4] the authors presented first their joint estimator, the MINIMAX algorithm, that minimizes the maximum mean squared error of all the unknown parameters. This algorithm assumes that the fixed delays from the Master to Slave and Slave to Master are known, or at least, the difference between them is known. In Karthik and Blum [15] the authors assumed complete knowledge of the statistical information describing the PDV. Recently Karthik and Blum [12], an algorithm was proposed for estimating both the offset and the clock skew in the presence of unknown asymmetric paths, named as the Space Alternating Generalized Expectation-Maximization (SAGE) algorithm. This algorithm assumed a Gaussian Mixture Model (GMM) for the PDV. In estimating the clock skew and the offset according to Karthik and Blum [12], the assumption of having more than only one Master-Slave path was applied (assumption of having multiple Masters). In addition, half of the paths have to be symmetric. Please note that this method Karthik and Blum [12] may be overqualified for applications requiring only clock skew estimation, since Karthik and Blum [12] needs the calculation of the offset estimator for carrying out the clock skew estimator. Thus, the offset estimator can not be shut down when calculating the clock skew estimator. The authors in Karthik and Blum [12] also presented an expression for the Cramer-Rao lower bound (CRLB). This expression (CRLB) is based on the knowledge of which of the multiple masters to the slave paths are considered as asymmetric (where the fixed delays in the Master-Slave and Slave-Master are asymmetric) and on the knowledge of the probability density function (PDF) of the random queuing delays of those paths. Please refer to Table 1 that summarizes the different clock skew algorithms (described earlier in this section), with their assumptions.
In this paper, we propose a novel clock skew estimator based on PTP in an fGn/gfGn environment with Hurst exponent in the range of 0.5 ≤ H < 1 that does not depend on the unknown asymmetry between the fixed path delays in the forward and reverse directions nor on the clock offset between the Master and Slave. We supply a closed-form-approximated expression for the performance (MSE) related to our new proposed clock skew estimator. This closed-form-approximated expression is a function of the Hurst exponent H, as a function of the parameter a for gfGn, as a function of the number of total PTP messages exchanges used in the system for synchronization, as a function of the period between the messages and as a function of the PDV variances in the forward and reverse directions. In addition, we supply designing graphs for the system designer that show the number of PTP messages exchanges needed in the network to get the required clock skew performance as a function of the network parameters (Hurst exponent, parameter a in gfGn and variances of the forward and reverse directions PDV), for the rates of PTP messages exchanges of 64 packets/sec, 16 packets/sec and 8 packets/sec. Simulation results confirm that our closed-form-approximated expression for the MSE related to our new proposed clock skew estimator indeed supplies efficiently the performance of our new proposed estimator for various values of the Hurst exponent, for the parameter a in gfGn, for different periods between the messages, for various values for the number of PTP messages exchanges and for various values for the variances of the PDV in the forward and reverse directions. Simulation results also show the advantage in performance of our new proposed clock skew estimator for various values of the Hurst exponent compared to the literature known ML-like estimator (MLLE) Noh et al. [34] that maximizes the likelihood function obtained based on a reduced subset of observations (the first and last timing stamps). In addition, simulation results will also show the advantage in performance of our new proposed clock skew estimator compared to the maximum likelihood clock skew estimator proposed by Levy and Pinchas [2] and compared to the Kalman clock skew estimator given by Chaloupka et al. [36].
The paper is organized as follows. In Section 2, we briefly introduce the system under consideration and the assumptions we applied for our algorithm. Section 3 proposes the new clock skew estimator and the closed-form approximated expression for the MSE related to our new clock skew estimator. In Section 4, we propose some designing graphs while in Section 5, we present simulation results. Section 6, is our conclusion.
2 SYSTEM DESCRIPTION
The IEEE 1588v2 is based on the Master-Slave architecture. This protocol distributes information from a Master to its Slave by exchanging messages with timestamps (please refer to Figure 1). The following sequence of steps are performed by the two-way message exchange:
1) The Master initiates the exchange by sending a SYNC message to the Slave at timestamp t1.
2) The Slave receives the SYNC message and keeps the arrival time at timestamp t2.
3) The Master sends the FOLLOW UP message to the Slave with the timestamp t1.
4) The Slave sends back to the Master DELAY REQ message at timestamp t3.
5) The Master receives the DELAY REQ message and keeps the arrival time at timestamp t4.
6) The Master sends the timestamp t4 to the Slave with the DELAY RESP message.
[image: Figure 1]FIGURE 1 | PTP messaging timing diagram.
Based on Karthik and Blum [12,14,15] we may write:
[image: image]
[image: image]
where Q is the time difference between the Master and the Slave clocks (offset) and α is the clock skew. The forward and the reverse fixed delays are denoted as dms, dsm respectively and the forward and the reverse PDV are denoted as ω1 [j], ω2 [j] respectively. The total number of the Sync messages periods is denoted as J, where j = 1, 2, 3, … , J.
We consider three different models for the PDV:
1) The PDV is modeled as a white-Gaussian noise with zero mean and the variance [image: image] is [image: image] when j = m and zero when j ≠ mwhere E [.] denotes the expectation operator on (.) and n = 1, 2.
2) The PDV is modeled as an fGn process with zero mean. Based on Li and Zhao [23]; Peng et al. [21] we have:
a. When j = m: [image: image].
b. When j ≠ m: [image: image].
3) The PDV is modeled as an gfGn process with zero mean. Based on Li [26] we have:
a. When j = m: [image: image].
b. When j ≠ m: [image: image]
In this paper we assume that the forward and reverse PDVs are independent. This assumption is consistent with real systems. Thus, we can write: [image: image].
3 THE CLOCK SKEW ESTIMATOR AND ITS PERFORMANCE
In this section we present our new clock skew estimator and the closed-form-approximated expression for the MSE related to our new clock skew estimator for three PDV cases: 1. The PDV is a white-Gaussian process, 2. The PDV is an fGn process, 3. The PDV is an gfGn process. At first, we present our new proposed clock skew estimator in Theorem 1. Theorem 2 presents a general closed-form approximated expression for the MSE related to our new clock skew estimator involving the expectation operator on the PDVs. Since the PDV can be one of three cases (a white-Gaussian process, an fGn process and an gfGn process), the MSE from Theorem 2 is further developed for each case. Namely, Theorem 3, Theorem 4 and Theorem 5 are the closed-form approximated expressions for the MSE related to our new clock skew estimator for the white-Gaussian case, fGn case and gfGn case respectively.
3.1 Theorem 1
For the case of t3 [j] − t2 [j] = X, where X is a constant. The clock skew estimator can be defined as:
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where
[image: image]
3.1.1 Proof of Theorem 1
In order to avoid the fixed delay, we can subtract between two timestamps from different Sync periods. Based on Eqs 1, 2 we have:
[image: image]
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where
[image: image]
and αj,i is the clock skew between the (j + i)-th and ith Sync period.
Based on the summation of Eqs. 5, 6, we can define:
[image: image]
Please note that T3,j(i) = t3 (j + i) − t3(j) is also T3,j(i) = t2 (j + i) + X − (t2(j) + X), meaning that T3,j(i) = T2,j(i). Therefore, αj,i is:
[image: image]
Thus the clock skew can be defined as:
[image: image]
By putting Eq. 9 into Eq. 10 we have:
[image: image]
Now, we can write Eq. 11 as:
[image: image]
Based on Eq. 12 the clock skew estimator is as defined in Eq. 3 and this completes our proof.
3.2 Theorem 2
For the case where [image: image] [n = 1,2 and where |.| is the absolute value of (.)], the general expression for the approximated MSE related to our new clock skew estimator is:
[image: image]
3.2.1 Proof of Theorem 2
Based on Eq. 12 the error is defined as:
[image: image]
According to Eq. 5 we have:
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Based on Eq. 15 we may write the expectation of Eq. 14 as:
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where aj,i and bj,i are defined as:
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For [image: image] and based on Spiegel et al. [38] we can rewrite Eq. 16:
[image: image]
Based on the assumption made in Section 2, we may write Eq. 18 as:
[image: image]
Now, based on Eq. 19 the approximated MSE related to our new proposed clock skew estimator can be written as:
[image: image]
Next, by recalling the definitions of T1,j(i) and T1,m(k), we can write:
[image: image]
where Tsyn is denoted as the Sync message period.
Based on Eq. 21 we can simplify the expressions in Eq. 20:
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Since the PDV has zero mean (please refer to Section 2), Eqs 23, 24 can be set to zero.
Now, by putting Eqs 22, 25, 26 into Eq. 20 we obtain the expression in Eq. 13 and this completes our proof.
In the following, we will calculate the approximated expression for the MSE related to our new proposed clock skew estimator for three different cases:
1) The white-Gaussian case, 2) The fGn case, 3) The gfGn case.
3.3 Theorem 3
The approximate MSE for the white-Gaussian case is:
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where P is defined as:
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and A and B are given by:
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3.3.1 Proof of Theorem 3
In the following, we calculate separately the three different parts in Eq. 13. We start with the first part in Eq. 13. Based on Eq. 7 we can write:
[image: image]
For calculating Eq. 31 we have to consider only five non-zero cases.
The first case is when i = k and m = j. For this case Eq. 31 is:
[image: image]
The second case is when i ≠ k and m = j. For this case Eq. 31 is:
[image: image]
The third case is when m = j + i. For this case Eq. 31 is:
[image: image]
The fourth case is when m = j − k. For this case Eq. 31 is:
[image: image]
The fifth case is when i ≠ k and m = j + i − k. For this case Eq. 31 is:
[image: image]
Based on Eqs 32–36, we may write Eq. 31 as:
[image: image]
Based on Eq. 7 the second part in Eq. 13 can be given as:
[image: image]
The only change in Eq. 38 concerning Eq. 31 is the PDV. Therefore, we can use the calculations we made for the first part. Based on Eq. 37, we can write Eq. 38 as:
[image: image]
The third part in Eq. 13 is:
[image: image]
In order to calculate Eq. 40 we have to consider only six non-zero cases.
The first case is when i = k and m = j. For this case Eq. 40 is:
[image: image]
The second case is when i ≠ k and m = j. For this case Eq. 40 is:
[image: image]
The third case is when m = j + i. For this case Eq. 40 is:
[image: image]
The fourth case is when m = j − k. For this case Eq. 40 is:
[image: image]
The fifth case is when i ≠ k and m = j + i − k. For this case Eq. 40 is:
[image: image]
The sixth case is when m ≠ j and m ≠ j + i and m ≠ j − k and m + k ≠ j + i. For this case Eq. 40 is:
[image: image]
Based on Eqs 41–46, we can write Eq. 40 as:
[image: image]
Now, based on Eqs 37, 39, 47 we may write the approximated MSE related to our new proposed clock skew estimator for the white-Gaussian case as:
[image: image]
In order to calculate the approximated MSE related to our new proposed clock skew estimator, it can be assumed that (1 + α) ≈ 1, because in practical systems, the two clocks (Master and Slave) operate at almost the same frequency. Therefore, Eq. 48 can be rewritten as:
[image: image]
where A and B are defined in Eqs 29, 30 respectively.
Next, we define the correction factor P. This correction factor helps us to calculate the expression for the approximated MSE related to our new proposed clock skew estimator in the fGn and gfGn cases, as will be shown later on.
In the following, we define P as:
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We can write Eq. 49 as:
[image: image]
Now, by putting Eq. 50 into Eq. 51 we can write the closed-form approximated expression for the approximated MSE related to our new proposed clock skew estimator as is defined in Eq. 27 and this completes our proof.
3.4 Theorem 4
For the case where the PDV is defined as an fGn process with 0.5 ≤ H < 1, the closed-form approximated expression for the approximated MSE related to our new proposed clock skew estimator is approximately given by:
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where C and D are given by:
[image: image]
[image: image]
and the function fGH (.) is:
[image: image]
3.4.1 Proof of Theorem 4
Based on Eq. 7 the two first parts in Eq. 13 can be written as:
[image: image]
For calculating Eq. 56 we have to consider only six non-zero cases.
The two parts in Eq. 56 have the same calculations. Therefore, we present our calculations for the first part that is given by:
[image: image]
The first case is when i = k and m = j. For this case Eq. 57 is:
[image: image]
which can be written also as:
[image: image]
after rearranging Eq. 59:
[image: image]
The second case is when i ≠ k and m = j. For this case Eq. 57 is:
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which can be written also as:
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after rearranging Eq. 62:
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The third case is when m = j + i. For this case Eq. 57 is:
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which can be written also as:
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after rearranging Eq. 65:
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The fourth case is when m = j − k. For this case Eq. 57 is:
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which can be written also as:
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after rearranging Eq. 68:
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The fifth case is when i ≠ k and m = j + i − k. For this case Eq. 57 is:
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which can be written also as:
[image: image]
after rearranging Eq. 71:
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The sixth case is when m ≠ j and m ≠ j + i and m ≠ j − k and m + k ≠ j + i. For this case Eq. 57 is:
[image: image]
which can be written also as:
[image: image]
Please note that the summation of Eqs 60, 63, 66, 69, 72 can be written as [image: image], where C is defined in Eq. 53. The expression in Eq. 74 can be written as [image: image], where D is defined in Eq. 54.
Now, we can write Eq. 57 as:
[image: image]
Based on Eq. 75 we may write Eq. 56 as:
[image: image]
The third part in Eq. 13 is quite difficult to carry out for the fGn case. Now, looking at Eq. 27 we notice that Eq. 27 consists actually on the sum of the two first parts of Eq. 13 multiplied by the factor [image: image]. Please note that P (28) is actually obtained by dividing the sum of the first two parts of Eq. 13 by the third part of Eq. 13 for the white-Gaussian noise.
In order to carry out the third part in Eq. 13 for the fGn case, we approximate it based on Eq. 27. In our approximation we simply multiply the expression of [image: image] with the expression of [image: image]. The expression for D is not multiplied with the expression of [image: image], since D is zero for H = 0.5.
This completes our proof.
3.5 Theorem 5
For the case where the PDV is defined as an gfGn process with 0.5 ≤ H < 1 and 0 < a ≤ 1 the closed-form approximated expression for the MSE related to our new proposed clock skew estimator is given by:
[image: image]
where C* and D* are given by:
[image: image]
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and the function [image: image] is:
[image: image]
3.5.1 Proof of Theorem 5
As already was shown in Section 2, we have for the fGn process Li and Zhao [23]; Peng et al. [21]:
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where n = 1,2.
On the other hand, we have for the gfGn process Li [26]:
[image: image]
Please note that the difference between Eqs 81, 82 is only by the a factor. Thus, we can use Eqs 52–55 for the gfGn case where the function fGH (.) defined in Eq. 55 and used in Eq. 53 to Eq. 54 is substituted by the function [image: image] Eq. 80 and this completes our proof.
4 DESIGNING GRAPHS
In this section, we propose some designing graphs for the fGn and gfGn cases. Thus, the designing graphs for the fGn case will be based on Theorem 4 while the designing graph for the gfGn case will be based on Theorem 5. The closed-form approximated expression for the MSE (for the fGn process Eq. 52 and for the gfGn process Eq. 77) is a function of H, a function of Tsyn, a function of the total sent Sync messages, and a function of the PDV variances. It could be very helpful for the system designer if he could approximately know the total sent Sync messages that the system needs in order to receive the system’s requirement such as MSE = 10–12.
Thus in the following, we will try to create some designing graphs that can help the system designer to achieve the system’s requirement of MSE = 10–12.
Based on Eqs 28, 52, 77 we can write the approximated MSE related to our new proposed clock skew estimator as:
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where A and B are defined in Eqs 29, 30 respectively. For the fGn case Ct = C Eq. 53 and Dt = D Eq. 54, and for the gfGn case Ct = C* Eq. 78 and Dt = D* Eq. 79.
After arranging Eq. 83 we have:
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In order to simplify Eq. 84 we use the following condition:
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Thus, for the fGn and gfGn cases, we may write based on Eqs 84, 85:
[image: image]
Based on Eq. 86 we carry out some designing graphs (Figures 2–5) that were obtained for MSE = 10–12 and for three different Tsyn rates: [image: image], [image: image] and 8 [image: image]. Please note that we have three designing graphs for the fGn case (Figures 2–4) where each designing graph was carried out for various values for H, and one designing graph for the gfGn case with H = 0.95 (Figure 5).
[image: Figure 2]FIGURE 2 | Designing graph for the fGn case. The graph is based on Eq. 86, [image: image] and E [e2] = 10–12.
[image: Figure 3]FIGURE 3 | Designing graph for the fGn case. The graph is based on Eq. 86, [image: image] and E [e2] = 10–12.
[image: Figure 4]FIGURE 4 | Designing graph for the fGn case. The graph is based on Eq. 86, [image: image] and E [e2] = 10–12.
[image: Figure 5]FIGURE 5 | Designing graph for the gfGn case. The graph is based on Eq. 86, E [e2] = 10–12 and H = 0.95.
In order to see if Eq. 85 can actually be ignored, we are going back to the obtained designing graph in Figure 2 to check ourselves.
In the following, we assume that [image: image] and for simplicity we denote the expression [image: image] as F.
According to Figure 2, where [image: image] and H = 0.9:
1. [image: image]
[image: image]
2. [image: image]
[image: image]
3. [image: image]
[image: image]
According to Figure 2, where [image: image] and H = 0.8:
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According to Figure 2, where [image: image] and H = 0.6:
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According to the list from above, we can see that for 10 < J < 500, Eq. 86 is applicable.
5 SIMULATION RESULTS
In this section, we test our new proposed clock skew estimator Eq. 3 and our closed-form-approximated expression for the MSE for the white-Gaussian Eq. 27, fGn Eq. 52 and gfGn Eq. 77 cases. At first, we show various simulation results in order to show the efficiency of our new proposed clock skew estimator Eq. 3 compared to the ML-like estimator (MLLE) Noh et al. [34] that maximizes the likelihood function obtained based on a reduced subset of observations (the first and last timing stamps). According to Noh et al. [34] we have:
[image: image]
where
[image: image]
T2,1 (J − 1) = t2 [J] − t2 [1], T1,j(i), T2,j(i), T3,j(i) and T4,j(i) are defined in Eqs. 4, 7.
Figure 6 shows the performance comparison between our new proposed clock skew estimator Eq. 3 with the estimator obtained from Noh et al. [34] for the Gaussian case. The results in Figure 6 were obtained for different values for the PDV variances. In addition, we also show there the performance of the new proposed closed-form-approximated expression for the MSE Eq. 27 compared to the simulated one via Eq. 3. According to Figure 6 our new clock skew estimator Eq. 3 achieves a lower MSE compared to the clock skew estimator from Noh et al. [34] for the Gaussian case. In addition, we can clearly see from Figure 6 that our new closed-form-approximated expression for the MSE Eq. 27 supplies results that are very close to the simulated one.
[image: Figure 6]FIGURE 6 | Performance comparison between the new clock skew estimator Eq. 3 with the clock skew estimator of Noh et al. [34]denoted here as the likelihood estimator. In addition, we have the simulated performance results for our new proposed expression for the MSE Eq. 27 for the white-Gaussian case. α = 50 ppm, Q = 5 ms, [image: image]. For: [image: image] the delay dms = 1 ms, dsm = 0.8 ms For: [image: image], the delay dms = 3.3 ms, dsm = 3 ms. The results were obtained for 100 Monte-Carlo trails.
Figure 7 shows the performance comparison between our new proposed clock skew estimator Eq. 3 with the clock skew estimator obtained from Noh et al. [34] for the fGn case with different values for H. Figure 8 shows the performance comparison between our new proposed clock skew estimator Eq. 3 with the clock skew estimator obtained from Noh et al. [34] for the fGn case with different values for the PDV variances. In addition, we also show in Figures 7, 8 the performance of our new closed-form-approximated expression for the MSE Eq. 52 compared to the simulated one. According to Figures 7, 8 our new clock skew estimator achieves a lower MSE compared to the clock skew estimator from Noh et al. [34] for the fGn case. In addition, we can clearly see from Figures 7, 8 that the performance of our new closed-form-approximated expression for the MSE Eq. 52 is very close to the performance obtained by the simulated MSE.
[image: Figure 7]FIGURE 7 | Performance comparison between the new clock skew estimator Eq. 3 with the clock skew estimator of Noh et al. [34] denoted here as the likelihood estimator. In addition, we have the simulated performance results for our new proposed expression for the MSE Eq. 52 for the fGn case. α = 50 ppm, Q = 5 ms. [image: image], [image: image], dms = 5 ms, dsm = 5.5 ms. The results were obtained for 100 Monte-Carlo trails.
[image: Figure 8]FIGURE 8 | Performance comparison between the new clock skew estimator Eq. 3 with the clock skew estimator of Noh et al. [34] denoted here as the likelihood estimator. In addition, we have the simulated performance results for our new proposed expression for the MSE Eq. 52 for the fGn case. α = 50 ppm, Q = 5 ms, [image: image], [image: image], dms = 5 ms, dsm = 5.5 ms, H = 0.6. The results were obtained for 100 Monte-Carlo trails.
Figure 9 shows the MSE obtained by the new proposed clock skew estimator Eq. 3 compared with our closed-form-approximated expression for the MSE Eq. 52 for the fGn case. The results in Figure 9 were obtained for different forward and reverse PDV variances. According to Figure 9 there is a high correlation between the performance of our closed-form-approximated expression for the MSE Eq. 52 with the simulated MSE.
[image: Figure 9]FIGURE 9 | Performance comparison between the new proposed expression for the MSE Eq. 52 with those obtained from the simulated clock skew estimator Eq. 3 for the fGn case (denoted here as sim MSE), where the forward and reverse PDV variances are different. α = 50 ppm, Q = 5 ms, [image: image], dms = 5 ms, dsm = 5.5 ms, H = 0.6. case 1: [image: image], [image: image], case 2: [image: image], [image: image]. The results were obtained for 100 Monte-Carlo trails.
Figure 10 shows the performance comparison between our new proposed clock skew estimator Eq. 3 with the clock skew estimator obtained from Noh et al. [34] for the gfGn case. The results in Figure 10 were obtained for different values of a (please note that we set the values of H and a according to Li [26]). In addition, we also show in Figure 10 the performance of our closed-form-approximated expression for the MSE Eq. 77 compared to the simulated one. According to Figure 10, our new clock skew estimator achieves a lower MSE compared to the clock skew estimator from Noh et al. [34]. In addition, we can see from Figure 10 that the performance of our closed-form-approximated expression for the MSE Eq. 77 is high correlated with the simulated one.
[image: Figure 10]FIGURE 10 | Performance comparison between the new clock skew estimator Eq. 3 with the clock skew estimator of Noh et al. [34] denoted here as the likelihood estimator. In addition, we have the simulated performance results for our new proposed expression for the MSE Eq. 77 for the gfGn case. α = 50ppm, Q = 5 ms, Tsyn = 15.6 ms, [image: image], dms = 5 ms, dsm = 5.5 ms, H = 0.95. The results were obtained for 100 Monte-Carlo trails.
It should be pointed out that the clock skew estimator from Noh et al. [34], does not depend on the unknown fixed delay paths nor on the clock offset between the Master and Slave. Thus, it is a good candidate for performance comparison with our new proposed clock skew estimator Eq. 3. Please note that in order to carry out a fair performance comparison, we can only take those clock skew estimators for the simulation performance comparison task, that do not rely on the symmetric assumption for the forward and reverse fixed delay paths as is the case in Puttnies et al. [13], Chaudhari et al. [32], Li and Jeske [33] and Shan et al. [5] (please refer to Table 1). In addition, those clock skew estimators should not rely on multiple Masters or on multiple paths between the Master and Slave as is the case in Karthik and Blum [12]. Thus, based on Table 1, we can use for the simulation performance comparison task also the recently proposed clock skew estimators proposed by Levy and Pinchas [2] and Chaloupka et al. [36]. But, as already was mentioned earlier in this paper, Levy and Pinchas [2] is based on the dual slave clocks in a slave presented by Chin and Chen [31] where Kim [37] demonstrated that the algorithm in Chin and Chen [31] is unusable in practical cases. The clock skew estimator proposed by Chaloupka et al. [36] depends on a predefined parameter L defining the sliding window’s length in the algorithm which has an important role for reaching a low value for the MSE. But, this predefined parameter (L) depends also on the total number of sync periods available for the frequency synchronization task. In other words, the predefined parameter (L) can not be set too large, for example to a value of 1,000 if the available total number of sync periods is only 500. In addition, the noise measurement variance is estimated in Chaloupka et al. [36] involving two smoothing factors which must also be defined in advance.
According to Levy and Pinchas [2] we have:
[image: image]
where Amax (J, i, j, k, H) is:
[image: image]
and [image: image] is:
[image: image]
Γ(.) denotes the Gamma function, △ denotes the difference between two consecutive timestamps. Tm.i is the timestamp in the ith period when the Master sends the Sync message. Ts1.i is the timestamp in the ith period when the dual-Slave receives the Sync message. Ts2.i is the timestamp in the ith period when the Slave receives the Sync message.
According to Chaloupka et al. [36] the Kalman’s measurement equation is:
[image: image]
where L is the is the sliding window’s length as defined in Chaloupka et al. [36].
The Kalman’s state equation is:
[image: image]
where the variance of u [j] is QKAL. The estimate of the noise measurement variance is given by Chaloupka et al. [36]:
[image: image]
where
[image: image]
δμ and δμ are smoothing factors which are between zero and one.
Figure 11 shows the performance comparison between our new proposed clock skew estimator Eq. 3 with the clock skew estimator obtained from Noh et al. [34] and Levy and Pinchas [2] for the gfGn case. In addition, we also show in Figure 11 the performance of our closed-form-approximated expression for the MSE Eq. 77 compared to the simulated one. According to Figure 11, our new proposed clock skew estimator achieves a lower MSE compared to the clock skew estimators proposed by Noh et al. [34] and Levy and Pinchas [2].
[image: Figure 11]FIGURE 11 | Performance comparison between the new clock skew estimator Eq. 3 for the gfGn case with the clock skew estimator of Noh et al. [34] and Levy and Pinchas [2]. The clock skew estimator of Noh et al. [34] is denoted here as the likelihood estimator. We also have the simulated performance results for our new proposed expression for the MSE Eq. 77 for the gfGn case. α = 50 ppm, Q = 5 ms, Tsyn = 15.6 ms, [image: image], dms = 5 ms, dsm = 5.5 ms, H = 0.95, a = 0.08. The results were obtained for 100 Monte-Carlo trails.
Figure 12 shows the performance comparison between our new proposed clock skew estimator Eq. 3 with the clock skew estimator obtained from Noh et al. [34] and Chaloupka et al. [36] for the fGn case. According to Figure 12 our new proposed clock skew estimator achieves a lower MSE compared to the clock skew estimators proposed by Noh et al. [34] and Chaloupka et al. [36].
[image: Figure 12]FIGURE 12 | Performance comparison between the new clock skew estimator Eq. 3 for the fGn case with the clock skew estimator of Noh et al. [34] and Chaloupka et al. [36]. The clock skew estimator of Noh et al. [34] is denoted here as the likelihood estimator. α = 50 ppm, Q = 5 ms, Tsyn = 15.6 ms, [image: image], dms = 5 ms, dsm = 5.5 ms, H = 0.7, L = 200, QKAL = 0, δσ = δμ = 1e − 4, [image: image]. The results were obtained for 50 Monte-Carlo trails.
6 CONCLUSION
In this paper, we have developed a novel clock skew estimator (applicable for the PTP case) in the presence of asymmetric in the forward and reverse paths. This estimator does not depend on the unknown fixed paths nor on the clock offset between the Master and Slave. Our clock skew estimator does not need multiple Masters nor prior knowledge about the forward and the reverse paths. In addition, we proposed a closed-form approximated expression for the MSE related to our new proposed clock skew estimator. This closed-form approximated expression for the MSE is suitable for the white-Gaussian, fGn, or gfGn environment. Thus, the clock skew estimator and its performance (MSE) are applicable for the long-range dependence environment. It can be seen from the simulation results that the performance of our closed-form approximated expression for the MSE has a high correlation with the performance obtained via the new proposed clock skew estimator. This paper also supplies designing graphs for the system designer that may help the system designer to have approximately the total sent Sync messages to receive the system’s requirement (MSE = 10–12). For a requirement of MSE lower than 10–12, new designing graphs can be easily obtained by Eq. 86. Thus, we have also a closed-form approximated expression Eq. 86 that can help the system designer to figure out the total sent Sync messages needed to get the MSE of any value.
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This article develops two new empirical likelihood methods for long-memory time series models based on adjusted empirical likelihood and mean empirical likelihood. By application of Whittle likelihood, one obtains a score function that can be viewed as the estimating equation of the parameters of the long-memory time series model. An empirical likelihood ratio is obtained which is shown to be asymptotically chi-square distributed. It can be used to construct confidence regions. By adding pseudo samples, we simultaneously eliminate the non-definition of the original empirical likelihood and enhance the coverage probability. Finite sample properties of the empirical likelihood confidence regions are explored through Monte Carlo simulation, and some real data applications are carried out.
Keywords: confidence region, adjusted empirical likelihood, mean empirical likelihood, stationary time series, long memory
1 INTRODUCTION
The empirical likelihood (EL) method is originally designed to construct a confidence region only for independent data [1,2]. Nowadays, it is quite popular in the statistical inference of time series, (dependent data) thanks to the asymptotical independent property of the periodogram ordinates, see [3], [4], and [5]. EL received considerable attention because of its nice statistic properties. For example, it runs a low risk of a misspecified probability model by setting up a semi-parametric moment model; it is easy to construct a confidence region or interval under the chi-square approximation; there is no need to calculate the covariance estimates when it is used to construct confidence regions; and the shape of confidence region that is naturally driven by data.
In spite of nice properties of EL, it still does not work well for the case of small sample or high-dimensional data. Its main drawback is the large coverage error of the corresponding confidence region. One reason for the under-coverage is that the original EL ratio poorly approximates to the chi-square limiting distribution. This under-coverage issue can be alleviated to some extent by the Bartlett correction [6]. Another reason for the under-coverage is the non-definition problem of the EL ratio. When the sample size is small, the definition of the original EL ratio often does not exist. [7] proposed adjusted EL by adding pseudo points to ensure the original convex hull lie on the opposite of the origin, which not only eliminates the non-definition but also improves the accuracy of approximation with the conventional level of adjustment. [8] put forward the optimal adjustment level to improve the chi-square approximation with a high-order precision, but the problem is not solved. Afterward, [9] derived an adjustment factor from the Bartlett correction and proved by adding two pseudo observations; the new adjusted EL (AEL) has the same order of chi-square approximation as the Bartlett correction. Many research studies about choosing an optimal adjustment factor arose, such as [10], [11], [12], and [13]. In practice, when the dimension of the unknown parameter is large, it is difficult to calculate the Bartlett correction factor. Recently, the mean EL (MEL) was proposed to improve the precision of the EL-based confidence regions by constructing a new pseudo data point [14]. By greatly increasing the sample size, the MEL method leads to a more accurate chi-square approximation. Hence, the corresponding coverage error is reduced, and the coverage probability is enhanced.
For time series, EL inherits the undesirable problem of under-coverage. To the best of our knowledge, there have been some works applying AEL on the improvement of the precision of the EL-based confidence region, such as [15] and [16]. But under their proposed conventional adjustment level a = max (1, log(n)/2), the precision of chi-square approximation distribution of AEL is not obviously enhanced. In this article, we propose another adjustment level to construct new AEL for the parameters in stationary short- and long-memory time series models with Gaussian noise. Following the Liu & Chen’s method, our proposed AEL possesses a high-order approximation to chi-square distribution by adding two pseudo observations. We also propose the MEL method for estimating the parameters of stationary time series models. By increasing the sample size, the MEL does enhance the confidence precision. The Monte Carlo simulation results indicate that our proposed AEL-based confidence regions benefit more accurate coverage probabilities than those of the original EL and the previous AEL. When the sample size is moderate, the coverage probability based on MEL is comparable to the previous AEL. There is no need to compute the Bartlett correction factor for MEL, which is a challenge when the dimension of the parameter vector is large.
The remainder of this article is organized as follows; in Section 2, we present the proposed AEL and MEL ratio statistics for parameters in stationary ARMA and ARFIMA processes and deduce their asymptotical chi-square properties. Monte Carlo simulation results are provided in Section 3 to show the improved finite-sample performance of our methods. Real data examples are presented in Section 4. Section 5 is the brief proof of the theorem.
2 METHODOLOGY
In this section, we derive the asymptotical chi-square properties of the new AEL and MEL ratio statistics for the parameters in representative stationary short- and long-memory models, that is, ARMA and ARFIMA models. We begin with introducing the moment-estimating equations of parameters in these models.
2.1 Estimating Equations
Suppose, we have a time series [image: image] satisfying the relationship
[image: image]
where [image: image] and [image: image] with ϕ0 = θ0 = − 1 and B is the backward operator. The two polynomials have no common factor to avoid the parameter redundancy. All roots of their corresponding equations strictly lie out of the unit circle to make sure that the model is stationary and invertible, which is the most important setup for many time series studies. d is the constant memory parameter and ϵt is a Gaussian white noise with mean 0 and variance σ2. Then, when d = 0, it is the popular ARMA (p,q) (short-memory) model. When d ∈ (0, 0.5), it is the widely used ARFIMA (p,d,q) (long-memory) model [17]. σ2 is often considered as a nuisance parameter. Then, β = (ϕ1, … , ϕp, d, θ1, … , θq) is the parameter vector of our interest with the dimension m = p + q + 1. Many important literatures come up with the application of the fractional long-memory model ([18], [19], and [20]).
By taking the derivative of Whittle likelihood [21], the estimating equations are derived as
[image: image]
where N = [(T − 1)/2] and [x] is the integer part of x. The periodogram ordinates are denoted as
[image: image]
and the spectral density function is
[image: image]
2.2 AEL of β
It is well known that when the origin lies out of certain convex constraints [image: image] involving the computation of EL, the solution of the optimization problem does not exist, which results in the no definition of EL and the under-coverage of the corresponding confidence region. In this section, we propose a new AEL in time series to ensure the well definedness of AEL and improvement of the coverage probability of confidence regions.
For simplicity, denote ψi≔ψi (I (ωi), β). Based on the original sample set [image: image], for a given β, the empirical log-likelihood ratio is defined as
[image: image]
If the origin contains in the convex set Ωβ, by a simple Lagrange multiplier calculation, [image: image] and the Lagrange multiplier λβ is the solution to [image: image]. Therefore, the level of the 1 − α confidence region is constructed as
[image: image]
where [image: image] is the 1 − α quantile of chi-square distribution with the degree m of freedom. Such EL-based confidence regions often suffer from the problem of under-coverage.
To overcome such drawback, we propose a new AEL following the Liu & Chen’s method. By adding two pseudo observations, the AEL not only guarantees the likelihood ratio to be always well defined but also obviously improves the coverage probability of the confidence region in stationary time series. Set the two pseudo observations [image: image] and [image: image], where a1, a2 are positive and [image: image]. Then, for each given β, the new AEL ratio statistic is defined as
[image: image]
By the Lagrange method, we have
[image: image]
where the Lagrange multiplier [image: image] satisfies the equation
[image: image]
[22] proved such AEL ratio statistic RA (β0) approximated to chi-square distribution with order O (n−2) for the independent sample when β0 is the true value. Here, we assert that such result is preserved for the stationary time series model as the following theorem:
Theorem 2.1. Assume the characteristic function of ψ satisfies [image: image]’s condition,
[image: image]
Also E‖ψ‖18 < ∞ and var(ψ) are positive definites. If β0 is the true value, then
[image: image]
Consequently, the 1 − α confidence region for β based on AEL is constructed as 
[image: image]
whose coverage error is O (n−2).
Remark 1. The proof of Theorem 2.1 is similar to that of Theorem 1 in [22], hence is omitted. The two positive adjustment factors a1 and a2 are also obtained following the way of [22]. That is, a1 and a2 originate from the Bartlett correction factor. It is the intrinsic relationship between the new AEL and the Bartlett-corrected EL that makes the precision of approximation to enhance obviously. In practice, a1 and a2 are replaced by their moment estimators, which do not affect the order of chi-square approximation. For more details, refer to [22].
2.3 MEL of β
When the dimension of the parameter vector m ≥ 3, it is difficult to compute the Bartlett correction factor. To avoid the computation and to resolve the under-coverage problem, we derive the MEL method in this subsection. By greatly increasing the sample size, MEL is constructed on the pseudo sample set [image: image]. For simplicity, we denote [image: image] with gk≔(ψi + ψj)/2 and K = N(N + 1)/2.
Then, the MEL ratio for given β is defined as
[image: image]
By a simple Lagrange calculation, we have
[image: image]
and the Lagrange multiplier [image: image] is the solution to
[image: image]
Theorem 2.2. Under the assumptions of A1–A4 [4], if β0 is the true value, [image: image] in distribution as n → ∞.
Consequently, the MEL-based confidence region for β of level 1 − α is
[image: image]
In the next section, we will verify the accurate coverage probability of the confidence region under the finite sample by simulation study for different versions of EL.
3 SIMULATION
To investigate the finite-sample performance of our proposed AEL*(the notation of our proposed AEL in the following statements) and MEL, we carry out extensive Monte Carlo simulation studies of the ARMA (p,q) and ARFIMA (p,d,q) models in this section. To emphasize that our proposed adjustment level is better than the conventional adjustment level a = max{ log(N)/2, 1} of AEL of [15] and [16], we also studied the unadjusted EL and their AEL. Furthermore, we studied the confidence region graphically.
3.1. Simulation Setup
We consider several ARMA (p,q) and ARFIMA (p,d,q) processes with different sample sizes and Gaussian noise with zero mean. In each case, 5,000 replications are generated to compute the coverage probability. Nominal levels are set to be 1 − α = 0.90, 0.95, 0.99, respectively. It is notable that although the series length is T, the sample size we use is only N = [(T − 1)/2]. In the simulations, we use the consistent estimators [image: image] and [image: image] to replace the adjustment factors a1 and a2, respectively. The computations [image: image] and [image: image] are completely similar to those of Section 3.3 in [22]. When the dimension of the parameter m = 1, we only add one pseudo observation with the adjustment level [image: image]. Specifically,
[image: image]
where αrs⋯t = E (YrYs … , Yt), Yt is the tth component of Y, Y = Pτψ0, ψ0 = ψ(I(ω), β0), and P is the orthogonal matrix such that [image: image]. {ξi, i = 1, … , m} are eigenvalues of [image: image]. Note [image: image]. Then, the consistent estimators [image: image] and [image: image] are obtained by replacing the components of a1, a2 with their corresponding consistent estimators, which are given in the following table:
 | 
[image: ]3.2 Simulation Results
Tables 1–7 report the coverage probabilities of confidence regions based on four versions of EL. First, we find that our proposed AEL* performs better than other ELs in terms of the coverage probability for all cases and that the coverage probability of our proposed AEL* is the closest to the normal level. Second, when the sample size is very small, the coverage probability based on MEL is smaller than that based on AEL with the adjustment level a = max (log(N)/2, 1). But, when the sample size is moderate, the coverage probability is comparable to that based on AEL method, which is because the improvement only relies on the increasing sample size in essence. So, MEL enhances the coverage probability at some expense of computational efficiency. Third, the coverage probabilities based on AEL and AEL* are not always enhanced with the increasing sample size. Fourth, from Table 1, when the coverage probability increases, the corresponding average length of the confidence interval is getting large. Fifth, Table 3 indicates that the coverage probabilities become small when the parameter approximates the critical value tending to non-stationarity. The confidence regions in Figures 1, 2 are respectively depicted as the case with the series length 1,000 and 200. When the sample size is large, there is little difference in four kinds of the confidence region in Figure 1. In Figure 2, obviously, when the sample size is small, our proposed AEL*-based confidence region is the smallest among the four counterparts, and the MEL-based confidence contour contains others. It indicates that our proposed AEL* has not only high-coverage probabilities but also small confidence regions, and MEL has high-coverage probabilities and relative large confidence regions. The shape of the confidence region matches with the data-driven property of the EL method. That is, the shapes of confidence regions are completely determined by the data.
TABLE 1 | Coverage probabilities (average length) of confidence intervals of θ =0.2 in MA (1).
[image: Table 1]TABLE 2 | Coverage probabilities of confidence intervals of d in ARFIMA (0,d,0).
[image: Table 2]TABLE 3 | Coverage probabilities of 95% confidence intervals of ϕ in AR (1).
[image: Table 3]TABLE 4 | Coverage probabilities of 95% confidence regions of (ϕ1, ϕ2) in AR (2).
[image: Table 4]TABLE 5 | Coverage probabilities of 95% confidence regions of (θ, ϕ) in ARMA (1.1).
[image: Table 5]TABLE 6 | Coverage probabilities of 95% confidence regions of (d, θ) in ARFIMA (0,d,1).
[image: Table 6]TABLE 7 | Coverage probabilities of 95% confidence regions of (ϕ, d) in ARFIMA (1,d,0).
[image: Table 7][image: Figure 1]FIGURE 1 | 95% confidence regions with a sample size 1,000. (A) Confidence regions of (d,Φ)=(0.3,0.5) in ARFIMA(1,d,0); (B) Confidence regions of (d,θ)=(0.4,0.1) in ARFIMA(0,d,1).
[image: Figure 2]FIGURE 2 | 95% confidence regions with a sample size 200. (A) Confidence regions of (θ1,θ2)=(0.5,0.2) in MA(2); (B) Confidence regions of (Φ1,Φ2)=(0.2,0.6) in AR(2).
4 REAL EXAMPLES
In this section, we illustrate and compare the validity of our proposed EL methods described in previous sections by analyzing some real examples.
4.1 Annual U.S. Unemployment Rate
First, we take annual U.S. unemployment rate series as an example to investigate the confidence region of our proposed EL methods. The data are collected from 1948 to 2019 and available from https://forecast-chart.com/forecast-unemployment-rate.html. The trajectory of these data is displayed in Figure 3A. We consider it as a realization of a stationary process. By the sample autocovariance function (ACF) and partial autocovariance function (PACF) analysis, we fit the unemployment rate by an AR (2) model. The 95% confidence regions based on our proposed AEL* and MEL are displayed in Figure 3B. The shapes coincide with EL’s data-driven property, and the size indicates our proposed methods are much better than the previous EL and AEL methods.
[image: Figure 3]FIGURE 3 | (A) Trajectory of the annual U.S. unemployment rate from 1948 to 2019; (B) plot of 95% confidence regions for parameters (ϕ1, ϕ2) based on EL, AEL, AEL*, and MEL methods; the corresponding AEL* point estimate is denoted as △.
4.2 S&P 500 VIX
S&P 500 VIX is a forward-looking index. If it is extended to the price observations of the broader market level index, the investor will get a peek into volatility of the larger market. So, it is meaningful to fit a proper model. Here, we collect the data from April 25, 2019 to November 21, 2019. The trajectory is displayed in Figure 4A. We fit the data by an ARFIMA (1,d, 0) model with maximum likelihood point estimates [image: image]. Then, the confidence regions are exhibited in Figure 4B. Compared with the original EL and the previous AEL, our proposed AEL*-based confidence region is still the best, and the MEL-based confidence contour also contains the others.
[image: Figure 4]FIGURE 4 | (A) Trajectory of VIX series from April 25, 2019 to November 21, 2019; (B) plot of 95% confidence regions for parameters (ϕ, d) in ARFIMA (1,d, 0) based on EL, AEL, AEL*, and MEL methods; corresponding maximum likelihood and EL point estimates are denoted as ◦ and △, respectively.
4.3 Shanghai Securities Composite Index
Finally, we analyze the daily log-return rate of Shanghai Securities Composite Index. The data range from June 4, 2020 to March 26, 2021. Figure 5A displays the realization of the index. We fit it as an ARFIMA (0,d, 0) model. The maximum likelihood and the EL estimate are [image: image] and [image: image], respectively, and the lengths of four kinds of the EL confidence interval are displayed in Table 8. We find that the confidence interval based on MEL is still the largest, and the one based on our proposed AEL* is still the smallest.
[image: Figure 5]FIGURE 5 | Trajectory of the daily log-return rate of Shanghai Securities Composite Index.
TABLE 8 | Point estimates and the length of 95% confidence interval of the Shanghai Securities Composite Index by fitting it as an ARFIMA (0,d,0) model.
[image: Table 8]5 CONCLUSION
In this article, we introduce two new versions of EL to construct confidence regions for parameters in stationary short- and long-memory time series. Our proposed AEL* and MEL do enhance the approximation precision of chi-square limiting distribution, which determines the good performance of corresponding confidence regions. Simulations show that our proposed AEL* has the better coverage probability than that of the previous AEL and MEL.
DATA AVAILABILITY STATEMENT
The original contributions presented in the study are included in the article/Supplementary Material, further inquiries can be directed to the corresponding author.
AUTHOR CONTRIBUTIONS
ZL and XZ are responsible for the theoretical part. RZ is responsible for the simulation and application. ZLu and RZ are responsible for writing.
PUBLISHER’S NOTE
All claims expressed in this article are solely those of the authors and do not necessarily represent those of their affiliated organizations, or those of the publisher, the editors, and the reviewers. Any product that may be evaluated in this article, or claim that may be made by its manufacturer, is not guaranteed or endorsed by the publisher.
REFERENCES
 1. Owen ABEmpirical Likelihood Ratio Confidence Intervals for a Single Functional. Biometrika (1988) 75:237–49. doi:10.1093/biomet/75.2.237
 2. Owen ABEmpirical Likelihood Ratio Confidence Regions. Ann Stat (1990) 18:90–120. doi:10.1214/aos/1176347494
 3. Monti AEmpirical Likelihood Confidence Regions in Time Series Models. Biometrika (1997) 84:395–405. doi:10.1093/biomet/84.2.395
 4. Nordman DJ, Lahiri SNA Frequency Domain Empirical Likelihood for Short- and Long-Range Dependence. Ann Stat (2006) 34:3019–50. doi:10.1214/009053606000000902
 5. Yau CYEmpirical Likelihood in Long-Memory Time Series Models. J Time Ser Anal (2012) 33:269–75. doi:10.1111/j.1467-9892.2011.00756.x
 6. DiCiccio TJ, Hall P, Romano JPEmpirical Likelihood Is Bartlett Correctable. Ann Stat (1991) 19:1053–61. doi:10.1214/aos/1176348137
 7. Chen J, Variyath AM, Abraham BAdjusted Empirical Likelihood and its Properties. J Comput Graphical Stat (2008) 17:426–43. doi:10.1198/106186008x321068
 8. Emerson SC, Owen ABCalibration of the Empirical Likelihood Method for a Vector Mean. Electron J Stat (2009) 3:1161–92. doi:10.1214/09-ejs518
 9. Chan NH, Liu LBartlett Correctability of Empirical Likelihood for Time Series. Jjss (2010) 40:221–38. doi:10.14490/jjss.40.221
 10. Li X, Chen JH, Wu YH, Tu DSConstructing Nonparametric Likelihood Confidence Regions with High Order Precisions. Stat Sinica (2011) 21:1767–83. doi:10.5705/ss.2009.117
 11. Cheng C, Liu Y, Liu Z, Zhou WBalanced Augmented Jackknife Empirical Likelihood for Two Sample U-Statistics. Sci China Math (2018) 61(6):1129–38. doi:10.1007/s11425-016-9071-y
 12. Dahlhaus R, Wefelmeyer WAsymptotically Optimal Estimation in Misspecified Time Series Models. Ann Stat (1996) 24:952–74. doi:10.1214/aos/1032526951
 13. Jiang F, Wang LAdjusted Blockwise Empirical Likelihood for Long Memory Time Series Models. Stat Methods Appl (2018) 27:319–32. doi:10.1007/s10260-017-0403-1
 14. Liang W, Dai H, He SMean Empirical Likelihood. Comput Stat Data Anal (2019) 138:155–69. doi:10.1016/j.csda.2019.04.007
 15. Piyadi Gamage RD, Ning W, Gupta AKAdjusted Empirical Likelihood for Long-Memory Time-Series Models. J Stat Theor Pract (2017) 11:220–33. doi:10.1080/15598608.2016.1271373
 16. Piyadi Gamage RD, Ning W, Gupta AKAdjusted Empirical Likelihood for Time Series Models. Sankhya B (2017) 79:336–60. doi:10.1007/s13571-017-0137-y
 17. Granger CWJ, Joyeux RAn Introduction to Long-Memory Time Series Models and Fractional Differencing. J Time Ser Anal (1980) 1:15–29. doi:10.1111/j.1467-9892.1980.tb00297.x
 18. Li MMulti-fractional Generalized Cauchy Process and its Application to Teletraffic. Physica A: Stat Mech its Appl (2020) 550:123982. doi:10.1016/j.physa.2019.123982
 19. Li MGeneralized Fractional Gaussian Noise and its Application to Traffic Modeling. Physica A (2021) 579:1236137. doi:10.1016/j.physa.2021.126138
 20. Li MModified Multifractional Gaussian Noise and its Application. Phys Scr (2021) 96:125002. doi:10.1088/1402-4896/ac1cf6
 21. Whittle PEstimation and Information in Stationary Time Series. Ark. Mat. r Matematik (1953) 2:423–34. doi:10.1007/bf02590998
 22. Liu YK, Chen JHAdjusted Empirical Likelihood with High-Order Precision. Ann Stat (2010) 38(3):1341–62. doi:10.1214/09-aos750
APPENDIX
Proof of Theorem 2.2. For simplicity, denote gk≔gk (I (ωk), β), [image: image], and ρ≔ρβ. Following [3], ‖λ‖ = Op(N−1/2) and [image: image]. Hence,
[image: image]
[image: image]
The Taylor expansion of equation (5) is
[image: image]
then [image: image]. Substituting λ into RM(β0), we have
[image: image]
[image: image]
Combining Equations (4.4) and (4.5) of Monti (1997) with the proof of Theorem 1 of Yau (2012), we have [image: image] as n → ∞, where[image: image] means convergence in distribution.
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Let SH be a sub-fractional Brownian motion with index [image: image]. In this paper, we consider the linear self-interacting diffusion driven by SH, which is the solution to the equation
[image: image]
where θ < 0 and [image: image] are two parameters. Such process XH is called self-repelling and it is an analogue of the linear self-attracting diffusion [Cranston and Le Jan, Math. Ann. 303 (1995), 87–93]. Our main aim is to study the large time behaviors. We show the solution XH diverges to infinity, as t tends to infinity, and obtain the speed at which the process XH diverges to infinity as t tends to infinity.
Keywords: the self-repelling diffusion, asymptotic distribution, convergence, sub-fractional Brownian motion, stochastic integral
1 INTRODUCTION
In 1995, Cranston and Le Jan [1] introduced a linear self-attracting diffusion
[image: image]
with θ > 0 and X0 = 0, where B is a 1-dimensional standard Brownian motion. They showed that the process Xt converges in L2 and almost surely, as t tends infinity. This is a special case of path dependent stochastic differential equations. Such path dependent stochastic differential equation was first developed by Durrett and Rogers [2] introduced in 1992 as a model for the shape of a growing polymer (Brownian polymer) as follows
[image: image]
where B is a d-dimensional standard Brownian motion and f is Lipschitz continuous. Xt corresponds to the location of the end of the polymer at time t. Under some conditions, they established asymptotic behavior of the solution of stochastic differential equation and gave some conjectures and questions. The model is a continuous analogue of the notion of edge (resp. vertex) self-interacting random walk. If f(x) = g(x)x/‖x‖ and g(x) ≥ 0, Xt is a continuous analogue of a process introduced by Diaconis and studied by Pemantle [3]. Let [image: image] be the local time of the solution process X. Then, we have
[image: image]
for all t ≥ 0. This formulation makes it clear how the process X interacts with its own occupation density. We may call this solution a Brownian motion interacting with its own passed trajectory, i.e., a self-interacting motion. In general, the Eq. 1.2 defines a self-interacting diffusion without any assumption on f. If
[image: image]
for all [image: image], we call it self-repelling (resp. self-attracting). In 2002, Benaïm et al [4] also introduced a self-interacting diffusion with dependence on the (convolved) empirical measure. A great difference between these diffusions and Brownian polymers is that the drift term is divided by t. It is noteworthy that the interaction potential is attractive enough to compare the diffusion (a bit modified) to an Ornstein-Uhlenbeck process, in many case of f, which points out an access to its asymptotic behavior. More works can be found in Benaïm et al. [5], Cranston and Mountford [6], Gauthier [7], Herrmann and Roynette [8], Herrmann and Scheutzow [9], Mountford and Tarr [10], Shen et al [11], Sun and Yan [12] and the references therein.
On the other hand, starting from the application of fractional Brownian motion in polymer modeling, Yan et al [13] considered an analogue of the linear self-interacting diffusion:
[image: image]
with θ ≠ 0 and [image: image], where BH is a fractional Brownian motion (fBm, in short) with Hurst parameter [image: image]. The solution of (1.3) is a Gaussian process. When θ > 0, Yan et al [13] showed that the solution XH of (1.3) converges in L2 and almost surely, to the random variable
[image: image]
where the function is defined ar follows
[image: image]
with θ > 0. Recently, Sun and Yan [14] considered the related parameter estimations with θ > 0 and [image: image], and Gan and Yan [15] considered the parameter estimations with θ < 0 and [image: image].
Motivated by these results, as a natural extension one can consider the following stochastic differential equation:
[image: image]
with θ > 0 and X0 = 0, where G = {Gt, t ≥ 0} is a Gaussian process with some suitable conditions which includes fractional Brownian motion and some related processes. However, for a (general) abstract Gaussian process it is difficult to find some interesting fine estimates associated with the calculations. So, in this paper we consider the linear self-attracting diffusion driven by a sub-fractional Brownian motion (sub-fBm, in short). We choose this kind of Gaussian process because it is only the generalization of Brownian motion rather than the generalization of fractional Brownian motion. It only has some similar properties of fractional Brownian motion, such as long memory and self similarity, but it has no stationary increment. The so-called sub-fBm with index H ∈ (0, 1) is a mean zero Gaussian process [image: image] with [image: image] and the covariance
[image: image]
for all s, t ≥ 0. For H = 1/2, SH coincides with the standard Brownian motion B. SH is neither a semimartingale nor a Markov process unless H = 1/2, so many of the powerful techniques from stochastic analysis are not available when dealing with SH. As a Gaussian process, it is possible to construct a stochastic calculus of variations with respect to SH (see, for example, Alós et al [16]). The sub-fBm has properties analogous to those of fBm and satisfies the following estimates:
[image: image]
More works for sub-fBm and related processes can be found in Bojdecki et al. [17–20], Li [21–24], Shen and Yan [25, 26], Sun and Yan [27], Tudor [28–31], Ciprian A. Tudor [32] Yan et al [33–35] and the references therein.
In this present paper, we consider the linear self-interacting diffusion
[image: image]
with θ < 0 and [image: image], where SH is a sub-fBm with Hurst parameter [image: image]. Our main aim is to show that the solution of (1.7) diverges to infinity and obtain the speed diverging to infinity, as t tends to infinity. The object of this paper is to expound and prove the following statements:
(I) For θ < 0 and [image: image], the random variable
[image: image]
exists as an element in L2.
(II) For θ < 0 and [image: image], as t → ∞, we have
[image: image]
in L2 and almost surely.
(III) For θ < 0 and [image: image], define the processes [image: image] by
[image: image]
for all t ≥ 0, where (−1)!! = 1. We then have
[image: image]
holds in L2 and almost surely for every n ≥ 1, as t → ∞.
This paper is organized as follows. In Section 2 we present some preliminaries for sub-fBm and Malliavin calculus. In Section 3, we obtain some lemmas. In Section 4, we prove the main result. In Section 5 we give some numerical results.
[image: Figure 1]FIGURE 1 | A path of XH with θ = − 1 and H = 0.7.
[image: Figure 2]FIGURE 2 | A path of XH with θ = − 10 and H = 0.7.
[image: Figure 3]FIGURE 3 | A path of XH with θ = − 100 and H = 0.7.
[image: Figure 4]FIGURE 4 | A path of XH with θ = − 1 and H = 0.5.
[image: Figure 5]FIGURE 5 | A path of XH with θ = − 10 and H = 0.5.
[image: Figure 6]FIGURE 6 | A path of XH with θ = − 100 and H = 0.5.
TABLE 1 | The data of [image: image] with θ = − 1 and H = 0.7.
[image: Table 1]TABLE 2 | The data of [image: image] with θ = − 10 and H = 0.7.
[image: Table 2]TABLE 3 | The data of [image: image] with θ = − 100 and H = 0.7.
[image: Table 3]TABLE 4 | The data of [image: image] with θ = − 1 and H = 0.5.
[image: Table 4]TABLE 5 | The data of [image: image] with θ = − 10 and H = 0.5.
[image: Table 5]TABLE 6 | The data of [image: image] with θ = − 100 and H = 0.5.
[image: Table 6]2 PRELIMINARIES
In this section, we briefly recall the definition and properties of stochastic integral with respect to sub-fBm. We refer to Alós et al [16], Nualart [36], and Tudor [31] for a complete description of stochastic calculus with respect to Gaussian processes. Throughout this paper we assume that [image: image] denotes a sub-fBm defined on the probability space [image: image] with index H. As we pointed out before, the sub-fBm SH is a rather special class of self-similar Gaussian processes such that [image: image], [image: image] and
[image: image]
for all s, t ≥ 0. For H = 1/2, SH coincides with the standard Brownian motion B. SH is neither a semimartingale nor a Markov process unless H = 1/2, so many of the powerful techniques from stochastic analysis are not available when dealing with SH. As a Gaussian process, it is possible to construct a stochastic calculus of variations with respect to SH. The sub-fBm appeared in Bojdecki et al [17] in a limit of occupation time fluctuations of a system of independent particles moving in [image: image] according a symmetric α-stable Lévy process, and it also appears in Bojdecki et al [18] in a high-density limit of occupation time fluctuations of the above mentioned particle system, where the initial Poisson configuration has finite intensity measure.
The estimate (1.6) and normality imply that the sub-fBm [image: image] admits almost surely a bounded [image: image]-variation on any finite interval for any sufficiently small ϑ ∈ (0, H). That is, the paths of [image: image] admits a bounded pH-variation on any finite interval with [image: image]. As an immediate result, one can define the Young integral of a process u = {ut, t ≥ 0} with respect to sub-fBm Ba,b
[image: image]
as the limit in probability of a Riemann sum. Clearly, the integral is well-defined and
[image: image]
for all t ≥ 0, provided u is of bounded qH-variation on any finite interval with qH > 1 and [image: image] (see, for examples, Bertoin [37] and FöIllmer [38]).
Let [image: image] be the completion of the linear space [image: image] generated by the indicator functions 1[0,t], t ∈ [0, T] with respect to the inner product
[image: image]
for s, t ∈ [0, T]. When [image: image], we can show that
[image: image]
where
[image: image]
for s, t ∈ [0, T]. Define the linear mapping [image: image] by
[image: image]
for all t ∈ [0, T] and it can be continuously extended to [image: image] and we call the mapping Φ is called the Wiener integral with respect to SH, denoted by
[image: image]
and
[image: image]
for any [image: image].
For simplicity, in this paper we assume that [image: image]. Thus, if for every T > 0, the integral
[image: image]
exists in L2 and
[image: image]
we can define the integral
[image: image]
and
[image: image]
Denote by [image: image] the set of smooth functionals of the form
[image: image]
where [image: image] and [image: image]. The Malliavin derivative D of a functional F as above is given by
[image: image]
The derivative operator D is then a closable operator from L2(Ω) into [image: image]. We denote by [image: image] the closure of [image: image] with respect to the norm
[image: image]
The divergence integral δ is the adjoint of derivative operator DH. That is, we say that a random variable u in [image: image] belongs to the domain of the divergence operator δ, denoted by Dom(δS), if
[image: image]
for every [image: image], where c is a constant depending only on u. In this case δ(u) is defined by the duality relationship
[image: image]
for any [image: image]. We have [image: image] and for any [image: image]
[image: image]
where [image: image] is the adjoint of Du in the Hilbert space [image: image]. We will denote
[image: image]
for an adapted process u, and it is called Skorohod integral. Alós et al [16], we can obtain the relationship between the Skorohod and Young integral as follows
[image: image]
provided u has a bounded q-variation with [image: image] and [image: image] such that
[image: image]
Theorem 2.1 (Alós et al [16]). Let 0 < H < 1 and let [image: image] such that
[image: image]
where κ and β are two positive constants with [image: image]. Then we have
[image: image]
for all t ∈ [0, T].
3 SOME BASIC ESTIMATES
Throughout this paper we assume that θ < 0 and [image: image]. Recall that the linear self-interacting diffusion with sub-fBm SH defined by the stochastic differential equation
[image: image]
with θ < 0. Define the kernel (t, s)↦hθ(t, s) as follows
[image: image]
for s, t ≥ 0. By the variation of constants method (see, Cranston and Le Jan [1]) or Itô’s formula we may introduce the following representation:
[image: image]
for t ≥ 0.
The kernel function (t, s)↦hθ(t, s) with θ < 0 admits the following properties (these properties are proved partly in Sun and Yan [12]):
• For all s ≥ 0, the limit
[image: image]
for all s ≥ 0.
• For all t ≥ s ≥ 0, we have
[image: image]
• For all t ≥ s, r ≥ 0, we have
[image: image]
Lemma 3.1 Let θ < 0 and define function
[image: image]
We then have [image: image] and
[image: image]
Proof This is simple calculus exercise.
Lemma 3.2 (Sun and Yan [12]). Let θ < 0 and define the functions t↦Iθ(t, n), n = 1, 2, … as follows
[image: image]
Then we have
[image: image]
for every n ≥ 0, where (−1)! = 1.
Lemma 3.3 Let θ < 0. Then the integral
[image: image]
converges and as t → ∞,
[image: image]
Proof An elementary may show that (3.6) converges for all θ < 0. It follows from L’Hôspital’s rule that
[image: image]
where we have used the following fact:
[image: image]
This completes the proof.
Lemma 3.4 Let θ < 0. Then, convergence
[image: image]
holds.
Proof It follows from L’Hôspital’s rule that
[image: image]
for all θ < 0 and [image: image]. By making the change of variable [image: image], we see that
[image: image]
for all θ < 0 and [image: image]. This completes the proof.
Lemma 3.5 Let θ < 0 and 0 ≤ s < t ≤ T. We then have
[image: image]
Proof Given 0 ≤ s < t ≤ T and denote
[image: image]
It follows that
[image: image]
Now, we estimate the three terms. For the first term, we have
[image: image]
for all θ < 0 and 0 < s < t ≤ T. For the second term, we have
[image: image]
for all θ < 0 and 0 < s < t ≤ T. Similarly, for the third term, we also prove
[image: image]
for all θ < 0 and 0 < s < t ≤ T. Thus, we have obtained the following estimate:
[image: image]
for all θ < 0 and 0 < s < t ≤ T.On the other hand, elementary calculations may show that
[image: image]
and
[image: image]
for all θ < 0 and 0 < s < t ≤ T. It follows that
[image: image]
for all θ < 0 and 0 < s < t ≤ T, which implies that
[image: image]
for all θ < 0 and 0 < s < t ≤ T. Noting that the above calculations are invertible for all θ < 0 and 0 < s < t ≤ T, one can obtain the left hand side in (3.8) and the lemma follows.
4 CONVERGENCE
In this section, we obtain the large time behaviors associated with the solution XH to Eq. 3.1. From Lemma 3.5 and Guassianness, we find that the self-repelling diffusion [image: image] is H-Hölder continuous. So, the integral
[image: image]
exists with t ≥ 0 as a Young integral and
[image: image]
for all t ≥ 0. Define the process Y = {Yt, t ≥ 0} by
[image: image]
By the variation of constants method, one can prove
[image: image]
for all t ≥ 0. Define Gaussian process [image: image] as follows
[image: image]
Lemma 4.1 Let θ < 0 and [image: image]. Then, the random variable
[image: image]
exists as an element in L2. Moreover, ξH is H-Hölder continuous and [image: image] in L2 and almost surely, as t tends to infinity.
Proof This is simple calculus exercise. In fact, we have
[image: image]
for all θ < 0 and [image: image], which shows that the random variable [image: image] exists as an element in L2.Now, we show that the process ξa,b is Hölder continuous. For all 0 < s < t by the inequality [image: image] for all x ≥ 0, we have
[image: image]
Thus, the normality of ξH implies that
[image: image]
for all 0 ≤ s < t, [image: image] and integer numbers n ≥ 1, and the Hölder continuity follows.
Nextly, we check the [image: image] converges to [image: image] in L2. This follows from the next estimate:
[image: image]
as t tends to infinity.
Finally, we check the [image: image] converges to [image: image] almost surely. By integration by parts we see that
[image: image]
for all t ≥ 0. Elementary may check that the convergence
[image: image]
holds almost surely, as t tends to infinity. In fact, by inequality
[image: image]
with t ≥ 0, we may show that
[image: image]
for all integer numbers n ≥ 1, and hence
[image: image]
Thus, Borel-Cantelli’s lemma implies that [image: image] converges to zero almost surely as t tends to infinity, and the lemma follows from (4.2).
Corollary 4.1 For all γ > 0, we have
[image: image]
in L2 and almost surely, as t tends to infinity.
Lemma 4.2 Let θ < 0 and [image: image]. Then, we have
[image: image]
in L2 and almost surely for every γ ≥ 0, as t tends to infinity.
Proof Given 0 < s ≤ t, θ < 0 and denote
[image: image]
where we have used the fact
[image: image]
and estimates
[image: image]
It follows that
[image: image]
which shows that Λγ(t, θ) converges to zero in L2.
Now, we obtain the convergence with probability one. Noting that
[image: image]
for all u ≥ 0, we get
[image: image]
almost surely for all γ ≥ 0, θ < 0 and [image: image], as t tends to infinity. This completes the proof.
The objects of this paper are to prove the following theorems which give the long time behaviors for XH with [image: image].
Theorem 4.1 Let θ < 0 and [image: image]. Then, as t → ∞, the convergence
[image: image]
holds in L2 and almost surely.
Proof Given t > 0 and θ < 0. Simple calculations may prove
[image: image]
It follows from Lemma 4.1, Corollary 4.1, and Lemma 4.2 that
[image: image]
in L2 and almost surely for all θ < 0 and [image: image], as t tends to infinity.
Theorem 4.2 Define the processes [image: image] by
[image: image]
for all t ≥ 0, where (−1)!! = 1. Then, the convergence
[image: image]
holds in L2 and almost surely for every n ≥ 1, as t → ∞.
Proof From the proof of Theorem 4.1, we find that the identities
[image: image]
holds for all t > 0, n ≥ 1 and θ < 0, where In(t, θ) is given in Lemma 3.2. Thus, the theorem follows from Lemma 4.1, Corollary 4.1, Lemma 4.2 and Theorem 4.1.
5 SIMULATION
We have applied our results to the following linear self-repelling diffusion driven by a sub-fBm SH with [image: image]:
[image: image]
where θ < 0 and [image: image] are two parameters. We will simulate the process with ν = 0 in the following cases:
• H = 0.7 and θ = − 1, θ = − 10, and θ = − 100, respectively (see, Figure 1, Figure 2, Figure 3, and Table 1, Table 2, Table 3);
• H = 0.5 and θ = − 1, θ = − 10, and θ = − 100, respectively (see, Figure 4, Figure 5, Figure 6, and Table 4, Table 5, Table 6);
Remark 1 From the following numerical results, we can find that it is important to study the estimates of parameters θ and ν.
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In this study, as a continuation to the studies of the self-interaction diffusion driven by subfractional Brownian motion SH, we analyze the asymptotic behavior of the linear self-attracting diffusion:
[image: image]
where θ > 0 and [image: image] are two parameters. When θ < 0, the solution of this equation is called self-repelling. Our main aim is to show the solution XH converges to a normal random variable [image: image] with mean zero as t tends to infinity and obtain the speed at which the process XH converges to [image: image] as t tends to infinity.
Keywords: subfractional Brownian motion, self-attracting diffusion, law of large numbers, Malliavin calculus, asymptotic distribution
1 INTRODUCTION
In a previous study (I) (see [12]), as an extension to classical result, we considered the linear self-interacting diffusion as follows:
[image: image]
with θ ≠ 0, where θ and ν are two real numbers, and SH is a sub-fBm with the Hurst parameter [image: image]. The solution of Eq. 1 is called self-repelling if θ < 0 and is called self-attracting if θ > 0. When θ < 0, in a previous study (I), we showed that the solution XH diverges to infinity as t tends to infinity and
[image: image]
and
[image: image]
in L2 and almost surely, for all n = 1, 2, …, where ( − 1)!! = 1 and
[image: image]
In the present study, we consider the case θ > 0 and study its large time behaviors.
Let us recall the main results concerning the system (Eq. 1). When [image: image], as a special case of path-dependent stochastic differential equations, in 1995, Cranston and Le Jan [8] introduced a linear self-attracting diffusion (Eq. 1) with θ > 0. They showed that the process Xt converges in L2 and almost surely as t tends infinity. This path-dependent stochastic differential equation was first developed by Durrett and Rogers [10] introduced in 1992 as a model for the shape of a growing polymer (Brownian polymer). The general form of this kind of model can be expressed as follows:
[image: image]
where B is a d-dimensional standard Brownian motion and f is Lipschitz continuity. Xt corresponds to the location of the end of the polymer at time t. Under some conditions, they established asymptotic behavior of the solution of the stochastic differential equation. The model is a continuous analog of the notion of edge (respectively, vertex) self-interacting random walk (see, e.g., Pemantle [22]). By using the local time of the solution process X, we can make it clear how the process X interacts with its own occupation density. In general, Eq. 2 defines a self-interacting diffusion without any assumption on f. We call it self-repelling (respectively, self-attracting) if, for all [image: image] (respectively, [image: image]). More examples can be found in Benaïm et al. [2, 3], Cranston and Mountford [9], Gan and Yan [11], Gauthier [13], Herrmann and Roynette [14], Herrmann and Scheutzow [15], Mountford and Tarr [20], Sun and Yan [26, 27], Yan et al [34], and the references therein.
In this present study, our main aim is to expound and prove the following statements:
(I) For θ > 0 and [image: image], the random variable
[image: image]
exists as an element in L2, where the function is defined as follows:
[image: image]
with θ > 0.
(II) For θ > 0 and [image: image], we have
[image: image]
in L2 and almost surely as t → ∞.
(III) For θ > 0 and [image: image], we have
[image: image]
in distribution as t → ∞, where
[image: image]
(IV) For θ > 0 and [image: image], we have
[image: image]
Then the convergence
[image: image]
holds in L2 as T tends to infinity.
This article is organized as follows. In Section 2, we present some preliminaries for sub-fBm and Malliavin calculus. In Section 3, we obtain some lemmas. In Section 4, we prove the main results given as before. In Section 5, we give some numerical results.
2 PRELIMINARIES
In this section, we briefly recall the definition and properties of stochastic integral with respect to sub-fBm. We refer to Alós et al [1], Nualart [21], and Tudor [31] for a complete description of stochastic calculus with respect to Gaussian processes.
As we pointed out in the previous study (I) (see [12]), the sub-fBm SH is a rather special class of self-similar Gaussian processes such that [image: image] and
[image: image]
for all s, t ≥ 0. For H = 1/2, SH coincides with the standard Brownian motion B. SH is neither a semimartingale nor a Markov process unless H = 1/2, so many of the powerful techniques from stochastic analysis are not available when dealing with SH. As a Gaussian process, it is possible to construct a stochastic calculus of variations with respect to SH. The sub-fBm appeared in Bojdecki et al [4] in a limit of occupation time fluctuations of a system of independent particles moving in [image: image] according a symmetric α-stable Lévy process. More examples for sub-fBm and related processes can be found in Bojdecki et al. [4–7], Li [16–19], Shen and Yan [23, 24], Sun and Yan [25], C. A. Tudor [32], Tudor [28–31], C. A. Tudor [33], Yan et al [33, 35, 36], and the references therein.
The normality and Hölder continuity of the sub-fBm SH imply that [image: image] admits a bounded pH variation on any finite interval with [image: image]. As an immediate result, one can define the Young integral of a process u = {ut, t ≥ 0} with respect to a sub-fBm SH
[image: image]
as the limit in probability of a Riemann sum. Clearly, when u is of bounded qH variation on any finite interval with qH > 1 and [image: image], the integral is well-defined and
[image: image]
for all t ≥ 0.
Let [image: image] be the completion of the linear space [image: image] generated by the indicator functions 1[0,t], t ∈ [0, T] with respect to the inner product:
[image: image]
for s, t ∈ [0, T]. For every [image: image], we can define the Wiener integral with respect to SH, denoted by
[image: image]
as a linear (isometric) mapping from [image: image] onto [image: image] by using the limit in probability of a Riemann sum, where [image: image] is the Gaussian Hilbert space generating by [image: image] and
[image: image]
for any [image: image]. In particular, when [image: image], we can show that
[image: image]
where
[image: image]
for s, t ∈ [0, T]. Thus, when [image: image] if for every T > 0, the integral [image: image] exists in L2 and
[image: image]
we can define the integral as follows:
[image: image]
and
[image: image]
Let now D and δ be the (Malliavin) derivative and divergence operators associated with the sub-fBm SH. And let [image: image] denote the Hilbert space with respect to the norm as follows:
[image: image]
Then the duality relationship
[image: image]
holds for any [image: image] and [image: image]. Moreover, for any [image: image], we have
[image: image]
where (Du)∗ is the adjoint of Du in the Hilbert space given as follows: [image: image]. We denote
[image: image]
for an adapted process u, and it is called the Skorohod integral. By using Alós et al [1], we can obtain the relationship between the Skorohod and the Young integral as follows:
[image: image]
provided u has a bounded q variation with [image: image] and [image: image] such that
[image: image]
3 SOME BASIC ESTIMATES
For simplicity, we throughout let C stand for a positive constant which depends only on its superscripts, and its value may be different in different appearances, and this assumption is also suitable to c. Recall that the linear self-attracting diffusion with sub-fBm SH is defined by the following stochastic differential equation:
[image: image]
with θ > 0. The kernel (t, s)↦hθ(t, s) is defined as follows:
[image: image]
for s, t ≥ 0. By the variation of constants method (see, Cranston and Le Jan [8]) or Itô’s formula, we may introduce the following representation:
[image: image]
for t ≥ 0.
The kernel function (t, s)↦hθ(t, s) with θ > 0 admits the following properties (these properties are proved partly in Cranston and Le Jan [8]):
• For all s ≥ 0, the limit
[image: image]
exists.
• For all t ≥ s ≥ 0, we have hθ(s) ≤ hθ(t, s), and
[image: image]
• For all t ≥ s, r ≥ 0 and θ ≠ 0, we have
[image: image]
and
[image: image]
• For all t > 0, we have
[image: image]
Lemma 3.1 Let [image: image] and θ > 0. Then the random variable
[image: image]
exists as an element in L2.
Proof This is a simple calculus exercise. In fact, we have
[image: image]
for all θ > 0 and [image: image]. Clearly, Eq. 10 implies that
[image: image]
 and 
[image: image]
and
[image: image]
for all θ > 0 and [image: image]. These show that the random variable [image: image] exists as an element in L2.
Lemma 3.2 Let θ > 0. We then have
[image: image]
Proof This is a simple calculus exercise. In fact, we have
[image: image]
for all t ≥ 0 and θ > 0. Noting that
[image: image]
and
[image: image]
we see that
[image: image]
by L’Hopital’s rule.
Lemma 3.3 Let θ > 0. We then have
[image: image]
for all t ≥ 0.
Lemma 3.4 Let θ > 0 and [image: image]. We then have
[image: image]
Proof By L’Hopital’s rule and the change of variable [image: image], it follows that
[image: image]
where we have used the equation
[image: image]
This completes the proof.
Lemma 3.5 Let θ > 0 and [image: image]. We then have
[image: image]
for all 0 ≤ s < t ≤ T, where C and c are two positive constants depending only on H, θ, ν and T.
Proof The lemma is similar to Lemma 3.5 in the previous study (I).
Lemma 3.6 Let θ > 0 and [image: image]. Then the convergence
[image: image]
holds in L2 and almost surely as t tends to infinity.
Proof Convergence (18) in L2 follows from Lemma (3.1). In fact, by Eq. 10, we have
[image: image]
as t tends to infinity.On the other hand, by Lemma (3.5), 3.3 and the equation [image: image] almost surely as t tends to infinity, we find that
[image: image]
as t tends to infinity. It follows from the integration by parts that
[image: image]
almost surely as t tends to infinity.
4 SOME LARGE TIME BEHAVIORS
In this section, we consider the long time behaviors for XH with [image: image] and θ > and our objects are to prove the statements given in Section 1.
Theorem 4.1 Let θ > 0 and [image: image]. Then the convergence
[image: image]
holds in L2 and almost surely as t tends to infinity.
Proof When [image: image], the convergence is obtained in Cranston-Le Jan [8]. Consider the decomposition
[image: image]
for all t ≥ 0.We first check that Eq. 19 holds in L2. By Lemma 3.6 and Lemma 3.2, we only need to prove [image: image] converges to zero in L2. It follows from the equation
[image: image]
for all θ > 0 as t tends to infinity and Lemma 3.4 that
[image: image]
for all θ > 0 and [image: image] as t tends to infinity, which implies that Eq. 19 holds in L2.We now check that Eq. 19 holds almost surely as t tends to infinity. By Lemma 3.6, we only need check that [image: image] converges to zero almost surely as t tends to infinity. We have
[image: image]
for all θ > 0 and [image: image] as t tends to infinity. To obtain the convergence, we define the random sequence
[image: image]
for every integer n ≥ 1. Then {Zn,k, k = 0, 1, 2, …, n} is Gaussian for every integer n ≥ 1. It follows from Lemma 3.4 that
[image: image]
for every integer n ≥ 1 and 0 ≤ k ≤ n, which implies that
[image: image]
for any ɛ > 0, every integer n ≥ 1 and 0 ≤ k ≤ n.On the other hand, for every s ∈ (0, 1), we denote
[image: image]
Then [image: image] also is Gaussian for every integer n ≥ 1 and 0 ≤ k ≤ n. It follows that
[image: image]
for all s, s′ ∈ [0, 1]. Thus, for any ɛ > 0, by Slepian’s theorem and Markov’s inequality, one can get
[image: image]
for every integer n ≥ 1 and 0 ≤ k ≤ n. Combining this with the Borel–Cantelli lemma and the relationship
[image: image]
we show that [image: image] almost surely as t tends to infinity. This completes the proof.
Theorem 4.2 Let θ > 0 and [image: image]. Then the convergence
[image: image]
holds in distribution, where [image: image] is a central normal random variable with its variance
[image: image]
Proof When [image: image], this result also is unknown. We only consider the case [image: image] and similarly one can prove the convergence for [image: image]. By Eq. 20, Slutsky’s theorem, and Lemma 3.2, we only need to show that
[image: image]
in probability and
[image: image]
in distribution.First, Eq. 22 follows from Eq. 10 and
[image: image]
for all θ > 0 and [image: image] as t tends to infinity.We now obtain convergence (23). By the equation
[image: image]
as t tends to infinity and Lemma 3.4, we get
[image: image]
for all θ > 0 and [image: image] as t tends to infinity. Thus, convergence (23) follows from the normality of [image: image] for all [image: image] and the theorem follows.At the end of this section, we obtain a law of large numbers. Consider the process YH defined by
[image: image]
Then the self-attracting diffusion XH satisfies
[image: image]
and
[image: image]
by integration by parts. It follows that
[image: image]
for all [image: image] and t ≥ 0. By the variation of constant method, we can give the explicit representation of YH as follows:
[image: image]
Lemma 4.1 Let [image: image] and θ > 0. Then we have
[image: image]
almost surely and in L2 as T tends to infinity.
Proof This lemma follows from Eq. 24 and the estimates
[image: image]
as T tends to infinity.
Theorem 4.3 Let [image: image] and θ > 0. Then we have
[image: image]
in L2 as T tends to infinity.
Proof Given [image: image] and θ > 0,
[image: image]
for all t ≥ 0. Then
[image: image]
for all t ≥ 0. We now prove the lemma in three steps.
Step I We claim that
[image: image]
as t tends to infinity. Clearly, we have
[image: image]
Thus, 29 is equivalent to
[image: image]
By L’Hôspital’s rule and Lemma 3.4, it follows that
[image: image]
for all [image: image].
Step II We claim that
[image: image]
as T tends to infinity. We have that
[image: image]
for all t > s > 0. An elementary calculation may show that
[image: image]
for all t > s > 0. It follows from the equation [image: image] with x ≥ 0 and β > − 1 that
[image: image]
for all t > s > 0 and 0 ≤ α ≤ 1. For the term Λ2(H; t, s), by the proof of Lemma 3.4, we find that
[image: image]
for all [image: image]. Combining this with the equation
[image: image]
and the equation [image: image] with x > 0 and 0 < ϱ < 1, we get
[image: image]
for all t > s > 0, [image: image] and 0 ≤ γ ≤ 2 − 2H. Thus, we have showed that the estimate
[image: image]
holds for all t > s ≥ 0. In particular, we have
[image: image]
for all t, s ≥ 0. As a corollary, we get
[image: image]
as T tends to infinity.
Step III We claim that
[image: image]
as t tends to infinity. By steps I and II, we find that Eq. 37 is equivalent to
[image: image]
as t tends to infinity. Noting that the equation
[image: image]
for all t, s > 0, we further find that convergence (38) also is equivalent to
[image: image]
as T tends to infinity. We now check that convergence (40) in two cases.
Case 1 Let [image: image]. Clearly, by Eq. 36, we have to
[image: image]
Case 2 Let [image: image]. By Eq. 36, we have that
[image: image]
with [image: image] and
[image: image]
with [image: image] for all T > 1. Similarly, by Eq. 35, we also have
[image: image]
for all T > 1 and [image: image] since 0 < t2 − s2 < 1 for [image: image]. Thus, we have shown that
[image: image]
with [image: image] and
[image: image]
as T tends to infinity. This shows that convergence (40) holds for all [image: image]. Similarly, we can also show the theorem holds for [image: image] and the theorem follows.
Remark 1 By using the Borel–Cantelli lemma and Theorem 4.3, we can check that convergence (28) holds almost surely.
5 SIMULATION
We have applied our results to the following linear self-attracting diffusion driven by a sub-fBm SH with [image: image] as follows:
[image: image]
where θ > 0 and [image: image] are two parameters. We will simulate the process with ν = 0 in the following cases:
• H = 0.7: θ = 1, θ = 10 and θ = 100, respectively (see, Figures 1–3, Tables 1–3);
• H = 0.5: θ = 1, θ = 10 and θ = 100, respectively (see, Figures 4–6, Tables 4–6).
[image: Figure 1]FIGURE 1 | Path of XH with θ = 1 and H = 0.7.
[image: Figure 2]FIGURE 2 | Path of XH with θ = 10 and H = 0.7.
[image: Figure 3]FIGURE 3 | Path of XH with θ = 100 and H = 0.7.
TABLE 1 | Data of [image: image] with θ = 1 and H = 0.7
[image: Table 1]TABLE 2 | Data of [image: image] with θ = 10 and H = 0.7
[image: Table 2]TABLE 3 | Data of [image: image] with θ = 100 and H = 0.7
[image: Table 3][image: Figure 4]FIGURE 4 | Path of XH with θ = 1 and H = 0.5.
[image: Figure 5]FIGURE 5 | Path of XH with θ = 10 and H = 0.5.
[image: Figure 6]FIGURE 6 | Path of XH with θ = 100 and H = 0.5.
TABLE 4 | Data of [image: image] with θ = 1 and H = 0.5
[image: Table 4]TABLE 5 | Data of [image: image] with θ = 10 and H = 0.5
[image: Table 5]TABLE 6 | Data of [image: image] with θ = 100 and H = 0.5
[image: Table 6]Remark 2 From the following numerical results, we can find that it is important to study the estimates of parameters θ and ν.
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The sandpile cellular automata, despite the simplicity of their basic rules, are adequate mathematical models of real-world systems, primarily open nonlinear systems capable to self-organize into the critical state. Such systems surround us everywhere. Starting from processes at microscopic distances in the human brain and ending with large-scale water flows in the oceans. The detection of critical transitions precursors in sandpile cellular automata will allow progress significantly in the search for effective early warning signals for critical transitions in complex real systems. The presented paper is devoted to the detection and investigation of such signals based on multifractal analysis of the time series of falls of the cellular automaton cells. We examined cellular automata in square lattice and random graphs using standard and facilitated rules. It has been established that log wavelet leaders cumulant are effective early warning measures of the critical transitions. Common features and differences in the behavior of the log cumulants when cellular automata transit into the self-organized critical state and the self-organized bistability state are also established.
Keywords: early warning signals, sandpile cellular automata, self-organized criticality, selforganized bistability, wavelet leaders method, log-cumulants, multifractal formalism
INTRODUCTION
Open complex systems usually operate in a nonequilibrium state, which can lead to the appearance of fluctuations in them, induced by external influence. When the initial structureless state is lost, which is an extrapolation of the equilibrium state to nonequilibrium conditions, a critical transition occurs in the system, leading to the emergence of new stationary states. In addition to the specified critical transition that occurs as a result of bifurcations (the so-called bifurcation-induced critical transition), noise-induced critical transition and rate-induced critical transition can occur in systems. An important feature of such critical transitions is the fact that such transitions have common features, despite the differences in the details of the elements interactions of each system. Due to this reason, many common (unifying) quantitative and qualitative precursors of critical transitions or early warning signals (EWS) in the critical transitions have been proposed (see the papers [1–5]). Despite this, we assume that there should be differences in the EWS for different types of critical transitions, at least in the neighborhood of the critical transition point. Finding such differences is one of the objectives of our research.
The justification for the use of most early warning measures is associated with an increase in the time that needed to return to a stable state with small disturbances in the neighborhood of the critical point. These EWS include autocorrelation, variance, skewness and kurtosis, power spectral density, and Hurst exponents. These measures are estimated for the time series characterizing changes in some parameters of the systems. For example, the order parameter can be used as such parameter, if the critical transition is the first or the second order phase transition. Other EWS are recurrence measures such as determinism, laminarity and entropy (see the paper [6]).
Complex systems surround us everywhere. Starting from processes at microscopic distances in the human brain and ending with large-scale water flows in the oceans. In the complex systems, the interaction of individual elements with each other is so complex that the entire system acquires completely new and unexpected properties that cannot be reduced to the properties of individual parts. Controlling such parameters as temperature or magnetization, it is possible to provide a phase transition—a transition through a critical point, which is characterized by power laws. However, there are various examples of processes and systems (see the papers [7–9]), which are characterized by power laws that have arisen without any parameters’ tunning: seismic activity with destructive earthquakes, neural and social networks, financial markets, forest fires, etc. P. Bak, C. Tang, and K. Wiesenfeld [8] discovered self-organized criticality (SOC) phenomena in 1987. They built a mechanism that explains how a system reaches the critical state without tunning of any parameters. Their model, called the sandpile or BTW model, is implemented on a square lattice on which grains of sand fall. Sandpile cellular automata have simple rules that lead to complex critical behavior. A detailed description of sandpile models is provided in Time Series Data Generation using Sandpile Cellular Automata. The self-organized critical transition corresponds to the second order phase transitions. It was recently found (see the papers [10–13]) that in real complex systems the self-organized bistable (SOB) transition is possible, which corresponds to the first order phase transition. A sandpile cellular automata with facilitated rules has also been proposed (see the paper [13]), which is capable to demonstrate the SOB transition. At this moment, we are not aware of papers that present the results of the study of time series features generated by systems when they approach the SOC state and the SOB state. To close this gap, we conducted a study on discovering the EWS of the critical transitions and the features of the critical transitions for sandpile cellular automata. Our study is based on the results of multifractal time series analysis generated by the automata. Research results are presented in this paper.
The paper is structured as follows. Methods provides descriptions of local sandpile cellular automata rules in square lattice and random graphs—time series generators for the number of collapsed cells, and the wavelet leader method for time series analysis. In the Result and Their Discussion, the results of EWS detection for the critical transitions and multifractal features of the automata being in the subcritical phase and the critical state are presented and discussed. The Result and Their Discussion is devoted to the discussion of obtained results, as well as the discussion of possible practical applications obtained by EWS for detecting critical transitions.
METHODS
This Section describes the rules for the operation of sandpile cellular automata - time series generators for number of the falls ([image: image], where [image: image] is the iteration step). The rules of automata capable to self-organize into a critical state and the rules of automata capable to self-organize into a bistable state are considered. A brief description of wavelet leader method in the context of multifractal formalism is presented, as well as the role of log wavelet leaders cumulant in the analysis of multifractal time series.
Time Series Data Generation Using Sandpile Cellular Automata
To date, isotropic sandpile cellular automata (SCA) with a variety of local rules have been developed (see the reviews [14, 15]). To generate the time series data, we used the standard rules of the Bak—Tang—Wiesenfeld (BTW) [8], Feder—Feder (FF) [16] and Manna (M) [17] models. SCA with standard rules (SR) are capable to self-organize into a critical state. We also looked at facilitated sandpile cellular automata or facilitated rules (FR) automata. Such automata are capable to self-organize into a bistable state. A modification of the Manna model as a facilitated SCA model is presented in the paper [13]. Finally, we investigated the dynamics of sand grains not only on square lattice (SL), but also on random networks grown using the Erdos—Renyi (ER) model and the Barabasi—Albert (BA) model (see the papers [18, 19]). The introduced abbreviations will further be used to denote a cellular automaton. For example, FF-ST-BA matches sandpile cellular automata with standard Feder—Feder rules on Barabasi—Albert (BA) network.
The basic operating principle of any SCA is quite simple. Let us describe it in the form of an algorithm, at each step of which the similarities and differences of each of the automata are indicated. First of all, if cellular automata on random graphs are considered, then it is necessary to grow these graphs. A description of cultivation is provided at the end of this Subsection.
Step 1. Randomly selected cells (x, y) of a square lattice or a grown random graph are filled randomly, one particle at a time. As a result, the number of particles in these cells is zi (x,y)→zi (x,y)+1.
Step 2. The critical value of particles (zc) is determined for each cell. For square lattices zc = 4, for random graphs zc is equal to the number of connections of the vertex (x, y).
Step 3. Collapse of cells and redistribution of particles between cells.
The stability condition for each of the cells of the automaton for a model with standard rules is checked. If zi (x, y) ≥zc, then the given cell (x, y) crumbles with the distribution of particles into neighboring cells. After the cell is overturned, grains of sand are distributed equally to each neighboring cell in deterministic models (FF- and BTW-model); a grain of sand falls into a randomly selected neighboring cell in the stochastic M-model. On nodes with degree 1 of random graphs, the collapse of a cell (node) can only lead to the escape of particles from these nodes.
For the model with facilitated rules, the stability condition for each of the cells of the automaton is also checked. If zi (x, y) ≥zc or fi-1 (x, y) ≥2 (f is the number of falls into a cell on the previous move), then cell (x, y) collapses into neighboring cells in accordance with rules of the model. Also, shedding can be deterministic and random.
Step 4. The number of collapsed cells is calculated, which corresponds to the value of the time series at a certain step.
In conservative models (M- and BTW-model) on the SL, when the unstable cell is overturned, the value in it decreases by the value [image: image], as a result the number of sand grains is preserved. In such models, sand grains can leave the RSL only through the boundaries of the lattice. In the dissipative FF-model on the RSL, after overturning, the number of sand grains sand in the unstable cell becomes zero. In this case, a supercritical number of sand grains [image: image] occurs, which are also capable to leave the system through the lattice.
The sandpile cellular automata on the RSL are very approximate models of real systems, which are characterized by self-organization into a critical and bistable states. First of all, the approximation of the models is associated with a fixed and limited number of nearest neighbors of each node of the automaton. Therefore, the study of critical transitions in SCA on ER- and BA-networks is under particular interest. For example, although the ER model does not reproduce some of the typical properties of real networks, on average, the model is a good model for transportation networks, contagion and diffusion (see the paper [19]). The BA model is a good model for complex networks, and therefore has a much wider application area (see the papers [20, 21]). Random graph [image: image] in the ER model is grown as a result of joining any two vertices [image: image] and [image: image] ([image: image]), using edge [image: image] with some probability [image: image] regardless of all other pairs of vertices [image: image], the number of which is [image: image]. In other words, edges are grown according to the standard Bernoulli scheme with a fixed number of vertices equal to [image: image]. Random graph [image: image] in the BA model is grown from an initial graph with the number of vertices [image: image] and degree of vertices [image: image]. Each new vertex [image: image] joins the existing vertices with probability [image: image]. The network built using the BA model is a scale-free network with a power-law probability distribution for the degree of vertices. The total number of the edges for the BA graph and ER graph is the same and equals 2,500. The total number of edges in the square lattice is 4,900.
Below, we consider the formal rules of all studied sandpile cellular automata.
Sandpile Cellular Automata on the Square Lattice
Lets [image: image] is the number of the square lattice nodes, [image: image] is the number of nearest neighbors of the node, [image: image] denotes the nearest neighbors of the node.
Then the formal rules for BTW-ST-SL automata will take the following form.
[image: image]
BTW-FA-SL automata.
[image: image]
FF-ST-SL automata.
[image: image]
FF-FA-SL automata.
[image: image]
M-ST-SL automata.
[image: image]
M-FA-SL automata.
[image: image]
Sandpile Cellular Automata on the Random Graphs
Let [image: image] is the number of nearest neighbors for each node [image: image] of the graph, [image: image] denotes the nearest neighbors of the node.
Then the formal rules for BTW-ST automata will take the following form.
[image: image]
BTW-FA automata.
[image: image]
FF-ST automata.
[image: image]
FF-FA automata.
[image: image]
M-ST automata.
[image: image]
M-FA automata.
[image: image]
Wavelet Leaders Multifractal Analysis of Time Series Generated by Self-Organizing Cellular Automata
Multifractal analysis, being a method of local investigation of the temporal structure of a signal, allows to evaluate its correlation properties even with a relatively short signal registration. This is an undoubted advantage of this method (see the papers [22–24]). There are several methods of multifractal time series analysis, which have their own capabilities and limitations. The most common are multifractal detrended fluctuation analysis (MFDFA) [25, 26], wavelet transform maxima modules (WTMM) [27], and wavelet leader method (WLM) [28, 29], which is the development of the WTMM method. We used the WLM to estimate the multifractal singularity spectrum. One of the obvious advantages of WLM in relation to the MFDF method is the absence of the need to detrend the initial time series data, because the wavelets are not sensitive to the trend. In addition, the MFDFA method gives good estimates only for positive values of Holder exponents; at the same time, the accuracy of determining the values of [image: image] significantly decreases as [image: image].
Without consideration technical details of WLM, let us consider the main features of the method in the context of the multifractal formalism. A detailed description of the method is presented in the papers [30–32]. After the discrete wavelet transform, the time series is decomposed into discrete wavelet coefficients of different levels, which are presented in the form of a matrix. After that, this matrix is analyzed: the coefficient and its neighbors (right and left) are analyzed at each level. The largest of them is selected. Thus, a set of the largest coefficients is obtained. These are the wavelet leaders defined for each wavelet expansion level.
Next, the standard procedure for multifractal analysis will be considered. Structural functions are found that have the following form:
[image: image]
where [image: image] is the scale, [image: image] is the moment, [image: image] are the wavelet leaders for the time series [image: image], [image: image] denotes the scaling exponent, [image: image] denotes the number of [image: image] available at scale [image: image].
The scaling exponent [image: image] usually represented as the following decomposition:
[image: image]
where [image: image] is the ith log-cumulant.
The singularity spectrum [image: image] also allows quadratic expansion in the following form:
[image: image]
where [image: image] is the Holder exponent.
Expressions (14) and (15) allow to represent [image: image] and [image: image] as a series with degrees of [image: image] with coefficients [image: image]. The first two log-cumulants have the following interpretation. The log cumulant [image: image] corresponds to the position of the singularity spectrum maximum [image: image], and therefore [image: image]; [image: image] characterizes the spectrum width. Indeed, a typical singularity spectrum [image: image] has the shape of a bell and is characterized by the width of the spectrum and the position of the maximum. Also, the log cumulant [image: image] characterizes the slope of the scaling exponents [image: image]; [image: image] characterizes the deviation from linearity [image: image].
If [image: image] at [image: image], then [image: image] is a linear function corresponding to a monofractal time series. For such time series, the spectrum [image: image] is narrow and degenerates into a single point in the limit, while the Holder exponent [image: image] is equal to the Hurst exponent [image: image].
Thus, the doublet [image: image] contains the main part of multifractal information obtained from real data.
RESULTS AND THEIR DISCUSSION
In this Section, we consider the features of the time series for number of falls ([image: image])—the presence of long-range dependences and multifractal properties for fragments of time series corresponding to the subcritical (SubC) phase ([image: image]) and critical state ([image: image]). Here [image: image] is the time of the cellular automaton reaching the critical state. The results of consideration of the first two log cumulants behavior ([image: image]) as early warning identifiers for critical transitions are also presented. We generated fifty time series for each cellular automaton. Thus, we got fifty realizations for each random process. Obtaining such a number of realizations is due to the need to obtain interval estimates, in particular, for log cumulants.
Long-Range Dependence in the Time Series for the Sandpile Cellular Automata
Figure 1 shows the time series xt, t ∈ [0,10000], for the BTW automata on the square lattice. These figures also show the autocorrelation functions and Holder exponents ([image: image]), corresponding to the SubC phase and the critical state for the sandpile cellular automata on the lattice square. Critical state is considered either as the self-organized critical state (the SOC state), implemented using standard rules, or as the self-organized bistability state (the SOB state) implemented using facilitated rules. By the SubC phase, we mean the phase in which the cellular automaton occurs until it reaches one of the critical states at the time moment corresponding to the critical iteration step ([image: image]). The time series for automata on random graphs has a qualitatively similar form, so we limited ourselves to visualizing time series for automata on square lattices Despite this, in Supplementary Table S1, we presented the first two log cumulants ([image: image]) for all cellular automata, which are both in the SubC phase, as well as in one of two critical states.
[image: Figure 1]FIGURE 1 | Time series of falls for a standard (left) and facilitated (right) BTW automaton, and the corresponding autocorrelation functions (log-log plot) and Holder exponents.
It has been established (Figure 1) that for all cellular automata the rate of decrease of the autocorrelation function in the SubC phase [image: image] is much greater than the rate of decrease of the autocorrelation function in the critical phase [image: image] for the automata with the standard rules. This phenomenon is typical for all cellular automata, regardless of the graphs’ structure. The shape of the curves [image: image] indicates that the SubC phase and critical state of cellular automata are characterized by time series [image: image] with multifractal properties, i.e. are described by a set of exponents [image: image] depending on the moment [image: image]. A feature of time series corresponding to the SubC phase is the predominant influence of weak fluctuations (at [image: image]), while at strong fluctuations (at [image: image]) the values of [image: image] are close to zero. First of all, this is due to the presence of a large number of zero values in the time series. In the critical state, the influence of strong fluctuations increases, and the influence of weak fluctuations decreases in comparison with the SubC phase. In the critical state, the stochastic dynamics of falls becomes both anticorrelated (at [image: image]) for strong fluctuations, and correlated (at [image: image]) for weak fluctuations for the automata with the standard rules. Thus, the transition of the standard cellular automaton into the critical state is accompanied by a significant decrease of the correlated dynamics corresponding to weak fluctuations, and an insignificant increase in the uncorrelated dynamics corresponding to strong fluctuations. In a critical state, facilitated automata correspond to Holder exponents greater than 0.5.
The value [image: image] and its change during a critical transition, presented in Supplementary Table S1, indicate an increase in [image: image] during the transition of the facilitated cellular automaton from the SubC phase to the critical state.
Thus, the first two log cumulants can be used as precursors of critical transitions in the sandpile cellular automata. The next Subsection is devoted to a discussion of this problem.
Early Detection of Critical Transitions Based on Time Series for Log Wavelet Leaders Cumulant
In a previous Subsection, we showed that [image: image] and [image: image] can be used as a system of independent quantitative indicators for early detection of critical transitions in the sandpile cellular automata. Indeed, these indicators sufficiently describe the multifractal properties of the time series for the number of falls ([image: image]). And their change makes it possible to determine the presence or absence of the critical transition in the sandpile cellular automata. If we consider the sandpile cellular automata as time series generators [image: image], recorded in real time, then it is quite possible to identify the approach of the automaton to the critical state based on the analysis results of the time series for the log cumulants [image: image] and [image: image]. This Subsection is devoted to this analysis.
Figure 2 shows the time series [image: image] and [image: image] for cellular automata on square lattices. Time series for automata on random graphs have a similar form. The early warning time ([image: image]) for the critical transitions is the same for all sandpile cellular automata, except for automaton on the BA graph, and takes the value [image: image]. Despite this, the time until a decision is made [image: image] depends on the structure and rules of the automaton. Thus, the time [image: image] for the standard BTW model on the square lattice; the time [image: image] for facilitated BTW model on the square lattice. The [image: image] values for all cellular automata are presented in Supplementary Table S2, from which the following conclusions can be made. The [image: image] values for automata with Manna stochastic rules (M-ST-SL, M-FA-SL, M-ST-BA, M-FA-BA, M-ST-ER, and M-FA-ER) less than for other automata. This empirical phenomenon has a simple explanation. In automata with Manna rules, the critical state occurs earlier than in automata with the BTW model and FF model rules. This is because of the Manna model rules are stochastic and, therefore, when some cells overturn, it is possible to quickly bring neighboring cells to an unstable state. Also, [image: image] for automata with facilitated rules is less than [image: image] for automata with standard rules. This is due to the fact that automata with facilitated rules transit into the critical state earlier than automata with standard rules. The reason for this is additional stochastic components in facilitated rules.
[image: Figure 2]FIGURE 2 | Time series of the log cumulants for the standard (left) and facilitated (right) BTW automaton.
All cellular automata show the same behavior [image: image] and [image: image], when approaching to [image: image] (Figure 2). A decrease in the value of [image: image] by the value [image: image] is observed, accompanied by a sharp increase by the value [image: image]. For example, for BTW-ST-SL automaton [image: image] and [image: image]. An increase in the value of [image: image] by the value [image: image] is observed, accompanied by a sharp decrease by the value [image: image]. For example, for BTW-ST-SL automaton [image: image] and [image: image]. Consequently, the approach to [image: image] is accompanied by an increase in the width of the singularity spectrum, and only at time [image: image] a sharp decrease in the spectrum occurs. The considered values [image: image] are presented in Supplementary Table S2 for all cellular automata. In general, the behavior of the log cumulants is independent of the structure and rules of the automata.
DISCUSSION
This Section presents a discussion of linking of our research results to some recent results from the theory of early warning indicators for critical transitions. Also, a discussion of possible practical applications of proposed early warning measures for detection of critical transitions is presented.
We will start by considering the main similarities and differences in the stochastic dynamics of the number of unstable cells [image: image] of automata located in the SubC phase and in one of the critical states (the SOC state and the SOB state), summarizing the discussions from Result and Their Discussion. Common to automata with standard and facilitated rules is the multifractal structure [image: image] in the SubC phase, and the monofractal (more precisely, a weak multifractal) structure [image: image] in the SOC state (for the standard models) and in the SOB state (for the facilitated models). Such a transition into the critical state corresponds to the multifractal-monofractal transition (see the paper [33]). Another common feature is the long-range dependence (LRD) in the time series [image: image] for cellular automata in the SubC phase. Therefore, this multifractality is due to the existence of long-term correlations of small and large fluctuations [34]. The only fundamental difference between the SOC state and the SOB state is the presence of the short-range dependence (SRD) in the [image: image] in the first case [image: image], and the presence of the LRD in the [image: image] in the second case.
As it is shown in the paper [35], the average magnetization time series in the Ising model are multifractal in the SubC phase and in the critical state. Moreover, the structure of the time series is more heterogeneous in the critical state, than in the SubC phase. The increase of the memory in time series as the system approaches the critical point is also shown. In our opinion, a significant difference between the indicated results and those obtained by us lies in the fundamental difference between the rules for the Ising model and the rules for the sandpile cellular automata. In the paper [36], the results of the study of changes in the temporal autocorrelation at lag 1 and the power spectral density (PSD) as the system approaches to the critical point are presented. There was a significant increase in the autocorrelation in the neighborhood of the critical point, which is associated with the critical slowing down, as well as an increase in the parameter [image: image] of the power law for PSD [image: image]. These results are consistent with our results for the facilitated model. Similar results are presented in [37–39], but obtained using fractal analysis methods. The results we obtained for facilitated models are also fully confirmed by the results presented in the papers [40–43]. However, the results similar to the one obtained by us for the standard models have not been presented yet.
The time series generated by real systems have a more complex structure than the time series generated by the sandpile cellular automata. However, we believe that the main features of [image: image] and [image: image] behavior, when the automata approach the critical state, will also be observed for real complex systems (see the papers [44, 45]). Let us take social media as an example. Recent studies have shown that most social networks are capable to self-organize into the critical state (see the papers [7, 46–51]). The mechanisms (local rules) for online social networks (for example, Twitter) for transition into the SOC state are similar to the standard rules of the sandpile cellular automaton on the BA graph. It is known (see the paper [52]) that the graph structure of user interactions in online social networks corresponds to BA graphs. Indeed, the information distribution is carried out by users who are in the state of high-level reflection (unstable state). It manifests itself in the form of reposts to their subscribers (neighboring nodes of the graph). These subscribers, being in the unstable state, send reposts to their subscribers, etc. As a result, starting from the moment [image: image] avalanche-like distribution of information in the network is observed. On the contrary, the SubC phase ([image: image]) of the online social network is characterized by stochastic fluctuations in repost activity with a relatively small amplitude. In most of such situations, it becomes necessary to evaluate [image: image], which is of undoubted interest for all specialists in social networks monitoring. Obtaining of such estimates for real time series of retweets relevant to various topics is one of the goals of our further studies.
Finally, we look at the limitations and possible further research in the analysis of critical transition precursors in sandy cellular automata.
We have established only one limitation of the proposed approach associated with the length of the analyzed time series and the large number of zero values in it. To obtain reliable results, the length of the time series must be at least 2000 steps. Otherwise, significant fluctuations in the value of the log cumulants are observed, in which it is impossible to determine their smoothed behavior.
From the point of view of the prospects for further research, in our opinion, one should focus on the interpretation of jumps in the values ​​of log-cumulants, which are characteristic of critical states of all cellular automata. An explanation of this empirical phenomenon is possible by analyzing the time series obtained under various initial conditions and sizes of all investigated cellular automata.
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Deep neural networks (DNNs) with long-range dependence (LRD) have attracted more and more attention recently. However, LRD of DNNs is proposed from the view on gradient disappearance in training, which lacks theory analysis. In order to prove LRD of foggy images, the Hurst parameters of over 1,000 foggy images in SOTS are computed and discussed. Then, the Residual Dense Block Group (RDBG), which has additional long skips among two Residual Dense Blocks to fit LRD of foggy images, is proposed. The Residual Dense Block Group can significantly improve the details of dehazing image in dense fog and reduce the artifacts of dehazing image.
Keywords: long-range dependence, residual dense block, residual dense block group, deep neural network, image dehazing, Hurst parameter (H)
INTRODUCTION
The single image dehazing based on deep neural networks (DNNs) refers to restoring an image from a foggy image using DNNs. Although some efforts on dehazing have been proposed recently [1–6], foggy image modeling is still an unsolved problem.
The early image model is Gaussian or Mixture Gaussian [7], but it cannot properly fit with foggy images. In fact, the foggy images seem to show long-range dependence. That is, the gray levels seemed to influence pixels in nearby regions. In our framework, each foggy image with m rows and n columns in SOTS is reshaped as is an m×n column vector by arranging the elements of the image column by column. Thus, we can fit the images by fractional Gaussian noise (fGn) [8–12] and discuss dependence of an image by its Hurst parameter. The main conclusion of the Hurst parameter of a fGn is as follows.
The auto-correlation function (ACF) of fGn is as follows:
[image: image]
where
[image: image]
is the strength of fGn and 0 < H < 1 is the Hurst parameters [8–10].
If 0.5 < H < 1, one has the following:
[image: image]
Thus, the fGn is of long-range dependency (LRD) when 0.5 <H < 1.
When 0 <H < 0.5, one has the following:
[image: image]
The above fGn is of short-range dependence (SRD) [8–12].
Recently, some deep neural networks (DNN) with LRD are proposed [4–6, 13], whose motivation is mainly from avoiding gradient disappearance in training. However, the LRD of these DNNs has never been discussed and proven in theory. In this study, the Hurst parameters of test images in SOTS datasets [14] are computed and LRD of foggy images is proven. Motivated by LRD of foggy images, we proposed a new network module, the Residual Dense Block Group (RDBG) composed of two bundled Residual Dense Block Groups (DRBs) proposed in reference [13]. The RDBG has additional long skips between two DRBs to fit LRD of foggy images and can be used to form a new dehazing network. This structure can significantly improve the quality of dehazing images in heavy fog.
The remainder of this article is as follows: the second section introduces the preliminaries of fGn; the third section gives the case study; then a framework based on LRD of foggy images is presented; finally, there are the conclusions and acknowledgments.
PRELIMINARIES
Fractional Brownian Motion
The fBm of Weyl type is defined by [8].
[image: image]
where 0 <H < 1, and B(t) is Gaussian.
[image: image]
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Fractional Gaussian Noise
Let x(t) be the gray level of the tth pixel of an image and be a fGn [8–12].
[image: image]
Its ACF follows Eqs 1, 2.
An approximation of CfGn [image: image] is as follows:
[image: image]
CASE STUDY
Data Set
Synthetic data set RESIDE: Li et al. [16] created a large-scale benchmark data set RESIDE composed of composite foggy images and real foggy images.
Synthetic data set: the SOTS test data set is used as the test set. The SOTS test set includes 500 indoor foggy images and 500 outdoor foggy images.
Real data set: it includes 100 real foggy images in the SOTS data set in the RESIDE and the real foggy data collected on the Internet.
Calculate Hurst Parameter
Rescaled range analysis (RRA) [15] for foggy images is closely associated with the Hurst exponent, H, also known as the “index of dependence” or the “index of long-range dependence.” The steps to obtain the Hurst parameter are as follows:
1. Preprocessing: An image with m row and n column is concatenated column by column to form an m×n column vector. For better understanding, a simple example is presented: the size of the foggy image in Figure 4A is 348×248, and then it is concatenated column by column to form an 86,304-column vector.
2. Rescale vector: The original vector can be divided equally into several ranges for further RRA, as follows. The first range at the first layer is defined as RS11, representing the original m×n vector, and then it can be divided into two parts, RS21 and RS22, at the second layer, whose dimension equals to (m×n/2) where (.) represents the floor integer. Repeat the above process until the vector dimensions at a specific layer are less than (m×n/[image: image]).
Layer 1. RS11: original m×n vector.
Layer 2. RS21: (m×n/2), RS22: (m×n/2).
Layer 3. RS31: (m×n/4), RS32: (m×n/4), RS33: (m×n/4), RS34: (m×n/4).
Thus, the dimensions of ranges of the foggy image are as follows:
Layer 1. RS11: 86,304.
Layer 2. RS21: 43,152, RS22: 43,152.
Layer 3. RS31: 21,576, RS32: 21,576, RS33: 21,576, RS34: 21,576.
3. Calculate the mean for each range.
[image: image]
where [image: image] represents the number of the elements in the jth range of the ith layer; [image: image] represents the value of the [image: image] th element in the jth range of the ith layer; [image: image] represents the mean value of the elements in the jth range of the ith layer.
4. Calculate the deviations of each element in every range. The deviation can be calculated as follows:
[image: image]
where [image: image] represents the deviation of the [image: image] th element in the jth range of the ith layer.
5. Obtain the accumulated deviations for each element in the corresponding range.
[image: image]
where [image: image] represents the accumulated deviation for N elements in the jth range of the ith layer.
6. Calculate the widest difference of the deviations in each range.
[image: image]
where [image: image] represents the widest difference for the jth range of the ith layer.
7. Calculate the rescaled range for each range.
[image: image]
where R/S represents the rescaled range for the jth range of the ith layer, while σij represents the standard deviation of the accumulated deviations for the jth range of the ith layer.
8. Obtain the averaged rescaled range values for each layer.
[image: image]
where l is the layer of the ranges with the identity size. The R/S is calculated using Eq. 15 and the R/S of the example image is shown in Table 1.
9. Obtain the Hurst exponent. Plot the logarithm of the size (x axis) of each range in the ith layer versus the logarithm of the average rescaled range of the corresponding layer using Eq. 15 (y axis) (Figure 1), and the slope of the fitted line is regarded as the value of the Hurst exponent, that is, the Hurst parameter.
TABLE 1 | Some intermediate results of calculating the Hurst parameter of the foggy image in Figure 5A.
[image: Table 1][image: Figure 1]FIGURE 1 | Data in the third column (x axis) and the fifth column (y axis) in Table 1 and their fitting straight line whose slope is 0.990.
Hurst Parameters H of Foggy Images
The plots of four image sets in SOTS, 500 indoor images, 500 outdoor, 1,000 outdoor and indoor images, and 100 real foggy images, are shown in Figure 2. The x axis represents the serial numbers of the test images while the y axis is the Hurst parameters of the images. That is, the ith point in Figure 2 represents the Hurst parameter of the ith image. Thus, we can know the Hurst parameters of over 1,000 foggy images by observing y values of the points in Figure 2.
[image: Figure 2]FIGURE 2 | Plots of H of four foggy image datasets.
From Figure 2, we can observe that the least y values of subfigures in Figure 2 are 0.6 or 0.65, which means that the Hurst parameters of four image data sets are all above 0.6. Thus the foggy images are of LRD, which can help us design some novel dehazing methods.
Moreover, although the Hurst parameter for each image is a constant, the different images have different Hurst parameters because of their different contents. For example, the Hurst parameter of a complex image with more colors and objects (Figures 5A,B) is bigger than a simple image (Figure 5C).
Based on the LRD of the foggy images, the Residual Dense Block Group (RDBG) based on RDB is proposed. The RDBG, which has additional long skips between two RDBs to fit LRD of foggy images, can significantly improve the details of dehazing image in dense fog and reduce the artifacts of dehazing image.
DEHAZING BASED ON RESIDUAL DENSE BLOCK GROUP
Dependence in Neural Network
The neural network can be considered as a hierarchical graph model whose nodes are connected by weighted edges. The weights of edges are trained according to some predefined cost functions. Generally, the value of the ith node in the kth layer is decided by the nodes in the (k-1)th layer connected to the ith node [18–24]. That is,
[image: image]
where [image: image] is the value of the ith node in the kth layer, f is an activation function, [image: image] is a vector of weights of edges to connect nodes in the (k-1)th layers and the ith node, and [image: image] are values of nodes in the (k-1)th layers connected to the ith node.
Thus, the value of the ith node is only influenced by its directly connected nodes. This assumption may be correct in some cases, but it is not true in images since we have proved the LRD of foggy images. Thus, we should design a new module of the neural network to fit the LRD of the foggy images.
Residual Dense Block Group
Just as discussed in the above subsection, the most straight method to design a structure fitting LRD of images is to connect a node to nodes with longer distance to it directly. Thus, the information of faraway nodes is introduced to help us to recover the real gray level from foggy observations.
Following this intuitive explanation, the length of a skip (connection edge between two nodes) which is defined as the number of crossing nodes can be used to measure the dependence of a time series approximately.
In this context, motivated by the LRD of foggy images, a new residual module RDBG is proposed by two bundled resident dense blocks (RDBs). As shown in Figure 3A, the RDB is a module with dense connections only in the block. In Figure 3, the features which are values of nodes in different layers of the RDB form a time series. Thus, an RDB only with dense connections in blocks cannot fit the LRD well, especially in dense fog, while the proposed RDBG which adds an additional long skip from the beginning of the first block to the end of the second block can fit the LRD better than the RDB. In heavy fog, since the RBDG fits LRD of images to utilize more information of images, it can obtain a better dehazing image.
[image: Figure 3]FIGURE 3 | Comparison of RDB, CRDB, and RDBG. (A) RDB: it is a module with dense connections in the block. (B) RDBG (proposed method): it is composed of two RDBs. RDBG forms the LRD between blocks. (C) CRDB: the RDB is cascaded to form a network.
As shown in Figure 3C, Yang Aiping [16] et al. and X Liu [17] et al. used consecutive RDBs in a cascade manner. Since connections are also in blocks, in essence, it cannot fit LRD of images well.
Experimental Results and Discussions
The method proposed in this article will be compared with four state-of-the-art dehazing methods: DehazeNet, AOD-Net, DCP, and GFN.
Three metrics: PSNR, SSIM, and reference-less FADE are used to evaluate the quality of dehazing images. Our proposed method gets the best PSNR and SSIM among all methods (Table 2), which means that our method has the largest similarities between the original images and the dehazing images in both image gray levels and image structures. It also has satisfied results in FADE (Table 2; Figure 4), which means that our method is robust and stable in dehazing.
TABLE 2 | PSNR, SSIM, and FADE between the dehazing results and original images of synthetic image in SOATS. The best results are marked by bold.
[image: Table 2][image: Figure 4]FIGURE 4 | Average FADE of test results of different algorithms in real fog images collected in SOAT and the Internet.
The dehazing examples are given in Figures 5, 6, and their Hurst parameters are given under the foggy images.
[image: Figure 5]FIGURE 5 | Some dehazing images and their image quality metrics of synthetic foggy data in SOATS.
[image: Figure 6]FIGURE 6 | Some dehazing images and their image quality metrics of real foggy data in SOATS and on the Internet.
CONCLUSION
Assuming the foggy images are of fGn and calculating their Hurst parameters, the LRD of over 1,000 foggy images are proven by the fact that their Hurst parameters are all more than 0.6. Motivated by the LRD of foggy images, the Residual Dense Block Group (RDBG) with additional long skips between two RDBs is proposed. The RDBG utilizes information of LRD foggy images well and can obtain satisfied dehazing images.
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By analyzing the voiceprint characteristics of giant panda’s voice, this study proposes a giant panda individual recognition method based on the characteristics of the composite Mel composite frequency cepstral coefficient (CMFCC) and proves that the characteristic sequence of the CMFCC has long-range dependent characteristics. First, the MFCC (Mel composite frequency cepstral coefficient) with a low frequency resolution is obtained by the Mel filter bank; then, the inverse Mel frequency cepstral coefficient (IMFCC) features of giant panda calls are extracted. The CMFCC characteristic sequence of giant panda voice composed of the MFCC and IMFCC improves the resolution of high- and low-frequency resolution characteristics of giant panda voice. Finally, the first-order difference characteristic parameters of the MFCC are integrated to obtain the difference characteristics between frames. Through experiments, the improvement of the system recognition effect is verified, and the recognition accuracy meets the theoretical expectation.
Keywords: MFCC, long-range dependent, individual recognition, voiceprint, Gaussian mixture model
1 INTRODUCTION
Voiceprint is a collection of various common acoustic feature maps. It is a sound feature measured by special acoustic instruments. The core of voiceprint recognition is to extract its unique speech features from the collected speech information. The feature template is formed after recognition training. During recognition, the speech used is matched with the data in the template library, and the score is calculated to judge the speaker’s identity [1]. Since 1930, there has been a basic research study on speaker recognition [2]. In 1962, the term “voiceprint” officially appeared as a sound texture feature [3]. After that, S. Pruzansky proposed a matching method based on probability value estimation and correlation calculation [4]. At the same time, the focus of recognition has become to select and extract the corresponding feature recognition parameters. Since 1970, voiceprint features such as the short-term average energy feature, linear prediction cepstral coefficient LPC (linear prediction coefficient), and Mel frequency cepstral coefficients MFCC (Mel frequency cepstral coefficients) have emerged. At the same time, some methods have also been used to extract feature parameters by using cepstral coefficients or introducing first- and second-order dynamic differences [5]. After the 1980s, characteristic parameters such as time domain decomposition, frequency domain decomposition, and wavelet packet node energy also gradually appeared and were widely used [6]. Jinxi Guo et al. studied the recognition system in the noise environment [7] and made some achievements and progress.
Voiceprint feature is a key link in human voiceprint recognition technology and related applications. Considering the similarity of the way of sound production between giant pandas and humans, as well as the universality and wide application of voiceprint recognition technology, the voice of giant pandas can be analyzed and studied. At present, there is no case of research on individual recognition of giant pandas based on voiceprint features, especially because of the precious voice data of giant pandas, and the giant pandas and their call waveforms are shown in Figure 1.
[image: Figure 1]FIGURE 1 | Giant panda and its sound waveform.
Voiceprint feature extraction algorithms mainly include the following [5]: the strong representation ability of the speech signal, good recognition effect, good self-specificity and feature exclusivity, simple operation, and convenient calculation.
In 2021, Li Ming proposed the mmfGn (modified multifractional Gaussian noise) theorem of long-range dependence (LRD) and short-range dependence and used the time-varying Hurst parameter to describe the time-varying sea level of LRD [8]. A new generalized fractional Gaussian noise (gfGn) is introduced. The study uses gfGn to model the actual traffic trace exhibition. The gfGn model is more accurate than the traditional fractional Gaussian noise (fGn) traffic modeling [9].
In 2021, Junyu used the Bayesian maximum entropy (BME) method to represent the internal spatiotemporal dependence of sea surface chlorophyll concentration (SSCC) distribution [10]. The Hurst index value of chlorophyll on the ocean surface ranges from 0.6757 to 0.8431. A high Hurst index value represents strong LRD, which may be a common phenomenon of daily sea surface chlorophyll [11].
This study focuses on the analysis and optimization of the Mel frequency cepstral coefficient of giant panda voice, discusses the long-range–dependent characteristics of feature sequence, analyzes the voiceprint feature sequence suitable for the giant panda individual recognition system, and realizes the individual recognition algorithm based on the giant panda voiceprint.
2 MEL FREQUENCY CEPSTRAL COEFFICIENTS
Mel frequency cepstral coefficients (MFCCs) are voiceprint features extracted by combining the auditory perception characteristics of human ears with the generation mechanism of speech [12]. The sensitivity of the human ear to sound is not linear, but it changes with the change in frequency. It is more sensitive to low-frequency sound than high-frequency sound. According to the perceptual characteristics of the human auditory system, the Mel cepstral coefficient is widely used in voiceprint recognition.
2.1 Mel Frequency Cepstral Coefficients of Giant Panda
The frequency corresponding to the MFCC is the Mel frequency, which is recorded as [image: image], and its functional correspondence with frequency [image: image] is as follows:
[image: image]
The following is the extraction process of the Mel frequency cepstral coefficient:
1) First, the original speech signal [image: image] is sampled at the sampling frequency of 44.1 KHz and quantized in the 16bit mode, and then, the background noise and high-frequency noise are eliminated by using a bandpass filter. Finally, the time domain signal [image: image] is obtained by using a pre emphasis technology to compensate the high-frequency loss of sound. Then, it is transformed by formula Eq. 2.2 to obtain the corresponding linear spectrum [image: image], where [image: image] is the time domain frequency corresponding to each point of the original speech signal.
[image: image]
2) The Mel frequency filter bank composed of a group of triangular filters is used to filter the linear spectrum to obtain the Mel spectrum, and then, its logarithmic energy is calculated to obtain the logarithmic energy [image: image] of the original giant panda sound signal.
A group of triangular bandpass filter combinations constitute Mel filter banks, where, [image: image], and [image: image] is the total number of triangular filters in Mel filter banks. The center frequency of these filters is [image: image]. Considering the logarithmic conversion relationship between the Mel frequency and ordinary frequency, it can be seen that the center spectrum of each filter with an equal interval linear distribution in the Mel frequency is dense in the low-frequency band and sparse in the high-frequency band. The schematic diagram of the Mel frequency filter bank is shown in Figure 2.
[image: Figure 2]FIGURE 2 | Mel scale filter bank.
The transfer function of each bandpass filter is as follows:
[image: image]
The formula for obtaining the logarithmic spectrum [image: image] is as follows:
[image: image]
3) By substituting the above logarithmic energy into the discrete cosine transform (DCT), the Mel cepstral parameters [image: image] of order L can be obtained, as shown in Eq. 2.5, where L is the order of MFCC coefficients, usually is 12–16, and M is the number of Mel filters.
[image: image]
Figure 3 is a 12-order MFCC characteristic diagram of a giant panda voice, in which the X-axis represents the order of the MFCC coefficient, the Y-axis represents the number of frames of voice, and the Z-axis represents the corresponding cepstral parameter value.
[image: Figure 3]FIGURE 3 | 12th order MFCC characteristic diagram.
2.2 First-Order Differential Mel Frequency Cepstral Coefficients of Giant Panda Sound
The standard MFCC parameters reflect the static characteristics within each frame of speech, while the difference of the MFCC reflects the dynamic characteristics. The Furui experiment shows that adding dynamic characteristics to the features can greatly improve the system performance [13]. The introduction of differential features has a wide range of applications and good results in the field of human voice recognition. Therefore, this method is also first used in the processing of giant panda voice.
After obtaining the MFCC parameters, use Eq. 2.5 to extract the MFCC first-order differential parameter [image: image].
[image: image]
where [image: image] represents t-th ΔMFCC, [image: image] is the order of the cepstral coefficient, [image: image] is the time difference of the first derivative, and the values of 1 and 2 represent the first cepstral coefficient [14].
Figure 4 shows the characteristics of the MFCC of order 12 and ΔMFCC of order 12 of the same giant panda voice.
[image: Figure 4]FIGURE 4 | 12th order MFCC and its ΔMFCC characteristic diagram. (A) MFCC characteristic diagram and (B) ΔMFCC characteristic.
3 COMPOUND MEL FREQUENCY CEPSTRAL COEFFICIENT OF GIANT PANDA SOUND
3.1 The Inverse Mel Frequency Cepstral Coefficient
The IMFCC feature can compensate the high-frequency information and improve the system recognition rate through its integration with the traditional MFCC. The structure of the IMFCC filter bank is shown in Figure 5.
[image: Figure 5]FIGURE 5 | Inverted Mel filter bank.
Corresponding to the Mel domain of the traditional filter structure, we call this domain as the inverted Mel domain, which is recorded as IMEL, and the corresponding frequency is recorded as [image: image]. The relationship with the time domain is as follows:
[image: image]
The inverted filter response becomes
[image: image]
where [image: image] is the filter response in the MEL domain.
Figure 6 shows the 12th order MFCC and the 12th order IMFCC characteristic diagram of a giant panda sound, in which the X axis represents the order of the MFCC , the Y axis represents the number of voice frames, and the Z axis represents the corresponding cepstral parameter values.
[image: Figure 6]FIGURE 6 | 12th order characteristic diagram of giant panda sound. (A) MFC and (B) IMFCC.
3.2 Composite Mel Composite Frequency Cepstral Coefficient
MFCC characteristic parameters are obtained through the Mel filter bank and a series of operations. Accordingly, the characteristic coefficients obtained after a series of operations through the Mel filter bank and composite filter bank of the inverted Mel filter bank are called composite Mel frequency cepstral coefficients, which are recorded as the CMFCC (compound Mel frequency cepstral coefficient).
Therefore, we fuse the 12th order MFCC characteristic diagram and 12th order IMFCC characteristic diagram in Figure.7 to obtain the corresponding 24th order CMFCC characteristic parameter diagram, as shown in Figure 8.
[image: Figure 7]FIGURE 7 | 24th order CMFCC characteristic diagram.
[image: Figure 8]FIGURE 8 | Original sound signal of the giant panda and the CMFCC characteristic sequence. (A) Original sound signal of the giant panda, (B) the CMFCC characteristic sequence extracted from the sound.
3.3 Hurst Exponent of the Composite Mel Composite Frequency Cepstral Coefficient Feature Sequence
Assuming that the sequence composed of CMFCC features satisfies the fractional Brownian motion distribution, we can calculate H according to the following method [13, 15, 16].
Let n be the number of data of CMFCC-modified multifractional Gaussian noise (mmfGn) [8, 9]. Let [image: image] be the length of the neighborhood used for estimating the function parameter. We will estimate [image: image] only for [image: image].
Without loss of generality, we assume [image: image] to be an integer. Then, our estimator of [image: image] is the following:
[image: image]
where
[image: image]
Figure 8 shows the original sound signal of giant panda and the CMFCC characteristic sequence. Figure 9 shows the H-index distribution of two CMFCC characteristic sequences of the giant panda sound. In Figure 9A, the giant panda sound duration time [image: image], sampling frequency [image: image], [image: image], and [image: image]. In Figure 9B, the giant panda sound duration [image: image], sampling frequency [image: image], [image: image], and [image: image]. The experimental results show that the CMFCC characteristic sequence of the giant panda voice has long-range dependent characteristics.
[image: Figure 9]FIGURE 9 | H-index distribution of two CMFCC characteristic sequences of giant panda sound, (A) [image: image], [image: image], [image: image], [image: image], (B) [image: image], [image: image], [image: image], [image: image].
4 DISCUSSION
We applied the CMFCC feature sequence with LRD to giant panda individual recognition. Considering that this feature is the feature information obtained within the speech frame, the △MFCC of the MFCC feature parameter is introduced. The two features of CMFCC and ΔMFCC are fused to obtain a new feature parameter.
There are 20 individual giant pandas. Each individual has 10s sounds, including 4s for training and 6s for testing. The ratio between the number of correctly recognized test sounds and the total number of test sounds is the correct recognition rate. The final result is the average of the recognition rates of the three experiments, as shown in Figure 10 and Table 1.
[image: Figure 10]FIGURE 10 | Line chart of the individual recognition rate of the giant panda.
TABLE 1 | Recognition rate of giant panda individual recognition.
[image: Table 1]The order of CMFCC and MFCC features are 8, 12, 16, and 20, respectively, and the order of △MFCC also corresponds to 8, 12, 16, and 20. From Table 1, we can see that the higher the order of features, the higher is the recognition rate, indicating that the correlation of feature sequences is also stronger.
The final individual identification of giant panda is shown in Table 1. Figure 10 is a broken line diagram of three feature recognition results.
It can be seen from Figure 10 and Table 1 that the characteristic parameters obtained by flipping the Mel filter bank can improve the resolution of the high-frequency part. Therefore, after using CMFCC features, the recognition rate of giant panda individuals is higher than that under the MFCC. At the same time, this is because the ΔMFCC feature considers the difference between frames and improves the feature performance of the CMFCC. Therefore, the recognition rate of the CMFCC and ΔMFCC combination feature is better, and the theoretical results are consistent with the experimental expectations.
5 CONCLUSION
This study mainly presents the characteristics of the Mel composite cepstral coefficient of giant panda sound (CMFCC) for individual recognition. It is verified that the CMFCC feature sequence conforms to the distribution characteristics of fractional Brownian motion, which has long-range dependence. This feature sequence makes use of the memory characteristics of the giant panda voice in time and can obtain the characteristics of the giant panda sound in low- and high-frequency resolution at the same time. Through experimental verification, it has the best effect on individual recognition of the giant panda and improves the efficiency of the giant panda. The recognition rate has reached the expected effect of individual recognition of the giant panda.
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Giant panda 3D reconstruction technology plays an important role in the research of giant panda protection. Through the analysis of giant panda video image sequence (GPVS), we prove that it has the long-range–dependent characteristics. This article proposes an algorithm to accurately reconstruct the giant panda 3D model by using the long-range–dependent characteristics of GPVS. First, the algorithm uses a skinned multi-animal linear model (SMAL) to obtain the initial 3D model of giant panda, and the 3D model of the single-frame giant panda image is reconstructed by controlling shape parameters and attitude parameters; then, we use the coherence information contained in the long-range–dependent characteristics between video sequence images to construct a smooth energy function to correct the error of the 3D model. Through this error, we can judge whether the 3D reconstruction result of the giant panda is consistent with the real structural characteristics of the giant panda. The algorithm solves the problem of low 3D reconstruction accuracy and the problem that 3D reconstruction is easily affected by occlusion or interference. Finally, we realize the accurate reconstruction of the giant panda 3D model.
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1 INTRODUCTION
In recent years, in the field of animal protection, computer three-dimensional reconstruction methods are more and more used in the study of animal morphology. Giant pandas are China’s national treasures and first-class protected animals. China has established giant panda breeding research bases in many places for the protection and research of giant pandas. Through the research on the three-dimensional reconstruction of giant pandas, we can not only carry out non-contact body size measurement of giant pandas, including the measurement of giant pandas’ body height, body length, chest circumference, and weight, but also the protection workers can better understand the growth status of giant pandas, such as height, obesity, weight gain and loss, and body length increase and decrease, so as to further analyze the living environment and health status of giant pandas and to better protect giant panda species and improve the protection level of giant pandas. At the same time, through flexible and diversified forms such as rapid three-dimensional reconstruction and three-dimensional display, people can have a more intuitive and comprehensive understanding of the species of giant panda and further enhance people’s awareness of animal protection. This is not only helpful for animal protection but also beneficial to the whole society.
Since the giant panda is a nonrigid target, the traditional rigid body–based 3D reconstruction algorithm (Structure-from-Motion‐SFM [1], etc.) is not suitable for its 3D modeling. NRSFM (non-rigid structure-from-motion) is an extended SFM method. In 2000, Bregler first proposed the scientific question of how to recover the 3D nonrigid shape model [2] from the video sequence of single view. In 2013, Grag, Ravi, and other scholars used a variant algorithm for dense 3D reconstruction of nonrigid surfaces from monocular video sequences [3], which formulate the nonrigid structure of NRSFM into a global variational energy minimization problem. This method can reconstruct highly deformed smooth surfaces. In reference [4], a method for observing the dynamic motion of nonrigid objects from long monocular video sequences is adopted. This method makes use of the fact that many deformed shapes will repeat over time and simplifies NRSFM to a rigid problem.
In 2015, Matthew Loper and other scholars proposed a three-dimensional SMPL (skinned multi-person linear) model of human body using human shape and position [5]. In 2018, Angjoo Kanazawa et al. utilized a network framework for recovering a 3D human model from a 2D human image by the end-to-end method [6]. This method directly infers 3D-mesh parameters from image features and combines the 3D reconstruction method with deep learning.
Due to the uncontrollable behavior of giant pandas and other animals, the three-dimensional modeling algorithm suitable for human body cannot obtain high three-dimensional modeling accuracy. In 2017, Silvia Zuff et al. designed a 3D modeling method of animals based on a single image, using the 3D shape [7] and pose of animals to build the same statistical shape model as SMPL, called SMAL (skinned multi-animal linear model) [8, 9]. At present, the model has achieved satisfactory results in the application of three-dimensional reconstruction of several kinds of quadrupeds, such as three-dimensional reconstruction of dogs, horses, and cattle.
In the study, we found that the accuracy of the 3D giant panda model based on the single image is related to the results of 3D giant panda pose modeling based on the SMAL model. Because the temporal relationship between frames is not considered in the giant panda 3D model of single frame image data, the motion sequence composed of the results of single-frame pose modeling will be uneven and not smooth. Such errors are difficult to be automatically corrected in the single-frame algorithm. Therefore, the 3D reconstruction effect is usually unsatisfactory.
This article is organized as follows: in Section 2, we define the autocorrelation coefficient of GPVS (giant panda video image sequence) and discuss the long-range dependent of GPVS by analyzing the H index. In Section 3, we propose the giant panda 3D model. In Section 4, we took advantage of the new motion smoothing constraint to improve 3D accuracy by using frame-to-frame relationships. In Section 5, the experimental results of 3D modeling are presented, and in Section 6, we give the conclusion.
2 LONG-RANGE DEPENDENT OF GPVS
2.1 ACF of GPVS
If the ACF value of a sequence is not zero or has a tailing phenomenon, we believe that the sequence may be long-range–dependent sequence [10].
Theorem: Let [image: image] be a sequence composed of pixel values at the coordinates of each image [image: image] in GPVS, and let [image: image] is the gray value of the coordinates of frame t picture [image: image] in sequence [image: image], then,
[image: image]
where [image: image] is the lag order ([image: image]), and [image: image] is the mean of sequence [image: image].
Proof. Let the mean [image: image] of sequence [image: image] be:
[image: image]
Let the autocovariance [image: image] of sequence [image: image] be:
[image: image]
where [image: image] is the lag order ([image: image]).The ACF of sequence [image: image] is:
[image: image]
Bring Eq. 2.3 into Eq. 2.4, we get
[image: image]
This finishes the proof.Figure 1 is a first frame, a 60th frame, and a 1,800th frame image in the GPVS. Figure 2 shows that the ACF value of the GPVS is not equal to 0, and the ACF curve has a tailing effect, which indicates that the GPVS may be the long-range–dependent sequence.
[image: Figure 1]FIGURE 1 | Giant panda video image sequence. (A) First frame, (B) 60th frame, and (C) 1800th frame.
[image: Figure 2]FIGURE 2 | Pixel value and ACF value of GPVS. (A,C) GPVS of (300,400) and (B,D) GPVS of (600,800).
2.2 Hurst Exponent of GPVS
A Hurst exponent ([image: image]) is an index established by H.E. Hurst, a British hydrologist. Its essence is a judgment index, which can be used to judge whether the time series data are a random walk form or a biased random walk process.
When [image: image], according to the model of fractional Gaussian noise, the time series data has long-range dependent (persistence), indicating that the time series has the characteristics of long-range dependent. If the sequence goes up in the previous period, it will continue to go up in the next period. When the [image: image] value is close to 1, this trend is stronger [11, 12].
Through the analysis in Section 2.1, we can see that the GPVS sequence may have long-range–dependent characteristics. Next, we use the [image: image] exponent to further judge that the GPVS has long-range–dependent characteristics, and use the [image: image] exponent analysis method of [13] to calculate the [image: image] exponent. The calculation process is as follows:
(1) Divide the sequence [image: image] into [image: image] groups of nonoverlapping subsequences with length [image: image]:
[image: image]
(2) Calculate the mean value [image: image] of each group of subsequences[image: image].
[image: image]
(3) Calculated deviation [image: image]:
[image: image]
(4) Calculate cumulative deviation [image: image]:
[image: image]
(5) Calculate range [image: image]:
[image: image]
(6) Calculate standard deviation [image: image]:
[image: image]
(7) Get value [image: image]:
[image: image]
The average value [image: image] of each subsequence was obtained:
[image: image]
Finally, [image: image] as the explained variable [image: image] and [image: image] as the explanatory variable [image: image], the data pair ([image: image], [image: image]) is obtained for each grouping [image: image], and the slope [image: image] is estimated by linear regression, that is, the Hurst index.
Figure 3A shows the sequence [image: image] value composed of the values of (300,400) in 190 giant panda video images, [image: image]. Figure 3B shows the [image: image] value distribution of all pixels in 190 giant panda video images.
[image: Figure 3]FIGURE 3 | Hurst exponent. (A) Hurst exponent of GPVS1 (300,400), (B) Hurst exponent of GPVS1, (C) Hurst exponent of GPVS2 (600,800), and (D) Hurst exponent of GPVS2.
Figure 3C shows the sequence [image: image] value composed of the values of (600,800) in 127 giant panda video images, [image: image]. Figure 3D shows the [image: image] distribution of all pixels in 127 giant panda video images.
From Figure 3, we can see that the [image: image] value of the giant panda video image sequence is far greater than 0.5, close to 1, indicating that GPVS has long-range–dependent characteristics.
3 GIANT PANDA 3D MODELING
3.1 Giant Panda Skeleton
The structure formed by a series of joints and bones is called the skeleton. Each joint can correspond to one or more bones and can have multiple subjoints. A correct skeleton structure can ensure that the giant panda has a real and correct motion structure after three-dimensional modeling, which is one of the important links of the giant panda model.
The selection of bones and joints will affect the deformation of the three-dimensional model of the giant panda. Therefore, the analysis of the skeleton structure of the giant panda plays a very important role in the three-dimensional model of the giant panda. Figure 4A shows the detailed skeleton system of the giant panda. In the SMAL model, we usually use 33 joints to represent five kinds of quadrupeds with different attributes, such as cats, dogs, equines, cattle, and hippopotamuses [9, 14]. Compared with these five kinds of quadrupeds, the giant panda has certain similarities, so most of the bones and joints in the whole skeleton can be used for reference, such as head, spine, and leg bone structures.
[image: Figure 4]FIGURE 4 | Giant panda skeleton. (A) Giant panda skeleton system. (B) Differences between giant panda skeleton and other animals.
However, the characteristics of giant panda and other quadrupeds are also different in the skeleton structure, as shown in Figure 4B. The tail of the adult giant panda is very short. The body length of the giant panda is about 120–180 cm, while the tail length is only about 10–12 cm. Some tails are shorter than the tail of the rabbit, so we cannot feel the existence of the tail of the giant panda intuitively. In the whole movement structure, we combined the structural characteristics of the giant panda and combined the seven joints of the tail. We used 27 joints as the basic skeleton structure of the giant panda, as shown in Table 1.
TABLE 1 | Joint description of the giant panda skeleton.
[image: Table 1]3.2 Giant Panda SMAL Model
Since it is impossible to obtain the three-dimensional model of giant panda by scanning the living body of giant panda, this article uses the designed three-dimensional model of giant panda to bind the skeleton [15], as shown in Figure 5. The SMAL model is shown in Formula 3.1. Linear blending skinning (LBS) is used to generate giant panda models with different shapes and postures, so as to build the giant panda shape data set and attitude data set, as shown in Figure 6.
[image: image]
where [image: image] is the deformation shape parameter of giant panda, [image: image] is the giant panda average model, [image: image] is the shape parameter, and [image: image] is the shape basis matrix of the eigenvector.
[image: Figure 5]FIGURE 5 | 3D model of a giant panda is bound by a giant panda skeleton. (A) Side view, (B) top view, (C) front view, and (D) oblique view.
[image: Figure 6]FIGURE 6 | Giant panda SMAL model. (A) Giant panda shapes obtained by SMAL. (B) Panda poses obtained by SMAL.
[image: image] is a matrix composed of 243 attitude vectors [image: image], [image: image] is a giant panda posture model, [image: image] is the average posture model, [image: image] is the joint rotation angle, and [image: image] is the vertex offset between the posture model at angle [image: image] and the average attitude model.
4 MOTION SMOOTHING PROCESS
The 3D model of giant panda reconstructed from a single-frame video image does not take into account the time relationship between frames and the long-range–dependent characteristics of the video image sequence. When the target is obscured or has large noise, there will be relatively large 3D reconstruction errors, such as left leg matching to right leg and right leg matching to left leg. Moreover, the motion sequence composed of the results of single-frame 3D modeling will be not smooth [16].
For video image sequences, the long-distance dependent between data is used to capture the correlation between pixels of distant frames in the sequence, which is more conducive to the recognition and judgment of image information. In Section 2.2, we have analyzed that the GPVS has long-distance–dependent characteristics, so we will use the characteristics of the GPVS to improve the giant panda 3D modeling.
In order to improve the accuracy of the single-frame pose modeling algorithm, we fully consider that the RGB video sequence has long-range–dependent characteristics. That is, the movement and limb rotation angle of the giant panda in the video sequence shall not change too much. We use this characteristic to correct the error of 3D modeling results, so as to make the 3D modeling results of giant panda more smooth and accurate.
First, the body shape parameters β and attitude parameters θ of giant pandas in each frame of the video are solved by Eq. 3.1. Then, the energy function formula 4.1 is used to construct the time-smoothing term to improve the motion fluency and 3D reconstruction accuracy.
[image: image]
where [image: image] [image: image] is the weight parameter of the corresponding energy term, [image: image] is the three-dimensional error energy, and [image: image] is the motion-smoothing energy.
(1) 3D attitude error
[image: image]
where dist is the distance between the SMAL 3D model and the 3D model after rotation. [image: image] and [image: image] is the two-dimensional coordinates of the joint in the nth frame of the video and its confidence, and [image: image] is the two-dimensional joint coordinates projected from the three-dimensional joint of the model to the image.
The main function of this item is to slightly adjust the first three-dimensional vector of the attitude parameters of the SMAL model to adjust the rotation angle of the model while maintaining the consistency between the projection of the three-dimensional attitude of the model and the results of the two-dimensional joint points, so as to improve the accuracy of attitude modeling and restrain some problems of incorrect pose estimation of the model, so as to ensure the accuracy of the attitude modeling algorithm.
(2) Motion smoothing
[image: image]
where [image: image] is the function of the coordinates of the three-dimensional joint numbered I of the SMAL model given the shape and attitude parameters of the SMAL model.
This item uses the similarity of giant panda actions in adjacent frames of the video to constrain the changes of three-dimensional bone joints of the model. The greater the change of model posture from the previous frame, the greater the energy value of this item. In case of large errors, due to image feature mismatch or over-fitting, this item can be constrained to correct some large errors such as leg exchange or posture inversion.
5 DISCUSSION
Our experimental work is based on the prior information of the giant panda SMAL model. According to two-dimensional images of the giant panda, the algorithm uses Formula 3.1 to obtain the shape, pose, and other parameters of the three-dimensional model of the giant panda and reconstructs a 3D model of the giant panda. Then, the 3D reconstruction accuracy is improved by Eq. 4.1, and the motion fluency of the 3D model is improved, and the 3D reconstruction results of giant panda are shown in Figures 7–10.
[image: Figure 7]FIGURE 7 | 3D reconstruction of GPVS in frame 10. (A) Original image, (B) contour silhouette after segmentation, (C) reconstruction effect of the 3D model of the giant panda without skin texture, and (D) reconstruction effect of the 3D model of the giant panda with skin texture.
[image: Figure 8]FIGURE 8 | 3D reconstruction of GPVS in frame 30. (A) Original image, (B) contour silhouette after segmentation, (C) reconstruction effect of the 3D model of the giant panda without skin texture, and (D) reconstruction effect of the 3D model of the giant panda with skin texture.
[image: Figure 9]FIGURE 9 | 3D reconstruction of GPVS in frame 60. (A) Original image, (B) contour silhouette after segmentation, (C) reconstruction effect of the 3D model of the giant panda without skin texture, and (D) reconstruction effect of the 3D model of the giant panda with skin texture.
[image: Figure 10]FIGURE 10 | 3D reconstruction of GPVS in frame 100. (A) Original image, (B) contour silhouette after segmentation, (C) reconstruction effect of the 3D model of the giant panda without skin texture, and (D) reconstruction effect of the 3D model of the giant panda with skin texture.
Figures 7–10 show the experimental results of the algorithm in restoring the SMAL giant panda 3D model from the image. The upper left figure of each group of images is the original image, the upper right figure is the segmented contour silhouette, and the lower left corner and lower right corner are the reconstruction effects of the giant panda 3D model without skin texture and with skin texture, respectively. It is obvious that there is a good fit between the image and the restored three-dimensional model of giant panda.
Table 2 shows the PCK indicators under different thresholds for some image examples. Figure 11 shows the visualization results of the mean value of the evaluation index PCK between the projection key points obtained after the restoration of the three-dimensional model of the giant panda and the truly marked key points of the input image. When the threshold of key point detection is PCK@0.15 (corresponding to 0.15 times of image pixels), the accuracy can reach 80.51%. Therefore, experiments show that our method can also obtain a 3D model of giant panda with a good reconstruction effect in the presence of occlusion or insufficient key points.
TABLE 2 | PCK results table of different thresholds.
[image: Table 2][image: Figure 11]FIGURE 11 | PCK indicators.
6 CONCLUSION
Through the analysis of GPVS, we prove that it has the long-range–dependent characteristics [17, 18]. We propose a method to use the coherent information contained in the long-range–dependent characteristics between video sequence images to construct a smooth energy function to correct the 3D model error. Through this error, we can judge that the 3D reconstruction result of giant panda is different from the real structure of giant panda. Finally, the experimental results show that our algorithm can obtain a more accurate 3D reconstruction model of giant panda.
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Convolutions are important structures in deep learning. However, theoretical analysis on the dependence among multi-layer convolutions cannot be found until now. In this paper, the image pixels before, in, and after multi-layer convolutions are of modified multifractional Gaussian noise (mmfGn). Thus, their Hurst parameters are calculated. Based on these, we applied mmfGn model to analyze the dependence of gray levels of multi-layer convolutions of the image pixels and demonstrate their short-range dependence (SRD) or long-range dependence (LRD), which can help researchers to design better network structures and image processing algorithm.
Keywords: fraction Brownian motion, Hurst parameter, time-varying Hurst parameter, long-range dependence (LRD), modified multifractional Gaussian noise, fractional Gaussian noise (fGn)
1 INTRODUCTION
Deep learning models are composed of multiple convolution layers to learn features of images [1, 2]. However, so far, the theoretical analysis on dependence among multi-layer convolutions have not been reported.
Fractional Brownian motion (fBm) is commonly used in modeling fractal time series. The fBm of the Weyl type is defined by [3–5]
[image: image]
where 0 < H < 1 is the Hurst parameters.
Its auto-correlation function (ACF) of the Weyl type is
[image: image]
where
[image: image]
The fBm is nonstationary, but it has a stationary increment. The process fBm reduces to the standard Brownian motion when H = 0.5.
Based on the dependence theory, the main contributions of this paper are:
1) Discuss dependence of image multi-layer convolutions by assuming that gray levels of multi-layer convolutions of an image pixel are of modified multifractional Gaussian noise (mmfGn).
2) Calculate the time-varing Hurst parameters by point-by-point basis to discuss the dependence of different pixels.
The remainder of this paper is as follows: the second section introduces the preliminaries on fractional Gaussian noise (fGn) and mmfGn; the third section gives a case study. Finally, the conclusions and acknowledgments are given.
2 PRELIMINARIES
2.1 Fractional Gaussian Noise
The fGn is the derivative of the fBm. Its ACF is:
[image: image]
where
[image: image]
fGn is of long-range dependence (LRD) for 0.5 < H < 1 and is of short-range dependence (SRD) for 0 < H < 0.5. If H = 0.5, fGn reduces to the white noise [5–7].
2.2 Modified Multifractional Gaussian Noise
Let G(t) be the mmfGn. The ACF of mmfGn is [6]
[image: image]
The condition of mmfGn to be of LRD is 0.5 < H(t) < 1, while to be of SRD is 0 < H(t) < 0.5.
Based on the local growth of the increment process, Peltier and Levy-Vehel gave H(t) estimator in Eqs 7 and 8 [8–11].
Let n be the number of data of a sample mmfGn and G(i) be the ith sample point. Let k (1 < k < n) be the length of the neighborhood used for estimating the functional parameter H(i). The H(i) will be estimated only for i = [k/2] + 1, [k/2] + 2, ..., n − 1 where [k/2] is the integral part of k/2. Let m = [n/k] be the integral part of n/k. Then the estimator of H(i) is [8]:
[image: image]
where
[image: image]
3 CASE STUDY AND DISCUSSION
3.1 Data in Case Study
Tire.tif in matLab is chosen as test data. The image is convoluted 64 times by randomly generated 3 × 3 masks whose sum is equal to 1. Thus, the normalized gray levels in [0 1] of multi-layer convolutions on each pixel in the image will form a 64-dimensional column vector G = [G(1), G(2),..., G(63), G(64)]T; see top image of Figure 1. We will discuss the dependence among the components of each 64-dimensional vector.
[image: Figure 1]FIGURE 1 | The 64-dimensional column vector G = [G(1), G(2),..., G(63), G(64)]T whose components are the gray levels of multi-layer convolutions on pixel (75, 80). Top: the components of the 64-dimensional column vector on pixel (75, 80). Left bottom: the plot of the 64-dimensional vector whose x-axis represents the convolution layers and y-axis represents the gray levels of convolution layers on pixel (75, 80). Right bottom: time-varying Hurst parameters H(t) of mmfGn of the 64-dimensional column vector of pixel (75, 80) using Eqs 7 and 8 where n = 64, k = 16.
3.2 H(t) of mmfGn
We now study the dependence of samples among multi-layer convolution by computing H(t) of mmfGn for each 64-dimensional vector. That is, the 64-dimensional vector is of mmfGn; the time-varying Hurst parameter H(t) of samples should be calculated to feature the local similarity of the vectors.
The H(t) is calculated using Eqs 7 and 8: the sample number n = 64, and the length of the neighborhood k = 16. Thus, the Hurst parameter H(t) will be estimated only for t = 9, 10, ..., 55. H forms a 55-dimensional vector with 8 zeros on the 1st to 8th positions.
Tire.tif in MatLab is used to discuss the dependence of 64-dimensional vectors of a pixel. Since gray levels of multi-layer convolution of each of image pixel form a 64-dimensional vector whose time-varying Hurst parameter H(t) is a 55-dimensional vector, we can obtain a 3-dimensional matrix to record H(t) of image pixels with W × L × 55 where W is the width of the image and L is the length of the image.
The condition of mmfGn to be of LRD is 0.5 < H(t) < 1, while to be of SRD it is 0 < H(t) < 0.5.
DISCUSSION
In order to discuss the dependence of different pixels of 64-dimensional vector G, two pixels are selected, and their time-varying Hurst parameter H(t) of mmfGn is shown in the bottom right of Figure 1 and the right of Figure 2. In Figure 1, the Hurst parameter H(t) of pixel (75, 80) is less than 0.5 for t = 1,...,55. Thus, G of pixel (75, 80) is of SRD. But the Hurst parameter H(t) of pixel (70, 171) is larger than 0.5 for t = 9,..., 55 in Figure 2. It is of LRD.
[image: Figure 2]FIGURE 2 | Left: the test image and the selected pixel (70, 171). Right: the time-varying Hurst parameters H(t) of pixel (70, 171).
From the above discussion, the dependence of 64-dimensional vectors of some pixel are of LRD, while for other pixels, they are of SRD.
We think the above dependence of image multi-layer convolution coincides with the nature of images and is a very promising character in designing a deep neural network. Maybe, we can design more powerful algorithms and networks with smaller computation cost.
CONCLUSION
The dependence of samples of multi-layer convolutions has been discussed. Based on the model of mmfGn, we found that each pixel with a 64-dimensional vector has the statistical dependence of either LRD or SRD on a pixel-by-pixel basis, relying on the value of H(t) of image pixels.
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Papers in the literature dealing with the Ethernet network characterize packet delay variation (PDV) as a long-range dependence (LRD) process. The fractional Gaussian noise (fGn) or the generalized fractional Gaussian noise (gfGn) belong to the LRD process. The IEEE1588v2 is a two-way delay (TWD) protocol that uses the messages from the Forward (Master to Slave) and the Reverse (Slave to Master) paths. Suppose we have a significant difference between the PDV variances of the Forward and the Reverse paths. Thus, if we can use only the path with the lowest PDV variance (namely, only the one-way delay (OWD) technique), we might get a better clock skew performance from the mean square error (MSE) point of view compared with the traditional TWD method. This paper proposes two OWD clock skew estimators, one for the Forward path and one for the Reverse path applicable for the white-Gaussian, fGn and gfGn environment. Those OWD estimators do not depend on the unknown asymmetry between the fixed delays in the Forward and Reverse paths and nor on the clock offset between the Master and Slave. We also supply two closed-form approximated expressions for the MSE related to our new proposed OWD clock skew estimators. In addition, we supply some conditions, summarized in a table, guiding us whether we should use the OWD clock skew estimator for the Forward path or for the Reverse path, or just use the TWD algorithm. Simulation results confirm that our new proposed OWD clock skew estimators achieve better clock skew performances from the MSE point of view, compared with the TWD clock skew estimator recently proposed by the same authors and compared with two literature known OWD methods (the maximum likelihood and Kalman clock skew estimators).
Keywords: PTP, PDV, LRD, fGn, gfGn, TWD, OWD, IEEE1588V2
1 INTRODUCTION
The Precision Time Protocol (PTP), named also as the IEEE 1588v2 standard [1] is a TWD exchange scheme where the Slave exchanges a series of synchronization packets with its Master so the packet timestamps can be employed to estimate the clock skew relative to the Master. In other words, the PTP as a TWD algorithm uses messages received from the Forward (Master to Slave) and from the Reverse (Slave to Master) paths in order to estimate the clock skew relative to the Master. The synchronization packets can encounter several intermediate switches and routers along the network path between the Master and the Slave [2]. Networks often suffer large unpredictable queuing delays at switches and routers (thus having heavy PDV in the network) due to the presence of background traffic [3]. This background traffic may be a real traffic or one caused by a cyber attack [2] where a malicious intermediate node deliberately delays the transmission of synchronization messages. A heavy PDV can be seen in the Forward path, in the Reverse path or in both paths. Usually, the PDV in the Forward path is different from the PDV in the Reverse path. The problem is that the PDV of the Forward and Reverse paths can significantly hamper the accuracy of the clock skew estimation [3]. A lower PDV will lead to a more accurate clock skew estimation compared to a higher PDV. Thus, if the difference in the PDVs encountered in Forward and Reverse paths is high, the clock skew estimation accuracy obtained with the TWD technique is mainly decreased due to the path with the higher PDV. Thus, if we could use for the clock skew estimation task only the path with the lowest PDV (namely, using the OWD technique), the clock skew performance from the MSE point of view might be improved compared with the case where we have also to consider the path with the higher PDV (the TWD approach). Since the lower PDV path may occur in the Forward path as well as in the Reverse path, two different OWD clock skew estimators are needed (one for the Forward path and the other one associated with the Reverse path). So far we have seen that for the clock skew estimation task, the OWD technique may be more useful compared with the TWD approach in cases where the Forward PDV variance is very different from the Reverse PDV variance. According to [4], PTP (which is a TWD exchange scheme) has more unknown parameters than available equations. Thus, in order to solve the problem, a symmetric path is usually assumed. Namely, the fixed delay in the Forward path is usually assumed to be the same as the fixed delay for the Reverse path. But, in practical scenarios, this is not the case. Thus, for an asymmetrical path, when the symmetric path assumption is applied, a degradation in the clock skew estimation may be obtained when the TWD approach is applied. Now, the OWD technique relies only on one path, on the Reverse path or on the Forward path. Thus, the symmetric assumption is not needed in the OWD technique which can be considered here as an advantage compared with the TWD approach. Suppose for a moment that we have three clock skew estimators applicable for the PTP case. Namely, we have one OWD clock skew estimator for the Forward path, one OWD clock skew estimator for the Reverse path and a TWD clock skew estimator. Next we wish to know which of the three clock skew estimators should be taken for the clock skew estimation task given a network where different PDV variances are seen on both Forward and Reverse paths but the fixed delay of the Forward path is equal to the fixed delay of the Reverse path. It is quite reasonable to think that when the Forward path PDV variance is equal or close to equal to the Reverse path PDV variance, the TWD clock skew estimator is preferable over the OWD clock skew estimator due to the “averaging” effect of the variances in the TWD clock skew estimator. But, when the PDV variances of the Forward and Reverse paths are different and on the same time the difference in the variances is not very high, it is not clear if the OWD clock skew estimator for the Forward path or the OWD clock skew estimator for the Reverse path or maybe the TWD clock skew estimator should be applied for the clock skew estimation task. Thus, some guiding lines (closed-form expressions, conditions) are needed here, telling us which approach should be applied in order to get the best clock skew performance in the MSE point of view. Namely, which clock skew estimator should be taken: the OWD clock skew estimator for the Forward path or the OWD clock skew estimator for the Reverse path or perhaps the TWD clock skew estimation approach. Recently [4], we proposed a new TWD clock skew estimator for the PTP case that has the best clock skew performance in the MSE point of view compared to the relevant literature known estimators [5–7]. This clock skew estimator [4] is suitable for the white-Gaussian and fGn/gfGn cases and does not depend on the asymmetric fixed delay between the Forward and the Reverse paths, nor on the offset between the Master and the Slave clocks. This paper is a direct continuation of our previous work [4]. Thus, please refer to [4] in order to find a detailed overview of the existing TWD and recently proposed OWD approaches for the PTP case. Please note that the two recently proposed OWD clock skew estimators [6,7], are both OWD clock skew estimators associated with the Forward path. Thus, if the Forward path PDV variance is much higher compared with the Reverse path PDV variance, [6,7] may not get better clock skew performance from the MSE point of view compared with the TWD approach and compared with the OWD clock skew estimator associated with the Reverse path. As already was mentioned, this paper is a direct continuation of our previous work [4] where we proposed a novel TWD clock skew estimator applicable for the PTP case. In this paper we propose:
1. A novel OWD clock skew estimator for the Forward path based on [4], applicable for the white-Gaussian and fGn/gfGn environment.
2. A novel OWD clock skew estimator for the Reverse path based on [4], applicable for the white-Gaussian and fGn/gfGn environment.
3. A closed-form-approximated expression for the clock skew performance (MSE) related to our OWD proposed clock skew estimator for the Forward path.
4. A closed-form-approximated expression for the clock skew performance (MSE) related to our OWD proposed clock skew estimator for the Reverse path.
5. Guiding lines (closed-form expressions, conditions), summarized in a table (please refer to Table 1), telling us if we should use the OWD clock skew estimator for the Forward path or the OWD clock skew estimator for the Reverse path or perhaps the TWD clock skew estimator proposed by [4] in order to get the best clock skew performance from the MSE point of view.
TABLE 1 | Summary of the conditions where the suggested estimator have the possible lower MSE.
[image: Table 1]The clock skew performances (MSE) of our new proposed OWD clock skew estimators were compared via simulation with the clock skew performances (MSE) obtained with two TWD clock skew estimators [4,5] and with the literature known OWD clock skew estimators [6,7]. Simulation results will show the advantage in performance (MSE) of our new proposed OWD clock skew estimators compared to [4–7]. Simulation results will also show the effectiveness of our closed-form-approximated expressions for the clock skew performance (MSE) associated to the Forward and Reverse paths as well as the effectiveness of our proposed guiding lines, leading us to the right choice of the clock skew estimator from the MSE point of view.
The paper is organized as follows. Section 2 briefly introduces the system under consideration and the assumptions we applied for our algorithm. Section 3 proposes the OWD clock skew estimators for the Forward and Reverse paths. Section 4 suggests the closed-form approximated expressions for the MSE related to our new proposed OWD clock skew estimators where the PDV is a white-Gaussian process. Section 5 suggests the closed-form approximated expressions for the MSE related to our new proposed OWD clock skew estimators where the PDV is an fGn/gfGn process. In Section 6, we derive some guiding lines (conditions), summarized in Table 1, telling us under what condition should we prefer the OWD for the Forward path over the OWD for the Reverse path or should just prefer the TWD clock skew estimator obtained in [4]. Section 7 presents simulation results, and in Section 8, a conclusion is given.
2 SYSTEM DESCRIPTION
As already was mentioned earlier, this paper is a direct continuation of our previous work [4]. Thus, the system description is the same as in [4]. Please refer to [4], for having a detailed description of the message exchange flow between the Master and the Slave. Let us recall Figure 1 from [4] where based on [8–10] we may write:
[image: image]
[image: image]
where Q is the time difference between the Master and the Slave clocks (offset) and α is the clock skew. The Forward and the Reverse fixed delays are denoted as dms, dsm respectively. The Forward PDV is denoted as ω1[j] and the Reverse PDV is denoted as ω2[j]. The total number of the Sync messages periods is denoted as J, where j = 1, 2, 3, … , J. At timestamp t1, the Master sends a Sync message to the Slave. The Slave receives this Sync message at timestamp t2 and sends back to the Master a Delay Req message at timestamp t3. The Master receives this Delay Req message at timestamp t4. Please note that t1[j], t2[j], t3[j], t4[j] are the timestamps of t1, t2, t3 and t4 respectively at the jth Sync message period.
[image: Figure 1]FIGURE 1 | PTP messaging timing diagram.
We consider two different models for the PDV, as was done in [4]:
1. The PDV is modeled as a white-Gaussian noise with zero mean and the variance [image: image] is [image: image] when j = m and zero when j ≠ m
where E [.] denotes the expectation operator on (.) and n = 1, 2.
2. The PDV is modeled as an fGn/gfGn process with zero mean. Based on [11–13] we have:
a. When j = m: [image: image].
b. When j ≠ m: [image: image].
where a = 1 is the fGn case.
In addition, we use also the same assumptions as were made in [4]:
1. The Forward and the Reverse PDVs are independent. Thus, we have: [image: image].
2. In the Slave clock the time between t2 [j] to t3 [j] is constant and is denoted as X. Thus, we have: t3 [j] − t2 [j] = X.
In this paper we propose two novel OWD clock skew estimators, one for the Forward path and one for the Reverse path. Both OWD clock skew estimators are based on our previously TWD clock skew estimator [4] given by:
[image: image]
where
[image: image]
3 THE OWD CLOCK SKEW ESTIMATORS
In the following, we present in Theorem 1 our new proposed OWD clock skew estimator for the Forward path and in Theorem 2 our new proposed OWD clock skew estimator for the Reverse path.
3.1 Theorem 1
The clock skew estimator for the OWD in the Forward path (Master to Slave) can be written as:
[image: image]
where [image: image] is the is the clock skew estimator that based only on timestamps from the Forward path.
Proof of Theorem 1
In order to avoid the fixed delay, we can subtract between two timestamps from different Sync periods. Therefore, based on Eq. 1 we have:
[image: image]
where [image: image] is the clock skew between the (j + i)-th and ith Sync period, and Ω1,j(i) is:
[image: image]
Based on Eq. 6 the clock skew can be written as:
[image: image]
The OWD clock skew in the Forward path can be defined as:
[image: image]
By putting Eq. 8 into Eq. 9 we define the clock skew in the Forward path as:
[image: image]
This completes our proof.
3.2 Theorem 2
The skew clock estimator for the OWD in the Reverse path (Slave to Master) can be written as:
[image: image]
where [image: image] is the is the clock skew estimator that based only on timestamps from the Reverse path.
Proof of Theorem 2
In order to avoid the fixed delay, we can subtract between two timestamps from different Sync periods. Therefore, based on Eq. 2 we have:
[image: image]
where [image: image] is the clock skew between the (j + i)-th and ith Sync period, and
[image: image]
Based on the definition that t3 [j] − t2 [j] = X, as mentioned in the section of System Description (assumption 2), we can write:
[image: image]
By using Eq. 14, we can write Eq. 12 as:
[image: image]
Therefore, based on Eq. 15 the clock skew can be written as:
[image: image]
The OWD clock skew in the Reverse path can be defined as:
[image: image]
By putting Eq. 16 into Eq. 17 we define the clock skew in the Reverse path as:
[image: image]
This completes our proof.
4 THE CLOCK SKEW PERFORMANCE FOR THE WHITE-GAUSSIAN CASE
In the following, Theorems 3 and 4 present the closed-form approximated expressions for the MSE related to our new proposed OWD clock skew estimator for the Forward path and Reverse path, respectively. According to [4], the MSE for the TWD clock skew estimator for the Gaussian case is given by:
[image: image]
where P is:
[image: image]
and A, B are given by:
[image: image]
[image: image]
4.1 Theorem 3
For [image: image], the closed-form-approximated expression for the MSE related to the OWD clock skew estimator (for the Forward path), can be defined as:
[image: image]
where PF is:
[image: image]
where A and B are defined in Eq. 21, 22 respectively.
Proof of Theorem 3
Based on Eq. 10 the error of the OWD clock skew estimator (for the Forward path) is:
[image: image]
Now, according to Eq. 6 we can write T2,j(i) as following:
[image: image]
Based on Eq. 26 we may write the expectation of Eq. 25 as:
[image: image]
where
[image: image]
For [image: image] we can write Eq. 27 as:
[image: image]
Based on Eq. 29 the approximated MSE related to the OWD clock skew estimator (for the Forward path) can be define as:
[image: image]
According to [4], we can write T1,j(i) and T1,m(k) as:
[image: image]
where Tsyn is the Sync messages period.
Based on Eq. 28 and on Eq. 31 we can simplify the expressions in Eq. 30:
[image: image]
[image: image]
[image: image]
[image: image]
Since the PDV has zero mean Eqs 33 and 34 can be set to zero. Now, by putting Eqs 32 and 35 into Eq. 30, we can write the following expression:
[image: image]
Based on [4] we can write the two summation parts in Eq. 36 as:
[image: image]
where A and B are defined in Eq. 21, 22 respectively.
Based on Eq. 37 we may write (36) as:
[image: image]
For practical systems, the two clocks (Master and Slave) operate at almost the same frequency. Therefore we can write that (1 + αF) ≈ 1.
After rearranging Eq. 38 we can write:
[image: image]
Now, it can be easily seen that based on Eq. 39 we can write Eq. 23, and this completes our proof.
4.2 Theorem 4
For [image: image], the closed-form-approximated expression for the MSE related to the OWD clock skew estimator (for the Reverse path), can be defined as:
[image: image]
where A is defined in Eq. 21.
Proof of Theorem 4
Based on Eq. 18 the error of the OWD clock skew estimator (for the Reverse path) is:
[image: image]
Let us recall (26):
[image: image]
Based on Eq. 26, we may write the expectation of Eq. 41 as:
[image: image]
where
[image: image]
As mentioned before for practical systems, the two clocks (Master and Slave) operate at almost the same frequency. Therefore, we can write (1 + αF) ≈ 1.
For [image: image] we can write Eq. 42 as:
[image: image]
Based on the assumption of independence of the Forward and the Reverse messages (as mentioned in assumption 1 in section 2), we may write Eq. 44 as:
[image: image]
Based on Eq. 45 the closed-form-approximated expression for the MSE related to the OWD clock skew estimator (for the Reverse path) can be define as:
[image: image]
Based on Eq. 43 and on Eq. 31 we can rewrite the expression [image: image] as:
[image: image]
Now, based on Eq. 47 the closed-form-approximated expression for the MSE related to the OWD clock skew estimator (for the Reverse path) is:
[image: image]
According to [4], we can write the summation part in Eq. 48 as:
[image: image]
where A is defined in Eq. 21.
Now, it can be easily seen that by putting Eq. 49 into Eq. 48 we get Eq. 40, and this completes our proof.
5 THE CLOCK SKEW PERFORMANCE FOR THE LRD CASE
In this section we applied the fGn/gfGn model for the LRD process. This model has the Hurst exponent in the range of 0.5 ≤ H < 1 and the a parameter in the range of 0 < a ≤ 1, where for a = 1 we have the fGn case. In the following, Theorems 5 and 6 present the closed-form approximated expressions for the MSE related to our new proposed OWD clock skew estimator for the Forward path and Reverse path, respectively. According to [4] the closed-form-approximated expression for the MSE related to the TWD clock skew estimator [4] is given by:
[image: image]
where C and D are given by:
[image: image]
[image: image]
the function [image: image] is:
[image: image]
and P is defined in Eq. 20.
5.1 Theorem 5
The closed-form approximated expression for the MSE related to our new proposed OWD clock skew estimator (for the Forward path) can be defined as:
[image: image]
where C, D and PF are defined in Eq. 51, 52 and 24 respectively.
Proof of Theorem 5
The MSE for the fGn/gfGn case is based on the MSE of the OWD clock skew estimator for the Forward path defined in Eq. 36. Based on the fact that 1 + αF ≈ 1, we can write Eq. 36 as:
[image: image]
According to [4], we can write the first part in Eq. 55 as:
[image: image]
where C and D are defined in Eq. 51, 52 respectively.
The calculation of the second expression in Eq. 55 is quite difficult to carry out for the fGn/gfGn case. Therefore, following [4] we can write:
[image: image]
Now, by putting Eq. 57 into Eq. 55, we get Eq. 54 and this completes our proof.
5.2 Theorem 6
The closed-form approximated expression for the MSE related to our new proposed OWD clock skew estimator (for the Reverse path) can be defined as:
[image: image]
where C and D are defined in Eq. 51, 52.
Proof of Theorem 6
The MSE for the fGn/gfGn case is based on the MSE of the OWD clock skew estimator for the Reverse path defined in Eq. 48. Let as recall Eq. 48:
[image: image]
We can write the summation part in Eq. 48 as was done in [4] as:
[image: image]
Now, by putting Eq. 59 into Eq. 48, we get Eq. 58 and this completes our proof.
6 THE PREFERRED CLOCK SKEW ESTIMATOR FOR EACH SCENARIO
In this paper we proposed two OWD clock skew estimators (Eqs 5, 11). Thus, we can consider now two OWD clock skew estimators and one TWD clock estimator proposed by [4]. Let us recall the three estimators.
At first, we recall the TWD clock skew estimator from [4]:
[image: image]
The OWD clock skew estimator for the Forward path is given by Eq. 5:
[image: image]
The OWD clock skew estimator for the Reverse path is given by Eq. 11:
[image: image]
It would be very helpful for the system designer if he could know which of the above listed clock skew estimators (Eqs 60–62) he should choose in order to achieve the best clock skew performance in the MSE point of view. In this section we will give the system designer guidelines (conditions) that will help him to choose wisely the best clock skew estimator in order to achieve the best clock skew performance from the MSE point of view.
Please note, in this section we define Z as:
[image: image]
Thus we have:
a. when [image: image],
b. when [image: image],
c. when [image: image].
In the following we have Theorem seven supplying us guidelines for choosing the preferable clock skew estimator from the above listed clock skew estimators (Eqs 60–62) leading to the best clock skew performance from the MSE point of view for the white-Gaussian case. Theorem 8 supplies us guidelines for choosing the preferable clock skew estimator from the above listed clock skew estimators (Eqs 60–62) leading to the best clock skew performance from the MSE point of view for the fGn/gfGn case.
6.1 Theorem 7
For the white-Gaussian process we have the following conditions:
Case a: For Z > 1:
If [image: image], then we use the OWD clock skew estimator in the Forward path (Eq. 61).
where
[image: image]
Otherwise, we use the TWD clock skew estimator (Eq. 60).
Case b: For Z < 1:
If [image: image], then we use the OWD clock skew estimator in the Reverse path (Eq. 62),
where
[image: image]
Otherwise, we use the TWD clock skew estimator (Eq. 60).
Case c: For Z = 1 [image: image]:
If [image: image], then we use the OWD clock skew estimator in the Reverse path (Eq. 62),
where
[image: image]
Otherwise, we use the TWD clock skew estimator (Eq. 60).
Proof of Theorem 7
We rewrite the closed-form-approximated expression for the MSE related to the TWD clock skew estimator (Eq. 19), and the closed-form-approximated expressions for the MSE related to our new proposed OWD clock skew estimators (Eqs 23, 40) with the help of Z (Eq. 63).
The closed-form approximated expressions for the MSE related to the TWD clock skew estimator (Eq. 19) can be written as:
[image: image]
The closed-form approximated expression for the MSE related to the OWD clock skew estimator for the Forward path (Eq. 23) can be written as:
[image: image]
The closed-form approximated expression for the MSE related to the OWD clock skew estimator for the Reverse path (Eq. 40) can be written as:
[image: image]
where A, B, P and PF are defined in Eqs 21, 22, 20 and 24 respectively.
In the following, we define [image: image], [image: image] and [image: image] as the MSE of the TWD case (Eq. 67), OWD in the Forward path case (Eq. 68) and OWD in the Reverse path case (Eq. 69) respectively.
For Z > 1, we wish to find the value for Z where we have [image: image]. Thus, we may write with the help of Eqs 20, 24:
[image: image]
where Eq. 70 can be written also as:
[image: image]
After rearranging Eq. 71 we can write:
[image: image]
We can divide Eq. 72 by [image: image] and then we can write:
[image: image]
where [image: image] is defined in Eq. 64.
This completes our proof of Theorem 7, case a.
Now, we continue the proof of case b. For Z < 1, we wish to find the value for Z where we have [image: image]. Thus, with the help of Eq. 20 we may write:
[image: image]
where Eq. 74 can be written also as:
[image: image]
After rearranging Eq. 75 we can write:
[image: image]
We can divide Eq. 76 by [image: image] and then we can write:
[image: image]
where [image: image] is defined in Eq. 65.
This completes our proof of Theorem 7, case b.
Now we can continue the proof of case c of Theorem 7. For Z = 1, we defined that [image: image]. We wish to find the value for Z where we have [image: image] (please note that for Z = 1: [image: image], since B has only positive values). Thus, with the help of Eq. 20 we can write:
[image: image]
where Eq. 78 can be written also as:
[image: image]
After rearranging Eq. 79 we can write:
[image: image]
where [image: image] is defined in Eq. 66. Now, we have completed our proof of Theorem 7.
6.2 Theorem 8
For the fGn/gfGn process we have the following conditions:
Case a: For Z > 1:
If [image: image], then we use the OWD clock skew estimator in the Forward path (Eq. 61),
where
[image: image]
Otherwise, we use the TWD clock skew estimator (Eq. 60).
Case b: For Z < 1:
If [image: image], then we use the OWD clock skew estimator in the Reverse path (Eq. 62),
where
[image: image]
Otherwise, we use the TWD clock skew estimator (Eq. 60).
Case c: For Z = 1 [image: image]:
If [image: image], then we use the OWD clock skew estimator in the Reverse path (Eq. 62),
where
[image: image]
Otherwise, we use the TWD clock skew estimator (Eq. 60).
Proof of Theorem 8
We rewrite the closed-form-approximated expression for the MSE related to the TWD clock skew estimator (Eq. 50), and the closed-form-approximated expressions for the MSE related to our new proposed OWD clock skew estimators (Eqs 54, 58 with the help of Z (Eq. 63).
The closed-form approximated expressions for the MSE related to the TWD clock skew estimator (Eq. 50) can be written as:
[image: image]
The closed-form approximated expressions for the MSE related to the OWD clock skew estimator for the Forward path Eq. 54 can be written as:
[image: image]
The closed-form approximated expressions for the MSE related to the OWD clock skew estimator for the Reverse path Eq. 58 can be written as:
[image: image]
where C, D, P and PF are defined in Eqs 51, 52, 20 and 24 respectively.
In the following, we define: [image: image], [image: image] and [image: image] as the MSE of the TWD case (Eq. 84), OWD in the Forward path case (Eq. 85) and OWD in the Reverse path case (Eq. 86) respectively.
For Z > 1, we wish to find the value for Z where we have [image: image]. Thus, we may write:
[image: image]
where Eq. 87 can be written also as:
[image: image]
Based on the definition of P and PF in Eqs 20, 24 respectively, we can write:
[image: image]
Based on Eq. 89 we can write Eq. 88 as:
[image: image]
After rearranging Eq. 90 we can write:
[image: image]
By putting the definition of PF Eq. 24 into Eq. 91 we can write:
[image: image]
where [image: image] is defined in Eq. 81.
This completes our proof of Theorem 8, case a.
Now we continue the proof of case b. For Z < 1, we wish to find the value for Z where we have [image: image]. Thus, we may write:
[image: image]
where Eq. 93 can be written also as:
[image: image]
By using the definition of P in Eq. 20 into Eq. 95 we may write:
[image: image]
After rearranging Eq. 95 we can write:
[image: image]
where [image: image] is defined in Eq. 82.
This completes our proof of Theorem 8, case b.
Now we can continue the proof of case c of Theorem 8. For Z = 1, we defined that [image: image]. We wish to find the value for Z where we have [image: image]. Note that for [image: image] since, A, B and C have only positive values. Thus, we can write:
[image: image]
where Eq. 97 can be written also as:
[image: image]
By using the definition of P in Eq. 20, we may write Eq. 98 as:
[image: image]
After rearranging Eq. 99 we can write:
[image: image]
where [image: image] is defined in Eq. 83. Now, we have completed our proof of Theorem 8.
7 SIMULATION RESULTS
In this section, we first start to test our guidelines (conditions) from Theorem 8, summarized in Table 1. Figures 2, 3 show the simulated clock skew performance (MSE) comparison between the OWD clock skew estimator for the Forward path (Eq. 61) with the TWD clock skew estimator proposed by Avraham and Pinchas [4] for the fGn case. Figures 4–6 show the simulated clock skew performance (MSE) comparison between the OWD clock skew estimator for the Reverse path (Eq. 62) with the TWD clock skew estimator proposed by Avraham and Pinchas [4] for the fGn case. Figure 7 shows the simulated clock skew performance (MSE) comparison between the OWD clock skew estimator for the Forward path (Eq. 61) with the TWD clock skew estimator proposed by Avraham and Pinchas [4] for the gfGn case. Figure 8 shows the simulated clock skew performance (MSE) comparison between the OWD clock skew estimator for the Reverse path (Eq. 62) with the TWD clock skew estimator proposed by Avraham and Pinchas [4] for the gfGn case. In Figures 2, 3 and Figure 7, the Forward PDV variance was set lower than the Reverse PDV variance (Z > 1). Now, according to test case a of Theorem 8, if [image: image] we should choose the OWD clock skew estimator for the Forward path over the TWD clock skew estimator, else we should choose the TWD clock skew estimator. Namely, if [image: image], a better clock skew performance from the MSE point of view can be obtained with the OWD clock skew estimator for the Forward path compared with the TWD clock skew estimator proposed by Avraham and Pinchas [4]. In Figure 2 and Figure 7, we have [image: image] while in Figure 3 we have [image: image]. Indeed we can see that in Figure 2 and Figure 7 a lower MSE is obtained with the OWD clock skew estimator for the Forward path compared with the TWD clock skew estimator proposed by Avraham and Pinchas [4] which clearly demonstrates that the OWD clock skew estimator for the Forward path should be chosen for the clock skew estimation task. In Figure 3 a lower MSE is obtained with the TWD clock skew estimator compared with the OWD clock skew estimator for the Forward path which means that the TWD clock skew estimator should be chosen for the clock skew estimation task. Thus, we may say that according to Figures 2, 3 and Figure 7, test case a of Theorem 8 works correctly. In Figures 4, 5 and Figure 8, the Reverse PDV variance was set lower than the Forward PDV variance (Z < 1). Now, according to test case b of Theorem 8, if [image: image] we should choose the OWD clock skew estimator for the Reverse path over the TWD clock skew estimator, else we should choose the TWD clock skew estimator. Namely, if [image: image] a better clock skew performance from the MSE point of view can be obtained with the OWD clock skew estimator for the Reverse path compared with the TWD clock skew estimator proposed by Avraham and Pinchas [4]. In Figure 4 and Figure 8, we have [image: image] while in Figure 5 we have [image: image]. Indeed we can see that in Figure 4 and Figure 8 a lower MSE is obtained with the OWD clock skew estimator for the Reverse path compared with the TWD clock skew estimator proposed by Avraham and Pinchas [4] which clearly demonstrates that the OWD clock skew estimator for the Reverse path should be chosen for the clock skew estimation task. In Figure 5 a lower MSE is obtained with the TWD clock skew estimator compared with the OWD clock skew estimator for the Reverse path which means that the TWD clock skew estimator should be chosen for the clock skew estimation task. Thus, we may say that according to Figures 4, 5 and Figure 8, test case b of Theorem 8 works correctly. In Figure 6, the Reverse PDV variance was set equal to the Forward PDV variance (Z = 1). Now, according to test case c of Theorem 8, if [image: image] we should choose the OWD clock skew estimator for the Reverse path over the TWD clock skew estimator, else we should choose the TWD clock skew estimator. Namely, if [image: image] a better clock skew performance from the MSE point of view can be obtained with the OWD clock skew estimator for the Reverse path compared with the TWD clock skew estimator proposed by Avraham and Pinchas [4]. According to Figure 6, up to approximately J = 80 we have that [image: image]. Thus, up to approximately J = 80 we see according to Figure 6 that a lower MSE is obtained with the TWD clock skew estimator proposed by Avraham and Pinchas [4] compared with the OWD clock skew estimator for the Reverse path. But, for J > 80, [image: image] thus a lower MSE is obtained with the OWD clock skew estimator for the Reverse path compared with the TWD clock skew estimator proposed by Avraham and Pinchas [4]. Figure 6 clearly demonstrates the effectiveness of test case c of Theorem 8. According to Figures 2–8, our guidelines (conditions) from Theorem 8 indeed may help the system designer to choose wisely the preferred approach among Eqs 60–62 that should be applied for the clock skew estimation task in order to get the best clock skew performance from the MSE point of view. According to Figures 2–8 we can also see the advantage of having two OWD clock skew estimators (one for the Forward path and one associated with the Reverse path) that can supply better clock skew performance from the MSE point of view compared to our recently proposed TWD clock skew estimator Avraham and Pinchas [4], when complying with our proposed guidelines (conditions) from Theorem 8.
[image: Figure 2]FIGURE 2 | Test case a of Theorem 8. Performance (MSE) comparison between the OWD clock skew estimator in the Forward path (Eq. 61) and the TWD clock skew estimator (Eq. 60). The PDV is an fGn process. α = 50ppm, Q = 5 ms, [image: image], H = 0.7, dms = 5 ms, dsm = 5.5 ms, [image: image], [image: image], Z = 16, [image: image] (for J < 500, [image: image]). The results were obtained for 100 Monte-Carlo trails.
[image: Figure 3]FIGURE 3 | Test case a of Theorem 8. Performance (MSE) comparison between the OWD clock skew estimator in the Forward path (Eq. 61) and the TWD clock skew estimator (Eq. 60). The PDV is an fGn process. α = 50ppm, Q = 5 ms, [image: image], H = 0.7, dms = 5 ms, dsm = 5.5 ms, [image: image], [image: image], Z = 1.44, [image: image] (for J < 500, [image: image], [image: image]). The results were obtained for 100 Monte-Carlo trails.
[image: Figure 4]FIGURE 4 | Test case b of Theorem 8. Performance (MSE) comparison between the OWD clock skew estimator in the Reverse path (Eq. 62) and the TWD clock skew estimator (Eq. 60). The PDV is an fGn process. α = 50ppm, Q = 5 ms, [image: image], H = 0.7, dms = 5 ms, dsm = 5.5 ms, [image: image], [image: image], Z = 0.0625, [image: image] (for J < 500, [image: image], [image: image]). The results were obtained for 100 Monte-Carlo trails.
[image: Figure 5]FIGURE 5 | Test case b of Theorem 8. Performance (MSE) comparison between the OWD clock skew estimator in the Reverse path (Eq. 62) and the TWD clock skew estimator (Eq. 60). The PDV is an fGn process. α = 50ppm, Q = 5 ms, [image: image], H = 0.7, dms = 5 ms, dsm = 5.5 ms, [image: image], [image: image], Z = 0.69, [image: image] (for J < 500, [image: image]). The results were obtained for 100 Monte-Carlo trails.
[image: Figure 6]FIGURE 6 | Test case c of Theorem 8. Performance (MSE) comparison between the OWD clock skew estimator in the Reverse path (Eq. 62) and the TWD clock skew estimator (Eq. 60). The PDV is an fGn process. α = 50ppm, Q = 5 ms, [image: image], H = 0.6, dms = 2.5 ms, dsm = 3 ms, [image: image], Z = 1, [image: image] (for J < 500: [image: image], [image: image], [image: image], [image: image]). The results were obtained for 100 Monte-Carlo trails.
[image: Figure 7]FIGURE 7 | Test case a of Theorem 8. Performance (MSE) comparison between the OWD clock skew estimator in the Forward path (Eq. 61) and the TWD clock skew estimator (Eq. 60). The PDV is an gfGn process. α = 50ppm, Q = 5 ms, [image: image], H = 0.95, a = 0.08, dms = 5 ms, dsm = 5.5 ms, [image: image], [image: image], Z = 9, [image: image] (for J < 500, [image: image]). The results were obtained for 100 Monte-Carlo trails.
[image: Figure 8]FIGURE 8 | Test case b of Theorem 8. Performance (MSE) comparison between the OWD clock skew estimator in the Reverse path (Eq. 62) and the TWD clock skew estimator (Eq. 60). The PDV is an gfGn process. α = 50ppm, Q = 5 ms, [image: image], H = 0.95, a = 0.08, dms = 5 ms, dsm = 5.5 ms, [image: image], [image: image], Z = 0.111, [image: image] (for J < 500, [image: image], [image: image]). The results were obtained for 100 Monte-Carlo trails.
In Figures 9–12 we compared the clock skew performance (MSE) of our new proposed OWD clock skew estimators (Eqs 61, 62) with the clock skew performance (MSE) that is obtained from three clock skew algorithms: a.) TWD clock skew estimator, named as the ML-like estimator (MLLE) proposed by Noh et al. [5], b.) OWD clock skew estimator, named as the maximum likelihood estimator proposed by Levy and Pinchas [7], c.) OWD clock skew estimator, named as the Kalman estimator proposed by Chaloupka et al. [6]. According to Noh et al. [5] we have:
[image: image]
where
[image: image]
T2,1 (J − 1) = t2 [J] − t2 [1], T1,j(i), T2,j(i), T3,j(i) and T4,j(i) are defined in Eqs 4, 13.
[image: Figure 9]FIGURE 9 | Performance (MSE) comparison between the OWD clock skew estimator for the Forward path (Eq. 61), likelihood clock skew estimator proposed by Noh et al. [5] and maximum likelihood clock skew estimator proposed by Levy and Pinchas [7]. The PDV is an gfGn process. α = 50ppm, Q = 5 ms, [image: image], H = 0.95, a = 0.08, dms = 5.5 ms, dsm = 5 ms, [image: image], [image: image]. The results were obtained for 100 Monte-Carlo trails.
[image: Figure 10]FIGURE 10 | Performance (MSE) comparison between the OWD clock skew estimator for the Reverse path (Eq. 62), likelihood clock skew estimator proposed by Noh et al. [5] and maximum likelihood clock skew estimator proposed by Levy and Pinchas [7]. The PDV is an fGn process. α = 50ppm, Q = 5 ms, [image: image], H = 0.7, dms = 5.5 ms, dsm = 5 ms, [image: image], [image: image]. The results were obtained for 100 Monte-Carlo trails.
[image: Figure 11]FIGURE 11 | Performance (MSE) comparison between the OWD clock skew estimator for the Forward path (Eq. 61), likelihood clock skew estimator proposed by Noh et al. [5] and Kalman clock skew estimator proposed by Chaloupka et al. [6]. The PDV is an gfGn process. α = 50ppm, Q = 5 ms, [image: image], H = 0.95, a = 0.08, dms = 5.5 ms, dsm = 5 ms, [image: image], [image: image], L = 100, QKAL = 0, δσ = δμ = 1e − 4, [image: image]. The results were obtained for 100 Monte-Carlo trails.
[image: Figure 12]FIGURE 12 | Performance (MSE) comparison between the OWD clock skew estimator for the Reverse path (Eq. 62), likelihood clock skew estimator proposed by Noh et al. [5] and Kalman clock skew estimator proposed by Chaloupka et al. [6]. The PDV is an fGn process. α = 50ppm, Q = 5 ms, [image: image], H = 0.7, dms = 5.5 ms, dsm = 5 ms, [image: image], [image: image], L = 100, QKAL = 0, δσ = δμ = 1e − 4, [image: image]. The results were obtained for 100 Monte-Carlo trails.
According to Levy and Pinchas [7] we have:
[image: image]
where Amax (J, i, j, k, H) is:
[image: image]
and [image: image] is:
[image: image]
Γ(.) denotes the Gamma function, △ denotes the difference between two consecutive timestamps. Tm. i is the timestamp in the ith period when the Master sends the Sync message. Ts1. i is the timestamp in the ith period when the dual-Slave receives the Sync message. Ts2. i is the timestamp in the ith period when the Slave receives the Sync message.
The Kalman estimator from Chaloupka et al. [6] depends on a predefined parameter L that defines the sliding window’s length in the algorithm. The L parameter impacts the performance (MSE). As we increase L, it reduces the MSE. However, L also depends on the total number of sync periods, which we set for the frequency synchronization task as 500. Therefore, L must be smaller than 500.
According to Chaloupka et al. [6] the Kalman’s measurement equation is:
[image: image]
The Kalman’s state equation is:
[image: image]
where the variance of u[j] is QKAL. The estimate of the noise measurement variance is given by Chaloupka et al. [6]:
[image: image]
where
[image: image]
δμ and δσ are smoothing factors which are between zero and one.
According to Figures 9, 10, our new proposed OWD clock skew estimator for the Forward path (Eq. 61) (Figure 9) or for the Reverse path (Eq. 62) (Figure 10) achieves a lower MSE compared to the clock skew estimators proposed by Noh et al. [5] and Levy and Pinchas [7]. Please note that for the simulation results presented in Figure 10, the PDV for the Reverse path was set lower than the PDV for the Forward path. Since the OWD clock skew estimator proposed by Levy and Pinchas [7] is based on the Forward path only, the clock skew accuracy with this estimator Levy and Pinchas [7] is indeed decreased (Figure 10).
According to Figures 11, 12, our new proposed OWD clock skew estimator for the Forward path (Eq. 61) (Figure 11) or for the Reverse path (Eq. 62) (Figure 12) achieves a lower MSE compared to the clock skew estimators proposed by Noh et al. [5] and Chaloupka et al. [6]. Please note that for the simulation results presented in Figure 12, the PDV for the Reverse path was set lower than the PDV for the Forward path. Since the OWD clock skew estimator proposed by Chaloupka et al. [6] is based on the Forward path only, the clock skew accuracy with this estimator Chaloupka et al. [6] is indeed decreased (Figure 12).
Next we tested our new proposed OWD clock skew estimators’ performances (MSE) for the Forward and Reverse paths (Eqs 61, 62) with our closed-form-approximated expressions for the MSE for the LRD case (Eqs 54, 58) for the Forward and Reverse path, respectively. Case 1 in Figures 13, 14 presents the clock skew performance of our new proposed OWD clock skew estimator for the Forward path (Eq. 61) compared with our closed-form-approximated expression for the MSE in Eq. 54. Case 2 in Figures 13, 14 presents the clock skew performance of our new proposed OWD clock skew estimator for the Reverse path (Eq. 62) compared with our closed-form-approximated expression for the MSE in Eq. 58. According to Figures 13, 14 it can be clearly seen that our new closed-form-approximated expressions for the MSE in Eqs 54, 58 supply very close results to the simulated one.
[image: Figure 13]FIGURE 13 | case 1: Performance comparison for the fGn case, between our new proposed clock skew estimator for the Forward path (Eq. 61) with the performance results for our new proposed expression for the MSE (Eq. 54). [image: image]. Case 2: Performance comparison for the fGn case, between our new proposed clock skew estimator for the Reverse path (Eq. 62) with the performance results for our new proposed expression for the MSE (Eq. 58). [image: image]. For both cases: α = 50ppm, Q = 5 ms, [image: image], H = 0.6, dms = 5.5 ms, dsm = 5 ms. The results were obtained for 100 Monte-Carlo trails.
[image: Figure 14]FIGURE 14 | case 1: Performance comparison for the gfGn case, between our new proposed clock skew estimator for the Forward path (Eq. 61) with the performance results for our new proposed expression for the MSE (Eq. 54). [image: image]. Case 2: Performance comparison for the gfGn case, between our new proposed clock skew estimator for the Reverse path (Eq. 62) with the performance results for our new proposed expression for the MSE (Eq. 58). [image: image]. For both cases: α = 50ppm, Q = 5 ms, [image: image], H = 0.95, a = 0.95, dms = 5.5 ms, dsm = 5 ms. The results were obtained for 100 Monte-Carlo trails.
8 CONCLUSION
In this paper we derived two novels OWD clock skew estimators for the Forward and Reverse paths applicable for white-Gaussian process and for the fGn/gfGn environment. Those estimators do not depend on the unknown fixed paths nor on the clock offset between the Master and Slave. In addition, we derived also closed-form-approximated expressions for the clock skew performance (MSE) for the new proposed OWD clock skew estimators for the Forward and Reverse paths. In order to help the system designer to choose the right clock skew estimator that may get the best clock skew performance from the MSE point of view, some guidelines (conditions) were derived, helping choosing the right clock skew estimator wisely. Simulation results has confirmed that our new OWD clock skew estimators indeed achieve better clock skew performance from the MSE point of view compared to the literature known clock skew estimators. Simulation results have also confirmed that our closed-form-approximated expressions for the MSE related to our new proposed OWD Forward and Reverse estimators are indeed efficient.
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Engineering applications of the fractional Weibull distribution (fWd) are quite limited because a corresponding stochastic process is not yet constituted and completely analyzed of fundamental properties. In order to fill this gap, the fractional Weibull process (fWp) is defined in this paper with the realization algorithm. The self-similarity property as well as long range dependence (LRD) are proven for the future research. The simulation is conducted by the actual data. The fWd is utilized to fit the actual probability distribution and the corresponding process is generated to reflect the stochasticity of the data. The random walk based on the fWp expands the simulation to the planar space.
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1 INTRODUCTION


After the discovery of fractal geometry, there has been recently a growing interest for the application of the fractional dimension processes in several fields. The fractional process is often used in the modeling of the Internet traffic. An abstract model for aggregated connectionless traffic, which is based on the fractional Brownian motion, is presented in [1]. In [2], generalized fractional Gaussian noise is proposed and used in the traffic modelling. The stochastic process with fractional dimension can also be used in the field of remaining useful life prediction for the mechanical parts. The remaining useful life is the remaining time for the mechanical parts before the next failure. The purpose of the remaining useful life prediction is to schedule the maintenance of the system and improve the reliability. The multi-modal fractional Lévy stable motion degradation model is developed to predict the remaining useful life of a blast furnace [3].

The Weibull distribution was originally introduced for modeling the strength data of material by Weibull in 1939, which is inspired by the works of the extreme value distribution, and then extended to several fields [4]. The traditional applications of the Weibull distribution is in the field of mechanical engineering, which is the lifetime prediction. A new extended model is used in the lifetime prediction in [5]. The Weibull distribution is combined with the artificial neural network to form a new predicting model for the prediction of the remaining useful life of the bearing [6]. There are also a lot of applications of Weibull distribution in the power system. The combining modified Weibull distribution model is proposed for the forecast of the power system reliability [7]. Based on simple and complex Weibull distributions, a hypothesis of the power system reliability has been confirmed [8]. In [9] the upper-truncated Weibull distribution has been used both for modeling the wind speed data and estimating the wind power density. Weibull distribution is combined with the artificial neural network to establish an advanced wind speed prediction model [10].

The versatility of Weibull distribution raises people’s interests on the fractional transformation. In [11] the fWd was proposed for modeling the wind speed data. The researchers find out that the actual wind speed data contains a lot of low wind speed values. By discarding the wind speed data that is close to zero, the wind speed is fitted by the fWd with high accuracy for the speed range suitable for wind power production. The fractal parameter is the fraction of data extracted from the wind speed data to make a better fit. Therefore, the essence of the fWd is to improve the fitting results by an additional fractal parameter.

In [12], the power load is modeled by the Weibull distribution. The power load data resembles the wind speed data because the power load is commonly be zero or approximate to zero. In the power break, the load is zero. At night, the factories are closed, therefore the total power load consumption in the area is close to zero. Therefore, this paper proposes the fWd for the modelling of the power load in wish of a better modelling result.

Probability distribution as fWd describes the time series in the statistical sense. In order to express the temporal characteristics of the time series conforming to fWd, the corresponding stochastic process need to be defined and studied. In this paper, the fWp is defined with respect to fWd. At each of the time point, draw a value randomly from the fWd will constitute the corresponding fWp temporally. If we count the values of the fWp in a long enough time period, the frequency distribution of the counted data will be the corresponding fWd. Therefore, the fWd and fWp are strongly connected mathematically.

As a stochastic process is defined, some fundamental and crucial property for the process need to be studied. Random walk characteristics is a common stochastic behavior for a process, which is beneficial in the optimization and graph machine learning. The random walk can be useful for the optimization to avoid the local maximum and the graph machine learning to simplify the graph. A lot of stochastic time series in the application conveys the properties of the self-similarity and LRD, which is useful for the study. Stochastic process with self-similarity and LRD can be employed in the modeling and prediction of the time series with the same properties. Therefore, in this paper, the random walk characteristics, self-similarity and LRD of the fWd are studied and illustrated to facilitate the future engineering application of the proposed process.

A random walk is known as a random behavior, in which a particle in space takes a succession of random steps to create a trajectory of moving [13]. In each of the step, the direction is random and the step length follows a certain distribution. If the distribution is normal distribution, then the random walk is called Rayleigh flight [14]. The random walk with the probability distribution to be Lévy distribution is called the Lévy flight [15]. In this paper, the random walk based on the fWp is proposed, in which the probability for the step length is the fWd.

Self-similarity means that the partial segment of the stochastic process or distribution resembles the whole stochastic process or distribution [16]. In [17], the Weibull distribution is used in the modelling of the self-similar Internet traffic and the formula of the self-similarity parameter is derived in [18]. The Hurst parameter of the Weibull distribution belongs to (0.5,1), which can be confirmed from the formula in [18]. Moreover, the mathematical definition of self-similarity contains the concept of equality in distribution [19]. Two random variables X and Y are said to be equal in distribution, if they have the same probability distribution function. In [20] a proposition is proven for the equivalent condition of the equality in distribution. In this paper, the proposition is employed to prove the self-similarity of the fWp.

LRD means that the value of the stochastic process is strongly influenced by the previous values of the time series [21]. The autocorrelation function of the long range dependent signal cannot be integrated in the infinity range, instead it diverges to infinity. The reason for the divergence is that the autocorrelation decays to zero very slowly as the power functional speed. In order to make the integration to converge, the autocorrelation need to decay exponentially, which corresponds to the short range dependence.

In [22] the following theorem about the connection between the self-similarity and LRD has been proved so that we can prove the LRD based on self-similarity:

If a process is self-similar with self-similarity parameter belonging to the half unit interval of (0.5, 1) and the second moments exist, then it can be shown that its incremental stochastic process is characterized by LRD.

In this paper, fWp is defined with respect to the fWd and the random walk characteristics is analyzed. The self-similarity property and the existence of the second moments are proved, therefore the incremental process of fWp is characterized by LRD [22]. Furthermore, LRD of the fWp is derived. The simulation is carried out with the real data.

The rest of the paper is arranged as follows: In Section 2, the properties of fWd is elaborated and the corresponding fWp is defined with the realization algorithm. In Section 3 and Section 4, the self-similarity and LRD of the fWp are proven. In Section 5, the simulation of the fWp is carried out with the analysis for the corresponding random walk. The work of this paper is summarized in the conclusion.




2 THE FWP AS WELL AS THE CORRESPONDING RANDOM WALK




2.1 Data modeling with the fWd


The density function of the fWd is defined as:


[image: image]


where [image: image]is the fractal parameter, a is the location parameter, b is the scale parameter and c is the shape parameter.

The location parameter [image: image]is the origin where the probability of the physical values is above zero. Changing the value of [image: image]will cause a shift of curve horizontally. The shape parameter [image: image]is the key parameter of the distribution because it can change the shape of the density function dramatically. The density curve of the fWd is L-shaped when the value of parameter [image: image]is not larger than 1. Otherwise, the density curve is single-peaked.

Changing the scale parameter b while the other parameters are hold constants will cause the curve to shift both vertically and horizontally (see e. g., Figure 1). With the increase of the scale parameter, the dispersion of the distribution is larger. and the skewness of the data is smaller.


[image: Figure 1]



FIGURE 1 | 
The influence of the change of scale parameter.



The skewness is very important for the modeling of the real physical quantities. The maximum and minimum of the data is confined by the application background of the data. Therefore, the data area with high probability is relatively small and the probability for other areas are close to zero. This common phenomenon introduces skewness to the actual density function with its admissible range between zero and positive infinity. The skewness of fWd makes it easier to describe this sort of data distribution.

Comparing with the Weibull density function, the probability density function of the fWd has a scaling factor [image: image]which is smaller than 1 representing the reserved proportion of the data. Therefore, the fWd can be considered as the generalization of the Weibull distribution with an additional fractal parameter. If fractal parameter [image: image]is zero, then the fWd degenerates to Weibull distribution. Changing [image: image]while the other parameters are kept invariant will cause the peak of the curve to move vertically. In Figure 2, some fWds corresponding to different fractal parameters are depicted.


[image: Figure 2]



FIGURE 2 | 
The influence of the change of fractal parameter.



The physical meaning of [image: image] is the discarding rate of the original data. When the ratio of the low value samples is high, a higher fractal parameter can reduce the modeling error. When the fractal parameter is determined to be smaller, there will be less of the original data to be discarded. The value of [image: image]can influence the accuracy of modeling, thus the fractal parameter should be determined through experiment.




2.2 Definition and realization algorithm of the fWp


Definition of the fWp:

The stochastic process is fWp if the following two conditions are satisfied:

   1. [image: image](2.2)

   2.The increments of the fWp are independent (2.3)

   3. For given [image: image], the increment satisfies


[image: image]


Set s to be 0 and combining Eq. 2.2 and Eq. 2.4, Eq. 2.5 can be reached:


[image: image]


Derivation of the realization algorithm for fWp

Select a minimum calculation step length[image: image]in the interested definition range of the distribution and then define the discrete argument [image: image]in the definition range.


[image: image]


where the argument [image: image]is the total number of the step lengths pertaining to the value of the physical quantities.

Substitute the discrete argument to the density function of the fWd:


[image: image]



[image: image]


The definition range of the stochastic time series is limited by the physical law and there is only a proportion of the definition range that can raise people’s research interests. Therefore, the maximum value of the argument [image: image], which is [image: image], can be defined:


[image: image]


The maximum value of [image: image]is determined based on the types of the physical values and the applications

Therefore, the finite valued and discretized density function of the fWd:


[image: image]


where 


[image: image]


The parameter [image: image]is introduced to normalize the values in the random variable Such that it can meet the basic requirements of a discrete random variable.

Define another discrete random variable [image: image]



[image: image]


The discrete random variable [image: image]means that the integer value [image: image] is equally distributed in the range of [image: image].

The constitution of the stochastic process can be separated into three steps. The.

First step is to draw an integer value of [image: image]from the discrete random variable [image: image] with the uniform probability. The second step is to calculate the probability value of [image: image]. The third step is to multiply the probability values of the two steps.

Therefore, we can define the fWp as follows:


[image: image]


where [image: image]is introduced to meet the basic requirement of the discretized random variable:


[image: image]


Substitute the value of [image: image]to the definition of the discrete random variable:


[image: image]


There are six different parameters in the fWp. Four of them are the same as the fWd and are estimated by the actual data. These four parameters can reflect the statistical characteristics of the data. The other two parameters are determined based on the physical background of the data. In this section, a trajectory of the fWp and the corresponding random walk are depicted separately in Figure 3 and Figure 4. The parameters are chosen randomly in this section and in Section 5 the whole procedure for the construction of the fWp as well as the corresponding random walk is provided.


[image: Figure 3]



FIGURE 3 | 
An exemplary trajectory of the fWp.




[image: Figure 4]



FIGURE 4 | 
An exemplary random walk based on the fWp.







3 SELF-SIMILARITY PROPERTY




3.1 Self-similarity criterion for a general stochastic process


Let [image: image] be a stochastic process, and [image: image]is the argument. [image: image] is self-similar with self-similarity parameter[image: image] if and only if


[image: image]


where [image: image] denotes equality in distribution, i. e., they have the same probability distribution function.

In [20], the following proposition expressed by Eq. 3.2 and Eq. 3.3 are proved. Equations 3.2 is the general form of the equivalent condition for equality in distribution with respect to two different random variables. If the random variable is Weibull distribution, then the specialized form is presented as Eq. 3.3.

Given two cumulative distribution functions [image: image] and[image: image], and a fixed number[image: image], we have that [image: image] is equal to[image: image] in distribution if and only if [image: image]is equal to[image: image], where the function [image: image]is called the discriminant function and is defined as:


[image: image]


where [image: image]is the inverse function of the cumulative function and mod is the modular operation.

For the Weibull distribution, we can get the specialized definition for[image: image]:


[image: image]


By combining the self-similarity definition (3.1) with Eq. 3.2, we can get the criterion of the self-similarity for a general stochastic process:


[image: image]


where [image: image] is the cumulative distribution function of[image: image],[image: image] is the cumulative distribution function of[image: image].


[image: image]


Substituting (3.5) into (3.4) we get


[image: image]


 which is a practical criterion for the self-similarity of a stochastic process

On the left side of Eq. 3.6, it is the discriminant function [image: image]with argument [image: image], while on the right hand side, it is the discriminant function [image: image]with argument [image: image].




3.2 The discriminant function for the fWp


In the following, we will derive the discriminant function for the fWp.

The following equations can be derived from the definitions:


[image: image]



[image: image]



[image: image]


where [image: image] and [image: image]are the density functions of the Weibull distribution and the fWp. [image: image] and [image: image] are the cumulative density functions of the Weibull distribution and the fWp. [image: image] and [image: image] are the inverse cumulative density functions of the Weibull distribution and the fWp.

From Eq. 3.2, we have:


[image: image]



[image: image]


Besides the additional coefficient[image: image], the only change between (3.2) and (3.10) is the difference[image: image], which is added by a scaling factor[image: image]. [image: image] in Eq. 3.2 results in a [image: image]proportion of Eq. 3.3 specialized for the Weibull distribution. Thus we can conclude that the discriminant function specialized for the fWp is:


[image: image]





3.3 Self-similarity for the fWp


In this subsection we will show the self-similarity of the fWp.


Theorem 1. The fWp is self-similar

Proof Combining Eq. 3.3 and Eq. 3.6, we can reach Eq. 3.12:


[image: image]



Eq. 3.12 can be simplified to be Eq. 3.13 by removing the minus sign and the power.


[image: image]


By considering the self-similarity condition (3.6) and Eq. 3.11, we have to show that the following Eq. 3.14 and Eq. 3.15 are equal to prove the self-similarity of the fWp.


[image: image]



[image: image]


In fact (3.14) and (3.15) can be transformed into (3.16) and (3.17), respectively, as follows.


[image: image]



[image: image]


Therefore, the equality of (3.16) and 3.17 can be transformed into the equality of (3.18) and 3.19:


[image: image]



[image: image]


According to Eq. 3.13, the two functions (3.18) and (3.19) are equal if we select the same self-similar parameter with the Weibull distribution. Therefore, the self-similarity of the fWp is proven because there exists a self-similar parameter to make Eq. 3.1 to hold, which is within the interval of (0.5,1).





4 THE SECOND MOMENTS AND LRD PROPERTY




4.1 The second moments of the fWp exists


For simplicity we give here only one kind of second moment, since the derivation of other moments are similar. The second moment about zero of the fWp can be easily obtained by a direct computation as follows:


[image: image]


Therefore, we have proven that the second moments of the fWp exists.




4.2 The LRD of the fWp


The LRD means the slow decay of the auto-correlation function[image: image], which also means that the auto-correlation in the process remains strong as the time lag goes to infinity. The strong auto-correlation means that the value of the process is influenced by other values of the process. With the slow decay of the auto-correlation function, it cannot be integrated in the infinite range.


[image: image]


where


[image: image]



[image: image] and [image: image] is a given non-zero constant.


Eq. 4.2 summarizes the physical meaning of the LRD. The slow decaying rate of the auto-correlation function does not specify the exact decaying rate. By changing the values of constants [image: image]and[image: image], the decaying rate of the auto-correlation changes accordingly. The slower the decaying is, the stronger is the LRD. Therefore, the proof of the LRD focuses on the existence of the slow decaying auto-correlation.

Let [image: image]be the fWp, then its incremental process[image: image]fulfills:


[image: image]


Based on the theorem in [22], we can show the incremental process [image: image]is of LRD, which means the auto-correlation function of[image: image] decays as a power function. In the following, we can show the fWp is of LRD.


Theorem 2. The fWp is of LRDProof: According to the definition (4-4), we can express [image: image] by the linear combinations of[image: image],[image: image]. Moreover, the auto-correlation function of [image: image] can be expressed as the linear combination of auto-correlation functions of[image: image], [image: image].


[image: image]



[image: image]


From Eq. 4.6 and the law of infinitesimal substitution, there follows that the auto-correlation function of [image: image]decays in a multinomial power law way. It also means that the auto-correlation function of [image: image] decays at the same speed as the slowest decaying rate among auto-correlation functions of[image: image], [image: image]. The auto-correlation function of [image: image]that processes the slowest decaying rate is the biggest one, in other words, the one with the smallest power.


[image: image]


Therefore, we have proven that the auto-correlation function of [image: image] is decaying as the power function, which proves the LRD of the fWp.





5 SIMULATION ON THE FWP




5.1 Time series fitted with the fWd


In this paper, the power load data from the European Network on Intelligent.

Technologies prediction contest is used in the validation of the proposed process. In Figure 5, the actual power load frequency distribution is plotted and the corresponding probability density function is provided numerically


[image: Figure 5]



FIGURE 5 | 
The actual power load frequency distribution and density function.



The power load data cannot be negative values, therefore the Gaussian fit is not appropriate. Select fWd to fit the actual power load distribution and can achieve a better fitting result than the Weibull distribution because of the fractal parameter. The location parameter a is set to be zero for the power load are positive and the scale fractal parameter is determined later through experiment. The scale parameter and shape parameter are estimated by the maximum similarity estimation.

The maximum likelihood function of the fWd:


[image: image]


The logarithmic maximum likelihood function of the fWd:


[image: image]


Take the partial derivative of the logarithmic maximum likelihood function with respect to the scale parameter b and then make it equal to zero.


[image: image]


Separate the scale parameter b and the shape parameter c:


[image: image]


Take the partial derivative of the logarithmic maximum likelihood function with respect to the shape parameter c and then make it equal to zero.


[image: image]


After performing some algebraic calculation, the equivalent equation can be derived


[image: image]


Substituting Eq. 5.4 to Eq. 5.6:


[image: image]


Therefore, the estimation of the scale parameter b and the shape parameter c is reached. The scale parameter b is estimated to be 748.4289 and the shape parameter c is estimated to be 15.7742.

The fractal parameter needs to be evaluated chosen by the fitting results. The density function of the fWd with different fractal parameters are depicted in Figure 6 as well as the actual power load density function. The criterions of goodness of fitting (GoF) are the sum of squared error (SSE) and the root mean square error (RMSE) [23]. The formulas are listed below. For both criterions, the smaller value means better fitting results.


[image: image]



[image: image]



[image: Figure 6]



FIGURE 6 | 
The fitting results of fWd with different fractal parameters.



The calculations of the SSE and RMSE are listed in Table 1. The density function of fWd with zero fractal parameter is Weibull distribution. As we can see from Table 1, the delta value of 0.05 is chosen in the end because both the values of SSE and RMSE are the smallest.





TABLE 1 | 
The evaluation of fitness for different fractal parameters.

[image: Table 1]


After the parameter estimation and the experiment, the power load is fitted with the fractional Weibull distribution in Figure 7.


[image: Figure 7]



FIGURE 7 | 
The fractional Weibull fit of the data.






5.2 The construction of the fWp


On the purpose of generating the fWp conveying the stochasticity of the stochastic time series, the other parameters in the fWp need to be calculated.

The step length [image: image]of the modeling can set to be 1 kWh because the power load data are all positive integers. The maximum value of the power load concerned in the research is 900 kWh. Therefore, the maximum value of the argument [image: image], which is [image: image], can be calculated:


[image: image]


where [image: image]is the value of the power load series for research and the square bracket represents the integer valued function.

Therefore, the fWp with the stochasticity of the time series is depicted in Figure 8.


[image: Figure 8]



FIGURE 8 | 
The fWp based on the power load series.






5.3 The simulated path for the random walk of the fWp


After the construction of the fWp, the corresponding random walk path can be simulated. As depicted in Figure 9, the particle in the random walk starts from the origin. At each of the iteration, the jump direction is random and the jump length follows the fWd with parameters estimated from the actual data. The simulation path of the random walk expands the dimension of the fWp to a planar space with the same stochasticity coming from the actual data.


[image: Figure 9]



FIGURE 9 | 
The random walk characteristics of the fWp.







6 THE POTENTIAL ENGINEERING APPLICATIONS OF THE FWP


Wind power generation is very unreliable because it relies solely on the wind speed. The historical wind speed data can be used to construct the fWp for representing its stochasticity and the statistical wind speed prediction model can be constructed. Once the wind speed variation tendency is predicted in advance, the wind power generation can be predicted with accuracy and the power system reliability can be improved [24].

The power load prediction is very important for the reliability of the power system. If there is surplus electricity according to the power load prediction results, the maintenance of the power facilities can be scheduled. If the power consumption is difficult to guarantee, the dispatching of electricity need to be carried out [25]. With the fWp conveying the stochasticity of the power load, the power load statistical prediction model can be established and the blackouts caused by the high temperature can be reduced.




7 CONCLUSION


The fWd can be considered to be the generalization of the Weibull distribution with a non-zero fractal parameter. In this paper, the definition of the fWp is provided and the algorithm of realization is derived. In order to facilitate the future research, the self-similarity and LRD are proven. The actual time series is employed for the simulation of the fWp. The random walk characteristics for the fWp is analyzed in the planar space. The future research can focus on the prediction model for the potential engineering application areas of the fWp.
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