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Editorial on the Research Topic 
Challenges of asteroseismology in the era of space missions


New insights into the physics of stellar interiors and evolution are being made possible by asteroseismology. Moreover, asteroseismology is being increasingly applied in studies of Galactic archaeology, exoplanetary systems, and even in tests of fundamental physics. Nevertheless, more data does not always mean a better understanding, and there are long-standing problems that remain unresolved and others that have emerged as a result of the unprecedented quality of the data gathered by space missions like CNES/ESA’s CoRoT (Auvergne et al., 2009), as well as NASA’s Kepler/K2 (Koch et al., 2010) and TESS (Ricker et al., 2015).
With this Research Topic, our aim was to provide researchers an opportunity to publish works that tackle unresolved problems in asteroseismology from an original perspective, be it of a theoretical or observational nature. A critical point of view is needed to go beyond the limitations of our current understanding of stars and their interiors. The eleven articles published herein fulfill that role, making use of a diverse set of techniques while addressing a heterogeneous mix of subfields.
Fueled by the wealth of high-quality seismic data, the past few years have witnessed an ever-growing effort being devoted to the development of novel techniques for the estimation of fundamental stellar properties (i.e., radius, mass, and age). The focus has been placed on uniform data analysis and stellar modeling strategies, as well as state-of-the-art optimization procedures that make use of individual oscillation frequencies. In Suárez, for example, a new diagnostic diagram—the entropy spectrum (HSpec) — is proposed that makes use of the Shannon entropy to find regular patterns in the oscillation spectra of solar-like and δ Scuti stars.
Such techniques are now making it possible to estimate the precise fundamental properties of large numbers of field stars, for which such information is usually sparse. As a result, asteroseismology is having a profound impact on modern astrophysics, notably on the field of exoplanetary science. In Reda et al., a new approach is put forward that brings together the fields of asteroseismology and space weather in order to better characterize the habitability of exoplanets around solar-like stars. Another interesting application of asteroseismology is its potential use in the detection of dark matter. Ayala reviews this relatively unexplored line of research. Such applications add to the synergetic potential of asteroseismology.
The advent of high-quality, space-based photometry has also enabled the application of sophisticated inversion techniques—hitherto restricted to the field of helioseismology—to asteroseismic data sets. In Buldgen et al., the authors provide a comprehensive review of the topic of seismic inversion of the internal structures of stars, including its limitations and the prospects for future developments in view of current and upcoming space missions.
Precise fundamental stellar properties are a key output of asteroseismology. The analysis of oscillation frequencies of solar-type stars has been extremely successful in this regard. However, this is far from being reached in the case of δ Scuti stars, a class of rapidly-rotating pulsators in the main sequence. Lares-Martiz developed a new method to overcome this issue. The high-quality seismic data currently available allowed for studying small-amplitude peaks in the power spectrum of this type of pulsator. When some of these peaks are identified as resonances of higher-amplitude modes, then the study of their amplitudes and phases makes it possible to relate these quantities to the surface gravity and effective temperature of these stars.
The availability of long time series opens the possibility of carrying out time-frequency analyses. Since pulsation frequencies are not usually stable over time, their study may reveal clues about the physical processes maintaining the oscillations. This is the main motivation behind the brief research report by (Ramón-Ballesta et al.). The authors assess the benefits of the wavelet transform by monitoring the evolution of several pulsation frequencies over time for two δ Scuti stars. Although preliminary, their results show the stability of some pulsation frequencies against others that might be interacting. The development of this technique may shed new light on the excitation mechanism driving the oscillations in this type of pulsator.
Due to the lack of explanation for mode selection in some stars and a large number of pulsation frequencies in the power spectra of others, δ Scuti stars are one of the most challenging types of pulsating stars. FG Virginis is a paradigmatic case, having previously been studied as part of long ground-based, multi-site campaigns during the 1990s and early 2000s, which included multicolor photometry that made mode identification possible. This star has more recently been observed by K2 and TESS in 30- and 2-min cadences, respectively. The unprecedented quality of these data sets provides a great opportunity to shed new light on the interpretation problems characteristic to δ Scuti stars. Guzik et al. compares previous frequency analyses with the ones carried out in their study, finding good agreement regarding the identification of the modes of highest amplitude. However, they also find an increased number of detected modes that make mode identification more challenging. In addition, the presence of low-frequency modes suggests that FG Virginis might be a hybrid δ Scuti/γ Doradus variable star.
High-precision asteroseismology brought with it new questions about pulsating stars. The classical Fourier transform, commonly used to extract mode frequencies from the time-series data, has been at times criticized. Therefore, new ways of dealing with the data are being constantly sought. This is the case in the work by (Garrido et al.). The authors propose a new transform to get the most out of the observations. A new quaternionic Fourier transform is presented and applied to solar data from GOLF/SoHO, unearthing new peaks that could potentially provide insight into the deepest solar interior.
In the age of machine learning and artificial intelligence, it is a natural step to introduce these techniques for the purpose of mode identification and pattern analysis. Especially for rapidly-rotating stars, mode identification is a challenging task and several strategies have been put to the test in the past with mixed success. Mirouh reviews these strategies as well as the new efforts being made, with an emphasis on two promising developments: classification algorithms to automate mode identification and derive patterns for each subclass of acoustic modes, and the adaptation of line-profile variations to rapidly-rotating stars.
Although various types of pulsating stars populate the Hertzsprung–Russell diagram, the asteroseismology of pre-main-sequence stars has not been addressed in detail yet. Pre-main-sequence stars are usually obscured by dust and stellar activity, their pulsation properties thus being difficult to obtain observationally. The relatively short duration of this evolutionary phase makes this problem even worse. Zwintz and Steindl combine observations and theoretical modeling and review the state of the art when it comes to the study of these stars. These young stellar objects hold promise in helping us answer a number of key open questions in stellar evolution, e.g., on angular momentum transport and the formation of magnetic fields.
Intermediate-/high-mass stars are usually rapidly rotating. The effect of rotation is notoriously difficult to be accounted for fully. Although the traditional approximation works well for low-frequency gravity modes, for acoustic modes, the validity of the perturbative approach is quite limited, and the geometric deformation enforces a two-dimensional modeling of stellar structure and evolution. Reese review the cutting-edge topic of asteroseismic modeling of fast-rotating stars, linking the 2D numerical modeling effort to the direct observables in photometry (amplitude ratios and amplitude-phase diagrams in multiple bands), spectroscopy (line-profile variations), and interferometry.
As a final remark, we would like to point out that the application of open science principles together with a high level of mathematical rigor and (often) an interdisciplinary approach should be pursued in tackling the multiple challenges posed by modern asteroseismology, thus maximizing the scientific potential of future missions such as PLATO (Rauer et al., 2014) and, possibly, HAYDN (Miglio et al., 2021).
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Stars do not simply pop up on the main sequence. Before the stars arrive on the zero-age main sequence, they form in the collapses of molecular clouds, gain matter through accretion processes, and compress their cores until hydrogen can burn in full equilibrium. Although this evolutionary phase lasts a relatively short time, it is the imprint of these important physical processes that is often ignored by simplified assumptions. While asteroseismology offers a great tool to investigate these physical processes, studying pre-MS oscillations in turn has the potential to further advance the field. Asteroseismology of pre-main sequence stars faces observational and theoretical challenges. The remnants of their birth environment which is often still surrounding the young stars causes variability that can interfere with the signal of pulsations. The lack of long time-base satellite observations in addition limits the applications of the method. Theoretical models of pre-main sequence stars include several assumptions and simplifications that influence the calculation of pulsation frequencies and excitation properties of pulsation modes. Keeping all this in mind, the prospects for pre-main sequence asteroseismology are manifold. An improved understanding of the structure of young stellar objects has the potential to answer some of the open questions of stellar evolution, including angular momentum transport and the formation of magnetic fields. While gyrochronology, for example, struggles to determine the ages of the youngest clusters, pulsations in pre-main sequence stars can function as an independent age indicator yielding higher precision for single stars. The increasing interest of stellar astrophysics in general to investigate the formation and early evolution of stars and planets illustrates the growing importance of pre-main sequence asteroseismology. In this work we discuss its potential for an advancement of our understanding of stellar structure and evolution.
Keywords: early stellar evolution, pre-main sequence, p and g-mode pulsations, stellar structure, accretion physics, angular momentum transport, asteroseismology
INTRODUCTION
The study of pre-main sequence stars was initiated in the 1950s when what appear to be recently formed groups of stars (Henyey et al., 1955) drew interest from the astronomical community. Henyey et al. (1955) provided the first calculations of stars before their main sequence phase. Their models described the gravitational contraction of radiative stars and the respective evolution of the spectroscopic parameters is still referred to as the ‘Henyey track’ today. Once it was evident that convection plays a major part in the evolution of stars, Hayashi (1961) delivered improved theoretical models for the pre-main sequence phase, achieving good agreement with the observational data of NGC 2264 (Walker, 1956). Hayashi (1961) discussed the forbidden zone in the Hertzsprung-Russell diagram–an area in which no star can be in the hydrostatic equilibrium as the needed temperature gradient would immediately be brought down by rapid convection–and provided calculation after which stars follow a fully convective ‘Hayashi track’ before joining the ‘Henyey track’ on their contraction towards the ZAMS. Because of the forbidden zone in the Hertzsprung-Russell diagram, the models by Hayashi (1961) follow the ‘Hayashi track’ before joining the ‘Henyey track’ on their contraction towards the ZAMS. Iben (1965) refined the picture of pre-main sequence evolution (classical pre-main sequence model from here on) by following the C12-depletion in more detail.
Compared to the real star formation process, however, this classical view of the pre-main sequence evolution suffers from a crude approximation: the initial model. While the latter is taken as a huge ([image: image] for a 2 M⊙ star) fully convective star at ZAMS mass, real stellar seeds are produced in the collapse of molecular clouds. Such an optically thin cloud collapses under its own gravity. The increase in density and temperature leads to the formation of a first hydrostatic core which will further heat up until molecular hydrogen dissociates at [image: image] K. This is a strongly endothermic process and leads to a second collapse, ending in the formation of the second hydrostatic core (see e.g. Larson, 1969). Such a stellar seed with 1–5 R⊙ and 10–3 − 10–2 M⊙ (Larson, 1969; Bhandare et al., 2018), constitutes the first stage of the pre-main sequence evolution, and continues to accrete material from its surrounding cloud or disk.
The evolution of such accreting protostars was followed by multiple authors including Palla and Stahler (1990), who phrased the word ‘birthline’ meant as the position in the Hertzsprung-Russell diagram in which the radius of the accreting protostar first coincides with the radius of the classical pre-main sequence models. This created a misconception: a view in which stars evolve along the classical pre-main sequence tracks but are still hidden underneath their dust cloud and become visible when they cross the birthline. This view is a very unphysical picture, as stars evolve along the birthline (or rather their very own track) during their accretion phase. The concept of such a birthline is hence outdated, with state-of-the-art models of the pre-main-sequence providing a very different picture. The latter has been manifested by many authors (e.g., Hartmann and Kenyon, 1996; Hartmann et al., 1997; Wuchterl, 2001; Baraffe et al., 2009; Baraffe and Chabrier, 2010; Hosokawa et al., 2011; Baraffe et al., 2012; Kunitomo et al., 2017; Jensen and Haugbølle, 2018; Elbakyan et al., 2019), but only recently arrived in the field of asteroseismology (Steindl et al., 2021a, 2022; Steindl and Zwintz, 2022).
Introducing accretion effects into the numerical simulations of the pre-main sequence evolution provides an insight into the complicated structure of such young stars. The Kippenhahn diagram in Figure 1 shows the striking differences between the simplified classical model (1A) and the more realistic simulation including disk-mediated accretion rates (1B). Most notable is the difference in chemical mixing. While the view of fully convective pre-main sequence stars is deeply rooted, state-of-the-art pre-main sequence models show that this is not the case although a large part of the stellar interior can still be affected by convection at different stages of the pre-main sequence evolution.
[image: Figure 1]FIGURE 1 | Kippenhahn diagram of the pre-main sequence evolution. (A) classical model. (B) model including accretion effects (Steindl et al., 2022) with disk-mediated accretion rates from (Elbakyan et al., 2019). The stellar structure is shown between the stellar centre (enclosed mass = 0) and the black line (enclosed mass = stellar mass). Different mixing regions are indicated by textures. Radiative regions are grey, while overshooting and convective regions are hashed according to the legend. Regions of the star producing energy by nuclear reactions are colored according to the energy rate and the legend.
Naturally, such drastic changes in internal structure are also mirrored by the spectroscopic parameters of the star. Figure 2 provides the corresponding evolutionary tracks in the Kiel diagram (log(g)-log(Teff)-diagram). It is important to state that the track for the disk-mediated model is unique, that is a different accretion history will lead to significantly changed evolutionary track. In order to provide a realistic picture of pre-main sequence evolution, we have to move on from simplified views (Hayashi-track → Henyey-track → main sequence) and have to accept more complicated evolutionary paths: The spectroscopic parameters and internal structure in the early phases of a stars’ lifetime are directly related to the properties of the mass accretion. Only after the disk has dissolved and the star continues to evolve without obtaining new material, will the structure of real stars gradually converge towards the structure that we are used to from the classical models. Even if spectroscopic parameters are rather similar, the internal structure remains different. Most notably is the existence of a temperature inversion towards the centre of the star (see e.g. Figure 8 of Steindl et al., 2021a). An imprint of star formation on the internal structure remains throughout the pre-main sequence phase and at least until the ZAMS; this should provide the opportunity to probe such disk-mediated evolution models with asteroseismology (Steindl et al., 2022).
[image: Figure 2]FIGURE 2 | Kiel diagram of the pre-main sequence models shown in Figure 1. The classical mode (red) follows the well known Hayashi track before entering the Henyey track and contracting on to the ZAMS. The disk mediated model (black) shows the effect of time-dependent accretion rates. The evolution follows a very chaotic route before entering the Henyey track and converging with the classical model.
Astrophysicists of the past have long desired a tool to probe the stellar interior. While direct photometric and spectroscopic methods pierce only the stellar atmosphere, information about the entire star are needed to improve our theory of stellar structure and evolution. Today, such a tool is available. Asteroseismology–the theory of stellar oscillations–provides the opportunity to measure (often) tiny changes in the stellar structure powered by stellar pulsations by means of photometric or spectroscopic methods (overviews about asteroseismology can be found in, e.g., Christensen-Dalsgaard, 1982; Gough, 1987; Unno et al., 1989; Aerts et al., 2010). As the pulsations travel throughout the star, their frequencies hold information about the entire structure hence providing a view deep into the stellar interior. Since its discovery, asteroseismology has allowed many improvements of our understanding of stellar structure throughout the entire Hertzsprung-Russell diagram and all evolutionary stages (e.g., Aerts, 2021).
Especially promising is the research field “Pre-main sequence asteroseismology”. Its origin lies in the first discovery of pulsations in young stars by Breger (1972). In his article, he reported that the two members of the young open cluster NGC 2,264–V 588 Mon and V 589 Mon–show δ Scuti-type pulsations. But it took 20 years until the next observational detections were available (e.g., Praderie et al., 1991; Kurtz and Marang, 1995). These observations triggered the search for additional members of this new group of pulsating stars, the pre-main sequence δ Scuti stars, as well as the first theoretical work on pulsational instability in stars before the onset of hydrogen core burning (Marconi and Palla, 1998). Subsequently, more pre-main sequence stars were found to show radial and non-radial oscillations. It soon became obvious that not only δ Scuti type pulsations can be excited in young stars, but also γ Doradus (e.g., Bouabid et al., 2011; Zwintz et al., 2013) and Slowly Pulsating B type variability (e.g., Gruber et al., 2012). A complete overview of the history of pre-main sequence asteroseismology can be found in Zwintz (2019).
A very important milestone in the field of pre-main sequence asteroseismology was the discovery of the presence of non-radial pulsations in pre-main sequence δ Scuti stars and the corresponding theoretical description (Ruoppo et al., 2007; Zwintz et al., 2007). Soon after, the observed pulsation frequencies of a δ Scuti star were used to confirm its pre-main sequence evolutionary stage in combination with theoretical models (Guenther et al., 2007). Pre-main sequence δ Scuti stars have since then proven to be a treasure trove for observational discoveries, with Zwintz et al. (2014) showing a connection between the pulsational properties of pre-main sequence δ Scuti stars and their relative evolutionary stage: the closer the stars are to the onset of hydrogen core burning, the faster they oscillate. Such a direct connection between stellar pulsation frequencies and the relative evolutionary stages has not yet been found for more evolved δ Scuti stars.
More recent milestones include the discovery of a first candidate of solar-like oscillations in pre-main sequence stars by Müllner et al. (2021), after predictions of their existence were already made early on by (Samadi et al., 2005). Furthermore, the case of RS Cha, a pre-main sequence eclipsing binary consisting of two δ Scuti stars, provides the best evidence for the discovery of tidally perturbed pulsations in young stars to date (Steindl et al., 2021b). Pre-main sequence asteroseismology provides the opportunity for many more exciting discoveries. To get there, however, many challenges have to be overcome, in order to uncover the mysteries of this complicated evolutionary stage. The aim of this work is to present these challenges and provide the reader with an outlook on the great prospects this field offers. We review pulsations in young stars in Introduction before an in-depth description of the challenges pre-main sequence asteroseismology is faced with, both observational and theoretical, in Introduction. An idea for a space mission dedicated to young stars and star forming regions is presented in Introduction. Introduction concludes this work with a discussion of possible future milestones and how we might be able to achieve them sooner rather than later.
PULSATIONS IN YOUNG STARS
As of March 2022, seven types of pulsations have been discovered theoretically and observationally in pre-main sequence stars. Sorted from most massive to least massive, these are: Slowly Pulsating B (SPB), δ Scuti, tidally perturbed, γ Doradus, δ Scuti–γ Doradus hybrid, solar-like, and M type pulsations. Table 1 provides an overview of their properties and gives approximate current numbers of known objects, and Figure 3 illustrates the corresponding instability regions.
TABLE 1 | Types of known pre-main sequence pulsators and their properties (as of March 2022).
[image: Table 1][image: Figure 3]FIGURE 3 | Pre-main sequence instability regions in the Hertzsprung-Russell diagram. The colored areas depict the regions for which stellar pulsations are expected to be excited according to the results of Steindl et al. (2021a). The dashed grey line shows the evolutionary track of an accreting protostar with time-constant accretion rate. The thin grey lines show the subsequent pre-main sequence evolutionary track evolution and the dotted line indicates the ZAMS.
Overall, the pre-main sequence pulsators have the same pulsation properties as their counterparts in the main sequence and post-main sequence stages. The difference between the evolutionary stages lies in the pattern of excited oscillation frequencies (e.g., Suran et al., 2001; Bouabid et al., 2011; Gruber et al., 2012) which is another beautiful illustration of the power of asteroseismology. Below we briefly describe the properties of the known types of pre-main sequence pulsators sorted from most massive to least massive.
SPB type. The pulsations in SPB type stars are excited by the heat-engine (κ) mechamism acting in the ionisation zone of metals (Dziembowski et al., 1993). The pulsation periods lie between about 0.5 and 3 days (Aerts et al., 2010). With masses between ∼3 and 7M⊙, the pre-main sequence evolution of SPB type stars proceeds relatively fast making them statistically less frequent. As a consequence, SPB pulsators before the onset of hydrogen core burning are observationally harder to find. The expected temperature range for pre-main sequence SPB stars is 11,100–18,700 K (Steindl et al., 2021a).
δ Scuti type. The pulsation periods of these intermediate-mass pre-main sequence stars with effective temperatures from 6,300 to 10,300 K (Steindl et al., 2021a) lie between ∼18 min and 7 h (Zwintz, 2019). Pre-main sequence δ Scuti stars show p-modes driven by the heat-engine (κ) mechanism in the ionisation zones of hydrogen and helium (Aerts et al., 2010). This is the group of pre-main sequence pulsators that was discovered first. Because of their pulsation periods, pre-main sequence δ Scuti stars could easily be detected with ground-based observations obtained only within a few nights.
Tidally perturbed type. Intermediate-mass δ Scuti type stars can often be found in binary systems. In some cases, the two components of the binary systems interact leading to strong effects on their structure and evolution (e.g., De Marco and Izzard, 2017). If the two components are in a close and eccentric orbit, tidal effects cause self-excited pulsation modes to be perturbed (e.g., Reyniers and Smeyers, 2003b,a). As of March 2022, only one pre-main sequence star, RS Cha, is known to show tidally perturbed oscillations (Steindl et al., 2021b).
γ Doradus type. Pre-main sequence γ Doradus stars have early F spectral types. Their expected range in effective temperature lies between 5,200 and 7,650 K (Steindl et al., 2021a). First theoretical predictions for this type of pulsations in pre-main sequence stars have been conducted by Bouabid et al. (2011) without observational evidence. The first observational detections followed a few years later (Zwintz et al., 2013). The g-mode pulsations of pre-main sequence γ Doradus stars are excited by the convective flux blocking mechanism (Guzik et al., 2000). The pulsation periods are in the range from 0.3 to 3 days (Aerts et al., 2010) and, hence, are quite similar to those in SPB stars. A reliable value for effective temperature is therefore required to identify the type of pulsator as the light curves alone are not sufficient.
δ Scuti–γ Doradus hybrid type. Some pre-main sequence pulsators in the A to F range of spectral types can show both p- and g-modes, hence, δ Scuti and γ Doradus type pulsations. Consequently, this class of objects combines the properties of both classes described above.
Stochastic solar type. Stochastic solar-like p-mode oscillations are predicted to be excited in stars before their arrival on the ZAMS (e.g., Samadi et al., 2005). Pre-main sequence stars in the mass range of our Sun are mostly very active objects with magnetic fields, spots on their surfaces, and partly still accreting material from circumstellar disks. The light curves obtained for such objects often show regular and irregular variability that is not connected to pulsations. To be able to search for stochastic solar-like oscillations in pre-main sequence stars requires a suitable tool that deals with the high activity which introduces a high background signal (Müllner et al., 2021). Only one candidate is known at the moment (Müllner et al., 2021), but the search continues.
K and M type. This is a recently discovered type of pulsation in pre-main sequence stars that has no known counterpart in the main sequence and post-main sequence phases. Steindl et al. (2021a) found a region of instability for K- and M-type stars which was expected from previous works (e.g., Baran et al., 2011) and presented a first candidate pulsator of this class. The driving mechanism for M-dwarfs is expected to be the ϵ-mechanism (e.g., Baran et al., 2011, and references therein) but detailed investigations of the instability regions in Steindl et al. (2021a) have not been performed and are subject of future work.
CHALLENGES
The field of pre-main sequence asteroseismology was met by many challenges throughout its relatively brief history. The initial challenge was taken by Breger (1972) who presented the first evidence for pulsational variability in pre-main sequence stars located in NGC 2264. Since then, due to the advent of space telescopes, the number of known pre-main sequence pulsators has risen above 100. In the last decades, lots of challenges regarding pulsations in such young stars have been identified. Many of these have been partly or fully solved, while others remain open until today. The more we start to understand stellar structure and evolution in detail, the more challenges are continuously being created. This sections aims at discussing the currently most important challenges faced by pre-main sequence asteroseismology.
Observational Challenges
When observations of young stellar objects shall be conducted, several challenges have to be tackled. These are mainly related to the early evolutionary state of the stars.
Activity. Young protostars are formed in molecular clouds. During their first evolutionary stages, they gain mass by accreting matter from their birth environment. Consequently, young stars can be partially or completely embedded in dense gas and dust, magnetic fields influence how the matter is accreted onto the early star, and the angular momentum gained from the birth process lets the young stellar object spin fast in most cases. All these phenomena can be summarized with the description that young stars show different levels of activity which manifest themselves in our observations.
The dense circumstellar material can prevent us completely from viewing the young stars in the optical or generates irregular light variations of up to several magnitudes (e.g., Cody et al., 2014). Slightly less dense material can still be responsible for semi-regular variability (e.g., Alencar et al., 2010). Searching for millimagnitude pulsations in photometric time series of young stars therefore becomes tricky (e.g., Zwintz et al., 2009).
The irregular or semi-regular variability originating from the disks has a second challenge for the search and characterization of pulsations: in case the pulsational variability has long periods (i.e., longer than about half a day), the distinction between variability originating from the disk and from the pulsations will be impossible in many cases. The reason is that the irregular variability produces artifacts in the frequency analysis in the low frequency domain where we would also search for the pulsations. Only if the pulsation periods are shorter (i.e., on the order of a few hours and shorter), can they be well distinguished from variability caused by the disk and the artifacts generated during the frequency analysis.
The determination of colors for pre-main sequence stars is also affected by the dense dust that surrounds them: young stars appear much redder than they actually are. Observed colors include the star-disk system and not the star alone. As no general relations for dereddening can be applied for individual young stars with disks (i.e., Herbig Ae/Be stars), the real stellar colors cannot be obtained for embedded objects.
Spectroscopically, the circumstellar matter is visible as very characteristic emission features, for example in the hydrogen lines. Although finding emission lines in the spectra is a good indicator for potentially young stars, in many cases it prevents a reliable calculation of effective temperature and gravitational acceleration which are needed to place the stars into a Kiel diagram.
Evolutionary stage. Taking the atmospheric properties of given stars (i.e., effective temperature, luminosity, and mass) and placing them into a Hertzsprung-Russell diagram does not provide a unique identification of their evolutionary stage which is illustrated in Figure 4. Some observational features related to activity have to be used to collect indications for the young evolutionary stage, and the more of these indicators are present, the better. If stars can be attributed to a star forming region or an open cluster as young as–say–ten million years, then this can be considered as excellent evidence for stellar youth. Observational properties such as irregular variability in the photometric time series, infrared and/or ultraviolet excesses, or emission lines in their spectra can point to an early evolutionary stage, but are not unique identifiers because they might also be attributed to quite evolved evolutionary stages. Infrared excesses, for example, can be also found for post-asymptotic giant branch (post-AGB) stars (e.g., Kamath et al., 2014), and circumstellar material is present in the form of Keplerian disks also around classical Be stars (e.g., Rivinius et al., 2013).
[image: Figure 4]FIGURE 4 | Evolutionary tracks for the protostellar seed until the asymptotic giant branch. The colored lines show the evolution of stars with different masses between 1 and 5 M⊙. The pre-main sequence evolution is shown in brighter colors compared to the main- and post-main sequence evolution. Evolutionary tracks are shifted slightly at the beginning of the evolution for better visibility. The zero age main sequence is shown as grey line and the instability regions (i.e., the same as in Figure 3) are shown in grey with hashes according to the legend.
Availability of time-series photometry from space. Current and former missions have either not targeted young stellar objects or were quite limited in their observations of the early evolutionary phases of stars and planets.
The currently operational and hugely successful NASA mission TESS (Ricker et al., 2015) can reach down to the galactic plane, but the resulting light curves often suffer from high contamination. The reason is that the CCD pixels are relatively large (i.e., 21 arcseconds per pixel). Consequently, TESS observations avoid to observe deep in the galactic plane.
The NASA mission Kepler (Borucki et al., 2010) observed a single field high above the galactic plane on purpose to avoid star forming regions and any resulting contamination. The Kepler K2 (Gilliland et al., 2010) mission provided some data for young stars and star forming regions in four of 19 campaigns (i.e., campaigns numbers 2, 9, 13, and 15) illustrating the potential of space observations for this research field.
The BRITE-Constellation nano-satellite mission (Weiss et al., 2014) targets only the brightest stars on the sky, limiting the observations of young stars and planets (which are typically fainter by several orders of magnitude) dramatically.
The earlier satellite missions CoRoT (Auvergne et al., 2009) and MOST (Walker et al., 2003) allowed for observations of the youngest objects in the galaxy through dedicated short (i.e., between 10 days and 5–6 weeks) observing runs, for example on the young cluster NGC 2264 (MOST and CoRoT) or on individual young stellar objects such as HD 142666, HD 37806, or TW Hya.
ESA’s future mission PLATO (planned launch in 2026; Rauer et al., 2014) is scheduled to observe two selected fields for 2 years each: both fields will not reach down to the galactic plane, hence not be able to target the youngest regions in the Milky Way. Additionally, PLATO’s pixel size of 18 μm × 18 μm yields a plate scale of about 26.5 arcseconds per pixel which is even higher than TESS’s plate scale. Therefore, observations of star forming regions and young clusters with high object densities will be problematic for PLATO due to high percentages of contamination.
The current maximum time bases for continuous photometric observations of pre-main sequence pulsating stars are ∼80 days from Kepler K2 and slightly more than 100 days from TESS (Steindl et al., 2021a). Therefore, pre-main sequence asteroseismology has the challenge to work with way more limited observational material than most of the other fields in asteroseismology.
Theoretical Challenges
Many ingredients are needed to properly describe the earliest phases of stellar evolution since many physical processes are active during that time span. In terms of complexity of the pre-main sequence evolution, the discussion in the introduction only scratches the surface of the challenges we are faced with to create theoretical models of such stars. Stellar rotation, magnetic fields, and star-disk interaction are just a few examples of the physical ingredients, in addition to mass accretion, that need to be kept in mind. All of the above will generally be different for every object. Hence, there might not be a single other phase of stellar evolution in which the spectroscopic parameters and internal structure vary as much on a case by case level as during the pre-main sequence evolution.
Stellar rotation. When stars are born in the collapse of a molecular cloud, they obtain angular momentum. Throughout the accretion phase, in which material from the surrounding disk deposited onto stellar surface, the system is expected to be disk-locked Bouvier et al. (1997). That is, the disk and the star co-rotate until the former is dissolved or its influence on the star becomes minor. The mechanism of disk-locking, however, provides many open questions for the implementation of pre-main sequence models: How long does the disk-locking phase last? What is the distribution of rotation periods and how is it produced? Does the disk lock only the stellar atmosphere or is the whole star co-rotating? If the former, how is the angular momentum distributed in the stellar atmosphere and what is the mechanism of the angular momentum transport? If the latter, what mechanism fixes the rotation rate throughout the star? Some of these questions linger to even later phases of the pre-main sequence stage. After the disk has dissolved, angular momentum throughout the star will evolve according to a not yet fully explained mechanism. Including angular momentum into the current description of stellar evolution models remains an open question with lots of impact on the pulsational characteristics of stars: For gravity mode pulsators, the period spacings are tilted according to the angular momentum of the core while the frequencies of pressure modes are split with respect to the angular velocity and the azimuthal order (Aerts et al., 2010). The Coriolis force in rotating stars gives rise to a new family of pulsation modes, the Rossby modes. The latter have so far not been detected in any pre-main sequence object.
Magnetic fields. As is common in the theory of stellar structure and evolution, many of the theoretical challenges of pre-main sequence asteroseismology are intertwined. Magnetic fields, for example, are expected to play a major role in the rotational evolution of stars. As such, they are expected to dominate the angular momentum transport in radiative zones, albeit not efficient enough to explaining observations (i.e. Fuller et al., 2014). Magnetic braking seems to be the dominant mechanism for angular momentum loss in more evolved stars (i.e. Matt et al., 2015). For pre-main sequence stars, magnetic fields are expected to be an important ingredient for disk-locking (Barnes et al., 2001). As the latter already implies, magnetic fields also carry implications on the mass accretion mechanism and hence the accretion rates themselves (i.e. Bouvier et al., 2007). In addition, magnetic fields directly effect the internal structure of stars including the mode cavities and leave a measurable imprint on the pulsation frequencies (Prat et al., 2019). The interaction between magnetic fields and pulsation can lead to a suppression of the latter, resulting in a change in mode amplitudes (i.e. Lecoanet et al., 2022, and references therein). Magnetic fields with strengths of multiple kG have been found in pre-main sequence stars (Lavail et al., 2017) while their consequences for pre-main sequence asteroseismology have not been explored.
Mass accretion rates. The atmospheric parameters of pre-main sequence stars (Steindl et al., 2021a; Steindl and Zwintz, 2022) as well as their internal structure (see Steindl et al., 2022, and the discussion in the introduction to this article) are dependent on the characteristics of the accretion process. While time-dependent mass accretion rates are, although limited in amount, readily available from 2-dimensional simulations of the disk (e.g. Vorobyov and Basu, 2015; Jensen and Haugbølle, 2018; Elbakyan et al., 2019), many other free parameters need to be set in the calculation of stellar structure models. Most noteworthy, we lack an intrinsic description of the mechanism that describes the energy flow of the accreted material. How much energy is added to the star? How much is radiated away? Where is the energy deposited? At the current stage, we have to manually set many parameters corresponding to different assumptions. For further progress in this field it is inevitable to investigate the detailed physics of the accretion processes in more detail. Additional effects complicate the calculation of the equilibrium stellar structure. The properties of the material transferred from the accretion disk to the star are expected to be dependent on the accretion rate itself. For example, the metallicity should follow the relation [image: image] (Kunitomo and Guillot, 2021), where [image: image] is the flux of the gas and [image: image] is the mass accretion rate. Many of the to-date calculated mass accretion histories cannot deliver the needed information of [image: image]. However, recent studies provide this information (see e.g. Elbakyan et al., 2020) such that the inclusion of effects from condensing material will be possible in the near future. Most probably, however, the inclusion of these effects will further push the software instrument Modules for Experiments in Stellar Astrophysics (MESA) (Paxton et al., 2011, 2013, 2015, 2018, 2019). MESA was never designed to perform such calculations and, albeit providing us with an indispensable and vital tool, repeatedly runs intro convergence issues with strong time-dependent mass accretion rates during the early phases of the pre-main sequence evolution. Strong efforts will need to go into MESA-related problems which is a time consuming work. However, we are not concerned that progress in this regard will have to wait long since the core MESA team is very helpful in any regards of their community focused tool.
The issue of controlled grid studies. The simple fact that each and every pre-main sequence star has its very own time-dependent accretion rate history and, hence, a very different (and often times chaotic) evolution in the Hertzsprung-Russell diagram (Steindl et al., 2022) complicates the calculation of controlled grids. With the inclusion of disk-mediated accretion rates, the days of (almost) parallel evolutionary tracks are gone which complicates almost every theoretical study. Incorporating assumptions similar to those in the work of Steindl et al. (2021a), namely that each star follows the same accretion track (with constant mass accretion rate) simplifies such studies, but at the cost of completely disregarding the different evolutionary paths. Quasi-random grids, similar to (Steindl and Zwintz, 2022) are in general to be preferred, but the exact values of parameters at a given location in the Hertzsprung-Russell diagram are then not uniquely defined by one evolutionary track. Albeit disk-mediated mass accretion rates are available in a limited amount, the calculation of thousands (as we would wish for in such studies) remain challenging due to the needed computational time.
Pre-main sequence asteroseismology beyond intermediate mass stars. Among known pre-main sequence pulsators, δ Scuti stars significantly outnumber both γ Doradus and SPB stars Steindl et al. (2021a). While it is reasonably simple to verify the pre-main sequence status for δ Scuti and γ Doradus stars, such a verification is much more complicated for the more massive SPB stars. Owing to the fast evolution towards the main sequence, it remains a matter of debate at which mass range will it be still possible to observe stars in their pre-main sequence stage. This, of course, will again be dependent on their evolutionary path from the protostellar stage to the ZAMS. This calls in the need for dedicated calculations with disk-mediated accretion rates that end in higher mass stars (Steindl and Zwintz, 2022). This will not only be helpful in regard to SPB stars, but should provide many insights in asteroseismology of β Cephei stars with even higher mass as well. In the low mass regime, theoretical models suggest an instability region for K- and M-type stars (i.e. Rodríguez-López, 2019; Steindl et al., 2021a) and a first candidate for such pulsation has been presented by Steindl et al. (2021a). According to the theoretical models, many radial orders of g-modes seem to be excited (Steindl et al., 2021a). This instability region needs to be further explored with improved theoretical models for which an important step is to further decrease the mass of the initial stellar seeds which is usually taken to be [image: image] (Steindl et al., 2021a, 2022; Steindl and Zwintz, 2022).
STRETTO
STRETTO (Early STaRs and planEt evoluTion in Two cOlors) is an innovative project idea that aims to provide a micro-satellite for astronomy from space with the main goal to study early stellar and planetary evolution.
Science goals. STRETTO aims to investigate young stars and planets in star forming regions as well as the youngest open clusters with the goal to address their early evolution. The STRETTO space telescope will be able to study the strength and properties of stellar activity and the amount of rotation present in early stars and their influence on planet formation and evolution. STRETTO will search for signs for the formation of planets and the presence of planets around member stars of young open clusters and star forming regions. The photometric time series obtained by STRETTO will enable studies of the effects of accretion on young stellar objects, of eclipsing binary and multiple systems in their early evolutionary stages, and the interior structures of young stars using asteroseismology. The expected precision of STRETTO will let us investigate the properties of ring systems around exoplanets, other circumplanetary material and the existence of smaller bodies (e.g., exomoons or exocomets) around young stellar objects. Also, the properties of young open clusters and star forming regions as larger-scale objects in our Universe can be investigated with such a mission.
Together with complementary ground-based observations, STRETTO science will allow to improve the input physics for the early phases of stellar and exoplanetary evolution, provide a time-dependent map of rotation and chemical composition from stellar birth to the onset of hydrogen-core burning, determine a complete picture of the angular momentum transport of young stars from the interior to the atmosphere, provide more reliable ages for the youngest stellar and exoplanetary objects, investigate the connection between magnetic fields and variability of stars in their early evolutionary stages, and understand the interaction of the young circumstellar environment with the star, including exoplanets, exomoons, and exocomets.
Instrumental design. STRETTO will carry two 8-cm telescopes each with a 1.5 × 1.5 square degree field of view and a spatial resolution of three to five arcseconds per pixel. Each telescope will have a dedicated filter: one in the optical, the other at infrared wavelengths. From a low-Earth orbit, STRETTO will be able to monitor the young stars and planets for about half a year continuously, providing the necessary long time-bases for the analysis of the objects’ different types of variability. STRETTO will be able to take photometric time series measurements of stars in the magnitude range from about 6 to 16 mag (V) in two colors using alternating exposure times in the range from 1 to 60 s. The goal is to utilize a commercially available microsatellite platform (mass: 50–70 kg and power: 60–80W) which shall host two digital camera systems as payloads, one for each passband. A low earth polar orbit in the height range of 600–900 km will be suitable to conduct the scientific observations. The baseline for communication will be one ground station in Europe.
Potential of STRETTO. The scientific potential of monitoring young stars and planets photometrically from space with STRETTO lies in yielding a first clear picture how stars and planets pass through their earliest evolutionary phases.
Status of the project. Presently, a small consortium consisting of researchers and engineers from Austria, Canada, France, the Netherlands, and Poland is trying to acquire funding for a concept study. If you are interested to learn more about STRETTO and the people involved, please contact the first author of this article.
PROSPECTS AND IMPORTANCE
One might think that our theoretical understanding of stellar evolution is well established with only a minor need for further research. But this is a misconception as there are many physical processes that are either not well-understood (e.g., the impact of accretion on the complete evolution of stars) or not taken into account properly in our theoretical models (e.g., convection, rotation or magnetic fields). The physical effects occurring and defining the earliest evolutionary phases of stars must have an impact on their complete further evolution. It would be physically unlikely that the stars’ formation histories do not play a role in their later stages.
One of the biggest questions in this respect is how large the impact of the processes acting in the youngest stellar objects is and how long the pre-main sequence history of stars persists up to later stages. This is one of the questions pre-main sequence asteroseismology can and does address. By adding processes such as accretion to theoretical models of pre-main sequence stars and coupling those to models of pulsational instability lets us investigate the resulting changes in the interior structures of stars.
Pre-main sequence asteroseismology should be able to test the very early evolutionary phases as well. By studying objects with ages of a few million years, we can measure the imprint of the star formation process, thereby shedding light on the many free parameters connected to the accretion physics. The amazing prospect of gathering observational information about the internal structure of stars (rotation rate, chemical mixing profiles, etc.) opens the door to exciting constraints for theoretical models. As of today, the earliest evolutionary phases of stars are often treated as a black box using crude approximations as in the classical model. The resulting stellar structure and atmospheric parameters, however, are used in many different fields to motivate for example the existence of magnetic fields or the evaporation of exoplanet atmospheres. Only dedicated asteroseismic studies of the youngest objects we can possible find, can provide us with the important ingredients to study these processes with the accuracy they deserve.
Chemical composition plays an important role in stellar structure and evolution due to the sensitivity of opacities on the atomic spectra and absorption features of the elements making up the star. Most stars pulsate exactly because of the behaviour of the opacities in relation to perturbations (e.g., the heat engine mechanism). Also, the location of the computed evolutionary tracks for stars at all ages depends on the metallicity, Z (e.g., Montalbán et al., 2004). Presently, we do not understand how the chemical evolution proceeds between stellar birth and the onset of hydrogen core burning upon arrival on the ZAMS. For example, in ∼10% of main sequence stars of spectral type B to F chemical peculiarities are found (e.g.; Preston, 1974), but it is unclear when these anomalies are formed. The first few detailed analyses of the atmospheric chemical abundances of pulsating pre-main sequence stars have revealed basically solar or slightly solar chemical composition with two exceptions: 1) stars with masses smaller than ∼1.5 M⊙ have not burnt the primordial Lithium completely and, hence, show an overabundance compared to the Sun (Zwintz et al., 2013); 2) in the high-resolution spectra of intermediate-mass pre-main sequence pulsators Barium shows a significant overabundance which cannot be fully explained yet (e.g., Zwintz et al., 2013). In the future, high-resolution spectroscopic observations of a statistically large enough sample of pre-main sequence stars should be used to generate a time dependent map of the chemical evolution in the early stages of the lives of stars.
Asteroseismology has successfully revealed the interior chemical structure of stars: it allows measuring the percentage of hydrogen in the cores of main sequence stars (e.g., Moravveji et al., 2015) or detecting chemical gradients in g-mode period spacings (e.g., Miglio et al., 2008; Bouabid et al., 2013). Consequently, pre-main sequence asteroseismology has the potential to probe the interior chemical evolution of stars in the earliest phases of their evolution. Possible topics in this context would be to investigate the influence of the accretion history on the chemical evolution of stars and how long it persists, if observed chemical inhomogeneities on the stellar surfaces extend into the interiors or not, and if stellar pulsations let us deduce, for example, the amount of Deuterium in the earliest stars. But such investigations require an improvement in our theoretical models and dedicated instruments providing the high-accuracy data (both photometrically and spectroscopically) for pre-main sequence stars.
As the excited pulsation frequencies in pre-main sequence stars are different to those in the post-main sequence stages due to the different inner structures (e.g., Suran et al., 2001; Bouabid et al., 2011), it is obvious that stellar pulsations can be used to distinguish the evolutionary stages of stars (Guenther et al., 2007). Even within the pre-main sequence stages, the pulsational properties of stars change following a relation that is not present for the same type of pulsators in later phases: the youngest objects pulsate slower than stars close to the onset of hydrogen core burning (i.e., the ZAMS, Zwintz et al., 2014). Therefore the next logical step is to use the pulsation properties of pre-main sequence stars as an age indicator for stellar astrophysics. In the earliest evolutionary phases, it is difficult to determine precise ages based on our currently available methods. The ages of the youngest open clusters, for example, are typically given with errors of 50–100%. One of the important prospects of pre-main sequence asteroseismology is therefore to provide accurate (relative) ages for young stellar objects - similar to the percentage of hydrogen in the core, Xc, that is determined for the main sequence stages from asteroseismology. This is especially important, as different age indicators that are very useful for the study of older clusters, often fail to improve the accuracy of the age determination of young open clusters. Gyrochronology, for example, can provide fantastic constraints on the age of open clusters, but the usage for pre-main sequence stars is very limited. Measurements of the surface rotation periods of young stars are available, but the only way to reproduce them theoretically is to force a specific distribution of initial rotation periods. One of the major issues in this regard is the effect of the protostellar disk during the accretion phase. By coupling stellar evolution codes with a designated disk-evolution, we are hopeful to improve the models in this regard. Once we have an accurate picture of the rotation of pre-main sequence stars, we can explore the effects of the stars’ rotation on their pulsational properties in much more detail.
Asteroseismology of pre-main sequence stars is needed to address the question why intermediate-mass stars on the main sequence tend to show rigid rotation independent of their core rotation rates (Aerts et al., 2017). Strong coupling between the stellar core and the envelope seems to occur for stars on the main sequence and in later evolutionary phases. With pre-main sequence asteroseismology we will be able to investigate at what earlier point in stellar evolution this strong coupling starts. By measuring nearly-equidistant period spacings we can deduce near-core rotation rates for pre-main sequence g-mode pulsators–as it is already successfully done for stars in later evolutionary stages. First steps in these investigations have been undertaken, but for a complete picture of the angular momentum transport in young stars, longer photometric time-series with highest precision obtained from space are required. The observational material available for pre-main sequence g-mode pulsators now is insufficient to conduct more detailed studies. As a consequence, the idea of the micro-satellite STRETTO (see Section 4) dedicated to young star- and planet-forming regions emerged a couple of years ago and will hopefully be realized in the near future.
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Asteroseismology, that is, the use of the frequency content of a time series caused by variations in brightness or radial velocity of a stellar object, is based on the hypothesis that such a series is harmonic and therefore can be described by a sum of sines and cosines. If this were not the case (e.g., the oscillations of an ellipsoid of revolution) it cannot be guaranteed that the Discrete Fourier transform is the least squares approximation to the time series. This report studies the effect of extending the Fourier kernel to a particular quaternion and exploring the impact when it is applied to the best time series that we have (GOLF/SoHO) from the closest star, our Sun. The results are consistent with a notable improvement in the signal-to-noise ratio in the low frequency range. This opens the possibility of detecting the elusive g modes of the Sun in future works.
Keywords: stellar pulsations, data analysis, solar physics, g-modes, quaternion
1 INTRODUCTION
The solar g modes are still a puzzling problem in Asteroseismology (Christensen-Dalsgaard, 2021). After decades of active search, no definitive direct evidence exists of the detection of the gravity driven solar pulsations although they have been indirectly inferred from their period separation in the Sun (García et al., 2007). Also, in red giant stars some authors (Beck et al., 2011; Mosser et al., 2011) could observe the direct interaction between g-modes and p-modes in the form of mixed modes. Fossat et al. (2017) and Fossat and Schmider (2018) proposed that some hints of the solar g modes appear in the splitting of the pressure oscillations due to the rotation of the solar core. However, the uncertainty about the internal rotational velocity of the Sun, hampers the significance of this indirect findings.
In this report, we propose a modification of the usual Fourier transform analysis that takes advantage of a quaternion formulation. This function is chosen intending to: 1) recovering the usual Fourier kernel at solar frequencies (i.e., the 5-min p-modes); 2) improving the signal-to-noise ratio (SNR) all along the frequency spectrum.
As we discuss in Section 2, the introduction of a quaternion in the kernel of the transform allow us to perform a rotation in the complex plane [image: image] which can be frequency dependent and enhance the SNR at lower frequencies through acting on the complex angles. We also demonstrate that the power spectrum so calculated is a 4-degrees of freedom Chi-square distribution. In Section 3 we analyze the solar power spectrum obtained from GOLF/SoHO (Domingo et al., 1995; Gabriel et al., 1995, 1997) data using our new transform. Finally, in Section 4 we discuss the results and prospects for future work.
2 METHOD: FORMULATION OF A NEW TRANSFORM IN FREQUENCY DOMAIN
If ν, t are the frequency and time parameters of a certain frequency domain transform, we call θ = νt the linear phase of the transform. Complex transforms such as Fourier have just one phase but if we extend to a quaternion domain we can introduce a new phase [image: image] corresponding to the complex numbers [image: image] while θ is still the original phase corresponding to [image: image]. The kernel of the new quaternionic transform reads:
[image: image]
Expanding the second exponential in trigonometric form:
[image: image]
This new kernel has two complex components in [image: image] that we call co(θ) and si(θ) for analogy with trigonometric functions:
[image: image]
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Note also that Eq. 5 can be expanded in the quaternion components:
[image: image]
The last equation can be represented in complex matrix representation [image: image]
[image: image]
defining a operator [image: image] on the complex plane [image: image]
[image: image]
which is unitary, since.
[image: image]
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therefore, [image: image].
We observe that Eq. 8 may be interpreted as a rotation in [image: image] of the Fourier kernel ejπθ with angle [image: image].
In previous equations we made co(θ), si(θ) to depend only on θ. Now, the heuristic definition of the new kernel is complete introducing [image: image] as:
[image: image]
This definition is motivated by the limitations of the classical analysis of stellar light curves, that is, high frequencies can be detected in the solar power spectrum but low frequencies cannot. If we left θ instead of [image: image] the new transform would be just a quaternion Fourier transform, with the same limitations as the classical DFT.
We could have also defined co(θ), si(θ) through the mapping:
[image: image]
This equation, which derives from the definition of the inverse hyperbolic sine function, will help us to interpret physically the new proposed formulation.
After some mathematical derivations, we can also express co(θ) and si(θ) as two functions depending on the variable f instead of θ and [image: image]
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therefore.
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being these two equations complex numbers instead of quaternions.
We introduce these functions since they allow us to extend the original Fourier transform into quaternions from a sine-cosine decomposition. In this sense, we can recover the tangent function as the ratio si(θ)/co(θ) for every value of θ as can be easily see from Eqs 3,4. Finally, these functions form the basis of a new transform that we can apply to any time series.
This modified kernel allow us to define a new discrete transform [image: image] that can be applied to a time series instead of a DFT. Thus, for a certain function X(t) sampled at regular time intervals Δt we have the time series x (ti) where ti = iΔt for i = 1 … N. In order to mitigate spectral leakage at low frequencies, the dataset x (ti) is usually normalized statistically before applying the transform. Then, we define the modified transform as:
[image: image]
Here νj stands for the discretization of the frequencies ν
[image: image]
where the angular phase Φij is
[image: image]
As usual we take the modulus of the quaternion transform as defined in Eq. 17 to obtain a periodogram that estimates the frequency content of the time series.
In the next section we discuss the goodness of our approach with respect to the classical discrete Fourier transform for the case of the solar radial velocities observed by GOLF/SoHO instrument. We will discuss first the underlying statistics of the new transform.
2.1 Statistics
We devote this sub-section to the study of the underlying statistics that the modified DFT produces. We will follow a similar procedure as Scargle (1982) for the a standard DFT where the author proved that the Lomb-Scargle periodogram has a chi-square distribution with two degrees of freedom.
Taking into account the expansion in quaternion components in Eq. 6 the periodogram corresponding to the modified DFT shown in Eq. 17 is:
[image: image]
Now with the definitions of co(θ) and si(θ) in Eqs 3, 4,
[image: image]
Finally, introducing the heuristic formulation of [image: image] and the discretization formula of Eq. 19:
[image: image]
In the plots, however, we will use the amplitude which is just the square root of Pmod (ωj). Consider now the case where x (ti) is an independently and normally distributed noise with zero mean and constant variance [image: image]. In order to study the distribution of Pmod (ωj) we define the quantities
[image: image]
which are the content of each parenthesis in Eq. 20. Now our modified periodogram can be expressed with these functions as:
[image: image]
where CC, CS, SC and SS are linear combinations of independent normal random variables since in Eq. 21 the sine and cosine functions act as constant coefficients. Since a linear combination of normally distributed random variables is also normal the mean value will be zero for each of these functions. The corresponding variances are:
[image: image]
where we have used the independence of xi and xk so the cross-terms vanish.
Now, if the 4 variables have equal variances the distribution of Pmod (ωj) is a chi-square with 4 degrees of freedom (Papoulis, 1965). If the variances are different we cannot use a chi-square distribution but we have to use the Bessel function instead.
To summarise, we have included in this research report a brief development of the underlying statistics of our heuristic transform since it will have important implications on the analysis of the power spectrum for the detection of pulsation frequencies. In the application we present in the next section we assume that the distribution of Pmod (ωj) is a chi-square with 4 degrees of freedom. A complete statistical treatment is out of the scope of this note.
3 RESULTS: ANALYSIS OF SOHO DATA
We performed our new analysis on a time series of radial velocities, corresponding to 16 days (with 20 s of sampling time) from the GOLF instrument aboard the SoHO satellite (Gabriel et al., 1995). Although there are much longer observations from SoHO/GOLF, we limited the total duration of our dataset to 16 days as a trade-off between avoiding the influence of rotation and preserving frequency resolution. Following the principles of Open Science we have created a repository1 with the code and inputs necessary to reproduce the results.
Figure 1 shows the typical solar 5-min p mode spectrum obtained through GOLF/SoHO radial velocity observations. The region from 2 to 4 mHz is almost identical for both the classical and modified DFT. We have verified that the new transform is as computationally expensive in time as the classical DFT.
[image: Figure 1]FIGURE 1 | Modified (red) and Classical (blue) Fourier Transforms of the SoHO data obtained during 16 days, at the region between 2,000 and 4,000 μHz. Note that the main differences between both transforms in this range is the higher amplitude in the case of the quaternion Fourier transform, compatible with a better signal-to-noise ratio.
Figure 2 shows low degree p-modes with a clear improvement using our heuristic modification of Fourier transform. The identification of solar dipole p-modes could be used to study the rotational splitting and constraint the rotational profile in the core Chaplin et al. (2001). In this work we are interested just in introducing the quaternion transform and showing first results.
[image: Figure 2]FIGURE 2 | Modified (red) and Classical (blue) Fourier Transforms of the SoHO data obtained during 16 days, at the region between 1,000 and 2,000 μHz. In the red plot we include the l = 0 (dashed) and l = 1 (point-dashed) modes we have identified from the analysis of the new quaternion transform. The Gaussian envelope of the structure visible in the red plot could be a hint of the presence of not identified modes in the common Fourier analysis but further analysis is required to confirm this.
In Figure 3 the entire GOLF spectrum is shown in loglog scale to highlight the background. The signature of granulation appears to be similar in both cases.
[image: Figure 3]FIGURE 3 | Modified (red) and Classical (blue) Fourier Transforms of the SoHO data obtained during 16 days, from 0 to the Nyquist frequency (i.e., 25 mHz) in loglog scale.
The total power in the spectrum obtained through the quaternion transform is higher than in a DFT since the higher frequency harmonics are preserved and the lower frequency harmonics are enhanced. While this might contradict Plancherel’s theorem, it is inherent to the innovative idea of this work since we are assuming that the observed signal is in some way filtered out and that we can invert the filtering with the quaternion transform. The prove for the conservation of energy must obtained through theoretical models that provide proper constraints to the pulsation energy content, but this is out of the scope of this manuscript.
4 DISCUSSION
Now we focus on detection and identification of pulsation modes using the frequency separation in the asymptotic regime taking into account the large separation as defined in Tassoul (1980).
We are going to calculate the successive frequencies for l = 0 and l = 1 for asymptotic solar p modes from the estimation of large separation in this way:
[image: image]
assuming D0 = 0, ϵ = 1/2 and a constant large frequency separation Δν0 = 134.699 μHz.
In order to compare with the theoretically calculated frequencies we calculate the modified DFT in a box of ±10 μHz around the expected frequencies from the asymptotic regime. A time span of 44 days is used for this purpose to increase the frequency resolution. Frequencies are estimated in the power spectrum of the modified DFT in a first approximation as the local maxima found in the intervals explored. The formula adopted for the asymptotic regime is given in Tassoul (1980, see Eq.65).
Table 1 shows frequencies calculated from Eq. 23, assuming the aforementioned large separation value, in the asymptotic regime of p modes, and the frequencies extracted with the modified DFT. A good agreement between both frequency lists is clear.
TABLE 1 | Asymptotic behaviour of solar p modes detected with the new transform proposed in this paper. n and l stands for the radial order and angular degrees of the mode respectively. We show the frequencies detected with the quaternion Fourier transform, [image: image], as well as the frequencies calculated with Eq. 23, [image: image].
[image: Table 1]In summary, we have introduced in this brief research report a modified Fourier transform which is similar to the classical DFT for high frequencies and consistent with the theoretically predicted large separation frequency for low degree and high order p modes. This shows the consistency of the new transform for the case of the Sun. We could identify l = 0 and l = 1 modes in the 1,000–2,000 μHz region and the identification of other modes require further studies. The analysis here performed is an incomplete and rough approximation to the solution but the focus of this brief research report is on the introduction of the new quaternion transform.
DATA AVAILABILITY STATEMENT
The datasets presented in this study can be found in online repositories. The names of the repository/repositories and accession number(s) can be found below: https://www.ias.u-psud.fr/golf/templates/access.html.
AUTHOR CONTRIBUTIONS
RG proposed the original idea and performed most of the calculations. AA did the plots, contributed to the writing of the manuscript, and mathematical developments. JP-G contributed to mathematical discussion and writing of the manuscript. JG-T introduced the mathematical framework for the second section and contributed to the mathematical rigor to the manuscript. JRR has contributed to the work creating tools for the reproducibility and replicability of the work published in this journal. He has also connected the data and code repository to the Open Science ESCAPE platform. All authors contributed to the revision of the manuscript.
FUNDING
RG, AA, JP-G and JRR acknowledge financial support from the State Agency for Research of the Spanish MCIU through PID2019-107061GB‐C63 from the `Programas Estatales de Generaci\'on de Conocimiento y Fortalecimiento Cient\'ifico y Tecnol\'ogico del Sistema de I+D+i y de I+D+i Orientada a los Retos de la Sociedad', and from the State Agency for Research through the "Center of Excellence Severo Ochoa" award to the Instituto de Astrofísica de Andalucía (SEV‐2017‐0709), all from the Spanish Ministry of Science, Innovation and Universities (MCIU). JG‐T is supported by grant PID2019‐110525GB‐100 from the State Agency for Research and FEDER.\par
PUBLISHER’S NOTE
All claims expressed in this article are solely those of the authors and do not necessarily represent those of their affiliated organizations, or those of the publisher, the editors and the reviewers. Any product that may be evaluated in this article, or claim that may be made by its manufacturer, is not guaranteed or endorsed by the publisher.
ACKNOWLEDGMENTS
RG and JP-G acknowledge Jeff Scargle and Lourdes Verdes Montenegro for fruitful discussions.
FOOTNOTES
1https://github.com/AsteroSeismologyIAA/QuaternionTransform
REFERENCES
 Beck, P. G., Bedding, T. R., Mosser, B., Stello, D., Garcia, R. A., Kallinger, T., et al. (2011). Kepler Detected Gravity-Mode Period Spacings in a Red Giant Star. Science 332, 205. doi:10.1126/science.1201939
 Chaplin, W. J., Elsworth, Y., Isaak, G. R., Marchenkov, K. I., Miller, B. A., and New, R. (2001). Rigid Rotation of the Solar Core? on the Reliable Extraction of Low- Rotational P-Mode Splittings from Full-Disc Observations of the Sun. Mon. Notices R. Astronomical Soc. 327, 1127–1136. doi:10.1046/j.1365-8711.2001.04805.x
 Christensen-Dalsgaard, J. (2021). Solar Structure and Evolution. Living Rev. Sol. Phys. 18, 2. doi:10.1007/s41116-020-00028-3
 Domingo, V., Fleck, B., and Poland, A. I. (1995). The SOHO Mission: an Overview. Sol. Phys. 162, 1–37. doi:10.1007/BF00733425
 Fossat, E., Boumier, P., Corbard, T., Provost, J., Salabert, D., Schmider, F. X., et al. (2017). Asymptotic G Modes: Evidence for a Rapid Rotation of the Solar Core. Astronomy Astrophysics 604, A40. doi:10.1051/0004-6361/201730460
 Fossat, E., and Schmider, F. X. (2018). More about Solar G Modes. Astronomy Astrophysics 612, L1. doi:10.1051/0004-6361/201832626
 Gabriel, A. H., Charra, J., Grec, G., Robillot, J.-M., Cortés, T. R., Turck-Chièze, S., et al. (1997). Performance and Early Results from the GOLF Instrument Flown on the SOHO Mission. Sol. Phys. 175, 207–226. doi:10.1023/A:100491140828510.1007/978-94-011-5236-5_12
 Gabriel, A. H., Grec, G., Charra, J., Robillot, J.-M., Roca Cortés, T., Turck-Chièze, S., et al. (1995). Global Oscillations at Low Frequency from the SOHO Mission (GOLF). Adv. Space Res. 162, 61–99. doi:10.1007/978-94-009-0191-9_3
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We present a new synergic strategy that merges the potential of asteroseismology with solar space weather/climate techniques in order to characterize solar-like stars and their interaction with hosted exoplanets. The method is based on the use of seismic data obtained by the space missions Kepler/K2 and TESS Transiting Exoplanet Survey Satellite, coupled with stellar activity estimates deduced from ground-based campaigns (e.g., Mount Wilson Observatory HK Project). Our investigation allows us to determine not only highly accurate fundamental parameters of the mother star and its orbiting planet, but also to study the stellar magnetic activity and the star-planet interaction: in analogy to the Sun-Earth system, it is possible to infer the mean stellar wind acting on the exoplanet in order to define the conditions of the exoplanetary environment and the erosion of its atmosphere with an impact on the habitability of the planet.
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1 INTRODUCTION
The high–precision and continuous photometric measurements performed by space missions, such as CoRoT (Baglin et al., 2006), Kepler/K2 (Borucki et al., 2010) and TESS (Ricker et al., 2014), have not only allowed to discover thousands of exoplanets in orbit around solar-like stars, but also to disclose the structural and dynamical properties of many of the detected stars, including their evolutionary state, by applying the methods of asteroseismology. However, stand-alone photometry is a limited tool for the characterization of exoplanetary systems. The combination of different approaches, both theoretical and observational, are needed in order to really progress in this field.
As we have learnt from our Solar system, the main physical parameters of a planet and its equilibrium temperature are not sufficient to characterize the habitability conditions. An accurate knowledge of the fundamental parameters of the host-star is crucial for the interpretation of the detection of an exoplanet, the study of its structure and its evolution. Moreover, a necessary other ingredient for a complete characterization is a detailed assessment of the interaction between host-star and its planets (Airapetian et al., 2020). Indeed, manifestations of stellar activity in the form of coronal mass ejections, energetic particles, stellar flares and winds, as well as an high stellar flux in particular wavelength ranges (e.g., UV, X-ray), can strongly affect the planetary environment. Extreme space weather conditions, such as those created by frequent flares and coronal mass ejections from active stars and young Sun, may profoundly affect the chemistry and climate of terrestrial type exoplanets (see e.g., Cohen et al., 2015; Dong et al., 2018).
The strategy that we propose here brings together asteroseismic tools and space-weather/space-climate techniques, to characterize host Sun-like stars and the way they influence the environment around exoplanets. In particular, by analyzing the photometric measurements provided by space missions and by making use of asteroseismic techniques, we are able to obtain the main stellar parameters with high precision, allowing to have an accurate characterization of host stars. On the other side, stellar activity measurements from ground-based observatory allow us, by making use of a model that we calibrated on the Sun-Earth system, to estimate the stellar wind pressure acting on exoplanets, and hence to evaluate the effects on their magnetosphere.
The stellar targets to which apply this strategy include main-sequence solar-like stars hosting, possibly rocky, exoplanets, for which both asteroseismic and magnetic activity observations are available. Considering the fact that we wish to extend to other stars the techniques developed for the Sun, it is important to clarify that low mass, intermediate age stars of spectral type G, should represent the best targets for our study. The only limit to the application of the present strategy is represented by the fact that presence of enhanced magnetic activity might be responsible for suppression of solar-like oscillations as already found in several targets (e.g., García et al., 2010; Chaplin et al., 2011; Mathur et al., 2019).
2 STELLAR CHARACTERIZATION WITH ASTEROSEISMOLOGY
During the last decades striking results have been obtained for several hundreds of cool main-sequence, post main-sequence and red-giant stars which exhibit solar-like pulsations, as in the Sun, excited by near-surface turbulent convection. In fact, solar-like pulsations provide the unique opportunity to study in details the internal structure and rotation of the stars and to put very stringent constraints on the fundamental stellar parameters. Accuracy of the order of few % in the determination of the mass and the radius and less than 10% in the age, much higher than with any other method, have been reached by the use of asteroseismic techniques (see e.g., Metcalfe et al., 2010; Mathur et al., 2012) in combination with measurements of chemical composition, position, distance and velocity obtained by large spectroscopic surveys (e.g., GAIA Gaia Collaboration et al., 2016).
Any asteroseismic study starts from the detection and identification of the pulsations properties of a star, deduced by a careful analysis of the oscillation spectrum obtained by photometric observations. Then, by the application of well developed techniques and the use of state-of-the-art stellar structure models built with update evolutionary codes (e.g., Christensen-Dalsgaard, 2008b), it is possible to obtain the stellar fundamental parameters and other details of a star with detected solar-like pulsations.
2.1 Data Analysis
In order to analyze stellar oscillations we require that a power spectral density (PSD) is computed out of the light curve of the star we intend to analyze (e.g., García et al., 2011). Once the PSD is available, the preliminary step is to estimate the overall signal that constitutes each observation. This signal, broadly referred to as background, comprises signal originated from stellar oscillations (which are modeled through a typical Gaussian envelope), granulation activity (often decomposed into multiple components operating at different characteristic timescales, each one reproduced by a Harvey-like profile, Harvey 1985) and possible long-trend variations that could be related to the presence of stellar activity, rotational modulation, and instrumental effects (usually modeled by means of an additional Harvey-like profile). This background fit can be carried out by means of the public Bayesian inference software DIAMONDS (Corsaro and De Ridder, 2014), which has a specific adaptation for dealing with the multiple components that are typically encountered in low- and intermediate-mass stars of spectral types from F to K (Corsaro et al., 2017). Furthermore, one can extract the average (or global) asteroseismic parameters, namely the frequency of maximum oscillation power νmax and the large frequency separation Δν, quantities directly linked to fundamental stellar properties. A typical example of this analysis is shown in panel A of Figure 1 for the solar-type star 16 Cyg A observed by Kepler.
[image: Figure 1]FIGURE 1 | (A): An example of power spectral density (gray) for the solar-like star 16 Cyg A observed by Kepler. The solid red curve is a fit to the background as obtained by Corsaro et al. (2020), consisting of three Harvey-like profiles (blue dotted–dashed curves) plus white and colored noise (yellow dotted–dashed line). A global fit to the oscillation power excess is shown by the blue dotted–dashed Gaussian curve and the net effect on the background is visible as a doted green curve. (B): Observed frequency spectrum of 16 Cyg A centered in the frequency range around the frequency of maximum oscillation power (indicated with the yellow dashed line), showing the typical Gaussian-like shape. (C): Large separation Δν as a function of the frequency for two theoretical models (identified by red and blue colors) of the star GJ 504, chosen to fit the spectroscopic parameters. The dashed line indicates the still uncertain observed value Δν =(85.0 ± 3.6) μHz, with the confidence interval shown by the gray shaded area. Different symbols are used to distinguish between the modes l =0 (squares) and l =1 (triangles). (D): Échelle diagram for GJ 504 computed for the two models of panel C, with model’s average large separation values Δν =87.8 μHz (blue color model) and Δν =104.5 μHz (red color model) (Di Mauro et al., 2022). Different symbols are used for modes with different harmonic degrees, squares for l =0, triangles for l =1, circles for l =2 and stars for l =3.
The final step in the data analysis foresees an additional level of detail and it consists in measuring the observational properties of the individual oscillation modes that belong to the region of the oscillation power excess (see panel B of Figure 1). This analysis is of particular complexity as it may involve the fitting of a large number of parameters, moreover it can be accomplished only for stars where the PSD has a signal-to-noise ratio that is sufficiently high, along with the available frequency resolution, such that the individual modes can be resolved. In these cases, we make use of the public pipeline FAMED (Corsaro et al., 2020), which can perform an automated analysis of tens of individual mode properties in a reasonable amount of time.
2.2 Asteroseismic Assessment of Stellar Physical Properties
In the context of stellar asteroseismic characterization a key role is played by empirical relations, found by studying oscillation properties of hundreds of stars, that connect observable quantities with stellar physical parameters. In fact, a first estimate of global stellar parameters can be obtained starting from the main properties of the oscillation spectra, such as the large frequency separation (Δν), namely the difference between frequencies of same harmonic degree, and the frequency of maximum oscillation power (νmax) (Brown et al., 1991; Kjeldsen and Bedding, 1995; Huber et al., 2011). The large frequency separation (Δν), defined as the inverse sound travel time through the stellar radius (Tassoul, 1980), is linearly proportional to the square root of the stellar density (Ulrich, 1986) and hence it is related to the stellar mass and radius. The frequency of maximum oscillation power (νmax) is expected to scale with the acoustic cutoff frequency (νac) (Brown et al., 1991):
[image: image]
where Teff is the effective temperature of the star and g is its surface gravity. Hence by definition, νmax is also related to the mass and the radius of the star. A set of powerful scaling-laws, normalized to solar values, can be used to roughly determine the mass and radius of a star once Δν and νmax are known, as suggested by Huber et al. (2011):
[image: image]
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A more precise characterization of the stellar structure, and in particular the age, can be obtained looking at individual pulsation frequencies, instead of using the average oscillation properties of the spectra, and comparing them with frequencies obtained by theoretical models built in order to match all the available photometric and spectroscopic parameters of the star under study or by employing more sophisticated techniques, such as inversion methods (Di Mauro, 2016).
Once the planet host has been properly studied, different exoplanetary details can be deduced with a good accuracy (Campante et al., 2018; Lundkvist et al., 2018). Several attempts have been tried to determine, for example, the orbital elements from the parameters of the star, but certainly the estimate of the age is the most important for understanding the history of the planet and its habitability. Generally, the ages of single main-sequence stars are inferred from empirical indicators, such as activity, rotation or from stellar model isochrones that are compared to observed classical parameters. However, the precision and accuracy that can currently be reached with these methods is not good enough (Lebreton and Goupil, 2014), compared to the possibility to use asteroseismic data.
As an example, here we report the case of GJ 504 (HD 115383), a G0-type solar-like star with effective temperature Teff ≃ 6200 K and surface gravity log  g = 4.29 ± 0.07 dex (D’Orazi et al., 2017). This target appears to be more massive than the Sun (M = 1.28 ± 0.07 M⊙), with a radius R = 1.38 ± 0.2 R⊙ as predicted by theoretical models (Di Mauro et al., 2022), but its evolutionary stage is still an open question, with consequences for mass estimation of its star’s companion named GJ 504b, which could be a Jovian planet or a brown-dwarf. Panel C of Figure 1 shows the comparison between the average large separation obtained with a very low resolution by the analysis of the photometric TESS data collected in 120-s cadence mode and the theoretical value as a function of the oscillation frequency for modes l = 0 and l = 1. Here the theoretical adiabatic oscillation frequencies have been computed by using the ADIPLS package (Christensen-Dalsgaard, 2008a) on theoretical models built in order to match all the observed spectroscopic parameters. Among all the possible models, we show one model which seems compatible with the unconfirmed value of large frequency separation Δν = (85.0 ± 3.6) μHz (Di Mauro et al., 2022). It is very interesting to notice that models that match the luminosity deduced from the Gaia Parallax, are characterized by a very young age [image: image] Gyr, while models which reproduce the provisional large separation (85.0 ± 3.6) μHz show more evolved structures with age above 2 Gyr. It is clear that even just the measurement of the large separation, once confirmed, will definitely help to constrain the debated evolutionary state of this target and of its companion. But this will be achieved only with better conditions of signal to noise ratio (i.e., spectroscopic observations, shorter cadence mode etc, …).
A more detailed comparison between theoretical and observational frequencies is usually done by employing a so called échelle diagram, like the ones shown in panel D of Figure 1, obtained for two theoretical models of GJ 504 with parameters given in panel C. This diagram shows, for each harmonic degree, vertical ridges of frequencies in which consecutive symbols are equally spaced by the large separations. The distance between two adjacent columns of frequencies represents the small separation. Clearly here, the two theoretical models show a different oscillatory pattern. Please notice that for GJ 504 no individual observational frequencies have been already detected, but a comparison with the theoretical frequencies will have allowed to determine the age with an accuracy of less than 10%. In addition, the échelle diagram shows, for each l, a weak oscillatory signal so that symbols do not form straight columns. The characteristics of such signal are related to the location and thermodynamic properties of discontinuities occurring inside the star. By isolating the oscillatory components from the observed frequencies of oscillations it is possible to determine, for example, the location of the base of the convective envelope. This information is highly important also for testing stellar dynamo theories (Corsaro et al., 2021) and studying the stellar magnetic activity.
3 MAGNETIC ACTIVITY
Characterizing a star does not mean only to determine the main stellar parameters and its spectral type, but it requires also a precise assessment of the activity level, which is a measure of how strong the surface magnetic field is (Schrijver and Zwaan, 2000). In order to quantify the magnetic activity of a star, indices linked to physical quantifies (i.e., physical indices), like the flux in a particular spectral band, are the more appropriate ones. The intensities of emission in the chromospheric H (393.3 nm) and K (396.8 nm) lines of the Ca II represent strong markers of stellar magnetic activity (Hall, 2008) and for this reason many activity indicators are based on them (e.g., [image: image], Ca II K index, S-index). The longest and widest observational campaign of the emission in the Ca II H&K lines, for thousand solar-type stars, comes from the HK Project conducted at the Mount Wilson Observatory (MWO) starting from 1966 and operating for almost 40 years. The MWO observations are given in terms of a dimensionless parameter, the S-index, which is defined as the ratio of emission in the H & K lines cores to that in two nearby continuum reference bandpasses (Vaughan et al., 1978; Wilson, 1978). The majority of our knowledge about stellar magnetic activity, the presence of periodic variability (i.e., stellar cycles), as well as how the activity level is related to other stellar properties, come from the analysis of these measurements. For instance, as seen in the Ca II emission, the magnetic activity of main-sequence stars is known to decrease as the inverse square root of the age (Skumanich, 1972). This result constitutes a milestone in the stellar characterization, with a direct impact also from the point of view of habitability conditions around an host star, due to the fact that young stars are typically more active. An example on how information on the magnetic activity cycle can be deduced from the MWO chromospheric emission measurements is depicted in panel A of Figure 2, for the star HD 76151, a G3-type solar-like star with effective temperature Teff ≃ 5790 K and surface gravity log  g = 4.49 ± 0.06 dex (Marsden et al., 2014). Here we show the Ca II K index, computed from the S-index using the relation by Egeland et al. (2017), which for this star covers a time period of 30 years and allows to see an almost well-defined cycle. Measurements like this one are available, within the MWO dataset, for thousand solar-like stars and constitute a great asset in the stellar characterization, especially for their temporal extension.
[image: Figure 2]FIGURE 2 | (A): Ca II K index of the star HD 76151 for the time interval 1966–1996, obtained from the MWO S-index measurements. (B): Magnetopause standoff distance (red line, with confidence interval represented by the gray shaded area) of a fictitious Earth-twin planet orbiting at 1 AU around the solar-type star HD 76151. The continuous black line indicates the mean value, while the dashed black line shows the mean Earth value as reference.
4 HOST STAR—PLANET INTERACTION
To date, we have a simplified notion of habitability on extra-solar planets, mainly related to the concept of Habitable Zone (HZ). It is indeed based on the flux of radiation incident on a planet, and is classically defined as the range of distances from the host star in which a planet could potentially maintain liquid water on its surface (Hart, 1979; Kasting et al., 1993; Kopparapu et al., 2013).
Nevertheless, the stellar irradiance is not the only source to consider in the evaluation of the stellar environment from the habitability point of view. The variability of the host star and the extreme events must also be considered, as well as the flux in particular wavelength ranges (e.g., UV) compared to the bolometric one. The increase in UV and X-ray star’s flux generated by flares can strongly affect the near stellar environment. This radiation has enough energy to modify the stratospheric ozone cycle of an Earth-like planet, which plays a central role in the thermal structure of high atmosphere (Lovric et al., 2017). Recent studies have assessed the effects of high flaring activity on exoplanets, showing that ozone shield may be comprehensively destroyed, leaving the planet’s surface unprotected to extreme radiations that can damage complex organic structures (e.g., Tilley et al., 2019). Looking to more general effects on exoplanet’s atmospheres, frequent strong flares on active and young stars are disadvantageous for hosting life, because the atmospheric composition of orbiting planets is constantly altered (Vida et al., 2017). In the worst cases of unmagnetized (unprotected) planets, the atmosphere can even be eroded (Roettenbacher and Kane, 2017; Loyd et al., 2020).
When studying the star-planet interaction, a key point is represented by the evaluation of the stellar winds effects on the planetary environment. In magnetized planets, a main outcome of this interaction is represented by the perturbation and compression of the planetary magnetosphere. A direct measurement of the exoplanet magnetic moment is a difficult task. Different methods have been proposed, involving bow-shock observations during transits (Vidotto et al., 2011), radio signature (Hess and Zarka, 2011) or atmospheric escape structure detections (Carolan et al., 2021). All proposed techniques have a bias towards giant planet magnetospheric detection.
Nevertheless, magnetic field in terrestrial exoplanets can be estimated by dynamo models assuming an internal planetary structure model (see e.g., Driscoll and Olson, 2011). In general, it is interesting to estimate the magnetospheric compression of an Earth-twin exoplanet under the effect of host star stellar wind. Such method has been applied to a sample of solar-mass stars by assuming a Parker stellar wind model and using Ca II H&K lines measurements in See et al. (2014). Indeed, the magnetosphere extension can be estimated by the so called magnetopause standoff distance (RMP), defined as the distance from the planet at which the planetary magnetic field pressure balances the stellar wind dynamic pressure. On the Sun-Earth system such interaction results in a day-side average standoff distance of [image: image] (Shue et al., 1997), but in general it depends on the solar activity level via the solar wind.
Recently, we calibrate on the Sun-Earth system some relations which allow us to relate the solar activity, by means of the Ca II K index, with the solar wind speed and dynamic pressure (Reda et al., 2021, 2022). We also introduce a model which allows to compute the Earth magnetopause standoff distance simply starting from the above activity index (see Reda et al., 2022 for further details). Because of the use of a physical proxy, as the Ca II K index, such relations are very useful and can be employed to estimate the stellar wind properties in solar-like stars for which similar measurements are available. Panel B of Figure 2 shows, as example, the magnetopause standoff distance of an hypothetical Earth-twin planet orbiting at 1 AU around the solar-like star HD 76151, computed with our model. Due to the higher level of chromospheric activity of this star compared to the Sun, an Earth-twin planet orbiting around it would have a mean magnetosphere extension of [image: image], which would be more compressed than the Earth one because of the stronger stellar wind pressure.
5 DISCUSSION
Although the concept of habitable zone has been in the literature for some time, it is only in the last few years that complementary strategies have allowed a more rigorous definition, in order to understand how long an exoplanet may have been able to maintain habitability, so that life has had the opportunity to originate and to develop. Under the hypothesis that the evolution of life requires sufficient long times in a constant environment, it appears clear that a lasting stability of the atmosphere plays the most crucial role, since the planet should have survived not only to the period of heavy bombardment by asteroids and comets, but also during the host stars’ active X-ray, extreme ultraviolet (XUV) and stellar wind exposure (e.g., Wood et al., 2002; Lammer et al., 2003) occurring during the early phases of planetary system formation.
The extreme efficiency of asteroseismology in supporting the exoplanetary program has been demonstrated by several recent works (see e.g., Campante et al., 2018; Lundkvist et al., 2018), but we believe that our synergic strategy has the additional potential of enabling to characterize, not only the main stellar and planetary parameters such as the dimensions, the density and the age, but also to infer the stellar magnetic activity and the interaction between the star and the hosted planets. Knowledge about the magnetic activity level of the host-star and its influence on an orbiting planet will allow for example to get conclusions on the magnetosphere compression which, as known, is directly connected to atmospheric erosion processes induced by stellar winds, and strictly related to planetary habitability conditions. We believe that this method is clearly advantageous since it only requires asteroseismic and chromospheric activity measurements, already available for a large sample of stars and further new measurements will be available in the next years. This will produce results of particular interest once the incoming data from operating space missions and from ground based campaigns will have been fully exploited and understood.
The outcome will be of relevance especially in the context of the future PLATO (PLAnetary Transits & Oscillations of stars) (Rauer et al., 2014) space mission, whose primary goal is to detect terrestrial exoplanets in the habitable zone of Sun-like stars. Since our model to estimate the mean stellar wind is calibrated on the Sun, the best targets to which to extend our procedure are represented by intermediate age (≳ 2.6 Gyr) G spectral type stars, but we do not exclude the possibility to consider for the future also early K- o late F-type stars. A further requirement is a stellar Rossby number ≳ 1 which, as recently pointed out by Reinhold et al. (2019), is related to a faculae activity regime, the dominant source of activity in the Sun. In this respect of great help is the calibration from asteroseismology recently made by Corsaro et al. (2021), which allows to determine the Rossby number simply knowing the stellar (B − V) color index and the rotation period. At present, we are preparing a catalogue of solar-like targets observed by the Kepler and TESS satellites on which presence of one or more exoplanets has been confirmed. Moreover, for these targets measurements in the Ca II H&K lines have to be available from ground observatories in order to estimate the chromospheric activity and the mean stellar wind acting on the orbiting planets.
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δ Scuti stars are intermediate-mass pulsators located in the classical Cepheid instability strip with spectral types ranging from A to F. In the last years, some authors found an amplitude and frequency modulation in some of these stars. In our work we have chosen the continuous wavelet transform as the more appropriate tool to perform a time-frequency analysis of the light curves of HD 174936 and HD 174966. We have chosen this tool because, unlike the short time Fourier transform, that uses a fixed windows size, the continuous wavelet transform uses short windows at high frequencies and long windows at low frequencies, making it like an adaptive analysis tool. In order to improve the resolution of the frequencies obtained by the continuous wavelet transform, we have also used the synchrosqueeze algorithm to “focus” the result. Then, we are capable to obtain a measure of the instantaneous frequencies of the signal in a wide range of frequencies. To check our results, we have compared them with the synchrosqueezed continuous wavelet transform of a synthetic signal generated with the frequencies previously obtained by a classical approach. Our results show that some frequencies are stable, at least within the observation run time, although some others show some kind of variation. This is the first time that such variations in the oscillation frequencies of HD 174936 and HD 174966 are reported.
Keywords: stars:Delta Scuti, stars:variable, stars:pulsations, wavelet analysis, wavelet transform, synchrosqueeze, asteroseismology
1 INTRODUCTION
The δ Scuti (δ Sct) stars (Baglin et al., 1973; Rodríguez et al., 2000) are intermediate-mass (i.e. between 1.5 and 3 solar masses) pulsators located in the classical Cepheid instability strip, near the main sequence or moving from the main sequence to the giant branch. Their spectral types range from A to F and they are multi-periodic pulsators with frequencies found between 3 d−1 and 80 d−1 (Aerts et al., 2010; Uytterhoeven et al., 2011). Thus, these stars are very good laboratories to test theories of angular momentum and chemical transport in stellar interiors.
Amplitude modulation in δ Sctstars has been found in recent years (see, e.g., Breger and Pamyatnykh, 2006; Breger et al., 2012; Barceló Forteza et al., 2015). Also, Bowman and Kurtz, (2014); Bowman et al. (2021) found amplitude and frequency modulation in some δ Scuti stars. Amplitude and/or frequency modulation has also been found in other type of stars (see, e.g., a brief compilation in Guzik et al., 2015, and references therein). These authors used a wavelet-based technique, different from the one use in this work, to study amplitude modulations in a sample of different pulsating stars.
In this work we analyse the stability of the oscillation frequencies of the δ Sctstars HD 174936 and HD 174966. We have applied an analysis based on the synchrosqueezed continuous wavelet transform (SSCWT from now on) to the CoRoT (Baglin et al., 2006) light curves of these stars. The curves contain about 27 days of observations for each star with 32 s of sampling. From this data, García Hernández et al. (2009) found 422 oscillation frequencies for HD 174936. The authors did not expect such a high number of frequencies in this star and they also found a flat distribution of lower amplitude peaks. This so-called grass has also been found in more stars observed with CoRoT (see, e.g., Poretti et al., 2009) and its origin has been a matter of debate (see Section 1 of de Franciscis et al., 2018, and references therein). They also found a large separation structure of 52 μHz in the frequency spectra. For HD 174966, García Hernández et al. (2013) found 185 frequencies with no grass effect. The authors also found a large separation structure of 65 μHz in the frequency spectra of both stars. In a recent study, Ramón-Ballesta et al. (2021) also included these stars in their search for the signature of the rotational splitting in the frequency spectra. They found a rotational splitting value of 26 μHz for HD 174936 and 19 μHz for HD 174966.
As the continuous wavelet transform requires the points to be equally spaced in time, we have previously filled the gaps using the MIARMA method developed by Pascual-Granado et al. (2015). We have compared our results with stationary synthetic time-series generated from the frequencies mentioned before. In particular, we have used the first 160 frequencies to generate the synthetic signal of HD 174936 and the 20 first frequencies to generate the synthetic signal of HD 174966. We needed less frequencies in this last star because the RMS improves much faster than for HD 174936 during the prewhitening cascade. With this article we aim to pave the way for a methodology that can be used in future studies.
This paper is organised as follows: in Section 2 we introduce the wavelet transform as the tool we used for the time-frequency analysis. In section 3 we show our results and discuss them. Finally, in Section 4 we present our conclusions.
2 METHODS
The tool we have chosen to do the time-frequency analysis is the continuous wavelet transform (CWT from now on). Unlike the short time Fourier transform, that uses a fixed window size, the CWT uses short temporal windows at high frequencies and long temporal windows at low frequencies, thus making it an adaptive analysis tool. In the same sense, these frequency windows are longer at high frequencies than at low frequencies. This means that the frequency resolution is better at low frequencies and decreases as the frequency rises, as it will be explained in the following paragraphs. These sizes are automatically defined by the CWT algorithm. The CWT relies on the use of a mother wavelet ψ(t), i.e., a wave-like function of finite energy. This function can be scaled and shifted in a way that conserves the energy (Eq. (1)), thus generating daughter wavelets.
[image: image]
Here, a is the scale factor and b is the translation along the time axis. The choice of the mother wavelet is usually made to match the expected shape of the signal, i.e. a sinusoidal wavelet is used to analyse a sinusoidal signal to ensure the correlation between the wavelet and the signal. In the case of the time-frequency analysis of non-stationary time series generated by natural processes, one of the most used mother wavelets is the Morlet wavelet (see e.g. Percival and Walden, 2000). This wavelet can be expressed as in Eq. (2).
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Here, σ is the parameter that defines the general trade-off between the temporal and the frequency precision, [image: image] is a normalisation constant and [image: image] is defined by the admissibility condition (i.e. the Fourier transform of the wavelet must vanish at zero frequency) (Mallat, 2009).
The CWT of the signal s can then be defined as in Eq. (3) below. The CWT produces a matrix of power coefficients (see, e.g., Mallat, 2009) that we can represent in a scales versus time diagram. The power of the coefficients is then plotted using a colormap in arbitrary units.
[image: image]
A scale a can be related to a frequency f in several manners. One of the most used definitions of frequency is taking the central frequency of the wavelet as the actual frequency of that particular wavelet. If the signal contains the same frequency, the wavelet and signal will correlate in the CWT, thus providing a measure of the “instantaneous” frequency of the signal at each point. The choice of scales to perform the CWT is dependent on the sampling frequency and the length of the signal. The sampling frequency defines the maximum frequency (i.e., the Nyquist frequency) the CWT can scan (fmax = fs/2) and the length (L) of the signal defines the minimum frequency the CWT is capable of detecting (fmin ∝ 1/L). The relation between scales and frequencies obeys an inverse power law (i.e., f ∝ 1/a). The frequency resolution is related to the length in the temporal axis of the analysis window at that particular frequency and is translated as the width of the frequency band in the CWT plot. Due to that, the resolution is smaller at lower frequencies (because they require longer temporal windows) than the resolution at high frequencies. Consequently, the frequency bands in the plots will get wider as the frequency increases. Daubechies and Maes, (1996); Daubechies et al. (2011) proposed a “focusing” algorithm that they called synchrosqueezing in order to reduce the width of the frequency bands of the CWT. With this algorithm they reallocate the energy around a central frequency but preserving the time resolution, thus providing a better resolution in the frequency axis. This synchrosqueezed CWT (SSCWT) remains invertible so that the original signal can still be reconstructed and also reduces the background noise in the plots. This algorithm is implemented in Python as the ssqueezepy package (Muradeli, 2020), which we have used in our analysis.
3 RESULTS AND DISCUSSION
The plots show the frequency in d−1 in the vertical axis versus time in d in the horizontal axis. The colour map shows the power of the wavelet coefficients of the CWT and the SSCWT using arbitrary units. As the frequencies used in the synthetic curves are stationary, we expect to find straight bands in all of them. However, unexpected results came across in some frequencies. One of the most frequent artefacts occurs when there are two or more frequencies that are too close to each other. In this case, the CWT might not be able to completely separate them, with the coefficients overlapping and thus creating an interference pattern in the SSWCT similar to that of a modulated frequency. Sometimes, these behaviours can be corrected by fine tuning the mother wavelet parameter σ to make the analysis more sensitive to frequency changes at the cost of decreasing the temporal accuracy (i.e., increasing the σ parameter). However, depending on the length of the signal, it is not always possible to reach enough frequency resolution before losing all the information in the temporal axis. An example of this behaviour is shown in Figure 1 where, using the light curve of HD 174936, in the left panels (A and C) a setting of σ = 8 was used and the interference pattern can be seen in the SSWCT (C). In the right panels (B and C), we increased the parameter to σ = 30 and the effect has been corrected. It is also worth noting the unavoidable border effect that appears in both ends of the plots. This happens because the CWT takes the beginning and the end of the signal as actual changes of frequency (from 0 to something and from something to 0, respectively). The same effect would happen in the gaps had they not been filled using the MIARMA algorithm. Another artefact that can be seen in panel D of Figure 1 is the appearance of equidistant light blue (almost white) bands around the synchrosqueezed frequency of 27.01 d−1. Comparing with the same frequency in the CWT plot (panel B of Figure 1), we can see that this bands in the SSCWT actually mark the edges of the frequency band in the CWT. This also happens in other frequencies we have analysed (not shown) and therefore we concluded that these light bands are likely a residual of the edge of the CWT bands.
[image: Figure 1]FIGURE 1 | Example of a SSCWT analysis of the same region of pulsation frequencies for HD 174966. The plot shows the oscillation frequencies versus time. The colour map shows the power of the wavelet coefficients in arbitrary units. (A): Interference pattern that appears in the CWT when the frequencies are too close to resolve setting σ = 8 in the mother wavelet. The SSCWT in (C) is not able to resolve this frequencies either. (B): the same set of frequencies are resolved by setting σ = 30. In this case, the three frequencies at 21.32, 23.24 and 27.01 d−1 can be clearly seen. The frequency at 27.01 d−1 shows a wobbling in the power, probably because the frequencies of the daughter wavelets that scanned that region did not exactly match the frequency of the signal, thus generating the effect. The fact that this wobbling also appears in the analysis of the synthetic curve (not shown) is what led us to think that this variation was not a real modulation in amplitude. The light blue bands in (D) at about 24.2, 25.3 and 28.7 d−1 are artefacts of the synchrosqueezing algorithm, created at the places where there were the edges of the frequency bands in the CWT (B).
3.1 HD 174936
The frequencies found for the light curve of HD 174936 show a similar behaviour to the frequencies found in the synthetic signal. An example is given in Figure 2, in which the main pulsation frequency at 13.70 d−1 along with another frequency at 15.58 d−1 are shown. The upper panels (A and B) display the CWT coefficients, whereas the lower panels (C and D) show the SSCWT result. In the same sense, the left panels (A and C) are for the analysis of the real light curve and the right panels (B and D) for analysis of the synthetic signal. In this case, the CWT (panels A and B) seems unable to completely resolve both frequencies with the red edges of both bands slightly overlapping. This may hamper the synchrosqueezing a bit, which can explain the unexpected changes in the 15.58 d−1 frequency.
[image: Figure 2]FIGURE 2 | Main pulsation frequencies of HD 174936. The similar behaviour of the frequencies at 13.70 and 15.58 d−1 found in the analysis of both the real and the synthetic data can be used to confirm that the frequencies found in the light curve are stationary. The CWT of both frequencies shown seem to interact a bit (i.e. the edges of the red bands in panels (A) and (B), corresponding to the frequencies at 13.70 and 15.58 d−1, overlap a bit.) That could explain the erratic behaviour of the frequency at 15.58 d−1 in the SSCWT in both panels (C) and (D). Additionally, there can also be happening the same effect as in the wobbling explained in Figure 1.
In Figure 3 a similar overlapping effect can be happening in the different frequencies shown between 1.89 and 2.34 d−1. The same can be happening between the two frequencies at 4.46 and 4.8 d−1. However, in the frequency at 4.46 d−1 there is a clear difference between the synthetic (panels B and D) and the real signal (panels A and C). Whereas the analysis of the synthetic curve displays an almost straight band throughout the whole observation time, the frequency in the real observations seems to be weaker during the first eight to 10 days. This could be an indication of an instability of some kind in this particular frequency.
[image: Figure 3]FIGURE 3 | Frequencies of HD 174936 between 1.52 d−1 and 6.71 d−1. The CWT (panels A and B) of the group of frequencies between 1.89 d−1 and 2.34 d−1 shows some overlapping in the coefficients (red zones) and this can be hampering the synchrosqueeze algorithm. Hence the apparent instability of these frequencies in the SSWCT (panels C and D). The same could be happening between the frequency at 4.46 d−1 and a slightly higher one around 4.8 d−1. In the frequency at 4.46 d−1, the SSWCT of the synthetic curve shows an almost straight and continuous band along the temporal axis whereas in the signal from the star the band seems to be weaker in the first 8-10 days of observation, which could be a sign of an instability of some kind in this frequency.
3.2 HD 174966
In HD 174966, Figure 4 shows a frequency at 5.51 d−1 and another one at 6.3 d−1. The frequency at 5.51 d−1 shows a clearly different behaviour in the light curve of the star (panels A and C in Figure 4) than in the synthetic one (panels B and D). The analysis of the synthetic curve shows a well defined straight band (apart from the border effect), whereas the frequency coming from the analysis of the real signal suffers an interruption at about 2666 d, then is resumed at 2672 d and stopped again at 2677 d before finally resuming at 2678 d. The other frequency at about 6.3 d−1 seems to be reacting in an opposite way, which might be an indication of an interaction between these two frequencies. We can discard an artefact of the method because of the different behaviour of the synthetic signal. Another possible explanation to this phenomenon could be that this frequency would correspond to a transient of some sort or a magnetic field altering the oscillation mode in a period of few days. A longer observation run of this star would be needed in order to confirm the instability of the pulsation.
[image: Figure 4]FIGURE 4 | Frequencies of HD 174966 between 4.46 d−1 and 6.71 d−1. The frequency at 5.51 d−1 shows a clearly different behaviour in the signal (A,C) compared to the synthetic curve (B,D). The SSWCT of the synthetic curve shows a uniform band, apart from the border effect, whereas the SSWCT of the light curve suffers an interruption at about 2666 d, then is resumed at 2672 d and then stopped again at 2677 d before finally resuming at 2678 d. The other frequency at about 6.3 d−1 seems to be reacting in an opposite way. This behaviour maybe due to an interaction between these two frequencies but could also be due to a transient of some kind or a magnetic field modulation.
The other frequencies found for this star (see e.g. the main pulsation frequencies previously shown in Figure 1) do not show any different behaviour compared to the synthetic signal.
4 CONCLUSION
We have used the synchrosqueezed continuous wavelet transform to analyse the light curves of HD 174936 and HD 174966 and we have compared the results with the same analysis on synthetic light curves generated for these stars. Most of the frequencies found show a similar behaviour in both real and synthetic cases, although some of them show unexpected variations only in the real light curves. These variations in the light curves of HD 174936 and HD 174966 are here reported for the first time, which shows the high potential of the synchrosqueezed wavelet transform to uncover new physics of δ Sctstars.
The synchrosqueezed wavelet transform shows better results in the low frequency region than in the high frequency region. The continuous wavelet transform is complementary to the synchrosqueezing in order to identify possible artefacts.
Further studies with longer observation runs would be needed in order to confirm our findings.
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The advent of space-based photometry missions in the early 21st century enabled the application to asteroseismic data of advanced inference techniques until then restricted to the field of helioseismology. The high quality of the observations, the discovery of mixed modes in evolved solar-like oscillators and the need for an improvement in the determination of stellar fundamental parameters such as mass, radius and age led to the development of sophisticated modelling tools, amongst which seismic inversions play a key role. In this review, we will discuss the existing inversion techniques for the internal structure of distant stars adapted from helio-to asteroseismology. We will present results obtained for various Kepler targets, their coupling to other existing modelling techniques as well as the limitations of seismic analyses and the perspectives for future developments of these approaches in the context of the current TESS and the future PLATO mission, as well as the exploitation of the mixed modes observed in post-main sequence solar-like oscillators, for which variational formulations might not provide sufficient accuracy.
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1 INTRODUCTION
In the last 2 decades, asteroseismology has established itself as the golden path to study the internal structure of distant stars. Amongst these, solar-like oscillators have held a special place due to the number of them detected at various masses, chemical composition and evolutionary stages. This revolution was made possible by the recent space-based photometry missions CoRoT (Baglin et al., 2009), Kepler (Borucki et al., 2010) and TESS (Ricker et al., 2015). In the near future, the PLATO mission (Rauer et al., 2014) will further extend the dataset, and proposals for future missions have also been laid out, testifying to the scientific success of these missions (e.g., Miglio et al., 2021).
In addition to providing numerous targets to work on, space-based photometry missions also led to a drastic change in data quality compared to previous ground-based observations. While ground-based telescope networks (see Grundahl et al., 2006, for the SONG network) are still very important and can provide high quality data for some close targets (e.g., Bouchy and Carrier, 2001; Bedding et al., 2004; Martić et al., 2004; Kjeldsen et al., 2005; Grundahl et al., 2006), they are no match for nanohertz precision on the observed frequencies of some of the best Kepler targets and the large number of stars that can be observed simultaneously by photometric surveys.
This drastic change motivated the use of advanced seismic analyses techniques that were before restricted to the field of helioseismology, where the proximity of the Sun allows the detection of thousands of oscillation modes. Seismic inferences became routinely used and the determination of fundamental parameters of stars for the purposes of fields such as exoplanetology and Galactic archaeology drove the development of dedicated numerical tools. Large grids of stellar models were also computed for such purposes and coupled to automated seismic modelling pipelines (e.g., Mathur et al., 2012; Gruberbauer et al., 2013; Metcalfe et al., 2015; Bellinger et al., 2016; Rendle et al., 2019; Bazot, 2020; Aguirre Børsen-Koch et al., 2022).
Inference problems are widespread in physics, from the calibration of instrumental responses to the radiative transfer problem in the Earth’s atmosphere. They correspond to a specific class of mathematical problems called ill-posed problems, for which specific dedicated techniques have to be developed (see Tarantola, 2005; Pijpers, 2006, for example). These methods require having an appropriate formalism and regularization of the problem, in line with the known or assumed properties of the physical problem under study.
The inversion techniques used in asteroseismology are no exception to this rule. They most often derive from methods developed for helioseismology and for this reason have mostly been applied to solar-like oscillators, for which the underlying hypotheses of the inversion remain valid. It is worth mentioning that most seismic inversion techniques used in helio- and asteroseismology have actually been first applied to inferring the internal rotation of slowly rotating stars, including our Sun (see Thompson et al., 2003, and references therein). Thanks to space-based photometry data, inferences of internal rotation have been made in various cases, from solar-like main-sequence stars (see e.g., Lund et al., 2014; Benomar et al., 2015; Schunker et al., 2016a; Schunker et al., 2016b; Benomar et al., 2018; Bazot et al., 2019), to more massive oscillators (Kurtz et al., 2014; Saio et al., 2015; Hatta et al., 2019; Hatta et al., 2022) and towards later evolutionary stages (see e.g., Deheuvels et al., 2014; Deheuvels et al., 2015; Di Mauro, 2016; Di Mauro et al., 2018; Deheuvels et al., 2020; Fellay et al., 2021) with great successes.
In this short review, we will focus on seismic inversions of the internal structure of stars. We will start by discussing the goals of seismic inversions in Section 2. In Section 3, we will discuss inversion techniques relying on the calibration of evolutionary models and mention examples of static approaches applied to specific cases in stellar evolution. In Section 4, we introduce the variational formalism applied in linear inversions, that will be discussed in Section 5 for both localized and indicator inversions. Finally, we will discuss non-linear inversions from the use of inner phaseshifts of the oscillations in Section 6 and conclude in Section 7.
2 GOALS OF SEISMIC INVERSION TECHNIQUES AND UNDERLYING HYPOTHESES
The goal of seismic inversion techniques is to provide a model of the internal structure that takes into account all the available observational constraints. This procedure can take various forms that we will discuss in the following sections.
From a mathematical point of view, the inversion procedure consists in solving the system of differential equations describing the stellar structure while taking all the available observational constraints into account. In practice, this already implies assuming a few hypotheses regarding the equilibrium state of the star and the physical processes considered in the description of its internal structure.
The cases on which we focus will be slowly rotating solar-like stars without strong magnetic fields or being subject to tidal interactions capable of breaking the spherical symmetry. While these hypotheses might appear strong, they are in good agreement with observations and can be used for a wide range of targets. Hydrostatic and thermal equilibrium are also considered and the equilibrium equations of stellar structure are written in eulerian form as follows.
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with r the radial position in the spherically symmetric model, m the mass of the sphere of radius r, ρ the local density, T the local temperature, l the local luminosity, P the local pressure,[image: image] the temperature gradient, and ϵ the local rate of energy generation. In addition to this system, the equation of state of the stellar material must be defined, namely the relation
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with Xj the chemical mixture of the stellar plasma. Alongside the determination of the internal structure, the inversion may also provide precise values of the fundamental stellar parameters such as mass, radius and age (when computing evolutionary models). In some specific cases, the full structure equations are solved in a static way, for example when the evolutionary path is unclear or difficult to compute with evolutionary models as for B-type subdwarf stars or white dwarfs for example.
In other cases, the seismic inversion does not aim at determining the full structure. Its goal is rather to determine both the global parameters of the star such as mass and radius, the density profile inside the star, ρ(r) and the first adiabatic exponent profile [image: image].
In practice however, Γ1 deviates only very little from 5/3 in the stellar interior, apart from the ionization regions in the upper convective envelope. It is thus assumed constant or fixed at the value of a given reference structure used for the inversion. This situation is very different from helioseismology, where the quality of the data allows us to distinguish between various equations of state for the solar material based on the inversion of the Γ1 profile in the convective envelope (See e.g., Elliott, 1996; Elliott and Kosovichev, 1998; Vorontsov et al., 2013, and references therein).
Due to the lower quality of asteroseismic data and the absence of high-degree modes allowing to determine localized corrections in the upper layers, the equation of state of the stellar material will not be considered an issue1. This point will be further discussed in the following sections when presenting the variational formalism used in linear inversion techniques.
In this context, the application of seismic inversions serve as a complement to evolutionary modelling. The inverted quantities can then be compared with those of evolutionary models and potentially constrain missing physical processes. Consequently, seismic inversions constitute an essential approach to improve the accuracy of stellar models and the determination of fundamental stellar parameters such as mass, radius and age.
3 STATIC AND EVOLUTIONARY MODELLING
The inference of the internal structure of a star can take various forms. It may for example result from the adjustment of an evolutionary sequence to an observed target. For stellar systems such as binaries or clusters, simultaneous fitting of all members can even be done so that the modelling is more constraining, sometimes assuming the same chemical composition and age for all members. We hereby provide for the interested reader a few additional references on seismic modelling and asteroseismology of solar-like oscillators Roxburgh (2002); Christensen-Dalsgaard and Houdek (2010); Guzik (2011); Goupil et al. (2011); Chaplin and Miglio (2013); Di Mauro (2016) as well as seismic studies of stellar clusters (Handberg et al., 2017; McKeever et al., 2019) and binaries (see e.g., Bazot et al., 2016; Bazot, 2020; Salmon et al., 2021). In other cases, an inversion can refer to the determination of the internal structure of a given star in a static way, departing from hypotheses regarding its evolutionary history. Such static approaches will sometimes even aim at determining only a key few internal quantities from dedicated formalisms while avoiding simplifying assumptions regarding the internal structure of the star.
Such static approaches constitute powerful tools to further refine stellar evolutionary models and are often referred as “seismic inversion”, while the use of evolutionary models is referred to as “forward modelling”. This division is only present in the field of asteroseismology and can be misleading when studying inversion techniques used in other fields (See Tarantola, 2005; Pijpers, 2006, for example).
In what follows, we will briefly describe evolutionary and static inferences as applied to asteroseismic data.
3.1 Inferences From Evolutionary Models
The most common approach to determine the internal structure of a star is by coupling an optimization procedure to a stellar evolution code. While this is commonly referred as “forward modelling” in the seismic modelling community, it actually consists in a type of inversion in the mathematical sense of the word.
In this type of inference, the structure of the star is coupled to an assumed evolutionary history. Namely, the evolution of the chemical abundances of the star is simulated by considering the effects of nuclear reactions and transport processes such as microscopic diffusion, macroscopic transport by rotation, convection, accretion and mass-loss.
The main advantage of using evolutionary models resides in the possibility to test the evolutionary scenarios used to model stars and check the validity of the theory of stellar evolution. Moreover, in view of the recent needs of neighbouring fields such as exoplanetology and Galactic archaeology for fundamental stellar parameters such as masses, radii and ages, the use of optimization techniques on large grids of stellar models has now become routine, especially for main-sequence solar-like oscillators. Such modelling approaches have been applied to a wide range of targets from missions such as CoRoT, Kepler, and TESS, as well as closer objects such as Alpha Centauri A&B.
In this context, numerous optimization techniques have been adapted to determine optimal stellar parameters. For example, local minimization techniques such as Levenberg-Marquardt algorithms have been applied in the past (e.g., Frandsen et al., 2002; Teixeira et al., 2003; Miglio and Montalbán, 2005). However, due to the problem of local minima, especially with high-quality Kepler data, and the treatment of the uncertainties in such methods, global minimization techniques have been favoured such as Genetic algorithms, Markov Chain Monte Carlo approaches, or even Machine Learning software. Such methods have been applied to either precomputed grids of stellar evolutionary models or by computing the models on the fly to avoid relying on interpolation that could lead to a loss of accuracy. A few examples of such techniques and their associated results can be found in Mathur et al. (2012); Gruberbauer et al. (2013); Metcalfe et al. (2015); Bellinger et al. (2016); Rendle et al. (2019); Bazot (2020); Aguirre Børsen-Koch et al. (2022).
A major drawback of the grid-based approach stems from the limitation to the physical ingredients of the precomputed models. Therefore, any change of abundance scale, opacity table, equation of state, or prescription for the mixing of chemical elements requires the whole grid to be recomputed, which can be time consuming. However, computing the models on the fly is not a viable option for sampling algorithms such as MCMC techniques that require large numbers of walkers to provide a proper distribution of the optimal parameters.
More recently, a hybrid approach was presented (Buldgen et al., 2019a; Bétrisey et al., 2022), where a combination of local and global minimization techniques are used. In the era of high-quality Kepler data, the uncertainties derived from solely propagating the observational error bars are small enough to sometimes be comparable, or smaller, than the changes in the optimal solution observed when varying the physical ingredients of the models. In this context, local minimization techniques offer the flexibility to estimate the change in the solution from a change of the physics, using the optimal solution obtained from an MCMC sampling of the parameter space. A combination of both is probably a good approach to test the impact of known physical processes on stellar fundamental parameters, while departing from an evolutionary history using static inferences might be optimal to study the presence of unknown physical processes. A schematic illustration of the interplay between the different modelling strategies is provided in Figure 1.
[image: Figure 1]FIGURE 1 | Schematic representation of combinations of evolutionary and static inferences used in stellar modelling. Each box includes the strenghts (green) and weaknesses (red) of the various methods and the arrows represent their relations.
Besides the algorithm used to determine the optimal model, the way seismic constraints are combined is also extremely important. One major issue of solar-like oscillations is their sensitivity to surface effects. To mitigate this issue, a first approach is to develop so-called empirical “surface corrections”, that are based on solar frequencies (See e.g., Rabello-Soares et al., 1999; Kjeldsen et al., 2008; Ball and Gizon, 2014) and/or on 3D averaged atmospheric models for which adiabatic oscillations are computed (e.g., Sonoi et al., 2015; Ball et al., 2016). More recently, such analyses have been generalized to dipolar mixed modes by Ong and Basu (2020); Ong et al. (2021).
Given the amplitude of the surface effect, a direct fitting of the individual frequencies will be extremely sensitive to the empirical corrections. This is illustrated in the left panel of Figure 2, showing the individual frequencies of Kepler 93 and those of the associated optimal stellar model fitting them using the Ball and Gizon (2014) empirical surface correction. The actual amplitude of the surface correction is much larger than the uncertainties on the frequencies themselves, which may lead to strong biases, especially at high frequencies and can result in significant biases in the inferred stellar mass (Jørgensen et al., 2020; Bétrisey et al., 2022).
[image: Figure 2]FIGURE 2 | Left: Illustration of the effects of surface corrections for the Echelle diagram of Kepler 93, showing the significant effect of the parametric corrections on high frequencies. Right: Frequency separation ratios for the data of the left panel, showing their low sensitivity to the empirical surface corrections as the blue and reen symbols are essentially the same.
Another way to circumvent surface effects is to use combinations of frequencies, such as the so-called frequency separation ratios of the large and small frequency separations defined in Roxburgh I. W. and Vorontsov S. V. (2003).
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with Δνl(n) the large separations, δij(n) the small separations, and n the radial order of the mode:
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As shown in the right panel of Figure 2, these ratios are largely independent of the surface layers and thus much more efficient at constraining the internal structure of an observed target. Other techniques of surface-independent model fitting have been developed and presented in Roxburgh (2015). More recently, Farnir et al. (2019) also developed a comprehensive approach to decompose the spectrum of solar-like oscillations in seismic indicators uncorrelated to each other, taking into account both the smooth and the glitch component of the oscillation spectrum.
In general, non-seismic constraints will also be considered when carrying out evolutionary modelling, such as the stellar luminosity, the effective temperature, the surface metallicity or the photospheric radius determined from interferometry (whenever available), or the mass if studying a spectroscopic binary system. While not always available, such non-seismic constraints, especially if determined with high precision, can prove extremely useful in lifting degeneracies between various solutions provided by pure seismic modelling.
3.2 Inferences From Static Models
Static models are depictions of the internal structure of stars without considering their evolutionary history. In a strict sense, the observed oscillation frequencies carry information only on the current state of the star, but there can be multiple paths leading to the current observed properties. Static models are particularly useful to study stars in an evolutionary stage difficult to compute numerically, or for which the evolutionary path is unclear.
Various techniques have been applied in the past to study the internal structure of SdB stars and white dwarfs (Charpinet et al., 2008; Van Grootel et al., 2010; Giammichele et al., 2018; Charpinet et al., 2019; Fontaine et al., 2019), providing constraints on the equation of state of dense stellar matter and the properties of semi-convective mixing in advanced evolutionary phases.
Static seismic models have also been computed for the solar case (See e.g., Basu and Thompson, 1996; Takata and Shibahashi, 1998; Shibahashi et al., 1999; Shibahashi and Tamura, 2006; Buldgen et al., 2020) where the presence of high degree modes allows us to carry out a full scan via iterative methods. Some non-standard static models have also been computed by Hatta et al. (2021) for KIC 11145123, a young γ-Doradus δ-Scuti hydrid pulsator. As such, static modelling may also prove useful for modelling non-standard evolutionary products such as results of mergers, stripped cores, … for which pulsational properties may significantly differ from what their standard evolutionary counterparts would predict (See e.g., Deheuvels et al., 2022).
4 VARIATIONAL EQUATIONS
The most commonly used inversion techniques rely on the so-called variational principle of adiabatic stellar oscillations (See Chandrasekhar, 1964; Clement, 1964; Chandrasekhar and Lebovitz, 1964; Lynden-Bell and Ostriker, 1967), that can be derived from the functional analysis of the adiabatic oscillation equations. It essentially states that at first order, perturbation of the adiabatic eigenfrequencies of gaseous spheres will be related to perturbations of the oscillation operator and link the seismic observables to interior quantities. In other words, small perturbations will follow, to first order, the following equation
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with νn,ℓ the frequency of the oscillation mode, ξn,ℓ its eigenfunction, In,ℓ the mode inertia (see e.g., Unno et al., 1989, for a general description of non-radial stellar oscillations) and [image: image] the perturbed operator of adiabatic oscillations. The notation [image: image] denotes the scalar product over the functional space of the solutions of the adiabatic oscillation equations. It is defined as
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with V the volume of the sphere and ρ the local value of the density in the sphere.
Examples of small perturbations in the stellar case include the effects of slow rotation, or minor mismatches between the internal structure of the model and the observed star. The former, that serves as initial condition for the inversion, will often be called “reference model”, while the observed star or the target model will often be refereed to as the “target” of the inversion procedure.
It is worth mentioning that while the variational principle is valid for “small perturbations” of an Hermitian operator (as is the general operator describing the full 4th order system of adiabatic stellar oscillations), the domain of validity of the linear approximation is unclear, and likely depends on the oscillation modes and the quality of the reference model. The variational expressions have for example been generalized in the case of mixed oscillation modes by Ong and Basu (2020) and Ong et al. (2021).
For the purpose of structure inversions, the equations are reworked to provide a formally simple expression allowing us to derive corrections to the internal structure of a given model (Dziembowski et al., 1990). This expression is
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where s1 and s2 are structural variables such as density, pressure, sound speed, … [image: image] the structural kernel related to variable sj in the (sj, sk) pair which depends on the structure of the model and the eigenfunction of the oscillation mode. The notation δ defines a difference between the reference model and the observed target of a variable such as the frequency, the density as a function of radius, … (See Dziembowski et al., 1990, for the associated developments). In Eq. (15), the last term denotes that the formalism is valid to first order, and in some cases, higher order terms can become non-negligible, making the first order approximation inappropriate. Various pairs of structural kernels are illustrated in Figure 3, namely for the density, squared adiabatic sound speed, squared isothermal sound speed and Ledoux discriminant. The similarity between the kernels illustrates well the difficulties of asteroseismic inversions who will only have a few available modes to carry out the inversions.
[image: Figure 3]FIGURE 3 | Structural kernels for various structural pairs and for low degree oscillations modes for a representative model of 16CygA from Buldgen et al. (2022). Each panel illustrates a different variable that can be used for variational inversions of the structure of a star as well as the degeneracy in the shape of the kernels for low degree modes.
The classical variational expressions are related to the adiabatic sound speed and density profiles. However, these expressions can be easily generalized to any physical quantity appearing in the adiabatic oscillation equations (Elliott, 1996; Basu and Christensen-Dalsgaard, 1997; Kosovichev, 2011; Buldgen et al., 2017b). In addition, assuming a linearized form of the equation of state can also be used to determine “secondary” variables such as temperature or in principle, chemical abundances. In such cases the Γ1 perturbations are rewritten as
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with P, the local pressure, ρ, the local density, Y, the helium mass fraction and Z, the heavy element mass fraction. Other thermodynamic variables can be used in combination with the appropriate Γ1 derivatives.
In practice however, this expression is not used in asteroseismology to carry out inversions of the chemical composition, but rather to naturally damp the contribution of the second integral in the inversion thanks to the low amplitude of the Γ1 derivatives with respect to Y. Such “tricks” lead to more stable inversions for which the variational equation almost reduces to an integral expression with one structural variable instead of two. We will come back to this point in Section 5.
Lagrangian perturbations can also be considered in Eq. (15). In this case, the perturbations of the structural variables will be considered at fixed mass instead of fixed radius (Christensen-Dalsgaard and Thompson, 1997). Instead of using individual frequency differences, it is also possible to express the variational equations for frequency separation ratios, as was shown in Floranes et al. (2005) and applied in Bétrisey and Buldgen (2022).
One major weakness of the variational expressions using individual frequencies is their strong sensitivity to surface effects. They indeed rely on the adiabatic approximation, which is not valid in the upper layers where the thermal and dynamical timescales are of the same order of magnitude. Moreover, adiabatic oscillation codes often use simplified boundary conditions and the poor modelling of the upper convective layers by the mixing-length theory will lead to inaccuracies of the oscillation frequencies at a significant level with respect to the observational errors. Such sensitivity can however be damped when using frequency separation ratios for the inversion.
Indeed, as they directly use frequency differences, the variational equations will suffer to some extent from the same caveats as directly using the individual frequencies as constraints in evolutionary or static modelling. This implies that the variational expression 15 will have to be supplemented by a surface correction term that often takes a polynomial form
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with ν a given frequency and ck the surface correction coefficients associated with the power k of the frequency. Existing surface corrections include the classical polynomial approach of degree 7 applied in helioseismology (Rabello-Soares et al., 1999), the two-terms Ball and Gizon (2014) correction and the Sonoi et al. (2015) formula that can also be linearized, or applied to the frequencies beforehand using their empirical relation of the surface correction with effective temperature and surface gravity.
It is therefore important to keep in mind that the validity of the variational relations is limited. It can for example be measured using error functions such as
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with [image: image] the relative frequency difference and [image: image] the right-hand side of Eq. (15).
As illustrated in Figure 4, the accuracy of the variational inversion will vary depending on the oscillation modes considered as well as the structural variables used. Such considerations might be very important when choosing the most adapted variable pair for a given target and set of observed frequencies before carrying out an inversion of the structure.
[image: Figure 4]FIGURE 4 | Illustration of the verification of the integral relation between relative frequency differences and relative structure differences for solar models including various transports of the mixing of chemicals, using Eq. 18, using models from Buldgen et al. (2017b) and various structural pairs, namely (ρ, c2) (ρ, Γ1) (u, Γ1) and (A, Γ1).
5 LINEAR INVERSION TECHNIQUES - THE SOLA METHOD
The variational equations provide the basis for the use of linear inversion techniques in helioseismology. Namely, under the hypothesis of the validity of the linear integral relation 15, these equations can be solved to provide corrections to structural variables. The linear approaches provide one step of correction, and are not iterated, unlike the non-linear methods we present in Section 6. As mentioned above, the variational equations can be rewritten for a wide range of physical quantities, offering some degree of freedom regarding the target of the inversion.
However, the situation is in practice far more complex. Linear inversion techniques such as the OLA (Backus and Gilbert, 1970), SOLA (Pijpers and Thompson, 1994) or RLS methods (Tikhonov, 1963) have been adapted for inverting helioseismic data (see Christensen-Dalsgaard et al., 1990; Sekii, 1997, for a comparison between OLA and RLS) and (see Reese, 2018, for a review). Inversions of stellar structure using asteroseismic data have so far been limited to the use of the SOLA method2, which is the one we will describe here.
The philosophy behind the SOLA inversion is to compute linear combinations of the relative frequency differences based the following cost function
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with [image: image] the target function of the inversion, λ a Lagrange multiplier, [image: image] an additional regularization term (as will be discussed later), ci the inversion coefficients, θ and β the trade-off parameters, σi the uncertainties of the relative frequency differences, [image: image] and N the number of observed frequencies. The term [image: image] is a polynomial expression for the surface correction defined in Eq. (17), with L the number of surface terms in the polynomial definition. In addition to these quantities, we define in Eq. (19) two terms, Kavg and Kcross, the averaging and cross-term kernels, defined from the recombination of the structural kernels with the inversion coefficients. They will have the form.
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if the target function of the inversion is related to the variable s1 in the (s1, s2) structural pair.
In other words, the SOLA method is based on a trade-off between precision and accuracy. The goal is to compute the best fit to the target function of the inversion while avoiding to amplify too much the observational uncertainties. Looking at Eq. (20), it is straightforward to see that the number of observed frequencies will play a crucial role for the accuracy of the method. The more frequencies are observed, the more structural kernels are available for recombination, and the more accurate the inversion will be.
The situation in asteroseismology is however very far from that of helioseismology. Since the surface of the star is not resolved, geometric cancellation forbids the detection of solar-like oscillations of angular degree higher than 3. This has important consequences for the capabilities of linear inversions, as the datasets for the best Kepler targets count at most [image: image] to [image: image] individual frequencies with low degrees. In such conditions, full scans of the internal structure, as carried out for the Sun, are not achievable.
Most of the time, the linear inversion of the structure will be limited by the number of frequencies and the validity of the linear formalism. An important difference between asteroseismic and helioseismic inversions is that the fundamental parameters, mass, radius and age of the star under study are not known. The solar case thus consists in an ideal environment where the bounds of the integrals in Eq. (15) are known, and where the knowledge of the age of the Sun provides a degree of control on the computed models, ensuring the validity of the linear formalism.
This will not be the case in asteroseismology, implying that a workaround has to be found, and some care has to be taken when interpreting the results of linear inversions. In practice, one can include an additional term in the cost function of the inversion related to the minimization of the mean density, as suggested by Roxburgh et al. (1998). In such condtions, one can consider that using dimensional and dimensionless frequencies, denoted ν and [image: image] would be equivalent and that
[image: image]
if the mean density is perfectly fitted. This implies that the actual corrections derived by the inversion are for the dimensionless variable and not its dimensional counterpart. Another pragmatic approach to take this scaling effect into account is to carry out inversion for ensembles of models with the same mean density, determined for example from mean density inversions (See Section 5.3). This “scaling” effect can become very important when comparing actual differences between models. It also illustrates some degree of degeneracy in seismic inferences, and shows the importance of independent radii estimates from interferometric measurements, or combination of parallaxes and spectroscopic measurements. In practice, any high-quality non-seismic constraints will prove very useful to seismic modelling, and also explains why binary systems are still key testbeds of stellar physics, even in the era of space-based photometry missions (Appourchaux et al., 2015; Metcalfe et al., 2015; Bazot et al., 2016; Farnir et al., 2020; Salmon et al., 2021). Figure 5 illustrates such differences for two models of the Kepler target 16CygA from Farnir et al. (2020). The behaviour of the dimensional and dimensionless relative differences in squared isothermal sound speed can be quite different, showing the importance of understanding what variable is actually constrained by the inversion.
[image: Figure 5]FIGURE 5 | Differences between the dimensional ((u), dashed line) and dimensionless ([image: image], plain line) squared isothermal sound speed for models of 16CygA from Farnir et al. (2020). The differences are those computed in Buldgen et al. (2022), Figure 13A and are linked to models of 16CygA showing differences in their mean density values between 1 (orange and green lines) and 2% (red lines).
Another limitation of linear inversions is the range of validity of the linear formalism. In practice, calibrations using only non-seismic parameters will not be sufficient to ensure the applicability of the variational formalism to the inverse problem. Thus, as already noted by Thompson and Christensen-Dalsgaard (2002), a preliminary form of seismic modelling must be carried out before the inversion is performed, which implies that seismic data is already used beforehand. From a modelling point of view, this means that the inversion step is not completely independent of the preliminary modelling procedure, and that inversions relying on the variational equations can often be biased. This problem can become more substantial if the amplitification of the observational uncertainties is small, meaning that the inversion appears artificially precise. In this context, providing a set of reference models large enough is very important to ensure that the precision of the inversion is correctly assessed from the point of view of model-dependencies, non-linearities, and impact of empirical surface corrections.
5.1 Dealing With Surface Effects
The additional surface correction term in Eq. (17) leads to various complications in asteroseismic inversions. The additional term in Eq. (19) can often have a very significant impact on the inversion results, as it leads to a less favourable trade-off for a method already limited by the low number of observed modes to fit the target function. Determining the actual impact of the surface corrections on inversion results is particularly important, as in some cases they will lead to a larger variation of the inverted result than the uncertainties derived from the SOLA method. This is the case for mean density inversions, which thus require a more careful analysis. Indeed, the precision on the determined mean density will have an impact on the determined stellar mass using evolutionary modelling or the determined planetary mass from a radial velocity curve.
The classical polynomial fit used for helioseismic inversions is not applicable in the context of asteroseismology. It was usually advised to consider a polynomial of order up to 7 to fit the “surface term” (Rabello-Soares et al., 1999), which is not possible with asteroseismic data. Reese et al. (2012) initially attempted to limit the correction to the first order, but tests in hare and hounds exercises showed that this was even less efficient than not considering any correction (Reese et al., 2016).
With the advent of the new empirical corrections of Ball and Gizon (2014) and Sonoi et al. (2015), the surface term could be reduced to two additional terms. In such conditions, the surface term can sometimes be directly included in the fitting of the SOLA cost-function with limited impact on the quality of the fit of the target function of the inversion regarding accuracy, but will actually impact the amplitude of the inversion coefficients and thus the precision of the inversion. However, with very limited datasets, or for some more unstable inversions, the addition of two terms in the cost-function can lead to low quality reproduction of the target.
In such conditions, surface corrections can also be applied following the empirical formula of Sonoi et al. (2015) as a function effective temperature and surface gravity before carrying the inversion, using the corrected frequencies as the observed ones. An analysis of the importance of surface corrections for mean density inversions on red giant stars using averaged 3D atmospheric models and non-adiabatic frequency computations has been carried out in Buldgen et al. (2019b). They showed that applying the surface corrections beforehand could be more efficient than including it in the cost-function, as it did not affect the fit of the target function. A similar observation was made for Kepler 93 by Bétrisey et al. (2022). However, further tests and more thorough analyses have to be carried out for other indicators and datasets before concluding on the best approach to take into account surface effects. In addition, such studies do not necessarily indicate that the surface corrections are ultimately accurate, and an efficient workaround is then to avoid the surface effect dependency in the inversion altogether, as will be discussed in Section 6.
5.2 Inversions of Localized Corrections
The original SOLA inversions have been designed for determining local average corrections of the solar rotation profile (Pijpers and Thompson, 1994) from the variational expressions applied in the slowly rotating case. The same approach can be directly applied to structural inversions, with the only major change being that a cross-term contribution appears due to Eq. (15) including two integrals compared with the single integral relation of rotation perturbations.
Inversions of localized averages have been extensively performed in helioseismology, as well as comparisons with the RLS technique and applications to various structural pairs. The application of SOLA inversions to asteroseismic data was foreseen quite early, with studies on artificial data already carried out in the 1990s and early 2000s (Gough and Kosovichev, 1993a; Gough and Kosovichev, 1993b; Roxburgh et al., 1998; Basu et al., 2002; Takata and Montgomery, 2002). In most cases, the expected quality of the dataset was actually higher than what was actually brought by the space-based photometry missions, with some artificial datasets going as high as 100 observed frequencies, which unfortunately has not been achieved for any solar-like oscillator observed by Kepler.
In the case of localized inversions, the target function of the inversion usually is a Gaussian-like function of the form
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with α a normalisation constant, y the center of the Gaussian target function and [image: image] is linked to the width of the Gaussian, ΔA being a free parameter, and c(y) and cA the adiabatic sound speed at the maximum of the kernel and at a radius of 0.2R, respectively.
The regularisation term [image: image] of Eq. (19) is then a unimodularity constraint on the averaging kernel of the form
[image: image]
to avoid high amplitudes of the inversion coefficients that can make the procedure unstable.
Applications of the SOLA method in its original form to actual asteroseismic data can be found as early as 2004 (di Mauro, 2004). More recent applications aiming at determining localized corrections to Kepler targets can be found in (Bellinger et al., 2017; Bellinger et al., 2019; Kosovichev and Kitiashvili, 2020; Bellinger et al., 2021; Buldgen et al., 2022). Such applications have been limited to the best Kepler targets, such as the 16Cyg binary system. Even in such cases, localised kernels can only be obtained in the deep layers, as a result of the availability of only low degree modes. An illustration of Gaussian averaging kernels obtained for 16CygA is illustrated in the right panel of Figure 6.
[image: Figure 6]FIGURE 6 | Left: relative differences in dimensionless squared isothermal sound speed for 16CygA as a function of normalized radius. Each colour represents a different reference model for the inversion. The set of reference models is that of Buldgen et al. (2022), Table 2. Right: averaging kernels for the localized inversion of 16CygA using the (u, Y) structural pairs [adapted from Buldgen et al. (2022)].
As shown in the left panel of Figure 6, such inversions have confirmed the accuracy of the reference evolutionary models for both stars determined from asteroseismic modelling using the method of Farnir et al. (2020). The fact that the SOLA inversion cannot pinpoint differences between models of solar twins is not really a surprise. Indeed, the effects of varying the transport of chemicals by inhibiting settling of heavy elements to mimick turbulence at the base of the convective envelope, changing the radiative opacity tables, or changing the reference solar abundances is rather small for a given set of parameters such as mass, radius and age. From the analysis of solar models, the differences seen are of the order of 1% at the base of convective envelope and reduce to 0.2% in the deep radiative layers. In these conditions, linear asteroseismic inversions, showing uncertainties of a few percent, might not be able to pintpoint such small differences in structure if the fundamental parameters of a star are well constrained.
This points towards a quite stringent restriction of linear inversions, as they have a sort of “niche” where their application might be useful. In practice, an unsatisfactory agreement between the observed and modelled frequency separation ratios, r02 or r01, may indicate that carrying out inversions of the internal structure can be useful, as shown in Bellinger et al. (2019). However, if all frequency separation ratios are well reproduced, linear inversions of the internal structure might only confirm the validity of the evolutionary models and the traces of additional processes such as macroscopic mixing of chemicals might be looked for using frequency glitches (Monteiro and Thompson, 2005; Mazumdar et al., 2012; Mazumdar et al., 2014; Verma et al., 2014; Verma et al., 2017; Verma et al., 2019; Verma and Silva Aguirre, 2019) or depletion of light elements such as Lithium and Beryllium (Deal et al., 2015).
Localised inversions have also been applied to post main-sequence Kepler targets such as in Kosovichev and Kitiashvili (2020) and Bellinger et al. (2021). However, the validity of the variational equations in the context of mixed modes still needs to be thoroughly investigated, as shown by Ong and Basu (2020) and Ong et al. (2021), as coupling effects can cause the classical relation to break down for mixed modes, implying that a non-linear formalism, taking properly into account the coupling using the full system of oscillation equations might be required. In this context, non-linear inversions appear the most favourable approach for extracting meaningful constraints from asteroseismic data.
5.3 Inversions of Global Indicators
As a result of the difficulties of carrying out full profile inversions, a compromise was struck by Reese et al. (2012) who decided to focus on global quantities rather than attempt at localizing kernels. The main goal of such “indicator” inversions is to focus on one single quantity at a time using the variational expressions, trying to extract constraints on some well-chosen key quantities instead of detailed profiles. The chosen quantities are determined based on the structural properties under investigation, such as the mean molecular weight gradient in the deep radiative layers, or the profile of an entropy proxy close to the border of a convective zone.
A main difficulty of linear asteroseismic inversions is to find appropriate target functions for SOLA inversions that can be easily fitted with a very limited number of frequencies. Consequently, Reese et al. (2012) focused on a physical quantity well-known to be constrained by solar-like oscillations, the mean density. Buldgen et al. (2015a), Buldgen et al. (2015b), Buldgen et al. (2018) then focused on generalizing the formalism to other physical quantities. The linear inversion of an indicator will be computed as follows
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with E the indicator, ci the inversion coefficients determined by the SOLA method and νi the individual frequencies.
The indicator is related to structural variables using an integral definition
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and applying an eulerian linear perturbation to this equation leads to
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which defines the target function of the indicator [image: image] which will be used in Eq. (19) for this specific inversion.
An additional term is introduced in the SOLA cost-function, denoted [image: image] in Eq. (19). For the case of indicator inversion, it takes the following form
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with k an integer that relates the scaling of the indicator with respect to mass. The argument is based on the relation between an indicator and the frequencies, which go as [image: image]. Since the radius is essentially fixed by the definition of the boundary of the integral variational relation, the scaling ends up being a scaling with mass. The idea is to determine the properties of a homologous transformation that will lead to the correct rescaling of the indicator value.
Essentially, if the indicator goes as E ∝ Mk/2, then a small perturbation of δE/E = ϵ will lead to a small perturbation of the frequencies δν/ν = ϵ/k. In these conditions, it can be shown that a homologous transformation with ∑ici = k leads to the correct rescaling of the indicator. Such inversions have been called “unbiased” in Reese et al. (2012). In practice, this term acts as an additional regularization term for the inversion to avoid high amplitudes of the inversion coefficients. As seen above, similar regularization terms are introduced for localized inversions in the form of unimodularity constraints for the kernels.
This additional constraint has also been associated with simple “non-linear” generalizations of the indicator inversions, following the approach of an iterative scaling of the model using homologous relations. This iterative scaling can be shown to provide generalized formulations of Eq. (25) which will depend on the value of the additional coefficient in the regularization term.
5.3.1 Mean Density
Mean density inversions were defined in Reese et al. (2012), as a potential application of the SOLA method to refine the determinations of stellar fundamental parameters from asteroseismic data. These inversions have been further tested later on in Buldgen et al. (2015b) for solar like stars, and applied to radial oscillations of post-main sequence stars in Buldgen et al. (2019b). The integral definition of the stellar mean density is
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Hence, the target function is given by
[image: image]
with [image: image]. An illustration of the target function in the case of 16CygA is provided in the bottom right panel of Figure 8. This function is usually fitted using structural kernels of the (ρ, Γ1) structural pair in the variational equation.
Mean density inversions have been applied to a wide variety of targets, mostly on the main sequence. They offer the advantage of providing an accurate determination of the mean density, beyond the capabilities of asymptotic estimates such as the large frequency separation (Vandakurov, 1967) and being less sensitive to surface effects than the latter.
Due to the easily fitted target function, mean density inversions are one of the few that can be applied with a very limited number of observed frequencies (See Reese et al., 2012; Buldgen et al., 2015b), without recalibration of the trade-off parameters. These inversions are thus suitable for an “automated’ approach in modelling pipelines. However, they suffer from an overestimated precision of the inversion. As a result of the shape of the target function, the inversion coefficients are not very large and the amplification of the uncertainties is small. While this may seem as an advantage, it also means that the error bars on the determined mean density cannot be directly estimated using the SOLA method. In fact, the spread of results observed when using multiple models and empirical surface corrections is often much larger than the 1σ error bars provided by the SOLA method. This is illustrated in Figure 7 for Kepler 93. In practice, mean density inversions must then be applied to a given set of models and their precision is closer to 0.2% or 0.3% (See Bétrisey et al., 2022) rather than the claimed 0.1% or less computed from the propagation of the observational uncertainties.
[image: Figure 7]FIGURE 7 | Effect of surface corrections and model-dependency on mean density inversions of Kepler 93 [adapted from Bétrisey et al. (2022)] as a function of mass of the reference model. Red crosses show the reference mean density values, olive green crosses show results without surface corrections, blue and grey crosses show results using the Sonoi et al. (2015) and Ball and Gizon (2014) corrections in the SOLA cost function, whereas brown crosses show results using coefficients extracted from MCMC modelling and applied beforehand.
5.3.2 Acoustic Radius
Acoustic radius inversions were defined in Buldgen et al. (2015b). The acoustic radius of a star is defined as
[image: image]
and is related to the large frequency separation in the asymptotic regime as Δν = 2/τ.
These inversions can be carried out with both the (c2, ρ) or the (ρ, Γ1) structural pair. As discussed above, structural pairs involving either Γ1 or Y as secondary variable should be preferred to minimize naturally the cross-term contribution. Therefore, for the (ρ, Γ1) structural pair, some manipulations are made using the definition of the squared adiabatic sound speed, c2, and permutations of integrals to define the target functions of the inversion. In this form, the acoustic radius inversion has a non-zero target function for the cross-term contribution.
The target functions are defined as.
[image: image]
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with ρ the local density, m the mass contained within the layer of radial position r, P the pressure, c the adiabatic sound speed, and τ the acoustic radius. An illustration of the target functions for 16CygA is illustrated the upper panels of Figure 8. Moreover, the supplementary regularization constraints on the inversion coefficients shows that their sum must be equal to −1.
[image: Figure 8]FIGURE 8 | Target functions of various indicators as a function of normalized radius, taken for a model of 16CygA. Upper left and right: target functions for the acoustic radius inversion. Bottom left: target function for the t core condition indicator. Bottom right: target function for the mean density.
Acoustic radius inversions show a similar behaviour to mean density inversions, as the target functions are easily fitted by the kernels. They can thus be applied to a wide range of targets, but suffer from two main drawbacks. First, just as the mean density inversion, the SOLA method overestimates the precision of the inversion, meaning that the uncertainties derived from the propagation of the observational uncertainties cannot be trusted. Second, as a result of the behaviour of the target function, which results from the definition of the acoustic radius, the inversion is more sensitive to surface effects and thus difficult to apply to observed targets. This high sensitivity prohibits the use of acoustic radius inversions in practice and they have only been applied to the 16Cyg binary system in Buldgen et al. (2016a). While Buldgen et al. (2015b) concluded that the method was robust with respect to surface changes in the models and non-adiabatic effects in the oscillation computations, further investigations are required to determine in more details the robustness of these inversions using more sophisticated tests and comparisons.
5.3.3 Core Condition Indicators
Given the importance of constraining the core conditions of distant stars to determine reliable estimates of their ages, much effort has been devoted to define appropriate core condition indicators. Three of them were defined in recent years, with different observed targets in mind.
The first indicator was defined in Buldgen et al. (2015b) and based on the asymptotic expression of the small frequency separation. The idea was to determine the quantity
[image: image]
using the (c2, ρ) structural pair. As mentioned above, the use of this structural pair has been shown to lead to higher amplitude of cross-term contributions. The target function for this indicator is defined by
[image: image]
Due to the difficulty of fitting the target function of this indicator, Buldgen et al. (2015b) opted for a modified version of the SOLA method, trying to fit the antiderivative of the target function rather than the target function itself. This leads to a slight modification of the SOLA cost function with the first term being written
[image: image]
This approach has been shown by Reese et al. (2012) and Buldgen et al. (2015b) to show reasonably accurate results for both mean density and core condition indicator, at the expense of a lower stability since oscillatory behaviours are allowed around the target function of the inversion. Regarding the additional regularization term, the value of k for the sum of the inversion coefficients is shown to be 1.
An illustration of the target function of the t indicator is provided in the lower left panel of Figure 8. Buldgen et al. (2015b) concluded that this indicator would be mostly well-suited for young low mass stars, and published results only include tests on artificial data. It is worth noting that all indicators defined so far, namely [image: image], τ and t have their roots in the asymptotic relations of solar-like oscillations.
A second core condition indicator, denoted tu, was derived in Buldgen et al. (2015a), to allow us to access to the core conditions of low-mass stars at later stages of core hydrogen burning. The definition of this new quantity is
[image: image]
with u = P/ρ, the squared isothermal sound speed and f(r) a weight function defined as
[image: image]
The target function for this indicator is defined as
[image: image]
and the inversion is carried out using either the (u, Y) or the (u, Γ1) structural pair. Tests on artificial data showed that both pairs led to a similar accuracy of the inversion. From a numerical point of view, the (u, Y) pair leads to a lower cross-term that is more easily damped, whereas using the (u, Γ1) pair relies on the low amplitude of the relative differences in Γ1 between the reference model and the target. An illustration of the target function of the tu indicator is shown for 16CygA in the right panel of Figure 9. The value of k in Eq. 28 is of 4 for tu inversions.
[image: Figure 9]FIGURE 9 | Left: tu inversion results as a function of mean density for 16CygA, using no surface correction (blue) and the Sonoi et al. (2015) correction (green), orange crosses showing the reference values (adapted from Buldgen et al. (2022)). Right: target function for the tu indicator for a model of 16CygA.
The tu inversion has been applied to a few targets in Buldgen et al. (2016a), Buldgen et al. (2016b), Buldgen et al. (2017a). In the case of 16Cyg, a recent re-study by Buldgen et al. (2022) concluded that the origin of the slight discrepancies were not due to mismatches of the internal structure. As shown in the left panel of Figure 9 illustrating the results for 16CygB, a main drawback of the tu inversion is its very high amplification of the observational errors, leading to a reduced significance of the inversion.
The last core condition indicator was defined in Buldgen et al. (2018) and is aimed at applications for stars with convective cores such as F-type solar-like oscillators. The idea is to carry out an inversion related to a proxy of the entropy of the stellar plasma, defined as [image: image], which shows a plateau in convective regions. The height of this plateau will be sensitive to the size of the convective core. The definition of the indicator is
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with
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with α1 = 16, α2 = 26, α3 = 0.06, α4 = α5 = 6.0, α6 = 0.07, and α7 = 50. The parameter values might be varied depending on the observed star and as discussed in Buldgen et al. (2018). The intricate formulation of the weight is an attempt at extracting at best the information of the entropy plateau of the convective core, while keeping acceptable fits with a limited number of kernels of low degree modes. The target function of the inversion is defined in this case by
[image: image]
The value of k in Eq. 28 is −2/3. The inversion will be carried out using the (S5/3, Γ1) or (S5/3, Y) structural pair.
An illustration of the target function for an F-type star model with a convective core is provided in the left panel of Figure 10, the extent of the core can be clearly seen from the plateau in the profile of [image: image], with [image: image]. This inversion has been applied to artificial data in Buldgen et al. (2018), and to actual observed targets in Buldgen et al. (2017a), Salmon et al. (2021), and Buldgen et al. (2022), showing in some cases significant differences with respect to the reference models.
[image: Figure 10]FIGURE 10 | Left: target function of the Score indicator and normalized inverse profile of S5/3 as a function of normalized radius for a 1.07M⊙ harboring a convective core. Right: target function of the Senv indicator and normalized profile of S5/3 as a function of normalized radius for a solar model [adapted from Buldgen et al. (2018)].
Detailed studies of F-type stars have not yet been undertaken and require more care as a result of the potential higher impact of surface effects. A generalization of the technique to the use of frequency separation ratios instead of individual frequencies could perhaps alleviate the issue.
5.3.4 Envelope Indicator
In addition to defining core conditions indicators, Buldgen et al. (2018) decided to attempt at providing constraints on the entropy plateau in the convective envelope of solar-like stars. This appproach was partly motivated by results in the solar case (Buldgen et al., 2017c), showing a significant variation of the height of the entropy plateau in the solar convective zone for models built with different opacity tables.
The indicator was defined as follows
[image: image]
with the weight function h(r) defined as
[image: image]
with α1 = 30, α2 = 120, α3 = 0.31, α4 = 7.3, α5 = 26, α6 = 0.33, α7 = 1.7 α8 = 1.2, α9 = 1.5, and α10 = 50. The target function of the inversion is given by
[image: image]
With these definitions, the value of k in the additional regularization term is given by 2/3. An illustration of the target function, as well as the normalized variable [image: image] is provide in right panel of Figure 10.
While the number of parameters in the definition of the weight function is high, only the α1, α2 and α3 values are modified in practice. They drive the peak in the target function that can be used to extract information in intermediate radiative regions or even regions close to the base of the convective envelope. It is however extremely difficult to extract information on the entropy plateau of the convective envelope for asteroseismic targets due to the absence of high and intermediate degree modes. Thus, the corrections derived by the Senv indicator will be linked to a mixture of variations in the deep and intermediate radiative layers.
This indicator has been tested on artificial data, showing promising results, and more recently on 16Cyg, where it did not succeed in providing significant corrections to the models, but rather a confirmation of their quality. This indicator seems to be better suited for low mass stars, for which the convective envelope goes deeper and can be more easily probed with low degree modes using the variational expressions.
6 SURFACE INDEPENDENT NON-LINEAR INVERSIONS
As noted above, linear variational inversions show two main weaknesses. First, the simplified single step correction provided by linear methods may not be sufficient to actually reproduce the data. Iterative approaches (although used for solar models (Antia and Basu, 1994), but have yet to be successfully adapted and applied to asteroseismic data. The adaptation would be quite difficult, especially with the RLS method originally used that usually retains a strong linear trend due to the regularization term. In contrast, damping too much the regularization leads to non-physical oscillatory behaviour of the solution, which is also problematic. Switching from the RLS method to the SOLA method, as done for example in Buldgen et al. (2020) for the Sun, would require additional interpolations and the convergence of the technique would depend heavily on the behaviour of the averaging kernels as well as on the surface correction.
Indeed, the use of individual frequencies leads to a strong impact of surface effects on the inferred values, meaning that the inversion will be intrisically limited by the accuracy of the empirical surface corrections. Using relative differences in frequency separation ratios instead of individual frequencies may partially alleviate the issue, but it might lead to intrinsic non-linearity problems and frequency separation ratios might still be, in some cases, significantly affected by activity effects (Thomas et al., 2021). Another limitation of using frequency separation ratios is that the information of the stellar mean density is lost through the scaling of the ratios by the large frequency separation.
In this context, asteroseismic inversions would ideally need to be able to intrisically and reliably circumvent the surface effects of solar-like oscillations, within an efficient iterative scheme.
In the following Sections, we will present two approaches based on the phase relation of solar-like oscillations that fulfill those two requirements. Another advantage of these methods is that, as they solve the full fourth order system of oscillation equations, the issue of mode coupling arising in the case of mixed modes observed in subgiants and red giants will not affect the results, unlike the variational equations (Ong and Basu, 2020; Ong et al., 2021).
The approach chosen here is based on the fact that if ω is an eigenfrequency of the star, then it must satisfy a phase equation (Vorontsov, 1998; Roxburgh and Vorontsov, 2000) in which the internal structure can be described from inner phaseshifts and the outer layers from outer phaseshifts (see below). In such an approach, the fitting is carried out by reconnecting partial wave solutions in the inner and outer layers at a suitable point. The reconnexion point is chosen such that the oscillation will be almost vertical but still deep enough so that surface effects do not impact the inner solution.
This method allows us to efficiently separate the contribution of the outer layers without the need for additional empirical corrections. As the inner phase shift is independent of the surface layers and is the constraint used to represent the internal structure, the inversion of the inner layers is essentially independent of the surface effects.
The technique will be applied to HD177412A, the more massive component of the binary system HIP 93511, using the dataset derived by Appourchaux et al. (2015) from almost 2 years of continuous Kepler observations.
6.1 Non-Linear Inversion Using Inner Phaseshifts
The inversion technique presented in this Section subtracts the effect of the surface layers and seeks to infer the structure of the inner layers. More specifically, we use as fitting condition that the inner phase shifts of the solution of the oscillation equations of a model, using the observed frequencies, should collapse to a function only of frequency in the outer layers of a star (Vorontsov, 1998; Vorontsov, 2001; Roxburgh I. and Vorontsov S., 2003; Roxburgh, 2015). In other words, we use the fact that the contribution of the outer layers is a function only of frequency (although unknown) for low degree modes. Other surface layer independent fitting procedures could equally be used, e.g., matching the ratio of small to large separations of the model and observations, or matching phase differences (Roxburgh and Vorontsov, 2013; Roxburgh, 2015).
The inner phase shift δn,ℓ(ν) is the departure of the solution of the oscillation equations from a harmonic function and is defined by
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calculated at some fractional radius xf in the outer layers, where [image: image] is the acoustic radius at the radial position r, c the local sound speed and P′ the Eulerian pressure perturbation.
This provides a fitting criterion for the inversion of the form
[image: image]
where Δ0 is an estimate of the large frequency separation and α0(ν) is an unknown function only of frequency and not of ℓ, depicting the contribution of the surface layers to the eigenfrequency. The outer phase shift, α0, is a parametrised function of ν, (here we used a sum of Nα Chebyshev polynomials) and the associated coefficients are determined by a best fit to αnℓ. The fitting condition is then
[image: image]
where ϵn,ℓ is the error in the inner phase shift, δn,ℓ, obtained by propagating the error in the frequencies (σn,ℓ) through the calculation of the inner phaseshift. Nα is the number of coefficients in the polynomial representation of the outer phase shift α0. It is worth noting that the value of Δ0 or the effects of a misidentification of radial order values for the modes has no impact on the method, as they are absorbed in the value of α0.
6.1.1 Inversion Procedure
The acoustic structure of a model is determined by the profiles of the local density ρ(r), the local pressure P(r) and the first adiabatic exponent Γ1(r). The density profile provides the mass distribution and the pressure follows from hydrostatic support and a pressure surface value, denoted here Ps. The first adiabatic exponent can be taken either from an initial trial model or as given a fixed value of 5/3 since the departure from 5/3 remains very small in the stellar interior (except in massive stars). Errors in the value of the surface pressure are unimportant as they have only a very small effect on the interior solution obtained with the inversion.
The model can be parametrised in many ways. For example one can use the value of the stellar mass and radius, and the local density ρ(r) on a radial mesh or, as we used here, with the values of d log  ρ/dr at a set of radial mesh points together with some interpolation and integration algorithm to reconstruct the structure.
The starting point of the inversion is some initial trial (input) model. It can be in principle a very simplified depiction of the structure such as a polytrope, but will be in practice some stellar model calculated with some stellar evolution code. The parameters used in the representation of the model through its inner and outer phaseshifts are iteratively modified to reduce the value of [image: image], stopping when it reaches 1.0, meaning that the internal structure as seen by the data is correctly reproduced with the parametric profile.
Figure 11 shows the results starting with an input model of HD177412A computed with the Liège evolution code (Scuflaire et al., 2008), denoted here “LM” model. This model has a mass, M, of 1.3M⊙, a radius, R, of 1.68R⊙ and a central hydrogen abundance, Xc of 0.09. Its initial chemical composition is X0 = 0.7, Z0 = 0.02. This model was scaled to M = 1.25M⊙, R = 1.81R⊙, which are the values determined from the seismic scaling relations (Brown et al., 1991; Kjeldsen and Bedding, 1995) and the observed values of νmax and Δ. It should be noted that the initial model exhibited a convective core and that the inversion has kept it in the final solution.
[image: Figure 11]FIGURE 11 | Upper panels: Agreement in outer phase shift for the input “LM” model (left) and the inverted model (right). Lower panels: Density (left) and squared adiabatic sound speed profiles (right) for inversion result (black) and input model (red) for the so-called “LM” model.
Figure 12 shows an inversion starting with an input STAROX model (Roxburgh, 2008) denoted here “IR” with a mass of 1.1M⊙, a radius of 1.22R⊙, a central hydrogen abundance of 0.05 and an initial chemical composition of X0 = 0.7, Z0 = 0.02. This model was also rescaled to the mass and radius values provided by the seismic scaling relations, namely M = 1.25M⊙, R = 1.81R⊙.
[image: Figure 12]FIGURE 12 | Inversion result (black) and input model (red) for the so-called “IR” model. The profiles resulting from the iterative regularization inversion of Section 6.2 are shown in blue for comparison.
The models were represented by Nk values of d log  ρ/dr on a discrete mesh, and inversions undertaken with different values of Nk between 10 and 180. A downhill simplex method (Nelder and Mead, 1965) was used to search for a minimum in χ2. The minimisation was made using the downhill simplex method with the adjustable parameters being the density derivatives on the model mesh (but any other model parameters would be suitable). The model was constructed from these model parameters - and the inner phase shift calculated for the model using the observed frequencies as in Eq. 46 and chi2 as in Eq. 48. Various values of the reconnexion point xf and different Γ1 profiles (constant or that of the input model) were tested to see the impact on the results.
The results of the inversion using the iterative regularization procedure of Section 6.2 are also presented in Figure 12. In this case, the radius of the model was further adjusted to 1.742R⊙ to improve the fit. The solution of both the method illustrated here and that of Section 6.2 are very similar, if starting from the same input model. However they differ widely from the results using the “LM” model instead of the “IR” one, as the presence of the convective core is not confirmed in the latter case.
6.1.2 Results
As is clear from the figures, different types of inverted models were obtained when starting from different initial conditions: the solution is thus not unique and it appears that some feature of the initial model remain after the inversion. This indicates a degree of degeneracy in the solutions. We can separate two families of solutions:
1. Using the “LM” model as input, the solution of the inversion shows clear signatures of a convective core. However, as shown in Figure 11 it was already present in the initial model.
2. Using the “IR” model as input, the solution has no convective core but a steep hump in the sound speed typical of the end of main sequence evolution of lower mass stars. Again, this feature was already present in the reference model and the inversion has just enhanced it.
We conclude that seismic inversion alone is unable to distinguish between the solution with or without a convective core. More precise data and higher frequency modes could help lift this degeneracy and distinguish between the two families of solutions. This requires a detailed study of the dependence of the inner phase shifts on the precision of both the model and of the frequencies, and possibly estimates of the limits on the luminosity of the inverted model compared with the observed value.
6.2 Iterative Regularization
The basic approach to make asteroseismic inversions insensitive to the structure of the outermost stellar layers and physics of the oscillations in these layers is here the same as in the previous section. Due to the low values of the sound speed in the subsurface layers, the radial wavenumber of low-degree p-modes is much larger than the horizontal wavenumber. Therefore the radial eigenfunctions are expected to depend on the oscillation frequency ω only, but not on the degree ℓ.
The major difference is in the regularization technique of the inversion. Here, we use a nested iterative algorithm: inner and outer iterations. Inner iterations are performed with a limited number of linearized descents using conjugate gradients; the number of inner iterations plays the role of regularization parameter. The seismic model is taken as a new initial guess, and the optimization process is repeated in the outer iterations. In stellar seismology, the algorithm was tested on artificial data in Roxburgh and Vorontsov (2002), Roxburgh I and Vorontsov S (2003). It was applied to the inversion of observational frequencies of HD177412A (Appourchaux et al., 2015), with the results being described later in this section.
The practical implementation of the technique derives largely from the helioseismic structural inversions of Vorontsov (2001, 2002); Vorontsov et al. (2013). The hydrostatic model is described by cubic B-splines for m(r)/r3 with knots distributed uniformly in r2, allowing a piecewise-analytic representation of the pressure, density and density-gradient profiles. The number of splines is chosen high enough to reproduce adequately regions of rapid spatial variation (e.g., the base of the convective envelope). In stellar inversions, the radial profile of the adiabatic exponent Γ1(r) is taken from the initial model and remains unchanged.
The seismic model is truncated at some level r = rb below the photosphere, where wave propagation is close to that of a pure sound wave, but not too deep for waves to remain nearly vertical (rb = 0.99R in the inversion described below). For each mode in the data set, of frequency ω and degree ℓ, we solve the fourth-order system of the adiabatic oscillation equations by a shooting technique in the interval 0 ≤ r ≤ rb. From the two solutions regular at the center, we form the linear combination statisfying the Laplace equation for gravity perturbations in the envelope. At the truncation boundary r = rb, we match this numerical solution with the wave function ψp proportional to the Eulerian pressure perturbation (see Vorontsov et al. (2013)), and measure the “phase propagation time” Tℓn defined as
[image: image]
with n the mode radial order, nint the number of nodes in the Eulerian pressure perturbation below the truncation boundary, and τ the acoustic depth. Tℓn can be interpreted as the wave propagation time between r = rb and the upper turning point. When the model fits the observational frequencies, the Tℓn-values of all the observed modes fit an approximation
[image: image]
where T1(ω) is a slowly-varying function of frequency. We approximate this function by a polynomial. The degree of the polynomial shall be significantly smaller than the number of modes in the observational data set, but high enough to absorb variations coming from e.g., HeII ionization (which enter T1(ω) if this region is not well described by the model). In the results presented below, the polynomial degree is 10.
The mismatch between the model and the data is measured by the merit function M defined as
[image: image]
where N is number of modes in the data set, and uncertainties δTℓn are calculated from the uncertainties of the frequencies. Values of M close to 1.0 or below indicate that the model fits the oscillation frequencies adequately.
The relations between small variations of the model parameters and variations of the phase of the wave function ψp at the truncation boundary (the last term in Eq. (49)), needed for the linearized descents, as well as the relation between this phase variation and variation of frequency, needed for calculating δTℓn, stem from the linear perturbation analysis of Vorontsov et al. (2013), Appendix A.
A set of “elementary” model variations is then defined as partial sums of the B-splines describing m(r)/r3 starting from the stellar center (i.e., each elementary variation is defined as a truncated representation of the equilibrium model). They are then normalized such as to ensure nearly equal relative variations of equilibrium density. We thus arrive to an algebraic system
[image: image]
where the components of the x vector are the amplitudes of elementary variations, and the mismatch between Tℓn and T1(ω) defines the components of fδ. The equations are then normalized to bring random errors in the right-hand side to unit variance.
The amplitudes of elementary variations are controlled by a set of orthogonal polynomials of a discrete (integer) variable (index i of xi). A choice of the polynomial set is known to be governed by a choice of the weight function in their orthogonality relation. This function is specified by the Euclidean norms of corresponding columns of matrix A (Strakhov and Vorontsov, 2001). This particular choice of the weight function, which defines the polynomials, ensures that the response of the components of x to random frequency errors is nearly uniform, at least in the first gradient descents. The upper degree of the polynomial set has to be high enough to allow proper resolution of the inversion (set at 35 in the results below; the exact choice is not important as regularization is performed by limiting the number of iterative descents, not by constraining the functional space of allowed solutions). To ensure better stability of the inversion in the outer layers, the polynomials were additionally apodized with a cosine bell function in the interval between r = 0.7R and r = 0.9R and set to zero above.
An important ingredient of the seismic inversion when the stellar mass M and radius R are not well known is the degeneracy of the oscillation frequencies with respect to an homology rescaling. When represented in dimensionless variables, one particular seismic model describes a two-parametric family of physical models, where the density profile ρ(r) scales as M/R3, the squared sound speed c2(r) scales as M/R, the squared buoyancy frequency N2 and squared oscillation frequencies ω2 both scale as M/R3. Thus an initial proxy model represented in dimensionless variables will describe a two-parametric family of physical models which differ in M and R. We bring the measured frequencies to their dimensionless values without imposing the stellar mass and radius: instead, we adjust M/R3 in this scaling such as to achieve the best performance of the inversion (the best likelihood of the result after convergence). In this way, the inversion provides a best-fit value for M/R3. The inverted dimentionless model now describes a one-parametric family of physical models, all of which satisfy the input data. Each model in this family can be rescaled to different values of M and R, keeping M/R3 unchanged. In this re-scaling, which does not change the oscillation frequencies, ρ(r) and N2(r) remain unchanged, but c2(r) re-scales in proportion to M2/3.
The results obtained with the observational p-mode frequencies of HD177412A and an evolved model of 1.1M⊙ star with a central hydrogen abundance of Xc = 0.05 (model “IR” of the previous section) taken as an initial guess are shown in Figure 13. Descents to an adequate value of the merit function (below 1.0) were performed in 7 inner and 15 outer iterations. The steep decrease in the sound-speed towards the center (panel a of Figure 13), together with big density contrast (panel b of Figure 13) indicate that the star is at a very late stage of the main-sequence evolution. The resulting steep gradient in the molecular weight is responsible for the sharp variation of the buoyancy frequency (panel c of Figure 13). We note that the prominent wiggles in the N2-curves below 0.1R are due to model discretisation (the cubic spline for m(r)/r3 is continuous together with two derivatives, but provides N2(r) with discontinuities in its gradient).
[image: Figure 13]FIGURE 13 | Result of structural inversion for HD177412A: the sound speed (A), density (B) and buoyancy frequency (C). Dashed lines show a (re-scaled) model taken as an initial guess; solid lines display the inverted result. Dotted lines are the results obtained when the measured frequencies were added with Gaussian noise, of variance corresponding to the reported uncertainties, in 10 realizations, to address the sensitivity of the inversion to random errors in the input data. The nearly-optimal mean density of the model is 0.293 g/cm3. The c2-scale corresponds to a model of the original M = 1.1M⊙ mass but a bigger R = 1.74R⊙ radius.
We do not see any signature of a convective core in the results of this inversion. Comparing with results reported in the previous section, we have to admit that with the amount and quality of frequency measurements available for HD177412A, the seismic inversion alone cannot answer the question of whether or not the star has a convective core. Additional non-seismic constraints have to be invoked to address this question.
7 CONCLUSION
This paper is an attempt at providing a brief review of the available inversion techniques for determining the structure of solar-like oscillators. In general, seismic inversions can also involve the determination of the internal structure of a star from evolutionary computations or static computations, which we briefly discussed in Section 3. Most inversions wrongly refer today to the specific class of the linear methods based on the variational integral relations between frequency perturbations and structural corrections. These techniques have originated in helioseismology and are now being applied to the high-quality datasets provided by space-based photometry missions.
These methods still allow us to provide interesting estimates of the corrections to be applied to the internal structure of a given target, but intrinsic limitations such as the linearity of the integral relations and the treatment of surface effects remain major weaknesses of these techniques. In practice, while the era of space-based photometry missions has provided high quality data, it is still far from being enough to enable a full scan of the internal structure of a distant star using, for example, the SOLA method described in Section 5. As discussed in this section, the versatility in the definition of the target function of the SOLA method allows us to compromise between determining global or local estimates of corrections, with global estimates being sometimes more easy to derive from a limited dataset. Another good example of this versatility being shown in Pijpers et al. (2021). Such approaches have been applied with success to the best Kepler targets and will remain applicable to both TESS and PLATO data in the future, especially to very precisely estimate the mean density of observed targets from a limited oscillation spectrum. Inversions of indicators as well as localized inversions would remain only applicable for the best targets with very rich oscillation spectra.
Further improvements of the linear methods include the development and application of inversions based on relative frequency separation ratios. Indeed, Deheuvels et al. (2016) and Farnir et al. (2019) have shown that they could be used to constrain the extent of convective cores from solar-like oscillations and such inversions would likely alleviate the issue of the surface-effect dependency.
In addition to discussing linear variational inversion techniques, we also presented surface independent non-linear inversions based on the phase shifts of solar-like oscillations. Such methods have proven to be very efficient at determining the internal structure of solar-like oscillators for both artificial and real Kepler datasets while suppressing efficiently the contribution of surface regions.
In practice however, our results confirm that non-seismic data can play a key role in discriminating between various families of inverted models. In this context, GAIA data will certainly be helpful in determining precise luminosity values, provided that accurate spectroscopic parameters are available. Interferometric radii determinations, when available, may also prove extremely helpful in this respect. It is indeed no surprise that the results presented here are for bright components of binary system, which are known to be prime testbeds of the theory of stellar structure and evolution.
An important point to note is that most of the inversions so far have been performed for main-sequence solar-like oscillators exhibiting only pure pressure modes (with the exception of Kosovichev and Kitiashvili (2020) and Bellinger et al. (2021)). The wealth of seismic information contained in mixed oscillation modes thus still remains to be fully exploited. In this aspect, the non-linear inversions presented in Section 6 are a promising avenue to take directly into account the intrinsic non-linearity of the mixed modes and to provide constraints on the internal stratification of subgiant and red-giant stars. Initial applications of phase matching for mixed modes can be found in Roxburgh (2015) for artificial data and a detailed characterization using evolutionary models of the stratification of a subgiant can be found in Noll et al. (2021), studying its consequence for core overshooting in the main sequence. These works provide benchmark approaches to further constrain the internal structure of evolved stars, for which insights on the core stratification will play a key role in improving our understanding of the missing efficient angular momentum transport at play in these stages.
AUTHOR CONTRIBUTIONS
GB, JB, and DR provided the data for Sections 2, 3, 4 and 5. IR and SV provided the data for Section 6. All authors read the manuscript and contributed to the discussion.
FUNDING
GB and JB acknowledge fundings from the SNF AMBIZIONE grant No 185805 (Seismic inversions and modelling of transport processes in stars).
PUBLISHER’S NOTE
All claims expressed in this article are solely those of the authors and do not necessarily represent those of their affiliated organizations, or those of the publisher, the editors and the reviewers. Any product that may be evaluated in this article, or claim that may be made by its manufacturer, is not guaranteed or endorsed by the publisher.
FOOTNOTES
1Constraints on the convective envelope can still be inferred from so-called “acoustic glitches”, that can provide estimates of the helium abundance or the position of a sharp transition in temperature gradients at the bottom of the convective zone.
2We note however that instances of RLS inversions of the internal rotation of distant stars can be found in Deheuvels et al. (2014); Schunker et al. (2016a).
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This study explores the use of Shannon entropy to find periodic patterns in the oscillation spectra of δ Scuti stars. We have developed a new diagnostic tool for detecting potential patterns that scans for minimal entropic states in the well-known échelle diagrams. Here, we describe the basic mathematical grounds of the Shannon entropy and how it can be applied to échelle diagrams through a new diagnostic diagram: the entropy (H) spectrum (HSpec). The method is first validated with the solar-like pulsator HD 49933, for which the large separation was found compatible with values published in the literature. Then we computed the entropy spectrum for two well-studied δ Scuti stars: HD 174936 and HD 174966, for which HSpec analysis was able to accurately determine their large separation (or some multiple or submultiple of it). Although these results are promising, the HSpec tool presents several limitations: it has a strong dependence on the probability distribution of the frequencies in the échelle diagram, and on the way it is calculated. We discuss possible solutions to this that rely on 2D probability distributions and conditional entropy.
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1 INTRODUCTION
The analysis of periodic patterns is crucial for asteroseismology. Up to date, the search for individual mode identification has been found to be an almost unreachable task for most of the variable stars. This has barely progressed even with the availability of ultra-precise data from space. However, some structures in the oscillation power spectrum of pulsating stars provide very useful information about the stellar interiors. This has been especially successful for the Sun and solar-like pulsators (e.g., red giants), whose periodic patterns can be observed without difficulty (see e.g., Aerts et al., 2010; Corsaro et al., 2012). In fact, from main-sequence to read giants solar-like pulsators, the automated mode identification (including mixed modes) is nowadays a reality (details in e.g., Kallinger, 2019; Corsaro et al., 2020; Nielsen et al., 2021) This has led to a revolution in the understanding of their internal structure and evolution with the use of scaling relations (see e.g., Hekker and Christensen-Dalsgaard, 2016, and references therein), which have been used as a proxy of stellar masses, radii, mean densities, ages, etc. This has allowed us to perform more accurate stellar population studies of the galaxy (Miglio et al., 2016, 2013). On the other hand, for other stars with different pulsation mechanisms, such periodic patterns are not so easy to detect.
Thanks to a great observational effort, Breger et al. (1999) found periodic regularity in the oscillation spectrum of FG Vir, which was proposed as possible large separation-like pattern in the low-frequency regime (around the fundamental radial mode). Later on, in the era of space missions like MOST (Walker et al., 2003), CoRoT (Baglin et al., 2006), and Kepler (Koch et al., 2010), thanks to ultra-precise photometric time series, such patterns in the low-frequency regime of δ Scuti stars were again observed (see e.g., García Hernández et al., 2009; Handler, 2009; García Hernández et al., 2013). These patterns were also predicted theoretically (Reese et al., 2008; Ouazzani et al., 2015) and were found to be compatible with a large separation that scales with the mean density of the star (Δν, Suárez et al., 2014). This scaling was then empirically confirmed by García Hernández et al. (2015) using binary systems with a δ Scuti component. Then Hernández et al. (2017) used the scaling Δν − ρ relation to demonstrate that it was possible to accurately determine the surface gravity of those stars when precise measurements of stellar parallaxes are available. This paved the way to perform multivariable correlations analyses in the observed seismic data (Moya et al., 2017) as well as to find the empiric relation between the frequency at maximum power of their oscillation spectra (νmax) and the effective temperature (Barceló Forteza et al., 2018), or even with surface gravity through the study of the gravity darkening in fast rotators (Barceló Forteza et al., 2020). Interestingly, Mirouh et al. (2019) retrieved a similar Δν − ρ scaling relation for fast rotating stars using island modes identified using a convolutional neural network. The most recent theoretical relation has been obtained by Rodríguez-Martín et al. (2020) using synthetic spectra of rotating models.
A confident knowledge of the large separation is also valuable because it allows to better search for other interesting patterns, such as the rotational splitting (see e.g., Barceló Forteza et al., 2017; Ramón-Ballesta et al., 2021), the identification of certain radial modes in young δ Scuti stars (see Bedding et al., 2020, for more details), or put asteroseismic constraints on the age of open clusters (Pamos Ortega et al., 2022).
Despite all this progress, the detection of periodicities remains critical. In the last decades, methods based on pattern recognition have been applied in the time domain (see e.g., Mosser and Appourchaux, 2009, and references therein) with significant success in solar-like pulsators, red giants, etc. For A–F stars, the discrete Fourier transform (DFT) of the frequency positions (García Hernández et al., 2009) is the most successful method to detect large separations in A–F stars. Some attempts to automatize its use have been developed (see e.g., Paparó et al., 2016); however, all of them still requires some supervision, preventing the implementation in automatic pipelines.
In this work, we tackled the problem of frequency pattern detection with a concept borrowed from Information Theory: the Shannon entropy. This concept has mainly been applied in the realm of information transmission, computer science, etc. In astronomy, Cincotta et al. (1995) and Cincotta et al. (1999) developed the first methods to detect patterns in astronomical time series.
In recent years, Shannon entropy has regained interest in the so-called big data and machine learning fields as a reliable measure of statistical dependence (see e.g., Malakar et al., 2012), as well as a criterion for feature selection in engineering (Tourassi et al., 2001). This work considers the frequency patterns as features in stellar power spectra, and thus we applied the concept of Shannon entropy to detect them with no hypothesis about their statistical distributions. In Section 2, we define the concept of Shannon entropy in the manner we calculated it and the new diagnostic tool based on it, the entropy spectrum (HSpec). The method is then validated against well-known frequency patterns of the solar-like star HD 49993 and applied to the two selected δ Scuti stars (Section 3). Finally, in Section 4, we interpret the results as compared with other methods and discuss the limitations of the tool as well as possible solutions to improve its robustness.
2 METHODS
The methodology followed in this work relies entirely upon the use of the Shannon entropy, a concept which was introduced for the first time by Claude Shannon in the context of communication theory (see his famous study Shannon, 1948, for details). In the following, for the sake of simplicity the word “entropy” will be used as a shortcut of “Shannon Entropy”. It is thus worthy defining it to better understand its importance for the method. The entropy H of a discrete random variable X is defined in terms of its probability distribution P(X), as follows:
[image: image]
When there is no knowledge about the distribution of probabilities P(x) we need to estimate it. This thus implies that instead of calculating the entropy we will estimate it [image: image]. The better the estimate of the distribution of probabilities is, the closer [image: image] will be to the actual entropy. In the present work, we use the method of maximum-likelihood (ML) to estimate [image: image] from the observed counts (see Hausser and Strimmer, 2009, for details). In practice, we computed the following:
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where
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is the ML estimate of probability distribution based on the observed counts yk normalized by the total number of observations.
2.1 The échelle diagrams
We are interested in finding frequency patterns in the oscillation spectra, that is, the set of observed oscillation frequencies of a given pulsating star. For this purpose, we use the following statistical variables:
[image: image]
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where [νi] represents the set of observed frequencies and Δνj is a given frequency periodicity.
Such a relation between variables is the well-known échelle diagram, widely used in asteroseismology for the visual inspection and determination of large separations (mainly in solar-type stars). When Δνj corresponds to the large separation, the oscillation modes appear aligned, with a vertical distance between points of Δνj for the same angular degree. The different ridges represent the modes with different mode degrees, although the identification of the modes is out of the scope of this study.
Figure 1 shows the échelle diagram of HD 49993 for two different spacing: its large separation and a random value. Notice that when vertical ridges come up, most of the modes are vertically aligned, which indicates certain regularity. This is indeed, the way of finding the correct Δν using échelle diagrams. However, the clarity of the vertical ridges is progressively lost as one moves away from the optimal value, up to some Δνj at which points seem to be randomly distributed, and therefore indicates less regularity, or at least, less regularity than the previous case, which is the main point of the present method.
[image: Figure 1]FIGURE 1 | Upper panels show the échelle diagrams of the solar-like star HD 49933, the first solar-like star observed by CoRoT. These were built using its oscillation frequencies obtained from a pre-whitening process (see Section 3.1). The size of dots indicates the amplitude of the observed modes in ppm. (A) shows the classical vertical ridges corresponding to modes ordered by Δν = 86.85 μHz. (B) shows the same diagram for a random value of Δν = 55.5 μHz. Lower panels, (C,D), are the histograms (density of counts) of the échelle diagrams corresponding to (A,B), respectively. Grey and black represent histograms computed with bandwidths of 10 μHz and 3 μHz, respectively. For illustration the density curve for the latter is also depicted in blue color.
2.2 The entropy of échelle diagrams
The concept of order and disorder are somewhat ambiguous. Instead, let us use the notion of measure of information, as originally proposed by C. Shannon. This measure can also be understood as a kind of uncertainty about the information itself1. The measure of information conveys how hard it is to transmit information through a message. Hard means that you need more bits of information to transmit the same information. In this case, the message is carried by the distribution of points in the échelle diagram. In other words, an ordered-like distribution as the one seen in Figure 1A requires less bits of information to be transmitted, as compared with the random-like distribution of Figure 1B. Qualitatively this means that HA < HB.
In order to quantify the entropy, H, it is necessary to know the distribution of the points P(X) in the échelle diagram (see Eq. 1). The simplest way of obtaining such information is to compute the histogram of the échelle diagram’s abscissa, that is, how ν |Δνj|, for a given Δνj. This is illustrated in panels C and D of Figure 1, where the distribution of counts (bars) or density (shaded curve) is P(X). As expected, when points are distributed in two regions (lobes of panel A), the uncertainty about the location of points is low (or equivalently, the amount of bits necessary to transmit the information about the distribution of the points is low), HA = 1.96 bits, as compared with a uniform P(X) of panel B, for which is HB = 3.46 bits.
At this point it is important to emphasize that this is an interpretation of entropy in terms of measure of information, hence nothing can be said about the information it may conveys. That is, one can deduce or extract useful information from panels A or B of Figure 1, regardless their measure of information, which is just related with how the distribution of points in the échelle diagrams can be coded. It can also be interpreted as the degree of uncertainty or even as the average unlikelihood of occurrence of the outcomes.
2.3 The Hspec
The main objective of the method is to find the distribution of points in the échelle diagram that minimizes its entropy H. In practice, we proceed according to the following steps:
1. Selection of the interval of the periodicities Δνj to be explored and its resolution R. Depending on the previous knowledge about type of pulsation, estimates of periodic patterns, etc., we establish how wide the scan frequency will be. For solar-like pulsations this is quite straightforward since scaling relations can provide an initial guess on Δν, which may help to shorten the interval to explore. However, the scaling relations for δ Scuti stars relies the large separation with the mean density of the star (see Rodríguez-Martín et al., 2020, for the most updated relation), calibrated for eclipsing binaries, for which independent measurements of the mean density are available. The resolution, that is, the step in frequency R = Δνj − Δνj−1 can be arbitrarily small. However, this can increase the amount of numerical operations needed. The lower limit, in any case, should be twice the observational uncertainties of the oscillation frequencies: 2 |ϵ(νj)|.
2. Choosing the range of observed frequencies to be explored. Although, this step is not strictly required, it is recommended to restrict it (if possible) to the frequency domain where the targeted periodic patterns are expected to be. Complete exploration is also possible, although the - spectra might be noisier or less reliable.
3. Estimation of the number of bins nb to sample the probability distributions. We selected a given number of bins for the scan of Δνj.
4. Building the entropy spectrum, HSpec. Échelle diagrams are computed for each the scanned Δνj values explored within the selected ranges of frequency and periodicities [Δνmin, Δνmax]. Then Hj is calculated for each one of those échelle diagrams. The complete set of (Hj, Δνj) is what I called entropy spectrum.
The absolute minimum of entropy in HSpec is considered the dominant periodicity, which can be interpreted as the large separation or a submultiple of it (see Section 4).
2.4 A first glance to HSpec on a synthetic oscillation spectrum
Notice that the Shannon entropy is sensitive not only to variations in the overall distribution of the points but also in the way the probability distribution is computed, that is, the size and/or number of bins used in the histograms.
A detailed analysis of HSpec for different configuration of parameters lies beyond the scope of this study. Nonetheless, a first glance to synthetic oscillation spectra indicates that HSpec would be more sensitive to the number of bins than any other factor (see Figure 2). The entropy spectra showed in that figure were computed for an asteroseismic model of 1.52 M⊙ using the evolutionary code mesa (Paxton et al., 2019) and the adiabatic pulsation code filou (Suárez and Goupil, 2008). Standard physics for δ Scuti stars were considered with solar metallicity and a moderately fast surface rotation (40% of the break-up frequency). Adiabatic frequencies were corrected for the effect of rotation including near-degeneracy effects (Suárez et al., 2006). The theoretical large separation of Δν = 86.83 μHz was computed as the median of the large separations obtained for each ℓ within the range n = [2, 10].
[image: Figure 2]FIGURE 2 | Panel (A) shows the variation of HSpec with the number of bins for an asteroseismic model of 1.52 M⊙. For illustration, the large separation of the model, Δν = 86.84 μHz, and its half, are shown as vertical dashed lines. Filled dots indicate the location of the local minima that spot the large separation value. (B) depicts the histograms from which the probability distributions were extracted to compute the entropy spectra shown in (A).
The value of the actual large separation is always spotted whatever the number of bins considered. However, these local minima do not always correspond with the absolute minima. In some cases, it is hard to find out which of the peaks would be the right one. For lower Δνi values, the analysis is even more difficult since there are significant shifts of the peaks of about 5–20 μHz. Bear in mind that all the modes are considered (from ℓ = 0 to 2), that is, no visibility function was convoluted with the oscillation spectrum. This is therefore the best case, for which there is no lack of modes contributing to Δν. (see Section 4 for more details on the next steps foreseen to improve the method).
3 RESULTS
As the main goal of the HSpec analysis is to find the large separation in δ Scuti stars, it is important to validate the method on stars for which the large separation is known and easily detectable, such as solar-type stars.
3.1 The HSpec of the solar-like pulsator HD 49933
For this star, we used the 60 days data from the CoRoT initial run (IR) processed with the MIARMA code to fill the gaps due to the satellite duty cycle (in particular the gaps caused by the passage of the satellite through the South Atlantic anomaly (see details in Pascual-Granado et al., 2015). We then obtained the pulsation frequencies of the star using the pre-whitening procedure described in Pascual-Granado et al. (2018), using the code sigspec (Reegen, 2007).
The large separation of HD 49933 was estimated from the light curve by Appourchaux et al. (2008) and later on by Benomar et al. (2009) is Δν = 85.9 ± 0.15 μHz. In the frequency domain, using échelle diagrams, its value is confirmed (Figure 1A). In addition, in those studies a rotational splitting in the range of 3.5 − 6 μHz is also reported.
Following the procedure explained in the previous section, we built the entropy spectrum for HD 49933 by first selecting the frequency range, and second, by keeping only a set of frequencies with the largest amplitudes. This procedure, similar to the one followed in García Hernández et al. (2009), helps us to obtain better results, assuming that the modes with the highest amplitudes (in general low-degree modes when observed with photometry) are those that mostly contribute to Δν. Figure 3 shows the aforementioned selection (panel A) and the HSpec (panel B) for HD 49993.
[image: Figure 3]FIGURE 3 | Panel (A) depicts the oscillation spectrum in the frequency range where p-modes are found (in grey), and a selection of NA =100 frequencies from that range with the largest amplitude (an explanation of this arbitrary number is given in the discussion section). Panel (B) shows the entropy spectrum (HSpec) computed for three different numbers of large amplitude frequencies: NA = 100, 150, and 200. Notice that the minimum H value is found for the half of the observed large separation whatever NA. Panels (C,D) show the échelle diagram for both the estimated large separation and its half. As for panel 3, the size of white dots is proportional to the amplitude of the modes, and the background is the 2D density of the échelle diagrams..
As expected, HSpec shows high variability with different entropy minima corresponding to, say, local states of low H. When exploring low Δνi values peaks may correspond with échelle diagrams with a too small number of points. From the information theory interpretation, this is equivalent to the presence of a pattern; hence, the actual H value may be similar. Therefore, as happens for the DFT method, the peaks in that range will not be considered in this first study.
It can be seen that the absolute minimum (H = 1.864 bits) within the range of Δν is reached for Δνi = 42.60 μHz, which is half of the large separation found by Benomar et al. (2009). The entropy spectrum was constructed with a resolution of R = 0.05 μHz. If we consider this resolution as the uncertainty of the estimate, the detected periodicity would thus be Δνi = 42.60 ± 0.05 μHz. However, this must be considered with caution, since a comprehensive analysis of the different sources of errors must be done in order to properly estimate the uncertainty of Δν. As an example, the HSpec shows different local minima and even some shifts in Δν when using a different amount of frequencies of highest amplitude to construct the échelle diagrams for each Δνi. The depth and width of the peaks and their relation might be good estimators for the uncertainty in the measure when all the error sources are included. They can be modified by, for example, the number of frequencies, number of bins used to construct the probability distribution, method used to estimate entropy, etc. (see Section 2). This however exceeds the scope of this exploratory work. As for the DFT and AC, the HSpec show both the large separation and its submultiples. The presence of an absolute minimum may be used to consider that periodicity as the one to which more modes are contributing due to their visibility.
3.2 The HSpec of the δ Scuti stars HD 174936 and HD 174966
These objects are two of the best-known δ Scuti stars, for which there is a reliable determination of the large separation using the discrete Fourier transform method. Any method based on statistical estimators has an intrinsic dependence upon the number of realizations (observations). This is the case of the discrete Fourier transform, autocorrelation (AC), and histogram of frequency differences (HFD), currently used for determining the large separation of δ Scuti stars2.
As for HD 49993, the light curves of both δ Scuti stars were observed by the CoRoT satellite (Seismo Field). Their oscillation spectra were obtained from the fractal analysis of the pre-whitening process (see De Franciscis et al., 2018; De Franciscis et al., 2019, for more details). That method allowed us to find the harmonic content of the light curve without imposing any statistical criterion about the significance, thereby minimizing the presence of spurious peaks, which is key to avoid any distortion in the échelle diagrams and hence on the computation of HSpec.
As it happens in other statistical methods (DFT, autocorrelation function, etc.), the detection of regularities in these stars is more difficult, due to the complexity of their oscillation spectrum (see Goupil et al., 2005, for an interesting review of the asteroseismology of δ Scuti stars). In contrast to the HSpec of HD 49993, the number of bins, resolution, and frequency domain play an important role in the determination of the large separation. This implies to perform several iterations to find the optimum HSpec from which the Δν and its multiples (and submultiples) were determined.
Figure 4 depicts the HSpec for both stars together with the échelle diagram corresponding to the detected Δν. It is worth noting that the leftmost part of the entropy spectrum is quite similar to the one found for HD 49993, which reinforces the explanation of the peaks as a consequence of the lack points in the échelle diagram. When the number of frequencies is small this configuration may lead to the absolute minimum of entropy. This is the case of HD 174966, for which the second minimum is compatible with the half of the large separation determined by the DFT method Δν = 65 ± 1 μHz (García Hernández et al., 2013). The next minima are above 75 μHz, far beyond twice the Δν/2. As discussed before, this may be caused by the way in which the distribution of probability is constructed.
[image: Figure 4]FIGURE 4 | Entropy spectrum (HSpec) for HD 174966 (A) and HD 174936 (C). Panels (B,D) show the resulting échelle diagram (white dots) for the large separation determined by the HSpec in panels (A,B), respectively. The size of dots is proportional to the amplitude of the modes. Background corresponds with the 2D density of the échelle diagrams, which help to visually guess the probability distribution of the points in both vertical and horizontal axes. Notice that for HD 174966, the échelle diagram is built for the half of the large separation, corresponding to the absolute minimum in HSpec.
Moreover, the number of bins used for HD 174966 is 10, while only six were sufficient for HD 174936. This is because although the total number of frequencies for both stars is somewhat similar (120 and 177 frequencies for HD 174966 and HD 174936, respectively), the frequency range in which the highest amplitude peaks are found is [250, 350] μHz for HD 174966 and [160, 650] μHz for HD 174936. This implies that échelle diagrams were built with 20 frequencies for HD 174966 and 127 frequencies for HD 174936.
For HD 174936, both the half of the large separation Δν/2 = 28.80 ± 0.05 μHz and twice the value (i.e., the large separation) Δν = 53.15 ± 0.05 μHz were found, which is compatible with the large separation found using the DFT technique, that is, Δν = 52 ± 10 μHz (García Hernández et al., 2009). Notice that, once again the absolute minimum within the range of explored Δνi is identified with the half of the large separation, which might be interpreted in terms of the modes’ visibility.
In addition, the échelle diagram of HD 174936 frozen at its large separation shows a glimpse of the classical échelle configuration with two vertical ridges composed by the modes with the highest amplitudes. In contrast, this configuration is not visible in the échelle diagram of HD 174966, but a series of inclined fringes with no clear pattern for the modes with the highest amplitudes. A similar distribution of points in the échelle diagram is found for twice Δν/2, even if this is not clearly a minimum in HSpec.
Regarding the values of H, it can be seen that the HSpec of HD 17966 is shifted by about 1 bit on average respect to the HSpec of HD 174936. Since there is no reference value for the entropy, except maybe its average over the HSpec, which allows us to calculate some statistics, there is no way to compare two HSpec by their absolute H values. The hypothesis that seems more plausible to explain such a shift is the amount of frequencies that are actually contributing to the large separation.
4 DISCUSSION
The entropy spectrum analysis was found to be reliable and robust for the solar-like pulsator HD 49993. For this star Δν/2 and Δν were found the two minima of the HSpec. As happens with other methods mentioned previously, additional information is required to spot Δν multiples or submultiples, and thereby the actual value of Δν. This has implications on the visibility of the modes which are inherently related with the angle of inclination of the star respect to the observer.
For the two selected δ Scuti stars HD 174966 and HD 174936 HSpec was able to accurately determine the periodicities corresponding to either the large separation or its half. However, in contrast to HD 49993, the optimum HSpec was obtained by several iterations with different combinations of frequency ranges, number of bins, and number of frequencies with the highest amplitudes. Although this is an evident limitation of the method, the HSpec looks promising as a tool to determine the large separation of δ Scuti stars, even for oscillation spectra containing a few tens of modes.
In order to render the method here presented more robust, it is necessary to minimize both the human supervision and the additional information required to accurately determine the large separation of δ Scuti stars. The next steps will thus be focused on improving the treatment of the probability distribution of the échelle diagram points. I envisage to work on two main aspects: 1) the enhancement of the signal through the échelle diagrams, i.e., to implement a modified version of those diagrams that enhance the vertical alignment features in the probability distribution, and 2) the incorporation of joint probability distribution that accounts for the relation between nu ad ν modulo Δνj. For 1) there is well-known method widely used for solar-like pulsators, the so-called collapsed échelle diagrams (see e.g., Corsaro et al., 2012, and references therein). These collapsed échelle diagrams take into account the entire observed power spectrum, which may render transitions between entropic states smoother. The background signal would also be present so it might be used somewhat as reference entropy for each star. Another interesting point is that it can be quite fast since no pre-whitening process is necessary, so it might be used in pipelines for asteroseismic analyses. Regarding the joint probability distributions 2), the inclusion of an additional dimension, the distribution of frequencies, might render HSpec method more sensitive to the presence of vertical patterns than any other patterns (for instance tilted ridges or even diagonal fringes).
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FG Virginis is a δ Scuti variable star that was the target of several ground-based multisite photometric campaigns from 1992 to 2004. Over 75 pulsation frequencies were detected (Breger et al., Astron. Astrophys., 2005, 435, 955–965), more than for any other δ Sct star before the era of space photometry. FG Vir was observed for 52 days in 30-minute cadence photometry by the NASA Kepler spacecraft K2 mission in 2016, and for 23 days in 2-minute cadence photometry by the NASA TESS spacecraft in 2021. We present light curves and amplitude spectra obtained from these space missions. We find around 30 significant frequencies in the K2 data, and more than 100 significant frequencies in the TESS data. There is good correspondence between the first 10 or so highest-amplitude modes found in the K2 and TESS data and those found from the ground-based multisite campaigns, although the amplitude order is slightly different, indicating some stability in mode frequencies and amplitudes spanning 20 years. However, the 9th highest-amplitude mode of Breger et al. has moved down considerably in amplitude rank, while the 35th highest-amplitude mode has moved up to near the top ten as seen in both the K2 and TESS data. We find several low frequencies between 0.3 and 3 cycles per day in the TESS data that were not detected using the ground-based data. If low-frequency pulsations are confirmed, FG Vir would be classified as a δ Sct/γ Dor hybrid variable star. We also review stellar model results and some of the challenges for asteroseismology for this well-studied δ Sct star.
Keywords: stars: pulsations, stars: evolution, asteroseismology, stars: FG Vir, NASA Kepler mission, NASA TESS mission, NASA K2 mission, stars: δ Scuti
1 INTRODUCTION
The δ Scuti variables lie at the intersection of the classical Cepheid instability strip with the main sequence (Aerts et al., 2010; Kurtz 2022). They have spectral types A through mid F, effective temperatures 6400–8600 K (Uytterhoeven et al., 2011), and masses 1.4–2.7 M⊙ (Bowman and Kurtz, 2018). Most are in the main-sequence (core hydrogen burning) or slightly post-main-sequence (burning hydrogen in a shell just outside the hydrogen-exhausted core) evolutionary phases, but they have also been found in the pre-main-sequequence phase (see, e.g., Zwintz and Steindl 2022; Murphy et al., 2021). δ Scuti stars pulsate with frequencies 5–50 c/d (Balona et al., 2015) in one or more radial and non-radial low-order pressure (p) modes, low-order gravity (g) modes, and modes having a mixture of p- and g-type nodes. Their pulsations are driven by the “kappa” opacity-valving effect in the 2nd helium ionization region of the stellar envelope around 50,000 K (Chevalier 1971); in some δ Sct stars the hydrogen ionization region and turbulent pressure may also play a role in pulsation driving (Antoci et al., 2019).
These stars are of interest for asteroseismology, i.e., using the pulsation properties in conjunction with modeling to derive stellar interior structure and to test theories of stellar evolution and pulsation driving (see, e.g., Antoci et al., 2019; Bowman et al., 2021; Daszynska-Daszkiewicz et al., 2021, 2022).
FG Virginis (HD 106384) is a well-studied bright (V = 6.558) δ Scuti star of spectral type A8. FG Vir was the object of ground-based single-site (1982; see Lopez de Coca et al., 1984) and multisite (1992–2004; see Breger et al., 1995, 1996, 1998, 2004, 2005; Breger and Lenz 2019) photometric campaigns. These campaigns resulted in detection of 75+ pulsation frequencies (Breger et al., 2005), more than any other δ Sct star before the era of long time-series space photometric missions such as CoRoT (Poretti et al., 2009), Kepler (Borucki et al., 2010; Gilliland et al., 2010; Koch et al., 2010), and TESS (Ricker et al., 2015). See also Guzik (2021) and Daszynska-Daszkiewicz et al. (2005, 2021) for more information about δ Sct stars and results from space missions.
FG Vir was observed for 52.5 days in 30-minute cadence photometry by the NASA Kepler spacecraft during Campaign 10 (6 July–20 September 2016) of the extended Kepler mission (K2, Howell et al., 2014) as part of our request to the Guest Observer program (Guzik et al., 2019). FG Vir was observed by the NASA TESS spacecraft for 23 days in December 2021. We present a first look at the amplitude spectra derived from these data, and comparisons with the amplitude spectra obtained using the ground-based multisite data. We also review some of the findings from asteroseismology and unanswered questions for this interesting δ Sct star.
2 KEPLER DATA ANALYSIS AND RESULTS
FG Vir is EPIC 201132898 in the K2 Ecliptic Plane Input Catalog (Huber et al., 2016). We retrieved the pre-search data conditioning simple-aperture photometry (PDC_SAP) light-curve data from the Mikulski Archive for Space Telescopes (MAST, https://archive.stsci.edu/), K2 pipeline data release 37, January 2020. Figure 1 shows the K2 light curve and a 1-day zoom-in on a portion of the light curve. Figure 2 shows the amplitude spectrum resulting from a Fourier analysis of the light curve and the amplitude spectrum after pre-whitening all frequencies with amplitude >1 ppt. To determine the significant frequencies, the highest-amplitude modes were removed from the light curve successively until only noise remained, a process called pre-whitening. For evenly spaced 29.4244-min cadence data, the Nyquist frequency limit is 24.4695 c/d, so the amplitude spectrum is truncated at this frequency. In reality, the K2 data are not exactly evenly spaced because of light travel-time corrections due to the spacecraft’s orbit around the solar system barycenter (Murphy et al., 2013).
[image: Figure 1]FIGURE 1 | Left: FG Vir K2 30-min cadence light curve from Campaign 10, showing 52.5 days of data, excluding the gap near the beginning of the data set. Time is measured after barycentric Julian day 2454833.0. Right: Zoom-in on FG Vir K2 light curve on day 2790.
[image: Figure 2]FIGURE 2 | Left: FG Vir K2 amplitude spectrum from 0 to 24.5 c/d. Right: Amplitude spectrum after pre-whitening modes with amplitude >1 ppt.
Table 1 lists the 34 frequencies obtained from the pre-whitening analysis in order of signal-to-noise (S/N) ratio, down to S/N = 4.0. Uncertainties on frequencies and amplitudes were calculated using the process derived by Montgomery and O’Donoghue (1999). Table 1 also notes associations of these frequencies with those from Breger et al. (2005) obtained using multisite observations. Considering the first 9 modes, all of them are found among the 10 highest-amplitude modes of Breger et al., although the amplitude ordering is slightly different. Breger et al.’s 9th highest-amplitude mode (frequency 19.228 c/d) is only the 14th highest-amplitude using the K2 data. Many of the remaining frequencies found in the K2 data can be associated with the Breger et al. frequencies. It is interesting that the 35th highest-amplitude mode in the Breger et al. list (frequency 20.511 c/d) corresponds to the 11th highest in the K2 data. While Breger et al. (2005) adopted a S/N limit of 4 for a significant detection, this limit may be too low for space-based data (Baran and Koen 2021; Bowman and Michielsen 2021) and so the list may contain some false detections. However, we find frequencies in the K2 data associated with Breger et al. (2005) frequencies down to a S/N of 4 and lower. Frequencies at 11.69952 and 11.94247 c/d were also found in the K2 data, corresponding to f33 and f29, respectively, in the Breger et al. list, but these modes have S/N ratio 3.27 and 3.14, respectively, in the K2 analysis, and were not included in the table.
TABLE 1. | FG Vir K2 frequencies in order of S/N compared with Breger et al. (2005) frequencies. Low frequencies between 0.3 and ∼3 c/d are highlighted using red font. The calculated uncertainties in K2 frequencies and amplitudes, respectively, are 4.22×10−4 c/d and 50.1 ppm.
[image: Table 1.]To compensate for the loss of a second reaction wheel, the K2 mission used solar radiation pressure to keep the spacecraft pointed in the same direction, and in addition fired thrusters every 5.8849 h (K2 Handbook, Mighell and Van Cleve 2020). The thruster-firing frequency of 4.0782 c/d and its harmonic at 8.1564 c/d appear in the K2 frequency list.
We searched for combination frequencies by algorithm with tolerance of 10% of the inverse of the time series length. For the K2 data with length 69.121 days, the tolerance is 0.001446 c/d. We found no combination frequencies among the list in Table 1.
Table 1 lists nine modes with frequencies 0.3 to ∼3 c/d, in the right frequency range to be γ Dor gravity modes (see, e.g., Aerts et al., 2010; Li et al., 2020). Six of of these are among the lowest-amplitude modes, with S/N < 4.5, and are likely to be spurious. However, if low-frequency modes were to be detected, FG Vir would be considered a hybrid δ Sct/γ Dor variable-star candidate.
The multisite data is not evenly spaced, so the 24.4695 c/d K2 Nyquist limit does not apply, and Breger et al. (2005) find frequencies up to 44.2591 c/d. One K2 frequency at 14.36915 c/d was found that could be a Nyquist reflection of the 34.5737 f23 mode of the Breger et al. list. We also made use of the TESS data with higher Nyquist limit (see below) to verify that only this one frequency in the K2 list is a Nyquist alias.
3 TESS DATA
The Kepler spacecraft was retired in November 2018; the TESS spacecraft (Ricker et al., 2015) was launched in April 2018 into a 13.7-day elliptical orbit around Earth, maintained by a 2:1 lunar resonance. TESS data for FG Vir is now available at MAST, taken during the 27.4 observing days of sector 46 (December 2–30, 2021). Moreover, data were taken at 2-minute cadence, so the S/N is much larger, and the Nyquist frequency limit is 360 c/d, much higher than for 30-min cadence K2 data.
FG Vir is TIC 277227048 in the TESS Input Catalog (Stassun et al., 2019). Figure 3 (left) shows the TESS FG Vir light curve, including data from 22.84 days, excluding the gap of about 5 days in the middle of the data set. Figure 3 (right) shows a 1-day zoom-in on the light curve; small features are resolved in the TESS 2-min cadence light curve that were not resolvable in K2 30-min cadence light curve.
[image: Figure 3]FIGURE 3 | Left: FG Vir TESS 2-min cadence light curve from sector 46, showing 22.84 days of data, excluding the ∼5-day gap in the middle of the data set. Time is measured after barycentric Julian day 2457000. Right: Zoom-in on TESS light curve on day 2560. Small features are resolved that were not resolved using K2 30-min cadence data.
Figure 4 shows the FG Vir amplitude spectrum using TESS data, truncated at 50 c/d, and the amplitude spectrum after pre-whitening frequencies with amplitude >1 ppt. Figure 5 shows the K2 and TESS amplitude spectra overlayed. Table 2 lists the first 100 frequencies pre-whitened in order of amplitude, and notes associations with Breger et al. (2005) frequencies. Uncertainties on frequencies and amplitudes were determined using the process derived by Montgomery and O’Donoghue (1999). The highest frequency on this list is 42.1 c/d. The 9 highest-amplitude TESS frequencies are among the 10 highest-amplitude Breger et al. (2005) frequencies, although the amplitude order is slightly different. The 9th highest-amplitude frequency in the Breger et al. list is 28th highest in the TESS list, while f35 in the Breger et al. list is 11th highest in the TESS list, confirming the significant amplitude changes in these modes found using the K2 data.
[image: Figure 4]FIGURE 4 | Left: FG Vir amplitude spectrum from TESS 2-min cadence data. Right: Amplitude spectrum after pre-whitening modes with amplitude >1 ppt.
[image: Figure 5]FIGURE 5 | FG Vir K2 and TESS amplitude spectra overlayed. The amplitude axis has been truncated at 5 ppt to show the low-amplitude peaks.
TABLE 2. | 100 highest S/N FG Vir TESS frequencies. Low frequencies between 0.3 and ∼3 c/d are highlighted using red font. The calculated uncertainties in TESS frequencies and amplitudes, respectively, are 3.79×10−4 c/d and 9.82 ppm.
[image: Table 2.]The S/N ratio of the 100th frequency in the list is 31, so it is likely that many more significant frequencies remain in the residual. Continued pre-whitening results in 718 additional frequencies with S/N ratio >4. However, we hesitate to claim that all of these frequencies are separate intrinsic frequencies. Handler (2009) points out several reasons why spurious small-amplitude peaks may be found in pre-whitening analyses. These reasons include short time-series limit, non-sinusoidal light curve shape, amplitude and frequency variations, and modulation from stellar or substellar companions.
Table 2 includes five low frequencies between 0.3 and ∼3 c/d, highlighted in red font. These frequencies are more likely to be real, as opposed to the low frequencies in the K2 data, as their S/N ratio is high. These low frequencies do not coincide with any of the likely spurious low frequencies found in the K2 data. If confirmed as gravity-mode pulsations, FG Vir would be classified as a δ Sct/γ Dor hybrid. To confirm these frequencies would require ruling out spacecraft artifacts, light curve contamination by nearby or background objects, and rotation (possibly differential) and starspots as the source of the low frequencies. Time-series spectroscopy may be useful, e.g., to distinguish starspots, which may show signatures of chromospheric activity, or to detect line-profile variations on the expected timescales, indicating nonradial pulsations. Perhaps it may be possible to directly image starspots on FG Vir using optical interferometry (see, e.g., Cunha et al., 2007).
We searched for combination frequencies by algorithm with tolerance of 10% of the inverse of the time-series length. For the TESS data set with length 25.008 days, this tolerance is 0.003998 c/d. Because of this high tolerance, many combinations were found; however, many of these combinations involve lower-amplitude modes, and are likely to be fortuitous (see also discussions by Papics 2012; Kurtz et al., 2015). A longer series of TESS data would help to sort out intrinsic from combination frequencies.
The Kepler/K2 photometry has a bandpass of 400–850 nm, while the TESS bandpass is redder, 600–1000 nm. Because of FG Vir’s late-A spectral type, its mode amplitudes are therefore generally higher using the K2 data compared to the TESS data. Although the K2 and TESS data time series discussed in this paper are relatively short and non-overlapping, it is possible that phase differences between modes using photometric time-series data taken at different bandpasses could be exploited for mode identification in the same way that techniques using multi-color ground-based data were applied for FG Vir mode identification.
4 UNRESOLVED QUESTIONS FOR ASTEROSEISMOLOGY
As discussed by, e.g., Guzik (2021), there are many inter-related unresolved problems for δ Sct stars that make asteroseismology challenging.
First, there is a mode visibility problem for non-radial oscillations as seen in δ Sct stars. Temperature variations described by spherical harmonic patterns average out over the unresolved stellar disk, making higher degree (ℓ) modes more difficult to see in photometry. Usually, it is expected to detect modes of degree 0 (radial), 1 (dipole), and 2 (quadrupole). Is it possible to measure modes of degree ℓ = 3 or higher, particularly with the higher precision and longer continuous time series of space-based photometry? Daszynska-Daszkiewicz et al. (2006) conclude that modes of degree ℓ = 3 and probably much larger ℓ should be visible, even using the FG Vir ground-based data, and that most of the modes discovered for FG Vir below 30 c/d must have ℓ > 2.
Second is the rotational splitting problem. Stellar rotation splits modes into a multiplet of 2ℓ + 1 frequencies. Rotation also shifts frequencies so that the multiplet members are not equally spaced (Goupil and Dziembowski 2000). Rotation can shift frequencies even for radial (ℓ = 0) modes (see, e.g., Di Criscienzo et al., 2008) and the m = 0 multiplet of non-radial modes (Saio 1981). Rotation also makes a star oblate and changes its mean density, affecting the accuracy of radial mode frequencies predicted using non-rotating models (Murphy et al., 2022). FG Vir’s equatorial rotation velocity is 30–80 km/sec (Mantegazza and Poretti 2002; Zima et al., 2006), so we should expect a rotational splitting frequency of around 0.5 c/d for FG Vir stellar radius ∼2.2 R⊙. We do not see obvious rotationally split modes in the FG Vir amplitude spectrum.
Third is the mode selection problem. Not all of the modes expected from stellar models for δ Sct stars are seen in the amplitude spectrum (see, e.g., Bedding et al., 2020; Murphy et al., 2021). Also, there are modes observed that are not expected from the best-fit pulsation models.
Then there is the mystery of amplitude and frequency variations found in many types of variable stars including δ Sct stars (see, e.g., Bowman et al., 2016). Amplitudes and frequencies of individual δ Sct modes can be relatively stable over time. It is possible to associate many of the highest-amplitude frequencies in the K2 (2016) and TESS (2021) data sets with frequencies in the Breger et al. (2005) list. However, the order of the mode amplitudes is somewhat different for the first dozen or more modes; some modes appear in the K2 and TESS data that are not in the Breger et al. list, and vice versa; and the Breger et al. f9 mode has moved down in amplitude rank, while the f35 mode increased in rank. Nonlinear mode-coupling effects (see, e.g., Buchler and Regev 1983; Buchler et al., 1997; Dziembowski 1993) are suspected as the cause of these variations.
Breger and Pamyatnykh (2006) investigate the problem of closely spaced modes in FG Vir, with separations less than 0.1 c/d, too small to be the result of rotational splitting. Are these separate modes, or are they the result of amplitude variability of a single frequency? Breger and Pamyatnykh (2006) were able to rule out amplitude variability for several of the FG Vir closely spaced modes.
These many complications lead to a mode identification problem. We cannot identify modes by patterns in the amplitude spectrum and match them directly with modes expected from theoretical models. However, methods have been developed to identify the angular degree (ℓ) and azimuthal order (m) of the highest-amplitude modes using multi-color photometry, phase information, line profile variations and radial velocities from spectroscopy (see, e.g., Viskum et al., 1998; Breger et al., 1999, Mantegazza and Poretti 2002, Daszynska-Daszkiewicz et al., 2005; Zima et al., 2006). Some FG Vir modes have been identified using these methods, but mode identification has been somewhat uncertain. For example, Daszynska-Daszkiewicz et al. (2005) identified the angular degrees for twelve FG Vir modes to 80% probability, but there are ambiguities for six of these modes. In early studies of FG Vir, the highest-amplitude mode at 12.7162 c/d was thought to be the radial fundamental mode (e.g., Mantegazza et al., 1994; Breger et al., 1995), but later studies (e.g., Viskum et al., 1998; Mantegazza and Poretti 2002) showed that this mode is most likely an ℓ = 1 dipole mode, and the radial fundamental mode actually is the 2nd-highest-amplitude mode at 12.1541 c/d.
Attempts have been successful to find patterns of frequency spacings in δ Sct stars (e.g., Breger et al., 2009). The spacings could correspond to the large separations between modes of successive ℓ values, or a rotational splitting spacing, or a combination of these two spacings (see also Paparo et al., 2016a; Paparo et al., 2016b; Suarez et al., 2014; Bedding et al., 2020). Bedding et al. (2020) found very regular patterns of high-frequency modes in a sample of young δ Sct stars observed by TESS and Kepler, enabling definitive mode identification. Patterns of mode spacings can therefore be useful to identify modes of common ℓ value, determine the stellar mean density, or even to measure the stellar interior rotation rate.
5 FG VIR MODELS
The goal of asteroseismology of FG Vir is to use the observed frequency properties to determine the stellar interior structure and evolution state. Evolution and pulsation models of FG Vir have been calculated over the years to attempt to make use of the observed frequencies. It is helpful to have additional constraints from multi-color photometry, spectroscopy, and stellar model grids to provide a starting point for detailed model explorations. The TESS Input Catalog (TIC, Stassun et al., 2019) lists FG Vir properties derived from several sources and methods: effective temperature Teff = 7361 ± 131 K, log surface gravity (log g) = 3.974 ± 0.086, radius R = 2.205 ± 0.082 R⊙, mass M = 1.6 ± 0.282 M⊙, luminosity L = 12.86 ± 0.44 L⊙, and distance 83.02 ± 0.37 pc.
Viskum et al. (1998) use models and frequencies scaled from a 2.2 M⊙ non-rotating evolution model of Christensen-Dalsgaard (1993) to derive a mean stellar density (ρ) = 0.1645 ± 0.005 ρ⊙ for FG Vir. Assuming Teff = 7500 K and metallicity Z = 0.02, they find M = 1.82 ± 0.03 M⊙, L = 14.1 ± 0.9 L⊙, R = 2.227 ± 0.012 R⊙, and log g = 4.002 ± 0.003. Their derived luminosity places FG Vir at a distance of 82 ± 3 pc.
Breger et al. (1999) find a best-fit model to the FG Vir frequencies with M = 1.95 M⊙, Teff = 7492 K, L = 14.92 L⊙, R = 2.301 R⊙, and log g = 4.002. This model has metallicity Z = 0.02, initial helium mass fraction Y = 0.28, and mean density 0.1597 ρ⊙. The model uses artificially modified opacities, has mixing-length parameter α = 1.0, and included core convective overshooting with overshooting distance 0.2 pressure scale heights. The models were evolved without rotation, but rotational splitting was taken into account up to second order in the pulsation frequency comparisons. The best-fit model had rotation velocity 32 km/sec.
Templeton et al. (2001) find a best-fit model for FG Vir with M = 1.9 M⊙, Teff = 7413 K, L = 14.16 L⊙, and age 0.93 Gyr. This model has Z = 0.03 and hydrogen mass fraction Y = 0.28. The model was evolved without rotation, used mixing-length parameter α = 1.92, and includes core convective overshooting with overshooting distance 0.3 pressure scale heights. First-order rotational splitting was taken into account in the pulsation frequency comparisons, assuming rotation velocity 50 km/sec.
Kirbiyik et al. (2004) evolve models with uniform rotation and conservation of angular momentum, and calculate pulsation frequencies including first-order rotational splitting. Their paper does not discuss whether convective overshooting is included. They find best-fit models for FG Vir with M = 1.85 M⊙, Teff = 7540–7560 K, L = 15.06–15.12 L⊙ and rotation rate 32–66 km/s.
Table 3 lists the ℓ = 0, 1, 2, and 3 pulsationally unstable frequencies (positive linear growth rates) for an FG Vir model calculated by Guzik. The frequencies include p modes, modes with mixed p-mode and g-mode character, and a few low-order g modes which have frequencies lower than the radial fundamental mode. These model frequencies were used by Paparo et al. (2016a), Paparo et al. (2016b) to illustrate how frequency spacings could be used to help identify modes in δ Scuti stars. The physics of the models is the same as used in the Guzik et al. (2000) FG Vir models, except for minor opacity table updates. The evolution models have mixing-length parameter α = 1.77, and do not include rotation or core convective overshooting. A model was selected on the 1.82 M⊙, Z = 0.02, Y = 0.28 evolutionary track that has radial fundamental mode frequency near 12.1541 c/d, identified as the FG Vir radial fundamental mode. For this model, L = 13.92 L⊙, Teff = 7419 K, R = 2.26 R⊙, log g = 3.9896, and mean density 0.1577 ρ⊙. The model age is 0.867 Gyr, and core helium mass fraction is 0.708, indicating that about 2/3 of the core hydrogen has been converted to helium.
TABLE 3 | Unstable low-degree frequencies of 1.82 M⊙ FG Vir model.
[image: Table 3]The calculated model frequencies in Table 3 do not include rotational splitting, which will divide non-radial modes multiplets with 2 ℓ + 1 components, with spacings of around 0.5 c/d, depending on the rotational velocity adopted. Rotation will cause the multiplet members to be unequally spaced in frequency. A total of 98 ℓ = 0, 1, and 2 modes are predicted, taking into account rotational splitting. However, even including rotational splitting, not all of the observed frequencies of Breger et al. (2005) can be matched for FG Vir. Considering in addition the 15 calculated unstable ℓ = 3 modes would increase the total number of predicted modes by another 105, to 203. These predictions assume that FG Vir has an inclination such that all modes of a multiplet are visible. As discussed in Section 4, it is possible that modes of even higher angular degree are visible in photometric data.
Breger and Pamyatnykh (2006) found 18 frequency doublets with frequency spacing < 0.1 c/d in their FG Vir frequency list. They concluded that accidental agreement between frequencies of excited modes can be ruled out because of the large number of doublets. We examined our ℓ = 0–3 frequency list in Table 3 for close frequency spacings. Only three pairs with spacing <0.1 c/d are found if rotational splitting is not taken into account. However, assuming the nonradial modes are split into 2ℓ + 1 multiplets with 0.5 c/d spacing between multiplets, we find 88 close frequency pairs. While this assumption of equally spaced multiplets is not realistic, this example does show that accidental agreements could explain the close spacings if modes of high-enough degree are visible.
We do not include in Table 3 high-order g-mode frequencies. These frequencies are predicted to have negative growth rates in our pulsation analyses because the envelope convection zone is too shallow (temperature at the base 54,000 K) to drive γ Doradus-type gravity modes via the convective blocking mechanism (Guzik et al., 2000). Nevertheless, many δ Sct stars show low-frequency modes in the γ Dor frequency range (Grigahcene et al., 2010; Uytterhoeven et al., 2011; Balona 2014).
The stellar properties derived for FG Vir using asteroseismic data and stellar models are in good agreement with each other. However, none of the models provided an exact fit to all of the observed FG Vir frequencies, and there is much more that could be learned about FG Vir’s evolution and interior structure using ground-based data as well as the K2 and TESS data.
The models available in the literature are quite old, having been calculated in 2004 or earlier, before Gaia parallaxes and revised lower solar abundance determinations (e.g., Asplund et al., 2021). FG Vir should be revisited taking into account modern constraints and using updated modeling tools, for example, using the MESA evolution code (see Paxton et al., 2019 and references therein).
It is an interesting question whether FG Vir has a stellar or planetary companion, and whether these objects might affect pulsation properties. FG Vir is listed as a visual binary in the catalog of Liakos and Niarchos (2017), who reference catalogs of Abt (1981) and Mason et al. (2001). However, the properties of the binary companion and orbital period are not given in these catalogs. An angular separation of 0.1 arc sec is given by Mason et al. (2001), but this separation may be a lower limit to the resolution of the observations.
Kervella et al. (2019) use Hipparcos (van Leeuwen 2007) and Gaia Early Data Release 3 (Gaia Collaboration 2016; Gaia Collaboration 2020; Brown et al., 2021a; 2021b) data to discover stellar and substellar companions using proper motion anomalies. For FG Vir they find no low velocity resolved companions, no bound resolved companions, and no common proper motion candidate companions. They find a tangential velocity anomaly of 6.89 m/s with position angle 196.22 deg. Using their assumptions for a potential orbit and assuming FG Vir mass M1 = 1.85 M⊙, they derive a companion mass M2 = 2.10 MJup (3 AU orbit), 1.05 MJup (5 AU orbit), or 1.31 MJup (10 AU orbit). Therefore, we conclude that FG Vir does not have a stellar companion that could affect the analysis, but it may have a substellar one.
6 CONCLUSION
We compare the FG Vir frequencies detected using 52.4 days of 30-min cadence Kepler K2 photometry with those detected using at least 363 nights (Breger and Lenz 2019) of multisite ground-based network data. More than 75 significant frequencies were measured in the ground-based data (Breger et al., 2005), compared to around 30, depending on S/N limit adopted, using the K2 data. The K2 frequency detections were limited to frequencies below the Nyquist frequency limit of ∼24.5 c/d for 29.4-min cadence nearly equally spaced data, while frequencies as high as 44.25 c/d were identified using the ground-based data. The ground-based multisite data included multi-color photometry, which turned out to be extremely useful for mode identifications of the highest-amplitude modes.
The TESS data appear more promising for further FG Vir discoveries. The time-series length of the TESS data was 22.84 days, shorter than for the K2 series, but the shorter 2-minute cadence increased greatly the S/N, allowing the detection of at least 100 modes with S/N > 31. The 2-minute cadence also increased the Nyquist frequency limit, so that modes up to 45 c/d, as found in the ground-based data, were detected. The TESS data should reveal many more modes of even lower amplitude than found in the ground-based data, requiring consideration of modes of angular degree ℓ > 3 for asteroseismic models. The increased number of detected modes will make mode identification even more challenging.
There is general agreement among the frequencies of the 10 or so highest-amplitude modes between the ground-based, K2, and TESS data. Two modes of interest are the f9 mode of Breger et al. (2005), which moved down in amplitude rank, and the f35 mode of Breger et al., which moved up in amplitude rank according to both the K2 and TESS data.
The continuity of the K2 and TESS time-series data, and, possibly, the elimination of day/night aliases, enables detection of low-frequency modes. Several modes of significant amplitudes with frequencies between 0.3 and 3 c/d were detected in the TESS data, which may be high-order γ Dor gravity-mode pulsations. If confirmed, FG Vir would be a hybrid δ Sct/γ Dor variable star.
FG Vir models in the literature were calculated before 2005. FG Vir modelling should be revisited using modern codes in light of new constraints for distance and metallicity, making use of the K2 and TESS data.
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Dark matter remains as an elusive component of modern Cosmology. According to previous research, stellar physics observables can be affected by the presence of hypothetical dark matter particles, which can be produced or accreted into the stars. Stellar pulsations are among the observables affected by dark matter, because the changes of the internal structure of the stars due to dark matter produce variations in the pulsation frequencies. We review the current research in the interplay between astroparticles, precise stellar observations, and accurate asteroseismic models, which can be extremely useful in order to constrain dark matter candidates from asteroseismic observables.
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1 INTRODUCTION
Staying as one of the most puzzling problems in Astrophysics, dark matter has motivated a lot of experiments and theoretical research (Bertone, 2010). The hypothetical existence of dark matter has been supported by the mismatch between our knowledge of Gravity and the dynamics of several systems like galaxy clusters, rotating galaxies, etc. Although this mismatch could be also explained by the Modified Newtonian Dynamics (MOND) hypothesis (Milgrom, 1983), many theoretical models consider that dark matter is composed by exotic weakly interacting particles. This is an appealing possibility, if we attend to some open questions in our description of the Standard Model (Jaeckel and Ringwald, 2010) like, for instance, strong CP violation (Peccei and Quinn, 1977) or some aspects of neutrino physics (Raffelt, 1999), which require invoking new particles, arising from additional terms in the Standard Model (SM) Lagrangian.
In the theoretical frame of Quantum Field Theory, couplings between the new terms of the Lagrangian, accounting for dark matter, and the previous ones can be expected. In particular, these couplings can happen between the new additional terms of the dark matter and the electromagnetic, weak or strong sectors, and they give account of the relatively scarce interactions of dark matter and SM particles. As a consequence of this, it is possible to calculate the rate of decay of dark matter particles into SM ones, or alternatively the rate of production of dark matter from SM components, within several models (Raffelt, 1999). Therefore in principle, experiments and astrophysical observations can constrain the parameter space of many dark matter candidates, on the basis of the phenomenology of the interactions of dark and baryonic matter.
Stellar interiors are suitable environments to expect the production, accretion, and/or annihilation of dark matter (Raffelt and Dearborn, 1987; Córsico et al., 2001; Iocco, 2008; Isern and García-Berro, 2008; Scott et al., 2008; Taoso et al., 2008; Bertone, 2010; Córsico et al., 2012; Vinyoles et al., 2015; Isern et al., 2022), and the star life times are long enough to be affected by continous emission fluxes of dark matter from their interiors. Thus, the observables related to stars and stellar populations can be significantly modified when dark matter is introduced in the stellar models (Scott et al., 2008; Taoso et al., 2008; Casanellas and Lopes, 2011; Ayala et al., 2014). In particular, the observables related to the stellar structure, like the size of the convective and/or radiative regions, could change as a consequence of the energy carried away for the dark matter particles (Martins et al., 2017; Ayala et al., 2020).
As it has been demonstrated (Aerts et al., 2010), the stellar pulsations, studied by Asteroseismology, are critically affected by changes in the stellar structures, like those due to hypothetical dark matter particles. In this review we justify the use and explore the future prospects of Asteroseismology, as a tool to constrain the dark matter. The ongoing and future space missions, and surveys of pulsating stars, open a promising opportunity for Asteroseismology, in order to impose more accurate constraints on several dark matter models, improving the previous asteroseismic bounds derived from main sequence (Cadamuro and Redondo, 2010; Lopes and Silk, 2012; Turck-Chièze and Lopes, 2012; Redondo and Raffelt, 2013; Vinyoles et al., 2015) and evolved stars (Lopes et al., 2019; Ayala et al., 2020), as well as in WDs (Córsico et al., 2019, 2001). In addition, some theoretical predictions about the pulsations of exotic stellar objects, composed of dark matter, could be tested by means of future observations (Panotopoulos and Lopes, 2019; Lopes and Panotopoulos, 2020).
In this paper, we focus on the asteroseismic observables related to the stellar structures and discuss three dark matter candidates: weakly interacting massive particles (WIMPs), asymmetric dark matter (ADM), and weakly interacting slim particles (WISPs) like axions or dark photons. Concerning the latter particles, my collaborators and I have made some valuable contributions, constraining for the first time dark photon properties from the study of the pulsations of the red giant stars. We also recall that the techniques we discuss in this work are general enough to be applied to other particle models, apart from the aforementioned.
This review is organized as follows: in section 2 we explore the role of Asteroseismology in elucidating the internal structure of stars. Section 3 explains the effects of some dark matter candidates on the stellar evolution and structure and the way the asteroseismic observables have been used to constrain these effects. Finally we present a general discussion and prospects of future work in section 4.
2 ASTEROSEISMOLOGY AND STELLAR STRUCTURE
Asteroseismology, the study of stellar pulsations (Christensen-Dalsgaard, 2004; Aerts et al., 2010; Kurtz, 2022), is nowadays a powerful technique. Part of its success is due to space missions devoted to ultra-precise photometry like CoRoT (Baglin et al., 2006), Kepler (Koch et al., 2010) or TESS (Ricker et al., 2015). By means of asteroseismic techniques, stellar parameters are inferred with an uncertainty of up to 2% on the radius, 4% on the mass and 15% on the age for stars showing solar-like oscillations (Silva Aguirre et al., 2017). Moreover, Asteroseismology, enables us to pierce into the stellar interiors, giving a useful information about the extensions of the convective structures inside the stars, which could shade some light on the energy transport mechanism. About this last topic, it is worth mentioning that the period variation of the stellar pulsations have been proposed in order to study the size variation of the internal cavities of the stars, which is related to the convective transport, (Kurtz, 2022). Moreover, the measured change of periods of some white dwarfs has been proposed as a way to look into their radiative cooling mechanisms, constraining also some dark matter properties, like the mass of the axion (Isern and García-Berro, 2008; Isern et al., 2022).
Driven by different mechanisms of pulsation, from the stochastic to the classical cepheids one (Aerts et al., 2010), pulsating stars are spread throughout the Hertzsprung-Russell diagram, the distribution of pulsating stars on the L/L⊙ vs. Teff plane. The oscillation modes on solar-like and some giant stars form a clear structure where p modes of consecutive radial orders n and the same spherical degree l are separated by an almost constant frequency distance. As it was shown by previous research (Tassoul, 1990, 1980), the frequency pattern of these modes satisfy:
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where [image: image] is a constant of order unity and Δν is a periodic spacing known as the large separation. The large separation is defined as the inverse of the sound travel from the surface of the star to the core and back again, (Aerts et al., 2010)
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where c(r) stands for the sound speed. Alternatively, the large separation can be defined by means of the asymptotic formula:
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The term ϵnl in Eq. 1 gives rise to the small frequency separation, δνl, defined as
[image: image]
Whereas the large separation is sensitive to the radius, and therefore to the stellar mass at the main sequence, the small frequency separation is related to the core condensation and the stellar age (Aerts et al., 2010).
Finally, we defined the ratio of small separation and large separation as r02
[image: image]
The aforementioned quantities can be obtained from the periodograms of pulsating stars and are sensitive to the structure of stellar cores, in such a way that they can be used to constraint dark matter candidates. Among the previous studies which proposed to use the asteroseismic parameters to bound dark matter, we mention:
• Vinyoles et al. (2015), focused on the sound velocity profile, in the case of the Sun.
• Ayala et al. (2020) and Casanellas and Lopes (2013), about the large separation in evolved and solar-like stars, respectively. Casanellas and Lopes (2013) also regard the small separation in solar-like stars.
• Martins et al. (2017), focused on r02 parameter in solar-like stars.
• Córsico et al. (2019) and Isern and García-Berro (2008), which focus on the period variation of white dwarfs.
In the next sections we will review the bounds on dark matter from these observables. In particular we point out that changes in the large separation throughout the red giant branch could be produced by additional energy losses, related to a kind of dark matter candidate: dark photons. Besides the large separation, dark photon could also influence the luminosity of the RGB tip and bump phases, as we have proved in previous studies (Ayala et al., 2015; Ayala et al., 2020).
3 DARK MATTER MODELS AND STARS. CONSTRAINTS FROM ASTEROSEISMOLOGY
The role of stars as particle physics laboratories, or more specifically, as dark matter probes has attained an increasing interest in the last decades (Raffelt, 1999; Casanellas and Lopes, 2011). The main reasons are the possibility of constraining dark matter on the basis of their hypothetical influence on stellar structure and evolution. In addition, dark matter could drive the formation and evolution of stars (Turck-Chièze and Lopes, 2012) and therefore, to have a complete understanding of stars, it is mandatory to elucidate the hypothetical production or annihilation of dark matter, or the energy transported by it, inside stellar interiors.
Regarding the search of dark matter in stellar interiors, the Sun has been more studied than other stars, due to its proximity. However, with the advent and refinement of space missions and the improvements in photometry, the search of dark matter inside stars has extended to main sequence (Casanellas and Lopes, 2013), red giants (Ayala et al., 2020), and white dwarfs (Isern and García-Berro, 2008; Córsico et al., 2012). The forthcoming missions as HAYDN (Miglio et al., 2021), which aims to provide a large survey of the pulsating stars from both Open and Globular Clusters, or PLATO (Rauer, 2021), devoted to obtain ultra precise light curves of variable stars and planetary transits, will hopefully make possible to analyze more in detail the presence of dark matter in stars.
3.1 Constraints on the dark matter from solar-like and low mass stars
As the closest star, the Sun has been observed with a detail unavailable for other stellar objects. Besides optical, UV, and X-ray observational data, we have information about neutrino fluxes, gravity and acoustic measurements (Turck-Chièze and Lopes, 2012), as well as measurements of the magnetic activity. The study of the solar pulsations is the scope of the discipline called “Helioseismology”, which has motivated many observations to obtain precise data of the solar light curves (Domingo et al., 1995; Gabriel et al., 1995; Gabriel et al., 1997).
The Sun, a potential laboratory for discovering new particles, is the first target of IAXO (International Axion Observatory, described in Armengaud et al. (2014)), which is devoted to the detection of axions, a pseudoscalar, low-mass dark matter candidate (Peccei and Quinn, 1977; Wilczek, 1978). According to some models, axions can be produced inside the Sun by means of the Primakoff process (Vinyoles et al., 2015). Besides axions, other hypothetical light dark matter particles called dark or hidden photons (An et al., 2014) could carry away energy from the solar interior (Redondo and Raffelt, 2013).
Vinyoles et al. (2015) propose a global best-fit of solar models, neutrino observations and Helioseismology, in order to constrain axions and dark photons, both emitted from the solar interior. The changes in the sound speed profile can be used to discriminate among several axion and dark photon models at the solar internal regions (r/R ≤ 0.2). In particular the variations of the sound speed profile depend on the axion coupling to the photon, and are also influenced by the product of dark photon mass and dark photon-photon coupling (or kinetic mixing). From a detailed statistical analysis, considering two different solar compositions, Vinyoles et al. (2015) derive the constraint gaγ < 4.1 × 10–10 GeV−1 for the axion-photon coupling, and 1.8 × 10–12 eV for the product of dark photon mass and kinetic mixing, both at 3σ confident level.
In addition to the search of light dark matter candidates, the Sun has motivated several studies with the aims of constraining massive particles. For example, some authors looked for signatures of WIMPs (Weakly Interacting Massive Particles, with masses in the range of GeV) in the solar helioseismic data, as these particles could vary the local luminosity and sound speed in the Sun (Turck-Chièze and Lopes, 2012). The reason is, that even though the massive WIMPS can not be produced by thermal processes of the plasma, they can be accreted into the star cores, providing a certain density of dark matter in the vicinity of the star. Thus the massive WIMPs can annihilate with their antiparticles, releasing energy and changing the stellar evolution predicted by models without dark matter (Casanellas and Lopes, 2011).
A number of massive particle models, consider the existence of an asymmetry in the number of dark matter particles and antiparticles of dark matter. They are referred as ADM (Asymmetric Dark Matter) models in the literature (Gudnason et al., 2006; Lopes and Silk, 2012). An important feature of these theoretical treatments is that annihilation of the accreted particles is not so important or even excluded. Therefore the accretion of dark matter contributes more to the energy transport inside the stars than to the existence of an additional source of energy. As in the case of WIMPs models, most theoretical descriptions of ADM consider either the spin-independent or the spin-dependent interactions with baryonic matter.
The ADM models have been constrained successfully using asteroseismic observations and models of low mass stars (Casanellas and Lopes, 2013; Martins et al., 2017). As a consequence of the ADM energy transport in these stars, the models predict that the central temperature decreases, whereas the central density increases. Figure 1 shows these effects for models of KIC 8006161, a star with a mass of 0.92 M⊙, computed by Casanellas and Lopes (2013). The models were performed considering different values of ADM masses and ADM-baryon cross sections. The authors found that these changes of the central conditions of low mass stars could be used to impose constraints on ADM masses and cross sections, more stringent than the previously derived from the Sun (Taoso et al., 2010).
[image: Figure 1]FIGURE 1 | Theoretically predicted central temperature (upper panel, in MK), and density (lower panel, in g cm−3), of KIC 8006161 (0.92 M⊙). Notice the variations with respect to the asymmetric dark matter masses (mχ) and baryon-dark matter spin-dependent cross sections (log (σχ→p)). Taken from Casanellas and Lopes (2013).
A key point is that this additional energy transport, due to ADM, can reduce and eventually suppress the convective cores that appear in main-sequence stars in the mass interval 1.1 M⊙ − 1.3 M⊙, as it was also demonstrated by Casanellas and Lopes (2013) (see Figure 2, for the case of the star HD 52265 with a mass of 1.18 M⊙).
[image: Figure 2]FIGURE 2 | Upper (A): convective core radius (rcc) vs. star age, computed for two evolution models of the star HD 52265 (1.18 M⊙), one of them without dark matter (grey); the other considering the presence of asymmetric dark matter (ADM) with mass mχ = 5 GeV, cross-section 1.5 × 10–36 cm2, and a density ρx = 0.4 GeV cm−3 (blue). Notice that the convective core rapidly disappears at the beginning of the main sequence. Lower (B): HD 52265 models, at its estimated age, considering the action of ADM particles. The vertical axis is the logarithm of the spin-dependent baryon-dark matter cross section (log (σχ→p)), the horizontal axis is the dark matter particle mass (mχ). Only some values are compatible with the existence of a convective core (notice the transition between the white and the gray shaded area, defining the separation between the regions where the convective core is excluded or not). The blue point corresponds to the ADM model with the conditions of the upper panel. Taken by Casanellas and Lopes (2013).
The bounds derived on ADM by Casanellas and Lopes (2013) rely on the impact that the ADM energy transport has on the small frequency separation: a decrease of the predicted value of this observable, as it was obtained from the models of HD 52265 and KIC 8006161. They also verified this effect with models of the low-mass star α Cen B (0.93 M⊙), which they compared with asteroseismic observations of the small separation of this star. On the basis of this analysis, it was possible to exclude the values of the ADM cross section σ ≥ 3 × 10–36 cm2, for an ADM mass mχ ≃ 5 GeV, at 99% confidence level (see Figure 3).
[image: Figure 3]FIGURE 3 | Deviations of the observed and simulated (with ADM) small separation values of α Cen B (0.93 M⊙), in units of σ (color map). The deviations are plotted vs. the logarithm of the spin-dependent cross sections [image: image], and masses in GeV, two parameters of the asymmetric dark matter. The solid black line shows the two σ region. The dashed lines around the solid black one indicate the observational errors. Taken by Casanellas and Lopes (2013).
An interesting additional analysis, also focused on the ADM particles within the spin-dependent interaction models, was performed by Martins et al. (2017), a work which also discusses WIMP models with low annihilation. They derive bounds on ADM by means of the r02 parameter defined in Eq 5. The choice of r02 is motivated by the fact it is weighted towards the stellar core, and therefore r02 is more sensitive to the effects of ADM, which are stronger on this region (Martins et al., 2017). The authors used a careful calibration of the Sun, a less massive star, KIC 7871531 (0.85 M⊙), and KIC 8379927 a star more massive than the Sun (1.12 M⊙). An interesting point is that the simulations of energy transport, due to asymmetric dark matter, show that this process is more important in the less massive KIC 7871531 star than in the Sun. This is because of the lower mass and older age of the former, which implies that the energy transport is a larger fraction of the luminosity and that the star has accumulated ADM for longer. On the other hand, for the more massive star KIC 8379927 the energy transport is more efficient, whereas the accretion of ADM is less important than in the Sun and KIC 7871531, due to KIC 8379927 younger age. These outcomes implies different bounds on the ADM from each star. For instance for a mass of the ADM mχ = 5 GeV, r02 data exclude a cross section σ ≳ 6 × 10–36 for the Sun; σ ≳ 5 × 10–36 for KIC 7871531, and σ ≳ 4 × 10–36 for KIC 8379927.
3.2 Constraints on dark matter from evolved stars
In this section we discuss the constraints imposed by Ayala et al. (2020) on dark matter models from red giant branch stars. We focused on the dark photons, which can interact with the electromagnetic sector of the Standard Model, being produced by means of plasmon oscillations in the degenerate cores of red giant stars. These particles could carry away energy from the stellar cores, affecting the luminosities at the RGB bump and tip phases, as we have found before (Ayala et al., 2015).
In a previous work by Khan et al. (2018) the authors looked into the effect of introducing the core overshooting on the pulsation models of RGB stars at the bump, finding an increase of the average large separation. As both processes, core overshooting and dark photon emission, could affect the size of the internal core of the stars, we made the hypothesis that dark photons would increase the large separation too. Therefore, to check this hypothesis, we decided to simulate RGB stars at the bump phase, including the production of dark photons in the models, and to obtain the frequencies of pulsation and the large separation from each simulation. We computed a grid of stellar models with different initial star masses and allowing different values of dark photon masses (mV) and kinetic mixing (χ). As core overshooting could compete with the effect of dark photons, we also included this in some models of our grid.In order to characterize the frequencies and large separation of a sample of RGB stars at the bump phase, we used a catalogue of seismic data of RGB stars (Albareti et al., 2017) and the previous analysis of Khan et al. (2018). The observational data of the average large separation and the corresponding errors are represented by the black line at Figure 4. Our models prediction for large separation are represented by the color and color dashed lines, the latter considering the combined effect of overshooting and dark photon energy losses. We verified the increase of large separation with respect to the increase of the mass and the kinetic mixing of the dark photon, which drive the total amount of energy carried away by this particle (Redondo and Raffelt, 2013; Ayala et al., 2015; Ayala et al., 2020). As both processes, dark photon emission and overshooting, reinforce together on increasing the large separation, we were able to rule out several dark photon models, where even a minimum core overshooting implies a large separation beyond the observational 2σ limits (see Figure 4 and Figure 5). In particular, we excluded the models with mass 900eV and χ values 5 × 10–15, 7 × 10–15, and 9 × 10–15; mass 700eV and χ values of 7 × 10–15, and 9 × 10–15; and mass 500eV and χ of 9 × 10–15.
[image: Figure 4]FIGURE 4 | Variations of the large separation, Δν, vs. the initial mass M/M⊙ for a set of simulations of RGB stars, introducing the production of dark photon models. Black line correspond to the observations of the large separation. The different panels correspond to mV (dark photon masses) of 300 eV (upper left panel), 500 eV (upper right), 700 eV (lower left) and 900 eV (lower right). For each panel the solid lines correspond to models with kinetic mixing (χ) values of χ = 0 (red), χ = 2 × 10–15 (green), χ = 5 ×10–15 (blue), χ = 7 × 10–15 (magenta), and χ = 9 × 10–15 (yellow). Dashed lines correspond to stellar models with χ given by the same color code, but considering a moderate core overshooting, αov = 0.025. Taken from Ayala et al. (2020).
[image: Figure 5]FIGURE 5 | χ2 test values (given by σ (μHz)), of the theoretical large separation, when dark photons are introduced in the models, with respect to the RGB observations. The plot shows the variation of σ (μHz) vs. the dark photon kinetic mixing, χ. We consider dark photons and overshooting. The solid lines with squares represent the scenarios without overshooting, whereas the dashed with squares are the models combining dark photons and overshooting. The red solid line in the upper panel corresponds to models without dark photons nor overshooting, whereas the dashed red line in lower panel represents the overshooting models, without dark photons. The colors indicate dark photon masses of 300 eV (magenta), 500 eV (green), 700 eV (blue) and 900 eV (yellow). The observational 2σ errors are indicated by the black solid line.
With this study, we demonstrated that near the so-called RGB bump, dark photons production may be an energy sink for the star significative enough to modify the extension of the convective zones, in a way detectable with modern asteroseismic techniques. A follow-up of this study, taking into account the observational uncertainties, and where we expect to derive stronger bounds, is in progress.
3.3 Degenerate stars and new hypothetical objects
In case of the degenerate stars, white dwarfs are a good scenario for axion physics. These objects excite g-mode oscillations with a period well measured by several authors (Córsico et al., 2019; Kepler et al., 2021). According to previous research, the period drift of g-modes of some pulsating white dwarfs, that is, the rate of change of the pulsation period, can not be explained by means of the standard cooling mechanism, which invokes mainly photon and neutrino cooling processes. Therefore an excess in the rate of change of the period exists. This is the case of the pulsating WD G117-B15A (Figure 6), a ZZ Ceti object Isern et al. (2022); Córsico et al. (2019). For this white dwarf the discrepancy between the standard theory and the observations has been explained with the inclusion in the models of an additional cooling process, due to axion emission (Isern et al., 2022). If an additional axion cooling is included for G117-B15A, the energy, ϵeff changes, according to Eq 6.
[image: image]
[image: Figure 6]FIGURE 6 | Period drift, dΠ/dt in s/s, vs. ma cos2β (in meV) in G117-B15A: a plausible consequence of axion additional cooling (see text for details. Taken from Kepler et al. (2021).
Where ϵnu, ϵν and ϵa stand for the nuclear energy, neutrino and axion rates, respectively. ϵnu vanishes in general in the case of white dwarfs. Therefore, G117-B15A losses energy by means of the combined emission of neutrinos and axions, the latter with a rate proportional to the square of axion-electron coupling, gae
[image: image]
On the other hand, gae is proportional to the axion mass and the square of the cosine of a certain angle β (Córsico et al., 2019; Isern et al., 2022)
[image: image]
The more massive the axion is the larger is the axion emission, which speeds up the cooling process and increases the rate of change of period of the white dwarf. Using this axion cooling model and the period drift of G117-B15A, Isern et al. (1992) obtained an upper limit for the axion-electron coupling (gae ≤ 2.4 × 10–13), as well as for the product ma cos2β (ma cos2β ≤ 8.7 meV). Considering recent measurements of the period change ratio, and excluding the hypothetical effects on the light curve due to magnetic fields or planets, Kepler et al. (2021) give the values gae = 5.66 ± 0.57 × 10–13, and ma cos2β = 20 ± 2 meV. These are obtained from the theoretical curve of period drift vs. ma cos2β, computed using a complete asteroseismic model, and the observational value limits, as it is shown in Fig 6.
Concerning the constraints on dark matter from the Asteroseismology of more exotic objects, it is worth mentioning boson or axion stars (Hung-Hsu Chan et al., 2022). These are puzzling theoretical objects, predicted by some light dark-matter models, where Bose-Einstein condensate of axions is supposed to originate self-gravitant axion spheres, called axion stars. The theoretical non-radial pulsation power spectrum, originated by the tidal distorsion of the axion star due to a neutron star companion has been calculated in a recent paper (Panotopoulos and Lopes, 2019). This spectrum is derived assuming well-known asteroseismic model, compatible with the equation of state of the axion star, and should be characteristic of this kind of object. The spectrum is also potentially detectable, if the axion star interacts with the magnetic field of a companion, for instance a neutron star with a strong magnetic field, which enables the conversion of axions into photons.
4 DISCUSSION AND FUTURE WORK
The search of dark matter using Asteroseismology will become more important in next decades. Next generation missions, like PLATO (Martins et al., 2017; Rauer, 2021), or HAYDN (Miglio et al., 2021) will increase the volume of available data and will make possible the systematic study of stellar populations like those of the Globular Clusters. This will be a great opportunity to complement the previous constraints on dark matter from these stars, coming from photometry (Viaux et al., 2013; Ayala et al., 2014). Moreover, the increase of precision of the future asteroseismic surveys could find significative differences between the stars close to the halo of the Milky Way and those laying on the galactic plane, which could confirm or not the influence of dark matter on the internal processes of the halo stars.
The refinement of asteroseismic observations will impact the accurate description of the stellar interiors. The elucidation of the role played by convection in the overall energy transport of the stars, and the determination of the extensions of the convective structures are two goals of Asteroseismology, which, when fully accomplished, will impose bounds on several dark matter models.
In the next years, the increase of precision in the measurements of solar-like and giant stars pulsations will enable to impose constraints on light particle dark matter, which can be produced by thermal resonant processes in stars. These constraints will complement the direct and indirect search of WISPs (Weakly Interacting Slim Particles) like axions or dark photons (Jaeckel and Ringwald, 2010). In summary, Asteroseismology besides stellar models will be fundamental for the study of dark matter in the next decades.
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Rapid stellar rotation is an important phenomenon in stellar physics, particularly for massive and intermediate mass main-sequence stars. This affects all aspects of the star’s physics including its structure, evolution, and pulsations, and makes it necessary to use 2D numerical approaches rather than the 1D approaches typically used. In this contribution, we will review 2D numerical methods for modelling and interpreting pulsation modes in rapidly rotating stars. We will start by deriving the pulsation equations, both in an adiabatic and non-adiabatic setting, then provide a description of the 2D numerical implementation. We will then explain approximate implementations of the effects of rotation, namely first, second, and third order perturbative approaches, as well as the traditional approximation. This will then be followed by a description on how to calculate disk-integrated mode visibilities in various photometric bands, and how to apply this to mode identification in rapid rotators. Finally, we will review some of the recent works that interpret the pulsation spectra of various stars as viewed in either a single photometric band or in multiple bands, and including supplementary constraints from interferometry and spectroscopy.
Keywords: stars: pulsation, stars: rotation, stars: interior, stars: evolution, numerical simulations, stars: individual: µ Eridani, β Pictoris, Altair
1 INTRODUCTION
Much progress has been made in our understanding of stellar physics thanks to the advent of elaborate 1D numerical simulations of stars. The basic hydrostatic structure, energy transport, and essential stages of stellar evolution are understood. Nonetheless, the shortcomings of 1D spherically symmetric models are becoming increasingly apparent, particularly on a macroscopic scale. Indeed, rotation, convection, and transport processes remain poorly understood and require the use of higher dimensional simulations to be modelled correctly. In particular, rapid stellar rotation causes significant departures from spherical symmetry thanks to centrifugal distortion and gravity darkening, as confirmed by increasingly sophisticated observations such as those coming from interferometry (e.g., Domiciano de Souza et al., 2003; Monnier et al., 2007). Furthermore, it affects the evolution, lifetimes, and chemical yields of such stars (Meynet and Maeder, 2000) through transport processes caused by rotation-related instabilities. As can be seen in Figure 1, based on Royer, (2009), the majority of intermediate and high mass main sequence stars rotate rapidly. Accordingly, in order to describe such stars, it is necessary to use a 2D approach when modelling the structure, evolution, and pulsations of these stars.
[image: Figure 1]FIGURE 1 | Distribution of projected equatorial velocities, v sin i, as a function of stellar spectral type. As can be seen, there is a clear distinction between stars earlier than F0, and later type (solar-like) stars (Credit: F. Royer, based on Royer, 2009).
In the present contribution, we will focus on the 2D modelling and interpretation of stellar pulsations in rapidly rotating stars. Understanding such pulsations is one of the keys to understanding such stars and the effects of rotation, as it is currently the only way to probe their internal structure. However, rotation greatly complicates the pulsation spectra of these stars thus making them more difficult to decipher. In particular, correctly identifying modes, i.e., finding the match between observed and theoretically calculated pulsations, is a long-standing obstacle but also a prerequisite to detailed seismic investigations of such stars. Therefore, various strategies have been devised in order to overcome this obstacle as described below.
This contribution is organised as follows: Section 2 describes how to calculate stellar pulsations in rotating stellar models. More specifically, it briefly addresses rotating stellar models before explaining how to carry out 2D pulsation calculations, both in the adiabatic and non-adiabatic cases. It also describes approximate methods for including the effects of rotation, namely the perturbative approach and the use of the traditional approximation. Section 3 briefly describes some of the impacts of rapid rotation on stellar pulsations and introduces acoustic island modes. Section 4 describes some of the mode observables that may be used to help identify the observed modes, namely mode visibilities, amplitude ratios, and phase differences. Section 5 then provides a few recent examples of mode identification and seismic interpretation of rapidly rotating stars. Finally, Section 6 briefly concludes this paper.
2 CALCULATING STELLAR PULSATIONS
2.1 Rotating models
The equations describing stellar pulsations are obtained by perturbing the fluid dynamic equations around an equilibrium model of the star. Accordingly, in order to fully account for the effects of rotation, it is essential to have at one’s disposal an equilibrium model that fully takes into account the effects of rotation. In particular the effects of centrifugal acceleration on the hydrostatic equilibrium of the model are crucial for calculating pulsations, even when the adiabatic approximation is being made, i.e., where energy exchanges are neglected during the pulsations. This is expressed via the following relation:
[image: image]
where [image: image] is the fluid velocity field, ρ the density, P the pressure, Ψ the gravitational potential, and where we have neglected viscosity. The subscript “0” signifies that these are equilibrium quantities as opposed to perturbations resulting from oscillations (see following section). The velocity field is mainly caused by rotation and therefore takes on the expression [image: image], where Ω(s, z) is the rotation profile. Accordingly, the left-hand side of the above equation takes on the following expression:
[image: image]
where we have used cylindrical coordinates (s, ϕ, z) and their associated unit vectors for convenience. This expression is easily recognised as the centrifugal acceleration.
Various models fully take into account centrifugal deformation such as ROTORC models (Deupree, 1990; Deupree, 1995), Self-Consistent Field (SCF) models (Jackson et al., 2005; MacGregor et al., 2007), or Evolution STEllaire en Rotation (ESTER) models (Espinosa Lara and Rieutord, 2013; Rieutord et al., 2016). Another approach is to deform 1D (i.e., spherically symmetric) models by subsequently introducing the effects of the centrifugal acceleration. This approach was first proposed by Roxburgh, (2006) for arbitrary 2D rotation profiles. More recently, Manchon, (2021) applied a similar strategy for CESTAM models (Marques et al., 2013). The advantage of such an approach is the possibility of using highly sophisticated 1D stellar evolution models which take into account in a 1D formalism the horizontally-averaged effects of rotation (Meynet and Maeder, 2000; Palacios et al., 2003; Maeder, 2009; Marques et al., 2013).
If one wishes to take into account energy exchanges during the pulsations, i.e., carry out fully non-adiabatic pulsation calculations, it is necessary to deal with the energy conservation equation in a self-consistent way in the model itself. Taking these effects into account leads to baroclinic models, i.e., models where lines of constant pressure, density, and temperature do not coincide. Indeed, lines of constant pressure are determined by the hydrostatic equilibrium whereas lines of constant temperature depend on the propagation of energy inside the star, and typically tend to be more spherical. As a result, this leads to baroclinic flows, namely a non-conservative (i.e., non-cylindrical) rotation profile and meridional circulation. To show the link between non-cylindrical rotation and baroclinicity, one can take the curl of Eq. 1:
[image: image]
The right hand side of this equation differs from zero because lines of constant pressure and density do not coincide, and thus leads to a vertical gradient of the rotation profile. Figure 2 illustrates a differential rotation profile and meridional circulation resulting from baroclinic effects1, obtained in an ESTER model. This in turn causes various instabilities, turbulence, and transport processes. Currently, the only models where the energy equation and baroclinic effects are taken into account in a fully 2D setting are ESTER models. In 1D models such as those from the Geneva code, STAREVOL, or CESTAM, this is achieved in a horizontally-averaged rather than local way based on the assumption of anisotropic turbulence and mixing (Zahn, 1992).
[image: Figure 2]FIGURE 2 | Differential rotation (A) and meridional circulation (B) as a result of baroclinic effects in a 2 M ESTER model rotating at 0.6 Ωk (see also Espinosa and Rieutord 2013, and Rieutord et al., 2016 for similar plots).
Having briefly described the rotating models at our disposal, we now turn our attention to the pulsation calculations themselves.
2.2 Adiabatic analysis
As a first step, it is simpler to calculate stellar pulsations using the adiabatic approximation, i.e., to neglect energy exchanges (primarily in the form of heat) during the pulsations. When rotation is present, various effects must be taken into account. Firstly, the centrifugal deformation must be taken into account, typically through the use of surface-fitting spheroidal coordinates in the pulsation equations. Indeed, using such coordinates are necessary in order to maintain accuracy when imposing boundary conditions. Figure 3 illustrates a multi-domain surface-fitting coordinate system in an ESTER model. Secondly, the Coriolis acceleration intervenes in the oscillatory motions. In some cases such as inertial modes, it is the restoring force and thus the reason for their existence. Putting this together leads to the following set of equations in an inertial frame:
[image: image]
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where Eq. 4 corresponds to the continuity equation, Eq. 5 to Euler’s momentum equation, Eq. 6 to the adiabatic relation, and Eq. 7 to Poisson’s equation. Quantities preceded by δ correspond to Lagrangian perturbations, and quantities with a prime to Eulerian perturbations. The operator [image: image] denotes the Lagrangian time derivative, [image: image] the Lagrangian displacement, [image: image] the effective gravity (i.e., including both gravity and the centrifugal acceleration), Γ1 the first adiabatic exponent, and G the gravitational constant. We note that Eq. 5 is obtained by taking the Lagrangian perturbation of Euler’s momentum equation (e.g., Lynden-Bell and Ostriker, 1967), and rearranging some of the terms thanks to the hydrostatic equilibrium (Eq. 1).
[image: Figure 3]FIGURE 3 | Multi-domain coordinate system (A) and rotation profile (B) in the best fitting model for Altair from Bouchaud et al. (2020) (see also Rieutord et al., 2016 for a similar plot involving a 3 M⊙ rotating model).
When studying pulsation modes, one assumes a harmonic time dependence of the form exp(iωt), where ω corresponds to the pulsation frequency. Furthermore, although the star is no longer spherically symmetric because of centrifugal deformation, it is still symmetric around the rotation axis. As a result, pulsation modes have an azimuthal dependence of the form exp(imϕ), where m is the azimuthal order. This can be used to rewrite the left-hand side of Eq. 5:
[image: image]
where [image: image] is the rotation vector. The above dependencies on t and ϕ lead prograde modes (i.e., modes that travel in the same direction as stellar rotation) to having negative m values and retrograde modes to having positive m values. This could be described as the “retrograde convention”. Some authors, notably in helioseismology, prefer the opposite convention (i.e., prograde modes have positive m values—we will call the “prograde convention”) and therefore introduce a time dependence of the form exp(−iωt) (while maintaining an azimuthal dependence of the form exp(imϕ)). With such a convention, the occurrences of [image: image] would need to be replaced by (−ω + mΩ) in the above expression.
The right-hand side of Eq. 5 can also be re-expressed in terms of the Lagrangian perturbations to pressure and density, thus leading to:
[image: image]
The last term in the alternate formulation is particularly interesting as it only appears in baroclinic models. In barotropic models, [image: image] and [image: image] are parallel thus causing the term to vanish.
Various boundary conditions must be added to the above equations to ensure the solutions are regular in the centre, the Lagrangian pressure perturbations vanish at the surface, and the perturbations to the gravitational potential vanish at infinity. This leads to a generalised eigenvalue problem where the pulsation frequency is the eigenvalue, and the pulsation mode the eigenfunction. This problem must then be solved numerically as described in the next section.
2.2.1 Numerical implementation
Various steps must be carried out before implementing the above equations numerically. The first step is to express them explicitly in a suitable coordinate system, typically surface-fitting spheroidal coordinates as described above. For instance, the continuity equation expressed in the coordinate system used in Reese et al. (2006) is:
[image: image]
where (ζ, θ, ϕ) designates the spheroidal coordinate system, r the distance from the centre, and [image: image]. Usually, such a coordinate system is non-dimensionalised so that ζ = 1 corresponds to the stellar surface.
The next step is to discretise the equations. This can be subdivided into two parts. The first is the horizontal discretisation. Two options exist: using finite-differences or projecting onto the spherical harmonic basis. Various authors have used finite differences2 (e.g., Clement, 1998; Espinosa et al., 2004; Lovekin and Deupree, 2008). However, many authors nowadays prefer to project the equations onto the spherical harmonic basis in order to improve the accuracy (this amounts to applying a spectral method based on spherical harmonics). This projection takes place in two steps. First the unknowns are expressed as a sum of spherical harmonics, e.g.:
[image: image]
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where [image: image], [image: image], [image: image], and [image: image] are unknown radial functions, [image: image] the spherical harmonic of harmonic degree ℓ′ and azimuthal order m, and [image: image] vectorial spherical harmonics3 given by the following expressions:
[image: image]
[image: image]
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[image: image] being a vector basis suitable for the spheroidal coordinate system. As can be seen, the sums in Eqs 11, 12 are only carried out over the harmonic degree ℓ′ and not over m, since the different azimuthal orders are decoupled as a result of the symmetry around the rotation axis (hence the reason why modes are proportional to exp(imϕ)). Furthermore, in practice, the sums are truncated at a maximal harmonic degree, ℓmax. Then the equations are projected onto the spherical harmonic basis by calculating the dot product between the equation and the complex conjugate of successive spherical harmonics (or vectorial spherical harmonics in the case Euler’s momentum equation), and integrating the result over 4π steradians. For the continuity equation, this would yield:
[image: image]
where the coupling integral operator, [image: image], is defined as follows for a generic function G(ζ, θ):
[image: image]
in which dΩ is a solid angle element, and where we have made use of the following spherical harmonic identity:
[image: image]
By varying ℓ from |m| to ℓmax, i.e., by projecting the continuity equation onto spherical harmonics of successive degrees, and applying the above methodology to the entire system, Eqs 4–7, we end up with a large system of 1D differential equations which depends on the pseudo-radial variable ζ, the solution of which yields the unknown radial functions introduced above. Due to the symmetry with respect to the equatorial plane, only even or odd harmonics intervene in this system (apart from the [image: image] functions which typically have the opposite parity).
The second part is the radial discretisation, i.e., according to radial variable ζ. Once more, different options exist and are typically chosen to suit the equilibrium model. A number of authors use finite differences (e.g., Clement, 1998; Lovekin and Deupree, 2008; Ouazzani et al., 2012; Reese et al., 2013). We note that the finite difference scheme used in Ouazzani et al. (2012), first introduced by Scuflaire et al. (2008), is very stable and achieves a 4th order accuracy using only two consecutive grid points at a time, thanks to the use of equilibrium quantities and their radial derivatives. Reese et al. (2013) used a different 4th order scheme which is stable to mesh drift, makes use of superconvergence, and does not require the radial derivatives of equilibrium quantities (see Reese, 2013, for a derivation of the scheme). The main advantage of using finite differences is their high flexibility in the choice of the underlying grid which can be essentially arbitrary. Accordingly, grids that are dense near the surface can be used to resolve acoustic modes in that region as well as rapid variations in the Γ1 profile. Grids with a higher density of points in the central regions of the star will be more suitable for gravity modes.
The second option for the radial discretisation is using spectral methods, i.e., where the solutions are decomposed over a function basis for which the analytical derivatives are known. Various authors use spectral methods based on Chebyshev polynomials (e.g., Rieutord and Valdettaro, 1997; Lignières et al., 2006). The main advantage of spectral methods is their high accuracy (provided the calculations have converged). However, unlike for finite differences, the choice of grid is imposed by the spectral method. Hence, there is little freedom to increase the grid density in a specific region of the star. To overcome this limitation, one may apply a multi-domain approach. For instance, ESTER models are cut up into a number of concentric spheroidal domains in which a Chebyshev spectral method is applied (e.g., Rieutord et al., 2016). Interface conditions are applied between the domains in order to ensure the continuity of various quantities such as the pressure. Likewise, pulsation calculations using these models also apply a multi-domain spectral approach (Reese et al., 2021). With such an approach, one can set up a thin domain near the surface with a high resolution that captures rapid variations in the model and in the pulsation modes.
Once the problem has been discretised, it takes on the form of an algebraic generalised eigenvalue problem:
[image: image]
where [image: image] and [image: image] are matrices, [image: image] the eigenvector (containing all of the variables relevant to the pulsation mode), and ω the associated frequency. Such problems can be solved either using a QR decomposition4 which searches for all of the eigensolutions (but typically this would be too costly numerically for even a moderate resolution), or an iterative method that searches for a limited number of solutions around target frequencies. Iterative methods include the simple power method or more sophisticated approaches such as the Arnoldi-Chebyshev method which applies a QR decomposition on a reduced matrix representative of the original matrix. However, given that these methods find the eigenvalues with the largest absolute value, a shift-invert strategy must first be applied in order to transform the above eigenvalue problem into an equivalent problem where the largest eigenvalues in the new formulation correspond to those closest to a given target, σ, in the original problem:
[image: image]
The original eigenvalues are then deduced from the eigenvalues μ via the relation [image: image].
A number of authors have carried out adiabatic oscillation calculations using a 2D approach to fully account for the effects of rapid rotation. Clement studied acoustic and gravity modes in N = 1, 2, and 3 polytropic uniformly rotating models, as well as 15 M⊙ uniformly rotating models, appropriate for β Cep pulsators, using a full 2D finite-difference method (Clement, 1981; Clement, 1998) as well as a method based on the variational principle and involving approximate eigenfunctions (Clement, 1984; Clement, 1986; Clement, 1989). Later on, Espinosa et al. (2004) developed a finite-difference code5 called OMASS2d in which the system of pulsation equations is reduced to a single equation thanks to a number of approximations (Cowling approximation, neglect of Coriolis force, neglect of Brunt-Väisälä frequency). He used this code to study acoustic pulsation modes in uniform density models and realistic models. Lovekin and Deupree, (2008) used Clement’s pulsation code (called NRO for “Nonradial Oscillation code”) to study pulsation modes in 10 M⊙ uniformly rotating ZAMS models based on the 2D stellar evolution code ROTORC (Deupree, 1990; Deupree, 1995). They went on to extend this work to 10 M⊙ models with a nonuniform cylindrical rotation profile (Lovekin et al., 2009). Meanwhile, a new 2D approach based on spectral methods was being developed starting with Lignières et al. (2001). This led to the development of the TOP (Two-dimensional Oscillation Program) pulsation code as well as accurate calculations of acoustic pulsation modes in uniformly rotating N = 3 polytropic models, first without (Lignières et al., 2006) then with the Coriolis force (Reese et al., 2006). This allowed Reese et al. (2006) to establish validity domains for third-order perturbative methods. TOP was subsequently extended to models based on the SCF method which have cylindrical differential rotation (Reese et al., 2009) then to models based on the ESTER code with full 2D rotation profiles (Reese et al., 2021). Ballot et al. (2010) used TOP to study gravity modes in polytropic models and to establish the corresponding validity domains. Later on, Ouazzani et al. (2012) developed the ACOR pulsation code and compared its results with those from TOP. In Ouazzani et al. (2015), they then went on to study acoustic and gravity pulsation modes in a 2 M⊙ model with a radial (or shellular) differential rotation, obtained using the centrifugal deformation code from Roxburgh, (2006).
In addition to these works, there are a number of studies focusing on oscillations of rapidly rotating neutron stars. These have made use of polytropic models (e.g., Ipser and Lindblom, 1991; Yoshida and Eriguchi, 1995; Stergioulas et al., 2004) as well as realistic neutron star models (e.g., Yoshida and Eriguchi, 1999; Ferrari, 2005). A key difference when calculating pulsations in polytropic neutron star models is the fact that the polytropic and adiabatic exponents are kept the same, whereas they typically differ for classical stars. Some of the important goals in studying such oscillations include determining the stability of neutron stars with respect to gravitational-wave radiation which may help to limit their rotation rate (e.g., Ipser and Lindblom, 1991; Yoshida and Eriguchi, 1995), and testing the equation of state (e.g., Ferrari, 2005). Some authors have also inspected mode damping due to mass-shedding at near-critical rotation rates, thus requiring the use of time evolution simulations of pulsating neutron stars (e.g., Stergioulas et al., 2004). Such simulations typically yield less accurate pulsation frequencies since these depend on the time span covered by the simulation, but are able to take into account in a straightforward way non-linear effects including amplitude saturation, mode coupling, and pulsation-induced mass-shedding.
2.2.2 Variational principle
Given the complexity of the pulsation calculations in the presence of rapid rotation, it is important to check the accuracy of the calculations. One way of achieving this is by recalculating the frequencies thanks to a variational formula. Such a formula may be obtained by calculating the dot product of Euler’s momentum equation and the complex conjugate of the Lagrangian displacement field, [image: image], integrating over the star’s volume, and rearranging the various terms thanks to integration by parts and other manipulations (see, e.g., Appendix B of Reese et al., 2021, for a full derivation). This leads to a second order equation in ω of the form:
[image: image]
where [image: image] is an operator associated with the Coriolis force, [image: image] an operator representing a combination of other fluid dynamic terms, and where we have introduced the following dot product:
[image: image]
[image: image] and [image: image] being two displacement fields, and {.}* denoting the complex conjugate of a quantity. Solving Eq. 21 then leads to an independent estimate of the pulsation frequency which furthermore benefits from the variational principle. Indeed, as was shown in Lynden-Bell and Ostriker, 1967 in a very general case, the fluid dynamic operators are symmetric with respect to the above dot product. One of the consequences of this is that a small variation or error on the displacement field, [image: image], leads to a second order error on the variational frequency thus obtained:
[image: image]
As a result, this property has been used to check the accuracy with which pulsation modes have been calculated or to increase their accuracy, both in the 1D non-rotating case (e.g., Christensen-Dalsgaard, 1982; Christensen-Dalsgaard and Mullan, 1994), and 2D rapidly rotating case (e.g., Reese et al., 2006; Reese et al., 2021). Some authors have used this as a means of calculating pulsation frequencies by assuming an approximate analytical form for the eigenfunctions (e.g., Clement, 1984; Clement, 1986; Clement, 1989).
2.3 Non-adiabatic calculations
Although adiabatic pulsation calculations have the advantage of being simpler yet sufficiently realistic to provide accurate pulsation frequencies, they also have various disadvantages compared to non-adiabatic calculations. Indeed, it is only possible to calculate damping or growth rates and to predict which modes are unstable with non-adiabatic calculations. Furthermore, accurate perturbations of the effective temperature, which are essential for correctly calculating mode visibilities and associated amplitude ratios, may only be obtained in a non-adiabatic context.
In order to carry out non-adiabatic calculations, one must replace the adiabatic relation by a perturbed version of the energy equation:
[image: image]
where T corresponds to temperature, S to entropy, ϵ to energy generated via nuclear reactions, and [image: image] the energy flux. The energy flux may be decomposed into a radiative, [image: image], and convective flux, [image: image]. The perturbed radiative energy flux may be obtained by perturbing the radiative transfer equation:
[image: image]
where κ is the opacity and [image: image] the radiation constant, σ being the Stefan-Boltzmann constant and cl the speed of light. The perturbed convective flux is usually neglected in what is generally known as the frozen convection approximation. To these equations must be added perturbed equations of state and of opacity.
There are relatively few works on non-adiabatic pulsation calculations in rapidly rotating stars using a fully 2D approach. Lee and Baraffe, (1995) devised a first approach involving a perturbative modelling of the centrifugal distortion and a two-term expansion of the pulsation modes over the spherical harmonic basis. This has been followed by various works using a larger number of spherical harmonics when calculating the pulsation modes (e.g., Lee, 2001). In a particularly interesting study, Lee, (2008) compares this approach with an approach based on the traditional approximation (Section 2.5) and finds that in full 2D calculations low frequency retrograde modes tend be damped, in contrast with what is obtained using the traditional approximation. More recently, Savonije, (2007) studied the non-adiabatic tidal response of a 20 M⊙ stellar model using a 2D finite difference scheme. The effects of the Coriolis force were included whereas those of the centrifugal force were neglected. Finally, Reese et al. (2017a) devised a non-adiabatic version of the TOP code, applicable to 2D models from the ESTER code. This approach has the advantage of using models in which the energy equation is satisfied in a 2D context. It also takes into account the baroclinic structure of the model and differential rotation.
2.3.1 Work integral
As was done above in the adiabatic case, one can once more calculate the dot product of Euler’s momentum equation with [image: image], integrate over the volume, and rearrange the various terms. This leads to an equation that is analogous to Eq. 21, except that the terms involved are now complex. This equation can be separated into a real and imaginary part. The real part once more provides an independent formula for the frequency. However, it does not benefit from the variational principle since the non-adiabatic terms in the fluid operators are not symmetric with respect to the dot product defined in Eq. 22. The imaginary part provides an integral expression for the damping/excitation rate and corresponds to what is commonly known as the work integral:
[image: image]
where τ is the excitation rate, and where
[image: image]
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[image: image]
where [image: image] corresponds to the imaginary part of a given complex quantity. As can be seen from the above expression, excitation or damping occurs when there is a phase shift between the Lagrangian pressure and density perturbations, as can be expected from the thermodynamic identity δW = −PdV.
The work integral is useful for pinpointing what parts contribute to mode excitation or damping. In particular, by looking at what temperatures excitation occurs, it is possible to narrow down which chemical elements are responsible for the underlying κ-mechanism. Figure 4 shows various work integrals for a multiplet of modes in a 9 M⊙ ESTER model rotating at 0.3 ΩK. As can be seen in this plot, only the most retrograde mode (m = 3) is damped and the other modes are excited. As the rotation rate increases in the model, all of the modes in this multiplet are progressively damped starting with the retrograde modes first. Inasmuch as this multiplet is representative of pulsation modes in β Cep stars, one can expect to see more prograde modes excited than retrograde modes, as seems to be confirmed by observations (e.g., Balona, 2000).
[image: Figure 4]FIGURE 4 | Work integrals for a set of modes from the same multiplet, in a 9 M⊙ ESTER model rotating at 0.3 ΩK. Integration has already been carried out along the horizontal directions, only leaving the radial direction as shown in this plot. The left of the plot corresponds to the centre of the star, whereas the right corresponds to its surface. Only the most retrograde mode (m = 3) is damped, i.e., its work integral is negative at the surface (taken from Reese et al., 2017a).
2.4 Perturbative analysis and its limits
An alternate approach for calculating the effects of rotation on stellar pulsations is to apply a perturbative approach. In this approach, the rotation rate, or more specifically the ratio of the rotation rate to the Keplerian break-up velocity ϵ = Ω/ΩK where [image: image] and Req is the equatorial radius, is treated as a small parameter and the pulsation modes and frequencies are expanded into a series expression in terms of this parameter. The advantage of this approach is that the successive terms at each order are solutions to 1D problems thus reducing the numerical cost. Furthermore, it establishes a clear link between the solutions in the non-rotating case, which are thus the zeroth order solutions, and the solutions in the rotating case, thereby naturally extending the mode labelling, i.e., quantum numbers, from the former to the latter. As described in Mirouh (this volume—see also Mirouh et al., 2019), mode labelling is far from trivial when considering pulsations modes calculated using a 2D approach.
Historically, perturbative methods have been applied to first, second, and third order. Frequencies thus take on the following expression:
[image: image]
where the various coefficients C, D1, D2, T1 and T2 come from the different order methods, and ω0 corresponds to the pulsation frequency in the non-rotating case. In general, due to the symmetry of the pulsation equations with respect to the ϕ = 0 meridional plane, the coefficients of even powers of Ω are even functions of m, and those of odd powers are odd functions (Reese et al., 2006).
Ledoux (1951) came up with a first order integral expression of the effects of rotation which takes into account both mode advection by rotation and the effects of the Coriolis force. The latter is typically represented by a mode-dependent coefficient, C, known as the Ledoux constant. This expression, initially derived for a uniform rotation profile, was subsequently generalised to profiles that depend on the radial coordinate alone (e.g., Gough, 1981; Christensen-Dalsgaard et al., 1990), and on the radial coordinate and colatitude (e.g., Schou et al., 1994). It has been used to probe rotation profiles of slowly rotating stars starting with the Sun (e.g., Schou et al., 1998; Thompson et al., 2003; Hatta et al., 2019).
To go to higher rotation rates, second order methods have been derived (e.g., Saio, 1981; Gough and Thompson, 1990; Goode and Thompson, 1992). Compared to first order methods, this approach has the added difficulty of including first order effects of the centrifugal deformation of the model (which scales as [image: image]) as well as first order perturbed eigenfunctions (as opposed to just the perturbed frequency, see e.g., Saio, 1981). Such an approach leads to departures from uniform rotational splittings, even for uniform rotation profiles. Another phenomenon which intervenes is the effects of avoided crossings, also known as near-degeneracies. As shown in Suárez et al. (2010), such effects start to play an important role on the pulsation frequencies.
Only few authors have ventured to third order methods (Soufi et al., 1998; Karami, 2008). To achieve such high orders, these methods include the first order rotation effects into the zeroth order solution, and third order effects into the second order solution. This avoids having to calculate eigenfunction perturbations for successive powers of ϵ. Furthermore, it was necessary to introduce a second small parameter, namely [image: image] the ratio of the Coriolis to the pulsation frequency. This parameter is indicative of the impact of Coriolis force on pulsations and is particularly relevant to low frequency modes such as gravity and inertial modes. In contrast, the former parameter, ϵ = Ω/ΩK, is characteristic of the amount of centrifugal deformation of the star and is thus relevant to acoustic modes. Figure 5 (adapted from Goupil and Talon, 2002) shows the μ-ϵ domains associated with various classes of pulsating stars. As can be seen, large values6 of ϵ and μ are reached by these classes of stars, thus raising the question as to the validity of perturbative methods for these stars.
[image: Figure 5]FIGURE 5 | (A, B) Domains covered by various classes of pulsating stars in a μ-ε diagram. Panel (A) also shows the region corresponding to the sub-inertial regime (see Section 3.1). Panel (B) is a zoom of panel (A) and shows validity domains of perturbative methods of various orders using error bars of 0.1 μHz for acoustic pulsation modes superimposed on the domains of the different classes of pulsating stars. The various curves correspond to individual pulsation modes for a range of rotation rates: the green, cyan, and red sections correspond to the portions where first, second, and third order perturbative methods are valid. The black sections show where full 2D calculations are needed. (adapted from Goupil and Talon, 2002 and Reese, 2006).
In order to answer this question, Reese et al. (2006) carried out full 2D calculations of acoustic pulsation modes in rapidly rotating polytropic models. They then fitted polynomial functions to the frequencies thus obtained in order to mimic perturbative calculations. This enabled them to come up with validity domains for perturbative methods of various orders. A similar analysis was carried out by Burke et al. (2011) using realistic models from the ASTEC code (Christensen-Dalsgaard, 2008) and including a perturbative description of their centrifugal deformation. Ballot et al. (2010) subsequently applied a similar method to gravity modes in polytropic models, thus extending the validity domains to low frequencies. Figure 6 shows such validity domains for a polytropic model of a typical A-type star. The error bars used to define these domains are 0.1 μHz (which corresponds to 116 days of observation, as based on the Rayleigh criterion).
[image: Figure 6]FIGURE 6 | Validity domains for perturbative methods of various orders. Green, cyan, and red curves correspond to the domain where first, second, and third order methods reproduce full 2D calculations to within an error bar of δω = 0.1 μHz. The purple line labelled ω = 2Ω delimits sub-inertial gravito-inertial modes (below) from the super-inertial modes (above). The blue line shows the expected frequency threshold that comes from neglecting centrifugal deformation (see text for details). (Material from: Ballot et al., 2013).
It is interesting to note that at high frequencies, the validity domains of perturbative methods shrink. This is because the wavelength of acoustic pulsation modes is smaller at these frequencies, and thus these modes are more sensitive to the centrifugal deformation. In first order perturbative methods, the centrifugal deformation is neglected entirely, thus leading to a relative error on the pulsation frequency, δω/ω, that scales as the flattening of the star, [image: image], where Req and Rpol are the equatorial and polar radii, respectively. If we use an error bar of δω = 0.1 μHz, this leads to the blue curve shown in Figure 6.
Likewise, at low frequencies, the validity domains of perturbative methods become smaller. This is due to the increasing influence of the Coriolis force on the pulsations, as can be seen by the ratio between the pulsation and rotation periods. Also shown in this plot is the curve ω = 2Ω, which marks the separation between sub- and super-inertial modes. As can be seen, it correlates nicely with the validity domains for gravito-inertial modes.
2.5 Traditional approximation
Another approximate approach to calculating stellar pulsations in the presence of rapid rotation is to apply what is known as the traditional approximation. In this approach, the horizontal component of the rotation vector, [image: image], is neglected. If furthermore, the centrifugal distortion is neglected, and the Cowling7 and adiabatic approximations are made, then the pulsation equations become separable in r and θ. Specifically, the horizontal parts of the pulsation modes are no longer described by spherical harmonics but by Hough functions, which are the solutions to the eigenvalue problem known as Laplace’s tidal equation. The associated eigenvalues correspond to the horizontal wavenumber.
The traditional approximation was first introduced in the context of stellar pulsations by Berthomieu et al. (1978), thus enabling them to obtain asymptotic expressions for the frequencies of gravity modes in rotating stars. Since then, other authors have also applied the traditional approximation (e.g., Lee and Saio, 1987; Savonije et al., 1995; Bildsten et al., 1996; Townsend, 1997; Bouabid et al., 2013). Townsend, (2003b) carried out an extensive asymptotic analysis of the behaviour of Hough functions and provided a classification of gravito-inertial modes. Ballot et al. (2012) showed that the period spacings of gravito-inertial modes predicted by the traditional approximation are a close match to those from full 2D calculations, apart from some cases where the centrifugal deformation causes a slight mismatch.
Savonije et al. (1995) showed how to generalise the traditional approximation to non-adiabatic calculations. This approach was subsequently used by Townsend, (2003a) when calculating the disk-integrated visibilities of pulsation modes and by Townsend, (2005) and Bouabid et al. (2013) when studying the instability domains of slowly pulsating B stars and γ Doradus stars. Lee, (2008) compared non-adiabatic calculations based on the traditional approximation with those based on full 2D calculations. He showed that retrograde g-modes are unstable when applying the traditional approximation, but stable when applying a 2D approach. Mode coupling and centrifugal deformation play a role in stabilising these modes.
3 IMPACT OF RAPID ROTATION ON STELLAR PULSATIONS
Having described how to calculate pulsation modes in the presence of rapid rotation, we now briefly look at some of its effects on stellar pulsations. For a more complete review of these effects, in particular on mode frequencies, geometry, and classification, we refer to the review by Mirouh (this volume).
3.1 General effects
One of the first impacts of rotation on pulsation frequencies is to lift the degeneracy between modes with the same radial order, n, and harmonic degree, ℓ, but different azimuthal orders, m. Hence, a frequency multiplet composed of 2ℓ + 1 frequencies appears where there was only a single frequency. This is a simple consequence of first order perturbative effects (Eq. 29). For rotation profiles that do not depend on θ, the frequencies in a multiplet are evenly spaced (to first order). Such a spacing is known as the rotational splitting. As the rotation rate increases, the multiplets become uneven as was already pointed out in Section 2.4. They also start to overlap thus leading to a complex spectrum. Progressively, a new frequency organisation emerges.
At this point, it is useful to distinguish between acoustic modes, which typically have high frequencies, and gravity modes at low frequencies. At rapid rotation rates, acoustic modes subdivide into several classes of pulsation modes each with its own frequency organisation and characteristic mode geometry, as was shown by Lignières and Georgeot, 2008 and Lignières and Georgeot, 2009 using ray dynamics. These include acoustic island modes, chaotic modes, and whispering gallery modes. Probably, the most important of these different classes when it comes to interpreting observed pulsations are acoustic island modes, as described below.
In the rotating case, gravity modes subdivide between modes in the super-inertial regime (ω > 2Ω) and those in the sub-inertial regime (ω < 2Ω). Those in the super-inertial regime keep a mode geometry which is similar to that of their non-rotating counterparts. A notable exception are the “rosette” modes discovered by Ballot et al. (2012). These have a non-separable geometric structure and cannot be described correctly using the traditional approximation (see Figure 7). Modes in the sub-inertial regime are affected by forbidden regions which appear around the poles. Indeed, above and below the critical latitudes8 ±Θc, where Θc = arcsin[ω/(2Ω)], gravito-inertial waves are evanescent and are thus confined to the equatorial region (e.g., Dintrans and Rieutord, 2000; Townsend, 2003b). If centrifugal deformation is taken into account, this boundary takes on a more complex shape (Ballot et al., 2010). Furthermore, the period spacings of gravity modes go from being uniform in the non-rotating case to following well-defined functions which depend on the pulsation period, harmonic degree, ℓ, and azimuthal order, m. This result was first predicted thanks to the traditional approximation before being confirmed by 2D pulsation calculations (Ballot et al., 2012; Ouazzani et al., 2017).
[image: Figure 7]FIGURE 7 | Meridional cross-section of a rosette mode in an SCF model rotating at 70 % of the critical rotation rate (Credit: Resse (2013), reproduced with permission © ESO).
Finally, we note the emergence of inertial modes at low frequencies, for which the Coriolis acceleration acts as the restoring force. These can be subdivided into modes with a singular structure in the ideal inviscid limit as they focus around wave attractors (e.g., Rieutord and Valdettaro, 1997; Dintrans et al., 1999; Baruteau and Rieutord, 2013; Mirouh et al., 2016), thus potentially playing an important role in tidal dissipation (e.g., Ogilvie, 2009; Rieutord and Valdettaro, 2010), and modes with a more regular structure such as r-modes (e.g., Papaloizou and Pringle, 1978; Saio, 1982; Rieutord, 2001; Lee, 2006). Recently, Ouazzani et al. (2020) studied mixed modes which take on an inertial characteristic in the convective core and a gravito-inertial behaviour above. These lead to kinks in the period separation relation described above and have been observed in some stars (Saio et al., 2021).
3.2 Acoustic island modes
Among the different types of acoustic modes, island modes are particularly important. Indeed, these are the rotating counterparts to low degree modes and are thus typically the most visible of the acoustic modes. Accordingly, they are likely candidates to explain some of the pulsations observed in rapidly rotating stars. As shown in Figure 8, these modes focus around periodic ray orbits that start at mid-latitudes and go around the equator.
[image: Figure 8]FIGURE 8 | Meridional cross-section of an acoustic island pulsation mode in a 2 M⊙ ESTER model rotating at 0.7 ΩK. The underlying periodic orbit is indicated by the solid black line. The quantum numbers [image: image] and [image: image] correspond to the number of nodes in the directions that are indicated on the plot.
Various authors have studied their pulsation spectra starting with Lignières et al. (2006). In Reese et al. (2009), the following empirical formula was obtained (after taking into account into account the fact that the frequencies depend on [image: image] rather than m):
[image: image]
where [image: image], and [image: image] are quantum numbers specific to island modes (Figure 8). Reese et al. (2008) and Mirouh et al. (2019) showed that the pseudo-large separation9, [image: image], that intervenes in this formula roughly scales with the mean density of the star (Figure 9). This theoretical prediction was subsequently confirmed thanks to δ Scuti stars in binary systems (García Hernández et al., 2015). Lignières and Georgeot, (2008) and Lignières and Georgeot, (2009) showed that the large separation (or twice the pseudo-large separation) is the inverse of the time it takes for an acoustic wave to travel along the underlying ray orbit from one end to the other (Figure 8).
[image: Figure 9]FIGURE 9 | Large frequency separation, Δn, as a function of rotation rate in rotating polytropic models. As can be seen, Δn scales with volume rather than the cube of the equatorial or polar radii (Credit: Reese et al. (2008), reproduced with permission © ESO).
4 MODE OBSERVABLES
Before reviewing some of the recent works on interpreting pulsations of rapidly rotating stars, it is important to describe various mode observables, namely mode visibilities, amplitude ratios, phase differences, and line profile variations. Indeed, one of the long-standing obstacles to detailed seismic investigations of rapidly rotating stars is mode identification, i.e., finding the correspondence between observed pulsations and theoretical modes, as is particularly well illustrated, for instance, in Figure 5 of Deupree (2011). Finding observational constraints, such as those based on the above observables, become particularly crucial in narrowing down plausible mode identifications.
4.1 Mode visibilities
Mode visibilities correspond to disk-integrated luminosity variations for some given normalisation of the mode amplitude. If multiplied by the intrinsic mode amplitudes, these provide the observed pulsation amplitudes. However, predicting the intrinsic mode amplitudes is a formidable and unsolved problem as the pulsations of such stars are typically excited by the κ mechanism and are thus subject to non-linear saturation effects as well as mode coupling, all of this, in a centrifugally deformed stellar structure. Some of these effects have been explored in various theoretical works (e.g., Dziembowski, 1982; Dziembowski and Krolikowska, 1985; Dziembowski et al., 1988; Gastine and Dintrans, 2008) but a full comprehensive theory is currently out of reach. Hence, mode visibilities only give an idea of what modes are most visible and the least affected by disk cancellation effects, but should by no means be used in a quantitative comparison with observed mode amplitudes.
In order to calculate mode visibilities, we first need to express the disk-integrated energy radiated by a star in some given direction:
[image: image]
where d is the distance to the observer, I the specific radiation intensity, [image: image] where [image: image] is the unit vector in the direction of the observer and [image: image] the outward normal to the surface, geff the effective gravity (including the centrifugal acceleration), Teff the effective temperature, and “Vis. Surf.” the part of the stellar surface that is visible to the observer. We note that the shape of the boundary between the visible and hidden side of the star is not trivial when the star is deformed by the centrifugal force. It can only be determined by calculating whether the orientation of each surface element is towards or away from the observer. This expression then needs to be perturbed to account for the variations caused by a pulsation.
[image: image]
where we have neglected the perturbation to the visible surface since it turns out to be of second order compared to the other terms. The variations of the specific radiation intensity can be expanded as follows:
[image: image]
These expressions show that pulsations cause light variations in multiple ways. They cause local variations of effective temperature and gravity which in turn affect I. They also cause geometric variations of the surface which affect the size and orientation of surface elements, as well as I via limb darkening effects.
The various terms related to pulsation modes are calculated as follows. The Lagrangian variations of effective temperature, δTeff/Teff, are deduced from full non-adiabatic calculations. If the pulsation modes have been calculated using the adiabatic approximation, δTeff/Teff may be approximated by the local temperature variations, δT/T (a rather drastic approximation according to Dupret et al., 2003), which in turn are deduced from the Lagrangian pressure perturbations. Some authors (e.g., Watson, 1988; Garrido et al., 1990; Heynderickx et al., 1994) include an ad-hoc parameter to account for non-adiabatic effects. The Lagrangian variations in effective gravity are fairly complex to derive as they include the variations in the gravitational field caused by perturbations to the distribution of matter as well as variations related to the fact that the surface is displaced in this field, and finally the acceleration of the surface itself. This leads to the following expression (Reese et al., 2013):
[image: image]
Finally, the geometric terms may be deduced from the Lagrangian displacement. The perturbations to the surface elements is given by:
[image: image]
and those of μ by:
[image: image]
Figure 10 illustrates the different terms that intervene in mode visibility calculations for a particular pulsation mode.
[image: Figure 10]FIGURE 10 | Plots showing the different terms that intervene in mode visibility calculations. The surface deformation is greatly exaggerated to make it easier to see.
4.2 Amplitude ratios and phase differences
Besides calculating mode visibilities, one can also calculate amplitude ratios and phase differences using essentially the same set of equations as above. The main difference is that the intensity I should be multiplied by the instrument’s and filter’s transmission curves, prior to calculating the integrals. Repeating this procedure for different filters provides pulsation amplitudes and phases in different photometric bands. One can then calculate the amplitude ratios and phase differences between these bands. Unlike mode visibilities, these do not depend on the intrinsic mode amplitudes since these factor out. Furthermore, in the non-rotating stars, amplitude ratios and phase differences do not depend on the azimuthal order, m, or the inclination of the star. Hence, amplitude ratios and phase differences only depend on the geometric properties of the modes, and as such, may be used to constrain mode identification, and more particularly the harmonic degree, ℓ, in non-rotating stars.
Historically, Dziembowski, (1977) is among the first to have obtained an expression for pulsation-induced light variations in non-rotating stars. Subsequent expressions were derived by including further effects such as perturbations to limb darkening and the surface normal, culminating in the work by Heynderickx et al. (1994). At this point, non-adiabatic effects were only approximated via an ad-hoc parameter and the effects of rotation were not included. Later on, fully non-adiabatic calculations were included thus improving mode identification in non-rotating or slowly rotating stars (Dupret et al., 2002; Dupret et al., 2003).
Then, Daszyńska-Daszkiewicz et al. (2002); Daszynska-Daszkiewicz et al. (2007) and Townsend (2003a) included the effects of rotation when calculating mode visibilities. They showed that in contrast to the non-rotating case, amplitude ratios and phase differences depend both on the azimuthal order and the inclination. This complicates mode identification as there are more cases to investigate, but may also help to place tighter constraints on mode identification. However, the effects of rotation on the pulsation modes in the above works where approximated using either a perturbative approach or the traditional approximation. In contrast, Lignières et al. (2006); Lignières and Georgeot, (2009) fully included the effects of rotation in the pulsation calculations thanks to a 2D numerical approach but approximated the mode visibility calculations by only including the terms related to the temperature variations. They showed that chaotic acoustic modes have visibilities which are higher than that of their non-rotating counterparts, i.e., modes with intermediate ℓ − |m| values. Accordingly, they may be visible alongside acoustic island modes thus complicating the interpretation of pulsation spectra. Finally, Reese et al. (2013) calculated mode visibilities including all of the terms for full 2D mode calculations. However, these calculations were done with the adiabatic approximation. Later on, Reese et al. (2017b) approximated non-adiabatic effects by deriving the effective temperature variations from the radial displacement using an ad-hoc function calibrated on 1D non-adiabatic pulsation calculations by the MAD code (Dupret, 2001). They also tested a mode identification strategy which consists in grouping together modes with similar amplitude ratios. This allowed them to group island modes with similar quantum numbers together but required having a large number of observed pulsation modes.
4.3 Line profile variations
Another observable associated with pulsation modes is line profile variations (LPVs). LPVs typically take on the form of bumps that move over time within a spectroscopic line profile and are mainly caused by the Doppler shifts induced by the oscillatory motions from the pulsations. Accordingly, they can also be used to constrain mode geometry and hence identification. A more detailed description of LPVs in the case of rapid rotation is provided in the review by Mirouh (this volume).
5 INTERPRETING PULSATION SPECTRA OF RAPID ROTATORS
The various attempts that have been made to interpret pulsation spectra in rapidly rotating stars fit into two broad categories: ensemble seismology and seismology “a la carte”. The first category applies to whole groups of stars whereas the second concerns detailed seismic investigations of individual targets. In what follows, we will especially focus on the second type of approach by providing a non-exhaustive list of examples. As pointed out above, one of the main obstacles to carrying out a detailed seismic interpretation is the lack of a reliable mode identification. Hence, all of the examples below include some sort of strategy for identifying modes, either based on frequency patterns or on amplitude ratios and phase differences. Finally, apart from μ Eridani, the examples below focus on acoustic modes. An extensive literature also exists on interpreting gravity modes in rapidly rotating stars such as γ Dor and SPB stars (e.g., Van Reeth et al., 2016; Ouazzani et al., 2019). Mirouh (this volume) provides a detailed review of these works.
5.1 Frequency patterns in δ Scuti stars
Recently, Bedding et al. (2020) worked on the seismic interpretation of 60 young δ Scuti stars, most of which were observed by TESS (Ricker et al., 2015). Assmuing the dominant observed modes are axisymmetric, they matched ℓ = 0 and 1 frequencies from non-rotating models to the observed pulsation spectra with the help of echelle diagrams. Figure 11 shows echelle diagrams for two of the more rapidly rotating stras in the sample along with the expected positions of the ℓ = 0 and 1 ridges or theoretical frequencies from non-rotating models. They justified this approach by noting that these modes, once normalised by the large separation, remain relatively invariant, even in models rotating at roughly 50% of the critical rotation rate, as shown by full 2D calculations using models based on the SCF method. Although the methodology may differ, this work follows a number of previous efforts using both seismology “a la carte” and ensemble seismology (e.g., García Hernández et al., 2009; Paparó et al., 2016; Michel et al., 2017; Bowman and Kurtz, 2018) to identify frequency patterns and large separations in δ Scuti stars.
[image: Figure 11]FIGURE 11 | Echelle diagrams for HD 42005 (A) and HD 28548 (B), with projected equatorial velocities of 130 ± 30 km s−1 and 200 ± 50 km s−1, respectively. The stripes in the left correspond to what may be ℓ = 0 and 1 sequences. The symbols in the right panel are frequencies from non-rotating models that roughly match the observations (Material from: Bedding et al., Nature 581, 7807, 147‐151 (2020), Springer Nature Limited).
5.2 μ Eridani
μ Eridani is an SPB star of spectral type B5 IV. With a projected equatorial velocity v sin i = 130 km s−1, it is rotating at least at 30% of the critical rotation velocity. This star was observed using the Strömgren uvy filters in 2012–2013 thus leading to a number of modes detected in all three photometric bands. Daszyńska-Daszkiewicz et al. (2015) therefore devised and applied a multicolour mode identification technique which consisted in carrying out a χ2 minimisation of the differences between observed amplitude ratios and phase differences, and the corresponding theoretical predictions. This required the use of non-adiabatic pulsation calculations in the presence of rapid rotation, which they carried out using the traditional approximation (thus neglecting the centrifugal deformation). They only included excited modes in their comparisons. Although several possible sets of mode identifications were found, their results point to an equatorial velocity v between 135 and 140 km s−1 and hence an inclination not too far from equator-on (i ≳ 70°). They also concluded that modes with ℓ ≤ 2 were not sufficient to carry out the identification and went up to ℓ = 6.
5.3 β Pictoris
The star β Pictoris has attracted considerable interest since the direct imaging of an exoplanet orbiting around it thanks to adaptive optics (Lagrange et al., 2009; Lagrange et al., 2010). Furthermore, it is a bright star of spectral type A6 V, located at 19.76 pc from us (as based on Gaia DR2 parallax, Gaia Collaboration et al., 2018). It has a disk orbiting around it and rotates with a projected equatorial velocity of v sin i = 124 ± 3 km s−1, thus making it a moderately fast rotator (Koen et al., 2003). Various instruments observed β Pictoris in 2017–2018 in an attempt to detect the transit of the planet’s Hill sphere in front of the star. In addition, β Pic was observed by the BRITE-Constellation (Weiss et al., 2014). This resulted in multiple light curves in separate photometric bands that could be used for the purposes of asteroseismology.
Zwintz et al. (2019) carried out a seismic analysis of this star using rapidly rotating models based on the SCF method. Given that it was observed in multiple photometric bands, it was an ideal target to carry out mode identification based on amplitude ratios. Furthermore, the constraints provided by the orbital dynamics of the exoplanet as well as interferometric observations lead to fairly accurate estimates of the mass and radius, thus narrowing down the set of possible solutions. An MCMC search was carried out to find best matching solutions and corresponding stellar parameters. Figure 12 compares the frequencies and amplitude ratios from two of the solutions with the observational constraints. As can be seen, it turned out to be difficult to find models that simultaneously reproduce the observed amplitude ratios and frequencies. In particular, some of the amplitude ratios were reproduced by none of the theoretical modes, regardless of inclination and rotation rate. The causes behind these discrepancies may be shortcomings in the models thus leading to inaccuracies in the frequencies, approximations in the mode visibility calculations such as an ad-hoc modelling of non-adiabatic effects, and/or the fact that not all of the light curves were obtained at the same epoch, which could lead to erroneous amplitude ratios if the mode amplitudes vary over time. As was shown in Bowman et al. (2016), amplitude modulation is common in δ Scuti stars. Nonetheless, among the best solutions obtained by the MCMC procedure were near equator-on solutions with an inclination around 89° and a rotation rate of 27% of the Keplerian break-up velocity. This would agree with the inclination of the planet’s orbit as well as that of the disk.
[image: Figure 12]FIGURE 12 | Amplitude ratios (A) and corresponding pulsation spectra (B) coming from best-fitting solutions for β Pictoris. The dark and light blue lines in both panels correspond to the observed amplitude ratios and frequencies. The green and red lines and symbols correspond to two solutions obtained with different error bars on the frequencies (Credit: Zwintz et al. (2019), reproduced with permission © ESO).
5.4 Altair
Altair, also known as α Aquilae, is one of the three stars in the summer triangle. It has been a prime target for interferometry due to its proximity (5.13 pc from the Sun) and its rapid rotation. Indeed, both its centrifugal deformation and gravity darkening may be observed (van Belle et al., 2001; Ohishi et al., 2004; Domiciano de Souza et al., 2005; Peterson et al., 2006; Monnier et al., 2007). Various spectroscopic studies have found v sin i values ranging from 190 km s−1 (Carpenter et al., 1984) to 250 km s−1 (Stoeckley, 1968). Furthermore, as shown in Buzasi et al. (2005), it is a δ Scuti pulsator, with low-frequency acoustic modes, and possibly some gravito-inertial modes.
Suárez et al. (2005) therefore carried out a seismic study of Altair. They used models produced by the 1D stellar evolution code CESAM (Morel, 1997; Morel and Lebreton, 2008) and calculated pulsation modes using the Filou pulsation code, which applies a second order perturbative method to model the effects of rotation (Tran Minh and Léon, 1995; Suárez et al., 2002). Their study favoured models in a 1.70–1.76 M⊙ mass range with an age between 225 and 775 Myrs. However, given the rapid rotation rate, it proved to be necessary to use full 2D calculations to interpret the pulsations in this star (Reese et al., 2006).
Accordingly, Bouchaud et al. (2020) carried out an extensive study using interferometric, spectroscopic, and seismic data. Given the diversity of observational constraints, a multi-step optimisation procedure was carried out. Using an MCMC approach, models were first selected based on interferometric and spectroscopic constraints before being fine-tuned using the seismic constraints. The four higher frequency modes (starting from 20.785 c/d) were assumed to be l = 0 and 1, m = 0 modes (i.e., [image: image] island modes), thus leading to alternating high and low mode visibilities in qualitative agreement with the observed amplitudes. Interestingly, this is the same type of mode identification as that used in Bedding et al. (2020). By adjusting the model to reproduce the frequencies, it was possible to obtain a model which roughly reproduces all of the constraints. Figure 13 shows a comparison between the observed and theoretical pulsation spectra for Altair along with the meridional cross-section of one of the modes selected to match the observed pulsations. The mass of this model is 1.863 M⊙, its rotation rate 0.744 ΩK thus leading to v sin i = 243 km s−1, and its central hydrogen content Xc = 0.71 (to be compared with a surface composition of Xs = 0.739). This leads to a rough estimate of 100 Myrs for the star’s age when compared with 1D stellar evolution models from CESAM. Such an age is lower than the estimate by Suárez et al. (2005) and considerably lower than some of the estimates based on isochrone fitting which exceed 1 Gyr (e.g., Lachaume et al., 1999; Domiciano de Souza et al., 2005). It may thus provide a natural explanation for why the rotation rate is still high.
[image: Figure 13]FIGURE 13 | (A) Observed and theoretical pulsation spectra for Altair. The observed frequencies are shown by the vertical light grey lines that span the plot and are indicated by the labels f1 to f7. The thickness of the lines correspond to the observed amplitudes. The darker grey lines correspond to theoretical pulsation modes. Their height corresponds to mode visibilities. The red lines with the labels “a” to “f” correspond to island modes or mixed gravito-island modes selected to match the observed pulsations. (B) Meridional cross-section of mode “d”. The colours indicate Lagrangian pressure perturbations on a pseudo-logarithmic scale (Credit: Bouchaud et al. (2020), reproduced with permission © ESO).
6 CONCLUSION
In this review, we have described 2D modelling of pulsations in rapidly rotating stars. Compared to the 1D spherically symmetric case, calculating pulsation modes in rapidly rotating stars is a formidable problem. As a result, various approximate methods, namely perturbative approaches of various orders and methods based on the traditional approximation, have been devised. These have lead to a number of results and insights in the effects of rotation on stellar pulsations, such as rotational multiplets or a modified period spacing pattern for gravity modes. Then, with the advent of more powerful computers, efficient full 2D numerical approaches were implemented. This has lead to a wealth of theoretical results, thus considerably extending our understanding of pulsations in rapidly rotating stars as well as their structure, and has helped to show some of the limitations of previous methods. As is briefly addressed here, new mode geometries and pulsation frequency patterns emerge at rapid rotation, thus leading to pulsation spectra that are considerably more complicated than that of non-rotating stars.
Given the increased complexity of pulsation spectra in such stars, it is much more difficult to correctly match observed pulsations with those that are calculated in stellar models. Accordingly, it is necessary to extend mode identification techniques to these stars, namely those based on multicolour photometry and line profile variations. However, as described in this review, this first requires generalising all of the relevant formulae to a centrifugally distorted stellar geometry thus increasing their complexity. This then allows us to theoretically predict amplitude ratios and phase differences between different photometric bands, which unlike in the non-rotating case, depend both on the azimuthal order of the mode and the inclination of the star. Comparing such predictions with observations can then be used to constrain the geometry of the observed pulsation modes and hence their identification.
Armed with these new theoretical developments, several authors have looked into interpreting the pulsation spectra of various rapidly rotating stars. They have been able to make headway into identifying the observed pulsations and have started to characterise these stars, including the rotation rate, inclination, mass, and age. Some of these results have brought out some of the limitations in our understanding of the physical phenomena that take place in these stars, and are in sharp contrast with previous results based on 1D numerical approaches, thus highlighting the importance of using full 2D approaches. Much effort is still needed to generalise the use of such methods to large numbers of stars and to interpret the wealth of pulsation data currently available, particularly those coming from recent space missions.
In the future, 3D pulsation calculations may become important for certain types of stars that are not symmetric around the rotation axis due to supplementary physical phenomena. For instance, rapidly oscillating Ap (roAp) stars have a strong magnetic field which is inclined with respect to the rotation axis, and close binaries undergo tidal deformation that can only be described in a 3D context. Pulsation calculations in such stars would probably use a similar approach as the one described here except that summations over multiple azimuthal orders rather than a single m value would intervene in the pulsation modes and equations, and the ϕ component of coupling integrals (Eq. 17) would not separate out. Accordingly, this would require heavy computational resources, particularly to store the discretised system in memory and to speed up calculations through parallelisation. However, it may provide further insights into the pulsation physics and underlying stellar structure as did 2D calculations for rotating stars, and provide answers to long-standing questions such as the orientation of the pulsation modes with respect to the rotation and magnetic axes in roAp stars (e.g., Kurtz, 1990; Bigot and Dziembowski, 2002). From an observational point of view, one might expect highly complicated pulsation spectra with frequency multiplets being further subdivided, thus leading to (2ℓ + 1)2 rather than (2ℓ + 1) components per multiplet (e.g., Gough and Thompson, 1990).
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FOOTNOTES
1We note that viscosity must also be taken into account in order to fully determine Ω (Espinosa Lara and Rieutord, 2013).
2Even in these cases, the solutions are typically projected onto the spherical basis to facilitate comparison with the non-rotating case.
3We note that these are slightly different than the usual vectorial spherical harmonics due to the use of spheroidal basis vectors in the definition.
4A QR decomposition consists in decomposing a matrix A into a product QR where Q is an orthogonal matrix and R an upper triangle matrix. It serves as the basis for an algorithm which searches for all of the eigenvalues of A.
5The discretised problem is subsequently projected onto the spherical harmonic basis.
6We note that Soufi et al., 1998; Karami, 2008 actually used the small parameter Ω/ω. However, we prefer keeping the extra 2 factor in the numerator as it leads to a more straightforward physical interpretation and corresponds to the spin parameter commonly used when applying the traditional approximation.We note that ϵ = 0.4 leads to equatorial radius 8% larger than the polar radius in a Roche model, that ϵ = 1 roughly corresponds to the critical break-up rotation rate beyond which the star decretes matter at the equator, and that modes with μ ≥ 0.5 are in the sub-inertial regime thus leading to forbidden regions (Section 3).
7In the Cowling approximation, the perturbations to the gravitational potential are neglected (Cowling, 1941).
8We use the notation Θ to distinguish the latitude (the angle from the equator) from the colatitude θ (the angle from the north pole).
9The pseudo-large separation, [image: image], corresponds to half the large separation, Δn, from the non-rotating case due to the relationship between the pseudo-radial order, [image: image], and the radial order,n, of pulsation modes in non-rotating stars.
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Asteroseismology has opened a window on the internal physics of thousands of stars, by relating oscillation spectra properties to the internal physics of stars. Mode identification, namely the process of associating a measured oscillation frequency to the corresponding mode geometry and properties, is the cornerstone of this analysis of seismic spectra. In rapidly rotating stars this identification is a challenging task that remains incomplete, as modes assume complex geometries and regular patterns in frequencies get scrambled under the influence of the Coriolis force and centrifugal flattening. In this article, I will first discuss the various classes of mode geometries that emerge in rapidly rotating stars and the related frequency and period patterns, as predicted by ray dynamics, complete (non-)adiabatic calculations, or using the traditional approximation of rotation. These patterns scale with structural quantities and help us derive crucial constraints on the structure and evolution of these stars. I will summarize the amazing progress accomplished over the last few years for the deciphering of gravity-mode pulsator oscillation spectra, and recent developments based on machine-learning classification techniques to distinguish oscillation modes and pattern analysis strategies that let us access the underlying physics of pressure-mode pulsators. These approaches pave the way to ensemble asteroseismology of classical pulsators. Finally, I will highlight how these recent progress can be combined to improve forward seismic modelling. I will focus on the example of Rasalhague, a well-known rapid rotator, to illustrate the process and the needed advances to obtain à-la-carte modelling of such stars.
Keywords: stars: oscillations, stars:rotation, stars:interiors, stars:individual α Ophiuchi, stars: evolution
1 INTRODUCTION
Over the last few decades, helio- and asteroseismology have started a golden age for stellar physics. The advent of space-based photometry missions (such as CoRoT, Baglin et al., 2009, Gilliland et al., 2010, TESS, Ricker 2014, and BRITE, Weiss et al., 2014) has led to the detection of variability in numerous stars, the measurement of oscillation frequencies and their regular spacings, and the identification of the mode geometries. This has triggered a cascade of new theoretical developments for stellar models, oscillation codes and inversion techniques.
However, these developments were long limited to slowly rotating solar-like and red giant stars. Upper main-sequence pulsators present a rapid rotation (Royer, 2009) that affects both their structure and their oscillations. A rotating star is centrifugally distorted (Potter, 2012), which induces a meridional circulation (Zahn, 1992; Rieutord, 2006) and latitudinal surface temperature gradients (von Zeipel, 1924; Espinosa Lara and Rieutord, 2011). Figure 1 presents three examples of interferometric measurements of the surface shape and temperatures for three close pulsating A stars.
[image: Figure 1]FIGURE 1 | Interferometric observations of rapidly rotating stars, showing the centrifugal distortion and gravity darkening phenomena. Left to right: Regulus (α Leo, Che et al., 2011), Rasalhague (α Oph, Zhao et al., 2009), Alderamin (α Cep, Zhao et al., 2009).
Pulsations can be either pressure or gravito-inertial modes. Pressure modes (or acoustic modes) are restored by pressure forces and tend to propagate at high frequencies. Gravity modes are restored by buoyancy and exist at low frequencies. Mixed modes can appear when a pressure and a gravity mode propagating in two separate cavities inside the star at the same frequency couple. In the presence of rotation, the Coriolis force can act as a restoring force to create the so-called inertial modes, or combine with buoyancy to create gravito-inertial modes. At high rotation rates, the Coriolis force is the dominating effect of rotation on gravity modes while pressure modes are mostly affected by the centrifugal distortion, both effects modify the oscillation frequencies and obfuscate regular patterns in the spectra. This creates new complex mode geometries (Reese et al., 2008; Lignières and Georgeot, 2009; Ballot et al., 2013) that render mode identification challenging. Taking these effects fully into account requires dedicated two-dimensional models (Espinosa Lara and Rieutord, 2013; Rieutord et al., 2016) and oscillation calculations (Reese et al., 2009a, 2021; Ouazzani et al., 2012). The mathematical details of these tools are provided in Reese (this volume).
In this review, I consider pulsating stars on the upper main sequence, that can be split into four classes: in increasing order of mass, these are the γ Doradus (F-late A), δ Scuti (A-F), slowly-pulsating B (SPB, B3-B9) and β Cephei (B0-B2) stars (Aerts et al., 2010). γDor stars harbour low-frequency gravito-inertial and inertial modes excited through a combination of convective flux blocking at the base of the surface convection zone (Pesnell, 1987; Guzik et al., 2000; Dupret et al., 2004a; 2005) in colder γDor stars and κ mechanism in their warmer counterparts (Xiong et al., 2016). δSct stars pulsate at higher frequencies because of acoustic modes excited by the κ mechanism (Zhevakin, 1963; Dupret et al., 2004a). These two classes of modes have more massive counterparts: SPBs pulsate with low-frequency (gravito-) inertial modes and βCep stars harbour acoustic and low-order gravity modes, that are explained in both cases by the κ mechanism activated by the metal opacity bump (Cox et al., 1992; Dziembowski et al., 1993).
Due to their overlapping instability ranges, many γDor/δSct hybrids (e.g. Handler et al., 2002; Grigahcène et al., 2010; Balona et al., 2015) and SPB/βCep hybrids (e.g. Handler et al., 2004; De Cat et al., 2007; Handler, 2009; Burssens et al., 2020) have been detected. A series of works by Osaki (1974); Lee and Saio (2020); Lee (2022) also proposes resonant coupling with overstable convection in the core as a possible excitation mechanism for gravity modes in the envelope of early-type stars, with frequencies close to the core rotation rate. This may account for rotational-modulation-like signals observed in SPB stars and hybrid pulsators.
The individual identification of modes in rapidly rotating stars is hampered by a limited knowledge of the mode selection mechanisms, the impact of rotation on both their structure and oscillations, the sheer number of possible oscillation modes theoretically predicted by high-resolution calculations and our impossibility to predict mode amplitudes. Patterns in frequency or period have opened a window on the internal physics of solar-like and red-giant stars, after being described theoretically (e.g. Shibahashi, 1979; Tassoul, 1980; Miglio et al., 2008) and identified in observations (as in Mosser et al., 2013; Vrard et al., 2016). Such patterns, albeit far more elusive, exist in rapidly rotating stars and have been investigated by theoretical works for both p-mode (e.g. Lignières and Georgeot, 2009; Suárez et al., 2014; Mirouh et al., 2019) and g-mode spectra (e.g. Bouabid et al., 2013; Ouazzani et al., 2017, 2020; Dhouib et al., 2021; Tokuno and Takata, 2022). Detections in both p-mode (e.g. García Hernández et al., 2015; Paparó et al., 2016a,b; García Hernández et al., 2017; Bedding et al., 2020) and g-mode pulsators (e.g Van Reeth et al., 2015; Li et al., 2020b; Pedersen et al., 2021; Garcia et al., 2022) yield estimates of the fundamental parameters and the internal physics of an ever-increasing number of stars.
Relating frequency and period spacings to structure quantities thus offers crucial statistical information and precious constraints for forward modelling and paves the way to ensemble seismology for classical pulsators (Michel et al., 2017; Bowman and Kurtz, 2018).
Tools and strategies that are well established for slow rotators have been redeveloped to take into account rotational effects. One such tool is line-profile variations, which can yield oscillation frequencies and a partial identification (see Lee and Saio, 1990; Telting and Schrijvers, 1997; Zima, 2006) for both pressure and gravito-inertial nonradial modes from time series of spectroscopic measurements (e.g. Aerts et al., 1992; Zima et al., 2006; Shutt et al., 2021). Reese et al. (2017a) offers a first adaptation of the technique to complete calculations of pressure modes in rapid rotators.
In this review I will first describe the impact of the Coriolis force and the centrifugal flattening of rotating stars on acoustic, inertial and gravito-inertial mode geometries (Section 2). Comparing with non-rotating stars, I will discuss the intricate frequency and period patterns that rapid-rotator oscillation spectra describe, and the strategies to extract them from space-based photometry data (Section 3). I will then explain how spectroscopic line-profile variations can be evaluated to derive frequencies of rapid rotators (Section 4), and describe the example of the forward modelling of Rasalhague (Section 5).
As I focus on rotation and complete two-dimensional calculations of models and oscillation modes, I will leave out magnetic fields and their impact on oscillations. I refer the reader to the literature regarding detections of magnetic fields in A stars, theoretical study of magneto-acoustic oscillations and extensive results for rapidly-oscillating Ap (roAp) stars (Mathis et al., 2021; Holdsworth, 2021, and references therein). Interactions between magnetic fields and low-frequency oscillations have been the focus of a lot of recent work, regarding internal gravity waves (Rogers and MacGregor, 2010, 2011; Lecoanet et al., 2017, 2022, e.g.), coherent gravito-inertial modes (e.g. Loi, 2020; Prat et al., 2020; Dhouib et al., 2021) and mixed modes (Loi and Papaloizou, 2018; Bugnet et al., 2021) such as depressed dipole modes in red giants (e.g. García et al., 2014; Stello et al., 2016).
2 MODE GEOMETRIES IN RAPIDLY ROTATING STARS
Contrary to the non-rotating case, oscillations in rapidly rotating stars cannot be described using simple spherical harmonics. Perturbative approaches quickly show their limits, and strategies that include rotation from the start (even under some approximations) are necessary to compute models and oscillations. Several approaches have been implemented, with various levels of accuracy and complexity.
2.1 Including rotation to compute oscillations
The simplest way of including the effects of rotation is to treat its effects as corrections to non-rotating solutions of pulsations. These corrections are described, for both the centrifugal flattening and the Coriolis acceleration, as successive powers of the rotation rate Ω, which is supposed to be small (e.g. Ledoux, 1951; Gough and Thompson, 1990; Lee and Baraffe, 1995; Soufi et al., 1998). For high enough rotation rates, even the highest-order perturbative calculations misestimate frequencies and describe the mode geometries poorly: Ballot et al. (2013) and Reese (2006) have evaluated the range of applicability of perturbative treatments for gravito-inertial and pressure modes, respectively.
The traditional approximation (Eckart, 1960; Berthomieu et al., 1978) consists in neglecting the latitudinal component of the rotation vector Ω in the Coriolis acceleration, assuming Ω = Ω cos θer. If the centrifugal distortion of the star and the perturbation to the gravitational potential are neglected as well, the system ruling adiabatic oscillations becomes separable in radius r and colatitude θ, effectively preventing coupling between modes described by different spherical harmonics (Bildsten et al., 1996). This makes the equations much more tractable with the added benefit that the horizontal component of the oscillations can be described mathematically by means of the known Hough functions (Lee and Saio, 1987). Recent developments by Henneco et al. (2021); Dhouib et al. (2021) generalise the traditional approximation to include the effects of the centrifugal distortion and a differential rotation and predict detectable impacts on both low- and high-order gravito-inertial modes. However, and contrary to the other techniques presented here, the traditional approximation is a non-perturbative approach only applicable to high-order g modes (such as those detected in γDor and SPB stars).
Ray theory relies on the short-wavelength approximation (Gough, 1993; Lignières and Georgeot, 2009). In this approximation, it is possible to combine the oscillation equations into only one eikonal equation that relates the wavenumber and the location of a ray in the star (Ott, 1993). This is akin to deriving geometric optics from wave optics. We can thus compute rays, that are the paths waves are expected to follow inside the star. While this calculation does not immediately provide the modes’ energy distribution, it provides insights on mode propagation domains, geometries and identification.
Finally, the most accurate approach consists in the computation of fully two-dimensional models and the linear calculation of their adiabatic and/or non-adiabatic oscillations. This approach provides exact mode geometries and frequencies, allowing us to search for frequency and period patterns, compute visibilities and attempt mode-by-mode identification. However, linear mode calculations cannot yield mode amplitudes, so assumptions (such as the equirepartition of energy, or the same amplitude for all modes) are necessary to discuss mode detectability meaningfully. The tools for these calculations are complex, and were the focus of numerous efforts summarized in Reese (this volume). The analysis of the results they yield is challenging as there is no mathematical function to describe the geometries obtained with this method and that are presented in the rest of this section.
2.2 Complete calculations
The oscillation equations are derived from perturbing the continuity, Euler’s and Poisson’s equations (with additional closure equations such as the equations of state). These equations are presented in detail in the review by Reese (this volume). Choosing the geometrical description and discretization carefully, the perturbed equations form an eigenvalue problem in which each eigenvalue is an oscillation angular frequency ω, which is related to the frequency ν through ω = 2πν, with the associated eigenvector describing the mode geometry. In the non-rotating case, the radial component of the modes is characterised by its radial order n—n being a relative integer, the sum of the numbers of p-mode nodes counted as positive and g-mode nodes counted as negative—and the horizontal component is described using a single spherical harmonic [image: image]—where ℓ is its degree and m is the azimuthal order. Without rotation, all modes at a given n and ℓ but different m have the same frequency.
The equations change when including rotation. In all three of them, the eigenvalue is shifted in the co-rotating frame, so that the inertial angular frequency ω is replaced by the co-rotating value ω + mΩ. The definition of a co-rotating frame here is improper but used for simplicity, as it implies that the rotation is solid: the discussion in this article includes differential rotation. Non-radial modes thus split into multiplets as m values can go from − ℓ to ℓ, m < 0 and m > 0 being prograde and retrograde modes, respectively.
The Euler equation becomes significantly more complex, as to include the Coriolis acceleration, centripetal entrainment and the baroclinicity terms. These rotational terms create a coupling between successive spherical harmonic coordinates, so that each mode can no longer be described as a single spherical harmonic but a (finite) series of them. No simple closure relation limits the number of spherical harmonics to use, and convergence of the solutions requires special care.
Finally, the boundary conditions also change to accomodate the centrifugal distortion of the stellar surface. As the star remains axisymmetric, the solutions do not depend on the azimuth and m remains separable. The detailed derivation of the equations can be found, for instance, in Reese et al. (2008, 2021).
These equations will yield various mode geometries. I present here the various subclasses of modes and their properties, as derived from using the traditional approximation (for g modes), ray dynamics, and/or complete calculations.
2.3 Acoustic modes
Pressure (acoustic) modes propagate at high frequencies and usually probe the outer layers of the stars. They are restored by pressure forces, their propagation properties are impacted not only by the Coriolis force but also by the centrifugal distortion. They are divided into four geometries derived from ray theory, first put forward by Lignières and Georgeot (2009): 2-period island, 6-period island, whispering gallery and chaotic modes. Figure 2 shows examples for the three most-studied classes of acoustic modes.
[image: Figure 2]FIGURE 2 | Different classes of acoustic modes. Left to right: a 2-period island mode, a chaotic mode, a whispering gallery mode. The shown quantity is the Lagrangian pressure perturbation rescaled by the square root of the stellar density, [image: image]. Figure taken from Reese et al. (2009a).
2-period island modes are the rapidly rotating counterpart to modes with a low (ℓ − |m|) value—that is, few latitudinal nodal lines. At rotation rates higher than ∼40% of the critical rotation, they propagate in a torus located around the stellar equator, which corresponds to a short, stable trajectory in the ray dynamics. This torus and the associated ray trajectory are smaller and closer to the equator for higher rotation rates. It is possible to define new quantum numbers along the ray trajectory, by defining [image: image] and [image: image] as the number of nodes along and perpendicular to the ray trajectory (Reese et al., 2009a, and left panel of Figure 2). These quantum numbers can be related to their non-rotating counterparts through
[image: image]
This mathematical description of the modes is essential to investigate regular patterns in oscillation spectra, as highlighted in Section 3. Because they have large lengthscales, 2-period island modes induce significant surface signatures, are expected to be the most visible (Reese et al., 2013; 2017b), and have been studied extensively (e.g. Reese et al., 2009a; Pasek et al., 2011; Ouazzani et al., 2015; Mirouh et al., 2019; Reese et al., 2021).
6-period island modes are relatively rare and have low visibility. Their geometry is somewhat similar to that of the more common and visible chaotic modes, described below. Because of this, they are often left out of analyses (so much so that 2-period island modes are often simply dubbed “island modes”). They are the rapidly rotating counterpart of modes with medium (ℓ − |m|) values.
Chaotic modes emerge from the constructive interference of rays that present a chaotic trajectory. They also are related to modes with medium (ℓ − |m|) values. Evano et al. (2019) offers the only extensive study of this class of modes. They characterize their geometry by its complexity and apparent ramdomness. Chaotic modes present irregular nodal lines, except near the stellar surface where nodal lines tend to become radial. They are particularly interesting as they are the only p-mode class to propagate in the entire stellar interior, probing deep layers while reaching the surface.
Finally, whispering gallery modes propagate close to the surface without probing deep layers at any point. While their geometry is somewhat affected by the rotational distortion of the star, they keep lengthscales and a global structure similar to those of their non-rotating counterparts, high-(ℓ − |m|) modes. As such, the geometry of these modes can be described with the number of nodal lines crossed at a given depth d (that is, at a radius r = Rs(θ) − d where Rs(θ) is the surface radius, where d is chosen so that r passes in between the mode’s nodal lines) and perpendicularly to that radius (equivalent to [image: image] and [image: image], respectively).
2.4 Gravito-inertial modes
Gravito-inertial modes, just like non-rotating gravity modes, are in the low-frequency part of the oscillation spectra and propagate in stellar radiative zones. In early-type stars, they are likely to be excited in γDor and SPB stars, in which they can provide insight on the conditions near the stellar core. Their restoring force is buoyancy, that combines with the Coriolis acceleration. As the Coriolis acceleration scales with 2Ω/ω, its effect is more important for low-frequency modes in the co-rotating frame. Gravito-inertial modes are usually divided in three geometries, depending on their frequencies and presented in Figure 3. We distinguish sub-inertial modes which propagate at angular frequencies ω < 2Ω and super-inertial modes at ω > 2Ω.
[image: Figure 3]FIGURE 3 | Different classes of gravito-inertial modes. (A–C): an unperturbed super-inertial mode, a sub-inertial mode and a rosette super-inertial mode. The shown quantity is the mode kinetic energy. Figure taken from Ballot et al. (2013).
The effect of rotation on sub-inertial modes is the appearance of a forbidden region in which oscillations cannot propagate. Ballot et al. (2010) describes this region in the case where the stratification dominates over rotation (N ≪ Ω) as a cone that extends at an angle θ ∼ arccos(ω/2Ω) from the rotation axis. This confirms the equatorial confinement of the modes in rotating stars predicted by Matsuno (2008); Lee and Saio (1990). The precise shape of the boundary of forbidden regions for the propagation of sub-inertial modes has been refined to include stratification (Dintrans et al., 1999) and differential rotation (Mirouh et al., 2016).
Most super-inertial modes are marginally affected by rotation, as their geometry stays close to their non-rotating equivalent, resembling simple spherical harmonics with radial and horizontal scales of the same order of magnitude at all rotation rates.
The most striking exception is rosette modes, that are super-inertial modes whose geometry is significantly different from any spherical harmonic. They were described for the first time by Ballot et al. (2012). These modes emerge from a close degeneracy between modes whose frequencies would be near-identical in the absence of rotation. Takata and Saio (2013) show that such degeneracies appear for rotation rates as low as 10% of the critical rotation rate and lead to numerous families of rosette modes. This suggests that rosette modes are not a rare occurrence in moderate rotators, even though their distribution in extreme rotators is still unknown. It appears that retrograde non-axisymmetric rosette modes tend to form preferentially over their prograde counterparts (Saio and Takata, 2014). It is also worth noting that because they originate from coupling between different non-rotating modes, rosette modes cannot be found under the traditional approximation.
These modes are spatially concentrated on very thin layers around the stellar core and describe a rosette pattern aligned with the rotation axis. Ray tracing shows that their energy focuses on short closed loops (Ballot et al., 2012; Prat et al., 2016), and that the period and orientation of these closed loops can be related to the original family of modes (whose identification is otherwise lost, Takata, 2014). The surface signature of rosette modes is still to be derived precisely and be identified with observed modes, in which case they could provide useful constraints on a star’s deep layers.
2.5 Other modes
Finally, other classes of modes can exist in rapidly rotating stars. Rossby modes are, among inertial oscillations, the ones that attracted most interest from the astrophysical community. Theoretical studies, notably by Papaloizou and Pringle (1978); Saio (1982); Saio et al. (2018), show they are large-scale toroidal modes that induce significant flows at the stellar surface that are less affected by equatorial confinement at high rotation rates compared to gravito-inertial modes.
Inertial modes can propagate in convective zones, restored by only Coriolis forces. They propagate in the core of intermediate-mass stars in a frequency domain that overlaps with gravito-inertial waves propagating elsewhere in the star (Rieutord et al., 2001; Baruteau and Rieutord, 2013). The signature of such modes in the core of γDor stars can be detected through their coupling with gravito-inertial modes reaching the stellar surface (Ouazzani et al., 2020; Saio et al., 2021). Similarly, so-called overstable convective modes resonances have been suggested as an excitation mechanism in rotating stars from 2M⊙ upwards. These modes are core inertial modes, that couple with gravito-inertial modes in the envelope at frequencies close to core rotation rate multiples (Osaki, 1974; Lee and Saio, 2020; Lee, 2021, 2022).
Mixed modes also exist in rapidly rotating intermediate-mass stars, as rapid rotation extends the gravito-inertial domain to higher frequencies, making coupling with pressure modes more likely (Osaki, 1974). These modes are very interesting as they probe both the deep layers of the star and carry a surface signature, but their geometries and frequencies are affected in a complex way by the coupling. Such modes are detected in δSct stars such as Rasalhague (Monnier et al., 2010) or HD174966 (García Hernández, private comm.), and become more likely with increasing age as the Brunt-Väisälä frequency in the star increases and allows for higher-frequency gravito-inertial modes (Aerts et al., 2010). They have also been computed in two-dimensional models by, e.g., Mirouh et al. (2017).
3 REGULAR PATTERNS IN OSCILLATION SPECTRA
Now that the mode geometries in rapidly rotating stars have been introduced, I will discuss the regular patterns these modes are expected to follow according to theoretical calculations, and how the wealth of space-based measurements and innovative pattern-recognition techniques have permitted their detection.
3.1 Regular patterns in slow rotators
Before delving into the frequency patterns of rapidly rotating star spectra, it is useful to remind the reader here of the regular patterns that can be found in slowly rotating stars with solar-like oscillations. I refer the reader to the review of Jackiewicz (2021) for more details.
Helioseismology has established that solar oscillation frequencies are distributed on a regular comb. Once modes are identified univocally using the quantum numbers (n, ℓ, m), we find that high radial order modes present a regular spacing in frequency ν for acoustic modes and in period Π for gravity modes. We define the p-mode large separation (Tassoul, 1980) as
[image: image]
where cs is the speed of sound. The g-mode period spacing Shibahashi (1979) is defined as
[image: image]
where N is the Brunt-Väisälä frequency that quantifies stratification. In solar-like pulsators, in which mode excitation is due to convection and stochastic, it is possible to define another seismic observable, νmax, the frequency at which the p-mode spectrum envelope reaches its maximum amplitude. The readily-available quantities Δν and νmax can then be linked to the stellar mass and radius via scaling laws (Brown et al., 1991; Kallinger et al., 2010; Mosser et al., 2010). Improving these relations has been a significant part of the recent effort for those stars, to refine the derived masses and radii, include new parameters or automate the process.
When the star rotates, the degeneracy in m is lifted and non-radial modes spawn multiplets as m ranges from − ℓ to ℓ. With the introduction of rotational splittings, the frequencies of non-axisymmetric modes relate to their axisymmetric counterparts through
[image: image]
[image: image] is the Ledoux constant, that tends asymptotically to 1/(ℓ(ℓ + 1)) for gravito-inertial modes and to 0 for pressure modes (Ledoux, 1951). More recently, rotational splittings have been shown to be slightly different depending on the nature and propagation domain of the underlying mode, thus allowing for the derivation of rotation profiles using mixed modes (e.g. Beck et al., 2012; Deheuvels et al., 2014; Triana et al., 2017; Di Mauro et al., 2018; Ahlborn et al., 2020). Automating this analysis led to the development of inversion techniques, such as RLS (Regularized Least Squares, Christensen-Dalsgaard et al., 1990) or SOLA (Subtractive Optimally Localised Averages, Pijpers and Thompson, 1994). The ultimate aim is a characterisation of the stellar rotation or structure throughout the star, as was done for the Sun (Korzennik and Eff-Darwich, 2011).
As mentioned, the exploitation of regular spacings requires univocal mode identification, which presents several challenges in rapidly rotating intermediate-mass pulsators. First, because of Coriolis forces and centrifugal distortion, frequencies are significantly shifted and both gravito-inertial and pressure modes assume complex geometries. Because of the complexity of the excitation mechanisms, there is no reliable way of predicting mode amplitudes theoretically and the mode selection effects are not fully understood.
3.2 Acoustic modes
The ray dynamics analysis of Lignières and Georgeot (2009) identified regular patterns for several subclasses of acoustic modes. There are four geometry classes for p modes: 2- and 6-period island, whispering gallery, and chaotic modes. Modes in each of these classes follow different patterns, as illustrated by the schematic subspectra presented in Figure 4.
[image: Figure 4]FIGURE 4 | Frequency sub-spectra for the four classes of axisymmetric acoustic modes. (A) 2-period island modes, (B) chaotic modes, (C) 6-period island modes, (D) whispering gallery modes. The horizontal axis is the mode frequency in units of ωp—computed from the keplerian velocity computed using the polar radius –, and the vertical axis represents the second quantum number—the rapid rotator equivalent to the degree ℓ—when defined. Figure taken from Lignières and Georgeot (2009).
2-period island modes are the ones for which the most progress has been achieved. They are expected to follow a linear distribution of the kind
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where [image: image] is the island-mode large separation (and is expected to be commensurate to half the non-rotating large separation Δν), sm is the rotational splitting which depends on the rotation rate in the propagation domain, and [image: image] is fixed so that the formula is exact at a reference frequency. This asymptotic relation has been studied extensively both from ray theory (Lignières and Georgeot, 2008, 2009; Pasek et al., 2011, 2012) and complete calculations of the oscillations (Reese et al., 2008; Mirouh et al., 2019; Reese et al., 2021).
Owing to the precision of asteroseismic measurements and the development of dedicated techniques, such a regular frequency distribution has been detected in observed spectra. García Hernández et al. (2015) identified regular patterns in acoustic spectra for a sample of eclipsing binaries and extracted a large separation that they attributed to the likely visible 2-period island modes. Using eclipses and the binary orbits, they were able to link the large separation with the mean stellar density through a scaling law. Their scaling relations were later confirmed from fully-2D models and oscillations by Mirouh et al. (2019): in this work, the synthetic 2-period island modes were sorted out by means of a convolutional neural network for a range of models at various rotation rates and ages. It confirmed "the scaling between mean density and large separation, and that this relation does not depend explicitly on the rotation rate. This scaling has also been recovered for low-mass δSct stars using grids of 1D models with enhanced mixing by Rodríguez-Martín et al. (2020) and on the larger samples of Paparó et al. (2016b); García Hernández et al. (2017); Bedding et al. (2020). A further confirmation of the 2-period island nature of the observed modes lies in the detection of half the large separation in the pattern detection (García Hernández et al., 2009; Ramón-Ballesta et al., 2021), which is an exclusive feature of island modes (Evano et al., 2019). It is also worth noting that the modes detected in δSct stars are most often not in the asymptotic regime, so that the measured large separations are about 15% below their asymptotic values (García Hernández et al., 2009; Mirouh et al., 2019).
Rotational splittings have also been found in the 2-period island mode spectra of δSct stars (e.g. Paparó et al., 2016b; Ramón-Ballesta et al., 2021). While rotational splittings in slow rotators are symmetrical (that is, νn,ℓ,−m − νn,ℓ,0 = νn,ℓ,0 − νn,ℓ,m), splittings in rapidly rotating stars lose this property. They also are often so large that asymmetric multiplets blend in the spectrum, making them harder to identify and exploit. Modelling these splittings can rely on perturbative treatments to the first-order (e.g. Schou et al., 1998; Deheuvels et al., 2014), second-order (e.g. Saio, 1981; Suárez, 2009) and third-order (Soufi et al., 1998; Ouazzani and Goupil, 2012) that model the asymmetry of the splittings. A complete calculation that applies to all rotation rates provides the generalised rotational splittings, that is νn,ℓ,−m − νn,ℓ,m, through an integral of the rotation rate over the modes’ propagation domain and the definition of rotational kernels (Reese et al., 2009b, 2021), thus paving the way to inversion methods for rapid rotators. Since the discovery of island-mode regular patterns by García Hernández et al. (2015), several strategies have been developed to extract large separations from observed spectra. Investigating the distribution of frequency differences, computing Fourier transforms of the spectrum itself, spectrum autocorrelation functions have all proved efficient to derive both the large separation and rotational splittings (Mantegazza et al., 2012; Reese et al., 2017b; Ramón-Ballesta et al., 2021). A brand new approach based on the entropy content of observed oscillation spectra offers another promising way of extracting regular separations (Suárez, this volume).
To complement the regular patterns discovered for 2-period island modes and their link with the stellar density, Barceló Forteza et al. (2018, 2020) have investigated the envelope of the oscillation spectra of δSct stars in search of another asteroseismic indicator. They found that the peak frequency of this asymmetric envelope, νmax, can be related to the effective temperature and surface gravity of the star. Assessing these two quantities for stars featuring gravity darkening can yield an estimate of the stellar inclination, and in turn a model-dependent estimate of the stellar mass and radii in a way that is reminiscent of the approach used for solar-like stars.
Recently, Salmon et al. (2022) has developed a forward-modelling framework for β Cep stars, that relies on low-order pressure modes along with gravity and mixed modes, to infer fundamental parameters. Their hare-and-hounds exercise, which relies on 1D Geneva models (Eggenberger et al., 2008), yields accurate parameters starting from only [image: image] identified oscillation frequencies. Such a framework could serve as an example for the exploitation of island modes computed from 2D models, using the associated theoretical tools discussed above (see also Section 5).
Frequency subspectra of chaotic modes are dense, and were originally thought not to have structure (Lignières and Georgeot, 2009). Evano et al. (2019) computed the autocorrelation of these subspectra and found evidence of a regular spacing. They show that while chaotic modes do not tend to an exact asymptotic distribution of oscillation frequencies, they exhibit a pseudo-large separation Δcν for all their models at all rotation rates. They relate Δcν with the average acoustic time over the meridional plane T0 through Δcν ∼ 2π/T0. Chaotic modes thus form series of modes that present a very similar geometry. Figure 5 presents an échelle diagram—that is a frequency spectrum folded every Δcν to bring out patterns—for chaotic modes in a polytrope. Well-defined ridges follow the series, but some of them are interrupted at high frequencies, and are replaced in the spectrum by another or by a series of high-frequency island modes. The pseudo-large separation of chaotic modes is very close to that of island modes (within 1%). However, the detected patterns are not expected to come from this spacing, as the half-large separation detection is not expected from chaotic modes.
[image: Figure 5]FIGURE 5 | Échelle diagram showing all chaotic modes in a polytrope in the high-frequency range—the frequency unit ωp is computed from the keplerian velocity computed using the polar radius –. Series of similar modes are labelled 1 to 16, while black dots are modes that do not belong to any series. Figure taken from Evano et al. (2019).
Island modes of period 6 were identified as one of the four classes of acoustic modes emerging from ray theory by Lignières and Georgeot (2009). They propose a simple asymptotic relation for these modes:
[image: image]
where the various terms match are similar to those of Eq. 5. The details of this asymptotic relation, and the link between the separation [image: image] and stellar structure quantities are still to be investigated.
Finally, whispering gallery modes also seem to follow regular patterns. However, while it is straightforward to define suitable quantum numbers from the energy distribution of whispering gallery modes, Lignières and Georgeot (2009) did not find a satisfactory fit of their frequencies to a linear law in the form of Eq. 5 or (6). More studies are required to understand the nature of the patterns these modes follow.
3.3 Gravito-inertial modes
In the absence of rotation, the spectrum of high-order gravity modes is understood as a set of modes regularly spaced in period, which can be represented by a flat line in a P − ΔP diagram. The value of the period separation provides an estimate of the stellar age, as it decreases as a peak in the Brunt-Väisälä builds up at the core-envelope interface. The deviation from this flat distribution, in the form of with regular dips, is an indicator of a chemical gradient at the core-envelope interface whose depth can be related with mixing efficiency (Miglio et al., 2008). The pattern described by these dips informs us about the location of the chemical gradient.
When the star rotates, the general trend in the P − ΔP plane is not necessarily flat but varies monotonically (Bouabid et al., 2013; Van Reeth et al., 2015). Using the traditional approximation, Ouazzani et al. (2017) thus defines the slope of this trend as a new observable that is directly linked to the rotation rate near the stellar core modulated by the azimuthal order m. These ridges were observed in many γDor (e.g. Bedding et al., 2015; Guo and Li, 2019; Li et al., 2020a,b; Garcia et al., 2022) and SPB stars (Pápics et al., 2017; Pedersen et al., 2021; Szewczuk et al., 2021, 2022, e.g), with a variety of behaviors related to mixing and rotation.
Forward modelling has driven a lot of the progress on g-mode asteroseismology of slowly to moderately rotating stars in the recent years. Through the definition of rigorous frameworks (Aerts et al., 2018; Johnston et al., 2019), state-of-the-art 1D models and modes computed assuming the traditional approximation, partial mode identification has been obtained for numerous individual stars (e.g. Szewczuk and Daszyńska-Daszkiewicz, 2018; Zhang et al., 2018). This process yields not only stellar fundamental parameters such as mass and age, but also constraints on core-interface mixing (Wu et al., 2020; Pedersen et al., 2021, e.g.) or binary interactions (Sekaran et al., 2021; Guo et al., 2022).
Recent works relying on the traditional approximation also provide model-independent approaches. For instance, Van Reeth et al. (2016); Li et al. (2020b); Takata et al. (2020a,b) use the rotation frequency and the buoyancy radius as free input parameters. Christophe et al. (2018) suggests a clever rescaling of the period spectra to extract signatures of differential rotation and buoyancy glitches from the gravito-inertial mode spectrum. Christophe et al. (2018) also emphasizes the well-known limits of the traditional approximation of rotation: attempts at extending it to include radially differential rotation (Mathis, 2009) or centrifugal distortion (Dhouib et al., 2021) may provide extra insights on the physics of g-mode pulsators. However, these approaches require a prescription for a differential rotation profile (which is prone to a lot of degeneracy) and are computationally expensive.
While the traditional approximation has led to a significant breakthrough in the analysis of g-mode pulsators, permitting ensemble seismology and forward seismic modelling for this class of stars, performing the full calculation of gravito-inertial modes is the logical next step to include differential rotation and enable the search for rosette modes in observations.
3.4 Rossby modes
Rossby modes have long been theorized, and were first detected in rapid rotators by Van Reeth et al. (2016). They have since been detected in a variety of g-mode pulsators (both γDor and SPB stars, e.g. Saio et al., 2018; Li et al., 2019; Takata et al., 2020b). Their ubiquitous nature suggests an easy excitation mechanism, and stellar activity or tidal forcing have been proposed. Rossby modes present spacings that appear in the P − ΔP plane, like gravito-inertial modes. They present small period spacings, that increase rapidly with the period (leading to a characteristic upward slope, Van Reeth et al., 2016). Saio et al. (2018) suggests that the “hump-and-spike” stars discovered by Balona (2017) are spotted stars in which the “hump” is the Rossby-mode spectrum and the “spike” a harmonic of the stellar rotation rate. The calculations underlying this description are made within the traditional approximation framework, and have no equivalent based on complete two-dimensional calculations.
4 LINE-PROFILE VARIATIONS
Modes that propagate in the outer layers of the star induce a small distortion of the stellar surface along with temperature variations. In rotating stars, these oscillatory motions leave a Doppler signature in the spectral line profile that can be tracked in time through a series of spectroscopic observations. Such line-profile variations (LPVs) are not simple to analyse as they depend on the geometry of each oscillation mode present at the surface, but their analysis can offer a partial mode identification. Once a specific line profile is selected or an averaged one is computed, a spectral analysis of its time variations yields oscillation frequencies and azimuthal orders.
A lot of work has been done on the theoretical description of LPVs induced by both pressure modes and gravito-inertial modes. For instance, the modelling efforts for p-mode LPVs (Balona, 1987; Cugier, 1993; Zima, 2006) permitted the interpretation of spectroscopic measurements in δSct and βCep stars (e.g. Aerts et al., 1992; Zima et al., 2006). Theoretical developments based on the perturbative approach (e.g. Shutt et al., 2021) or the traditional approximation of rotation (such as Lee and Saio, 1990; Townsend, 1997) yielded similar results to interpret γDor pulsators.
Some of these methods have been implemented in widespread software packages. For instance, the BRUCE and KYLIE packages (Townsend, 1997) rely on the traditional approximation for the calculation of theoretical LPVs of gravito-inertial modes in moderate rotators (as demonstrated in Bowman et al., 2022). Another widespread implementation is that of the Fourier Parameter Fitting method (FPF) of Zima (2006). The FAMIAS code (Zima, 2008) does not rely on the traditional approximation but on a first-order perturbative calculation, which enables the analysis of LPVs due to both gravito-inertial and pressure modes, but restricts it to slow rotators.
LPVs have also been detected in several rapidly rotating stars (e.g. Telting and Schrijvers, 1998; Balona and Lawson, 2001; Poretti et al., 2009) and require special care. While the theoretical developments of Lee and Saio (1990); Townsend (1997) are used for gravito-inertial modes in rapid rotators, pressure-mode LPVs have benefitted from two-dimensional codes, starting with Clement (1994). The work of Reese et al. (2017a) is the most up-to-date such effort: it relies on non-adiabatic modes computed with the high-resolution oscillation code TOP (Reese et al., 2009a, 2021) paired with the self-consistent, two-dimensional ESTER models (Rieutord and Espinosa Lara, 2013; Rieutord et al., 2016).
Reese et al. (2017a) shows that p-mode LPV signatures are maximal in the wings of the line profile, contrary to what is expected in slow rotators (Lee and Saio, 1990). This can be explained by the complex geometries of modes in rapidly rotating stars, making LPVs equally more complex to decipher. The centrifugal flattening and gravity darkening make the amplitude of the signatures dependent on the stellar inclination, and different modes affect different spectral lines in various ways, depending on the range of temperature at the stellar surface (see, e.g. Takeda et al., 2008, for the rapid rotator Vega).
Figure 6 presents the result of such calculations for a 2-period island mode 9M⊙ ESTER model at 50% of its breakup velocity, This calculation relies on a few simplifying assumptions such as Gaussian equilibrium line profiles and rather crude limb- and gravity-darkening prescriptions. These assumptions will have to be relaxed to properly interpret time series of high-resolution spectra, and will surely be the topic of upcoming work.
[image: Figure 6]FIGURE 6 | Line-profile variations in a 9M⊙ ESTER model at 50% of its breakup velocity. Left, top to bottom: stacked line profiles, amplitudes and phases of the first three harmonics. Right, top to bottom: first and second moments of the LPVs, meridional cut of the oscillation mode, and model properties. Figure taken from Reese et al. (2017b).
Eventually, adapting widespread automated procedures such as the FPF method (Zima, 2006) to two-dimensional models will enable a simpler detection of identified modes that will serve as anchors for both pattern recognition and forward modelling.
5 FORWARD SEISMIC MODELLING OF FAST ROTATORS: THE EXAMPLE OF RASALHAGUE
Forward - or direct - modelling is a method of obtaining accurate properties of stars by directly modifying its input parameters and computing associated observables until a satisfactory match with measurements is found. This strategy is adapted for rapidly rotating stars, especially when the number of oscillation modes detected in them is relatively small and the regular patterns in the spectra are difficult to disentangle.
The necessary steps for forward asteroseismic modelling are:
1) Compute an appropriate model for a reasonable set of input parameters, for rotating stars this shall include centrifugal flattening and gravity darkening,
2) Establish criteria—e.g. on mode visibility or excitation—to select the most observable oscillation modes from the synthetic spectrum,
3) Identify the selected modes thus found with the observed ones,
4) Repeat the process by varying the initial model parameters until a good match is obtained.
This strategy was successfully applied to slowly rotating classical pulsators, such as HD 129929 (Aerts et al., 2003) for which 6 gravity-mode frequencies were detected. By means of non-adiabatic oscillations, Aerts et al. (2004); Dupret et al. (2004b) not only obtained a stellar mass and age with uncertainties of a few percent, but also constrained envelope convective penetration and differential rotation. Some other successes of the forward-modelling approach for g-mode pulsators are given in Section 3.3.
I present here an application of the forward modelling approach to the rapidly rotating δ Scuti star Rasalhague (α Ophiuchi A, HD159561). It is a rapidly rotating pressure-mode pulsator, in which the centrifugal distortion is expected to significantly impact oscillation frequencies and geometries.
CHARA interferometry reveals that this A5 star is seen equator-on (v sin i = 239 ± 12 km s−1 and i = 87.5 ± 0.6°, Zhao et al., 2009). It also has a known K6 companion (Cowley et al., 1969; Hinkley et al., 2011), spectroscopic measurements that provide chemical information (Erspamer and North, 2003) and 57 oscillations frequencies measured with MOST (Monnier et al., 2010, including mostly pressure modes and a few gravito-inertial or mixed modes). These numerous observations make Rasalhague an optimal example for forward modelling.
Until recently, the masses derived from fitting the binary orbit of this system ([image: image], Hinkley et al., 2011) and fitting the stellar flux with Yonsei-Yale models (2.18 ± 0.02 M⊙, Monnier et al., 2010) covered a wide range. The precision of the binary orbit fit was significantly improved by observations near periastron passage, yielding a mass of 2.20 ± 0.06M⊙, matching estimates from interferometry and models closely (Gardner et al., 2021). The oscillation spectrum contains 57 frequencies ranging from 1.7 to 48.5 cycles per day—20–560 μHz. It contains both gravity and pressure modes over the same frequency range, making it a δ Scuti/γ Doradus hybrid pulsator. The overlap is undeniably due to the star’s rapid rotation and its impact on mode frequencies, as slowly rotating hybrid pulsators usually present a clearer frequency separation between the p- and g-mode subspectra.
The first attempt at modelling Rasalhague was by Deupree (2011), using the 2D ROTORC code (Deupree, 1990, 1995). He uses nine solid-body rotating and one slightly differentially-rotating models, and computes adiabatic oscillations with −4 ≤ m ≤ 4, using six or eight spherical harmonics for each mode. He then identifies oscillation modes by matching MOST frequencies to their closest synthetic counterpart within one stardard deviation. Figure 7 presents the match between synthetic frequencies for different azimuthal orders and the observed ones. The échelle diagram is folded with a Δν = 47.6 μHz that emerges from the models, but does not match the estimate of García Hernández et al. (2015).
[image: Figure 7]FIGURE 7 | Echelle diagram comparing synthetic modes at different azimuthal orders m (squares: |m| = 0, diamonds |m| = 1, inverted triangles |m| = 2, triangles |m| = 3 and right-facing triangles |m| = 4) with observed frequencies (thick circles artifically offset). Figure taken from Deupree (2011).
While an interesting first attempt, this study has clear limitations already mentioned in the original paper. First, the synthetic spectrum computed by Deupree (2011) is so dense that several synthetic frequencies lie within the observational uncertainties for numerous modes, which makes the differentiation between models difficult. More importantly, increasing the number of spherical harmonics to describe each mode from six to eight leads to a drastic change in the mode geometry. This shows that 6- and 8-harmonic calculations are underresolved, which undermines the whole analysis. The MOST dataset has been studied by García Hernández et al. (2015, 2017) who found regular patterns in the oscillation spectrum. For frequencies above 116 μHz they found a large separation of 38 ± 1 μHz that corresponds to a mean density of 0.123 ± 0.021ρ⊙. The 116 μHz frequency is that of the lowest-order radial pressure mode, while the 38 ± 1 μHz pattern is due to 2-period island modes. These seismic parameters and partial mode identification have guided the new modelling effort I describe here.
This new calculation relies on the ESTER and TOP codes and is presented in Mirouh et al. (2013); Mirouh et al. (2017). The ESTER code computes the structure of a rotating star in two dimensions, including centrifugal distortion, gravity darkening and meridional circulation, but treats mixing in a very simplified manner that does not track core recession and cannot include a surface convection zone. It is paired with the TOP code, a high-resolution spectral code to compute the adiabatic and non-adiabatic oscillations of rotating models. For this work, we compute a 2.22M⊙ model whose surface temperature, radii and rotation match the interferometric measurements. We compute adiabatic modes with −4 ≤ m ≤ 4, this time using twenty spherical harmonics for each mode. To select the best candidates for identification, we compute mode visibilities (that is, the induced surface signature Reese et al., 2013; 2017b) and the growth or damping rate (that is, the rate at which the mode is excited or damped in the star). Growth and damping rates are directly obtained through solving the non-adiabatic oscillation equations or from work integrals computed in the adiabatic approximation, that is, assuming that non-adiabatic effects do not impact the mode geometry (Unno et al., 1989; Mirouh et al., 2013).
The aim is to select the most visible excited modes that match the measured frequencies. The top panel of Figure 8 shows the visibility of each mode, and visual inspection brings out two overlapping populations. Pressure modes are the most visible and cover the whole frequency range, while gravito-inertial modes exist at low frequency ([image: image]) and have lower visibilities. This difference comes from the energy distribution in the star, as gravito-inertial modes are focused around the stellar core and seldom reach the stellar surface and acoustic modes propagate up to the surface.
[image: Figure 8]FIGURE 8 | Properties of axisymmetric (m = 0) modes. (A): mode visibilities. (B): mode damping (red) or growth (blue) rates obtained from non-adiabatic calculations. Green lines denote frequencies from Monnier et al. (2010). Figure taken from Mirouh et al. (2017).
Computing growth and damping rates using work integrals in the quasi-adiabatic approximation yields only linearly-stable modes, with acoustic modes being more damped than gravito-inertial modes. This can be attributed to a poor description of the modes at the stellar surface and prevents any identification of the observed modes (Mirouh et al., 2013).
Non-adiabatic calculations reveal the presence of linearly-unstable modes (Mirouh et al., 2017), as shown in the bottom plot of Figure 8. However, those modes do not seem to match the expected distribution: most unstable modes are gravito-inertial modes that describe a somewhat regular spacing which does not match the large separation of García Hernández et al. (2015, 2017), while the most visible modes are damped. The origin of unstable (super-inertial) gravito-inertial modes in ESTER models of Rasalhague comes as a surprise: as the models do not feature a convective envelope, they cannot include the convective blocking excitation mechanism. If the computed modes are to explain the gravity modes observed by Monnier et al. (2010), their excitation must be provided by another mechanism. Candidates include the κ mechanism for gravity modes, as proposed by Xiong et al. (2016), the overstable convective modes suggested notably in Lee (2021), or the elusive differential rotation mechanism suggested by Mirouh et al. (2016).
At this point it is thus impossible to identify modes. This may be due to the non-adiabatic calculations whose stability must be ensured, and ESTER models’ inclusion of surface effects. A better understanding of the intertwined regular patterns in the spectra (described in Section 3) can also be obtained by the systematic application of classification algorithms such as that of Mirouh et al. (2019). This algorithm is a supervised machine learning approach, that relies on a bank of well-identified pressure perturbation profiles to separate rapidly a set of computed modes into the various geometries presented in section 2. Mirouh et al. (2019) focused on extracting patterns for island modes, and their algorithm can be extended to study other pressure and gravito-inertial modes. Other machine learning approaches, both supervised and unsupervised, applied to individual modes or entire observed spectra, will undoubtedly be the next step towards mode identification in rapid rotators such as Rasalhague. Rasalhague also seems to be a good candidate for line-profile variation detections (described in Section 4), as it is seen equator-on which would maximize the signature of island modes.
These improvements will be necessary to obtain a satisfactory two-dimensional seismic model of Rasalhague and open the way to the study of other rapidly rotating pulsators observed through interferometry, such as Alderamin, Regulus or Achernar. Another very interesting star is the rapid rotator Altair whose realistic modelling, albeit not seismic, was achieved by Bouchaud et al. (2020) and which features 15 oscillation frequencies (Le Dizès et al., 2021).
6 SUMMARY
Rapid rotation makes early-type main-sequence pulsators a much more complex object of study compared to slowly rotating late-type counterparts. While our understanding of these stars has been lagging behind that of solar-like pulsators for years, the gap is closing at an increasing speed. The application of the traditional approximation for gravito-inertial modes in moderate rotators, and the development of two-dimensional models and oscillation codes for both pressure and gravito-inertial modes at all rotation rates, have unveiled the complex geometries and patterns the modes assume. Pattern analysis in high-quality oscillation spectra reveal an increasing amount of information on rotating stars. I presented the topology of both gravito-inertial and acoustic modes under the combined effect of the Coriolis force and centrifugal distortion.
Kepler and TESS revealed numerous regularities in the low-frequency spectra of γ Doradus and SPB stars, that were matched by gravito-inertial and Rossby modes computed with the traditional approximation. This opened a window on differential rotation and mixing inside those stars, and statistics are now building up to reach a better understanding of the structure and evolution of these stars. Pressure-mode pulsators such as δ Scuti benefitted from recent progress in two-dimensional models and oscillation codes. Theoretical patterns are identified and linked to structure quantities, and an entire toolkit is now available to compute these modes, their visibilities and damping rates. I described in this article two developments that may be the final pieces of the puzzle. One of them is the development of classification algorithms to automate mode identification and derive patterns for each subclass of acoustic modes, and the other is line-profile variations adapted to rapidly rotating stars to provide solid anchor points to forward seismic modelling approaches.
Just like Kepler and TESS have allowed unprecedented progress in the deciphering of classical pulsator oscillation spectra, the future PLATO mission holds the promise of yet another revolution. The sheer amount of stars for which lightcurves will eventually be available will be a stepping stone towards a full understanding of rotation, angular momentum mixing and their impact on intermediate- and high-mass stellar evolution.
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Many pulsating star light curves must be interpreted strictly within the framework of a non-linear theory. The detection of non-linear interactions between pulsation modes has increased due to the ultra-precise photometric data provided by space missions. For this reason, it is now possible and essential to continue the effort of building data-driven non-linear pulsation models. The analysis of non-linear stellar light curves has become a fundamental challenge in asteroseismology in the era of space missions. In this article, a diagnostic method is presented. It is based on an observational characterization of the non-linear behavior of high-amplitude delta Scuti (HADS) stars. It diagnoses the nature of non-linear pulsations in δ Sct stars of lower amplitudes. It potentially provides an extra hint for identifying a radial mode and determine its radial order n. Additionally, it could show signatures of moderate to rapid rotation in these stars. Overall, this article shows the capabilities for making asteroseismic inferences from studying combination frequencies in δ Sct stars.
Keywords: variable stars, asteroseismology, non-linear pulsations, non-linearities, combination frequencies, HADS stars, Delta Scuti stars, Gamma Doradus stars
1 INTRODUCTION
The linear pulsation theory cannot explain the special features of some pulsating star light curves. This is the case of the so-called bump in Cepheid light curves (Christy, 1964), the sharp ascents and slow descents of luminosity in RR Lyrae (Christy, 1966), δ Sct (Stellingwerf, 1980; Buchler et al., 1997), and white dwarf light curves (Brickhill, 1992; Brassard et al., 1995; Goupil et al., 1998; Wu, 2001; Montgomery, 2005), as well as the upward and downward symmetry in SPB and γ Dor light curves (Kurtz et al., 2015), among other examples. These distortions of the sinusoidal shape of the light curve are effects, in the time domain, of non-linear mechanisms happening within the star. In the frequency domain (e.g., in a power spectrum), the effects or signature of the non-linearities within the star appear as excess power at combination frequencies of the independent pulsation modes. These independent modes are often called parent frequencies, and their interaction generates combination frequencies, often called children frequencies.
Recently, the subject of non-linear pulsations has attracted new reconsideration and has become a fundamental challenge for asteroseismology. Proper mode identification is critical to model variable stars. It is troublesome even considering only linear modes (Mirouh, this volume). The presence of non-linearities is an additional obstacle to take into account. It is not straightforward to identify combination frequencies from independent modes either. An independent mode of pulsation could be located at the frequency value of a combination by chance. For example, the regularities of the frequency spectrum could be wrongly interpreted as signatures of stellar rotation (Breger and Kolenberg, 2006; Bowman, 2017, see Figure 1 for a schematic example). This is particularly relevant in δ Sct stars, which often show puzzling power spectra that make it complex to perform mode identification. Fortunately, the ultra-precise photometric data available from space missions allow the detection of more combination frequencies, enabling additional in-depth study of the non-linear behavior exhibited by pulsating stars through observations (Balona, 2012; Kurtz et al., 2015; Bowman et al., 2016; Zong et al., 2018; Van Beeck et al., 2021).
[image: Figure 1]FIGURE 1 | Example of fine structure of combination frequencies resembling a rotational splitting. Figure taken from Bowman (2017). Figure inspired by Breger and Kolenberg (2006, Figure 1).
A recurrent issue when studying the non-linear behavior of a pulsating star is the need to unambiguously identify the nature of the combination frequencies. Two distinct physical origins of non-linearities have been widely discussed (Breger and Lenz, 2008; Degroote et al., 2009; Breger and Montgomery, 2014; Balona, 2016; Zong et al., 2016; Bowman, 2017). On the one hand, resonant mode coupling, in which a stable mode becomes unstable (ω3) if any resonance condition involving an interaction between the parent frequencies (ω1, ω2) is met (e.g., ω3 ≈ ω1 + ω2, ω3 ≈ 2ω1, 2ω0 ≈ ω+ +ω−). This is for rotationally induced resonance, where ω0 is the central frequency of a dipole splitting m = 0, and ω+ and ω− corresponds to the m = +1 and m = −1, respectively. For non-radial parent modes, resonance can be helpful for mode identification (Buchler et al., 1997; Goupil et al., 1998).
On the other hand, the stellar medium can behave non-linearly when interacting with pulsation modes, causing short-term retention of the stellar flux and then its release over a longer time. Physically, the non-linear processes/mechanisms involved in observing such asymmetric (or non-sinusoidal) light curves could involve the interaction between the oscillation and the variation of the depth of the convective zone in the outer layer of a pulsating star (Brickhill, 1992; Wu, 2001), the non-linear flux response of the stellar medium induced by surface geometrical and temperature distortions (Brassard et al., 1995), or stellar atmospheric shock waves (Gillet and Fokin, 2014). Most of these theories were developed for white dwarfs and extrapolated to other pulsating stars, where a convective envelope is believed to be present. Combination frequencies resulting from the non-linear response of the stellar medium to pulsation do not have any asteroseismic use for δ Sct stars (Balona, 2012). They are considered spurious frequencies because they are not a solution to the perturbed stellar structure equations, and until now, their main interest has been to identify and remove them from the power spectra.
Distinguishing whether non-linearity is due to mode coupling or to non-linear response surpasses the goal of mode identification. The study of these is also relevant for shedding light on the mode selection processes in these stars, which is still a significant lack in the current theory of δ Sct stars. The excitation and damping mechanisms operating in these stars need to be revised (Balona and Dziembowski, 2011; Balona et al., 2015; Balona, 2018), or other mechanisms that cause amplitude enhancements or decreases in the power spectra that current models are unable to reproduce need to be introduced. In consequence, developing an understanding of non-linearities using high-quality photometry will put a good part of asteroseismic inferences into question.
A special subgroup among the δ Sct variables is the HADS stars. McNamara (2000) characterized this subgroup by defining their peak-to-peak light variation to be Δm ≥ 0.3 mag. This range corresponds to the highest observed amplitudes in δ Sct stars, which vary from thousandths up to tenths of a magnitude (Aerts et al., 2010). This difference suggests that an amplitude-limiting mechanism must operate in δ Sct stars but not in HADS stars (Breger and Montgomery, 2000). Dziembowski and Krolikowska (1985) showed that parametric resonance is the most likely amplitude-limiting mechanism at work in δ Sct stars. Bowman et al. (2016) also argued that the lack of amplitude modulation in HADS stars, which is sometimes a signature of resonant mode coupling, supports the hypothesis that resonance does not function in HADS stars. Furthermore, HADS stars are typically slow rotators and normally pulsate in radial modes (McNamara, 2000; Rodríguez et al., 2000). While some studies have claimed to find non-radial modes present in HADS (Garrido and Rodriguez, 1996; Pigulski et al., 2006), the resonance of non-radial modes is facilitated by a high rotational velocity (Baade, 1984; Saio et al., 2018), with velocities that are not expected for HADS stars. Consequently, HADS stars might be appropriate objects for studying the stellar envelope’s non-linear response. This suggests that they might be resonance-free pulsators, such that the combination frequencies in these stars would be caused only by the non-linear response processes in the stellar envelope. However, it is not a proven fact that HADS are resonance-free pulsators (resonance can also yield constant amplitudes, e.g., bump Cepheids or double-mode Cepheids).
Here a new diagnostic method is presented to make asteroseismic inferences from the study of non-linearities. From an empirical characterization of the non-linear behavior of HADS stars, the method can identify the physical origin of non-linearities in δ Sct stars of lower amplitudes. This method can potentially identify whether the parent frequencies are radial, thus providing an extra hint for mode identification. It might also show signatures of moderate to fast rotation in HADS stars. The article is organized as follows: Section 2 describes the method to identify non-linearities in the power spectra and the mathematical framework to study them. In addition, a characterization is presented of non-linear behavior in a set of HADS stars, along with the explanation of the diagnostic method. The results of the application of the method to a sample of δ Sct stars are given in Section 3, along with the asteroseismic inferences that can be made. Finally, Section 4 summarizes the conclusions drawn from this study, open issues, and future work.
2 DATA AND ANALYSIS METHODS
In signal processing theory, the Volterra expansion describes the output signal of a non-linear system. Garrido and Rodriguez (1996) were the first to propose it as a general framework suitable to describe non-linear light curves. In this framework, the non-linear light curve is described as a sum of sinusoids whose frequencies are independent modes of pulsations and combination frequencies (harmonic, sum and subtraction combinations). Each sinusoid composing an output signal also depends on a set of unknown complex functions called the generalized transfer functions (ΓO). For example, when the input to a non-linear system is composed of two real-valued sine waves at frequencies ω0 and ω1, the output Y(t) can be expressed (see p. 30 in Priestley, 1988) by
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The system is entirely determined when the ΓO functions are fully known. They characterize the non-linear system, and so it is important to properly represent them. Their representation is implemented by relating the ΓO functions to the Fourier parameters (frequencies, amplitudes, and phases). The following section explains these relations and a method of determining the Fourier parameters.
2.1 The best parent method and the ΓO functions
In the Volterra expansion framework, explained in detail in Lares-Martiz et al. (2020), it is possible to derive a general expression for the Fourier parameters of the terms composing the light curve of a non-linear system (in our case, a pulsating star). For the frequencies, amplitudes and phases, the general form would be
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where ωi,j, Ai,j, and φi,j are the frequencies, amplitudes, and phases of the parent modes. Likewise, n and m are integer numbers. Ωc is a combination frequency, with Ac and φc as its corresponding amplitude and phase. arg{ΓO} and |ΓO| are the argument and modulus of the complex generalized transfer functions (ΓO) characterizing the non-linear system.
2.1.1 The best parent method
The best parent method (BPM) identifies the family of combination frequencies in the power spectrum that follows Eq. 2. It guarantees that this family yields the residual light curve with minimum variance. The parents that generate this family are found by building a grid of possible parent modes around a first guess. The initial guesses are selected from peaks where there is excess power matching any of the known period-ratio relations (Suárez and Garrido, 2006, for the fundamental mode P0 and first overtone P1: P0/P1, and Stellingwerf, 1979, for the fundamental mode and second overtone P2: P0/P2 and for the fundamental mode and third overtone P3: P0/P3). The two most dominant frequencies are chosen if no frequency obeys these period ratios. The advantage of the BPM over other algorithms (e.g., COMBINE; Reegen, 2011) is that the parent search is conducted exhaustively and automatically, achieving great precision in terms of frequency. The details of this method, its performance, and other more advantages are described in Lares-Martiz et al. (2020) and Lares-Martiz (2021).
Eq. 2 is restricted to a two-term expression when computing the BPM. This will avoid fits by chance, as almost any number can be written as a linear combination of the form of Eq. 2 if this expression has many terms. The integer numbers n and m are chosen so ωc is never above the Nyquist frequency. The output of the BPM algorithm is a list of statistically significant combination frequencies along with their amplitudes and phases (Ac and Φc, respectively). In this study, the statistical significance of each frequency is confirmed with a Student’s t-test at a confidence level of 99.9%.
2.1.2 The ΓO functions
The Volterra expansion depends on the set of complex functions called generalized transfer functions, or ΓO functions (Eq. (1)). Index O denotes the order of non-linear interactions defined as O = |n| + |m|, i.e., Γ1 represents the system response for each independent frequency, Γ2 represents the system response for second-order interactions, and so on. The complex generalized transfer functions contain the non-linear physics involved in the star. Therefore, it is of great interest to somehow characterize them. The ΓO functions must be fully known to obtain a physical model that explains non-linear effects.
From the Volterra expansion (Eqs. 2, 3, 4), the modulus and the argument of the ΓO functions are
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where Ar and Δϕ are the amplitude ratio and relative phase, respectively, using Simon and Lee (1981) nomenclature.
2.2 The ΓO functions of HADS stars: The non-linear response Template
The ΓO functions of 17 HADS stars are studied in this section. Figure 2 shows the modulus and the argument of the ΓO functions of all statistically significant harmonic, sum, and subtraction combination frequencies detected by BPM in the spectra of the 17 HADS stars. The subtraction combinations (symbols with red circles) seemed to be more scattered in their relative phases or amplitude ratio patterns. A few plausible explanations are provided in Section 4.1.1.3. Regardless of the subtraction problem, we continued to analyze the harmonics and sum combinations, considering the interesting patterns obtained. In Figure 3 we show only the relative phases and amplitude ratios involving harmonic and sum combination frequencies. The y-axis in this figure represents the difference between the observed phase for a combination frequency and the phase that a combination of two signals predicts (Eq. 6). This axis is cyclic (from 0 to 2π rad), and we represent one cycle of the relative phases for simplicity. This means that only combinations up to the order O = 9 are represented. The x-axis represents the amplitude ratios (Eq. 5). Figure 3 therefore shows that the ΓO functions seem to follow a similar pattern in every HADS star, characterizing their non-linear behavior.
[image: Figure 2]FIGURE 2 | Raw template of combination frequencies (harmonics, sums, and subtractions) from the non-linear response. Concretely, up to O = 9 of the relative phases and amplitudes ratios for the 17 HADS stars listed in Table 1. Symbols with red circles are the subtraction combinations.
[image: Figure 3]FIGURE 3 | Same as Figure 2 but without the subtraction combinations.
The general pattern seems distorted for 6 of the 17 analyzed HADS stars: the combination frequency orders overlap. From the 6 HADS showing distorted patterns, four of them are mono-periodic, and two are double-mode HADS stars. Although HADS stars are typically slow rotators (v sin i ≲ 30 km s−1; Rodríguez et al., 2000; McNamara, 2000; Balona, 2016), one of the four mono-periodic stars have moderate rotational velocities range (TIC 126659093: v sin i = 35 km s−1. Value source: Antoci et al., 2019, Table A1). This might distort the relative phases plot (see Figure 4, left plot), allowing us to infer moderate to high rotational velocities in other stars with similar deviations in their relative phases plot (e.g., TIC 261089835 and TIC 431589510, for which no rotation values are available) (see Figure 4, right plot).
[image: Figure 4]FIGURE 4 | Two examples of a distorted relative phases pattern where combination frequency orders seem to overlap. TIC 126659093 has a known moderate rotational velocity (v sin i = 35 km s−1, Antoci et al., 2019). For TIC 261089835, no rotation velocity is available, but it is an example of inferred moderate or high rotational speed because of similar deviations in their relative phases. Symbols with black circles: relative phases of the HADS star identified in the title of each panel. Symbols without black circles: relative phases of the HADS stars of the Template. For clarity, in the Template of this figure only the mono-periodic HADS stars (without a distorted pattern) are represented.
The two double-mode HADS stars that are showing a distorted pattern (TIC 260654654 and KIC 9408694) have period ratios for their fundamental and first overtone, different from the aforementioned (see Section 2.1.1) period-relation typical for δ Sct stars. It is widely known that near-degeneracy of the frequencies becomes very important for rotational velocities larger than about 15–20 km s−1 (Suárez et al., 2007). Therefore, it is possible to infer rotational velocities in this range or above for these stars. In fact, KIC 9408694 is a well-known fast rotator (v sin i ≈ 100 km s−1 Balona et al., 2012). A sample of the 17 HADS stars is listed in Table 1. The HADS stars showing a distorted pattern are marked with a “d” in column 1.
TABLE 1 | Time series information of the HADS stars used in this work.
[image: Table 1]Being able to infer rotational velocities through the study of non-linearities happening in the stellar envelope is a promising conjecture that is worth exploring in future research. However, the case of TIC 9632550, which shows a slightly distorted pattern, is still open for discussion. In Antoci et al. (2019, Table A1), there is a reference to a projected rotational value of v sin i = 23 km s−1; however, it is also stated that it is a SB2 binary. Therefore, the distortion in the relative phases and amplitude ratio plots may also have an origin in binary interaction, which would be interesting to examine in future research.
Figure 5 shows the relative phases and amplitude ratios of all statistically significant harmonics and sum combination frequencies of the 11 HADS stars that do not show a distorted pattern. As noted in Section 2.1.2, the ΓO functions characterize and represent the non-linear physics that may be involved in the non-linear system, in our case, a pulsating star. Therefore, the akin representation of the ΓO functions for each HADS star indicates that they all share the same non-linear physical origin. As noted in 1, resonance might not be operating in HADS stars Bowman et al. (2016), so, under this reasonable assumptions, it is possible to associate the pattern shown in Figure 5 to non-linearities from the response of the stellar medium to pulsation, meaning that the common physical origin can be associated to non-linear processes happening in the stellar envelope. The form of the ΓO functions in a pure resonance situation is investigated to prove this. ΓO functions are expected to show different behavior for a different non-linear nature, such as resonance, which it does. This is shown in Section 3.1.2.
[image: Figure 5]FIGURE 5 | Non-linear response Template. Same as Figure 3, without the HADS stars showing a distorted pattern which are identified with a ‘d’ ahead of the identifier in column 1 of Table 1 (5 mono-periodic and 6 double-mode).
Additionally, as HADS stars tend to pulsate in radial modes, it is possible to empirically associate the general pattern with the non-linearities of radial pulsations. Indeed, the Volterra expansion does not add any restriction to the type of pulsation mode (in terms of radial or non-radial pulsations). Nonetheless, in this set of 11 HADS stars, the fundamental mode and first overtone period ratio correspond to the expected period ratio for δ Sct stars. Consequently, the affirmation that the regularities in the pattern allude to combination frequencies of radial modes is realistic. Note, however, that this does not mean it cannot indicate to combination frequencies of non-radial modes. In this way, the ΓO functions in Figure 5 might imply non-linearities of finite-amplitude radial pulsations. Hereafter, Figure 5 is referred to as the non-linear response template (the Template).
2.3 The diagnostic plots
The Template can be used to tackle the problem of identifying the physical origin of a combination frequency. As discussed in Section 1, in δ Sct stars, this identification is very complex and sometimes cannot be done at all. The possibility of diagnosing a combination frequency nature by plotting the argument and modulus of the ΓO function over the Template is explored in this study. Such plots are called Diagnostic plots, as they test that the argument and modulus of the ΓO function match the ones from a non-linear response. This empirical methodology was tested in a sample of 117 A-F stars observed by the TESS space satellite.
The BPM was computed for each star of the 117 A-F set using the first two highest amplitude frequencies or, when possible, a pair of frequencies that follow any of the period relations mentioned in Section 2.1.1. This ensures that the combination frequencies have independent eigenmodes as parents and not in combinations. In the set of 117 A-F stars, 74 were identified in Antoci et al. (2019) as δ Sct stars or hybrids. By only considering two frequencies as parents, the study will exclude combinations from other parents.
3 RESULTS
3.1 Diagnostic plots for δ Sct stars
Supplementary Table S1 (located in the Supplementary Material section of this article) shows the results of computing the BPM for 74 δ Sct stars (or hybrids). The best possible parents, the combination frequencies detected, and the status of each combination regarding its match or lack of match with respect to the Template are also listed.
Before discussing the diagnostic plots, it is essential to note that combination frequencies can reach amplitudes higher than their parent modes Kurtz et al. (2015). When dealing with radial modes, as in HADS stars, the amplitude ratio pattern characterizes the amplitudes of combination frequencies from the non-linear response mechanism. However, when analyzing δ Sct stars of lower amplitudes, the highest-amplitude peaks (taken as parent frequencies) can be non-radial. Cancellation effects affecting non-radial modes could distort the observed amplitude ratios, causing incorrect discarding of combination frequencies that do not follow the amplitude ratio trend of the Template. For this reason, amplitude ratio patterns are useful to support identification but not to establish the nature of non-linearities.
3.1.1 Matching cases
At least 10 δ Sct stars from the sample of 74 δ Sct stars (or hybrids) matched the Template (Figure 6). From the arguments given in Section 2.2, we interpret those combination frequencies to be caused by the non-linear response of the stellar medium to pulsation Figure 7.
[image: Figure 6]FIGURE 6 | Diagnostic plots of combination frequencies matching the non-linear response Template. Matching criterion: the agreement should be in the relative phase (see Section 3.1). Symbols with black circles: relative phases and amplitude ratios of the HADS star identified in the title of each panel. Symbols without black circles: relative phases and amplitude ratios of the HADS stars of the Template.
[image: Figure 7]FIGURE 7 | Relative phase diagnostic plot for the statistically significant combination frequency f1 + f2 found in TIC 150394126 (symbol with black circles). Symbols without black circles: relative phases and amplitude ratios of the HADS stars of the Template.
3.1.1.1 Application of the matching cases: Mode identification
Agreement with the Template allows us to identify a combination frequency from the non-linear response. Additionally, it is possible to argue that the parents of such combination frequencies are radial modes. This is supported by the fact that the Template represents the non-linear interaction of independent modes in HADS stars, mainly radial modes (Section 2.2). In this way, analyzing combination frequencies might give an extra hint for mode identification. An example of this is TIC 150394126. The identification of f1 + f2 as being due to the non-linear response nature (because it matches the relative phases for a second order combination frequency of the Template), (see Figure 7) could imply that f1 and f2 are radial modes. Taking into account the period relations of Suárez and Garrido (2006) and Stellingwerf (1979) and that for δ Sct stars, modes of consecutive radial order (at least for radial orders in the range of n = [2–8]) are equally separated by the large separation (Δν, similar to the solar-like stars large separation) (García Hernández et al., 2009; Suárez et al., 2014), is possible to estimate the radial orders of f1 and f2.
Assuming that f1 = νn = 49.08808 d−1 and f2 = νn+1 = 58.58333 d−1 and the combination frequency f1 + f2 = 107.67141 d−1, then
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and from Suárez and Garrido (2006)and Stellingwerf (1979) period relations, it is possible to calculate
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Although it is at the limit of the [image: image] range, accounting for the errors suggests f1 to be a radial mode of radial order n = 2 and f2 to be a radial mode of radial order n = 3.
Note that non-linearities are not exclusively linked to radial modes. Because the pattern is built from radial parent modes, it can be said that it works for radial parent modes. Now, does it have the same behavior for non-radial parents? Can partial cancellation mess up with the amplitude ratios? Is the flux retained and then released by the same amount in the surface convective layers of the star when this outer stellar medium interacts with non-radial modes? The answer is: possibly—a test to prove it is provided in Section 3.2. Here, we offer an example of obtaining an extra hint for mode identification through non-linearities studies if such a pattern is only related to non-linearities of radial parent modes.
3.1.2 No-matching cases
What about the combination frequencies that do not match the non-linear response Template? Such cases are shown in Figure 8. Sustained by the arguments given in Section 2.3, the interpretations of relative phases disagreeing with the Template could indicate one of these situations:
1. An effect of the non-linear response of the stellar medium to non-radial pulsations (the template for this is still unknown; while it might be the same as the Template, as HADS stars can also pulsate in non-radial modes. This is not proven.).
2. A resonantly excited or coupled mode.
3. An independent mode.
[image: Figure 8]FIGURE 8 | Diagnostic plots of combination frequencies not matching the non-linear response Template. Matching criterion: the agreement should be in the relative phase (see Section 3.1). Symbols with black circles: relative phases and amplitude ratios of the HADS star identified in the title of each panel. Symbols without black circles: relative phases and amplitude ratios of the HADS stars of the Template.
Therefore, not matching the Template would imply that those combination frequencies do not form part of a non-linear response of the stellar medium to radial pulsation modes. Random diagnostic plots refer to the 3rd point. The first and second points are the ones to be differentiated and tested here.
3.1.2.1 Application of the no-matching cases: mode coupling vs non-linear response
As noted in Section 1, differentiating whether a combination frequency is due to resonantly excited modes or to a non-linear response could shed some light on the mechanisms of mode selection operating in δ Sct stars. Several studies have discussed the nature of combination frequencies in δ Sct stars to support the mode-coupling theory (Handler et al., 2000; Nowakowski, 2005; Breger and Lenz, 2008; Balona et al., 2012; Breger et al., 2012; Bowman and Kurtz, 2014; Breger and Montgomery, 2014; Barceló Forteza et al., 2015; Bowman et al., 2016). In this section, we focus on the Breger and Montgomery (2014) method, which identifies which frequencies are parents and combinations in addition to discriminating whether a combination frequency is a resonantly excited mode or only an effect from the non-linear response. Their method is based on the assumption that amplitudes of the members of a resonantly coupled family are similar; therefore, larger values of what is called the coupling factor ([image: image] where A3 is the amplitude of the combination and A1 and A2 are the amplitude of the parent modes) are expected, in comparison to the expected small value of μc if the parents have very different amplitudes (the case for non-linear response family). However, it is important to note that to test their models, the modes must show large-scale amplitude modulation; therefore, the application of their method can be cumbersome since variation in time between all the modes has to be studied to check the expected interchange of energy. By applying this technique, the fast-rotating δ Sct star KIC 8054146 was analyzed by Breger and Montgomery (2014). Their models for the amplitude of the coupled child match observations very precisely. One of their conclusions was that the f26 frequency and Triplet 1 contain the parent modes, whereas the Triplet 2 contains the resonantly excited modes (see Figure 9 for a representation of the frequency distribution.)
[image: Figure 9]FIGURE 9 | Nine most dominant frequencies of the T family. Figure taken from Breger and Montgomery (2014).
In Figure 10 we represent the diagnostic plot for the f40 frequency, the higher frequency component of Triplet 2. Its diagnostic plot was expected not to match the Template as Breger and Montgomery (2014) thorough study concludes (in Figure 10, the resonance at f40 = f66 − f26 is marked using the Breger and Montgomery (2014) nomenclature). The relative phase of f40 does not match the relative phase for combinations of order 2 when the non-linearity is due to the response nature, supporting Breger and Montgomery’s (2014) conclusion.
[image: Figure 10]FIGURE 10 | Diagnostic plot for combination frequencies in KIC 8054146 between Triplet two and f26 (in Breger and Montgomery, 2014, nomenclature) (see Section 3.1.2 and Figure 9). f40, f34 and f37 composing the Triplet one do not follow the Template, supporting Breger and Montgomery (2014)’s conclusion of them being resonantly excited. Same for f3a + f3b and 2f3a. Symbols with black circles: relative phases and amplitude ratios of KIC 8054146. Symbols without black circles: relative phases and amplitude ratios of the HADS stars of the Template.
In Figure 9, f3 represents in reality two very close frequencies (f3a = 2.9301 d−1 and f3b = 2.9340 d−1). Breger and Montgomery (2014) discussed the possibility of f6 component being a linear combination of the form 2f3a or f3a + f3b. In Figure 10, we diagnose these components. The relative phase for f6 is not agreeing with the combination order two zone of the Template, even if this frequency is considered to be 2f3a or f3a + f3b. In this way, f6 is not due to the non-linear nature. This is in line with Breger and Montgomery’s (2014) conclusion regarding how these low frequencies are resonantly excited.
Relative phases in Figure 10 are very similar to those in Figure 8 (e.g., TIC 381857833, TIC 38587180, TIC 32197339, and TIC 183595451, and TIC 350563225). Not matching the Template might be a signature of non-linearities resulting from resonant mode coupling. Nevertheless, a second possibility can cause a combination frequency not to match the Template. It is still possible that the relative phases and amplitude ratios found in Figure 8 do match a pattern of non-linear response nature but from non-radial parent modes. This is considered in the next section, where the ΓO functions of combination frequencies from non-radial parents are studied. The non-radial p-modes identification in δ Sct stars is not clear. To ensure or increase the chances of choosing non-radial modes as parent frequencies (or at least combination frequencies of non-radial parents), we study stars pulsating in the g-mode regime, such as γ Dor stars. As with δ Sct stars, many γ Dor stars show hybrid phenomena, but in the next section, we focus on the g-mode frequency regime to augment the possibilities of choosing non-radial parents.
3.2 The ΓO functions of γ Dor stars
This section presents the arguments and moduli of the ΓO functions for three previously studied γ Dor stars. The three γ Dor stars analyzed are KIC 8113425 (Kurtz et al., 2015), KIC 5608334 (Saio et al., 2018), and TIC 30531417 (Antoci et al., 2019). The first and the last ones are chosen since they have strong non-linear light curves; therefore, many non-linearities are expected to be detected. The second one is chosen because previous studies have argued that it meets resonance conditions, so it would be interesting to check their ΓO functions patterns. Combination frequencies have been detected in their power spectra through BPM analysis.
3.2.1 KIC 8113425
This γ Dor has a strong non-linear light curve whose power spectrum shows the typical frequency groups for these variables (Kurtz et al., 2015). The first four highest peaks of its power spectrum and the two-termed combination frequencies together account for 58.04% of all variability in light. Matching a structure of many combination frequencies by chance or resonant mode coupling is highly improbable. Therefore, this star is a promising target for analyzing the relative phases and amplitude ratios.
The relative phases of the statistically significant combination frequencies for KIC 8113425 are shown in the upper panel of Figure 11. Although they take very different values, the arguments of the ΓO functions follow an increasing trend with the order of the combinations and with the frequency. This is because relative phases increase with the frequency in g-mode pulsators, contrary to the p-mode case, which shows a decrease in frequency. Interestingly, this agrees with the asteroseismic fact that frequency increases with the radial order n in p-modes, whereas the frequency decreases in g-modes. The reader should recall that the y-axis is cyclic, the statistically significant frequencies of order five do not show a discontinuity.
[image: Figure 11]FIGURE 11 | Relative phase (upper panel) and amplitude ratio (mid panel) of combination frequencies for KIC 8113425. Relative phase as a function of the amplitude ratio (bottom panel).
In γ Dor stars, the non-linearities may come from non-radial parent modes, so cancellation effects could affect the observed amplitudes, enabling the possibility of combination frequencies having higher amplitudes than their parents (Kurtz et al., 2015). However, this does not seem to be happening in this star, as seen in the amplitude ratios (mid panel of Figure 11). As in the p-mode case, one can plot relative phases as a function of amplitude ratios (Bottom panel of Figure 11). This γ Dor star, we might see proof that it does not matter whether the mode is radial or non-radial, as there is also clustering in terms of the order of the combination. However, the clustering occurs in the opposite direction (increasing order on the y-axis), possibly because the parent is a g-mode. Building these plots to develop a more significant sample would help discern whether the increasing or decreasing order on the y-axis is due to the radial or non-radial nature of the mode or the g-mode or p-mode nature.
3.2.2 KIC 5608334
The relative phases and amplitude ratios for the harmonics, sum and subtraction combination frequencies detected in KIC 5608334 are plotted in Figure 12. If the relative phase value does not match the Template, this might suggest that the modes are resonantly excited, as observed in δ Sct stars (see Section 3.1.2).
[image: Figure 12]FIGURE 12 | Relative phase (upper panels) and amplitude ratio (bottom panels) of harmonics, sums, and subtraction combination frequencies of KIC 5608334.
The resonance of non-radial modes is facilitated by a high rotational velocity (Baade, 1984). Saio et al. (2018) studied this star and showed how the detected combination frequencies in this star are the consequences of rotationally induced resonance due to its rapid rotation (v sin i ≈ 74–163 km s−1). Therefore, KIC 5608334 is another example of a reported case of pure resonance showing relative phases not matching the Template. This example strengthens the assumption of how relative phases and amplitude ratios behave when the combination frequencies are caused by the resonance mechanism.
3.2.3 TIC 30531417
TIC 30531417 shows a very regular light curve. The principal component of the power spectrum belongs to the g-mode frequency range (0.3 < ν < 3 d−1) but presents an unusually high amplitude for its pulsation variability (0.33 peak-to-peak mag) for a γ Dor star (typically of 0.1 mag Paunzen et al., 2020). For this reason, it was baptized by Antoci et al. (2019) as a high-amplitude γ Dor (HAGD) star. The BPM was computed first for the highest-amplitude peak, extracting almost all the harmonics. A second mode was detected at ν2 = 4.96067 d−1 after inspection of the residual light curve.
The relative phases were expected to follow an increasing pattern, similar to the first γ Dor analyzed in this section (KIC 8113425). Unfortunately, this hypothesis is not supported (see Figure 13). The relative phase of the principal component, whose frequency is in the g-mode regime, seems to be increasing with frequency and with the combination order. However, it does not grow at the same rate as KIC 8113425, and from 6f1, it starts to decrease. These different growing rates could indicate that it is not the same type of pulsator. Looking at the log(g) value (3.44423), it appeared to be a quite evolved star, and in the SIMBAD Astronomical Database, it is catalogued as an RR-Lyrae. Regarding ν2, the second-order harmonic seems to follow the non-linear response Template, so ν2 is possibly a radial p-mode.
[image: Figure 13]FIGURE 13 | Relative phase (upper panel) and amplitude ratio (bottom panel) for sums and harmonics combination frequencies of TIC 30531417.
4 DISCUSSION
Using the Volterra expansion as a general framework to model the non-linear behavior of pulsating stars has proven efficient. It has served to develop a self-consistent method that determines, with great precision, the combination frequencies composing a light curve (Lares-Martiz et al., 2020). Additionally, studying the Volterra-based phase differences and amplitude ratios allowed us to characterize the non-linear behavior of finite-amplitude pulsations in HADS stars for the first time. The ΓO functions represent the non-linear physical process involved in the non-linear behavior. They follow a similar pattern for all the HADS stars, implying that their non-linearities have the same physical origin. Furthermore, the patterns for reported resonance cases are very different from the behavior seen in HADS stars. All these findings support the statement of Bowman et al. (2016), that resonances are not present in HADS stars. Therefore, non-linearities in HADS stars can be associated with the non-linear response of the stellar envelope to pulsation.
Under the reasonable assumption that non-linearities in HADS stars are due to the non-linear response processes, in this article, I present a method that diagnoses the nature of a combination frequency in lower-amplitude δ Sct stars. Whether they match or do not match the heuristic Template for non-linearities in HADS stars, we can distinguish combination frequencies from the non-linear response from other non-linear processes (such as resonance) or independent modes of pulsation. Results of the application of this innovative method hold promising implications for non-linear asteroseismology. For example, there are more combination frequencies in the small sample of 17 HADS stars than in the 74 δ Sct stars sample. This fact supports the generally accepted explanation for the high amplitudes observed in HADS stars, which is the lack of an amplitude-limiting mechanism (Breger and Montgomery, 2000). Also, it supports the Dziembowski and Krolikowska (1985) claim of parametric resonance as the most likely amplitude-limiting mechanism operating in δ Sct stars of lower amplitudes.
Diagnostic charts provide intriguing conjectures, suggesting that the non-linearities are more useful for asteroseismic inferences than previously thought. However, we acknowledge that many questions arise as to the interpretations of the diagnostic plots. For example, is the Template for combination frequencies of radial parent modes only? Indeed, the Template was found in HADS stars, mainly radial pulsators. Because of this argument, it is possible to conjecture that combination frequency matching the Template gives an extra hint for mode identification, supposing that its parents are radial. Nonetheless, HADS stars also pulsate in non-radial modes, and the Volterra expansion does not limit the possibility of the Template showing the same regularities in the case of combination frequencies with non-radial parents. Despite previous efforts (see Section 3.2), whether the pattern remains the same for non-radial modes remains an open question.
The non-matching cases also raised interpretations that could be convenient when making asteroseismic inferences. An example of not-matching the general Template occurs when the pattern is distorted, meaning that the combination overlaps across different orders of the Template. It is possible to associate this signature with moderate to high rotational velocities (see Section 2.2 and Figure 4). Still, this needs to be proven to a larger sample to remove the label of speculation. Suppose the pattern does not match the Template at all. In that case, this indicates other possibilities of reproducing non-linear signatures: resonantly excited modes, independent modes whose frequency lies close to a combination value by chance, or the possibility of non-linearities of non-radial parents. Comparing the results of the disagreeing diagnostic plots for the sample of 74 δ Sct stars with reported cases of resonant mode coupling, it was found that the patterns are broadly comparable. The Breger and Montgomery (2014) method to distinguish the nature of a combination frequency requires significant amplitude modulation in three modes with similar amplitudes. Finding such cases is not easy because the time variability of each combination member and the variations between all the signal components must be tracked. In this sense, the diagnostic plots provide a way to establish the non-linear response nature of the combination frequency, and if it does not match the Template, then recur to a more in-depth study such as Breger and Montgomery’s.
More questions arise regarding the subtraction combinations and the Fourier parameters time modulation. Therefore, the following subsections will discuss apparent limitations or open issues for establishing diagnostic plots as a completely reliable method.
4.1 Open issues and future work
4.1.1 Open issues
4.1.1.1 Amplitude and phase time modulation
So far, the amplitude and phases of each combination frequency are calculated for the entire light curve as if they were constant. The time variability of the Fourier parameters could affect the relevance of the diagnostic method. Mainly, we discuss the possibility of the relative phases being jeopardized by the time variability of any of the parameters. We leave out the amplitude ratios from the discussion as we already acknowledge that this plot may be compromised by other mechanisms (e.g., partial cancellation of the parent modes).
A phase variation as a function of time is introduced in a one-component signal Y(t) in the following way:
[image: image]
and the phase function of time can be represented by a Taylor series
[image: image]
where [image: image], then
[image: image]
If the phase variation is small, it translates into a slight frequency shift. Moreover, the observed phase (ϕ0) is the same as if there were no phase variation. Consequently, the patterns of the relative phase plots are not compromised by the phase modulation.
4.1.1.2 Non-radial modes
The Template is true for radial parent modes, and because of this was possible to conjecture that it might give an extra hint for mode identification. Nonetheless, the Volterra expansion does not limit the possibility of the Template showing the same regularities in the case of combination frequencies with non-radial parents. Therefore, we attempted to show how the relative phases and amplitude ratios plot looks for combination frequencies of non-radial parents in γ Dor stars, where the chance of choosing non-radial parent modes is higher (or at least combinations of non-radial parents).
The characterization of non-linearities observed in g-mode pulsators, particularly for γ Dor stars, is far from complete. Under the theoretical formulations presented in this work and the three stars analyzed, finding a pattern that would unite them all was impossible. However, examination of it yielded relevant results. In KIC 5608334, a γ Dor star previously known to show a rotationally induced resonant mode coupling (see Section 3.2.2), the relative phases have values around 0, π, and 2π. The patterns differed from the resonant mode coupling case in the other two γ Dor stars. The pattern seemed clustered and clear, increasing in relative phases with the order of combination (although at different rates depending on the star). G-modes interacting with the stellar envelope might show different non-linear responses. This might be possible due to an unknown dependence on the frequency of the ΓO functions. If this is true, one can distinguish g-modes from p-modes. An example can be seen in Figure 13, where f1 is probably a g-mode, where its relative phases increase with the frequency up to a point where the response change and start to decrease. Moreover, it is possible to argue that f2 is a radial p-mode because the combinations involving f2 show a similar response as for HADS stars radial p-modes, but not the same because the g-mode f1 is also involved.
The generalized transfer functions of A/F-type hybrid pulsators are not yet well-characterized. Carrying out the relative phases and amplitude ratios study to a larger sample of γ Dor stars and δ Sct stars with non-radial modes will investigate to what extent the generalized ΓO functions can be helpful to characterize the non-linear behavior in these stars.
4.1.1.3 Subtraction combinations
Difference combinations in HADS stars showed scattered relative phases and amplitudes ratio plots (see symbols with red circles in Figure 2). When fitting the Fourier parameters, errors of the parameters corresponding to subtraction combinations were higher. The low-amplitude δ Sct stars showed very scattered values of relative phases and amplitude ratios for the subtractions, even for the stars showing agreement with the Template. This might have an explanation in the fact that their amplitudes may be smaller than the detection threshold, so the fitted frequencies are other independent modes in the low-frequency regime (e.g., rotation signatures or g-modes in the case of a hybrid star). It could also be due to an unknown dependence of the ΓO functions on the frequency. Another possible explanation is that subtraction does not hold the commutative property (see Eq. 6). As a result, the phase would be different regarding the order of the factors in the subtraction, implying that somehow the ΓO functions may not be symmetric, meaning that
[image: image]
is different from
[image: image]
4.1.2 Future work
Ultimately, the broad implication of the present research is that to confirm the conclusions obtained in this work, it would be necessary to carry out a systematic and as complete as possible comparative study of the phenomenon of non-linearities in a sample of different pulsating stars. The sample should cover various masses, evolutionary stages, metallicities, and rotational velocities. It is worthwhile to continue the work of Garrido and Rodriguez (1996) and Lares-Martiz et al. (2020), who provided a promising method to model non-linear behavior in δ Sct stars. Studying the ΓO functions is a convenient and feasible way to build data-driven non-linear asteroseismic models. Thanks to the legacy data from CoRoT, Kepler, and TESS, we have hundreds to thousands of high-accuracy light curves of pulsating stars at our disposal to perform a complete statistical study. Such a study will significantly impact the understanding of the phenomenon of non-linearities and how pulsation spectra of any star are determined. This might mean a complete revision of the asteroseismological results carried out to date and thus of the data analysis pipelines of current and future missions such as PLATO.
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Star name Modes T |[d] 0,([s|] Obs.Sequence
KIC 5950759 Dm 3104 5885  Quarter4
GSC00144-03031  Dm 7667 3199 RunLRa04
TIC 51991595 Mp 1304 12000 Sector2
TIC 139845816 Mp 1323 12000  Sectorl
TIC 144309524 Mp 1304 12000 Sector2
TIC 183532876 Mp 1304 12000 Sector2
TIC 224285325 Dm 1304 12000 Sector2
TIC 231632224 Mp 1323 12000 Sector
TIC 355547586 Dm 1323 12000 Sector 1
TIC 355687188 Dm 1304 12000 Sector2
TIC 358502706 Dm 1323 11999 Sectorl

d TIC 9632550 Mp 1304 12000  Sector2

d TIC 126659093 Mp 1323 12000  Sector 1

d TIC 260654645  Dm 1304 12000 Sector2

d TIC 261089835  Mp 1323 12000 Sector I

d TIC431589510  Mp 1304 12000 Sector2

d KIC 9408694 Dm 2707 5885  Quarter6a

T is the length of the observation in days and 8, is the cadence or sampling rate in
seconds. For the TESS and Kepler light curves, we used the instrumental effects
firee light curve resulting from the Pre-Search data Conditioning (PDC) pipeline,
accessible in the Mikulski Archive for Space Telescopes (MAST: hitps://
archivesstsci.edu/). Stars with a distorted relative phase pattern are marked with
the letter d ahead of the name. Modes column tells if the star is mono-periodic
(Mp) or a double-mode pulsator (Dm).
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