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Editorial on the Research Topic
Quantum light for imaging, sensing and spectroscopy

The last two decades have witnessed an enormous progress in the development of
novel ideas and technologies for sensing and imaging based on the quantum properties of
light. Our ability to generate, manipulate and detect non-classical states of light has
opened new avenues in experimental imaging, sensing and spectroscopy, where
unprecedented levels of sensitivity and resolution can be attained. In this Research
Topic, we aim at highlighting state-of-the-art research, and their potential applications, in
imaging, spectroscopy and metrology. This includes the generation and control of
quantum optical states, such as single-photon sources, entangled photon pairs, and
structured light beams.

This Research Topic, issued within the Quantum Engineering and Technology section
of Frontiers in Physics, includes one brief research report, eight original research articles,
and one review article. These contributions cover applications of entangled light in
metrology and spectroscopy, the generation of spatially-structured non-classical states of
light, as well as imaging applications using correlated thermal light and machine learning.

Chen et al. provide a review article on both theoretical and experimental entangled-
photon-enabled quantum interferometric metrology. Topics covered by the review
include Hong-Ou-Mandel interferometry with frequency and time resolution,
entanglement-assisted ~ single-photon  absorption and two-photon absorption
spectroscopy using energy-time correlated photon pairs. Scully et al. introduce a
spectroscopy technique based on the monitoring of quantum beats in the cooperative
light emission from an atomic (or molecular) sample. The use of entangled photon pairs
in the context of spectroscopy is discussed by Schlawin, who explores the possible role of
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the sample’s inhomogeneous broadening and photons’
polarization degrees of freedom in the quantum enhancement
that entangled two-photon absorption might offer to
experimental nonlinear spectroscopy. Debnath and Rubio
further show that entangled light can also be used as a probe
for extracting information about dissipative cavity exciton-
polariton dynamics in the ultrafast regime.

The generation and control of non-classical states of light
are discussed in two contributions. Puentes discusses a
method for the generation of entangled two-photon states
in high-dimensional Hilbert spaces by placing multiple
angular slits in the path of spontaneous parametric down-
converted entangled photon pairs. This result can be relevant
for quantum information protocols where high-dimensional
encryption is required. Mendoza-Lopez et al. demonstrate
theoretically and experimentally the frequency conversion of
multiple optical vortices by inducing a four-wave mixing
process in a hot vapor of rubidium atoms. The authors’
study adds to the available protocols for the generation
and control of photonic orbital angular momentum in
atomic ensembles.

The potential of structured light for quantum physics is
discussed by Gutiérrez-Jauregui and Jauregui who show that
nonlinear processes, at the single-photon level, might be
produced in the light-matter interaction of tightly trapped
atoms in the focus of vectorial waves. Furthermore, Lv et al.
demonstrate that propagating spatially-structured modes of light
can be identified (and reconstructed) using deep learning. This
method is particularly relevant in quantum applications where
structured light is susceptible to phase distortions due to
propagation in noisy environments.

Wang et al. demonstrate a theoretical and experimental
scheme for “fractional” ghost imaging. This is managed by
symmetrically placing the object to be imaged and a
fractional spiral phase filter in the test and reference
pseudo-thermal beams of a lensless ghost imaging system.
Finally, Fernandez-Guasti and Garcia-Guerrero
demonstrate an interesting scheme that allows for two
non-degenerate photon beams to exhibit first-order
optical interference. These results call for a possible
reformulation of the “which-way information” concept for
non-degenerate photon interference.

Frontiers in Physics

10.3389/fphy.2022.1029478

To conclude, we would like to mention that the study of
quantum light for imaging, sensing, and spectroscopy is a timely
and exciting research field at the forefront of physics and
technology. It has the potential to impact many areas of
science and engineering, from material science to quantum
communications and quantum computing. We expect this
Research Topic to provide valuable information and guidance
for future research along these lines.

Finally, we would like to thank all authors, reviewers and
administrative staff at Frontiers, without whom this Research
Topic could not have been possible.
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M. Fernandez-Guasti* and C. Garcia-Guerrero

Lab. de Optica Cuéntica, Depto. de Fisica, Universidad Auténoma Metropolitana—iztapalapa, Ciudad de México, Mexico

Interference between different photons occurs and has been observed under diverse
experimental conditions. A necessary condition in order to obtain interference fringes is the
existence of at least two possible paths and unknown which-path information. If the photon
beams have different frequencies, stability of the sources and fast spatially distriouted detectors
are required in order to detect the time displaced interference fringes. First order optical
interference between two truly independent CW laser sources is observed. In contrast with the
standard quantum criterion, interference is observed although the photon beams are
distinguishable and, from quantum measurements, the path is unequivocally known for
each photon beam. Segments of the continuous wave wavetrains are selected with an
acousto-optic modulator. Temporal and spatial interference are integrated in a single
combined phenomenon via streak camera detection. The displacement of the fringes in the
time versus space interferograms evince the trajectories of the labeled photons. These results
suggest that in non-degenerate frequency schemes, the ontology has to be refined and the
which-path criterion must be precisely formulated. On the one hand, if the query refers to the
frequency labeled photons, the path of each red or blue photon is known, whereas on the other
hand, if the query is performed in terms of the detected photons, the path is unknown.

Keywords: quantum interference, quantum optics, quantum measurement, monomode lasers, quantum
electrodynamics

1 INTRODUCTION

The two manifestations of first order interference between two wave-fields are 1) spatial interference fringes
and 2) temporal interference or beating. The beams in optical spatial interference setups are usually derived
from the same source but traveling along separate paths. In contrast, temporal interference is commonly
achieved with different sources having different frequencies. Early experiments in the laser era
demonstrated the temporal [1] and spatial [2] interference of independent sources. The position-
momentum uncertainty provided an explanation of these results without having to renounce to the
Dirac statement that "Interference between different photons never occur’ [3]. However, later experiments
where the photon source statistics were carefully controlled, showed ineluctably that independent photons
can interfere [4]. Interference fringes in the visible region of the spectrum with two different frequencies
have also been observed [5, 6]. For a constant frequency difference, a single laser source is commonly used.
The frequency of one beam can then be shifted with an acousto optic modulator [7] or by selecting different
frequencies from a spatially chirped femtosecond pulsed source [8]. If separate lasers are used, the
frequency difference varies from shot to shot and so does the fringe pattern [9]. The fringes in most of these
experiments with different frequencies have been observed using a streak camera and more recently, with a
modulated CMOS camera [10].
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First order interference comes from the correlations between the
fields whereas second order interference arises from correlations
between the fields™ intensities. These correlations can be described
with continuum field theory (CFT) or quantum field theory (QFT).
The archetypal Young’s two slit interference experiment displays
identical first order interference patterns when produced by short
exposure with a intense light source or by a long exposure with feeble
light. However, the ontology in the two theories is rather different.
CFT requires a stable amplitude and phase correlation between the
two interfering fields during the detector integration time [11]. In
contrast, QFT asserts that interference takes place only when the path
of the photons is unknown [12]. Recall that the two theories do
produce measurable differences in second order interference
experiments [13]. Many theoretical predictions and experimental
verifications without classical analogue, favor the quantum nature of
electromagnetic fields.

The present experimental results are at odds with the standard
formulation of the quantum which path problem: “A measurement
which shows whether the photon passed through A or through B
perturbs the state of the photon to such an extent that no interference
fringes are detected. Thus, either we know which slit the photon
passed through, or we observe interference fringes. We cannot
achieve both goals: the two possibilities are incompatible ([14],
p.22)” Many authors consider that the which path
information problem is an example of Bohr’s principle of
complementarity, where the interference/which-way duality
is a manifestation of the wave/particle mutually exclusive
concepts [15]. However, Bohr’s idea of complementarity is a
much broader principle dealing with observation and the
definition of quantum states [16, 17]. As we shall presently
show, interference with which-path certainty is possible in non-
degenerate frequency schemes if the statement is made in terms
of the frequency labeled photons but without reference to a
detected photon. However, the path of a detected photon in the
interference region, cannot be traced back. This latter, more
precise assertion, is consistent with the prevailing quantum
viewpoint. Our observations are consistent with Heisenberg’s
uncertainty principle and Busch measurement/disturbance
theorem. They are also consistent with Englert, which way
detector inequality. However, they compromise certain
versions of Bohr’s complementary principle.

2 EXPERIMENTAL CONSIDERATIONS AND
SETUP

Two photon beams were generated from two independent Nd:
YAG lasers code named cheb and oxeb '. These continuous wave
(CW), monomode lasers (AOTK 532Q) have a coherence time
greater than 300 ns [18]. The operation of each laser does not rely
in any way on the working of the other laser, nor are they
synchronized. The temperature of each of them was
monitored and controlled independently. Temperature was
measured with a 100 Q platinum resistance and controlled

"Tseltal variant of Mayan language for numbers two — cheb and three — oxeb

Interference Between Distinguishable Photon Paths

with a Peltier module external to the cavity but attached to its
base. A temperature controller (Stanford Research SRC10)
provided the electronic feedback to maintain a stable
temperature within 0.01°C. The wavelengths of the two lasers,
measured with an spectrometer (Spex1704 with 0.01 nm
resolution), were temperature tuned so that their frequencies
were sufficiently close to be resolved by a streak camera (Optronis
SC-10). At sweep speeds of 10 ns/mm with the TSU-12-10 unit,
fringes are comfortably observed in the streak camera for
frequency differences below 1 GHz. The two laser beams were
steered with mirrors into a TeO, acousto optic modulator (AOM)
(10/10 ns, 10-90% rise/fall time for a 55 ym beam-waist). The
general setup is shown in Figure 1. Preliminary results were
reported at a PIERS conference [19]. Beam splitters were avoided
(except for alignment purposes, prior to operation), so that a two
slit wavefront division interferometer is emulated throughout the
trajectories. The expanded collimated beams were overlapped
and detected with the streak camera. The beams collimation was
adjusted with the aid of a shear interferometer. A streak camera is
an optical version of an electronic oscilloscope; at the entrance slit
light impinges on a photocathode placed on the inner part of a
vacuum tube. The photo-electrons emitted by the photocathode
(8 mm x 2 mm) are accelerated and swept in the perpendicular
direction to its long axis, in this way a two dimensional image is
produced. Each photoelectron eventually impacts a multichannel
plate (MCP) and is cascaded so that the bunch of electrons
produces a bright point as it reaches a phosphor screen. The MCP
amplification voltage is adjusted so that the intensity of the spot is
adequately detected by a CCD camera. At low intensity levels, the
streak camera operates in a spatially resolved photon counting
mode. If at some spots more than one photon is detected, this
information is encoded onto a level of gray, typically not more
than 50 events per 0.7 ns as can be seen from Figure 6B. In the
streak camera images, the abscissa corresponds to the time axis
whereas the ordinate is a transverse spatial coordinate. The
density of bright spots is proportional to the photon density in
the two dimensional time and space coordinates. Streak images
cannot be accumulated in this experiment because the frequency
and relative phase between the two lasers vary stochastically in
time from sweep to sweep. For this reason, the fringe pattern was
recorded in single exposures with a time duration of the order of
the coherence time. Low repetition rates between 1 and 3 Hz had
to be used to acquire and save the digital images in real time. The
streak camera detector performs an integration both in space and
time,

y+0y x+0x t+0t

[ 1€ mdrdgan,

y X t

1

It y)stsnoy = Stoxdy

where I (7, £, 1) is the light intensity incident on the photocathode
as a function of time and the transverse dimensions. I (¢, y) is
the intensity at the CCD screen as a function of the “coarse
grain” time and one spatial direction. In the transverse
dimensions, the x direction is limited to x = +7.5 ym using
a 0x = 15 pm entrance slit. In the y direction, the position
detection range is 15 mm with dy = 70 um resolution. The
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FIGURE 1 | Schematic diagram of the experimental arrangement. The setup is equivalent to a Young's two slit experiment but each 'slit’ is illuminated by an
independent laser. The slits can be conceived to be placed at any plane between the sources and the photocathode detector before the beams overlap. (Optical beams

drawn in red, electron beams within the streak camera drawn in green.)
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FIGURE 2 | Streak camera images. The abscissa represents time at 10 ns/mm sweep rate with 6t = 1 ns temporal resolution. The ordinate depicts the beams
transverse distance in the y direction. (A) 97 ns pulse from laser code named oxeb.; (B) Interferogram when both laser pulses are present; (C) 95 ns pulse from laser

1 1
200 ns 200 ns

temporal sweep is performed in the x direction with 0.34%
resolution of the full sweep time. The resolution of the
apparatus is given by the instrumental integration &t, x, dy
together with the image amplification and digitization bins
(Anima-PX/25, 19.5 x 14.9 mm?, 12bit A/D CCD 1392 x
1024). The quantum efficiency (QE) of the low noise
photocathode is 10.37% at 532nm with dark noise of
100 e /cm?s (Photek ST-LNS20). The temporal resolution
at the phosphor screen placed after the image intensifier is
66 yum.

The AOM input angle was aligned with the oxeb laser
beam. In our experiments, delay generator pulses with 120,
300 and 700 ns width were used. The AOM first order
deflection angle is 25mrad with a diffraction frequency
shift of 210 MHz. The oxeb laser beam was diffracted in
first order (210 MHz) whereas the cheb beam was operated
in second order (2 x 210 MHz). There was thus a 210 MHz
frequency difference that posed no problem because it was
compensated by the laser’s temperature tuning. Half wave
retardation plates were used at the output of each laser to

adjust the polarization plane in order to improve fringe
visibility. A typical = 100 ns output pulse is shown in
Figure 2A. The cheb beam is a bit mismatched due to a
25 mrad oblique incidence in a displaced region of the
acoustic wave within the crystal. This inclination produces
a pulse delay and a pulse front tilt as may be seen in Figure 2C.
This sweep mode neatly exhibits three regions, two to the left
and right in Figure 2B, where only one of the pulses is present
and the central area where both pulses overlap in time and
interference is observed.

In a conventional single source Young’s experiment, the two
slits separate the wavefront into two distinct wave-fronts. Here,
the waves emanate from two different truly independent
sources. The physical setup can be conceived as each source
illuminating a slit. The plane where the slits are placed is any
arbitrary plane between the sources and the region where the
beams begin to overlap just before interfering at the detection
plane. Moreover, each slit could be placed at different planes,
reminiscent of second order interference patterns produced by
non-local objects [20].
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FIGURE 3 | The steak camera image (left) shows negative slope interference fringes. Therefore, the oxeb laser emitted lower frequency photons that followed the
path BP. The higher frequency photons from the cheb laser followed the path AP.
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FIGURE 4 | Positive slope interference fringes, the oxeb laser emitted higher frequency photons than the cheb laser. Photons from the oxeb laser followed the lower
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2.1 Photon Labeling

The two beams are collimated and thereafter incident on the
streak camera photocathode at an angle of 0.14 mrad between
them in order to have comfortably resolved interference fringe
maxima separated by 1.88mm at the detection plane.
Cartesian coordinates are set with z normal to the detector
surface and the fields are linearly polarized in the x direction.
The two waves propagate in the (y, z) plane, paraxially to the z
direction at a small but opposite angle 6 in the y axis. The

wave vector of the field coming from the laser code named
cheb is

kl = kyl + kzl = _kl Sin@éy + kl Cos Géz,
and the wave-field coming from the laser code named oxeb is

k, =k, + ks =k;sinfe, + k; cosOé,,

where the wave vector magnitudes are |k;| = k; = % and |k,| =
k, = %2 and &), &, are unit vectors in the y and z directions. The y
axis positive direction was set in the same direction of k,,, that is,
the photons coming from the oxeb laser have positive momentum,
fiky, = hlk,;|e, at the detector plane (The y axis positive direction
could have been set in the opposite sense. Either convention
applied consistently yields the same results). In addition to their

linear momentum, the photons are also labeled by their frequency.
Since each laser source has its own oscillation frequency, the wave-
field coming from the oxeb laser with #k,, momentum projection,
has frequency w, and the wave-field coming from the cheb laser
with 7k,; momentum projection, has frequency w;. The wave
vector projection in the transverse y direction and the
corresponding frequency are highly correlated. This so-called
photon’s labeling is similar to the temporal and spatial labeling
terminology in HOM second order interferometers [21]. However,
the frequency of each laser is not known a priori, due to the
fluctuations (albeit tiny) in the two lasers. As we shall presently see,
it is only when a set of quantum tests is performed that the relative
frequencies of the two lasers can be inferred.

2.2 QFT Description

In quantum field theory, the standard representation of two
quantized complex elegt({ri)c field operators with linear
E?}r?rization is E (r)= ié'fl) exp (ik; - r)a; and
E, (r):ié’z(l) exp(ik; - r)a;, where 5;1), 52(1) are the one-
photon amplitudes and 4;, d, are the annihilation operators
for modes 1 and 2, respectively. The fields coming from each
monomode laser are adequately represented by single mode
coherent states |o;) and |ay) [22]. These quasi-classical states
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are eigenstates of the annihilation operators d;|a;) = a;]a;) and
ala) = axlay) with eigenvalues a4, a,. Since the two fields are
completely independent, their superposition is a two mode
factorizable state,
|V/1>2ch(t)> = |oy exp (—iw; t))|ay exp (—iwyt)). These  states
allow for the factorization of the first order coherence function
[23]. The quantum photo detection probability is
w(r,t) = sy, VET (OF 01y, (1)), where s is the
sensitivity of the detector and the operator E " (r) is the
Hermitian conjugate of the positive frequency part of the
electric field operator E ¢ (r). This expression evaluates to

w(rt) = 5(51“)5;”)2
(la* +loal® + oz exp[i (ks — ki) -1 = (w2 — w)t + 9, — 9,)] +c.c.),

where ¢, ¢, are independent stochastic functions with coherence
times 7, T, due to the laser cavities instabilities. Recall that in this
experiment, the coherence time of each laser is somewhere above
300 ns.

The spatially dependent interference argument of the
exponential function is (k, —k;)-r= 2k sin O y+ Akcos0 z,
where 2k = k| + ky, Ak = k, — k;. The fields superposition is
observed at a detector placed at the z = z; plane, thus the term
Akcos 0 zj, only adds a constant phase shift. The phase as a
function of the transverse distance y and time is

¢>:ZEsin9y+Akcosezo—Awt+Ago, 2)

where Aw = w, — w; and Ag = ¢, — ¢;. When the two frequencies
are different, the constant phase surfaces evolve in both, time and
space. In contrast, wave-fronts in frequency degenerate setups
entail spatial coordinates alone. The velocity of an equal phase
plane, provided that Ag varies slowly in time and space, is

dl_ Aw

dt ~ 2ksin®

3)

dy

The fringes are therefore displaced in time with a slope —,

whose sign is determined by the value of Aw.

3 EXPERIMENTAL RESULTS

Each point in the streak camera image represents a quantum test
of whether a photon arrived at position y of the streak camera
photocathode at a given time t. A streak camera image consists of
two sets of quantum tests, one in the spatial domain and another
in the temporal domain. In the y ordinate direction, electrons in
the photocathode long axis act as a set of spatially distributed
detectors. For each y position, there is another set of different
consecutive quantum tests that probe the dynamical evolution of
the quantum system ([24], p.33, p.237). This set is depicted in the
abscissas time axis. A photoelectron is emitted with 10.37%
quantum efficiency at the streak camera photocathode, if a
photon is present at (y,t) where the two photon beams
overlap. These events are amplified by the MCP and recorded
in the 1024 x 1392 = 1.425 x 10° detectors at the CCD. Thus, each
streak camera interferogram involves 10° quantum tests (order of
magnitude). The interferograms in Figures 3, 4 were registered at

Interference Between Distinguishable Photon Paths

50 ns/mm sweep speed with 3.4 ns temporal resolution. The
transverse spatial range is 15mm with 70 y resolution. The
655ns segments obtained with the AOM modulator, where
the two CW lasers temporally overlap, exhibit high contrast
interference fringes with visibility above 70% as shown in the
figures before mentioned.

The interferogram shown in Figure 3 exhibits fringes with
negative slope. From Eq. 3, if the slope of the equal phase lines is
negative, the frequency difference Aw is negative and thus w, < w;.
Therefore, in this particular exposure, the oxeb laser emitted
photons with lower energy Zw,, drawn in red in Figure 3. Each
of the photons comprising this beam have positive linear
momentum projection fik,, in the y direction. These red
photons ineluctably followed the path BP, where B is the
position of the beam at the laser oxeb output and P is a point
in the streak camera photocathode screen. The converse is true for
the photons that constitute the cheb laser beam. These higher
energy photons drawn in blue in Figure 3, have negative linear
momentum projection —7|k,, |€, in the y direction at the detector
plane. They followed the path AP, where A is the position of the
beam at the cheb laser output. From the time-space interferogram,
it is of course possible to evaluate the frequency difference Aw = —
19.4 MHz, although the specific value is irrelevant for the present
discussion. Notice that the diagram drawn on the right hand side of
Figure 3 is obtained from the 10° quantum tests. It is the spatial
and temporal distribution of these quantum tests that allow us to
figure out the path that the blue or red photons followed.

Although the lasers were carefully stabilized, tiny frequency
fluctuations produce quantitative and qualitative differences in
the interference patterns. The interferogram shown in Figure 4,
was acquired merely 1014 ms after the previous interferogram
shown in Figure 3. The lasers’ frequency drifted so that the
slope changed sign from one scan to the next. This was of course
not always the case for subsequent exposures, spatial frequency
and slope varied stochastically from frame to frame. For a
positive slope, the frequency difference Aw is positive and
then w, > w;. Therefore, in this exposure, the oxeb laser
emitted photons with higher energy fw,, drawn in blue in
Figure 4. Each of these higher energy photons necessarily
followed the path BP in this case. The photons emitted by
the cheb laser beam now have lower energy and followed the
path AP. In this interferogram, Aw = 54.9 MHz. Summing up
the two previous results: The fringes are displaced, as a function
of time, in the same direction of the transverse momentum
projection of the photons with higher energy. It should be
stressed that the detected photons are neither blue nor red
but photons with information from both sources given by the
quantum photo detection probability stated in Eq. 1.

In the interferogram of Figure 4, if there were some red
photons that had positive momentum but came from the lower
slit and some blue ones had negative momentum but came from
the upper slit, their interference would produce fringes with a
negative slope. However, the interferogram in Figure 4 does not
exhibit even the faintest fringes with negative slope, thus this
possibility is ruled out. Therefore, we must conclude that in either
case (w, > w; or w, < w), the trajectory of the photons is well
defined, yet a high contrast interference pattern is observed!
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FIGURE 5 | Zero slope interference fringes. Photons are no longer frequency distinguished.
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FIGURE 6 | Region of interferogram shown in Figure 4, limited to small range in t but the whole range in y. (A) Rectangle width is 0.7 ns (width is over sized in image
for clarity), height encompasses the entire y range; (B) Plot of spatial profile averaged over At = 0.7 ns (Optoanalyze v3.71).

In contrast, consider the case where the frequencies are equal.
This degenerate frequency condition is easier to achieve
experimentally using the same laser source but it could actually
be accomplished with two laser sources with the appropriate stability
and bandwidth or a frame where the two lasers have the same
frequency within the exposure time. In this degenerate frequency
case, interference fringes have zero slope and the pattern is constant
in time as shown in Figure 5. Strictly speaking, there is no need of a
streak camera. There is no frequency labeling of the photons and it is
not possible to deduce which path they followed. Nonetheless, there
is still a momentum labeling but, due to the position-momentum
uncertainty, the sources are unresolved at the detector [25].

4 EVALUATION OF QUANTUM
UNCERTAINTIES

In order to establish the path of the photons, it is sufficient to
measure whether the fringes displacement is positive or
negative. Nevertheless, it is reassuring to confirm that the
actual numerical values of the measurements do not violate
an uncertainty relationship, nor are they buried below the
quantum noise.

The number of photons ®P" per unit time is given by the
power @ over the energy per photon Zw,. The power of each
laser is 50 mW but losses due to off optimal temperature
operation and beam steering reduces the power roughly by a
factor of 5. For a 10 mW average power with angular frequency
we = 3.54 x 10'°Hz, the average number of photons per
nanosecond is P = #e; = 2.68 x 107photons - ns™". The &x =
15 u horizontal entrance slit reduces the power by a factor of
approximately 107 and the QE of the photodetector by 1.037 x
107", The average number of photons detected per nanosecond
is then ®P" = 2,68 x 10°photons ns~'. The standard deviation
in the number of photons is thus
VNG = VOPh = \/2.68 x 10% = 51.7. The phase uncertainty
in the standard quantum limit (SQL) [26] in one nanosecond
is then approximately

=9.66 x 10 = 10 *radians. (4)

1
AN n
This value of the SQL establishes the minimum achievable
uncertainty in the phase of each photon beam at the detector. On
the other hand, let us assess the measurement error in the
interference pattern produced by the two sources. From
Figure 6, the distance between maxima is Ay, = 1.88 +
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FIGURE 7 | Straight line superimposed on the interference fringes
shown in Figure 4.

0.023 mm. The main error coming from the instrumental
resolution in the y direction. The spatial resolution between
maxima located 1.88 mm apart, due to the sources phase
uncertainty A¢sqr per nanosecond is 3 um. The spatial
frequency measurement uncertainty due to the interference of
the two photon beams is thus about 8 times larger than the SQL of
each laser source.

The fringes observed in the various interferograms presented
in the paper follow straight lines, thus their slope is constant as
predicted by Eq. 3. Figure 7, reproduces the positive slope
interference fringes, (where the oxeb laser emits higher
frequency photons than the cheb laser) together with a
straight line fit. Therefore the lasers relative phase fluctuation
A¢ must be constant (or at most linear in time) during the =
603 ns where there is temporal overlap of the two beams.
Frequency fluctuations are thus smaller than the long term
average Av = 3 MHz laser bandwidth in the us timescale. For
short detection times, the laser cavity fluctuations are "frozen’ and
the lasers bandwidth approaches the Schawlow-Townes quantum
limit, Avjgser = % [27]. For these Nd:YAG monomode laser
systems, the quantum limit bandwidth is of the order of a

few kHz.
The existence of an energy-time uncertainty relation in

quantum mechanics has been subject to much debate [28, 29].
Due to the lack of a self-adjoint time operator, there is formally no
quantum uncertainty relationship of time with any other
dynamical variable [30], in particular an uncertainty
relationship with energy or linear momentum. Nonetheless,
time and frequency are, of course, Fourier transform conjugate
variables subject to the inequality, 8t 6w >1 for Gaussian pulses
based on the mean square deviation ([31], p.623). For example,
the beat frequency (Aw = 54.9 MHz) in the interferogram shown
in Figure 7, is obtained from the measurement during the beam’s
temporal overlap of 6t = 603 ns. The frequency resolution is thus
at most, §w > 1/(28t) = 0.83 MHz. In quantum parlance, photons
in different modes are distinguishable if the detection time is
longer than the inverse of the modes frequency separation.

Interference Between Distinguishable Photon Paths

Photons in modes separated by Aw = 549MHz are
distinguishable if they are detected in times longer than 1/Aw
=~ 18 ns. This time is considerably larger than the photolelectric
response time [32] and the uncertainty in the time axis for a single
temporal event. Nonetheless, the detection is performed in
successive time measurements over a time span larger than
603 ns.

In the limit of macroscopic fields and small quantum
fluctuations, the photon number N, and phase ¢, fluctuations
(¢ =1, 2),look like complementary variables in the usual sense of
quantum mechanics AN,A¢, 2% [22].  For
uncertainty states and in particular for coherent states, the
equality is fulfilled because fluctuations are proportional to the
square root of the average number of particles in a Poisson
distribution,

minimum

1
AP, = ——=.
(pe 2 /ZNe§

The time-space interferograms shown here nicely depict
the trend of this behavior. For a few scattered dots, (N,) is
small and constant phase lines are difficult to establish.
However, as the number of events (dots) increase, the
equal-phase lines become better delineated and the
uncertainty in their slope is thus reduced. The number of
detected events N, can be varied, either by attenuation of the
sources or by evaluation of a limited portion of the
interferometric frame. In the latter case, if the slope is
evaluated from a partial region of the image, the number of
dots is smaller and the uncertainty in the phase and therefore
in the fringes slope, becomes larger.

©)

5 EXPERIMENTAL RATIONALE

Many which-path experiments have been tried out: “A succession
of suggestions for more and more ingenious experiments has
failed to provide any method for simultaneous fringe and path
observations”[33]. So called welcher weg experiments were even
proposed by eminent physicists, Einstein and Feynman amongst
them ([34], Sec.1.1.3). However, even in the thought experiments,
monitoring the path introduces an uncertainty that disrupts the
interference pattern. The less disruptive probes implemented so
far involve weak measurements that provide fuzzy quantum
information [35, 36]. We shall say more about this approach
in the following lines. Our setup, was designed to study the
dynamics of decoherence, it was not intended to undertake a
which-path problem; The before mentioned facts being enough to
deter almost anyone from doing so. Nonetheless, we should also
mention that previous interference experiments with photons of
different energy were already indicative of a well known
frequency going to a specific slit [37, 38].

Why then does this experiment succeed in the measurement of
path knowledge without destroying the interference pattern?
From our understanding, there are three reasons:

1. The path information is obtained from measurements at the
interference detection plane.
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a. The trajectory is in no way perturbed since the path
detection is not performed in mid trajectory but at the
end plane where the fringes are observed. The Englert
inequality establishes that for a given fringe visibility
there is an upper bound on the amount of information
that can be stored in a which-way detector (WWD) [39].
Englert inequality is derived assuming that the WWD’s are
placed somewhere in the way between the two alternative
trajectories before the photon beams overlap. Here, the
photocathode plays the role of the WWD’s; However, it is
placed at the interference plane where the beams overlap
but not before.

b. Recall that no information can be obtained without
disturbing a quantum system [40]. In the present
experiment, photons are destroyed when detected at the
streak camera photo-cathode where information is
extracted, thus Busch theorem is not violated. Our
measurement is not a weak measurement. On the
contrary, each of the 10° quantum tests of a given frame,
destroy the photons involved in each test. The system is
destroyed, that is completely disturbed, by the measurement.

2. The fringes slope in the time-space coordinates is the decisive
parameter in order to establish the photons path.

a. Itis necessary to accumulate a sufficiently large number of
photons in order to produce a fringe pattern. Whether this
pattern is obtained by intense or attenuated beam
exposures does not alter the statistics of the laser light
and are thus entirely equivalent [4]. It does not make sense
to ask whether a single photon produces a fringe pattern. At
least two dots are needed to draw a line, and if the position
uncertainty of the photons (dots) is large, many dots are
required to draw a line with some confidence. Nonetheless,
the collection of measurements gives information about
each trial even to the point of stating that “Each photon
then interferes only with itself” ([41], p.9). In an analogous
fashion, the trajectory of the photons is revealed here from
the measurement of a large number of events. Nonetheless,
information about the trajectory of each photon is
obtained.

b. Successive time measurements of the fringe pattern are
recorded. This scheme follows the rationale of quantum
measurements distributed in time where the path-integral
formulation is particularly well suited to describe time
dependent experiments [42]. Feynman’s rules for
combining probability amplitudes depend on whether
intermediate states are measured [43]. In the present
experiment no intermediate state is measured.
Nonetheless, information about intermediate states is
obtained from measurements at a succession of final
states.

3. Photons need to be frequency labeled.

As a rule, photons need to be doubly labeled with tags that are
not conjugate variables. In this experiment, labels are “photon
linear momentum projection in the y axis” and “photon energy”
or quantities derived thereof. Thus determination of one of them
does not obstruct the determination of the other. One label, in this
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case its frequency, distinguishes the type of photon; while the
other, describes its momentum that ultimately establishes the
path that it followed.

Regarding point 2a, it could be argued that only the average
behavior of the system is being probed. However, this is not the
case. In the prevailing Copenhagen view of quantum mechanics,
or its modern quantum Bayesian version, the theory is
intrinsically probabilistic. A prediction can only be related to
observation in an statistical way given by Born’s rule. The larger
the number of measured events, the sharper the measured
property (within the uncertainty principle if complementary
variables are involved). From the measurement of a large
number of independent events, it is possible to infer certain
properties of each event. The fundamental reason being that
events independence imply that each event is not altered in any
way by the other events.

The uncertainty principle has been stated as “Any
determination of the alternative taken by a process capable of
following more than one alternative destroys the interference
between alternatives” ([44], 1-2, p.9). This assertion by Feynman
and coauthors is certainly compromised by the present results.
However, they do not contradict the uncertainty principle.
Heisenberg’s uncertainty principle is, strictly speaking, related
to the uncertainty between conjugate variables, that is, operators
that do not commute [24]. In Section 4, we have shown that the
present experimental results are in full accordance with quantum
uncertainties.

6 ONTOLOGY AND DISCUSSION
6.1 Which Way Query

In order to clarify the delicate conceptual difference of the which
path query, let us pose two questions that are seemingly the same
but have different answers:

e Do the experimental results reveal which path each photon
followed?

The answer is YES. Let the outcome of the 10° quantum tests
be positive slope fringes. Then, in the experimental layout that has
been presented, each red photon came through A and each blue
photon came through B. The path that each photon followed is
known, yet, an interference pattern is observed. The interference
pattern is built up by the accumulation single photon events. The
certainty of the assertion depends on the visibility of the
interference fringes, and these in turn, depend on the number
of quantum events (and of course, the appropriate experimental
arrangement with truly independent but stable enough sources).

e Do the experimental results reveal which path did a detected
photon (a white speck on the screen) followed?

The answer is NO. When we refer to “this” photon that
impinged on the screen, it is not known whether it is a red or
a blue photon or even a redblue photon. In order to specify which
way it followed, the color must be known but we only detect a
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white speck regardless of the photon frequency. Thus interference
is observed but the detected photon path is unknown.

The subtle but fundamental difference between these two
queries is that the former question does not involve the
category of the detected entity. In contrast, the detected entity
is at the core of the latter question.

6.2 Detected Photons

A closely related but different question is the nature of the
detected photons. Before embarking onto it, we should be
aware of the tacit assumption that photons are considered to
exist as an indivisible lump of electromagnetic energy or at least
provide the best description we have so far of the EM fields. To
some extent, this is a matter, as Prof. Penrose puts it, of quantum
faith [45]. A faith not exempt of support and vast evidence
considering the overwhelming success of quantum field theory.
For this reason, the alternatives mentioned here below do not
admit the possibility of a detector (say an atom) absorbing part of
one photon and part of another photon, for this would destroy the
photon concept altogether.

Two alternatives are envisaged regarding the nature of each
detected photon:

1) Detected photons are either blue or red. One possibility is to
consider that a detected photon is either blue or red but its
frequency cannot be known if interference occurs. An asset of
this approach is that the entities “red photon” or “blue photon”
retain their identity. Thus, the photon concept remains a good
concept, in the sense of good quantum numbers. However, this
view has the major problem that there is then no superposition
of the disturbances, but it is superposition that produces the
interference phenomenon. A thought experiment has been
proposed before, involving frequency sensitive photo
detectors with different predictions for the expected outcome
([37], App. A). It has also been stressed that superposition
actually takes place only in the presence of charges that respond
to the superimposed fields [46].

Detected photons bear information of both frequencies
(mainstream view). The other possibility is to consider that
a detected photon within the interference region has
information on both laser fields as expounded by Paul ([47],
p-221). In the present experiment, it must bear information of
both frequencies according to the superposition described in
Subsection 2.2. The difficulty with this view is that a photon
cannot give part of it to another photon because it would then
loose its entity. Somehow, it has to give information to the
other photon while retaining its photon identity. Photons
cannot be conceived like classical particles. What is more,
photons cannot even be conceived like other quantum
material particles because, in general, there is no
mathematical object that represents a photon

2)
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wavefunction [48]. The photon notion arises naturally
in number states as the elementary energy unit how.
Number states are eigenstates of the Hamiltonian but
their phase is random. In order to observe first order
interference, a well defined phase, up to uncertainty
limitations, is required. Single mode coherent states
exhibit a well defined phase but are not eigenstates of
the Hamiltonian. Their energy is not well defined due to
the uncertainty in photon number but, being single mode
states, the energy per photon is fixed. As mentioned by
Paul ([47], p.221), in the detection process, “an energy
packet hv is taken from the superposition field to which
both lasers contribute equally, and hence it is only
natural that this photon bears information on both laser
fields.”

6.3 Final Remark

According to the present results, the which way assertion
should be refined in order to have an unambiguous
meaning: The path that each photon followed, in a non-
degenerate frequency scheme, whether red or blue, can be
known without destroying the interference pattern. In this
formulation of the statement, the slit that each photon
passed through is known, but it is not known to which
detected spot it corresponds. Another, equally correct
formulation is that, within the interference region, the path
of a detected photon cannot be traced back. That is, if
interference occurs, it is not possible to assert the path
followed by a photon detected on the screen.
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The Orbital angular momentum (OAM) of light is regarded as a valuable resource in
quantum technology, especially in quantum communication and quantum sensing and
ranging. However, the OAM state of light is susceptible to undesirable experimental
conditions such as propagation distance and phase distortions, which hinders the
potential for the realistic implementation of relevant technologies. In this article, we
exploit an enhanced deep learning neural network to identify different OAM modes of
light at multiple propagation distances with phase distortions. Specifically, our trained deep
learning neural network can efficiently identify the vortex beam’s topological charge and
propagation distance with 97% accuracy. Our technique has important implications for
OAM based communication and sensing protocols.

Keywords: deep learning, vortex beams, orbital angular momentum, propagation, diffraction

INTRODUCTION

Vortex beam generally refers to the phase vortex beam, which has a spiral wavefront, a phase
singularity in the center of the beam, and ring-shaped intensity distribution [1, 2]. The beam
with orbital angular momentum (OAM) has the phase term e’ in the complex amplitude
equation, where ¢ is the azimuthal angle and ¢ is the angular quantum number or topological
charge. OAM is an inherent characteristic of vortex beam photons, and each photon carries
OAM, which is € [3, 4]. Due to the high-dimensional characteristics of the photon OAM, it is
utilized in applications such as optical tweezers [5, 6], micromanipulation [7, 8], angular velocity
sensing [9], quantum information [10-13], quantum computing [14-17], optical
communications [18-22] and quantum cryptography [23]. Once the value of ¢ is identified,
the orbital angular momentum can be calculated, allowing the features of the vortex beam to be
determined. Unfortunately, the vortex beam will diffract during propagation, and its spatial
profile will be easily distorted in a real-world environment [24]. Detrimentally, the information
encoded in the structured beam can be destroyed by random phase distortions [25-27] and
diffraction effects, resulting in mode loss and mode cross-talk [28, 29]. As a result, capturing the
vortex beam and identifying its information using equipment such as a charge coupled device
(CCD) camera or a complementary metal oxide semiconductor (CMOS) camera is difficult [30].
Hitherto, the traditional methods of identifying vortex beams have included methods such as the
interferometer method, plane wave interferometry, and triangular aperture diffraction
measurement, to name a few [31-34]. These traditional methods are much more challenging
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due to the need for more equipment, as well as complicated
data analysis process. In addition, some of these methods can
only identify specific vortex beams [35]. Moreover, the
accuracy of these methods will be greatly reduced when
turbulence is considered. These aforementioned factors have
significantly hampered the performance of communication,
cryptography, and remote sensing. As a result, identifying
OAM efficiently and correctly while accounting for
diffraction and turbulence is a critical and unresolved
challenge.

In recent years, methods such as deep learning algorithms [36]
and transfer learning [37] have considerably increased the accuracy
of automatic image recognition [38, 39]. A significant number of
recent articles have proved the potential of artificial neural
networks for efficient pattern recognition and spatial mode
identification [40-42], and its accuracy is far superior to some
traditional identification detection methods [43-45]. However, due
to the complex diffraction effect in the OAM propagation process,
there is little relevant work in the identification of the propagation
distance value. In the related research, the propagation distance of
the vortex beam ranges from the order of centimeters to the order
of kilometers, and it is used as a known parameter [46, 47].
Different propagation distance z will drastically change the size
of the central aperture of the vortex beam. As a result, it remains
difficult to identify the z value using only the intensity pattern.
Additionally, changing the value of topological charge ¢ also
changes the size of the central aperture, making the
identification task more challenging. Finally, turbulence in real-
world applications exacerbates the difficulty of such an
identification task [48].

In this report, we take advantage of the deep learning
algorithm to identify vortex beams and their propagation
distances while considering the effects of undesired turbulence.
Through theoretical simulations and experiments, we generated
vortex beams with different propagation distances and
topological charges. In addition, using the transfer learning
method, we designed a deep learning model to classify vortex
beams. For the first time, our approach utilizes artificial
intelligence to simultaneously identify the propagation distance
and topological charge of a vortex beam under turbulence’s
effects. Our research enables the encoding of vortex beams
with different propagation distances. As a result, the vortex
beam propagation distance may become a new encoding
variable. With the improvement of the accuracy of distance
recognition, it is even possible to realize precise distance
measurement based on the intensity of vortex beams. Our
research opens up a new direction for OAM communication
and has great significance in OAM based sensing.

THEORY AND METHODS

Generation of the Vortex Beam

The fundamental beam used to produce the vortex beam is a
Gaussian beam. By applying a phase mask on the spatial light
modulator (SLM), the beam amplitude on the plane of SLM
becomes [49]:

Identification of Diffracted Vortex Beams

2
E,(r,0) = exp(—%)exp(—it’@), (1)
0
where ¢ is the topological charge, w, is the Gaussian beam waist, r
and 0 are radial and azimuthal coordinates, respectively.
Within the framework of paraxial approximation, the field
distribution of E; (r, 0) after propagation can be calculated using
the Collins integral equation [50]:

Ez(r1>91,z)— exp zkzij
00

X exp[—% (Ar* - 2rr, cos (0, — 6) + Dr?) |rdrd6,

2

where r; and 0, are radial and azimuthal coordinates in the
output plane, z is the propagation distance, and k = 271/A is the
wave number with A being the wavelength. The ABCD transfer
matrix of light propagation in free space of distant z is

(£8)-(t1)

By inserting Eq. 1 and Eq. 3 into Eq. 2, we can obtain the beam
amplitude as
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Eq. 4 represents the hypergeometric Gaussian mode. |F, (a, f, z)
is a confluent hypergeometric function, I'(n) is the Gamma
function, b, and ¢, are defined as:
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Based on the above calculations, we can obtain transverse
intensity images of vortex beam with different values of ¢ after
propagating different distances z.

In actual communication, turbulence can lead to phase
distortion of optical mode spatial distribution. Therefore, in
our experiment, we use the Kolmogorov model with Von
Karman spectrum of turbulence to simulate the atmospheric
turbulence in SLM to achieve a distorted communication
mode [51, 52]. The degree of distortion is quantified by the
Fried’s parameter ry. The expression of the turbulence phase
mask we added on the SLM is [42]:

)

with @y (k) = 0.023r> (k* + K%)’”/%”‘Z/"fn and the Fried’s
parameter ro = (0.423k*C?z)™*". The symbol R represents the
real part of the complex field, and F~' indicates the inverse
Fourier transform operation. In addition, x, ky, and Myy
represent the spatial frequency, the central spatial frequency,
and encoded random matrix, respectively. C? is the standard

D (x, y) (6)
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FIGURE 1| The experimental setup (upper panel) and our customized deep learning algorithm (lower panel). We perform the experiment using a collimated He-Ne
laser beam. The vortex beam is generated using an SLM with the computer-generated hologram. Finally, the intensity images are collected by a CCD and used for
training and testing. Our deep learning network consists of the unaltered ResNet-101 bottom layer and our redesigned top layer.
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refractive index, which is a constant representing the turbulence
intensity.

After the turbulence term is added to the original phase mask
and loaded on the SLM, beam amplitude on the plane of SLM
becomes

E{

(r,0) = E, (r, Q)exp[i® (x, y)]. (7)

By substituting Eq. 7 into Eq. 2, we can numerically obtain the
field distribution of the turbulence distorted E; (r;,0;,z) after
propagation.

The experimental setup and the deep learning model are
shown in Figure 1. In our experiment, the vortex beams are
generated by using an SLM and computer-generated holograms.
Utilizing the first-diffraction order of SLM, we can obtain the
vortex beam of arbitrary topological charge. A laser beam from a
He-Ne laser (wavelength of 632.8 nm) is coupled into a single-
mode fiber for spatial mode cleaning. A half-wave plate (HWP)
and a quarter-wave plate (QWP) are employed to adjust the
polarization of the laser beam at the output port of the fiber. An
objective lens (magnification of 10x and an effective focal length
of 17 mm) is used to collimate the light from the fiber, and the
beam waist after collimation is around 2mm. By loading a
computer-generated phase hologram onto the SLM, a
Gaussian beam is converted into a vortex beam. In order to
simulate the turbulence in an atmosphere transmission process,
we can add an additional turbulence phase to the hologram.
Finally, a CCD camera is used to collect the intensity images of
the vortex beam, and the transmission distance is controlled by

changing the distance between the CCD and the SLM. The images
collected by the CCD are sent to a computer for training. Each
training set, validation set, and test set contain 86, 10, and 10
images (360 x 360 pixels), in which the value of £ ranges from 1 to
5, and the propagation distance z ranges from 40 to 100 cm with a
step of 5 cm. Totally, there are 86 x 5 x 13 = 5590 images for the
training set and 10 x 5 x 13 = 650 images for the validation set and
test set.

The Deep Learning Algorithm
The lower panel of Figure 1 shows our customized deep learning
algorithm model. Our model is a transfer learning network based
on the ResNet-101 network design [53]. Since our obtained
images have a high degree of similarity, the neural network
must have enough depth to extract image features. Therefore,
we adopt the CNN architecture and retrain the ResNet-101 deep
learning model rather than the shallow neural networks model.
More specifically, the top layer is removed from the original
ResNet-101. Moreover, a global max pooling layer with a node
count of 2048 is used to reduce the parameters to increase the
calculation speed. Following that, a dropout layer is added to
remove some parameters randomly to minimize over-fitting, and
then we use a fully connected (FC) layer to connect the local
features. Another dropout layer and an FC layer are added to
lower the number of nodes from 1024 to 65. Finally, a softmax
layer is applied for a 65 classification probability output.

To train and test the deep learning model, we utilize a
computer with an Intel(R) Core(TM) i5-7300HQ CPU
@2.5GHz and an Nvidia GeForce GTX 1050 Ti GPU with
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FIGURE 2 | The spatial profiles of different vortex beams. We show the experimentally measured images and simulated images for different topological charges ¢
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4 GB of video memory. We use an adaptive moment estimation
(Adam) optimizer throughout the algorithm [54]. In our deep
learning model, we also used the transfer learning technique
(TLT) [55], which has two benefits. Firstly, it is highly efficient;
for example, tasks that originally required months of training
without TLT can be reduced to a few hours. The second merit of
TLT is that less data is needed. This is because transfer learning
requires the use of a pre-trained model, which allows us to achieve
accurate recognition results with fewer datasets [56]. Generally
speaking, only hundreds or thousands of training images (instead
of tens of thousands or even millions of images) are enough to
achieve good training results [57, 58]. Finally, the training results
in each epoch are evaluated by the categorical cross-entropy loss
function [59] which is given by

n

_Z(JA’A Inyy+y,Inyp+ -+ 9,10 yin),

i=1

Loss =

®)

where #n is the number of samples, m is the number of
classifications, y,,, indicates that the true label (with the value
of 0 or 1), and y;,, is the predicted value of the mth class given by
the neural network.

RESULTS AND DISCUSSION

Figure 2 shows the spatial profiles of vortex beams with different
propagation distances z and topological charges ¢ obtained from
experiments and simulations. Figure 2A shows the vortex beams
without turbulence, and Figure 2B depicts vortex beams affected
by turbulence. The first and third rows depict the spatial profiles
of the vortex beams acquired in the experiment, while the second
and fourth rows depict the simulated ones under identical
conditions. For simplicity, we define the first aperture in the

center as the “center aperture” and other outer apertures as the
“diffraction apertures”. For a fixed value of ¢, the size of the
central aperture becomes larger as the propagation distance z
value increases. At the same time, for a fixed propagation distance
z, the size of the central aperture also increases as the value of ¢
increases. From Figure 2, we can observe that the spatial profiles
obtained from the experiment match well with our simulations,
therefore validating our theoretical model of the experiment. By
comparing the experimental and theoretical images of £ = 4 and
z = 100 cm, we can notice that the central aperture in the
experimental image is not distributed uniformly. This effect is
due to the slight misalignment of the collimated beam to the
center of the SLM. As a result, the brightness and shape of the
center aperture can vary slightly. This kind of deviation is also
included, in order to increase the diversities of the training data.
We will show later that, even with such deviations, the training
results remain excellent.

There are many situations where the size of the central
aperture is comparable for vortex beams with different ¢ and
propagation distance z. This particular effect makes the
simultaneous identification of ¢ and z difficult. For example,
by comparing the theoretical image of £ = 3 and z = 70 cm (second
row, second column), and the image of £ = 4 and z = 50 cm
(fourth row, first column) in Figure 2A, we can notice that the
sizes of the center aperture are similar, making it difficult to
distinguish between these two modes. In this case, the difference
of the diffraction apertures provides the best characteristic value
to distinguish them. More intuitively, Figure 3 shows the cross-
sectional view of the intensity for these two beams at y = 0. It is
clear that the distance between the two main peaks in Figure 3A
and Figure 3B is almost the same. However, Figure 3A has 4 side
lobes in the diffraction apertures, while Figure 3B has 6 side lobes
in the diffraction apertures. This subtle difference makes it
possible to distinguish these two cases. Finally, we note that in
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FIGURE 4 | The accuracy and confusion matrix of our trained deep learning algorithm. (A) The accuracy of the training set and the validation set versus the epochs.

The accuracy of up to 97% is achieved in identifying vortex beams with different ¢ values and different z values after 90 epochs. All shaded areas correspond to the
standard deviation of accuracy. All classification results have been tested and verified, and some test results are shown here. (B) The normalized confusion matrix
between the predicted propagation distance and the true propagation distance for ¢ = 3. (C) Normalized confusion matrix between predicted ¢ values, predicted
propagation distance and true ¢ values, true propagation distance.

Figure 3 the diffraction apertures in the region of |x| > 2.2 mm (in
black) usually cannot be well captured by a CCD in the
experiment, due to low light intensity and limited resolution
of the CCD.

In practical communication applications, the spatial profile of
the vortex beam might be distorted due to atmospheric
turbulence, underwater turbulence, or other adverse
circumstances. Therefore, the turbulence should be taken into
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account for the propagation of the vortex beam. Figure 2B shows
the typical simulated and experimental diagrams with turbulence.
In these theoretical (the second and fourth rows) and experimental
(the first and third rows) data, a turbulence intensity parameter of
C2 =5 x 107" mm > is utilized. In these data sets, we also take
into account the fact that light might not be precisely incident on
the center of the SLM plane. It can be noticed that the turbulence
created huge distortions on the vortex beam’s center aperture and
diffraction apertures. For deep learning training, we gathered 1040
distorted light intensity images.

To show the performance of our deep learning network, we
plot the accuracy as a function of the training epochs in
Figure 4A. We can see that after 90 training epochs, the
accuracy is higher than 92% for the training set, while the
accuracy of the validation set is greater than 97%. Since we
added regularization and dropout operations during the
training process. These operations will be automatically closed
during the verification process, causing the accuracy of the
validation set to be higher than the accuracy of the training
set. A high validation accuracy of 97% indicates that our approach
provides a powerful way to identify the vortex beams with
different ¢ values and different z values, even under a
turbulent environment. Finally, we note that the number of
epochs required for convergence depends on multiple factors,
including the number of cases of different vortex beams
propagated and the degree of turbulence.

To show our results more comprehensibly, we calculated the
normalized confusion matrix for different ¢ and z. Figure 4B
shows a typical normalized confusion matrix from ¢ = 3, z =
40 cm to £ = 3, z = 100 cm. Figure 4C shows the normalized
confusion matrix from £ = 1, z=40cm to £ = 5, z = 45 cm. The
true propagation distance and the predicted propagation distance
given by our deep learning algorithm are basically on a diagonal
line. The result means almost all OAM modes and propagation
distances tested are correctly identified, only two images with £ =
3,z =80 cm are predicted to be £ = 3, z =75 cm in Figure 4B, and
only two images with £ = 2, z =40 cm are predicted tobe £ =2, z=
45 cm in Figure 4C.

Finally, we want to emphasize that using classical methods
(e.g., interferometer) to analyze the distorted intensity images in
Figure 2B is quite challenging. However, according to training
and test results, our deep learning model can accurately identify
vortex beams with varying topological charges and propagation
distances even under the influence of severe turbulence. This
demonstrates that our approach has a high level of robustness and
is very useful for practical applications. We note that our
approach can be adapted to identify larger ¢ value with longer
and more accurate transmission distance. However, due to the
limitation of our equipment, such as the resolution of SLM and
CCD, as well as the experimental error caused by the laboratory
environment, we limit the size of our topological charges and the
length of the propagation distance. We believe our designed deep
learning neural network does not fundamentally limit the
recognition accuracy, and its potential is far from being
reached. Moreover, our scheme can be adapted to many
vortex beam related applications. For instance, we can adapt
our work to consider multiple types of vortex beams, and even the

Identification of Diffracted Vortex Beams

combination of them. Furthermore, the accurate identification of
the propagation distance might be a novel technique for sensing
related applications. Last but not least, our approach can be
applied to free-space OAM communication, especially the
demodulation system, to increase the robustness of the
communication. We expect that by combining the unique
characteristics of vortex beams with the advantages of the
deep learning algorithm, more breakthroughs in vortex beams
research can be made in the future.

CONCLUSION

Vortex beams have enormous potential due to their versatility and
virtually unlimited quantum information resources. However, these
beams are highly susceptible to undesirable experimental conditions
such as propagation distance and phase distortions. In our work, we
exploit the deep learning algorithm to identify a vortex beam’s
topological charge and propagation distance. Specifically, we focus
on vortex beam with topological charge ¢ from 1 to 5, and the
propagation distance z ranges from 40 to 100 cm. Additionally, we
consider the effect of turbulence-induced in the propagation of the
beam. We experimentally demonstrated that our customized deep
learning algorithm could accurately identify the propagation distance
and topological charge. Our work has important implications for the
realistic implementation of OAM-based optical communications and
sensing protocols in a turbulent environment.
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Entangled photons are promising candidates for a variety of novel spectroscopic
applications. In this paper, we simulate two-photon absorption (TPA) of entangled
photons in a molecular ensemble with inhomogeneous broadening. We compare our
results with a homogeneously broadened case and comment on the consequences for the
possible quantum enhancement of TPA cross sections. We find that, while there are
differences in the TPA cross section, this difference always remains small and of the order
unity. We further consider the impact of the polarization degrees of freedom and carry out
the orientational average of a model system Hamiltonian. We find that certain molecular
geometries can give rise to a substantial polarization dependence of the entangled TPA
rate. This effect can increase the TPA cross section by up to a factor of five.

Keywords: entangled photons, two-photon absorption, quantum correlations, inhomogeneous broadening,
polarization entanglement

1 INTRODUCTION

Entangled photons have been identified as promising new tools for spectroscopic or imaging
applications [1-7]. Their strong quantum correlations could circumvent certain classical Fourier
uncertainties and thus enhance the sensing capabilities of optical measurements [8-16]. The
detection of quantum correlations could also provide new spectroscopic information [17-25],
and the use of quantum light in interferometric setups promises additional control knobs to analyze
spectroscopic information [26-29] as well as access to out-of-time correlations [30]. The main
driving force behind this development of entangled photon spectroscopy, however, is the linear
scaling of nonlinear optical signals such as the two-photon absorption (TPA) rate with the incident
photon flux [31-34], which could enable measurements on photosensitive samples at reduced
photon numbers. This linear scaling has been observed conclusively in atomic samples [33, 35, 36].
Similar experiments in molecular samples, however, have resulted in widely differing estimates for
the entangled two-photon absorption (ETPA) cross section o, [37-47]. The reported values range
from o, ~ 1077 cm? [37] or 107! cm? [43] to <1072 cm? [46, 47].

In theoretical work, recent analyses predict a very small enhancement of the ETPA cross section
due to spectral entanglement [48, 49]. The key assumption in these publications is that molecular
resonances are broadened much more strongly than their atomic counterparts. As a consequence,
spectral quantum correlations cannot enhance the absorption probability in the same way as in
atomic samples. This would imply that the large absorption cross sections mentioned above cannot
be explained by ETPA, and have to be attributed to other processes that remain to be clarified. In
contrast, another study by Kan et al. alleges that ETPA takes place into final states with much weaker
broadening [50], such that large enhancements due to quantum correlations become possible. Here
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|g)

FIGURE 1 | Level scheme and dipole orientation considered in this

paper: We consider two-photon excitation from the ground state |g) to the
final state |fy. The intermediate state |e) is far-off-resonant from the carrier
frequencies of the two photons. The dipoles between ground and
intermediate state, ﬁge, and between intermediate and final state, ﬁe,, form a
relative angle 6.

we investigate whether these two scenarios can give rise to vastly
different absorption cross sections. In particular, we consider
ETPA in an ensemble of inhomogeneously broadened molecules,
where sharp absorption resonances are distributed randomly
within a certain frequency distribution (see Figure 2). This
enables us to interpolate between these two scenarios
mentioned above. We will investigate whether strongly
enhanced absorption in a subset of molecules that can be
excited resonantly can overcompensate the reduced absorption
probabilities in the remaining molecules.

In addition, we will scrutinize the impact of the polarization
degrees of freedom on the ETPA cross section. By carrying out an
orientational average of the molecular dipoles, we will explore
how the relative orientation of the two dipoles affects the ETPA
process. A recent study [43] detected no discernible dependence
on the photon polarization. Here we show that this is true only for
certain molecular dipole orientations.

2 THE MODEL

We consider the interaction of broadband entangled photons
with matter. For a quantum light field propagating in a fixed
spatial direction (without loss of generality, we here consider the
z-direction), the electric field operator in the interaction picture
with respect to the field Hamiltonian reads [51]

Polarization-Entangled Two-Photon Absorption

E(z,t) =EW (z,t) + EO (2, 1),

with the positive frequency component

dw
iw(z/c—t) 2
mev[ \/ZEOnAO a@ @)

EW (z,t) = i Z
= Z &E" (z,1) (3)

v=1,2

1

and E7 its hermitian conjugate. Here, €, denotes the vacuum
permittivity, and A, is the quantization area perpendicular to the
propagation direction of the field. The photon annihilation and
creation operators obey the usual permutation relations
[av(v),af/,(w' )] = 2n8,,,6(w - w'). The polarization vector é,
distinguishes horizontal or vertical polarization. In the second
line, we define the scalar fields E,. In the following, we will
consider a sample, which is placed at the origin of our coordinate
system and set z = 0.

We will investigate the ETPA probability of a multilevel
system with ground state g, an off-resonant intermediate states
e, and a final state f. This is shown in Figure 1. The probability to
excite the final state f can be derived with perturbation theory
with respect to the light-matter interaction Hamiltonian, which
reads within the rotating-wave approximation for a sample
placed at the origin of our coordinate system

Hiy =EW (1) - VO () + hee. (4)

Here, V©(£) denotes the negative frequency component of the
dipole operator, i.e. it creates a molecular excitation, and we have
dropped the spatial dependence of the operators. A detailed
account for the derivation of the ETPA probability can be
found, e.g., in [49, 52]. Here, we only present the final result
which, neglecting the polarization degrees of freedom at first,

reads
PEPA _ (Z)Yfﬂ / / /
(a ( (0+ " -w a(a))a( " (5)
yfg—zwfg+1w+zw ’
with the classical TPA cross section given by
2
@ _ Wy 1 l defdge |2
o® = — . (6)
hegnc 2V, Iweg - w0|

Here, we have defined the transition frequency to the final
state of the molecule, wg, as well as the inverse lifetime yg,. The
intermediate state transition frequency is denoted w,,, and d, and
de are the dipole matrix elements connecting ground and
intermediate, or intermediate and final states, respectively. In
Eq. 5, we also included the so-called entanglement area A, which
could be a function of the entanglement of the two-photon state
[44]. Here, we will not consider this effect and treat A, as a
constant. We further introduced the four-point correlation
function of the field in the numerator of the second line of
Eq. 5. It is evaluated with respect to the initial state of the light
field, which we will specify later in Section 2.3. In writing Eq. 5,
we require the intermediate states to be far off-resonant from the
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TPA resonance / a.u.

10 2 3
Detuning A / y

FIGURE 2 | Inhomogeneously broadened two- photon absorption
resonance, (A2 + y 2y, vs. the detuning A = wfg —w. The gray solid line
corresponds to an homogenously broadened ensemble, whereas the small
dashed Lorentzians indicate an inhomogeneously broadened ensemble
which creates the same broad absorption feature.

entangled photons’ centre frequency wg. If this condition is
violated the intermediate state resonances cannot be taken out
of the frequency integrations and need to be considered
separately [2]. In this resonant regime, which will not be
considered here, we could already show how quantum
correlations can enhance the absorption probability [53-55].

2.1 Inhomogeneous Broadening

Two-photon transitions in the presence of inhomogeneous
broadening were already discussed in [56]. Here we model it by
assuming that the resonance of the final state w, is distributed around
a central value w' f ) with a Gaussian distribution with width op, lLe.

9
(0) ?
ei(wffwfg) /(ZJ%’).

The TPA probability is then given by the average with respect
to this ensemble,

p(wsg) = @)

21

P;£11]J1A <PTPA>ensemble (8)
- ﬁwfa pwsg)P™ (wyq), ©)

where P4 (wg) is given by Eq. 5 at frequency w,. This situation
is illustrated is Figure 2, where we plot the two-photon resonance
inEq.5,ie,R(y;, —iwsg +iw) vs. the detuning A = wj(,og) - w.In
an inhomogeneously broadened ensemble, the broad resonance is
in fact composed of the incoherent mixture of much more narrow
resonances of the ensemble constituents. We note that the role of
the Lorentzian width yy, changes between the homogeneously and
inhomogeneously broadened samples. In the former case, Eq. 5,
¥4z denotes the width that one would measure in a spectroscopic
experiment. In the latter case, it is the narrow linewidth of an
individual molecule, but experiments would detect the much
broader distribution described by Eq. 8. To distinguish the two
situations, we will call the Lorentzian width in the
inhomogeneously broadened sample the intrinsic width of the

Polarization-Entangled Two-Photon Absorption

resonance, i, in the following. In contrast, we will call it the
homogeneous width yp,, in the homogeneously broadened case.

2.2 Orientational Average

We next discuss how to carry out an orientational average of the
molecular absorption. To this end, the dipole elements in Eq. 5
have to be treated as vectors, i.e. dij — d; ;. More specifically, we
consider dipole vectors in the molecular reference frame,

. 1 . cosf
deg = deg 0], def = def sin 6 (10)
0 0

We further take the polarization of the light fields into
account, see Equation 2. We then generalize Eq. 5 to

Yf dw"
TPA IR
Phom - Z 05’?}1!2,1!3,1/4 A2 / / /
V1,Y2,V3,V4 (1 1)
(a (w Na! 3 (0+ 0" - w)a, (w)a,, (0"))
Vig — iWsq + i+ ie" ’
where the TPA tensor is given by
w 2
(2) — 0
Tommm = (heonc)
1 <(d;e ‘ évl)(d;f N évz) (;ige ‘ év;)(def : éV4)>
2)’fg wEg — Wy we'g — Wy o
(12)

Here, we denote (...,).,s the orientational average which
accounts for the random orientation of the molecules in the
sample with respect to the lab frame. To evaluate this average, we
have to transform from the lab frame into the molecular frame.
This orientational average was first carried out in [57]. The
application to nonlinear spectroscopy can be found, e.g., in
[58]. The result is that we can straightforwardly relate the
dipole elements in the lab frame with the corresponding
dipole vectors in the molecular frame using the transformation

<(Zi;e : évl)(a;f : évz)(age’ : évs)(;le’f : éV4)>ens
— Z (4) 4% 4% dotz dom

VI,V2593574501,02,03,04  geef " ge' e f2 (13)
01,02,003,04
where the indices «; = x, y, z label the components of the dipole
operator in the molecular frame. The transformation tensor is
given by
(4)

V1,Y2,V3,74;00,02,03,04

1
= _0 ( 61}4 ‘V381/z V1> 61/4 vz8v3 V1> v4 1/187/3 1/1

4 =1 =1\ / OunpesOuyeq
x| -1 4 =1 || Ouye0ura (14)
-1 -1 4 By O

2.3 The Field Correlation Function

We finally have to evaluate the field correlation function in Eqs 5,
11, respectively. For an initial two-photon state, which we will
denote |y, this function factorizes as
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(a} (w)a], (w))ay, (wi)ay, (ws))
= (ylal (w1)a], (0)]0){0la,, (ws)a,, (ws)|y)
= \I’fmz (w1, wz)\Pmu (w3, wy).

(15)

Here, we have inserted an identity in between alz (wy) and
a,,(ws). For a two-photon state, the only non-vanishing
contribution stems from the vacuum. In our discussion of the
inhomogeneous broadening, where we do not account for the
polarization degree of freedom, we simply drop the indices v;.
With the entangled field propagating along the z-direction, see
Eq. 2, we consider the horizontal polarization to be along the
x-direction and the vertical polarization along the y-direction. In
the third line, we defined the function ¥, ,/(w, ') = ¢ 0|a,(w)
a,(w")|w), which is often called the two-photon wavefunction. Its
absolute square is referred to as the joint spectral intensity. As
explained in detail in [52], in the situation described by Eq. 5
where the intermediate states are far off-resonant and can be
subsumed into ¢'?, the marginal of the two-photon wavefunction
along the anti-diagonal is what is relevant for the TPA process,
and we can write Eq. 5 as

2
pIPA _ U(z)mm/d_x VfglK\y €9] ’ (16)
hom Ay 2w @k 4 (At x)
where the marginal is given by
Ky (x) = /(21—;\11,,)1,/ (wo + 2z, w9 + x — 2). (17)

We further defined the detuning A = w; — 2w,. In the
homogeneously broadened case, we simply set this to zero
(i.e. we assume that the entangled pair is resonant with the
transition), but in the inhomogeneous case, this detuning will be
weighted by the ensemble’s frequency distribution (7) below. In
this paper, we will focus on bi-Gaussian two-photon
wavefunctions, i.e. we write

_ 1 (oNaB)"/ze,(w,wr)z [ (464) g (wra'-200)’ [ (s03)
2

(18)

where oy is the spectral width of the individual photon
wavepackets and o3 is the width of the sum frequency w + w'.
Please note the factor 1/+/2 in front of the wavefunction, which
accounts for the fact that in the case of indistinguishable photons
we have the normalization {y|y) = Zjdwjdw'|‘~1’(w, "*1(2n)? =
1. In a strongly entangled state, we will typically have oy > o3
This regime is dominated by strong frequency anti-correlations
between the entangled photons, as well as strong correlations in
their respective arrival times [2]. We further write the full two-
photon wavefunction as

ly) = /dw do' y(w,@")f(al,al,)I0), (19)

where we consider specifically the two cases
fl(a;r,ai,) = V2al, (w)a), (0'), (20)
fa(alsa)) = ah (@a}, (@) (21)

Polarization-Entangled Two-Photon Absorption

V2

Please not that the factor /2 is included in Eq. 20 to ensure
normalization with respect to the frequency wavefunction (18).
In the first two cases, f; and f,, the two-photon state is not
polarization entangled, as Eq. 18 is symmetric with respect to the
exchange of its frequency arguments. In the latter case, the state is
polarization entangled. We note that, as pointed out in [52],
within the current model the molecular response is symmetric
with respect to the exchange of the frequency arguments in Eq.
15, because any photon can excite either the g — e or the e — f
transition. Consequently, even if the initial two-photon frequency
wavefunction ¥(w, w') is not symmetric (as is the case, e.g., for
type-II downconversion), the correlation function (15) selects the
symmetric  superposition ~ ¥ (w,w')+¥(0',w). As a
consequence, a photonic singlet state of the form (|H)|V;) —
[VsY|H;»)/+/2 will not give rise to a TPA signal within the current
model due to the destructive interference between the two terms.
This situation would change, for instance, in the presence of near-
resonant intermediate states or any other process that breaks the
abovementioned symmetry between the ¢ — e and e — f
transitions.

(af; (w)al; (') + €%, (w)a}, (o)) (22)

t —
f3(ay> ai/) =

3 RESULTS

3.1 Inhomogeneous Broadening
We now compare how inhomogeneously broadened ensembles
can affect the two-photon absorption probability. In this part of
our investigation, we will neglect the polarization degrees of
freedom at first. For simplicity, we divide the ETPA
probability, Eq. 5, by its constant prefactor oy ¢ g/A(z). For
each combination of intrinsic linewidth 1y, and
inhomogeneous broadening op, we calculate the full width at
half maximum of the f-state distribution as shown in Figure 3A.
We also calculate the ETPA probability from Eq. 8. As shown in
Figure 3B, its behaviour inversely follows the broadening of the f-
state in the sense that a broader f-distribution in panel (a) results
in a reduced ETPA probability. There is however a noticeable
asymmetry between the two plots. The ETPA probability appears
to be reduced more rapidly with increasing intrinsic linewidth
yinh compared to an increase of the inhomogeneous broadening
op. This behaviour could be a consequence of the photonic
entanglement and in the following we investigate it more closely.

To compare ETPA in homogeneously and inhomogeneously
broadened ensembles, we define the ratio between the absorption
probability in an inhomogeneously broadened sample, Eq. 8, and
in a homogeneously broadened sample, Eq. 5,

PTPA

— (Yinh’ UD)

= inh
rel =
PTPA

. (23)
hom (Yhom)

where we use as homogeneous broadening oy, the width of the f-
state distribution, which we determined in Figure 3A. We note,
however, that the convolution of an intrinsic Lorentzian broadening
with a Gaussian as in Eq. 8 gives rise to a Voigt line profile. This is
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FIGURE 3 | (A) Full width half maximum of the f-state resonance as a function of the intrinsic linewidth yi, and the inhomogeneous broadening ap. (B) ETPA
probability according to Eq. 8 in units of ¢® y,g/AS as afunction of the intrinsic linewidth yi,, and the inhomogeneous broadening op. We use an frequency-anticorrelated,

entangled state with oy = 1 and og = 1.
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FIGURE 4 | Ratio of the absorption probability (23) between ETPA in an inhomogeneously broadened sample and in a homogeneously broadened sample with the
same linewidth broadening is plotted for three different input states vs. the intrinsic linewidth and the inhomogeneous broadening. As indicated above the contour plots,
the parameters are chosen as (A) oy = 10 and og = 0.1, i.e. a two-photon state featuring strong frequency anti-correlations, (B) oy = og = 1, i.e. almost separable photon
pairs, and (C) oy = 1 and g = 10, i.e. a state featuring strong positive frequency correlations.

markedly different from the Lorentzian resonance of the
homogeneous case. As a consequence, one should keep in mind
that the ratio (23) compares two slightly different situations.

We plot the ratio (23) in Figure 4 as a function of both y;,,;, and
op for three different two-photon states. In Figure 4A, the
entangled photons show very strong frequency anti-
correlations, in panel (b) they are separable, and in panel (c)
the show strong positive frequency correlations. We see that, even
though there are notable differences between these cases, the
general trend is identical. The ratio of the two excitation
probabilities can be enhanced, and the effect increases with
increasing inhomogeneous broadening op and with decreasing
intrinsic linewidth y;,;,. This effect is stronger when the exciting
photon pair is entangled with strong frequency anti-correlations
as in panel (a). In contrast, positive frequency correlations which
are nevertheless associated with an entangled wave function, have
the opposite effect and reduce this enhancement.

Still we also find that this enhancement saturates to increasing
inhomogeneity of the distribution. This is shown in Figure 5 for

different entanglement strengths. The broadening at which the
saturation is reached depends strongly on the degree of
entanglement. However, the ratio r, always remains of order
unity, as the enhanced resonant excitation probability is balanced
by an increase in the number of molecules which can not be
excited resonantly and thus become dark. Therefore,
inhomogeneous broadening cannot account for the enormous
disparity in the reported ETPA cross sections in the literature.

3.2 Orientational Average

With our choice of the Gaussian two-photon wavefunction (18),
which is symmetric with respect to its frequency arguments, we
can separate the orientational average from the frequency
integrations. Thus, using the definition of our molecular
dipoles (10), their transformation to the laboratory frame in
Egs. 13, 14, we can carry out the index summations vy, ... ,
vgand ay, . . ., ay. Note that this orientational average will always
reduce the ETPA rate, since the dipole vectors in Egs. 11 are
chosen normalized. As a consequence, their orientationally
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averaged overlap with any polarization mode will be smaller
than unity.
For the polarization state (20), we obtain

(7 + cos (20)). (24)

TPA
P 1 iso

L

15

Here, PI’* denotes the isotropic result where the vectorial

nature of the dipoles and the photons has been neglected.
Likewise, we obtain from Eq. 21

4
pIPA = pIPA G (2 + cos (20)), (25)
and for the entangled polarization state (22), we arrive at
1
PIPA = pIPA G (4cos® () (1 + cos ¢) — 2 sin® (6) (—4 + cos ¢)).
(26)

These results are shown in Figure 6. The separable states, Eqs
24, 25, show a weaker dependence on the dipole angle compared
to the entangled state (26). The latter shows the largest
dependence at an angle ¢ = 0, ie. for a symmetric
superposition state, where it also takes its maximal value. This
is consistent with our discussion in Section 2.3, where we pointed
out that the molecular response projects onto a symmetric
superposition. Hence, such a state is optimal for the ETPA
cross section. Conversely, the entangled state shows the
smallest variation at ¢ = 71/2 (not shown), where it coincides
with the product state (25).

The polarization dependence of ETPA in rhodamine 6G
molecules was carefully examined in [43], and no discernable
dependence on the interphoton polarization angle was reported.
This can be recounciled with our simulations provided the dipole
angle is around 6 = 71/3 or 271/3. Indeed, as we see in Figure 6, in
such a case the polarization state should not affect the ETPA
probability regardless of the polarization state of the light. This
appears broadly consistent with measurements in [59], where an

polarization dependence (26), which is created by the state (22), is shown as a
solid, yellow line for ¢ = 0, and as a blue, dotted line for ¢ = /3.

angle of around 40° was reported, thus implying a rather weak
ETPA polarization dependence. A further possibility, which we
have not discussed here, would be the interference between
different excitation pathways. Such a situation could wash out
the strong polarization dependence observed here for a single
excitation pathway.

4 CONCLUSION

In summary, we have extended the existing theory of entangled
two-photon absorption to describe excitation in inhomogeneously
broadened molecular ensembles, and to investigate the influence of
the polarization degrees of freedom on ETPA.

In our investigation of inhomogeneously broadened samples,
we showed that ETPA can be enhanced compared to
homogeneously broadened samples. However, this enhancement
always remains relatively small, of order unity. It cannot explain the
several orders of magnitudes in difference among the various
measured ETPA cross sections in the literature. The presence of
near-resonant intermediate states could change this conclusion. As
shown in [53-55], optimized entangled states of light can
substantially enhance the ETPA probability. It remains an open
question, however, how these conclusions would be affected by
inhomogeneous broadening. Furthermore, entangled states with
large spectral tails in their single-photon spectrum also affect the
present conclusion. As shown in the context of virtual state
spectroscopy [60], these large frequency tails render the key
assumption in the current theoretical model - that intermediate
states are far detuned from the photonic states (see Eq. 5) -
problematic and further emphasize the need for the
investigation of near-resonant intermediate states in ETPA.

In our simulation of the orientationally averaged absorption of
polarization entangled photon pairs, we showed that polarization
entanglement can have a substantial influence on the ETPA
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absorption probability. It can increase or reduce the absorption
probability by as much as a factor of five, provided the molecular
dipoles are aligned in parallel or perpendicular. These findings
rely on a single excitation pathway, ie. a single intermediate
molecular state. In case there are several, competing excitation
pathways, the pronounced angular dependence of the ETPA rate
could be washed out by the mixing of these pathways.
Furthermore, it is one of the consequences of the employed
theoretical model, as observed already by Landes et al. in [60],
that the molecular response projects the entangled photon
symmetrized superposition. As a
consequence, the present model predicts a vanishing ETPA
probability for a photonic singlet state due to destructive
interference. This effect could be tested experimentally, e.g., in
atomic ETPA measurements. It could further provide an
experimental test in molecular ETPA experiments to gauge the
strength of single-photon losses, which should not be suppressed
by destructive interference.

wavefunction onto a
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A gradual edge-enhanced ghost imaging method with pseudo-thermal light is proposed in
both the theory and experiment. In the experiment, a phase object and fractional spiral phase
filter are placed symmetrically in the imaging plane of the pseudo-thermal light source in the
distributed test and reference beams of the lensless ghost imaging system. The procedure of
gradual edge-enhanced ghost imaging is carried out by modulating the fractional topological
charge from 0 to 1. We observe that the brightness of the object edge increases with the
increase of the fractional topological charge. It is also found that the intensity distribution is
uniform and isotropic when the topological charge is an integer; otherwise, the intensity
distribution is not uniform. Theoretical analysis is also provided. The proposed gradual edge-
enhanced ghost imaging scenario releases the position limitation in the Fourier plane for the
filter of the traditional phase filtering imaging process. The method is believed to have
prospective applications in microscopic imaging and biomedical detection.

Keywords: spiral phase contrastimaging, second-order correlation, edge enhancement, orbital angular momentum,
fractional-order spiral filtering

1 INTRODUCTION

As early as the 1930s, Zernike first proposed the phase contrast imaging method and won the Nobel
Prize for employing this technology to observe the structure of living cells in 1953 [1]. Different from the
traditional optical microscopy, the phase contrast method can convert the invisible phase distributions
into visible optical field intensity [2-4] to highlight the edges of an object with phase changes, which is
called edge enhancement [5-7]. Edge-enhanced imaging, a kind of image processing, can extract the
contour features of an image, so that the boundary of the target can be displayed more clearly, and the
position of the target can be determined. Since then, the phase contrast technology has been further
developed to expand its applications from the initial differential interference phase contrast microscopy
and interference reflection contrast microscopy to the later spiral phase contrast (SPC) microscopy [8,
9]. In the 1990s, researchers realized the imaging of one-dimensional (1D) and two-dimensional (2D)
phase objects by employing the SPC technology [10, 11]. In 2006, the homogeneous enhancement of the
amplitude and phase objects was achieved using SPC technology combined with optical microscopy
[12]. In 2015, Prof. Lixiang Chen’s research group used a fractional spiral phase filter (SPF) in the Fourier
plane of the lens to achieve the isotropic edge enhancement with laser [13, 14].

SPC was applied in quantum imaging in 2009 by Jack et al. [15]. The entangled two-photon was
separated using a beam splitter (BS). The pure phase object and the SPF were symmetrically placed in the
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FIGURE 1| Schematic diagram of the experimental setup. Phase objects in the upper left corner are the sketch of a compass (A) and a circle (B) which are loaded
by SLM;, and the dynamic phase hologram in the lower left corner is loaded by SLM,.

L2

L4

image plane of the entangled two photons. The phase objects can be
recognized through edge enhancement through the two-photon
coincident measurement. However, ghost imaging can not only be
implemented with an entangled two-photon light source but also be
achieved with incoherent thermal light [16-20]. The quantum
entangled source behaves like a mirror, whereas the classical
thermal source acts like a phase-conjugate mirror in the ghost
imaging [21]. It has been demonstrated that intensity fluctuations
give rise to the formation of correlations in the OAM components and
angular positions of random light in [22]. It was then proved that the
spatial signatures and phase information of an object with rotational
symmetries can be identified using classical OAM correlations in
random light [23]. Furthermore, an experimental scenario of
distributed angular double-slit interference based on the OAM
correlations of pseudo-thermal light was accomplished in [24]. In
2020, we proved the classical physical essence of the spatial dimension
of the non-local edge-enhanced ghost imaging system by making use
of orientated SPF [25]. Inspired by the previous research, we proposed
the scenario here to observe the phase object edge-enhanced imaging
with a fractional-order spiral phase filter based on the OAM
components of incoherent random light. The experimental results
proved that the enhanced edge intensity of the image increased with
the increase of the topological charge from 0 to 1. The reason why the
edge brightness increases with the increase of the fractional orbital
angular momentum (OAM) is due to the pseudo-thermal light OAM
correlation and eigenvalue decomposition of the fractional topological
charge of the SPF. The theoretical analysis finds good agreement with
the experimental results. The proposed scenario can accomplish the
continuously modulated edge-enhanced ghost imaging even with the
incoherent light source.

2 EXPERIMENT

A schematic diagram of the experimental setup is shown in
Figure 1. The input light is a Gaussian beam derived from a

632.8 nm He-Ne laser (THORLABS, HNL225RB). The light
beam illuminates a slowly rotating glass (RG) with the
rotation angular velocity of 0.013 rad/s to produce a pseudo-
thermal light beam. P; and P, are polarizers to modulate the
intensity of the laser beam. N is a telescope (x2 magnification) to
collimate and expand the transverse size of the laser beam.
Radiation from a chaotic pseudo-thermal source via an Iris is
then divided into two optical paths, namely, a test beam and a
reference beam, by a 50:50 non-polarizing BS. The pseudo-
thermal light source is imaged, by two convex lenses L; and
L,, to the transverse planes of the spatial light modulators (SLMs,
HOLOEYE, PLUTO-2-VIS-016), a device with full high-
definition resolutions of 1920 x 1080 square pixels. The focal
length of the convex lens is 25 cm. Then, the SLM; and SLM,,
located at a distance of 50 cm from the biconvex lens, are re-
imaged to the charge-coupled devices (CCDs, MTV-1881EX)
with the resolution of 575 x 767 square pixels placed at the end of
each light beam, respectively. Two beams are connected with a
data acquisition card embedded in a personal computer, and the
intensity correlation calculation can be carried out.

The role of the SLMs is loading phase objects and fractional
SPF instead of the spiral phase plate, so that the gradual edge
enhancement by varying the fractional OAM value from 0 to 1
with a step length of 0.1 can be observed conveniently. The phase
object and the phase hologram are symmetrically loaded on SLM;
and SLM, in the distributed beams. The size of the phase object
compass is 150 x 150 square pixels. The phase mutation along the
pointer and the dial is 7. The black part of the phase object
presents the phase of 0, and the white part presents the phase of 7.
The phase hologram placed on the SLM, is 10 x 10 square pixels.
Correspondingly, the black part of each phase filter presents the
phase of 0, whereas the white part presents the phase of 2. The
correlation detection is carried out through scanning
measurement. 10 x 10 square pixel points of the data obtained
from CCD, are taken as a unit to traverse line by line to
implement the second-order correlation with the data of CCD;.
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FIGURE 2 | Simulation and experimental results of the non-local edge-enhanced imaging with a fractional spiral phase filter. (a-f) in the upper row show the
simulation results, and (g-k) in the lower row show the experimental results.
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FIGURE 3 | Experimental results of the circle phase with the integer and fractional vortex filters. (A-F) show the 2D edge-enhanced images and the fitted curves of
some special azimuth corresponding to different Q.

3 RESULTS

The process of simulation calculation is as follows: first, a random
thermal light field of Gaussian distribution in both the amplitude
and phase is generated by a calculation program, which has the
same size as the phase object to be detected. Then, the thermal
light field is multiplied with the phase object and the vortex phase

filter, respectively, in the reference and test beams to obtain the
light field distributions in the detection planes. Finally, the
correlation calculation is carried out to achieve the edge-
enhanced imaging, as shown in Figure 2.

We can find in Figure 2 that the intensity at the position where
the phase gradient existed is lower than that where the phase
gradient did not exist when the fractional OAM topological
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charge Q is lower than 0.5. It is because when Q is less than 0.5,
the vortex has not formed yet, as shown in the lower right corner
of each subgraph of Figure 3. However, when Q is greater than
0.5, a black hole at the center of the vortex appears. Thus, the
contrast of the edge and background gradually reversed with the
increase of Q. The intensity distribution of the fractional-order
vortex light is not uniform along the radial direction, so the edge
enhancement is not isotropic as the integer-order condition.
Furthermore, we take a simple circular phase object as the
detected phase object to analyze the isotropic feature of the SPC
ghost imaging. The phase circle is shown in the upper left corner of
Figure 1B, whose dimension is 200 x 200 pixels and diameter is 130
pixels. The black part of the circle presents the phase of 0, whereas
the white part presents the phase of 7. Figures 3A-F show the 2D
edge-enhanced intensity distribution and the fitted edge-enhanced
intensity curves of some special azimuth corresponding to the Q-
value of 0, 1.0, 0.3, 0.5, 0.7, and 0.9. The lower right corner of each
subgraph shows the vortex map of each fractional OAM. Figures
3C-F show that edge enhancement is non-isotropic of fractional Q.

4 THEORETICAL ANALYSIS

The aforementioned experimental results are based on SPC
imaging methods which are sensitive to the phase gradients by
making use of SPF. SPF is a common device to generate helical
wave fronts and vortex beams with an azimuthal structure exp
(jl¢), in which the topological charge I is an integer and 0<¢ <
2. Light with this phase structure carries OAM of [% per photon,
and the most commonly used filter in the SPC imaging is the SPF
with the integer topological charge of I = 1. All phase edges of a
sample object can be enhanced isotropically as a result of the
directional symmetry of an integer SPF.

In our case, H; presents the impulse response functions during the
free transmission in the reference beam between RG and D, while i =
1 and in the test beam between RG and D, while i = 2, respectively,

H;(r;,10) =exp{jk[8f+%(r(2,+rf)] —jﬂ}é(ri—ro)(iz 1,2),
(1)

where k = w/c is the wave number, f is the focal length of the
convex lens, ry is the 2D transverse plane position vector of the
incident plane, and r; presents the 2D transverse plane position
vector of the output plate of the reference and test beams.

Then, the SPF function of the polar coordinates (r, ¢) is
written as S (r;) = exp [jQ¢(r;)], where Q is a fraction varying
from 0 to 1 and ¢(r;) is an angular function of the filter. The
amplitude transmittance of the input object is described by the
function of T (r,) = exp [j¢'(r,)]. Consequently, from the cascade
relationship, the optical field in the transverse plane of the
detectors D; and D, can be described as follows:

E;(risro) = Eo (ro)H; (ris1o)Fi (i =1,2), (2)

where F; represents the SPF function S (r;) when the value of i is 1;
otherwise, it represents the amplitude transmittance T (r,) of the
object.
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FIGURE 4 | OAM spectra of fractional SPF.

The second-order correlation function of the thermal light
ghost imaging is given by [26].

Iy (r)I; (r2)) = I (1)) 5 (r2)) +I<Ef (r1)E; (7’2)>|2> (3)

where the cross-spectral density function is
E B ) = [[ B ) Bxrdrdr. @

The classical incoherent light source is characterized by the
cross-spectral density function as
I(ro,r$) = Eo(ro) - E§ (r) = Io8 (rg — 1), where ry and r( are
the 2D transverse plane position vectors. Inserting Eqs. 1 and 2
into Eq. 4, we find that

(Ef (r1)Ex(12)) = Ié|3*(7’1)T(7’2)|2- (5)

It was demonstrated that the integer OAM eigenstates form a
complete and infinite basis [27-29]. A fractional vortex can be
expressed in terms of the OAM eigenstates as
S(r1) = exp(jQ9) = Y. Arexp(jlg), A =
lexp [jm(Q—-1)] %IZ represents the weight of each OAM
component [30] and exp (jl¢) is the eigenstate. Figure 4 shows the
spectra of the fractional OAM spread on its integer-order
eigenstates.

In the same way, T (r2) = exp(j¢') = Xo__.. Ay exp(jme),
where |A,,|* represents the weight of each OAM component [30].

Hence, substituting the functions of the filter and object in Eq.
5, the second-order correlation function can be given as

]

(6)

Equation 6 provides a clear understanding of the edge-
enhanced effect of the fractional SPF. It indicates that the
edge-enhanced image can be considered a coherent
superposition of all images that are individually picked out by

where

i i ApnAsexp[j(m—1)¢]

l=—c0 m=—c0

Iy (rI; (1)) = IS{ I+
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employing integer OAM filters. The OAM spectra of the phase
platform of the object only have the composition of m = 0, so that
the second-order correlation value represented by Eq. 6 will reach
the maximum with [ = 0 of the SPF and the minimum with [ = 1.
When the value of Q varies from 0 to 1, the OAM spectra
composition of | = 0 decreases while / = 1 increases, as shown
in Figure 4. Thus, the correlation value of the phase platform
decreased as the value of Q increased. However, the situation of
the edge part of the object is opposite to the phase platform. The
second-order correlation value will reach the maximum with /=1
and the minimum with / = 0, and the correlation value of the edge
of the object increases as the value of Q increases.

5 CONCLUSION

In summary, a fractional phase filtering ghost imaging method with
pseudo-thermal light is proposed. The experimental results show
that the edge of the phase object can be gradually enhanced by the
fractional SPF spatially distributed to the object with incoherent light
beam illumination. The non-local gradual edge enhancement is also
theoretically analyzed through correlation in the OAM components
of the random fluctuations of the incoherent light beam. This effect is
very important in a situation when entanglement is not required and
when correlations in OAM suffice. The physical explanations of the
gradual edge enhancement with the fractional topological charge
change are the coherent superposition of the images filtered out by
an integer vortex filter. The proposed scenario here provided a new
edge enhancement imaging technology releasing the position of the
filter in the Fourier plane with incoherent pseudo-thermal light. It is
believed that the proposed non-locally fractional SPF imaging
scenario may find potential applications in the field of micro-
detection of quantum imaging and bioengineering.

REFERENCES

1. Zernike F. Phase Contrast, a New Method for the Microscopic Observation of
Transparent Objects Part Ii. Physica (1942) 9:974-86. doi:10.1016/s0031-
8914(42)80079-8

2. Torre V, Poggio TA. On Edge Detection. IEEE Trans Pattern Anal Mach Intell
(1986) PAMI-8:147-63. doi:10.1109/TPAMI.1986.4767769

3. Kohlmann K. Corner Detection in Natural Images Based on the 2-d hilbert
Transform. Signal Process. (1996) 48:225-34. doi:10.1016/0165-1684(95)
00138-7

4. Zhu T, Zhou Y, Lou Y, Ye H, Qiu M, Ruan Z, et al. Plasmonic Computing of
Spatial Nat (2017)  8:15391. doi:10.1038/
ncomms15391

5. Zhou Y, Feng S, Nie S, Ma ], Yuan C. Image Edge Enhancement Using Airy
Spiral Phase Filter. Opt Express (2016) 24:25258. doi:10.1364/0OE.24.025258

6. LiD, Feng S, Nie S, Ma J, Yuan C. Scalar and Vectorial Vortex Filtering Based
on Geometric Phase Modulation with a Q-Plate. ] Opt (2019) 21:065702-5171.
doi:10.1088/2040-8986/ab18e3

7. Han Y-J, Guo C-S, Rong Z-Y, Chen L-M. Radial hilbert Transform with the
Spatially Variable Half-Wave Plate. Opt Lett (2013) 38:5169-71. doi:10.1364/
OL.38.005169

8. Firhapter S, Jesacher A, Bernet S, Ritsch-Marte M. Spiral Phase Contrast
Imaging in Microscopy. Opt Express (2005) 13:689-94. doi:10.1364/OPEX.13.
000689

Differentiation. Commun

Fractional-Order Spiral Filtering Ghost Imaging

DATA AVAILABILITY STATEMENT

The original contributions presented in the study are included in
the article/supplementary material; further inquiries can be
directed to the corresponding authors.

AUTHOR CONTRIBUTIONS

LG put forward the initial idea and supervised the project. HW
further developed and confirmed the idea through analysis,
experiment, and simulation. JM, ZY, and HD provided
methodology and resources. HW analyzed the results with the
assistance of JM, and ZY drew the figures. LG and HW wrote the
manuscript. All authors contributed to manuscript revision and
read and approved the submitted version.

FUNDING

This work was supported by the National Natural Science
Foundation of China (No. 12074350 and No. 62105341), the
Fundamental Research Funds for the Central Universities (No.
2652021046), the National Science Foundation of Shandong
Province, China (No. ZR2021QF126), and the National
College Students Innovation and Entrepreneurship Training
Program (No. S202111415184).

ACKNOWLEDGMENTS

The authors thank Hanquan Song for the meaningful advice and
discussions.

9. Ritsch-Marte M. Orbital Angular Momentum Light in Microscopy. Phil Trans
R Soc A (2017) 375:20150437. doi:10.1098/rsta.2015.0437

Khonina SN, Kotlyar VV, Shinkaryev MV, Soifer VA, Uspleniev GV. The
Phase Rotor Filter. ] Mod Opt (1992) 39:1147-54. doi:10.1080/
09500349214551151

Jaroszewicz Z, Koedziejczyk A. Zone Plates Performing Generalized Hankel
Transforms and Their Metrological Applications. Opt Commun (1993) 102:
391-6. doi:10.1016/0030-4018(93)90410-7

Bernet S, Jesacher A, Firhapter S, Maurer C, Ritsch-Marte M.
Quantitative Imaging of Complex Samples by Spiral Phase Contrast
Microscopy. Opt Express (2006) 14:3792-805. doi:10.1364/0e.14.
003792

Wang J, Zhang W, Qi Q, Zheng S, Chen L. Gradual Edge Enhancement in
Spiral Phase Contrast Imaging with Fractional Vortex Filters. Sci Rep (2015) 5:
15826. doi:10.1038/srep15826

Xu D, Ma T, Qiu X, Zhang W, Chen L. Implementing Selective Edge
Enhancement in Nonlinear Optics. Opt Express (2020) 28:32377-85. doi:10.
1364/0E.404594

Jack B, Leach J, Romero ], Franke-Arnold S, Ritsch-Marte M, Barnett
SM, et al. Holographic Ghost Imaging and the Violation of a bell
Inequality. Phys Rev Lett (2009) 103:083602. doi:10.1103/PhysRevLett.
103.083602

Bennink RS, Bentley SJ, Boyd RW. "Two-Photon" Coincidence Imaging with a
Classical Source. Phys Rev Lett (2002) 89:113601. doi:10.1103/PhysRevLett.89.
113601

10.

11.

12.

13.

14.

15.

16.

Frontiers in Physics | www.frontiersin.org

36

April 2022 | Volume 10 | Article 878478


https://doi.org/10.1016/s0031-8914(42)80079-8
https://doi.org/10.1016/s0031-8914(42)80079-8
https://doi.org/10.1109/TPAMI.1986.4767769
https://doi.org/10.1016/0165-1684(95)00138-7
https://doi.org/10.1016/0165-1684(95)00138-7
https://doi.org/10.1038/ncomms15391
https://doi.org/10.1038/ncomms15391
https://doi.org/10.1364/OE.24.025258
https://doi.org/10.1088/2040-8986/ab18e3
https://doi.org/10.1364/OL.38.005169
https://doi.org/10.1364/OL.38.005169
https://doi.org/10.1364/OPEX.13.000689
https://doi.org/10.1364/OPEX.13.000689
https://doi.org/10.1098/rsta.2015.0437
https://doi.org/10.1080/09500349214551151
https://doi.org/10.1080/09500349214551151
https://doi.org/10.1016/0030-4018(93)90410-7
https://doi.org/10.1364/oe.14.003792
https://doi.org/10.1364/oe.14.003792
https://doi.org/10.1038/srep15826
https://doi.org/10.1364/OE.404594
https://doi.org/10.1364/OE.404594
https://doi.org/10.1103/PhysRevLett.103.083602
https://doi.org/10.1103/PhysRevLett.103.083602
https://doi.org/10.1103/PhysRevLett.89.113601
https://doi.org/10.1103/PhysRevLett.89.113601
https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles

Wang et al.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Valencia A, Scarcelli G, D’Angelo M, Shih Y. Two-photon Imaging with
thermal Light. Phys Rev Lett (2005) 94:063601. doi:10.1103/PhysRevLett.94.
063601

Scarcelli G, Berardi V, Shih Y. Can Two-Photon Correlation of Chaotic Light
Be Considered as Correlation of Intensity Fluctuations? Phys Rev Lett (2006)
96:063602. doi:10.1103/PhysRevLett.96.063602

Ferri F, Magatti D, Gatti A, Bache M, Brambilla E, Lugiato LA. High-resolution
Ghost Image and Ghost Diffraction Experiments with thermal Light. Phys Rev
Lett (2005) 94:183602. doi:10.1103/PhysRevLett.94.183602

Zhang D-], Tang Q, Wu T-F, Qiu H-C, Xu D-Q, Li H-G, et al. Lensless Ghost
Imaging of a Phase Object with Pseudo-thermal Light. Appl Phys Lett (2014)
104:121113. doi:10.1063/1.4869959

Cao D-Z, Xiong J, Wang K. Geometrical Optics in Correlated Imaging
Systems. Phys Rev A (2005) 71:013801. doi:10.1103/PhysRevA.71.
013801

Magana-Loaiza OS, Mirhosseini M, Cross RM, Rafsanjani SMH, Boyd RW.
Hanbury Brown and Twiss Interferometry with Twisted Light. Sci Adv (2016)
2:e1501143. doi:10.1126/sciadv.1501143

Yang Z, Magana-Loaiza OS, Mirhosseini M, Zhou Y, Gao B, Gao L, et al.
Digital Spiral Object Identification Using Random Light. Light Sci Appl (2017)
6:¢17013. doi:10.1038/1sa.2017.13

Gao L, Hashemi Rafsanjani SM, Zhou Y, Yang Z, Magafa-Loaiza OS,
Mirhosseini M, et al. Distributed Angular Double-Slit Interference with
Pseudo-thermal Light. Appl Phys Lett (2017) 110:071107. doi:10.1063/1.
4976575

Song H, Zhang Y, Ren Y, Yuan Z, Zhao D, Zheng Z, et al. Non-local Edge
Enhanced Imaging with Incoherent thermal Light. Appl Phys Lett (2020) 116:
174001. doi:10.1063/5.0002069

Shirai T, Setdlda T, Friberg AT. Ghost Imaging of Phase Objects with Classical
Incoherent Light. Phys Rev A (2011) 84:2669-74. doi:10.1103/PhysRevA.84.041801

Fractional-Order Spiral Filtering Ghost Imaging

27. Gotte JB, Franke-Arnold S, Zambrini R, Barnett SM. Quantum Formulation of
Fractional Orbital Angular Momentum. ] Mod Opt (2007) 54:1723-38. doi:10.
1080/09500340601156827

Oemrawsingh SSR, Aiello A, Eliel ER, Nienhuis G, Woerdman JP. How to
Observe High-Dimensional Two-Photon Entanglement with Only Two
Detectors. Phys Rev Lett (2004) 92:217901. doi:10.1103/PhysRevLett.92.
217901

Chen L, Lei J, Romero J. Quantum Digital Spiral Imaging. Light Sci Appl (2014)
3:e153. doi:10.1038/lsa.2014.34

Berry MV. Optical Vortices Evolving from Helicoidal Integer and Fractional
Phase Steps. ] Opt A: Pure Appl Opt (2004) 6:259-68. doi:10.1088/1464-4258/
6/2/018

28.

29.

30.

Conflict of Interest: The authors declare that the research was conducted in the
absence of any commercial or financial relationships that could be construed as a
potential conflict of interest.

Publisher’s Note: All claims expressed in this article are solely those of the authors
and do not necessarily represent those of their affiliated organizations, or those of
the publisher, the editors, and the reviewers. Any product that may be evaluated in
this article, or claim that may be made by its manufacturer, is not guaranteed or
endorsed by the publisher.

Copyright © 2022 Wang, Ma, Yang, Du, Kang, Su, Gao and Zhang. This is an open-
access article distributed under the terms of the Creative Commons Attribution
License (CC BY). The use, distribution or reproduction in other forums is permitted,
provided the original author(s) and the copyright owner(s) are credited and that the
original publication in this journal is cited, in accordance with accepted academic
practice. No use, distribution or reproduction is permitted which does not comply
with these terms.

Frontiers in Physics | www.frontiersin.org

37

April 2022 | Volume 10 | Article 878478


https://doi.org/10.1103/PhysRevLett.94.063601
https://doi.org/10.1103/PhysRevLett.94.063601
https://doi.org/10.1103/PhysRevLett.96.063602
https://doi.org/10.1103/PhysRevLett.94.183602
https://doi.org/10.1063/1.4869959
https://doi.org/10.1103/PhysRevA.71.013801
https://doi.org/10.1103/PhysRevA.71.013801
https://doi.org/10.1126/sciadv.1501143
https://doi.org/10.1038/lsa.2017.13
https://doi.org/10.1063/1.4976575
https://doi.org/10.1063/1.4976575
https://doi.org/10.1063/5.0002069
https://doi.org/10.1103/PhysRevA.84.041801
https://doi.org/10.1080/09500340601156827
https://doi.org/10.1080/09500340601156827
https://doi.org/10.1103/PhysRevLett.92.217901
https://doi.org/10.1103/PhysRevLett.92.217901
https://doi.org/10.1038/lsa.2014.34
https://doi.org/10.1088/1464-4258/6/2/018
https://doi.org/10.1088/1464-4258/6/2/018
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles

& frontiers | Frontiers in Physics

ORIGINAL RESEARCH
published: 26 April 2022
doi: 10.3389/fphy.2022.868522

OPEN ACCESS

Edited by:

Mario Alan Quiroz-Juarez,
Autonomous Metropolitan University,
Mexico

Reviewed by:

Nicolo Spagnolo,

Sapienza University of Rome, Italy
Alfred U’'Ren,

National Autonomous University of
Mexico, Mexico

*Correspondence:
Graciana Puentes
gpuentes@df.uba.ar

Specialty section:

This article was submitted to
Quantum Engineering and
Technology,

a section of the journal
Frontiers in Physics

Received: 02 February 2022
Accepted: 09 March 2022
Published: 26 April 2022

Citation:

Puentes G (2022) High-Dimensional
Entanglement of Photonic

Angular Qudits.

Front. Phys. 10:868522.

doi: 10.3389/fohy.2022.868522

Check for
updates

High-Dimensional Entanglement of
Photonic Angular Qudits

Graciana Puentes ?*

" Departamento de Fsica, Facultad de Ciencias Exactas y Naturales, Universidad de Buenos Aires, Ciudad Universitaria, Buenos
Aires, Argentina, °CONICET-Universidad de Buenos Aires, Instituto de Fisica de Buenos Aires (IFIBA), Ciudad Universitaria,
Buenos Aires, Argentina

We propose a method for generation of entangled photonic states in high dimensions, the
so-called qudits, by exploiting quantum correlations of Orbital Angular Momentum (OAM)
entangled photons, produced via Spontaneous Parametric Down Conversion. Diffraction
masks containing N angular slits placed in the path of twin photons define a qudit space of
dimension N?, spanned by the alternative pathways of OAM-entangled photons. We
quantify the high-dimensional entanglement of path-entangled photons by the
Concurrence, using an analytic expression valid for pure states. We report numerical
results for the Concurrence as a function of the angular aperture size for the case of high-
dimensional OAM entanglement and for the case of high-dimensional path entanglement,
produced by N x M angular slits. Our results provide additional means for preparation and
characterization of entangled quantum states in high-dimensions, a fundamental resource
for quantum simulation and quantum information protocols.

Keywords: parametric down conversion, orbital angular momentum, qudits, entanglement, angular diffraction,
quantum optics

1 INTRODUCTION

In recent years, Spontaneous Parametric Down Conversion (SPDC) has become a fundamental
process for generation of entangled photonic states, allowing for preparation of quantum states
entangled in several degrees of freedom, such as position and momentum, time and energy,
polarization or angular position and Orbital Angular Momentum (OAM), thus providing for a
key resource in fundamentals of quantum physics and quantum information. Quantum correlations
of SPDC photons in a given domain give rise to interference phenomena resulting from two-photon
coherence [1-8]. These phenomena are routinely used in fundamental tests of quantum physics
[9-11] and are a key ingredient for the implementation of quantum communication and information
protocols, including quantum teleportation and quantum cryptography [12-14]. Fourier relations
link angular position and OAM of photons, leading to angular interference in the OAM-mode
distribution, as photons diffract through angular apertures, resulting in two-photon quantum
interference [15-22].

In this article, we quantify entanglement of such high-dimensional angular qudits, in a scheme in
which OAM-entangled photons produced by SPDC are transmitted through multiple angular
apertures, in the form of N x M angular slits in the path of signal and idler photons, which results in
path entanglement in a space of dimension D = N x M. Using this scheme, we demonstrate high-
dimensional entanglement based on angular-position correlations of down-converted photons. Our
results suggest that violations of Bell’s inequalities in even higher dimensions could in principle be
achieved. Moreover, in contrast to previous approaches [16, 17] relying on the Fourier limit only, our
results shine light on the quantum interpretation, providing new insights. Adding to the novelty of
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our work, we consider the case of asymmetric angular slits N and
M for signal and idler, which can lead to high-dimensional
angular interference phenomena. We note that linear qudits
have previously been proposed [24]. Here we propose and
characterize angular qudits, which due to their shape can
enable generation of entanglement in a larger Hilbert space
than linear qudits. In order to quantify entanglement, we
derive an analytic expression for calculation of the
Concurrence, valid for pure states. The results reported here
extend the notion of angular qudits to an arbitrary number of
angular slits N x M, which not only demonstrates two-photon
coherence effects in the angular domain but also provide
additional means for preparation and characterization of
entangled quantum states in a high-dimensional Hilbert space.
This is a fundamental resource for quantum communication
[23-40] and quantum information protocols [12, 16, 19, 41-57].

The article is organized as follows: In Section 2 we introduce
the concept of high-dimensional path-entanglement of angular
qudits [56]. Next, in Section 3 we present an overview of angular
diffraction in the position basis [57] and we derive an analytic
expression for the Concurrence of high-dimensional qudits, valid
for pure states. In Section 4 we present numerical results in two
specific scenarios, (IVA) high-dimensional OAM entanglement
and (IVB) high-dimensional path entanglement. Finally, in
Section 5 we outline the conclusions.

2 HIGH-DIMENSIONAL ANGULAR QUDITS

Consider the experimental scheme depicted in Figure 1. A
Gaussian pump beam produces signal (s) and idler (i)
entangled twin photons by the non-linear process of SPDC. In
the simplest scenario of a Gaussian pump beam with zero OAM
(I = 0), phase matching conditions determine the two-photon
down-converted state |yo), which can be expressed in the
following form [56]:

lyey = Y ald| =D, ey

I=—v

where s and i label signal and idler photons, |I) refers to the OAM
eigen-mode of order /, and D = 2v + 1 is the dimension of the
OAM Hilbert space under consideration. Such OAM modes are
characterized by an helical phase front typically expressed as ™.
For |yo) to represent a quantum state, the normalization
condition imposes Y] |c/|* = 1. Subsequently, signal and idler
photons are transmitted through N angular slits, as shown in
Figure 1. The transmission functions A;, of the individual
angular slits are given by [56]:

A],,((p)—l if np- 0c/2<(/> <n[5+oc/2 else 0, (2)

where n =0, ..., N — 1is the angular slit label, « represents the
aperture of the angular slits, and f represents the separation
between consecutive angular slits. For the simplest case N = 2
slits, we recover the results reported in [49]. Considering N slits
in both arms, there are in principle N* alternative pathways by
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FIGURE 1 | Proposed experimental scheme for generation of high-
dimensional OAM-entangled photon pairs via SPDC. Spatial Light Modulators
(SLMs) containing (N, M) angular slits are placed in the path of signal and idler
photons, generating high-dimensional angular qudits. Further details are

in the text. The figure was modified from Ref. [56].

which the down-converted photons can pass through the
apertures and get detected in coincidence at single-photon
avalanche detectors D; and D;. The N? alternative paths, here
labelled by the sub-index g = 1, ..., N, can be expressed as the
outer product of the sub-spaces corresponding to each photon
(s, i) passing through the slits n = 0, ..., N — 1, respectively, in
the following form [56]:

[s,0)® {|3,0), i, 1), ..., [i, N - 1)};
s, 1)@ {|3,0), 15, 1), ..., [, N = 1)};.. .. (3)
s, N - 1)® {|5,0),[i,1),...,|i, N - 1)}.

Spatial quantum correlations between the twin photons can be
controlled so that only paths of the form |i, n)|s, n) will have a
significant contribution. We note there is a one to one mapping
between the path-way basis and the OAM-mode basis. For a
given path 7, the two-photon state can be written in the OAM-
mode basis as [49]:

|S’ n> |l’ 1’l> = C z Cl z Lﬂ Jﬂ d¢sAs,n (¢s)ei (lLl)qSS |Z,>
2o J dg A (9)e' D"

"

(4)

In this notation, the single-photon quantum state with OAM of
order [ diffracted by the k-th slit, with OAM momentum [, can be
expressed as [56]:

|v/l>st - 5 Ze_t(l l S nc[ (l )]|l >s1) (5)

where sinc[x] = % In the most general case, the overlap
between the diffracted states by slits k and j, with OAM labels
m and [, results in:

<w] |ll/1 ( ) Z Zeﬂ(l l)/?k l(l” m)ﬁ] x

o

sinc[“(l;_ l)]sinc[(x(l”z_ m)] 'y,

where ("|I'y = 0y due to orthonormality of OAM modes.
For the simple case of a single slit, we have j = k = 1, the mode
overlap {¥,,|v;) can be expressed as:

(6)
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Wlv) = <%>2 Y et
g

sinc[a(l;_ l)]sinc[a(l’z— m)]. ?)

3 HIGH-DIMENSIONAL SPATIAL MODE
ENTANGLEMENT AND DIFFRACTION

In this Section we derive expressions for twin photons angular
diffracted states in the position basis. As already anticipated in
Section 2, we focus on D — dimensional (D = 2v + 1) entangled
biphoton pure states of the form [57].

v

lye) = ) aldl =1y,

I=—»

(8)
where

= | drn@io ©)
are single photon states in the spatial modes defined by the
orthonormal transverse functions uy(r),
ie., Idzruff (r)u; (r) = §;p, and Zlvzﬂ,lcll2 =1 to ensure
normalization [57, 58].

We are interested in how the entanglement of such states is
modified by diffraction of the two photons on two independent
opaque screens of different shapes and forms. Moreover, we focus
on the case where both photons are detected after the diffracting
screens. In this post-selection scenario, entanglement is only
modified by the change of the spatial profile of the modes
occupied by the photons due to diffraction on the screens.
Under these assumptions, the quantum state of the diffracted
photons can be written [57, 58].

v

ly) = z alyply ),

I=—y

(10)
with

v = [ ey oo, ()
where the modes y,(r) are the images of the modes u(r) that can be
computed using standard diffraction theory [57], and ¢; = ¢;/ VK
with v a renormalization constant needed to compensate for the
non orthogonality of the diffracted modes y(r), which we can
express as [57, 58].

K= z ¢/ ckbib_ik, (12)
lk=—v
with
m=jfﬁuwgm (13)

the mutual overlaps between pairs of diffracted modes [57]. We
note that since the single photon states |y;) are fully determined
by the modes they occupy, we also have that {yj|yx) = by.

Entanglement of Photonic Angular Qudits

We now set to characterize the entanglement of such states
developing a high-dimensional generalization of the method
presented in [56, 57]. Following this path, we quantify the
entanglement of the diffracted state using the Concurrence,
that for pure states in arbitrary dimensions can be expressed
as a function of the purity Tr [p?] of the reduced density
matrix p = Tr, [|y)<y|] [57].

C(ly) = \2(1 - Tr[p?]).

The reduced density matrix can be computed using the
expression (11) for the quantum state of single photons in the
diffracted modes and the mutual overlap (13)

(14)

p= jd2f2<f2|W><W|r2> = ) Gab iy <yl (15)
ki=—v
In a similar fashion, we can determine the purity of the reduced

density matrix

2 2
- [@r e
v
— SR
= z C; CkCp Cqb—l—kb—p—qbkpblq:
Lk,p.g=—v

v % .
ZI,k,p,q=—vCl CkCp Cqb—l—kb—p—qbkpblq

(X cicwbubrs)’

which fully determines the Concurrence Eq. 14. From Eq. 16,
we see that the entanglement of diffracted biphoton states is
fully characterized by the entanglement of the input state
(encoded in the coefficients ¢;), and by the diffraction
induced overlaps of the states |y;) (quantified by the
coefficients by).

We note that the goal of the scheme presented in Figure 1
is to provide an alternative means for generation of
entangled quantum states in high dimensions, using only
two photons. It should be mentioned that the operations
introduced by the SLMs are local and cannot increase the
total amount of entanglement, which is given by the
entanglement content present in the initial state generated
by the SPDC process, as quantified by the Concurrence (Eq.
14). In particular, for a maximally entangled pure input state
in D-dimensions, the Concurrence is given Cp =
v2(1-1/D) whose upper bound is V2, since the reduced
density matrix of a bipartite maximally entangled state is a
maximally mixed state, proportional to the Identity
operator.

Tr[p’]

(16)

4 EXAMPLES

In the following, we will apply the theoretical framework
presented in Sections 2, 3 to two particular examples. In
particular, in Section 4A, we will consider high-dimensional
OAM-entangled biphotons diffracted on screens containing a
single angular aperture, while in Section 4B we will consider
initial biphotons entangled in few OAM modes impinging on
screens containing multiple apertures.
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FIGURE 2 | Concurrence vs. angular aperture size for different OAM
subpsace dimension (D = 2» + 1) as indicated in the label, considering a single
angular slit for both signal and idler photons (M = N = 1). Details are in the text.

A. High-Dimensional OAM Entanglement on
Angular Apertures

We now specialize to the study of maximally entangled states,
i.e., we set ¢; = 1//2v + 1 VI in Eq. 8. Moreover, we assume the
spatial modes carrying OAM to be fully characterized by their
helical phase front so that we have

1
\/7 J’—n d(Pe l¢|¢>’

where |¢) = Irdrul (;)|;>. After transmission through an
angular aperture of size a, |[) becomes:

I = 17)

LN
v == | oo (18)

Using Eq. 18, we can calculate the mutual overlaps (13) which
results into

u _Zk)“]. (19)

1 (¢ :
by = —J d¢e1(k‘l)¢ = sinc
—-a/2

(4

Eq. 19 implies that by = b_;, accordingly in this case the purity
(16) can be rewritten as

szkpquvblkbqulpbkq
v 2 :
(ZZk:—vbIZk)

Combining Eqs 19, 20 into Eq. 14 we can compute the
concurrence of the diffracted state, which is plotted in Figure 2.

Tr[p?] = (20)

B. High-Dimensional Path-Entanglement on
Angular Apertures

We now consider an alternative scenario for generation of high-
dimensional entanglement relying on path-entangled modes
generated by multiple angular apertures in the path of signal

Entanglement of Photonic Angular Qudits

and idler photons (s, i). For simplicity, we consider twin photons
initially prepared in a OAM qubit state of the form:

[vo> = o)l = Lo

When masks with (N, M) angular slits for (s, i) photons are placed
in each spatial mode (seen Figure 1), the biphoton state
immediately after the apertures can be expressed as [36]:

1)

|w,> & Z z ()b(x_w Xi» Z)|I//k>s|1//k,>i, (22)

where x;; denote the position of signal and idler photons at the
crystal plane (2). ¢(x,, x;, z) indicates the biphoton amplitude at z,
which can be regarded as a product of the pump transverse
amplitude and phase matching function [36]. For simplicity, in
what follows we consider the biphoton amplitude to be
approximately constant. |1/"k,> describe the quantum state of
signal and idler photons diffracted by angular apertures (k, k'),
respectively.

In the notation introduced in Section 2, for an initial state of
the form |lp)| — Iy, the quantum state of (s, i) photons
diffracted by angular apertures (k, k'), respectively, can be
expressed as:

|1/’10 _ o Z -i(V "’)ﬁksmc[ a(l’ - )]|l Yer (23)

Iy, = —Ze’(’*’°)ﬁ"snc[( ”‘))]ll"» (24)

"

The biphoton path-entangled state diffracted by N x M angular
slits results in:

N 2 2 o 2
wh=> > (5) *
f=m 0D o OLD 7

Z Ze-l(z lu)ﬁk =i (140 )BK

[T

sinc[“(l'z‘ 10)]smc["‘(l"; l")] 3,117,

A compact expression for the biphoton diffracted state can be
cast in the form:

(25)

' =D ol "y, (26)
T
where the coefficients in the summation ¢y are given by:
(N-1) (M-1)
T2 2 o 2
Cl’,l” = Z Z ( ) X
~(N-D) 1 M —(M-1) 27
k= K=
(1 27)

e—z(l’ z,,)/zk 71(1”+10)/3k’ %

]2 g o 110]

The Concurrence for the path-entangled biphoton states can be
derived considering the generalized overlap (b;,,) of the form:
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FIGURE 3 | Concurrence vs. angular aperture size for different path
dimensions (M x N) and aperture sizes in the range [0, 277/Nnax] With Npax = 6.
Details are in the text.

bim = ). J dee! "D AL A, (28)

Kk -7

where Ay ;s describe the angular aperture functions introduced in
Section 2.

Figures 3-5 present numerical simulations of the
Concurrence (C) vs. Aperture Size (in radians), for different
angular slit dimensions M x N for signal and idler photons,
respectively. For the case of N and M angular slits the
maximum angular aperture size per slit is 27/N and 27/M,
respectively. Taking this limit into consideration, we
performed numerical simulations for aperture sizes in the
range 27/Ny.y Where Ny, is the maximum number of slits
between the values of N and M considered in the specific
numerical simulations. All angular dimensions considered are
experimentally feasible in view of the resolution of state-of-
the-art Spatial Light Modulators (SLMs) [56]. Different curves
in Figure 3 correspond to symmetric path-dimensions M x N
given by 2 x 2,3 x 3,4 x 4,5 x 5, and 6 x 6 angular silts, for
aperture sizes in the range [0, 27/Np.x], with Ny, = 6.
Different curves in Figure 4 correspond to asymmetric
path-dimensions M x N given by 2 x 2,2 x 4,2 x 5, 3 x 4,
3 x 5and 4 x 5 angular silts, for aperture sizes in the range [0,
27/Nmax]> With Np.x = 5. Different curves in Figure 5
correspond to asymmetric path-dimensions M x N given by
5%6,5x7,5x8,6x7,6x8and7 x 8 angular silts, for
aperture sizes in the range [0, 27/Ny,.y], with Np.x = 8.
Interestingly, within our approximation, for a sufficiently
large number of angular apertures (M x N) it is possible to
reach the same amount of entanglement as with high-
dimensional OAM.

Figure 2 indicates that for the case of OAM-entangled
modes in D-dimensions, it is possible to reach the maximal
amount of entanglement present in the initial state for a
sufficiently large angular aperture size (nearly equal to 2m).
On the other hand, a similar amount of entanglement can be

MxN =4X5

L0 MxN =3X5 ]
—  MxN=3X4
0.8F — MxN=2X5 ]
MxN =2X4
MxN =2
0.6F 1

1 L i

0i6
o [rad]

08 1.0 12

FIGURE 4 | Concurrence vs. angular aperture size for different path
dimensions (M x N) and aperture sizes in the range [0, 27/Nmax] With Niax = 5.
Details are in the text.

1.0Of = mxn=7x8 1
S Vi
087 — W -5x8 ]
MxN =5X7
o 0.6f — MxN=5x6 ]
0.4t 1
0.2t 1
0.0 0.2 0.4 0.6 0.8
o [rad]

FIGURE 5 | Concurrence vs. angular aperture size for different path
dimensions (M x N) and aperture sizes in the range [0, 277/Nmax] With Niax = 8.
Details are in the text.

achieved with path-entangled states using smaller angular
apertures, by introducing a sufficiently large number of
angular slits (Figures 3-5). Therefore, we can conclude
that the advantage of high-dimensional path-entangled
states is that they can enable to achieve the maximal
entanglement present in the initial state at reduced
angular aperture sizes, by increasing the number of
angular slits.

Close inspection of Figures 2-5 reveals that the
monotonicity in the Concurrence is directly linked to a
symmetric slit configuration (M = N), as depicted in
Figures 2, 3. While non-monotonicity can be ascribed to
high-dimensional interference phenomena associated with
an asymmetric slit configurations (M # N), as depicted in
Figures 4, 5. Therefore, a tunable slit configuration can be
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Diffraction
Hologram

I

Angular
Mask

FIGURE 6 | Angular masks used to create path-entanglement and diffraction holograms used to analyze the OAM spectrum. Both the angular mask and the
diffraction hologram can be programmed using the same Spatial Light Modulator. Details are in the text.

2

0

regarded as an alternative means for tailoring the
entanglement content in the angular qudit state. This
could prove a promising solution for instance for
improving the performance of next generation function-
integrated quantum circuits, among other relevant
applications [50-57].

5 EXPERIMENTAL IMPLEMENTATION

The proposed experimental scheme envisioned to
characterize high-dimensional entanglement using (N, M)
angular slits is depicted in Figure 1. It is based on the
experimental setup described in Ref. [49]. In this
experimental scenario, a Gaussian pump laser beam with
zero OAM is customarily prepared by spatial filtering using
single-mode fibers. The pump power is typically in the range
of 100 mW and typical operational wavelength is at A =
413 nm. Degenerate down-converted photons at A =
826 nm are created by the non-linear process of
Spontaneous Parametric Down Conversion (SPDC), where
a pump beam is normally incident on a non-linear crystal, for
either type-I or type-II phase matching conditions.
Conservation of OAM for the twin photons is granted by
the SPDC process itself, for the given pump and phase
matching conditions [49]. The novel element introduced in
the setup is given by the angular masks containing (N, M)
angular slits, for signal and idler photons, respectively. Such
angular slits are programmed using state-of-the-art Spatial
Light Modulators (SLMs). The OAM spectrum of the
diffracted states can be analyzed in terms of OAM spiral
harmonics, typically over a range from [ = 12 to [ = 12. This is
routinely accomplished in the laboratory using diffraction
holograms, which for ease of implementation can be
programmed in the same SLM used for the angular masks
(Figure 6). Such OAM projective measurements are
registered via Coincidence Counts (Ry;), in the (I, [;) OAM
basis. The Coincidence Count (CC) rate Ry; of single-photon
detectors Dy, gives the probability that signal(idler) photons
are detected at single-photon detector Dy(;) in mode |Is(i)), in
a given fixed-time coincidence window. Specifically, the CC
rate is given by R; = C L|<LlpllL| Y| [49].

An alternative, more exciting, detection approach would
consist of implementing a detection scheme that could resolve

the angular slits taken by the photons and enable to reconstruct
the density matrix directly in the path-way basis. We envision
that such complex detection schemes could in principle be
implemented by means of N-arm interferometers in
combination with spatial multiplexing techniques. More
specific, spatial multiplexing could enable active stabilization
of such complex interferometers, which is a key experimental
challenge in the context [59].

As mentioned, SLMs are used both for preparation of angular
masks, and for analysis of the transmitted state in the OAM basis
via diffraction holograms. As it is well known in the literature,
SLMs are programmable refractive elements which enable full
control of the amplitude of the diffracted beams. In the standard
technique, if the index of the analysis I-forked hologram is
opposite to that of the incoming mode, planar wave-fronts
with on-axis intensity are generated in the first diffraction
order. The on-axis intensity can be coupled to single-mode
fibers with high efficiency, and can be measured with single-
photon detectors D;, using a coincidence count circuit
(Figure 1). The maximum number of angular slits that can be
implemented in a realistic experimental situation will be
fundamentally limited by the finite spatial and angular
correlation width of signal and idler photons, as well as by the
resolution of the SLM itself [56].

6 DISCUSSION

We presented a method to generate entangled photonic states in
high-dimensional quantum systems, the so-called qudits, by
exploiting quantum correlations of OAM-entangled photons
produced by the non-linear process of Spontaneous Parametric
Down Conversion. Diffraction masks containing N angular slits
in the path of twin photons define a qudit space of dimension
N?, spanned by the alternative pathways of the entangled
photons. We quantify the entanglement of path-entangled
photons by an explicit calculation of the Concurrence, valid
for pure states. We reported numerical results for the
Concurrence as a function of the angular aperture size for
the case of high-dimensional OAM-entangled photons and
for the case the case of high-dimensional entanglement
produced by N x M angular slits. Interestingly, within our
approximation, it is possible to reach the same amount of
entanglement using either high-dimensional OAM-entangled
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photons or path-entangled photons. Our results shine light into
the fundamental quantum aspects of two-photon angular
interference, and provide alternative means for preparation
of entangled quantum states in high-dimensions, a
fundamental resource for quantum information and quantum
simulation protocols [12, 16, 19, 25-57].

DATA AVAILABILITY STATEMENT

Data supporting the conclusion of this article will be made
available by the authors upon request.
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Atomic gases tightly trapped near the focus of an electromagnetic wave interact with
photons that exhibit a complex structure, displaying strong gradients of field amplitude and
local polarization that can lead to topological phase singularities. We illustrate the
consequences of this structure on a paradigmatic nonlinear optical process: three-
wave mixing. The process begins by proper selection of the pump field, whose spatial
structure is tailored to present huge gradients of the EM field that enhance atomic
excitations through forbidden transitions. Atoms can then be depopulated via two
electric dipole decays in a cascade configuration, thus providing the three necessary
waves. The properties of the down-converted photons are conditioned to those of the
pump field through phase matching conditions. It is emphasized that the expression of the
photons must incorporate both the structure of the vectorial EM modes and the spatial
configuration of the atomic trap. Due to the three-dimensional focusing, the slowly varying
envelope approximation becomes inadequate when describing the scattered EM field. We
discuss an alternative using a Green function formalism valid for any configuration of the
field that also allows to identify the phase matching conditions. Spherical vectorial waves
exemplify most concepts here discussed, including the possibility of observing nonlinear
quantum phenomena at the single photon level.

Keywords: quantum optics and applications, nonlinear optics and laser properties, structured light (SL), three-wave
mixing (TWM), forbidden transition

It is now 60 years from publication of the emblematic work: Interaction between light waves in a
nonlinear dielectric where Bloembergen and collaborators set out to connect the radiative response of
electrons in atomic gases to the nonlinear optical properties of macroscopic dielectrics [1]. The
connection was based on the collective, coherent scattering of light from atoms inside the gas and its
relation to the incident electromagnetic field. The authors showed that the coherence between
scattered and incident fields induces electric moments on the atoms that can yield nonlinear terms in
the field strength, thus coupling waves of different frequencies. To unearth these effects a
quasimonochromatic light source of high-brightness, directionality, and stable intensity as that
given by the laser was required [1]. As modern technologies delve deeper into miniaturization, we
need to look back at this connection but now placing emphasis on an efficient transfer of light at low
intensities. An efficiency that can be reached by tailoring spatial and temporal profiles of light and
matter through light-shaping techniques [2] and versatile atomic traps [3, 4].
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Considered most broadly, the nonlinear process arises from
the underlying interaction between light and matter. An
illuminated atom probes and modifies the surrounding
electromagnetic (EM) field, acquiring information on field
intensities, gradients, and temporal correlations as it scatters
photons between populated and vacuum modes. When the
illuminating field is tailored to match the spatial and temporal
profiles of the atomic radiation pattern, it can create a strong
nonlinear response. Three-wave mixing represents the most
simple response where fields of different frequencies couple
and the potential of structured light is made apparent. Its
implementation requires for three waves to induce a cycling
transition in an atomic medium: moving up via, for instance,
an electric quadrupole transition and cascading down via two
electric dipole transitions through an intermediate level. Under
adequate phase matching conditions an incident beam inducing
the quadrupole transition gives rise to lower frequency waves,
thus acting as a parametric amplifier. This example was chosen in
Ref. [1] to show how symmetry constraints affect the nonlinear
coupling. The experimental challenges to induce this process in
atomic gases at the time were, however, formidable, with the
conditions for observing quadrupole transitions being found in
astrophysical or laboratory plasmas mostly [5]. Experiments
searching to create correlated photons whose frequencies
matched the atomic transition moved towards next order [1].
The first sources of correlated photon pairs were based on a
cascade decay in a four-wave mixing process [6, 7] and led to
enabling technologies in lithography [8], tomography [9],
cryptography [10] and imaging [11, 12] with multiple physics
[13] and transdisciplinary [14, 15] applications.

Atomic electric quadrupole transitions require large gradients
in the amplitude of the incoming field. It is now possible to meet
the experimental challenges to induce these transitions and
explore three-wave mixing in atomic gases. On the one hand,
further development of high-intensity lasers allows for the
observation of quadrupole transitions even using thermal
atomic samples and paraxial pump beams [16-18]. On the
other hand, a quadrupole transition can be induced by large
gradients in the amplitude of the incident EM field down to the
limit of weak intensities. For this, spatial gradients are generated
by shaping light using either phase singularities [19, 20] or
evanescent waves [21] for which even micro-Watt intensity
lasers can suffice [22].

In this manuscript we look back at the three-wave mixing
process following ideas of light shaping and monitoring
mechanisms that have been developed since the early days of
nonlinear optics. Deep down this work is driven by the following
thought: transitions with a single photon can trigger strong
nonlinear optical processes when the spatial profile of the
photon is tailored. The ideal scenario involves spherical
vectorial waves, whose implementation remains challenging as
they require control of the full 47 angle surrounding the atom.
There are, however, experimental platforms where this control is
achieved to a good approximation. In particular a single ion
trapped at the focus of a parabolic mirror [23, 24] is a feasible
set-up for achieving nonlinear strong coupling between few
photons associated to vectorial modes. It has already been
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shown that a single photon can induce an electric dipole
transition with high-probability in this set-up due to the
similarities between parabolic and spherical waves [25]. Here,
we study a three-wave mixing process based on ideal spherical
vectorial modes [26]. We consider tightly trapped atoms in the
Lamb-Dicke regime where the spatial confinement approaches the
typical transition wavelengths. Through this ideal scenario we
identify the theoretical tools necessary to understand the
nonlinear process in detail, and establish a route to perform
theoretical and experimental realizations of nonlinear optics
events with a minimum number of photons.

The manuscript is organized as follow. In Section 1 we
introduce our model where a tightly trapped atom is coupled
to a structured EM field. Emphasis is placed on the vectorial
structure of the field and effects related to the spatial extent of
the trap on the atom-light coupling. We show that the trap
strength can alter the atomic multipole decay rates through a
form factor. At the end of this Section we revisit spherical
vectorial waves and their relevance for the system under study.
Section 2 concerns the connection between atomic transitions
and nonlinear optics. We consider the specific example of an
atom in a cascade configuration driven via an electric
quadrupole transition by an incoming spherical wave. The
nonlinear susceptibilities and collective responses of atomic
systems are worked out for tightly trapped atoms. The
mesoscopic densities of electric dipole and quadrupole
polarization as sources of scattered photons are discussed. In
Section 3 we introduce a dyadic Green function formalism that
can be used to overcome the theoretical challenges that rise for
deeply focused modes, such as, non-applicability of the slowly
varying envelope approximation and the identification of the
phase matching conditions. We conclude in Section 4 with a
recapitulation of our results and the scope of our analyses.

1 ELECTRODYNAMICS BEYOND THE
ELECTRIC DIPOLE APPROXIMATION

We consider an atomic gas coupled to a free electromagnetic field.
The dynamics of this composite system are given by the
Hamiltonian

7:[ = ”:{atom + 7:[ﬁeld + ’Flim) (1)

where Hgea describes the free electromagnetic field, Hatom the
center-of-mass and electronic state of the atomic gas in the
absence of the EM field, and ’I:[im links atom and field.

The gas is assumed to be tightly trapped and formed by atoms
with three relevant electronic states |s)(s = a, b, ¢) in a cascade
configuration sketched in Figure 1. It is described by the
Hamiltonian

Haom = Y 14| 04)(Dul + ) heoels) (s, )

where the operator G,y = [s){s’| acts over electronic states while
|®4>{Dy4| acts over vibrational states that describe the atomic
motion inside the trap; the parameters w, and w, refer to
electronic and vibrational frequencies, respectively. These
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— [a)

wavelengths, vibrational motion effects must be included.

FIGURE 1 | (A) A three-level atom mediates the interaction between different waves. It is considered to be excited via a quadrupole transition connecting levels |a)
and |[b) and decays through cascade dipole transitions along level |c). (B) Since the atomic system is trapped in a region comparable to the involved radiative

states are connected by the free EM field, whose evolution is

described by

Hiaa = ) hewoydld, (3)
y

with d, the annihilation operator for an EM mode of frequency
w,. The index y denotes a set of parameters that characterize the
mode, e.g., in a plane wave y = {k, € } refers to modes of
wavevector k and polarization € ;. The evolution of the EM field
is given by Maxwell equations for the electric E and magnetic B
field operators that, when expanded within a normal mode basis,
read

E(x,t) = Z E)(f) (x)a,e™" + h.c., (4)
y

A w .
B(x,t)=) i?yVX E( (x)d,e ™" + h.c.. (5)
y

It is convenient to write the mode amplitudes E, inside a
restricted Fourier space where the free-space dispersion relation
|k|> = w*/c* has been imposed. In this space the amplitudes are

E(" (x) = J A0, (610 9, ). ®)

with dQy a solid angle element and £, the angular spectrum of the
mode. Equation 6 gives a direct connection between plane waves
and general structured modes.

The interaction between atom and field supports a multipole
description due to the small size of the atom as compared to the
wavelengths involved in most radiative transitions [27]. For
extremely 3D-focused structured light, large gradients of the
field amplitude and spatial-dependent polarization are found
[28]. If the atom is trapped nearby the focus of the light mode
it is necessary to move beyond the dipole approximation, done
here through an interaction Hamiltonian

Pl = -[B(X,) -4+ B(X, ) i+ JVE(o0): 4], @)

written in terms of the atomic electric dipole d = ef, magnetic

dipole m= Lmi + (u/s)s, and  electric  quadrupole

qi]. =e(37;7j - |i'|25,~]-), operators. These operators act over the
internal states of the atom with 1, 1, §, refering, respectively, to the
relative electronic position, orbital angular momentum, and spin
angular momentum; while parameters e, m, and y refer to the
electron charge, mass, and magnetic moment. The vibrational
states are accounted for through the operator X that denotes the
atomic center-of-mass position where field operators are
evaluated. Notice the double product of two range tensors
defined as F: G = }; F;;G;

Equation 7 illustrates how an atom probes an electromagnetic
field by correlating its internal states to the state of the field.
Through the electric and magnetic dipole moments it probes local
field amplitudes and quadratures, through the quadrupole moment
it gains information of spatial gradients of the field. By moving past
the dipole moment it is possible to acquire a better landscape of the
EM field. Furthermore, the theoretical tools used to describe this
extended landscape resemble those commonly used under the
dipole approximation. The similarity is made transparent by
inserting Eq. 4 into Eq. 7 and applying the rotating-wave
approximation, such that—in a reference frame oscillating with
ﬂamm—the interaction Hamiltonian takes the form

Hine = Z Ze o) (X)ay 6o ®)

where X is evaluated in the rotating frame and the coupling
strength contains electric dipole, magnetic dipole, and electric
quadrupole contributions

K (X)) = K(ed) (x) + K(md (x) + K(,q) (x). 9)

The contributions read explicitly as

KD (x) = B (%) - dyy, (10a)
Kl (%) = B{Y (x) - myy, (10b)
K& 3) (x) = E“’ (x): G,y (10¢)

Here, the matrix elements O,y = (sl@ls' » that connect two
electronic states |s) and |s') are used.
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From Eq. 7 it is possible to obtain Rabi oscillations, decay
rates, and radiative shifts caused by higher multipole terms
following standard techniques used in quantum optics. There
is, however, a difference that has to be emphasized. The coupling
depends on the trapping strength through the operator X, which
can induce transitions among vibrational states ruled by the
matrix element

@aRENR)IPn) = dy - [ [ €'X0; OB (00, (0],
an

plus two analogue terms for the magnetic dipole and electric
quadrupole moments. With vibrational states defining the
strength at which EM field an atom interact, a natural question
is raised: Is it possible to alter the decay rate of an atom in an
structured environment by changing the location and strength of the
trap? While the effect of the location has been studied at length in the
past, where tests of the Purcell enhancement factor depend on the
location of an atom with respect to a boundary that alters the field
distribution [29], the effect of trap strength is less explored. We
answer this question in the affirmative below, where we show that for
localized environments the spontaneous decay rate can be reduced
(enhanced) for weaker (tighter) traps. The change is attributed to the
extension of the atomic trap, which leads to an average over regions
where field intensity and gradient change.

1.1 Spontaneous Emission of Tightly

Trapped Atoms in Structured Environments
To describe the spontaneous emission of an atomic gas inside a
structured environment, we consider the probability that an
excited atom emits a photon into a free mode during a time
interval 7. From Eq. 8 the probability for this process to occur,
regardless of the final vibrational state, is given by the integral

2

.[dtzei(wss’*‘wAB—uJy)t(qDBlKZS’ X)|D ,
B

0

P, =

§—8

(12)

thus posing frequency missmatch conditions on the modes the atom
interacts most strongly with. In general these conditions depend on a
vibrational shift w45, but, when the electronic transition frequency is
much larger than the relevant CM transition frequencies wyy > wap,
this shift can be neglected [30]. By removing these shifts from the
equation the states |®p) can be averaged out using the completeness
of the vibrational states, leading to

54»5 = S(

with S(wg —w,) a sharp spectral function that satisfies
S(w) ~ 2118 (w) as T — oo [31].

Equation 13 should be read as a probability distribution that
weights the decay process. The atom interacts with many modes
of the environment such that the spontaneous decay rates is
obtained from the sum

0
— Y
FSS’;A - z ; aTPSﬁS,
Y

— @, (DAL (X)K, (X)[Dy),  (13)

(14)
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consistent with the Born and Markov approximations. By
removing the correlations that build-up between field and
atom we have made the Born approximation, and by
extending the time integral without accounting for
selfconsistent exchanges we have performed the Markov
approximation. In this sense, the spread wy, + w4p introduced
by vibrational states has to be much smaller than the free mode
density in order to be neglected. This is usually achieved in free
space, and is a good approximation to half cavities where modes
acquire a linewidth.

It is now possible to identify the decay rate of an atom inside
an structured environment. The transition rates between
electronic states incorporate information about the spatial
region explored by the atom and the vectorial nature of the
radiated field. By using the angular spectrum of the field defined
in Eq. 6 the spontaneous rates are found to be [25].

T5h = Y S(ww— ) [dy], [T57], 1da) o (152)
o=+0 y
9= Y Y Sww - w)[mi] [T00], (mal., (5D)
o=+0 y
ra(bei) - Z Z S(w“b - w)’) [q:b]—a—a’ I:Ty(:l) :|0'o"o'u' [qah]—a—a

g,0'=10 ¥

(15¢)

where we have used square brackets [x], to denote the ¢
component of vectors and tensors and adopted the circular
polarization basis {e;} = {e. = e, * ie, e = e}. The
contribution of each mode becomes

(760, = 2% [ dox [ d0wga(icks ) (6 0], [F, (e
(16a)
[T09] - ;’“ Jko Idﬂkr ga (kK 0,) [k x £ (60 9], [K % £, (662 )],
Y
(16b)
o 2 ,
[T"(’Aq)]mu hﬂ;, dedeQngA(k,k;wy)[k] [£; (6 9] [K'], [£, (6 0¢)] -
(16¢)

The effect of the vibrational states for all multiple moments is
given entirely by a form factor
ga(k K5 ) = Jd3xc1>j; X0 @) (03, ). (17)
The form factor shows that the center-of-mass motion
performs an average over the field distributions. The average
depends on the atomic center of mass initial state. For an atom
prepared in the ground state of an harmonic trap with angular
frequency components A, . centered at the position Xo—which

does not need to coincide with the origin used to describe the EM
field—the form factor is

2 (kK
ga(kKsw,)) = (%) (o /e ik’

He

i=x,),Z

(18)

The average carries information on the trap through the

Lamb-Dicke parameters #; = | [w;/2Mc*A; = /A, relating the
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ground-state size of the trap I; = 2m+/R/2MA; to the wavelength
of the electromagnetic mode A,. In the Lamb-Dicke limit #; < 1,
the atoms are confined below the photon wavelength and will not
be heated by light scattering [32]. Notice that even if w, >A; the
condition is achieved for w, < V2Mc?/h taking into account the
value of the atom rest energy Mc>. The Lamb-Dicke regime has
been achieved for trapped ions [33] and neutral atoms [34].

Through Eqs 15a, 15b, 15¢, 16a, 16b, 16c, Eq. 17 we have
shown that decay rates depend on the EM mode density evaluated
at the atomic resonance frequency and also on the average value
determined by the vibrational states. The electromagnetic modes
y that participate in Eqs 15a, 15b, 15c can be constrained by
imposing physical boundaries, as done in experiments with
optical cavities. Then, the enhancement [29] or inhibition [35,
36] of the spontaneous emission rate depends on the
electromagnetic structure of the environment and the location
and trapping strength of the atom. Notice that this control is
expected not only for electric dipole transitions, but for any
multipole transition as we have just illustrated for electric
quadrupole and magnetic dipole cases.

It is worth mentioning that for atoms in free-space the EM
field is homogeneous and the dipolar and quadrupolar
spontaneous emission decay rates are

4|d[*w?,
Ll = — ==, 19a
ss 3hc? (152)
4my*w?,
(md) _ SS
FSS, - Tsss) (19b)
2,5
(eq) |q55’| Wy
/7 =——7 19¢
s 15hc® (19¢)

This can be shown by evaluating the T;:ﬁuh)

angular spectrum

ree 1
£ (6 ) = m‘s(ek -6,)3(¢ — ¢,)

integrals with

for each polarization, and using the completeness relation of
polarizations €y, and wavevectors k. For a systematic approach
beyond the quadrupolar interaction, however, it is more
convenient to use the spherical modes.

1.2 Spherical Vector Waves: Atomic

Radiation Patterns
The structure of the radiated field incorporates the atomic
symmetries that arise from the central field model. In the
mean field scheme, individual radiative electronic transitions
involve a single electron that changes its orbital and yields a
non-null electromagnetic multipole for the atom as a whole. An
EM multipole transition of an atom can be either described as the
emission or absorption of a single photon in an appropriate
spherical vectorial mode, or as divided along multiple photon
channels with wavevectors k and specific angular distribution
probabilities. Spherical vectorial modes then lead to a more
efficient transfer than their wavevector counterparts.

This efficient transfer is already suggested by the form of the
spherical vectorial modes. In free space a monochromatic

Nonlinear Quantum Optics with Structured Light

spherical wave of frequency w and amplitude 4 has an
angular spectrum

f, = AV, (6, 9,). (20

The spectrum describes the coupling of orbital and polarization
angular momenta of photons to yie}dpa total angular momentum
{im} as described by the functions Y ;,, where P = E, M refers to
either transverse magnetic or transverse electric waves. These
functions are written explicitly in the Supplementary Appendix
SAI in terms of standard spherical harmonic functions Yy,,(6, ¢)—
that account for the orbital angular momentum—and spherical
polarizations e. = e, * ie,, € = .. Spherical vectorial modes are
then characterized by the parameters y: {w/c = k, j, m, P} that can be
compared to the electronic degrees-of-freedom involved during a
transition. In particular to the atomic angular momentum that
includes both orbital and spin contributions of the electronic
configurations and the angular momentum of the nucleus. Note
that the electronic and electromagnetic fields should be described in
the same reference frame. In particular, the same quantization z-axis,
which is either arbitrarily selected or predetermined by anisotropic
environments. The latter can be, e.g., external electric and magnetic
fields selected to manipulate the internal or external degrees of the
atom, or they could refer to the geometry of cavities designed to
control the classical or quantum features of the electromagnetic field.

The radiative transitions that connect two-atomic states are
ruled by strict conservation laws for energy, linear momentum,
and angular momentum of the atom-radiation system as a whole.
These conservation laws are naturally satisfied by spherical modes
where electric and magnetic multipole transitions involve a single
Y;ff or Y;nAf) photon [37]. As such, they can be used to connect
the atomic internal state to the most probable decay processes and
the specific EM modes involved. For example, the spatial pattern
of magnetic spherical waves Y](f\f) is obtained from Eq. 6 as

j d0e™ Y (B 9,) = 4mi7, (k)Y (B,9),  (21)
with ji(kr) the spherical Bessel functions with k = w/c and the
position r = {r, 0, ¢}. This form was used to obtain the radiative
decay of Eqs 19a, 19b, 19¢, but, by portraying the wave as a single
vectorial mode, there is no need to account for the contribution of
each wavevector and polarization. Similar descriptions are found
for the spherical electric modes. Relevant, well-known
mathematical properties of spherical vectorial modes are
summarized in Supplementary Appendix SAI including a
connection to vectorial plane waves. We show explicitly the
simple structure of the modes in k-space that is used to define
a scalar product from which the EM field can be quantized. These
properties emphasize that the mode structure results from the
direct coupling of orbital and polarization angular momenta of
the field.

Figures 2-4 are used to illustrate the rich spatial patterns of
vectorial modes. In an effort to show the symmetries involved,
isointensity surfaces are drawn for each polarization e, y, and for
the total intensity of the spherical waves. As anticipated in the
Introduction, the polarization and configuration structure in this
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FIGURE 2 | Isosurfaces of an electric dipole Yﬁ) spherical wave at 40% of the intensity divided into: (A) total intensity; (B) o_ polarization component; (C) =
polarization component; and (D) o, componentsof the polarization. In (E-G) the phase distributions at the z = 0 plane are plotted for different polarization components.
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FIGURE 3 | Isosurfaces of an electric quadrupole Yé‘? spherical wave at 40% of the intensity divided into: (A) total intensity; (B) o_ polarization component; (C) =
polarization component; and (D) ¢, components of the polarization. In (E-=G) the phase distributions at the z = 0 plane are plotted for different polarization components.

subwavelength region is complex. High gradients of the intensity =~ shows the Y B spherical wave. The o, polarization component is a
and vortices along a dislocation line for certain polarizations can combination of both Y5y and Yy, the latter being independent of 6
be found as shown by the phase structure in the XY plane. and ¢ and not null at r = 0. Neither Y, nor Yy, components exhibit

We begin with Figure 2 where each polarization component of ~ orbital vortices. For comparison, the 6 component is proportional
the electric dipole spherical wave is described by a combination of >, and displays an optical vortex with topological charge 2 along the
spherical functions Y,,,, with £ = 0 and 2, as we now discuss. Figure2 ~ Z-axis. The 7 component is proportional to Y,; with a unit
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topological charge vortex. Consider next the quadrupole electric
spherical wave YEZE) shown in Figure 3. An analogous description
follows but through a combination of Yy, functions with £ =1 and 3.
This implies an odd behavior for quadrupole waves in contrast to the
even behavior of dipole electric waves with respect to the parity
transformation. Finally, Figure 4 illustrates a Y {}! ) spherical wave.
In general, each circular polarization 0.() component of Yj(f) is
proportional to the Yj,z1(Yj,) spherical harmonic. The parity of
magnetic spherical modes is even (odd) for even (odd) values of j.

The results are to be compared with standard paraxial optics.
For paraxial optics, light polarization is approximately a global
concept. There is a main direction of propagation and the
polarization vectors are approximately perpendicular to it.
This facilitates the identification of processes where only either
o,, 0_ or m transitions occur; 7-transitions require a main
direction of propagation perpendicular to a quantization-axis
defined by the environment as mentioned in the beginning of this
Subsection. For each type of transition the atomic internal states
experience a change of the internal magnetic number Am =1, -1,
0 respectively. If a realization of a few atomic levels model is
desired, a search of an atomic- EM field configuration is
performed to maximize the relevance of predetermined
internal atomic sublevels that participate in the nonlinear
optical process.

2 THREE-WAVE MIXING INDUCED BY A
FORBIDDEN TRANSITION

Having described how light can be tailored to induce particular
transitions with high probability, we now move to the nonlinear

response of an atomic gas. For this we are going to consider the
case drawn in Figure 1 where a three-level atomic gas is driven by
a structured EM mode. States |a) and |b) are connected through
two paths: one via a quadrupole transition with moment q,; and
the other via two electric dipole transitions through an
intermediate level |¢) with moments d,. and d,. All other
moments are considered negligible. The incident mode 4, is
tailored to display a large spatial gradient, it presents the adequate
polarization to connect a and b states, and is slightly detuned
from the quadrupole transition. It provides the conditions for
modes d, and d; to become populated as the atom descends down
the dipole ladder, thus describing a three-wave mixing process.
Most studies in the literature do not consider the possibility of the
quadrupole transition and focus only on the two-photon electric
dipole processes associated to the ladder configuration of a three
level atom-EM field system [38]. Nevertheless, those studies
illustrate a plethora of interesting phenomena whose analogs
and extensions when three-wave mixing is allowed deserve
further analyses.

Three-wave mixing relies on the coherent scattering from
mode d; to modes d, and as. To account for this scattering we
divide the total Hamiltonian of Eq. 1 as

F=Y hawdla+ Z{hxi$,<X)d,-65(fs'? + H} + Flaom + Flhas

i=1,2,3 s,

+ 7:[i,nt
(22)
where we separated the three EM modes dy,d,,d; from other

environment modes accounted for in the primed terms. The
evolution of the mode operators
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X . ~ . kA
dj = —iw;a; — i Z K Gy (23)
ss'

naturally divides into free and scattered components. The
electromagnetic E and B field operators are then obtained by
solving the self-consistent equations for field and atom operators
and performing a sum over all the modes (see Eq. 4 above).
Equivalently, we could define atomic polarizabilities and obtain
the evolution of the field from Maxwell equations. To do so we
consider first a density matrix for the atomic state

th — PCM ®P (24)

where p°™ describes the vibrational motion of the atom and p
describes its electronic state. This form requires that center of
mass and internal states are not correlated at an initial time, and
remain so throughout the nonlinear process. This condition
could be valid in the Lamb-Dicke regime. From Eqs 23, 24
dipole and quadrupole moment densities P and Q of the
three-level atomic gas can be defined as

P (X) t) = NPCM (X) (dacpaC + dcbpcb + ]’l.C.),
Q(X, 1) = Np“™ (X) (quPup + Ura)>

where the total number of trapped atoms N is first introduced.

Non-linearities enter the picture through the internal state of
the atom. They result from the participation of photons inside y
modes at different orders in the coupling strength «

p=Y gu(x)p®. (26)

(25a)
(25b)

The series converges for x lower than the detunings A and
decay rates I™", Three-wave mixing appears at second order in
the series, the details are described in the Supplementary
Appendix SAII following a semiclassical approach equivalent
to an adiabatic elimination of the atomic variables in the fully
quantum regime [39]. The final expression for the atomic
polarization at a position X is

P(X,1) = ) Pr(X w)e ™, @7)
4

where the leading terms are shown to be

;
. N :VE, a dy-E, a, )d,
P, (X, -w,) = PpCM (X) (q“h " 71) ( Cb(eq)yz yl) X (28)
A3[A1—i%1“ab ]
R N (qab: VE, a, )T(d,u ‘E),%ah)dd, 1 1
P, (X, - — 2 CsM X 1N 37V
e = 0 8- i3(rfV 1) A

(29)

Meanwhile, the quadrupole densities oscillate as

(&Cb ' E)’zayz)T(a“C ) Eysa)’s)Tqab
(8- 4057 (85 - 1410

2" ab

R N
QX -w) = WPCM (X)

Once the electronic states are adiabatically eliminated, the
field evolution of Eq. 23 is equivalent to an effective
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Hamiltonian density of the atomic gas interacting with the
EM field

He =Y %Q(wl,X): VEO) (X,1)+ Y P(~w,,X) - E() (X, 1)
Y1 Y2

+Y P(-w5,X) - E0) (X, 1).
Y3
(31)

Here, the summation is performed over free modes y; whose
frequency w; close to the transition frequency w,s and their
polarization and angular momentum j;m; are adequate to
induce the atomic transition with the corresponding
multipole moment. That is, rapidly oscillating terms derived
from far from resonance conditions or an spatial configuration
out of the expected spherical vector mode one have been

discarded.

2.1 Multipole Densities as Sources of

Radiation

Having revisited the connection between electronic processes and
nonlinear optical processes, we can now exploit the connection to
Maxwell equations. For localized sources which admit an efficient
multipole expansion, the radiated field operator E is known to
satisfy the equation [31, 37, 40]

1 0°]. 4w 0.
where the sources
j=j e (33)

~(ed ~
divide into electric dipole ](e ' and quadrupole ](eq) operators that
satisfy

1 0P
(ed) _ Z
J =ET

10 -
s JW=—2v.Q (34)

It is possible to extend the formalism to include magnetic
dipole transitions through a magnetization term

J" = v x M. (35)
In our case, Eq. 32 stems from the interaction Hamiltonian
beyond the dipole approximation written in Eq. 7 and the
decomposition of the electric fields [4]. The form of the
interaction led naturally to the vectorial spherical waves
associated to each atomic radiative transition and then to
source terms of this form. The particular atomic evolution
follows from a master equation evolution (as defined in
Supplementary Appendix SAII), but the form is universal.
Note that radiation can also be generated by so-called “free”
sources. An example is radiation scattered by structureless ideal
charges such as electrons, i.e., the Compton effect, which has
frequently been described using a plane wave expansion of the
quantized EM field [31]. Recent theoretical studies concern the
Compton effect with photons associated to structured beams
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[41], and the implementation of the inverse Compton effect for
twisted electron beams is an active area of research [42].

For the three-wave mixing process considered here, the
induced moments oscillate at frequencies w;, w, and w;. As
such, the evolution of the field amplitudes can be decomposed
into a Fourier series that leads to

v.yv-4 E(h) = 4oy
c? c?

[rr-gfoo-z

whenever the temporal phase matching condition is imposed w,
= w, + w;. From them, conditions yielding a high efficiency of
parametric processes based on atomic coherence can be obtained
[43]. Note that the full quantum treatment implicit in Eq. 32
allows to study correlations of the quadrature equations of the
EM modes, including squeezing conditions [44].

Most implementations of nonlinear optics processes consider
input paraxial beams driving the atomic gas. The set of paraxial
modes {y/*} neither matches the atomic symmetry nor provides
any guarantee of an adequate description of the EM field in the
radiation zone [45]. Within the paraxial regime, the theoretical
description of the classical and quantum properties of light is
incorporated using the slowly varying amplitude approximation
[1]. It states that the relative change in the amplitude per
wavelength is small and there is a main direction of
propagation z of the light fields so that the dominant spatial
variation of the amplitude can be approximated by (w/c)d,E"?.
This is not valid when the electromagnetic beams are focused,
but, as we now show, the vectorial waves provide a form to
describe the evolution.

V- Q(-w), (36a)

p( w), i=2,3 (36b)

3 DYADIC GREEN FUNCTIONS

Schwinger [46] introduced an elegant formalism to evaluate the
response function between the electromagnetic field and a
polarization source using the Green function dyadic. As
Maxwell equation, Eq. 32, can be worked out using this
formalism for generalized multipole sources we now revisit
this formalism.

The Green dyadic T is a tensor with r, s components

G. (X, 6:X,t) = (TE (X, 08" (X,¢')y  (37)
with 7 a time ordering operator that, in field theory applications,
leads to Feynman symmetric order; and, in optical studies, is
chosen to guarantee the retarded scheme. By being written in
normal order it also provides a natural connection to photon
detection theory and real time monitoring of the emitted field.
This tensor is responsible of the propagation of fields. It then
allows us to write the free and scattered fields discussed above as

free

E(X,t)=E “(X,t)+E™ (X, 1) (38a)
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EYXpn=) Jd3X'dt’G,5(X,t;X’,t')(aC,f])s(X’,t').

s=1,2,3

(38b)

Where the free field E™ is, by construction, the adequate
quantum field solution of the Maxwell equations with no sources,
and may include the incident EM field. And the scattered EM field
E“ is created by the atomic multipole densities.

For a retarded scheme and a vectorial spherical expansion of
the electric field operators in free space, the tensor is
decomposed as

G (X, 6:X1) = [ du G (X, X5 0)e (1)
G,S(x,x';w):sz;Wz](“’Cr<)h<w<wr>>( <P)> @ )( g )(9',¢') 9

with j, and hél) the spherical Bessel functions.

3.1 Spatial Phase Matching Conditions

We can now use this formalism to describe the phase
matching conditions that rule the underlying nonlinear
processes. For plane waves phase matching conditions
establish the relations between the wave vectors of the
involved EM modes that guarantee the highest efficiency of
an optical nonlinear process. In the quantum realm, these
equations are interpreted as the conservation of linear
momentum of the participating photons. For a
homogeneous atomic gas, the three-wave mixing phase
matching conditions are

kl = k2 + k3. (40)

For beams exhibiting a common dislocation line—and
correspondingly a non-trivial local orbital momentum along
that line—the phase matching conditions correlate the
topological charge of the vortices so that the angular
momentum of the photons is conserved [47, 48]. For an
isotropic atomic sample and for modes exhibiting optical
vortices of topological charge m; along a common axes, for
our process

m; = m, + ms. (41)

In this Section we show how they naturally emerge from the
dyadic treatment of the scattered field. To that end it is just
necessary the integrate the Maxwell Equation Eqs 38a, 38b over
the spatial variables of the localized source

J &X' j, (wr/c)Y;:l)* 0,9 J(X',t") (42)

If the 3D sample is in an isotropic trap, the angular
integration acquires an analytic expression (some formulae
useful for the calculation of the spatial derivatives of the
spherical waves can be found in the Supplementary
Appendix SAI). The integrals are, in general, a linear
combination of the Wigner 3-j symbols
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J dQYZlml (0’ §0)Yezm2 (0’ (P)stms (6’ (P) =

e £ 8)

available in most numerical platforms. The phase matching
conditions result from the identification of non-null Wigner 3-
j symbols,

[Qe+ )26+ 1) 286 +1)( & 6 &
47 \0 00

4
my

123
m

14
ms

AN
m; +my, +m; =0,

i=1,2,3,
|6 — 65| <38, + 8,

mie{—&, ..

These phase matching conditions can be interpreted as a
conservation of the total angular momentum and not just its
z-component for the photons involved in the three-wave mixing
process.

3.1.1 Scattered Field
Since just a constrained set of y,, modes satifies the phase
matching conditions, the scattered field is given by

~ scatt

E (X,t):Jd3X'dt’F,S(X,t;X’,t’)(actrI)S(X’,t’) (44a)

m Wpm! S (P)
=Y Y arn () (V) B.0) 0= wnt
Yom S
(44b)
m . w mf" ~(P)
o =Jd3X'PCM(X')Jer< " )(Yepmmpm)r(ﬂ’,(p’)ls(x’)
(44c¢)

An advantage of working with spherical vectorial modes is that any
set of three modes Y., Y. and y,, with w; = w, + w; must be
considered as usual, but the phase angular matching conditions select
a discrete set of few modes specified by the polarization P and the j
and m,y values that satisty the angular phase matching conditions.
This is a basic difference with standard studies where the spatial phase
matching is satisfied by a continuous set of spatial modes.

Once few of these modes are identified one could now apply,
e.g., the semiclassical approximation or other standard
techniques [49-51] to work out the behavior of the quantum
quadratures of the field and their correlation to the atomic
degrees of freedom. The modes, of course, depend on the
experimental conditions.

4 DISCUSSION

We have presented a description of three-wave mixing inside
an atomic cloud. We began by showing how this process could
be efficiently induced by properly shaping the light field and
then moved to the description of the free and scattered field
that are ultimately measured in an experiment. For this, we
went beyond the dipole approximation and showed that the
system is naturally described by multipole spherical waves.
Multipole spherical waves yield the optimal description of the
basic radiative atomic processes. As such, they are
paradigmatic structured light fields. Yet, their use in the

Nonlinear Quantum Optics with Structured Light

description of nonlinear systems is scarse. The reason is
that most implementations of nonlinear processes employ
laser beams and assume a paraxial regime. Nowadays
technological developments go in a different direction.
Optimal coupling to minimize energy costs in, e.g,
quantum information protocols require the realization of
nonlinear processes triggered by single photons [52]. A
natural scheme to achieve such a coupling is by trapping
atoms nearby the focus of spherical vectorial waves.

The main task in this work was to emphasize both the effects
of trapping on the radiative responses of an atom and present a
way to surmount the difficulties that arise. These included
moving beyond dipolar approximation, and the breakdown
of commonly used approximations as the slowly varying
envelope one. We showed how the dyadic Green function
formalism is easily implemented and allows for the
identification of a discrete set of modes that would
participate in the nonlinear process once the relevant atomic
states are identified.

The calculations were described by a paradigmatic process that
can now be reached in experiments with atomic gases: three-wave
mixing. Notice, however, that the general concepts introduced in
our work can be extended to any nonlinear process. In addition
the dyadic formalism can be directly applied for other
symmetries; yielding a direct route for the identication of the
phase matching condition. While standard techniques were
developed with dipolar transitions and plane waves in mind,
the extension to structured light can be readily done with the
appropriate basis in mind.
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Entangled Biphoton Enhanced Double
Quantum Coherence Signal as a Probe
for Cavity Polariton Correlations in
Presence of Phonon Induced
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We theoretically propose a biphoton entanglement-enhanced multidimensional
spectroscopic technique as a probe for the dissipative polariton dynamics in the
ultrafast regime. It is applied to the cavity-confined monomeric photosynthetic complex
that represents a prototypical multi-site excitonic quantum aggregate. The proposed
technique is shown to be particularly sensitive to inter-manifold polariton coherence
between the two and one-excitation subspaces. It is demonstrated to be able to
monitor the dynamical role of cavity-mediated excitonic correlations, and dephasing in
the presence of phonon-induced dissipation. The non-classicality of the entangled
biphoton sources is shown to enhance the ultra-fast and broadband correlation
features of the signal, giving an indication about the underlying state correlations
responsible for long-range cavity-assisted exciton migration.

Keywords: entanglement, exciton-polaritons, photosynthetic complex, nonlinear optics, multidimensional
spectroscopy, quantum cavity electrodynamics, dissipation

1 INTRODUCTION

The quantum aggregates consisting of multiple centers of electronic excitations, e.g., the naturally
occurring light-harvesting photosynthetic complexes, artificially designed molecular light-harvesters
offer a uniquely favorable testing ground for the entangled photon-induced dynamics. These systems
intrinsically host collective excitations, frequently termed as molecular excitons, extending over
several excitation centers/sites and often within the coherence domain of the spatial (temporal)
length (time) scales. Thus, it provides opportunities for the external modulation of delocalized
excitons and testing the limits of coherent dynamics. Further, the vibrational motions associated with
these structures often give rise to a collective dephasing mechanism for the delocalized excitons.
Additionally, the vibrational motions modulate the energy gradient of the kinetics, leading to
situations where coherent excitons undergo inter-site transport and eventually localize. The
spectroscopic investigation and control of such exciton kinetics offers insights into the
microscopic nature of the coherent energy transfer mechanism and prescribes guidelines for bio-
mimetic engineering which builds on the operational equivalence [1-6]. In a separate line of
development, there have been a series of studies that have demonstrated the effective role of external
electromagnetic cavities in manipulating material excitations. These studies range from the control of
electronic excitations [7-16], vibrational modes [17, 18], collective mode responses [19, 20] to the
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FIGURE 1 | The progression of dephasing-broadened bare polariton band with the cavity frequencies and a fixed value of cavity coupling strength are presented.
For the dephasing a representative set of values (generated from a random Gaussian distribution of mean and variance of 4 = 25, gy = 10 and i, = 35 respectively) are
chosen for clarity. In the displayed one-polariton (left panel) and the two-polariton band (right panel), the increase in the density of states in the latter within a comparable
energy-window (e.g., = 10, x, 108cm™") is noticeable. The fundamental cavity frequencies along the x-axis are given in terms of detuning from the central region of
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cavity mode-assisted modulation of dynamical resonances
[21-25]. Cavity mode interacting resonantly with narrow-band
of excitons and off-resonantly with the rest may modulate the
excitation dispersal by tuning the delocalization properties and
influence the dephasing properties via the spectral weight
modulation  [26-28]. Hence, combining these two
developments to the case of light-harvesting quantum
aggregates offers an opportunity to investigate the role of the
cavity in controlling a prototypical, extended yet aperiodic system
that hosts collective excitons.

Previous spectroscopic studies of the cavity-modulated
dynamics [29-35] have increasingly focused their attention on
the ultrafast, nonlinear techniques analogs e.g. pump-probe here.
In the majority of these studies, participation of the higher-order
excitations remain relatively unexplored. The dynamics involving
the higher-order nonlinear excitations introduce possibilities for
cavity-modulated exciton-exciton annihilation, cavity-assisted
exciton fusion, and many more correlated mechanisms of
practical interest. On a fundamental level, the external
dielectric modification of the Coulomb interaction between
different excitons underlies all of these coherent mechanisms.

However, the nonlinear spectroscopic signatures studied so far
depend dominantly on the associated vibrational (or vibronic)
processes [37, 38]. Therefore, in order to explore the complexity
of cavity-modulated nonlinear exciton dynamics, it is desirable to
combine ultrafast spectroscopic tools that are sensitive to high-
order exciton correlations in the presence of collective vibrational
dephasing. Among the multi-pulse nonlinear spectroscopic
techniques available for mapping out the correlation between
two excitons and probing the two-exciton state-specific
dephasing in the ultrafast regime, double-quantum
multidimensional correlation spectra (DQC) have been proven
useful [39-42]. The ultrafast nature of the exciton dynamics in
aggregates results in difficulty in measuring the role of
energetically-distant states even without the presence of the
cavity mode. These delocalized multi-exciton states often
participate in dynamics within the same timescale due to
dynamical dephasing properties. Associated with the normal
exciton-number conserving dephasing process, one encounters
a dephasing mechanism that couples the energy-manifolds with
the different number of excitons. The presence of cavity adds
additional cavity-exciton hybrid states, introduces multiple
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FIGURE 2 | (A) Schematic description of the dynamical phenomena (in WMEL diagrammatic convention [36]) that can be addressed by the proposed DQC signal
measurement technique. The first two interactions (in red) are common to both the pathways. The last two interactions (in black and gray) are distinguished by two
alternative possibilities indicated by k<", ~k{}, k", -k} pair. Entangled photons affect both these pair interactions {k1, ko} and { - ks, ks}. (B) Associated Keldysh-
Schwinger diagrams that describe the corresponding dynamical pathways in the multi-polariton basis contributing to the signal and which are distinct in the last two

dynamical timescales, and gives rise to novel cavity-exciton-
phonon coupling mechanisms. These excitations are of
principal interest in this communication. The investigation of
them requires the deployment of probes that specifically excite
spectrally narrow-band states (creation of non-linear
polarization), allow the associated dynamics to evolve in time
in the presence of dephasing (evolution of the polarization), and
project them to desired frequency components of interest
(projection of polarization to signal components). Robust,
correlated state excitation can be controllably achieved by
deploying the entangled photon pairs, namely entangled
biphotons, via a scheme being referred to as entangled two-
photon absorption [43-47]. In comparison to the shaped laser
pulses, the entangled biphotons have been shown to improve the
spectral resolution while scaling favorably with the intensity of
the sources. The non-classical correlation properties can also be
utilized to obtain favorable spectral-temporal resolution in the
probing via selective state projections of the nonlinear
polarization [29, 33, 48-55]. The latter requires the selection
of a few states whose correlation properties are of particular
interest from a manifold. In this regard, a combination of the
aforementioned DQC signal measurement scheme with the
entangled photon sources may provide a technique that
studies cavity-modulated correlated exciton kinetics in the
ultrafast regime with higher spectral resolution.

In what follows, in Section 2, we introduce the Frenkel
exciton Hamiltonian and describe the underlying model. It will
be wused to describe the dissipative exciton-polariton
phenomenology and obtain the relevant Green’s functions.
Subsequently, in Section 2 we introduce the DQC signal in a
modular manner, discuss the nature of the signal and present
the simulation results in the relevant parameter regime.
Section 4 discusses limitations, the scope of the presented

signal within the broader scope of entangled photon-enhanced
spectroscopies, and the outlook.

2 DISSIPATIVE EXCITON-POLARITON
PHENOMENOLOGY

Here we present the exciton Hamiltonian concurrently
interacting with a cavity mode and the phonon reservoir,
which will be used to build up the phenomenology using a
quasi-particle picture. It is given by,

N,
H=

m, n=1

(Emémn + ]mn)BT B + ¥ 7U:y12) BT BT B B
m—n m;nZI 2 mTmmEm
+ —'542’3BT B'B,B, + E w, (aTaa + 1/2)
2 m-n -~ «

+ Z Jema(aoBl +alB,) +
m,o J

+ " gmj(b} +b;)B},B.

m,j

(1)

where we set the % to unity. The components of the Hamiltonian
are explained below.

2.1 Exciton, Cavity and Exciton-Cavity
Interactions

The first three terms constitute the bare exciton Hamiltonian
where B,, (B! ) are the m-th site exciton creation (annihilation)
operators with the respective commutation relation, [ By,, B, ] =
[Bl,B!]=0and [By,Bl]=08,,(1-(2-x%))B} Bl ) (where
Km = Ha1/ph0, is given in terms of ratio of transition dipoles of ij-
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th level of the m-th site) [56-58]. E,(nl) is the on-site excitation
energies and J,,, is the inter-site Coulomb-mediated hopping.
The presence of the interacting terms in the exciton
Hamiltonian indicates that the single and two exciton states
are delocalized over sites. The two-excitation manifold which is
composed of permutable composition of pure local and non-
local two-exciton, pure two cavity excitations and joint one

photon excitation is given by,
Hr(nz,ikl =H ,(nlgékl + OpnH ,ill ). The terms Ur(nl), U,(nzr)1 further
dictates the interaction among higher-order excitonic states
which gives rise to static, local energy shifts, exciton-exciton

exciton-one

scattering. ~ The values of Ul) is taken as
UV =2(x2EP? — EW), with & = py,/u,0 which accounts for
the local energy shifts for two-exciton states and U2) = 0. Bare
two-exciton energy is given by E(?) = 2E{) + A,, (where the A,
is the two-exciton state anharmonicity from the Harmonic
limit). The parameter values for the Hamiltonian are
obtained from the semi-empirical simulation in [59-62]
where these data-set have been shown to simultaneously fit
the spectral data obtained from the linear absorption,
fluorescence, and circular dichroism spectra. The combined
cavity and the cavity-exciton interaction Hamiltonian is be
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given by the fourth and fifth term where the g, , is the cavity-
exciton coupling strengths describing the resonant dipolar
interaction. The effects arising from the non-resonant cavity-
exciton interaction could be significant in the static limit if the
exciton-cavity coupling strengths are comparable to the bare
Rabi frequencies of the multi-exciton system [63-66]. The
cavity-exciton parameter considered in this communication
corresponds to moderately weak and within the close to
resonant regime which allows this term being neglected. The
cavity photonic modes are described in the oscillator basis with
the corresponding creation (annihilation) operators denoted as
al (aq), for the a-th mode. Within the scope of this study, a
single-mode limit (i.e. & = 1) and two-excitation per-mode (with
he fundamental frequency denoted by w,) has been considered.
Furthermore, we assume an uniform cavity-exciton coupling
strengths for all sites, i.e. g.ma =g = 100cm ™ is independent of
index m, although the analysis presented is not limited by that
choice. We note that a detailed estimation of the cavity-exciton
couplings requires investigation regarding the mode volume of
the cavity and the quality factor which is beyond the scope of the
article. The Coulombic origin inter-site hopping in the
Hamiltonian is of different magnitude, indicating a different
propensity for delocalization in the absence of cavity interaction.
The cavity coupling modulates site-delocalization at different
extents for one-exciton, local and non-local two-excitons. This
gives rise to the possibility of creating a different admixture of
cavity-matter excitations. In addition, it offers cavity mediates
coupling between these configurations, thereby coupling diverse
sets of excitations and inter-site processes. Since the cavity
accommodates two-photon excitations, the analysis is capable
of describing resonant two-polariton processes.

2.2 Phonon and Exciton-Phonon

Interactions
The exciton-phonon interactions originate from the inter and intra-

molecular vibrational motions associated with the relative nuclear
motions of the aggregate. Normal modes of the low-energy
vibrational degrees of freedom related to the collective
vibrational coordinates are assigned as phonon modes and are
mapped onto an infinite set of Harmonic oscillators. It is given by
the free phonon Hamiltonian appearing in the sixth term where vy
is the mode frequency associated with the k-th normal mode whose
creation (annihilation) operators are denoted via b;(b]-). The
phonon operators follow the free-boson commutation relations,
[bj,bjr] = [b;,b;,] =0 and [bj,b;r.,] = 6jjr. The seventh term
presenting the exciton-phonon interactions is taken in the site-
uncorrelated, local form and is characterized by the distribution of
the corresponding coupling functions, g,,, ;. These phonon modes
are responsible for exciton dephasing, relaxation and exciton-
transport phenomena. The extent of these phenomena are
governed by the site-dependent exciton-phonon coupling
strengths g,,; which are taken as 1 (1.4) for the sites identified
to represent Chl-A (Chl-b). While constructing the two-exciton
phonon interaction Hamiltonian these coupling strengths are taken
as 0.6 (g + gn,)- Due to the differential coupling strengths, the
excitations undergo dephasing at different rates, the one and two-

Entangled Biphoton Enhanced Double-Quantum Coherence

exciton transport occur to a different extent over the sites leading to
time-windowed interferences at a broader energy window. The
inter-band dephasing, a quantity of particular interest in this article
has contributions from the elements of the relaxation tensor that
also participates in the cavity mediated one-exciton and two-exciton
transport. Within this model, the single and the double excitons are
coupled to a common set of phonon modes which can be
characterized by the discrete distribution function, Jo(w) =
n2j|gj|2 (6(w-vj)-0(w+v;)) from which the spectral
density function is obtained in the continuum frequency limit.
The spectral density function, presented as, J(w)=
24 (yow)/ (w? + y2)+ Z;\flz)tj (v?ij)/( (v? —w?)? + a)zy?)
describes N, = 48 multi-mode Brownian oscillator modes and
one over-damped oscillator mode. The number of multi-mode
Brownian oscillators (Ny), the respective spectral shift parameters
(Ao Aj = 1Y where v; and Y are the j-th oscillator frequencies and
Huang-Rhys parameters respectively), and the damping parameter
(yo y;) which are required to optimally describe the equilibrium
spectral density function have been obtained from the work of [35,
59-61]. The numerical values corresponding to those parameters
are enlisted in Appendix A2.

2.3 Polariton Manifolds

The polariton states are obtained as number-conserving
manifolds via exact-diagonalization of the field-free

Hamiltonian subspaces, I:I}(,”) =H s+ I:IC +H s by using

TI(,")"II:I;'[)T;,") = HI()") = Y ne012Epe X po pw, where we define

operators X, pm = | p(”)>( p(”)l as projectors onto the
eigenstates of the polariton Hamiltonian H 1(7”) (denoted by index

n). The three distinct manifolds thus obtained corresponds to
ground n = 0, single n = 1 and double n = 2 polariton
manifolds with N,0 =1, N,u =15 N,» =120 polariton
states respectively (Figure 1). The manifolds are composed of
the cluster of states which depend on an interplay of the
hopping and cavity coupling parameters. The proposed
spectroscopic technique utilizing entangled biphotons, in the
parameter regime of interest, interact only via two-quantum
interactions, which allows the joint-excitation manifold to be
truncated at the level of the double polaritons. For the
simulation, we have chosen the cavity mode frequency and the
coupling strength parameters as w. (cm™') = 154 x 10’ and g,
(em™) =0.1 x 10°. The cavity frequency is resonant with the narrow
frequency band around the frequency and off-resonant with the rest
of the cluster of states in the bare absorption spectra of the excitonic
system. The cavity coupling results in the polariton states to
encompass a wider range than the cavity-free counterpart with
the close-to-resonance states becoming affected to a greater degree.
It can also be noted that the two-polariton states accommodate
more states within the comparable bandwidth which is determined
by the cavity coupling parameter. These two observations,
combined, affirm that the exciton-cavity hybridization
dominantly takes around the resonances, as expected. The
spectral weights of the resultant delocalized polariton states have
respective contributions from both the exciton and cavity modes, as
determined by the exciton-cavity coupling matrix elements.
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2.4 Polariton-Laser Interactions
The interaction between the external field i.e. biphoton sources

and polaritons are treated within the optical dipolar interaction
limit and within the rotating wave approximation.
Corresponding Hamiltonian is given by,

<\/2ﬂw,/V )aje"“’f’dpwp@,r) Xy p) exp(iwp(,%(,,)t) +h.c.

@

Ha®)=) Y

Jonn'=0,1.2m#n'

where external photon mode creation operators a; and dipole-
weighted inter-manifold polariton transition operators, X P pa)
were defined. Also, the mode quantization volume V and the
Fourier expansion frequency w; for the photon modes have been
introduced. These operators will be used to derive the signal
expressions in the next sections. It is notable that in the spirit of
the weak laser driving limit suitable for spectroscopy only the
one-photon transition operators had been employed.

2.5 Phonon Induced State Broadening and

Polariton Green’s Functions

In this section, we introduce the framework to obtain the state-
dependent dephasing timescales and obtain the polariton Green’s
functions required for the signal expressions. It is carried out by
seeking an integral solution of the generalized master equation
(written in the multi-polariton basis) obtained in the Markovian
and the secular limit (often termed as the Redfield equation). The
secular approximation limits the polariton-phonon mode
interactions to be describable within the resonant cases only.
The latter suffices our treatment of acoustic phonons mediate
interactions are mediated by displacive perturbations of exciton
states simultaneously dressed by the cavity interactions that are
comparatively much stronger. The kinetic equation is given by,
" () = —iLé")a(”) () + I: dr=® (¢, 7)o™ (¢) where we denote
0" as number resolved reduced multi-polariton density operator.
We defined the super-operator as, LWO = [H 1(,”),0]. The
polariton-phonon memory kernel capable of describing the
phonon-induced  polariton  relaxation and  dephasing
(neglecting the effects of the driving field on the relaxation) is
given by, Z®(t,7)0® (t) = -A*[X, D (t)o, (t) — o, (t)D* (t)].
The kernel contains the dissipation operator D(¢) = X (t — )
Cy(t — t') where we have the convolution of polariton-phonon
coupling operator X (1) = Zp<n>XP<n>P<n> () and time-domain
correlation function given by,

Cy (1) = (Aoyy/2)cot (By,/2)exp (=y,7)
+ Zb: ZAT] (coth(i[j’gb;/z)exp(—(pjfr) - coth(i[)’gb;/Z)exp(—(b;.r))

.\
S (p(-671) - exp(-471))

]

- (3 B) (o (55 - i7)
+(2A030/B) (/] (7, = 3)))exp (=iva)

+ (=idoy,/2)exp (=yo7) +

@)
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In the above we have (; = (v? - y§/4), ¢? = (y;/2) £ i)
and, matsubara frequencies, v, = n (27/f) (with n, = 20).
Furthermore, we defined 8 = 1/kT where the Boltzmann
constant x and temperature T is denoted. The energy domain
version of the relaxation kernel was used to extract the dephasing
parameters. We define the line-broadening functions as,
Yo () = 03X, 5.Co (@p,p) T T T T where  we
have Cp(Q) = Idt exp iQtCH(t) and
C;(t) = _[ (dw/2m) (coth fw/2) cos wt F isinwt) which can be
evaluated using the previous expressions. With the help of the
line-broadening functions we estimate the inter-manifold
dephasing parameters as, Y p pim = (fo") + Y pim )/2. Finally, we

obtain the inter-manifold Greens functions relevant for
dephasing as, G,m,m (@) =i(0-w,

2 .
advanced Green’s functions are define

. -1
) m) l'ypl(n)Pz(m)) . The

likewise.

3 MULTIDIMENSIONAL
DOUBLE-QUANTUM COHERENCE SIGNAL
WITH ENTANGLED BIPHOTON SOURCES

The theoretical development mentioned in the preceding sections
provides us the ingredients to introduce the Double Quantum
Coherence (DQC) signal. The DQC signal, as hinted earlier,
involves excitation of state-selective (or narrow-band around the
selected state) two-polariton coherence that is followed by
projection of the oscillating polarization components onto two
plausible sets of inter-manifold coherence. Provided that the
participant two-polariton states are sufficiently correlated with
the states onto which they are being projected, the desired
nonlinear polarization have dominant component in the
phase-matched direction k; = k; + k, — k;. Below we present a
modular derivation of the signal starting from the time-dependent
dual-perturbation scheme, corroborate the derivation to the
Keldysh-Schwinger loop diagrams Figure 2 and introduce the
entangled biphoton sources that serves as probe.

3.1 Double Quantum Coherence Signal

The DQC signal is typically generated by inducing four external
field-matter interactions. In the case of time-domain (frequency-
domain) classical field sources, three external fields with
controllable delays (relative phases) are allowed to interact
with the matter. The radiation field emitted by the time-
dependent nonlinear polarization is registered, typically, via
suitable heterodyning after another delay (spectrally
dispersing) the signal. Typically, the deployment of quantum
fields e.g., the biphoton sources to the measurement of DQC
signals requires considerable care. These field sources are often
parametrically scanned via schemes akin to multi-pulse phase-
cycling. An involved discussion regarding the details of the
deployment and measurement scheme is beyond the scope of
the article [67, 68]. However, we assume that the biphoton
generation scheme is capable of producing two sets of
entangled photon pairs that lend themselves to external
manipulation via central frequencies and delays. Before
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proceeding further, we introduce the two sets of pathways
involved in the DQC signal generation as,

I, (74, T3, T2, T1) = 0) (1 (T4)d My (z (T3) pf >p(1> (Tz)dp(l)p(o (m1)

I (74, 73, 72, 71) = dpFO)P(.,l) (T3 )dp(,”P,EZ) (T4)dp<z)P(1) (Tz)d (”P(”’ (T{)
P j Tk
4)

where the first and the second one have been written in the
Heisenberg representation and correspond to diagrams in
Figure 2). These pathways, notably, differing in the last two
components signify dynamical spectral weights. Interference
features between these pathway components depend on the
nature of the polariton correlation and dephasing properties.
We also introduce the time-domain, four-point external field
correlation function as D (74, 73, T, 7;) which is capable of
incorporating the generalized nature of the external field. With
the help of these definitions, we present the signal expression in

the time-domain as, S = CIm];c,y
[TarParPdrdr(0(r{)e(r)o(rs))
x DOz, 20 20 2, (0, 70, {0, 7 9) where G,

represents the coefficients that arises from the perturbative
expansion and have been taken as a scaling factor. The
Heaviside functions are defined in reference to the interaction
times denoted along the loop diagrams. In going forward, the
interaction times ie. the loop time-instance variables were
transformed to the loop-delay variables and mapped onto the
real-time parameters that are externally tunable using,
0(s5)0(s)0(s;) —  O(t3)0(t,)0(t;) for the diagram I and
0(s3)0(s2)0(s1) — O(s3)0(s> — s3)6(s1) = O(t5)0(12)0(t1) for the
diagram II. These parameters are experimentally realizable. We
also use the time-domain phonon-averaged Green’s functions
expanded in the multi-polariton basis and write the field
correlation function in the frequency domain. Following these
exercises, we obtain the generalized signal as,

S§=C; J dT,dT,dT5F (Q3, 0, Q4;T5,T5,Th)

ot (~@3+@2+@1 )Ty=i (@146 ) T2-id1 Ty
w 21 27 271
(B} (@3)E} (+@1 + @; — @3)E2 (@2)E, (1))

w® S -~
GP;EZ)P](»}) (w01 + @, wa)GPka(m (@0; + @)

P}l) P(l Pk

GPJ(Up(m (1) + <E; (@)EI (+@; + w,

—@3)E; (@,)E, (@))) Z

2"y p”

2 ~ ~ ~
( )GP(I)P(O) (—(03 + wy + wl)
g

GPLZ)P(D) ((:)2 + (Dl)GP](l)p(

o (@1) ®)

This expression is valid for a general class of DQC signal
measurement which may use different kinds of external field
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sources beyond biphotons and simple Gaussian classical fields.
The field correlation function acts as a convolutional probing
function for the bare signal. Additional possibilities for the
external manipulation of the field correlation function extend
the applicability of DQC signals to a wide range of scenarios.
Further, we aim to introduce a two-dimensional frequency-
domain representation of the signal in order to facilitate a
visualization of the correlation features contained in the
matter correlation functions. In order to allow such
representations to be generated via real-time delay-scanning
protocols, we introduce integral transform,
F(Q3, Q0,045 T3, T2, Th) = 0(T3)0(T2)0 (T )e BT ei%T2eiN T

We also define the following variable mapping of the parameters,
B, > T,7y, = Ts 7y — T3, for the diagram I and
19, > T, 19, — 19 — T2, 19, — T3, for the diagram II (the T?j
is the delays between the centering times). Scanning of these set of
parameters and obtaining joint Fourier transforms w. r.t the
delays generate the desired two-dimensional correlation plots.
The final expression can be presented as the following expression.

(C0)5 i
z w F <E (Zp(zp”)

P(O)P 1) (l P(Z)

E (Z ) 0))E2< pz)p(l))E (ZP(I)P(O)
(Z)PQ <E <ZP(2>P(1 )E <ZP<1)P(0))E (Zp(z P(1)>E <ZP(1)P(0))

(6)

S(Q3, 0, 0) =

where the functions are specified as,

) !
FQ {<Q3 z (| p© )(Qz Zp(z)p(o))<Ql - Zpl(l)p(o))}
B -1
F(()2 = {(Q; — Zp(z <1>>(Qz Zp<2>P(0>)(Ql - Zp(Up(O))]’

These functions encode the polariton dynamical resonances.
These resonances show up, as predicted, during the scan of the
Fourier transformed parameter. The field correlation function
encodes the information about the ability to manipulate the
spectral weights of the matter excitations and reveal desired
dynamical resonances.

™)

3.2 Entangled Biphoton Properties

The principal aim of using the entangled biphoton sources is to
avail the non-classical relation between the joint time of arrival
and frequency pairs of the biphotons. This in turn allows one
to excite relatively short-lived two-polariton states (i.e., within
an ultra-short time window) that are outside the excitation
energy window of the classical two-photon laser pulses. These
constraints remain difficult to surpass via independent
variable manipulation, even in the case of multiple classical
pulses. Below we present some basic features of the entangled
photon source properties that were used in the simulation and
describe their correlation features. The entangled biphoton
field is traditionally generated via the spontaneous parametric
down-conversion (SPDC) process (in the weak down-
conversion limit) by pumping the source material with an
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ultra-short classical laser. The pump pulse bandwidth and the
central frequency determine the correlation properties and
time-frequency regime of the generated pairs. An effective
Hamiltonian procedure which has been used to derive the
correlation properties as outlined previously [47, 69-71] is
avoided here for succinctness. Following a similar derivation,
the entangled biphoton field correlation function can
be obtained as, (E" (w4)E" (w4)E(w,)E (7)) =
Ff (w4, w3)F (w3, wy) where we have, F;(w,, wp;wp) =
Ao (0q, wp){sinc[¢ (wq, wp)] expi¢ (wy, wp) +a < b} The
function ¢(w;, wx) = (w;j - wP/Z)Tl + (Wi — wp/2)7~:2 a~nd the
temporal entanglement parameter of the pairs T (T5), via
Tent = T, — T}, quantifies the spectral-temporal properties of
the entangled biphotons [71-73]. The term A, denotes the
amplitude of the pump. This form of factorization underlies
the fact that the signal scales linearly with the intensity. The
temporal entanglement parameter can be viewed as an
estimator of upper bound of delay between the time of
generation of the entangled photon pairs inside the SPDC
source material. The entanglement time parameter arises from
the phase matching function Ak (w;, w,) and parametrically
depends on the group velocity of propagation inside the SPDC
material. The phase mismatching function under the
linearization approximation around the central frequencies
of the beams, for the collinear case leads to the identification of
parameters, T; = 1/v, — 1/v; where j € {1, 2} and v,,; denotes the
group velocity of the pump, and two biphotons inside the
material. These values can be estimated from the inverse of the
marginal distribution function of the joint spectral amplitude
function in the frequency domain [51, 73]. In contrast, the
classical field, in a similar weak-field limit factorizes into the
product of amplitudes as, <E"(ws)E"(w3)E(w2)E(w;)) =
A¥ (ws)A% (w3)A; (w2)A; (w1) and scales quadratically with
the intensity. The biphoton field correlation properties for
different typical parameter regimes can be examined by
plotting the joint-spectral amplitude which describes the
frequency-dependent correlation of the same as shown in
Figure 3. The bottom-right plot (i.e., (d)) in Figure 3
corresponds to a classical field scenario. The simulation has
the freedom of selecting frequency pairs from the plot region
where the function has finite support.

3.3 Simulation

The correlated two-polariton excitations via entangled
biphoton sources may focus on several experimental
configurations which will be of particular interest to the
condensed phase spectroscopies. The excitation of specific
two-polariton states via higher-energy sectors of the one-
polariton manifold and contrasting them with those via the
lower-energy sectors may give information about polariton
scattering, delocalization, and dephasing. In other words, the
specific two-polariton states may have dominant contributions
from certain one-polariton states which are distant on the site
basis but energetically closer. Alternatively for the same two-
polariton excitation, projecting to the higher and lower-energy
one-polariton sector offers insights into the state

compositions. Combining two strategies may provide
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important insight into the state resolved polariton
correlations. These features can be probed as shown in the
upper and lower panel of Figure 4. Particularly the polariton
states (e.g., w,o =30550cm™") that are specifically prone to
phonon-induced dephasing (higher dephasing induced
broadened) have been excited while the temporal
entanglement parameter of the probe, projected one-
polariton sector has been varied.

In the upper panel of Figure 4, we present, along the rows,
three sets of results for the variation of the temporal entanglement
parameter Tent (fs. Each of them correspond to fixed w,, (cm™!) =
15500 and wp, (cm™) = 14500 (therefore exciting the target at
w}(f) = 30550) with pump width 7, (fs) = 20.0. Therefore, the two
polariton excitation occurs via the middle sector of the one-
polariton band. It also projects the two-polariton coherence to the
mixed-energy region of the one-polariton band by choosing the
corresponding frequencies as w,, (cm™) = w{? - 15800 and
wp, (cm™1) = 15800. It is noticed that the strong entanglement
between the photon pairs, as we move from (A) to (C)
corresponding to Tent (fs) values 60.0, 50.0, 40.0 respectively,
allows correlated signal features to develop. These emergent
features may not be visible in the signal obtained by using
classical pulse pairs of comparable spectral-temporal
properties. Time-frequency correlated excitation gives the
freedom of simultaneously choosing the narrow-band target
while ensuring that system remains less affected by the high
dephasing components of the intermediate states. The latter has
the possibility of making the short-time kinetics in the one-
polariton manifold more accessible. Even an individually
controlled classical field two-pulse scenario may offer less
advantage because the temporal and spectral components
are bound.

The bottom row ((d) to (f)) accomplishes the
aforementioned goal of exploring excitation via different
energy sectors of the one-polariton manifold. Here the (d)
and (e) allow excitation via middle-sector and (f) lower-sector
while projecting all of them to the same mixed-energy sectors
as the above panel. With the increase in temporal
entanglement parameter in going from (d) to (e) (Tent (£5)
values 40.0, 10.0, respectively) we find features shows
distinguishable increase. The last panel (f) whose excitation
via lower energy sector (excitation via w,, (cm™) = 15150 and
wp, (em™) =) which reveals many more correlation features. It
reveals the higher participation of the particular set of one-
polariton states to chosen target in the two-polariton
manifold throughout the simulation. The short temporal
entanglement parameter also certifies the capability of the
biphoton sources to map out correlation involving
energetically distant states. The success of the parameter
regime and overall strategy of the simulation can be traced
back to the ability to choose the frequency pairs from a
broader distribution. In addition, the fact that they are also
bound by the temporal constraints allow excitation via fast
dephasing components in the one-polariton band (during the
first time delay i.e., T;) while simultaneously projecting the
resultant two-polariton coherence to short-lived coherences
(during the last time delay i.e., T5).
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4 CONCLUSION AND OUTLOOK

In this article, we have proposed a theoretical protocol that is
suitable for the investigation of the inter-manifold coherence
properties associated with the two-polariton manifold. We
observe that the proposal exclusively focused on the cavity
control of exciton correlation and modulation of exciton-
phonon dephasing via the former. In other words, the cavity
affects the exciton transitions directly and redistributes the
excitonic spectral weights. The extent to which this
redistribution occurs is encoded in the action of the polariton
transformation matrices. As a result, the novel hybridized polariton
states interact with the phonons rather differently than that of the
cavity-free case. We demonstrated that biphoton sources are
capable of studying the ultrafast signatures of the related
dynamics without losing the state specificity. In the process, it is
capable of mapping out the cavity modulated exciton correlation.
In this direction, two further extensions namely, the detailed study
involving the parametric variation of the cavity-free case and a
comparison employing controlled classical fields are worth looking
at. They will be part of future communication. However, we note
that the signal expressions presented in this communication will be
sufficient for such extended analysis.

The role of cavity coupling has been included non-
perturbatively with the same quasi-particle excitation picture.
Here the real-space coupling variations were neglected for
convenience, in the spirit of the first simulation. Also, the role
of the mean number of photons in the cavity has not been
investigated and the role of the cavity has been confined to
the coherence created between the states within the proposed
regime of operation.

In comparing and contrasting the present technique to the
transmission mode pump-probe measurements several features
distinguish the present technique. DQC measures one specific
component of the nonlinear polarization of the cavity polariton,
unlike the pump-probe analog. The pump-probe technique also
includes the pathways analogous to polaritonic Raman scattering
pathways. Thus the DQC signal is more specific to the purpose of
this article. The two-polariton coherence is explicitly monitored by
isolating the signal components as suggested by the plausible
implementation via phase-cycling schemes. It can be also
highlighted that the present technique works by projecting the
two-polariton coherence in two competing coherence components
of lower order. The relevant processes leading to the signal occur
during the last two time intervals. The degree of discrimination of
the pathways, reflected in the associated dynamical spectral weights
decides the magnitude of the signal. In contrast to the pump-probe
studies, the off-diagonal spectral signatures in the correlation plots
required to be interpreted differently. In the latter, the cooperative
features appearing in the above-mentioned sector carry less specific
information regarding the physical origin of the polaritonic
correlation due to non-discrimination between pure two-one
polariton coherence and two-polariton-one polariton coherence.

The study can be extended to accommodate the explicit two-
polariton transport phenomenology by studying the fluorescence-
detected phase cycling protocols [74, 75]. The latter is a four-wave
mixing analog but aimed at investigating the longer-time state

Entangled Biphoton Enhanced Double-Quantum Coherence

correlation properties in the presence of phonon-induced
dynamical population redistribution. The longer-time dynamical
information thereby obtained is complementary to the information
provided by the short-time dynamics investigated in this article. An
investigation in this direction is on the way. Furthermore, one may
combine the interferometric detection schemes to separate the
pathways as recently proposed [76, 77].

The theoretical description adopted for describing the dissipative
polaritonic matter is formulated at the level of a quasi-particle
approach. The quasi-particle Green’s function was chosen to
describe the signal [78]. Over the last few years, a host of
promising methods have been proposed that can potentially deal
with the complexity of the quantum aggregates in near future. These
methods have offered several different flavors of treating the matter
and the cavity modes. We have, namely, quantum electrodynamics
based hybrid (density) functional formulation [79-82], cluster-
expansion [21], potential-energy surface-based dynamical
calculations combined with the trajectory-based propagation for
the cavity quadrature modes [83, 84], path integral based unified
framework for nuclear modes and the idealized cavity modes
[85-87], first-principles simulations [88-92]. Incorporating these
methods to describe the phenomenology described in this article
will require a qualified description of exciton formation, a
description of exciton-exciton scattering in the presence of a
dielectric environment, and nuclear propagation.

We also note that the numerical simulation adopted the
analytical expressions which have been derived under the
assumption of generalized time-translational invariance. For
systems driven out-of-equilibrium via additional laser pulses,
one may expect to see more correlation features in the signal.
The scope to add additional pulses and using the biphotons as
probes, although offers a more complicated scenario, is a
promising avenue for future study of nonlinear response in
correlated quantum materials [93-97].
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APPENDIX

In this appendix, we provide two sets of supplementary
information that aid the main text. It is composed of a
relevant figure of merit for entanglement in the biphoton
source and a description of parameters regarding the phonon
spectral density.

A1 Singular Value Decomposition of the
Biphoton Spectral Function

The singular value decomposition of the joint spectral amplitude of
the biphoton sources provides an estimate for the number of effective
modes that participated in mode-squeezing. It can be analyzed by
obtaining the singular value decomposition of the said function at
different parameter regimes. It can be seen in Figure A1 that the cases
involving the shorter temporal entanglement parameters increase the

Entangled Biphoton Enhanced Double-Quantum Coherence

number of effectively squeezed modes. Also, a decrease in the pump
bandwidth decreases the modal amplitudes for a case with
comparable temporal entanglement parameters. The classical two-
photon pulse, unsurprisingly, presents a plot reminiscent of the
uncorrelated feature.

A2 Phonon Parameters

The site-independent spectral function is composed of discrete
frequencies which primarily induce multiple timescales
Markovian dissipation. Here we enlist the parameter values for
the 48 structured phonon modes used in the simulation [59-62].
Along with these values, the values of other parameters are given
as, y; (cm™) = 30.0 for all the multimode Brownian oscillators.
Corresponding Figure A2 illustrates the spectral density
distribution. The parameter values for the overdamped
oscillator are given by, Ay (cm™) = 37.0 and Yo (cm™) = 30.0.
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FIGURE A1 | Singular values for the three sets of entangled biphoton sources corresponding to a similar parameter regime of the ones used in the simulations of
Figure 3. For the first two plots [i.e., in (A,B)] the values are truncated at ng,q = 50, and for the third one [i.e., in (C)], at n = 25 (after normalization). The classical two-
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FIGURE A2 | (A,B) The list of the v; (cm“) parameters corresponding to the multi-mode Brownian oscillators.The list of the A; (cm‘1) parameters corresponding to
the multi-mode Brownian oscillators. (C) The spectral function of the structured phonon modes (corresponding to the multi-mode Brownian oscillators) used in the
simulation.
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Frequency Conversion of Optical
Vortex Arrays Through Four-Wave
Mixing in Hot Atomic Gases

L. A. Mendoza-Lopez, J. G. Acosta-Montes, J. A. Bernal-Orozco, Y. M. Torres, N. Arias-Téllez,
R. Jauregui* and D. Sahagun Sanchez*

Departamento de Fisica Cudntica y Fotdnica, Instituto de Fisica, Circuito de la Investigacion Cientifica s/n, Universidad Nacional
Auténoma de México, Ciudad Universitaria, Ciudad de México, México

Arrays of multiple vortices were transferred from infrared to the blue region of the optical
spectrum. This demonstration was achieved by inducing four-wave mixing in an atomic
gas with a Gaussian beam and a quasi-invariant propagation beam of the Mathieu type.
The latter structure was analyzed in the Fourier space for the pump and the generated light.
In both cases, the phase structure can be written with a compact mathematical expression
by using the same parameters within experimental error bars. A Michelson-Morley
interferometer was used to confirm that a phase singularity was present at each site
as predicted by the theory. These studies add to the available control over orbital angular
momentum in photons generated by atoms, which has a broad span of applications in
guantum and classical information management.

Keywords: four-wave mixing, atomic gases, quantum light, structured beams, orbital angular momentum, hot
atoms, Mathieu beams, up-conversion

1 INTRODUCTION

The angular momentum of light has been the subject of fundamental discussions about its analogies
with atomic variables for nearly one century [1]. In 1993, Beijersbergen and colleagues demonstrated
that, indeed, laser light can carry orbital angular momentum (OAM) by means of an appropriate
preparation [2]. Thereafter, the OAM of light has been employed for a vast quantity of classical
applications covering from microscopy and micro-manipulation to astrophysics and medicine [3].
This variable became an additional resource of quantum engineering once researchers were able to
transfer it to correlated photons through spontaneous parametric down conversion (SPDC) [4, 5];
large Hilbert spaces became available for the subsequent treatment of entangled-photon pairs [6-8].

Since OAM can be transferred to and retrieved from atoms [9], it is also possible to generate
quantum light-carrying OAM by inducing four-wave mixing (FWM). Controlling the
electromagnetic degrees of freedom through this non-linear process makes it possible to
generate light correlated in the time [10], useful to build, for example, quantum memories [11].
Ladder-type schemes of FWM in the alkali elements allow to convert light from one end to the other
end of the optical spectrum, and even beyond. For example, exciting applications arose from
generating and detecting electromagnetic fields at terahertz frequencies through FWM [12-15].
Here, we drive attention to the double transition 5S;,, — 5P3/, — 5Ds,, of Rb®’, which yields a beam
at 420 nm during the second step of its cascade decay that can be readily detected [12] (Figure 1).
This scheme has been a workhorse to those interested in developing the usage of OAM on light with
atomic origin because the up-converted beam is relatively simple to collimate and optimize in setups
where FWM is induced on hot atoms [16, 17]. Thus, the experiments involving this collimated blue
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HM-G

776 nm
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420 nm
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58112

FIGURE 1 | Set of Rb®” transitions yielding collimated blue light through
its second decay during four-wave mixing. Here, the 5S1,, — 5Pz, was
excited by a helical Mathieu-Gauss beam, whilst the 5Pz, — 5Ds/» was
induced with light carrying a Gaussian profile.

light (CBL) are suitable for building scalable and robust devices,
as desirable for practical applications. Quantum technologies are
included since phase matching during the FWM process indicates
that the OAM entanglement should be present between the CBL
and the electromagnetic field at 5 ym (CMW), emitted during the
cascade decay, whenever the appropriate choice in the parameters
of the pump beams is carried out, especially if the total topological
charge of the pump beams is large enough [18].

Single, optical vortices were first up-converted by [19]. In
[20], it was shown that it is possible to perform arithmetic
operations with the OAM traveling on both pump beams
through FWM. Moreover, optical vortices with a helicity up
to +30 are transferable to the CBL as well [21]. In those
experiments, the FWM process was pumped with
Laguerre-Gauss beams that carry one phase singularity
along a straight dislocation line. However, since 2002, it has
been possible to generate arrays of optical vortices on laser
light using Mathieu modes [22], members of the quasi-
propagation invariant beam family [23]. This family of
structured beams has given birth to numerous scientific
discoveries through micro-manipulation of biological
materials [see for example [24]]. More recently, they have
yielded new methods to control the spatial and the correlation
properties of photon pairs generated by SPDC [25].

In a recent publication, we reported the up-conversion of
quasi-propagation invariant Mathieu beams through an
FWM process in hot atoms [26]. There, the light-mode
analysis was performed by studying in detail the Fourier

Frequency Conversion of Optical Vortex Arrays

and configuration spaces of the electromagnetic fields.
These are well-established methods for experiments using
non-linear crystals. However, they were introduced to the
context of atomic gases in [26]. For those experiments neither
the pump beams nor the CBL exhibited vortices. In this
article, we report that modes containing arrays of optical
vortices are also inherited via FWM. We also show that
Michelson-Morley interferometry is a suitable tool to
confirm this fact. A simulation of the classical interference
pattern serves as a reference to locate the phase singularities.
We induced FWM as depicted in Figure 1: with a Gaussian
beam (G) resonant to the 5S,,, — 5P5, transition and a
helical Mathieu-Gauss beam (HM-G) exciting the 5P;,, —
5Ds,, second step. We demonstrated that a non-trivial density
of OAM was transferred from the pumping HM-G beam to
the generated CBL. Our findings complement studies of non-
linear processes, where the local density of angular
momentum of light is connected to a spatially dependent
polarization [27]. The results that we present here add two
tools to experiments of this kind: conversion of light with a
quasi-propagation invariant structure and several dislocation
lines; and an extraordinary control over the properties of the
generated light based on manipulating the atomic states
involved in the non-linear process.

2 HELICAL MATHIEU BEAMS

In this section, we describe a few basic features of the structured
light fields used in the experiment. We start with the elementary
Mathieu modes that do not exhibit vortices but are the basis from
which helical Mathieu beams—which may have more than one
dislocation line—are built.

Elementary Mathieu modes are written in terms of scalar
functions W (r,£) that solve the following wave equation:

N

in elliptic-cylindrical coordinates {¢, #, z}. These coordinates are
related to the Cartesian space {x, y, z} by the transformations:

56 [0’ °°)’

10

_Czatz]\y(?,t) =0, (1)

x +iy = hcosh(& +in), nel0,2m); and z =gz,

2

where the constant h corresponds to half the inter-focal distance
of the ellipses defining the coordinate system. The wave-equation
in elliptic-cylindrical coordinates can be solved by the separation
of variable method. By demanding the solutions to have a well-
defined parity with respect to reflections through the z-plane, and
to take finite value as £ — oo, the following expressions for the
scalar wave function ‘I’(;, t) are found [28]:

YO(r,t) = Aden (& q)ce, (1 q)e <,

5 , 3
YO(7 1) = Blou(E ses(mag)e . O

Here, ce, (7, q) and se,(#, q) are the real even and odd ordinary
solutions of the Mathieu equation:
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2 2
o]0 o-(5)

Ki = (w/c)* - kﬁ;

4

and Je,(#, q) and Jo,(y, q) solve its modified analog as follows:

& —2qcosh2¢ [P =
i +a,-2qcosh2&(F,"’ (&,q) =0. (5)
In general, the characteristic values a,, and b,, for even and odd
Mathieu functions, respectively, are ordered by the progressive
parameter . For a given n, a,, # b,,. The label x in Eq. 3 denotes a
set of separation constants w, k, .
The wave function ¥ (r,t) satisfies the following eigenvalue
equations [29],

i%‘l’(;, t) = w¥(r,t), —i%‘{’(;,t) =k¥(rt), (6)
L[E)0) (1)) o)
L = (7= (0,0, £ b)) x (-iV); (6b)

(lAi)z is the z—component of the Ti vector.

As a consequence, once the generalization to vectorial
electromagnetic waves is carried out and the standard
quantization is performed [30], in the quantum realm, the
parameters {w, k,, a,} are assigned to a photon described by
these EM modes, an energy iw, a linear momentum along the
main propagation axis ik, and an algebraic mean value of the z-
component of the angular momentum with respect to the axis
passing through the foci of the elliptic coordinate system, #%a,,.

The angular spectrum of Mathieu fields,

| cos 0|
sin 9,; ’
(7)

allows them to be written as the superposition of plane waves,

S O g5 ) = £ (9. ) (sin 0 - x.c [ )

¥O(50) = [ dwato) [ @ks(w-dk)e 5O @ )
®)

The delta factor in Eq. 7 guarantees cylindrical symmetry on the
field by restricting the participating plane waves to those sharing a
common modulus xk, of their transverse wave vector.
Nevertheless, actual realizations of Mathieu beams involve a
conic-shell volume within the wave-vector space derived from
replacing the delta distribution by a properly normalized
Gaussian distribution [31]:

1 _ (sin0-x) c/w)?
2(ca/w)?

(co/w) \/ﬁe

with waist 0. This spectrum can be codified in a spatial light
modulator (SLM) to generate electromagnetic Mathieu modes in
the paraxial regime (x, <|k,|) with a polarization determined by
the quasi-plane waves that impinge the SLM. Transfer of the
elementary Mathieu modes described here from infrared to blue
light via FWM in atomic gases has recently been reported [26].

8(sinf-x,c/w) — ©)

Frequency Conversion of Optical Vortex Arrays

Optical vortices in scalar fields are locations where the phase is
not well defined and exhibits a change of 2m¢ along any closed
loop around them; the integer m is called topological charge.
Close to a vortex, the field magnitude is zero, but the density of
orbital angular momentum is not null. Even though the phase
structure of scalar solutions ‘I’fce) (;, t) and ‘I’fc") (;, t) do not
exhibit this kind of singularity, a proper superposition of them
can give rise to one or more optical vortices with topological
charges +1. This happens for generalized-helical Mathieu beams
with angular spectrum

S (60 9z) = I cen (91, q) + i sen (91, q)-

Most studies in the literature consider the case for which the real
constants Z ,(f) and 7 ,50) have the same absolute value [32].

By varying the plane of observation, optical vortices create the
so-called dislocation lines. In the ideal case (¢ — 0), helical
Mathieu beams are propagation invariant, and the dislocation
lines are straight and parallel to the main direction of
propagation. For actual helical Mathieu-Gauss beams, the
dislocation lines are open but exhibit a slight curvature due to
the unavoidable partial focusing of any Gaussian-like beam.

For the experiments reported here, we used a helical
Mathieu-Gauss mode with n = 4, I,(f) = Ir(f’), x, = 11 mm™},
0=0.038k,,and g =21.78 as an illustrative example. A simulation
of its intensity profile on the z = 0 plane is shown in Figure 2A;
some vortices are highlighted with blue circles where the intensity
is null. The corresponding phase diagram is shown in Figure 2A.
There, one can corroborate that the phase changes by 27 around
the neighborhood highlighted in (A), so that the topological
charge is unitary. Figures 2C,D show this beam in the Fourier
space. Figure 2C depicts its intensity in the k, — k, plane, and
Figure 2D plots its angular dependence along the central «,
circle.

(10)

2.1 Phase-Matching Conditions Involving
Gaussian and Helical Mathieu-Gaussian
Pump Beams in FWM

Our experiment concerns the four-wave mixing process
illustrated in Figure 1, where the 5Ds, state of RbY s
populated through a ladder transition excited by G and HM-
G. Both pump beams satisfy the paraxial condition k, ~ w/c. The
cascade route explored in this work involves an electric-dipole
decay in the microwave region, 5Ds;, — 6P, and a blue photon
arising from the 6P;,, — 5S;, relaxation. A standard perturbative
analysis of the steady-state amplitude for spontaneous emission
of microwaves with electric fields ECMW(;)e‘i“’C‘”"“" and blue
photons with EéBL (;)e‘i‘”CBLt shows that it is proportional to

% [ECMWa ECBL] =

=

j dteiwonrocn j S o
CMW CMW CBL

ok

'ECBL(;)QG(;’ t)QHM—G(;’ t)fA(;>t)) (11)
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FIGURE 2 | Plots simulating a helical Mathieu-Gauss beam of order 4 (chosen to prepare HM-G). (A) Intensity profile; (B) spatial dependency of its phase. The blue
circles on (A) and (B) enclose zero-field regions where optical vortices are expected. (C) Fourier ring formed at the focal length of the lens used for its experimental
manipulation, and the orange curve in (D) illustrates the corresponding angular spectrum.

where aCMW (&CBL) is the dipole moment of the 5D5/, — 6P,
(6P3;, — 5S3/,) atomic transition and f4 (r t) is the atomic
density; the Rabi frequencies of the pump beams, Qg (r,1) and
Qum-c (r, t), encode their space-time structure. For ideal
monochromatic G and HM-G, the temporal integral yields the
phase matching condition

WG + WHM-G = WemL T WepL (12)

with angular frequency wcpy (wepr) in the microwave (blue)
region. Meanwhile, integration over the z-coordinate and the
paraxial approximation gives rise to

(ko). + (kum-c), = (kemr), + (Kesr).-

Asin [26], the transverse structure of G is a superposition of plane
waves with Il-é | centered at zero and the transverse structure of
HM-G centered at |7< | with a finite value. Photons of CBL have a
wider wave-vector range than the microwaves, and thus, it may
inherit the k, structure of HM-G. Consequently, the down-
converted modes are expected to have a Gaussian-like
transverse configuration. An important difference with
experiments reported in [26] is the possibility that the local
phase structure of the vortices could have been transferred to

(13)

both CBL and CML. That may happen to photons in the vicinity
of a phase singularity with a topological charge m since the Rabi
frequency Qur-c (r t) is position-dependent. In such case, the
Eé&yr (r) and E¢pr (r) electric fields exhibit a phase singularity
where their topological charges mcp; and mcy,y satisfy

Muypm-g = Mceyw + McpL, (14)

maximizing the integration of |%[ECMW,I§CBL]| in a
neighborhood around each phase singularity of Qg (7 1).
Since for Mathieu beams, the absolute value of the topological
charge is either 1 or 0 (absence of phase singularity), it is expected
that the phase singularities of the CBL light should add to either
+1 or zero. If |mcpr| > 1, its complement would require a
topological charge of even greater absolute value |mcayw| > |
mcpr| to guarantee the local phase-matching. Thus, dislocation
lines in the pump, in the up-converted photons, and in the down-
converted photons could evolve complex enough to compromise
their stability. In a simpler scheme, vortices with a topological
charge equal to that of the pump, Mathieu beams are transferred
to the blue light. This is congruent with Ref. [26], where the
Mathieu structure of even and odd modes is directly transferred
to the CBL beam. It also extends to a local-space context, the
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configuration analysis setup for locating the optical vortices.

FIGURE 3 | Experimental setup to induce FWM in a hot atomic vapor of Rb®” with one helical Mathieu-Gauss (top) and a Gaussian beam (bottom). (A) Both pump
beams are prepared and overlapped through the atomic sample whilst being heated by an oven. (B) Michelson-Morley interferometer that replaces the Fourier and

M2

discussion presented in [18], which predicts that the topological
charge of Laguerre-Gauss beams will preferably be transferred to
the blue light for paraxial-pump beams satisfying the Boyd
condition, unless the topological charge of those pump beams
is large enough.

3 EXPERIMENT

To perform experiments, we used a similar apparatus as that
reported in [26] with an additional interferometric module. Here,
we describe only its main features and the Michelson-Morley
arrangement by which the optical singularities were detected.

The experimental setup is schematized in Figure 3. Both HM-
G and G pump beams are frequency-stabilized in separate
spectroscopy setups which are not shown. Every data reported
in this article were taken with G resonant to the 5S,,, — 5P,
transition (8; = 0); §, was set to —16.2 MHz, optimizing the
intensity of CBL on its Fourier plane within a +20 MHz range.
The top part of Figure 3A illustrates the optical arrangement for
generating arbitrary Mathieu-Gauss beams with a phase-only
SLM [33]. Their cross section has a long diameter of about 4 mm.
This size is matched to the G beam with the help of telescope T1,
as shown in the bottom part of Figure 3A. Experiments were
performed by saturating the first FWM step with a power of
27mW on G; HM-G carried 7mW only. Both beams are
overlapped on an interference filter F1 to co-propagate them
across a heated spectroscopy cell. This guarantees the Boyd
criteria for the efficiency in the FWM process The Fourier
space of HM-G is imaged right before interacting with atoms
by placing CMOS-I at the focal plane of lens L1. The CBL is
equally monitored by focusing it with L2 on CMOS-2.

Figure 3B depicts the Michelson-Morley module added to
analyze the phase of CBL. This interferometer is a variation of the
simplest technique to detect an optical vortex: to interfere with

the studied beam with an inclined plane wave, resulting in a fork-
like interferogram. By counting the fork number in the resulting
pattern and observing their relative orientation, the vortex order
and its corresponding sign can be precisely assigned. We did not
try to produce a blue plane wave to interfere with CBL because
that requires an extra laser. Instead, we split the CBL, letting it to
interfere with itself. Clear inference patterns can be readily
observed by overlapping the center of one arm with the
external field of the other, where the CBL-phase structure has
its smallest variations [34].

The Michelson-Morley module is placed instead of lens L2
and CMOS-2 at the right end of Figure 3A—right after the
interference filter IF2, which removes remnants of pumping light.
Two arms with CBL are created by a 50:50 beam splitter cube.
Each one of them is retro-reflected by its respective mirror (M1
and M2 in Figure 3B) in order to overlap them on a simple
CMOS camera. For this interferometer to work, the arms should
be slightly misaligned. The distance between them when
impinging on the CMOS chip is controlled using a translation
stage driving the angle 0 of M1.

4 RESULTS

We characterized both electromagnetic fields by measuring their
angular spectra from images of their Fourier plane to show that
the structure of HM-G is transferred to CBL through the FWM
process. This allows to formulate a compact expression for the
two beams in terms of parameters that define the ideal Mathieu
mode programmed to the SLM [26]. The analyses were
performed for the illustrative example described in Figure 2.
Its relevant parameters are shown in Tablel. The interference
patterns of CBL with itself confirmed that the full set of vortices,
theoretically expected on the major axis of the Mathieu mode, are
present in the generated light.
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TABLE 1 | Consolidation of parameters measured from angular spectra of the
M-G pump beam and the CBL; the parameters used for simulating the chosen
illustrative mode, displayed in Figure 2, are shown for reference.

SLM (theory) HM-G CBL
k. (mm™) 11 33.0 + 0.34 33.2+0.78
Iff) @u) 1.00 1.00 + 0.06 0.99 + 0.13
Iff’) @u) 1.00 0.98 + 0.08 1.00 + 0.16
q 21.78 21.4 + 0.65 211 +£1.20
¢o (degrees) 0.00 -7.70 £ 0.27 -5.38 £ 0.51

4.1 Analysis in the Fourier Space
Fourier rings of CBL were imaged for an atomic-gas temperature

ranging from 70 to 120°C. The data presented in this section were
taken at 95°C because this is one of temperatures for which the
angular spectrum of CBL yields a visibility that allows reliable
identification of the parameters that mathematically describe the
generated field.

Figure 4 depicts the Fourier analysis for both G-M (A) and
CBL (B). Their transverse wave-numbers are given by the radius
of the averaged ring scaled by 1/fA, where fis the focal length of

Frequency Conversion of Optical Vortex Arrays

the corresponding Fourier lens and A is the wavelength of the light
[35]. The measured values are x!"™~C = 33,0 £ 0.34 mm ™" (red
ring) and kP! = 33.2 + 0.78 mm ™" (blue ring); essentially, all the
transverse momentum was inherited to the blue light through the
FWM process, as expected. The angular spectra of both
electromagnetic fields are analyzed at the right of Figure 4.
There, blue dots are data extracted from the circle with radius
x, for each case, and orange curves are the best fit to them with
Eq. 10. Both graphs display a noise offset that was accounted for
by adding a constant term to the adjusted function. Table 1 shows
the parameters yielding the best fit for the angular spectra of HM-
G and CBL with a coefficient of reliability R* of 0.89 and 0.81,
respectively. It is useful to first verify that Z* = |Z | in HM-G,
as programed with the SLM. This is indeed the case within error
bars as can be read from the second column, where both values
normalized by 7 f) are shown. The full characterization of HM-G
in the wave-vector space finishes by realizing that the fitted
ellipticity parameter q (21.4 + 0.65) agrees with its programed
value in the SLM.

Evidence of an enhanced, spatial, and spectral coherence
on the CBL has been observed [36]. This imposes an extra
difficulty on aligning and overlapping HM-G with G to

corresponding to the CBL are depicted in (B).
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FIGURE 4 | Angular spectra of the HM-G pump beam and the CBL when Mathieu modes of order 4 were transferred from the red to the blue beam through FWM.
On the left, (A) shows an image of HM-G taken using a CMOS camera at its Fourier plane, and on the right displays the best fit (orange) to the experimental data. The data
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0.0 0.5

FIGURE 5 | lllustration of the phase analysis for the CBL generated with
FWM. (A) and (B) display the intensity profile of both arms in the

Michelson—-Morley interferometer for spatial reference. (C) Image of the
experimental interference pattern with its main features zoomed at the

insets with white frame. (D) Pattern modeling the propagation of the CBL arms
with their Fresnel integral throughout their respective optical paths.

generate balanced images of blue rings; we observed that
normal incidence of the pump beams onto the input
window of the spectroscopy cell should be slightly avoided.
Figure 4B displays a sample of the best pictures that we could
achieve for CBL-Fourier rings. The best-fit parameters of its
angular spectrum are shown in the third column of Table 1.
From there, one can corroborate that Iie) =|Z.?| for CBL as
well. Finally, q for this measurement is equal to both the
ellipticity parameter programed in the SLM and its
measurement from the angular spectrum of HM-G, within
the experimental accuracy.

Frequency Conversion of Optical Vortex Arrays

4.2 Analysis of the CBL Phase Structure

Optical vortices were detected on CBL with the
Michelson-Morley interferometer depicted in Figure 3B and
are congruent with the expectations derived from the theory,
Figure 2. Power and the detuning of the pump beams were kept
the same as for measurements in the Fourier space. We found
high-visibility interference patterns at 82°C within the
experimental temperature range. Figure 5 displays a series of
images illustrating the phase analysis carried out for the example
mode chosen in this article. The image of each arm serves as a
spatial reference in the interference pattern. They can individually
be observed by blocking its counterpart, as shown in Figures
5A,B. There, the yellow circles enclose zero-field regions that are
candidates to host phase singularities; ideal Mathieu modes of
order 4 have four vortices on their mayor axis between their foci if
79 = |79, shown in Figure 2. This was experimentally tested
on CBL by letting both arms to interfere and by modeling their
propagation.

The experimental interference pattern of CBL with itself is
shown in Figure 5C. Insets with white frames enclose two
regions where inline-phase singularities are expected. Each of
these areas shows four forks witnessing four optical vortices.
One can observe that the absolute value of the topological
charge is equal to one in all cases since the interference
fringes brake into two branches. In other words, we
measured mcpy = My Therefore, even though we did not
characterize the topological structure of CMW, it is theoretically
expected that it does not carry any phase singularity and be
Gaussian-like. Note that the forks at each arm are orientated the
other way around, meaning that the rows of optical vortices
imaged from each arm have opposite helicity. This is a
consequence of the optical path difference traveled by each
beam due to the angle 6 of M1. To corroborate the physical
significance of these observations, the Fresnel integral was
calculated throughout the optical path of both CBL beams
from their respective mirrors to the CMOS chip. Details on
this model are found in [37]. Figure 5D is an intensity plot
obtained with these calculations. Comparison between Figures
5C,D certifies the theoretical expectancy of the features in the
CBL-phase structure that were experimentally found. The small
tilt of the major axis present in Mathieu-Gauss beams [33] can
also be appreciated in Figure 5C. It has been attributed to the
Gaussian contribution required for their experimental
generation [22].

5 CONCLUSION

We demonstrated that non-trivial phase structures, composed of
arrays of optical vortices, are transferable through FWM in
atomic gases using a ladder-type double transition—that can
up- and down-convert light. This was carried out by,
respectively, exciting its first and second steps with Gaussian
and Mathieu-Gauss beams. We confirmed that the HM-G pump
beam was appropriately characterized by the parameters of an
ideal helical Mathieu mode, as well as the generated CBL, by
measuring their angular spectra in their respective Fourier planes.
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For probing phase singularities, we successfully introduced
Michelson-Morley interferometry to the analysis of light
generated by FWM in atomic gases.

Measurements in the Fourier space showed that the
transverse components Kf"M = EBL. Therefore, momentum
perpendicular to the propagation of helical Mathieu modes is
fully transferred from HM-G to CBL as well as happens
individually for the odd and even cases [26]. During the
same analysis, we showed that the ellipticity parameter g of
the Mathieu modes is also transferred within our experimental
accuracy. With Michelson-Morley interferometry, we verified
that the zero-field regions on the semi-major axis of CBL carry
the optical vortices of the mode that was fed to atoms by HM-G.
We also observed that the topological charge of vortices on HM-
G is equal to the topological charge of vortices on CBL. This
testifies that the microwave field CMW should not be carrying
OAM in this very context. Nevertheless, this situation should
change if the pump beam G is imprinted with phase structure
as well.

Our work is a step forward to classical applications requiring
multiple vortices on light with frequencies hard to achieve such as
free-space multiplexing with OAM [38]. In principle, our results
can be extended to generate twin beams controllably carrying
multiple phase singularities. Therefore, they also contribute to
enhancing OAM-multiplexing with quantum light. This exciting
application has been recently demonstrated [39]. It has been
subsequently employed to perform OAM quantum teleportation,
tripartite entanglement, and quantum dense coding in photon
pairs with similar frequencies [40, 41, 42]. Therefore, our
contribution may well be the key that opens access toward
implementing these applications with differently colored,
quantum-correlated light carrying several OAM channels in
addition to remote preparation of highly structured optical
states [27].
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We investigate quantum beats by monitoring cooperative emission from
rubidium vapor and demonstrate correlated beats via coupled emission
channels. We develop a theoretical model, and our simulations are in good
agreement with experimental results. The results pave the way for advanced
techniques measuring interactions between atoms that are excited to high
energy levels.

KEYWORDS

ultrafast spectroscopy, quantum beat, rubidium, quantum interference, quantum
coherence

1 Introduction

Quantum coherence plays important roles in many advances in quantum detection
and control techniques in the recent two decades, such as coherent anti-Stokes Raman
scattering (CARS) spectroscopy [1, 2], multidimensional Fourier transform spectroscopy
[3], wave packet control of atoms and molecules [4-6], and quantum interference control
of photocurrent [7], due to the fact that optical interference can reveal the quantum
pathways in which the system evolves. Quantum computers also heavily rely on coherent
manipulation of quantum states, for e.g., in atomic, ionic, and superconducting circuit
qubits [8-10]. These systems use dipole-dipole interactions to simulate many-body
physics. Thus, it is important to measure the interactions of atomic/ionic systems at
different energy states. Recent works using double-quantum two-dimensional coherent
spectroscopy were able to detect long-range dipole-dipole interactions in low-density
atomic vapors [11]. It has also been demonstrated that by comparing the shape, including
broadening and sidebands, of the Fourier spectra of measured quantum beat patterns to
theoretical models, the number of atoms involved in dipole-dipole interactions can be
characterized for an excited atomic ensemble [12]. Most importantly, this method
provides a possible route to measure dipole-dipole interactions at many highly
excited states. Therefore, improving quantum beat measurements for highly excited
atomic systems is of great interest.

Many of these quantum beating experiments [12-15] were carried out in pump-probe
configurations. Typically, a laser pulse is split into two with different intensities; the
stronger one is used as the pump pulse and the other as the probe. The delay between the
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(A) Experimental schematics for observing the multichannel quantum beats. The pump (656 nm) and the probe (1491 nm) laser pulses were

collinearly combined and focused into the rubidium (Rb) cell. Normalized spectra of the input pulses are shown as they are generated from OPAs.
M1-M5 are mirrors. PBS is a Pellicle beamsplitter. BPF is a band-pass filter centered at 420 nm with full width at half maximum (FWHM) of 10 nm. (B)
Simplified energy level diagram of ®’Rb. Broadband pump pulses excite atoms from 5S to both 95 and 7D levels; probe pulses couple 9S and 7D

levels to 6P levels. (C) Illustrations of fourth-order quantum paths, which result in exchanging transition probabilities of the two 6P fine structure
levels and beat pattern’s envelope oscillations as discussed in the text. (D) Spectra of the emission (black and red dots) measured at a delay time of
0.5 and 5 ps between pump and probe pulses; two distinguishable lines (dashed lines) at 420 and 421 nm are fitted to each spectrum. The solid lines

are the sum of the fitted Voigt profiles.

pump and probe pulses is scanned to obtain a beat pattern. At the
density of atoms (or molecules) at which quantum beats are
observed, the first few or ten picoseconds of the coherent optical
signals exhibit exponential decay envelopes. This is attributed to
superfluorescence (SF) processes, where the single-pass gain is
large enough to overcome dephasing in a population inverted
system, and a build-up polarization results in a burst of emission
[16, 17]. In this work, we present experimental data to determine
a time scale for this process, based on our previous studies of SF
processes in the same atomic system and other systems [18, 31].
at different
wavelengths for the pump and drive/probe pulses, which

Furthermore, because we used two beams
effectively couple much lower energy levels, we were able to
see some transitions which are weak or negligible in other
experiments, e.g., in [19].

We investigate multichannel quantum beats via the 420 nm
and 421 nm radiation from an atomic vapor of *Rb, and relevant
energy levels are shown in Figure 1B. The atoms are two-photon
excited from 58 to both 9S and 7D levels by ultrashort laser pulses
with a broadband spectrum centered at 656 nm, and A’s are
angular frequency differences between energy levels. The
broadband drive pulses centered at 1491 nm couple the fine
structure levels of 9S and 7D to those of 6P. According to
selection rules, all transitions from 9S and 7D to 6P are
dipole-allowed, except the 7Ds;, — 6P, transition. The sum
rule [20] tells us that the transition intensity of the three labeled
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ones from 7D to 6P in the figureisa: b:c=5:1:9. If we imagine
that transition b is absent, one can see that when the delay
between pump and drive pulses is scanned, the beat frequency
A,/27 can be seen on the 420 nm transition, while the 421 nm
transition can show the beat frequency of A,/27. Furthermore,
since the two channels are coupled through levels 9S (and weakly
via 7Ds/,), multi-photon processes, as shown in Figure 1C, are
Ay)/2m. All these
happen in a typical SF time scale of ~ 20 picoseconds. In the

revealed through the beat frequency of (A, —

following sections of this article, we will discuss these aspects in
detail. In Sections 2, 3, we describe the experimental setup and
results. Section 4 is devoted to a theoretical model of
multichannel beat processes. An approximate formula for beat
intensity is derived using the fourth-order time-dependent
perturbation theory. We summarize the experimental and

theoretical results in the last section.

2 Experimental methods

The experimental setup is shown in Figure 1A. Femtosecond
laser pulses with wavelengths centered at 656 and 1491 nm were
collinearly focused into a thin rubidium vapor cell. The cell is
made of sapphire which allows a high temperature operation. It
has a cylindrical shape with a total length of 5.3 mm, two 1.7-
mm-thick windows, and a diameter of 1 inch. Rb vapor fills the
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FIGURE 2

Experimental data with fitted functions. (A) Long-range scanned data with a time resolution of 0.0133 ps. Solid lines represent the measured
data, and dashed red lines are fitted exponential decay curves. The fitted curves give an average decay time of 16.14 ps. (B) Fast Fourier transform
(FFT) filtered 421 nm data (black dots) fitted to a damped sine curve (red line) in a 10 ps time window. The DC offset is removed by the FFT filtering. (C)
Zoomed-in window as shown in the green dashed box. (D) Data of 420 nm signal (blue dot and line) and fitted damped sine curve (red line) in

the same time window as (C).

1.9-mm-long space sandwiched between the windows. The
generated signal was analyzed using a spectrometer (HR4000,
Ocean Optics). The pump (656 nm) and drive (1491 nm) laser
pulses were generated from two optical parametric amplifiers
(OperA, Coherent) pumped by 800 nm, 30 fs laser pulses from a
Ti:sapphire femtosecond laser system (Legend, Coherent) with a
1-kHz repetition rate. Both pulses were linearly polarized, with
the same polarization. The pulse energy of each beam was
controlled using a reflective-type continuous variable neutral
density filter. The probe beam was retro-reflected by a pair of
mirrors mounted on a digitally controlled translation stage
(Newport) to precisely adjust the time delay between pump
and drive pulses. Both beams were collinearly combined by a
pellicle beamsplitter (PBS) and were focused using a lens with
200 mm focal length into the Rb cell. The cold reservoir of the cell
was kept at 214 °C, and the number density of *’Rb atoms was
estimated to be 1.3 x 10" cm™ [21].

3 Experimental results and discussion

The spectra of the coherent emission in the forward direction
are shown in Figure 1D. They were obtained with an average
pump power at 2.0 mW and 0.5 mW of the drive at two different
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delay times between pump and drive pulses. As we scan the delay,
two peaks clearly change their intensities; thus, we fit each
spectrum by double peaks of Voigt profiles. In the fitting, the
two peaks share the same line widths, while the positions and
intensities of two peaks plus a constant baseline are independent
parameters. Both spectra show fitted peaks at 420.2 and 421.6 nm
which match the exact values of the transitions [22] within the
calibration accuracy (0.1 nm) of our spectrometer. The fitted
spectral width of the Voigt profiles is 1.5 nm; thus, it is not
limited by the resolution (0.35nm) of our spectrometer. A
similar spectrum was taken at every step while the translation
stage was scanned.

To resolve the beat frequencies, we used a small step size of 2 ym,
which is equivalent to 0.0133 ps time delay. In order to see a large time
scale decay curve, we also scanned with a 10 times larger step size,
corresponding to 0.133 ps per step. A sample of the typical data
scanned with a smaller step size is shown in Figure 2A. These data are
fitted by a single exponential decay curve, and on average, we get a
16.14 ps decay time constant which closely matches to the delay time
of the SF signal (17.5 ps) from our previous work [18]. There are two
time constants associated with SF processes: the collective damping
time 7, governs the SF pulse width, and the delay time 7, tells how
much time the system takes to evolve before emitting an SF pulse. Our
data suggest that 7p, is a qualitative measure of the decay time of the
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beating pattern. A good match between the two time scales is
reasonable because amplified spontaneous emission (ASE) rises
from the population inversion between upper levels (9S and 7D
levels) and intermediate levels (6P, and 8P, 7P, 5P) after the atoms are
optically pumped. If there is enough single-pass gain (in other words,
enough number of excited atoms within a wavelength range), the
emission will evolve into SF [16, 17]. Coherence in the atomic
ensemble builds up, and after some delay time, a burst of light is
emitted from the atoms. This argument rises naturally as many
quantum beat experiments mentioned previously rely on the
detection of the SF or yoked SF [23] signal(s).

To extract a clear beat pattern, we performed a fast Fourier
transform (FFT) filtering which filters the decay and the dc offset
components. A typical sample of the processed data is shown in
Figure 2B. To find the beat frequency, we fit the data to a damped
sine function of the form Ay + A;e /™ sin (27 ft), where 1 is the
decay time to be numerically fit. For the 420 nm signal, we get an
average beat frequency of 6.517 THz, and for the 421 nm signal, the
average is 6.563 THz, with a difference of 46.4 + 2.8 GHz between
them. In the literature, the calculated fine splitting of 7D of Rb is
45.18 + 0.3 GHz [22]. If we zoom in the data points in Figures 2C, D,
we see the effect of the weak transition b shown in the energy
diagram in Figure 1B. The 421 nm transition has only two quantum
paths from 9S and 7D, and the data (Figure 2C) follow closely to the
fitted curve. As a comparison, the 420 nm transition has three
upstream quantum paths; even though transition b is relatively weak
compared to the other two, it is enough to dither some of the data
points off the fitted sine trace as shown in Figure 2D.

After an FFT filtering of the longer scan data shown in
Figure 2A, the beat pattern shows an overall envelope with two
features: an exponential decay and an oscillation with a frequency
of 46 GHz, which matches to the fine structure splitting of 7D.
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Figure 3 exhibits the experimental results together with
simulations demonstrating both features. The exponential
decay of this envelope is carried from the overall decay of the
signals. The reason of this oscillation is understood as follows. By
closely inspecting the energy diagram (Figure 1), it is obvious for
the 420 nm signal to carry a frequency of 46 GHz, since both
levels of 7D are involved in its quantum path. However, questions
arise are: how can the 421 nm signal also carry this frequency? Is
it from the coupling via 9S? To answers these questions, we
employ the following theoretical model.

4 Theoretical model and
interpretations

For the 6-level system as shown in Figure 1B, the atom-field
effective interaction Hamiltonian can be written as [24, 25]:

V() = =1 Qepslad bl + Qe e c)<bl
+ Qepre ™! d) (b] + Quela) el
+ Qupe™lay(fl + Qe ™ ey el
+ Qqpe OB (f] + Qgee ™ d) el

+ h.c.), (1)

that
Qeff = QI(,O) exp(—tz/ocf,)is the pump laser effective Rabi
frequency, Q;j = Qi(;)) exp (—(t — 7)*/a?) is the drive pulse Rabi

where  we  assume  Gaussian  pulses  such

frequency which couples i and j states, 7 is the delay time between
the probe and the pump pulses, and a's are pulse durations.
Because the pulses are very short compared to the SF time scale,
we essentially treat them in the delta function limit in our
calculation. The notations we use for detunings are A; =
40.99 x 10'%s7", the energy difference between 952 and 7D%
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(A) Probabilities of finding atoms on level |e) (Pc)and level |fy (Py) plotted from analytical expressions up to second-order terms. (B) Same
probabilities plotted with the expressions up to fourth-order terms. The envelope modulation of P is a result of multi-photon (> 3) interaction
between levels |c) and |f) because single-photon transition is forbidden. (C) Probabilities zoomed in 2-ps windows, and the curves have been offset
to show a relative phase shift due to different beat frequencies of the signals. Parameters used for the plots are: ochéO) =0.2, a0 = 0.6,

02 = 0Q/v2, 09 =020, 0 = 0959, and 02 = 9 VI/9. Relative transition dipole moments are estimated by the sum rule [20].

A, = 4127 x 10"s7", the energy difference between 9S> and
7D*% and A; = 14.61 x 10'%s7, the energy difference between
6P** and 6P"2. Our goal is to find the probability of finding
atoms in the |e) and |f) states using the time-dependent
perturbation theory. The second-order perturbation terms
explain the beat frequencies A;/2mw and A,/27 but lack to tell
the envelope beat in the 421 nm signal. Therefore, we use the
perturbation theory up to the fourth-order terms. The
approximate solution can be written in the following form:

iAT

P, = |eg + e,€™7 + e, %,

i iAyT 2
Py =1fo+ i+ fae®P, @

where e; and f; (j = 0, 1, 2) are constants. e, and f; are explicitly
written as:
e, = ﬂOCP(xCQE(S)*QI()O)
+ o, (20000l + 000 al af
- O O0AY A0 + 0 0P 00
+ 05 oo al)

2.3 (0)#  (0) () (0)* (y (0)
+ 370007000, (3)
_ 3 (0)% ~ (0) ( (0)* ( (0) (0)% ~ (0) y (0)% (y (0)
fl—nztxptxc(ﬂfa 220"l + afrolof al ) (4)

where we change the indices order in the complex conjugate of
the Rabi frequency such that (Qi(;)))* = QJ(»? ¥ In this notation, we
can interpret the terms in Eqs. 3 and 4 with ease. For example,
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the term 052)*052)Qe(g)*Q‘f,O)represents the fourth-order
process as pumping atoms from the ground state |b) — |d)
— |e) — |ay — |e), which is one of the final states.

We plot the probability of finding atoms on level |e) (P,) and
level |fy (Py) with parameters shown in Figure 4. For conditions
e; > e; and fi < f;, one can verify that probabilities P, and Py
oscillate at angular frequencies A; and A, respectively.
Therefore, e; and f, terms in Eq. 2 give fast oscillations, as
shown in resolved time windows in Figure 4C. Moreover, because
the frequencies are different, we can also see that the relative
phase of the beat oscillation shifts as the delay time increases. The
expression which only keeps up to second-order terms is plotted
in Figure 4A, where the envelope modulation of Py is absent;
while the plot using expression with fourth-order terms clearly
shows the modulation on Prand a larger modulation depth on P..
We conclude that the e, and f; terms in Eqs. 3 and 4 cause the
envelope modulation shown in the analytical results (Figure 4B)
and the experimental results (Figure 3). Furthermore, the main
reasons for the envelope oscillation are the fourth-order
processes coupled through the |a) state (9S;,) as well as
other processes in Eqs. 3 and 4. To see this more clearly, let
us set QY = 0 because |d) — [e) transition intensity is only 1/
9 of [¢) — |e) and 1/5 of |d) — |f) transition intensities. Then,
Egs. 3 and 4 become e; = ﬂzocpocgﬂég)*Qé‘?ﬂ}(g*ﬂi(,o)and
fi= nzapagQ}?*Qég)Qég)*Qéo), which are symmetrically
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exchanging the excitation probability from |d) (|c)) to |e) (|
f7) (Figure 1D). These fourth-order processes coupled
through the |a) state (9S,,) are the main reason for
envelope oscillation in the 421 nm signal and a deeper
modulation on the 420 nm signal.

5 Conclusion

In this work, we demonstrate that the beat pattern of the
421 nm signal is much less disturbed by other quantum pathways,
and it is potentially a better candidate for the technique described
in Ref. [12] to characterize dipole-dipole interactions. In general,
F =1/2 levels have less coupled upper levels due to selection rules;
thus, they can be used to obtain cleaner beat patterns for sensing
dipole-dipole interactions. In addition, this technique requires a
long time scan (~ 100ps) in order to get enough spectral
resolution after a Fourier transform. Our experimental data
show persistence for a longer scan range despite the decay of
the signal. Because for a weak atomic excitation, both theoretical
[26] and experimental [27] works showed that the population on
the excited states can survive for hundreds of picoseconds.

It is also possible to detect the beat pattern by monitoring the
transmission of the infrared probe [14] as well as X-ray
absorption [28], as long as different quantum pathway
interferences at a common final state are realized [24, 29].
Controls of the beat pattern and thus the quantum path have
been studied in our group by shifting the pump wavelength [15]
or adding a control pulse [4]. In the present case, a shift of the
pump beam central wavelength would tune the amplitudes and
initial phase of the beat pattern. While our current system is
based on OPAs, new laser sources can provide an extended
wavelength range to cover more transition wavelengths and give
more control of the sources, such as different frequency
generation sources that extend to mid-infrared and a versatile
single-laser platform that combines a short-pulse laser source
with a tunable broadband wavelength converter based on a
highly non-linear photonic-crystal fiber (PCF), which was
recently demonstrated for single-beam dual-color two-photon
spectroscopy [30].

In conclusion, we investigate coherent emissions at
420 and 421 nm in *’Rb. We observed quantum beats at
different frequencies on these two emissions as we scan the
delay between pump and drive pulses. The profiles were
based
theoretical model are compared with the experimental

measured, and numerical simulations on a
results. Our results suggest that the SF delay time is a good
measure of the exponential decay of the beating envelope.
With the help of the time-dependent perturbation method, a
higher order (five-photon) process was identified from the
beat envelope of the 421 nm emission. The results pave the
way for detecting dipole-dipole interactions of atoms at

highly excited states.

Frontiers in Physics

86

10.3389/fphy.2022.921499

Data availability statement

The original contributions presented in the study are
the further
inquiries can be directed to the corresponding authors.

included in article/Supplementary Material;

Author contributions

7Y, GA, and MS conceived the work; ZY conducted the
experiment and collected the data; ZY, GA, and AS analyzed
the data; TB, ZY, AZ, and MS developed the theoretical model and
simulations. TB wrote the code. All authors wrote the manuscript.

Funding

We gratefully acknowledge support of the Air Force Office of
Scientific Research (Award No. FA9550-20-1-0366 DEF), the
National Science Foundation (Grant No. PHY-2013771), and the
Robert A. Welch Foundation (Award A-1261, A-1547, and A-
1801). TB thanks the funding from the National University of
Mongolia (P2021-4180).

Acknowledgments

We would like to thank Anatoly A. Svidzinsky and Moochan
Kim for their helpful discussions.

Conflict of interest

The authors declare that the research was conducted in the
absence of any commercial or financial relationships that could
be construed as a potential conflict of interest.

Publisher’s note

All claims expressed in this article are solely those of the
authors and do not necessarily represent those of their affiliated
organizations, or those of the publisher, the editors, and the
reviewers. Any product that may be evaluated in this article, or
claim that may be made by its manufacturer, is not guaranteed or
endorsed by the publisher.

Supplementary material

The Supplementary Material for this article can be found
online at: https://www.frontiersin.org/articles/10.3389/fphy.2022.
921499/full#supplementary-material

frontiersin.org


https://www.frontiersin.org/articles/10.3389/fphy.2022.921499/full#supplementary-material
https://www.frontiersin.org/articles/10.3389/fphy.2022.921499/full#supplementary-material
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2022.921499

Yi et al.

References

1. Pestov D, Murawski RK, Ariunbold GO, Wang X, Zhi M, Sokolov AV, et al.
Optimizing the laser-pulse configuration for coherent Raman spectroscopy. Science
(2007) 316:265-8. doi:10.1126/science.1139055

2. Traverso AJ, Hokr B, Yi Z, Yuan L, Yamaguchi S, Scully MO, et al. Two-photon
infrared resonance can enhance coherent Raman scattering. Phys Rev Lett (2018)
120:063602. doi:10.1103/physrevlett.120.063602

3. Li H, Bristow AD, Siemens ME, Moody G, Cundiff ST. Unraveling quantum
pathways using optical 3D Fourier-transform spectroscopy. Nat Commun (2013) 4:
1390. doi:10.1038/ncomms2405

4. Yuan L, Pestov D, Murawski RK, Ariunbold GO, Zhi M, Wang X, et al.
Tracking molecular wave packets in cesium dimers by coherent Raman scattering.
Phys Rev A (2012) 86:023421. doi:10.1103/physreva.86.023421

5. Brinks D, Hildner R, van Dijk EMHP, Stefani FD, Nieder JB, Hernando J, et al.
Ultrafast dynamics of single molecules. Chemn Soc Rev (2014) 43:2476-91. doi:10.1039/
c3cs60269a

6. Svidzinsky AA, Eleuch H, Scully MO. Rabi oscillations produced by adiabatic
pulse due to initial atomic coherence. Opt Lett (2017) 42:65. doi:10.1364/01.42.000065

7. Wang K, Muniz RA, Sipe JE, Cundiff ST. Phys Rev Lett (2019) 123:067402.
doi:10.1103/physrevlett.123.067402

8. Ebadi S, Wang TT, Levine H, Keesling A, Semeghini G, Omran A, et al.
Quantum phases of matter on a 256-atom programmable quantum simulator.
Nature (2021) 595:227-32. doi:10.1038/s41586-021-03582-4

9. Egan L, Debroy DM, Noel C, Risinger A, Zhu D, Biswas D, et al. Fault-tolerant control
of an error-corrected qubit. Nature (2021) 598:281-6. doi:10.1038/s41586-021-03928-y

10. Song C, Xu K, Li H, Zhang Y-R, Zhang X, Liu W, et al. Generation of
multicomponent atomic Schrédinger cat states of up to 20 qubits. Science (2019)
365:574-7. doi:10.1126/science.aay0600

11.YuS, Titze M, Zhu Y, Liu X, Li H. Long range dipole-dipole interaction in low-
density atomic vapors probed by double-quantum two-dimensional coherent
spectroscopy. Opt Express (2019) 27:28891. doi:10.1364/0e.27.028891

12. Shen F, Gao J, Senin AA, Zhu C]J, Allen JR, Lu ZH, et al. Many-body dipole-dipole
interactions between excited Rb atoms probed by wave packets and parametric four-wave
mixing. Phys Rev Lett (2007) 99:143201. doi:10.1103/physrevlett.99.143201

13. Blanchet V, Nicole C, Bouchene M-A, Girard B. Temporal coherent control in
two-photon transitions: From optical interferences to quantum interferences. Phys
Rev Lett (1997) 78:2716-9. doi:10.1103/physrevlett.78.2716

14. Zhu CJ, Xiao Y, Senin AA, Gao J, Eden JG, Varzhapetyan TS, et al. Quantum
beating in Rb at 18.3 THz (608cm{- 1}) detected by parametric six-wave mixing and
sum-frequency generation in LiIO_ {3}. Phys Rev A (2007) 75:053405. doi:10.1103/
physreva.75.053405

15. Ariunbold GO, Sautenkov VA, Scully MO. Switching from a sequential
transition to quantum beating in atomic rubidium pumped by a femtosecond laser.
J Opt Soc Am B (2011) 28:462. doi:10.1364/josab.28.000462

Frontiers in Physics

87

10.3389/fphy.2022.921499

16. Maki JJ, Malcuit MS, Raymer MG, Boyd RW, Drummond PD. Influence of
collisional dephasing processes on superfluorescence. Phys Rev A (1989) 40:
5135-42. doi:10.1103/physreva.40.5135

17. Yuan L, Hokr BH, Traverso AJ, Voronine DV, Rostovtsev Y, Sokolov AV,
et al. Theoretical analysis of the coherence-brightened laser in air. Phys Rev A (2013)
87:023826. doi:10.1103/physreva.87.023826

18. Yi Z, Jha PK, Yuan L, Voronine DV, Ariunbold GO, Sinyukov AM, et al.
Observing the transition from yoked superfluorescence to superradiance. Opt
Commun (2015) 351:45-9. doi:10.1016/j.0ptcom.2015.04.035

19. Ricconi B. Quantum beat observations in rubidium vapor. Urbana, IL: UIUC
(2012).

20. Woodgate GK. Elementary atomic structure. 2nd ed. Oxford: Clarendon Press
(1980).

21. Nesmeyanov ANGR. Vapor pressure of the chemical elements. Amsterdam:
Elsevier (1963).

22. Sansonetti JE. Wavelengths, transition probabilities, and energy levels for the
spectra of rubidium (Rb I through Rb XXXVII). ] Phys Chem Reference Data (2006)
35:301-421. doi:10.1063/1.2035727

23. Brownell JH, Lu X, Hartmann SR. Yoked superfluorescence. Phys Rev Lett
(1995) 75:3265-8. doi:10.1103/physrevlett.75.3265

24. Scully MO, Zubairy MS. Quantum optics. Cambridge ; New York: Cambridge
University Press (1997).

25. Zubairy AHMS, Zubairy MS. Validity of the effective Hamiltonian in the two-
photon atom-field interaction. Phys Rev A (1992) 45:4951-9. doi:10.1103/physreva.
45.4951

26. Svidzinsky AA, Chang J-T, Scully MO. Exact solution of gradient echo
memory and analytical treatment of gradient frequency comb. Phys Rev A (2010)
81:053821. doi:10.1103/PhysRevA.81.053821

27. Xia H, Svidzinsky AA, Yuan L, Lu C, Suckewer S, Scully MO. Phys Rev Lett
(2012) 109:093604. doi:10.1103/physrevlett.109.093604

28. Guimaraes F, Gelmukhanov F, Cesar A, Agren H. Quantum wave packet
revivals in IR + X-ray pump-probe spectroscopy. Chem Phys Lett (2005) 405:398.
doi:10.1016/j.cplett.2005.02.061

29. Drithl MOK, Drhl K. Quantum eraser: A proposed photon correlation
experiment concerning observation and "delayed choice" in quantum mechanics.
Phys Rev A (1982) 25:2208-13. doi:10.1103/physreva.25.2208

30. Chebotarev AS, Lanin AA, Raevskii RI, Kostyuk AI, Smolyarova DD, Bilan
DS, et al. Single-beam dual-color alternate-pathway two-photon spectroscopy:
Toward an optical toolbox for redox biology. J Raman Spectrosc (2021) 52:
1552-60. doi:10.1002/jrs.6183

31. Wang K, Wang Y, Wang J, Yi Z, Kulatilaka WD, Sokolov AV, et al.
Femtosecond pump-probe studies of atomic hydrogen superfluorescence in
flames. Appl Phys Lett (2020) 116:201102. doi:10.1063/5.0001924

frontiersin.org


https://doi.org/10.1126/science.1139055
https://doi.org/10.1103/physrevlett.120.063602
https://doi.org/10.1038/ncomms2405
https://doi.org/10.1103/physreva.86.023421
https://doi.org/10.1039/c3cs60269a
https://doi.org/10.1039/c3cs60269a
https://doi.org/10.1364/ol.42.000065
https://doi.org/10.1103/physrevlett.123.067402
https://doi.org/10.1038/s41586-021-03582-4
https://doi.org/10.1038/s41586-021-03928-y
https://doi.org/10.1126/science.aay0600
https://doi.org/10.1364/oe.27.028891
https://doi.org/10.1103/physrevlett.99.143201
https://doi.org/10.1103/physrevlett.78.2716
https://doi.org/10.1103/physreva.75.053405
https://doi.org/10.1103/physreva.75.053405
https://doi.org/10.1364/josab.28.000462
https://doi.org/10.1103/physreva.40.5135
https://doi.org/10.1103/physreva.87.023826
https://doi.org/10.1016/j.optcom.2015.04.035
https://doi.org/10.1063/1.2035727
https://doi.org/10.1103/physrevlett.75.3265
https://doi.org/10.1103/physreva.45.4951
https://doi.org/10.1103/physreva.45.4951
https://doi.org/10.1103/PhysRevA.81.053821
https://doi.org/10.1103/physrevlett.109.093604
https://doi.org/10.1016/j.cplett.2005.02.061
https://doi.org/10.1103/physreva.25.2208
https://doi.org/10.1002/jrs.6183
https://doi.org/10.1063/5.0001924
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2022.921499

:' frontiers | Frontiers in Physics

‘ @ Check for updates

OPEN ACCESS

EDITED BY
Roberto de J. Ledn-Montiel,
National Autonomous University of
Mexico, Mexico

REVIEWED BY
Yin Cai,

Xi‘an Jiaotong University, China
Che-Ming Li,

National Cheng Kung University, Taiwan

*CORRESPONDENCE
Yuanyuan Chen,
chenyy@xmu.edu.cn
Lixiang Chen,
chenlx@xmu.edu.cn

SPECIALTY SECTION
This article was submitted to Quantum
Engineering and Technology,

a section of the journal

Frontiers in Physics

RECEIVED 09 March 2022
ACCEPTED 09 August 2022
PUBLISHED 12 September 2022

CITATION

Chen Y, Hong L and Chen L (2022),
Quantum interferometric metrology
with entangled photons.

Front. Phys. 10:892519.

doi: 10.3389/fphy.2022.892519

COPYRIGHT

© 2022 Chen, Hong and Chen. Thisis an
open-access article distributed under
the terms of the Creative Commons
Attribution License (CC BY). The use,
distribution or reproduction in other
forums is permitted, provided the
original author(s) and the copyright
owner(s) are credited and that the
original publication in this journal is
cited, in accordance with accepted
academic practice. No use, distribution
or reproduction is permitted which does
not comply with these terms.

Frontiers in Physics

TYPE Review
PUBLISHED 12 September 2022
pol 10.3389/fphy.2022.892519

Quantum interferometric
metrology with entangled
photons
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Department of Physics and Collaborative Innovation Center for Optoelectronic Semiconductors and
Efficient Devices, Xiamen University, Xiamen, China

Quantum interferences of entangled photons have engendered tremendous
intriguing phenomena that lack any counterpart in classical physics. Hitherto,
owing to the salient properties of quantum optics, quantum interference has
been widely studied and provides useful tools that ultimately broaden the path
towards ultra-sensitive quantum metrology, ranging from sub-shot-noise
quantum sensing to high-resolution optical spectroscopy. In particular,
quantum interferometric metrology is an essential requisite for extracting
information about the structure and dynamics of photon-sensitive biological
and chemical molecules. This article reviews the theoretical and experimental
progress of this quantum interferometric metrology technology along with
their advanced applications. The scope of this review includes
Hong—Ou—-Mandel interferometry with ultrahigh timing resolution,
entanglement-assisted absorption spectroscopy based on a Fourier
transform, and virtual-state spectroscopy using tunable energy-time
entangled photons.

KEYWORDS

quantum entanglement, Hong—Ou-Mandel interference, spectral and temporal
domains, biphoton wavefunction, quantum metrology, entanglement-assisted
absorption spectroscopy

1 Introduction

Quantum entanglement is a non-classical phenomenon that the quantum state of
each individual particle cannot be described independently of the state of the others,
whose nature reveals the most fascinating and unexpected aspects of the quantum world
[1, 2]. For example, the non-classical correlation of such entangled particles would not be
diminished even when they are spatially separated by arbitrary distances. Naturally,
quantum entanglement is an essential prerequisite for a variety of quantum experiments
in the field of fundamental tests of quantum physics, such as the investigation of the
Einstein-Podolsky-Rosen (EPR) paradox and the violation of Bell’s inequalities [3-5],
and practical applications, such as quantum information processing [6, 7]. The
exploitation of quantum entanglement in these specific scenarios has great potential
to outperform the schemes based on classical physics. As an example in metrology, while
an individual particle exhibits an inherent uncertainty, the joint correlation between
entangled photons can be exempt from such limitation. More specifically, the arriving
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time of the individual photons is completely random, but the
entangled photons always arrive simultaneously. These myriad
and significant implications of quantum entanglement make
them compelling for use in quantum optical metrology [8-12].

Quantum interference of entangled photons leads to many
counterintuitive results, which can be considered an absolute
necessity in the quantum mechanic’s toolkit. Thereinto,
Hong-Ou-Mandel (HOM) interference, the fact that two
identical photons that arrive simultaneously on different input
ports of a beam splitter would bunch into a common output port,
is a prototypical example of quantum interference [13]. Its
interference visibility, namely, the bunching probability, is
directly related to photons’ level of indistinguishability. The
definition of indistinguishability is on the bases of various
parameters in all degrees of freedom, such as polarization,
frequency, time, path, and orbital angular momentum. This
quantum effect enables a wide range of quantum information
processing tasks, in particular for the measurements of optical
delays and spectroscopy with the requirements for ultrahigh
resolution, precision and accuracy, and experimental
robustness against detrimental noise [14-17].

In the context of the applications in both metrology and
sensing, the precise and demanding measurements are most
likely performed as optical interference, including but not
limited to Ramsey interferometry in atomic spectroscopy [18],
(19],

studies

x-ray diffraction in crystallography and optical
[20, 21].

Quantum mechanics indicates that the fundamental shot noise

interferometry in  gravitational-wave
limit of the phase uncertainty in optical metrology based on
classical resources is 8¢ >1/ \/N, where N is the number of
systems used in measurement. For quantum entanglement,
this standard limit can be beat as the fundamental precision
limit reaches ¢ > 1/N by using a maximally entangled N-photon
state, ie., the well-known Heisenberg limit [22, 23]. Thus,
quantum interferometric metrology with entangled photons
promises ultrahigh precision and accuracy in the phase
measurement that may arise from optical delay [16, 17],
spatially structured photon [24], and dephasing time [25].
Additionally, while conventional spectroscopy based on
classical light is limited by shot noise, absorption spectroscopy
with single photons can achieve a precision that is beyond the
shot-noise limit and even near the ultimate quantum limit [26].
Therefore, quantum light provides a powerful tool to extract the
spectroscopic information of target materials by using a single-
photon monochromator [27] or tunable frequency-correlated
photons [26], which may be particularly relevant for photon-
sensitive biological and chemical samples [25]. In order to tackle
the experimental issues, quantum Fourier spectroscopy is
presented as an alternative route [14, 28, 29]. In analogy to
classical Fourier transform between time and frequency domains,
the spectral and temporal degrees of freedom of biphoton
wavefunction can also be connected by a Fourier transform
[30]. Thus, quantum interferometric spectroscopy enables us
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to extract the spectroscopic information from the temporal
pattern of quantum interference, but without the usual
requirement for flexible single-photon monochromator or
paired photons with tunable and narrow spectral distribution.

As an alternative route toward temporal measurement and
spectroscopy, quantum interferometric metrology with entangled
photons provides great advantages in resolution, precision, and
time efficiency. Typically, the conventional interferometric
approaches based on classical light, such as Mach-Zehnder
interferometer, are known as first-order interference, which is
extremely subject to environmental noise and photon loss. On the
contrary, the HOM interference based on quantum light is not
affected by variations in the optical phase, even when the
fluctuations of path length difference are on the order of the
wavelength [31]. This feature has resulted in proposals for
quantum interferometric metrology with provable advantages in
the robustness against noise and loss [32, 33], such as the
cancellation of some deleterious dispersion effects [31, 34].
Although photon wave packets are generally broadened and
delayed when they transmit through the dispersive optical
elements, the corresponding dispersion is balanced in both arms of
the HOM interferometer. Assisted by coincidence measurement made
with entangled photon pairs, the observed interference pattern can be
free of such dispersive behavior [35, 36]. These results may indicate a
new direction toward fully harnessing quantum interference in
practical quantum metrology.

In this review, our aim is to present the theoretical and
experimental progress in the investigation of quantum
interference with entangled photons and their applications in
the field of quantum metrology. Emphasis is placed on the
preparation of energy-time entanglement and its relevant
applications in temporal measurement and spectroscopy.

This review is structured as follows: In Section 2, we discuss
the creation of quantum entanglement, which is used as the
probe in quantum interferometric metrology, in particular, the
exploitation of energy-time entanglement. In Section 3, we

review the experimental implementation and practical
applications of HOM interferometry with ultrahigh timing
resolution,  regarding the enhancement of HOM

interferometry by using discrete frequency entanglement and
applications in the exploration of superluminal speeds of
structured light and dephasing time of the molecular
properties in biology and chemistry. In Section 4, we review
the quantum interferometric spectroscopy with quantum
entanglement and its applications in single-photon and two-
photon absorption spectroscopy. Section 5 contains the
conclusion and an outlook.

2 Entanglement source

Since this work focuses on the quantum interferometric
metrology with entangled photons, we first introduce the
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concept and generation of quantum entanglement, whose
specific properties enable the intriguing quantum interference
that goes beyond the possibilities of classical physics.

In the set of a quantum system consisting of #n subsystems,
the Hilbert space of the whole system is the tensor product of the
subsystem spaces, namely, H = ®, H;. As a direct result, the
basis can be written as a superposition state in the form of

V) =2, iCir,inlin)®li)® 80, (1)

where i) _,) represents the specific state of the individual
subsystems. We consider a more general case as a multipartite
system Aj, A,, ..., A,,. Typically, their many-body states can be
divided into two classes: entangled states and separable states.
One calls a state of m systems entangled if it cannot be written as

a convex combination of product in the form of

(DA a5t E P )BIDP B, .., B[ Dy ). (2)

In contrast, if the state can be decomposed into the tensor
products of subsystems, one calls it separable [37-39].
Intuitively, the entangled state is a prototypical quantum
phenomenon that lacks any counterpart in classical physics or
simulation by classical correlations [1, 40-42]. This work focused
on the two-photon entanglement in the bipartite systems with a
Hilbert space H = H; ® H,. The complete Bell basis in this state
space can be expressed by the well-known Bell states as

ey o L
1% = 5 (100)£/11))

gy o L
ly*> = 75 (101)[10)).

These Bell states have interesting properties [43-45].

This intriguing quantum entanglement is an enabling
resource for a large number of practical applications,
including but not limited to quantum information processing
[46-51], quantum metrology [8-12], and quantum simulation
[52-55]. Therefore, an efficient source of entangled photons has
long been hailed as an essential prerequisite in the quantum
mechanic’s toolkit. Among these available technologies, the
spontaneous parametric down-conversion (SPDC) process in
nonlinear materials is most commonly used in practice, which
provides advantages in fiber coupling efficiency, entangled
photon pair generation rates, and entanglement fidelity and
flexibility [56-61]. In an SPDC process, a pump photon with
high energy would spontaneously decay into signal and idler
photons, which can be tailored to exhibit entanglement in various
photonic degrees of freedom. For example, as the signal and idler
photons are created simultaneously, the time entanglement is an
inherent property of the down-converted photons generated by
the SPDC process. The spontaneous down conversion ensures
the time correlation between signal and idler photons, while the
coherent temporal modes of pump lasers enable the nonlocal
correlation. Thus, the time entanglement has been verified
through the violation of Bell inequality by using the Franson
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interferometer [62, 63] and enabling the applications in quantum
information processing [64-66]. In addition, since the frequency
bandwidth of the pump laser is much narrower than that of the
down-converted photons, the frequency entanglement arises
quite naturally as a direct result of energy conservation. More
specifically, the central frequencies of down-converted signal,
idler, and pump photons satisfy the energy conservation as w; +
Wi = Wy which directly indicates the spectral correlation of
entangled photons. Backed by the coherent spectral modes of
pump lasers that enable the nonlocal correlation, the violation of
Bell inequality in the frequency domain has been verified [67].

2.1 Generation of quantum entanglement
by spontaneous parametric down
conversion

In particular, the quasi-phase matching in the SPDC process
has a strict requirement for polarization states of pump, signal,
and idler photons. Thus, polarization entanglement can be
generated using elaborate configurations such as polarization
Sagnac interferometer and crossed-crystal scheme. In order to
implement a polarization entanglement source with ultrahigh
brightness, we use the SPDC process with collinear type-0 quasi-
phase matching, which has resulted in the highest photon pair
generation rates reported to date [68]. However, the spatial
modes of down-converted photons overlap completely, these
type-0 sources typically require wavelength distinguishability to
route photons into distinct spatial modes for independent
manipulation. Consequently, these frequency-distinguishable
signal and idler photons are inapplicable for quantum
information process applications that require indistinguishable
photons, such as HOM interference. This leads to a question of
the utmost importance: How can we generate identical entangled
photons that are separated in opposite spatial modes with
ultrahigh brightness. By superimposing four pair-creation
possibilities on a polarization beam splitter, pairs of identical
photons are separated into two spatial modes as a direct
result of time-reversed HOM interference and without the
usual requirement for wavelength distinguishability or
noncollinear emission angles [69]. More specifically, while
the typical HOM interference states the fact that identical
photons that arrive simultaneously on different input ports
of a beam splitter would bunch into a common output port,
time-reversed HOM that  the
superposition of two-photon quantum states that arrive

interference  states
simultaneously on difference input ports of a beam
splitter would deterministically anti-bunch into distinct
output ports. This intriguing interference effect enables
the deterministical separation of identical photons into
spatial
distinguishability

distinct modes without any requirement of

stability. The
resultant polarization entanglement is in the form of

photons’ and phase
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19> = 5 (HV) + VD) @
where |H) and |V) represent the horizontal and vertical
polarization, respectively. By combining the benefits of the
phase-stable polarization Sagnac sources and highly-
efficient crossed-crystal sources, we generate wavelength-
degenerate photon pairs around the center wavelength of
810 nm with a Bell-state fidelity of 99.2% and detect a pair
rate of 160 kcps per mW of pump power. Furthermore, we
believe that our source can yield entangled photon rates in
excess of 107 pairs per second for pump powers readily
attainable using compact laser diodes. These polarization-
entangled photons have been widely used in HOM
interferometry, where polarization correlation is used to
deterministically route paired photons into distinct spatial
modes such that these identical photons can arrive on
different input ports of a beam splitter.

To fulfill the
ultrabroadband  biphotons

requisites of specific applications,
high flux of

nonoverlapping biphotons with ultrahigh brightness, which is

can yield a

essential for making quantum entanglement in nonclassical
applications such as entangled-photon microscopy, quantum
spectroscopy, and optical coherence tomography. To tackle
this
nonlinear gratings that have a linearly chirped wave vector is

issue, adaptive modulation in quasi-phase-matched
used to generate ultrabroadband biphotons with a spectral
bandwidth of 300 nm, which results in the observation of
ultranarrow HOM dip with a full width at half maximum of
7.1 fs [70]. Another approach to control the spectral structure of
photon pairs is based on the SPDC process in microstructured
fibers. Specifically, by fabricating fibers with design dispersion,
the photons’ wavelengths, joint spectrum, and quantum
entanglement can, thus, be manipulated [71]. In particularly,
photon pairs with no spectral correlations are produced that
allow direct heralding of single photons in pure-state wave
packets without filtering. As the theoretical analysis and
preliminary tests suggest that 94.5% purity is possible with a
much longer fiber, an experimental purity of (85.9 £ 1.6)% has
been achieved.

Additionally, photon pairs entangled in multiple properties
have remarkable advantages, such as increasing the information
capacity for quantum communication [72-74], implementing
the complete Bell state measurements for superdense coding or
larger quantum states can be transmitted in quantum
[46, 75], enhancing the fidelity of mixed
entangled states in entanglement purification [76, 77], and

teleportation

increasing the state space for multiphoton entanglement and
quantum computing [78, 79]. Hence, it is of great significance to
design  wieldy and practical strategies to harness
hyperentanglement. In analogy to polarization entanglement
based the

experimental configuration to generate and characterize the

on time-reversed HOM interference. we use
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hyperentanglement in polarization and discrete frequency
degrees of freedom [80], which can be written as

WelY,) == (IHV) + [VH)) @ (|wiwz) - lwywi)).  (5)

N =

In the characterization process, we first measure two-photon
correlation in two mutually orthogonal polarization bases,
yielding visibilities that imply lower bounds on the Bell-state
fidelity and concurrence as F, > 0.979 and C, > 0.958 in the
polarization degree of freedom. However, as a result of the
difficulty of a mutually unbiased measurement in the
frequency domain, the verification of entanglement in the
discrete frequency subspace is more elaborate. While the
nonlocal measurement of the frequency-entangled states is
difficult without the assistance of a nonlinear optical process
and a time-resolved measurement, we use spatial beating in
HOM interference to quantify the frequency entanglement. By
scanning the time of arrival of one of the photons incident on the
HOM interferometer, the interference pattern manifests itself in
sinusoidal oscillations of the interference fringes within a
Gaussian envelope as a function of relative time delay [81].
This coincidence probability can be modeled as

1 VvV, 2T T,
pe(1) = E_TCOS(”T+¢“’)<1 +|T—C|> for |T|<? (6)

where V,, is the interference visibility, 7 is the relative arrival time
delay of two photons at the beam splitter, 7. is the single-photon
coherence time that equals the base-to-base envelope width, and
y = |w; — w,| is the detuning of two well-separated frequency
bins. Thus, under the assumption that energy is exactly
conserved in the SPDC process, the lower bounds on the Bell-
state fidelity and concurrence are F,, > 0.971 and C,, > 0.942 in the
frequency degree of freedom. These measured high fidelities in
both the polarization and frequency subspace indicate the
presence of hyperentanglement, which allows proof that high-
dimensional entanglement has indeed been produced in our
setup via hyperentanglement. Different from the general
HOM dip, quantum interference of frequency entangled
photons exhibits periodic oscillation within the coherence
time envelope. This feature provides an alternative route
toward ultra-precise HOM interferometry using superpositions
of two well-separated and entangled discrete frequency modes
and coincidence detection on the bi-photon beat note [17].

2.2 Generation of quantum entanglement
by atomic four-wave mixing

In addition to the widely used SPDC process, atomic four-
wave mixing is an alternative route toward the creation of
entanglement with high efficiency and brightness [82]. Up to
date, a large wide range of theoretical research works and
experimental implementations have been explored, including
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the generation and verification of biphotons entangled in
polarization [83], orbital angular momentum [84], and time-
frequency [85]. In this work, we focus on the energy-time
entanglement of narrow-band biphotons that is used for
quantum interferometric metrology. For example, the direct
characterization of energy-time entanglement is produced
from spontaneous four-wave mixing in cold atoms, where the
Stokes and anti-Stokes two-photon temporal correlation is
measured by using commercially available single-photon
detectors with nanosecond temporal resolution, and their joint
spectral intensity is characterized by using an optical cavity with a
narrow linewidth of 72KHz. As a direct result, the joint
0.0044 is
verified, which violates the separability criterion and satisfies

frequency-time uncertainty product of 0.063 =+

the continuous variable Einstein-Podolsky-Rosen steering
inequality [85]. Thus, the energy-time entanglement generated
by using the atomic four-wave mixing can provide a significant
advantage in enhancing the resolution, precision, and accuracy in
quantum metrology.

Additionally, as a direct result of the ultranarrow bandwidth,
the quantum entanglement generated by using the atomic four-
wave mixing has the potential to be used in the storage of
quantum qubits. For example, the entanglement of a 795 nm
light polarization qubit and an atomic Rb spin-wave qubit for a
storage time of 0.1's is observed by measuring the violation of
Bell’s inequality [86, 87]. On the other hand, these narrowband
photons can be used in the measurement of absorption
spectroscopy of biological and chemical molecules, and the
detection of trace molecular species [88, 89].

2.3 High-dimensional entanglement by
adaptive modulation

In addition to two-dimensional entanglement, high-
dimensional entanglement is currently one of the most prolific
fields in quantum information processing and quantum
metrology [42, 72-74, 90, 91]. For example, photon pairs
entangled in high dimensions provide the advantages of
improving noise resilience and speeding up certain tasks in
photonic quantum computation [65, 92, 93]. Although several
physical properties of photons can be used to directly encode
orbital
momentum, time-energy and path, the exploitation of high-

high-dimensional entanglement, such as angular
dimensional spatial coding has strict requirements on the
quality of optical wave-fronts and shaping for generation and
measurement. In this work, we focus on time-energy
entanglement because it is intrinsically suitable for long-
distance transmission in fiber and free space and quantum
spectroscopy. As the versatile

manipulation and characterization of frequency entanglement,

an essential prerequisite,

however, poses an ongoing challenge. In particular, the required
number of measurements for the task of full quantum state
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tomography of high-dimensional entanglement in a large state
space would increase exponentially versus the dimensions, which
is one of the fundamental but important problems concerning
entanglement. We use spatial beating of HOM interference with
polarization-frequency hyperentangled photons to discretize
continuous and broadband spectra into a series of narrow
frequency bins [94]. Since the incident entangled photons is
in the form of polarization-frequency hyperentanglement, the
HOM interference transforms the state into

(WD hyper = % [(|H3V4> +|V3Hy)) ® 'V/); +|H3V3) +|ViH,)) ®|1//>:,]» (7)

where |y), (ly)!) represents the frequency-entangled state
produced in opposite (identical) spatial modes. It is obvious
that the bi-photon components |y), would diminish the
visibility, which significantly limits its applicability in
quantum interference. In order to tackle this issue, we
eliminate the detrimental bunched photon events by
exploiting the anti-correlation in the polarization state,
i.e., using polarizers to filter a single non-vanishing term
ly>,. Due to the normalized coincidence probability that
expressed as
1 )

P(7) = Z//dw]dwzf(wl,a)z)ﬂ —gilrmer 2 (8)
where flw;, w,) is the Gaussian spectral amplitude function
that fulfills the normalized condition, it indicates that the
anti-bunched photons are entangled in the frequency
domain as

m/2 )

ly) = ZAj(‘leijm—j> - el¢j(xm—j|wm—jwj>)’

=

&)

where m denotes the number of dimensions, A; is a probability
amplitude, ¢; is a phase-offset, 0¢§ =pj 0¢§ +al j=Lpisa
balance parameter, and w; + w,,_; = w, that satisfy the energy
conservation. Moreover, we also show that the HOM
interference can be used to characterize high-dimensional
frequency entanglement, namely, the measurements of
fringe spacing of the observed interference pattern allow
us to extract specific parameters for quantifying the high-
dimensional entanglement. Thus, the generation and
and six-dimensional

characterization of two-, four-,

frequency entangled qubits are theoretically and
experimentally investigated, allowing for the estimation of
entanglement dimensionality in the whole state space. These
results indicate that the spectral and temporal domains of
biphoton wave functions can be linked by using HOM
interference, which provides an alternative platform for
the of

spectroscopy.

implementation quantum  interferometric
The generation, manipulation, and detection of photons that
are entangled in frequency, time, and polarization degrees of

freedom provide powerful tools for a variety of practical
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FIGURE 1

Delay

(A) Two photons interfere on a beam splitter. After the interaction on the beam splitter, the photons in opposite spatial modes are detected by
single photon detectors. (B) Diagram showing four different cases for two photons to interact on a balanced beam splitter, wherein the relative phase
is revealed by the signs. If these two photons are completely indistinguishable, the second and third terms can be cancelled out. (C) Taking temporal
distinguishability into consideration, it is allowed to tune the level of distinguishability by changing the time delay between two photons with
finite bandwidths. (D) The coincidence probability of HOM interference as a function of the relative time delay. Typically, the coincidence counts are
identified by using two single-photon detectors at opposite spatial modes ¢ and d, which can be normalized to fit Eq. 15.

applications. Next, we present several prototypical applications
in quantum metrology by using these entangled states.

3 Hong—Ou—Mandel interferometry
with ultrahigh timing resolution

Hong-Ou-Mandel interference was first experimentally
verified by Chunk Ki Hong, Zhe Yu OU, and Leonard
Mandel in 1987 [13]. It shows a quantum phenomenon that
identical photons arriving simultaneously on different input
ports of a beam splitter would bunch into a common output
port as a direct result of bosonic nature. We consider a basic
model of two-photon HOM interference, as shown in Figure 1A.
The incident two-photon state can be expressed as

At
Winyap = a'b |vacy = [1),]1, (10)

where a' and b' are creation operators in mode a and b, |vac)
denotes the vacuum state. Then these photons arrive at a
beam splitter simultaneously. The evolution of a state on the
beam splitter with reflectivity # can be modelled with a
unitary operator Ugs, which acts on the creation operators
as follows
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a'— T—né" + \/ﬁrf
b — NG —m‘AlT.

Thus, the combined two-photon state interferes on the beam

(1m

splitter, and the corresponding output state is

Wourdea = Uss|¥inda = (méT + \/ﬁtgf)(\/ﬁﬁ - m&f)lvac)

= (\ n(1-n)é'e + qf’cf—(l - 11)3*67 -\n(1-17) zfzf)lvac) (12)

For a typically balanced beam splitter, # = 1/2, and the output
state is transformed to

o> os = %(e*a* véd —de - Ef&*)mo, (13)

whose visualization is shown as Figure 1B. Since two photons are
completely indistinguishable after the beam splitter, it indicates
that the second and third terms in Eq. 13 can be cancelled out.
Thus, Eq. 13 is simplified to

[Wout)ea = % (6"5r - 3T(§T)Ivac). (14)

In the experimental implementation of HOM interference, we
choose to detect the coincidence probability between the opposite
spatial modes, which corresponds to the events that entangled

frontiersin.org


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2022.892519

Chen et al.

photons bunched into different output ports of the beam splitter.
Thus, quantum theory predicts that the coincidence probability
of HOM interference would decrease to zeros when and only
when the two incident photons are completely indistinguishable,
i.e., the well-known HOM dip.

Next, let us consider the distinguishability in the temporal
degree of freedom. Since the distribution of single photons in the
temporal domain is within a wavepacket, its coherence time refers to
the time over which the photon may be considered coherent, which
means that its average phase is predictable. By controlling the
imbalance between two paths of the HOM interferometer, a
relative time of arrival of one of the photons incidents on the
beam splitter can be introduced and parameterized by the time
delay 7. This manipulation of the temporal delay between the
entangled photons is able to tune their level of distinguishability,
which corresponds to two indistinguishable photons, partially
distinguishable photons and distinguishable photons, as shown in
Figure 1C. As a direct result of the coherence time of single photons,
the HOM interference probability manifests itself as a Gaussian
envelope, as a function of the relative time delay 7, where its
coincidence probability can be modelled in the form of

1
P(r) =3 [1-exp(-0®7?)], (15)
where ¢is relevant to single photon coherence time that equals to
the base-to-base envelope width, as shown in Figure 1D [62, 81,
95-97].

3.1 Robust Hong—Ou—Mandel
interferometry for measuring optical
delays

Since the single-photon coherence time is in the order of
subpicosecond, HOM interferometry has been widely used in the
characterization of single photon source [98-101], quantum
metrology [14, 15, 32], and quantum information processing
[96, 102-104]. For example, while the speed of light in a vacuum
is constant, the phase and group velocities of light beams have
been changed because they have finite transverse sizes [24]. In
other words, the modification of the axial component of the wave
vector arises from the transverse spatial confinement of the field.
Generally speaking, the magnitude of the wave vector for the light
with center wavelength of A is ko = 271/A, which is related to its
Cartesian components {k,, k,, k;} in the form of

Ky + kK, + k2 = kg (16)
It is obvious that the optical modes of finite transverse spatial extent
have nonzero k. and k,, and the resultant k. < k; leads to a
corresponding modification of both the phase and group velocities
of the light. Let us consider the Bessel beam with a description of a
mode within a circular waveguide, which is a prototypical example of
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a structured beam. In free space, Bessel beams can be prepared by
using an axicon that converts a plane wave into conical phase fronts,
which is characterized by a single radial component of the wave vector
as k.. As a direct result, the axial component of the wave vector is
obtained as k, = ko — kf/Zko. This means the phase velocity and
group velocity along z direction reads

(17)

By changing the beam’s transverse spatial structure, a relative
delay in their arrival time is introduced. However, the reported
superluminal speeds achieved with the various approaches in free
space have been to data 1.00022¢ [105], 1.00012¢ [106], 1.00015¢
[107] and 1.111c¢ in plasma [108]. Reports on measured
subluminal speeds have been lacking and limited to delays to
several micrometers over a propagation distance of ~ 1 meter.
This indicates that the verification of the modification of the
phase and group velocities has the requirement for precise
metrology with ultrahigh resolution. With the assistance of a
two-photon HOM interferometer, a reduction in the group
velocity of photons in both a Bessel beam and photons in a
focused Gaussian beam is measured, where the delay in the
magnitude of micrometers is generated between time-correlated
photon pairs as shown in Figures 2A-C. Since the superliminal
and subluminal speeds are changed by a very small factor, it is not
easy to measure the optical delay resulting from the changes in
the speed of light. To tackle this issue, a sensor with ultrahigh
HOM

this
measurement. As shown in Figure 2B, paired photons are

resolution and precision is required, namely,

interferometry  provides a good candidate for
created by using the SPDC process in the nonlinear BBO
crystal, which are routed into a balanced beam splitter from
different input ports. One photon is used as a reference temporal
signal, and its paired photon is transferred to structured photons
using a spatial light modulator. After the transmission for a
certain distance that introduces a relative path delay as a direct
result of superluminal and subluminal speed, this structured
photon is transferred back to Gaussian mode that enables the
coupling of single mode fiber. Thus, the observation of HOM
interference dip reveals the time delay, as shown in Figure 2C.
Therefore, the HOM interferometer is suitable for the application
in measuring optical delays between different paths even when
the relative time delay reaches the magnitude of attosecond [16].

In the context of quantum metrology, the simultaneous
measurement of both the spatial and temporal degrees of
freedom has long been hailed as an absolute necessity in
quantum imaging. Since the quantum interference pattern is
determined by photons’ level of distinguishability in all degrees of
freedom, both the spatial and temporal properties can make
contributions to the final measurement results. Inversely, it is
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allowed to extract the corresponding information from quantum
results, which
including but not limited to quantum imaging and sensing. In

interference inspires various applications
particular, with the combination of spatially-resolved detection
implemented by single-photon cameras, quantum interference is
a powerful tool for simultaneously measuring spatial and
temporal information. For example, by detecting coincidence
events with intensified scientific complementary metal-oxide-
semiconductor cameras [109], spatiotemporal HOM interference
of biphoton states is also experimentally observed, as shown in
Figure 2D. Analogously, HOM interference in both spatial and
temporal degrees of freedom enable us to implement a variety of
applications in the field of quantum imaging, such as full-field
quantum state tomography [110]. While this work focuses on the
spectral and temporal domain in quantum interference, the
overall scheme could also be extended to other degrees of
freedom, such as orbital angular momentum, where the
precise measurement of quantum information still poses a
significant challenge.

In addition, the interference pattern of HOM interferometry
is determined by the relative phase between two photons but is
irrelevant to the global phase of single photons. Consequently,
HOM interferometry can be used in applications with the
requirements of dispersion cancellation, robustness against
noise, and photon loss [31, 111]. For example, highly
entangled states and NOON states are notoriously vulnerable to
losses, which leads to the difficulty in sharing them between
remote locations and recombining them for exploiting
interference effects. In order to tackle this challenge, the
reversed HOM interference effect is used to prepare a high-

Frontiers in Physics

95

fidelity two-photon NOON state shared between two parties
connected by a lossy optical medium [32]. Additionally,
detector side channel attack is a notoriously hard problem in
quantum key distribution. By using HOM interference between
two  photons from measurement

coming users,

device-independent  quantum  cryptography has  been
experimentally implemented. While this work focuses on the
HOM interference of entangled photons created by using the
SPDC process, the visibility of HOM interference is determined
by the photons’ indistinguishability. In other words, if and only if
the two-photon incident on a balanced beam splitter is
in all

interference can be observed. The Bell state measurement

indistinguishable degrees of freedom, quantum
based on quantum interference can passively reveal the
information of the incident entanglement between the
quantum state from users. Although the measurement device
knows the public Bell state measurement results, it has no
knowledge about the transmitted information such that the
measurement device-independent quantum key distribution
can be implemented. Backed by this technology, a long-
distance quantum key distribution over, say, 400 km still has
the potential to remain secure even with seriously flawed

detectors [112-115].

3.2 Hong—Ou—Mandel interferometry on
a biphoton beat note

In the context of applications in HOM interferometry for
measuring the optical delays between different paths, the
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(A) Experimental setup for temperature sensor through the beating of frequency entanglement. (B) Two-photon HOM interference of
frequency entanglement with various different frequency detunings such as 3.65 THz (7.98 nm) at a temperature of 30°C, 7.35 THz (16.08 nm) at a
temperature of 50°C, 11.18 THz (24.45 nm) at a temperature of 70°C, and 17.08 THz (37.35 nm) at a temperature of 100°C. (C) Experimental
demonstration of thermal characteristics of jacket optical fiber by using frequency-entangled photons with various different frequencies. P. is

the normalized probability of HOM interference as expressed in Eq. 6 [17].

engineered attosecond resolution HOM interferometry by using

statistical ~estimation theory has been experimentally
implemented [16]. The ultimate limit on the precision of
measurement by using quantum interference of two identical
photons can be calculated as the quantum Cramér-Rao bound,
which is tied to a particular quantum probe state and has the

statement as

1 1

T= W%’ (18)

where N denotes the number of independent experimental trials
[16, 116, 117]. Furthermore, backed by a measurement and
estimation strategy based on Fisher information analysis, the
precision of HOM interferometry achieves few-attosecond scale
resolutions in a dual-arm geometry. It has also been proved that
the HOM measurement can recover the quantum Cramér-Rao
bound, which confirms that this measurement strategy is optimal
[116, 118]. However, it is obvious that the quantum Cramér-Rao
bound of HOM interferometry is significantly limited by single
photon coherence time. Thus, it has been a broad consensus that
great precision in the measurement requires that photons are
prepared with a large bandwidth; in particular, ultra-broadband
photon sources have long been hailed as a vital prerequisite for
ultra-precise HOM interferometry. For example, the precision of
this scheme can be increased by using shorter nonlinear crystals
in the SPDC process.

We embark on an alternative scheme for ultra-precise HOM
interferometry

by using two well-separated frequencies
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embedded in a quantum entanglement [17], namely, discrete
color entanglement that can be written as

1
\2

—a! (w) + Q)al (o) — Q)]|vac)

) = = [ A0 @[] (] + ) (] - 0)

19)

where w? and w9 are central frequencies of down-converted
photons, A = 9 — 9 is the difference frequency of two well-
separated frequency bins, f(Q)) represents the joint spectral
intensity that fulfils the normalization condition as [dQ[f(Q)]
> =1, and |vac) is the vacuum state as shown in Figure 3A.
Therefore, the quantum Cramér-Rao bound for this state on the
estimation of time delays in HOM interferometry is written as

1 1

N2 (a2 +402)1/2’ (20)

To

where o = \(Q2) - (Q)? is the RMS (root mean square)
bandwidth of down-converted photons, which is also relevant
to their coherence lengths, as shown in Figure 3B. In order to
demonstrate the viability principle of employing our HOM
sensor, we performed a proof of concept experiment in which
we estimate the time delay due to linear expansion of a jacket
optical fiber. The created photon pairs are separated by using
polarization correlation and arrive simultaneously on different
input ports of a balanced beam splitter. Analogously, the photon
in spatial mode 1 is used as a reference temporal signal, and its
partner photon is also coupled into a single-mode fiber that is
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(A) Experimental setup for measuring the dephasing time of photons arising from its interaction with a molecular sample by using a HOM
interferometer. (B) The presence of a simple refractive or birefringent material in the interferometer pathway can lead to polarization mode
dispersion which degrades entanglement and causes temporal delays in the order of 100 fs. As a direct result, the normalized coincidence probability
as a function of the scanning time is shifted by a time delay that corresponds to the dephasing time [25].

heated by a temperature controllable oven. Build on the
properties of silica fibers, the optical path would be related to
the temperature. Two polarization controllers are used to
compensate for polarization distinguishability. As shown in
Figure 3C, the normalized probability of HOM interference
and shifted phase can be expressed as a function of
temperature. Moreover, according to the classical estimation
theory, we also prove that the measurement strategy based on
HOM interferometer can also recover the quantum Cramér-Rao
bound in the case of zero loss and perfect visibility. By evaluating
the Fisher information for the interference probabilities, we can
determine the optimal working points and also demonstrate the
experimental feasibility of this approach by detecting thermally-
induced delays in an optical fiber, as shown in Figure 3C. These
results prove that the use of frequency entanglement in HOM
interferometry for quantum sensing can avoid some stringent
conditions, such as the requirement for large bandwidth
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entanglement sources. Backed by these theoretical predictions
and experimental verifications, both a wider single-photon
frequency bandwidth and a larger difference frequency of
color-entangled states can increase its achievable resolution
and sensitivity.

3.3 Hong—Ou—Mandel interferometry for
applications in biology and chemistry

In addition, since the quantum light with extremely low
energy is suitable for interacting with those photon-sensitive
samples, the HOM interferometry based on entangled photons
can also provide a useful tool to study molecular properties such
as dephasing time. Unlike other interferometric approaches
based on first-order interference and simple measurement of
intensity, HOM interference is not affected by variation in the
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relative optical phase and is strongly robust against experimental
noise and channel loss. For example, a dephasing time of the
organic molecular of as low as 102 fs upon coherent excitation
and quantum interference with a path of entangled photons in
the interferometer is extracted by using HOM interferometry as
shown in Figure 4 [25]. Without inserting any molecular sample
in the optical path, a well-known HOM interference pattern that
agrees well with the theoretical prediction can be observed. By
inserting a molecular sample IR-140 dye in the optical path, it is
obvious that the observed HOM dip overall becomes narrower
and gains an asymmetry on the right side, as shown in Figure 4B.
Moreover, the center of the HOM dip with the sample is shifted
to the left compared to the dip with the solvent. These
the
pertaining to the linear susceptibility and absorption of the

measurement results allow extracting information
studied sample. Additionally, HOM interference can be used
to characterize the coherence properties of single photon source
and the distinguishability of emitted single photons, which would
pave the way toward quantum applications. Thereinto, single
photons emitted by a single molecule are prepared for quantum
networks. For example, single organic molecules that are
optimized by an atomic Faraday filter are experimentally
presented to create single photons whose properties have been
verified by performing a number of nonclassical HOM
interference measurements [119]. Thus, quantum interference
has been proved to be an essential approach in the fields of

biology and chemistry.

4 Entanglement-assisted quantum
spectroscopy

Absorption spectroscopy has long been hailed as an essential
prerequisite for characterizing the optical properties of materials,
chemicals and biological samples [10, 28, 120, 121]. Typically, a
sample’s absorption spectroscopy is obtained by comparing the
spectrum and intensity of the incident light and those of the
transmitted light after the interaction with the target sample.
While absorption spectroscopy is generally implemented by
using classical light, quantum light provides an alternative
route toward quantum spectroscopy with high precision and
robustness against deleterious noise.

4.1 Absorption spectroscopy using
quantum light

While conventional laser absorption spectroscopy is
significantly limited by shot-noise due to the fundamental
Poisson-distribution of photon number in laser radiation [122,
123], quantum light provides an alternative route toward precise
absorption spectroscopy. In addition, quantum spectroscopy
with the assistance of coincidence detection can further
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enhance the measurement resolution as a direct result of a
high signal-to-noise ratio. We consider a general case where
paired photons are prepared by using the SPDC process. The
down-converted photons are separated into opposite spatial
modes, referring to signal and idler photons. After the
interaction between one of the paired photons with the target
sample, a single-photon monochromator is used to filter the
photons at a specific frequency bin. The measured number of
events the intensity of
this By the
monochromator, the whole absorption spectrum can be

coincidence corresponds  to

absorption  at frequency. scanning
achieved. In this process, the single photon count is S,; =
ns,:P, where P is the number of photon pairs generated by the
entanglement source, #,; represents the quantum efficiency
of the detectors at signal and idler channel, respectively.
Thus, the expected number of two-fold coincidence is
proportional to the probability of joint detection in the

opposite spatial modes as

R(wy) = nn,P. (21)

The accidental coincidence counts arises from the overlap of
uncorrelated photon counts within the coincidence window At,
which can be calculated by

Ry = NSN,At + SSN,At + NSS,‘At, (22)

where N, and N; are the number of noise photon counts in the
signal and idler channel. In conventional transmission
spectroscopy, the transmission spectrum is obtained directly
from single photon counts, and its signal-to-noise ratio for
the transmission spectroscopy is given by SNRr = #,P/N,. For
the quantum spectroscopy based on coincidence detection, the
signal-to-noise ratio is given by SNR = R(w,)/Ry = #51;P/N,N;At,
where it is assumed that N;N; > S,N; or N,S;. The contrast of these
two signal-to-noise ratios is written as SNRo/SNRy = #;/N;At,
which indicates that quantum spectroscopy can provide provable
advantages by using high-efficient, low-noise single-photon
detectors, and the narrow coincidence window. This scheme
has been used to measure the spectroscopic propertied of the
YAG: Er’* crystals [124] and plasmonic nanostructures [27],
which proves the advantages of quantum spectroscopy based on
coincidence detection in experiments as shown in Figure 5A.
Since the entangled photons typically contain many frequencies,
namely, a large bandwidth, a grating and spatial filter are used as
a tunable monochromator to select out a specific frequency,
which can enhance the spectral resolution. Thus, the dynamic
range is limited by the frequency shape and bandwidth of
entangled photons. As an alternative method, frequency-
correlated and tunable entanglement sources are presented to
perform quantum absorption spectroscopy with precision
beyond the shot-noise limit and near the ultimate quantum
limit, as shown in [26]. The use of type-II PPKTP crystal
enables the generation of frequency-entangled photons with a
narrow bandwidth, where the central frequency can be controlled
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by tuning the phase to match the temperature of the PPKTP
crystal. Thus, by scanning the phase matching temperature, the
absorption spectroscopy of the studied sample is achieved
without any requirement of frequency filters. These theoretical
and experimental investigations show that single photons are the
optimal probes for absorption spectroscopy, and quantum-
enhanced spectroscopy can achieve great performance that is
beyond classical physics.

4.2 Entanglement-assisted absorption
spectroscopy

However, the excess noise and thermal loss channel can make
changes in the transmission ratio, the conventional method is
susceptible to experimental imperfection, which limits its
precision and resolution. In addition, since the resolution is
determined by the bandwidth of down-converted photons, it
has been a broad consensus that single photons with narrow
frequency bandwidth enable us to obtain a higher spectral
resolution. In contrast, generating spectrally narrow photons
would reduce the brightness of the entanglement source,
which inversely imposes an ultimate limit on the precision. In
order to tackle this issue, entanglement-assisted absorption
spectroscopy is presented [34]. It uses of

a source
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shot-noise absorbance spectra ofHbO2 and HbCO [26].

multichromatic frequency-entangled photon pairs prepared by
the SPDC process as the probe, and the photon detection after
optical parametric amplification is used at the receiver side.
Consequently, a maximum likelihood estimation strategy on
the statistical analysis is sufficient for extracting the spectral
distribution. This scheme has been theoretically proved that it
can achieve an error probability orders of magnitude lower even
than the optimal classical systems. In particular, it is also robust
against noise and loss as a direct result of the optical parametric
amplifier on entangled photons. Nevertheless, the complexity
and efficiency in the experimental implementation of optical
parametric amplifiers still face significant technological
challenges.

Then, we present a robust and efficient entanglement-based
absorption spectroscopy by using one of the entangled photons
to interact with the target absorptive sample and exploiting the
HOM interference at the detection side as shown in Figure 6
[125]. In our experiment, we use a pair of type-0 PPKTP crystals
that are pumped with a ultra-narrow pump, broadband
frequency entanglement arises quite naturally following the
energy conservation. In order to tackle the issue of separating
indistinguishable photons to distinct spatial modes, the two
nonlinear crystals are placed in horizontal and vertical
direction such that the emission |H) — |HH) in the first

crystal and |V) — |VV) in the second crystal are generated
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(A) Experimental setup for entanglement-assisted absorption spectroscopy by using HOM interference. (B) The experimental reconstruction of

the spectra of two optical microcavities at resonance wavelengths of 806 and 810 nm. The colorful lines represent the interference patterns of sub-
entanglement with various frequency detunings. Since the whole spectra are sampled by averaging them within each of m = 13 frequency bins, and
they satisfy the strict energy conservation as a direct result of the exploitation of the pump with ultranarrow frequency linewidth, the resultant

7 pairs of subentanglement with frequency detunings y = 0 THz, y = 3.2THz, = 6.5 THz, y = 9.7 THz, y = 12.9 THz, y = 16.2 THz and y = 19.4 THz.
Reprinted with permission from ref. [125]. Copyright (2022) by the American Physical Society.

with equal probability. Then, a half wave plate and a polarizing
beam splitter are used to route paired photons into two input
ports of a HOM interferometer. The nonclassical interference of
frequency entanglement is observed by scanning the relative
arriving time of paired photons. As shown in Eq. 6, the
oscillation period in the interference pattern is determined by
the frequency detuning. It is allowed to extract the spectral
distribution from the HOM interference results by directly
using nonlinear curve fitting. For an instructive means of
understanding, this approach can be considered as a quantum
version of spectral analysis, which decomposes the complex
periodic vibration into a series of simple harmonic motions.
Accordingly, the absorption spectra can be obtained from this
spectral decomposition. As shown in Figure 6B, the observed
HOM interference exhibits asymmetric patterns, which is
relevant to the specific spectral distribution. By comparing the
spectrum before and after inserting the studied samples (the
black and red curves), it is able to extract the corresponding
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the
absorption

This
the
assistance of HOM interference has the potential to provide

information  about absorptive  spectroscopy.

entanglement-based spectroscopy  with
advantages in the robustness against detrimental noise and the
measurement precision and accuracy.

Beyond its application appeal, our approach indicates a
fundamental link between spectral and temporal degrees of
freedom of biphoton wavefunction [94]. As the normalized
coincidence probability of HOM interference is expressed as
Eq. 8, which equals to

P(7) =%[l+/dwsdw,«lf(ws,wi)lzexp(iAT)], (23)

and it corresponds to the second-order correlation function in
the form of

G(t)=1-2P(7) =/ dwsdw,-lf(ws,w,-)lzexp(z'AT)], (24)
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which can be considered as a two-photon temporal signal. The
difference-frequency spectrum intensity of biphoton state can be
defined as

F(A) = %/d‘rG(T)exp(iAT). (25)
It is obvious that the second-order temporal correlation and the
difference-frequency spectrum intensity can be connected by
performing a Fourier transform. As a direct result, this approach
has a variety of potential applications, such as quantum
interferometric spectroscopy [29, 30, 128] and spectral-
domain quantum coherence tomography [97, 129].

4.3 Two-photon absorption by using
entangled photons

Additionally, quantum interference with entangled photons
also provides a powerful tool toward two-photon absorption
spectroscopy, which has been widely used in many disciplines,
including but not limited to photoluminescene polymer and
light-harvesting photosynthetic complexes [130, 131]. While laser
light is typically used in absorption spectroscopy, quantum light
provides new and exciting avenues in this regime [34, 132-134].
Remarkably, as a prototypical example of quantum light that lacks any
counterpart in classical physics, the exploitation of entangled photon
pairs in two-photon absorption enables the observation of many
fascinating phenomena, such as linear dependence of two-photon
absorption rate on the photon flux [135, 136], inducing disallowed
atomic transitions [137], manipulation of quantum pathways of
matter [138, 139], and control in molecular processes [140].
However, the experimental implementation of entangled two-
technical
challenges. First, it has the requirement for performing multiple

photon absorption spectroscopy has two major
experiments with two-photon states bearing different temporal
correlations. Second, it has the requirement for prior knowledge of
the absorbing medium’s lowest-lying intermediate energy level. In
order to tackle this issue, a tunable frequency entanglement source and
a HOM interferometer with controllable delay are used to detect the
two-photon absorption signal [126]. The central frequencies of down-
converted photons prepared by the SPDC process can be tuned by
changing the temperature for phase matching in the nonlinear crystal.
As discussed in Section 2, the frequency entanglement used in this
two-photon absorption spectroscopy is in the form of Eq. 5. One
advantage of the exploitation of type-II PPKTP crystal in the process
of entanglement generation is that the central frequencies of down-
converted photons can be controlled by tuning the phase match
temperature. Thus, the nondegeneracy of the signal and idler photons

wavelengths is parameterized by the temperature as
u(T) = @ (T) - w; (1), (26)

where @, (T) represents the temperature-dependent central
frequencies of the photon wave packet. The controllable delay
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between paired photons carries all information about the
electronic level structure of the absorbing medium, which can
be revealed by a single Fourier transformation. As a result, the
two-photon absorption signal can be expressed as

A\, .
0G2)" o myar )5 o [1=¢ [e-et ] ern
dnh’eyct A T, : & —w) (T)
1- e—i[sj—wg (D] 2T~ )
& — w2 (T)

Pg**f (T, T) =
j=1

@7

This result indicates that the absorption properties of the sample
can be tuned by appropriately controlling the time and frequency
properties of the entangled photon pairs, as shown in Figure 7A. Up to
date, the linear dependence of entangled two-photon absorption rate
as a function of photon-pair rate has been experimentally proved,
which enables the estimation for the concentration-dependent
entangled two-photon absorption cross section for Rhodamine 6G
[127, 136]. The signature of energy-time entanglement and
polarization dependence in the fluorescence rate has also been
investigated, which demonstrates a strong dependence of the signal
on the interphoton delay that reflects the coherence time of the
entangled biphoton wave packet, as shown in.

5 Discussion

We have reviewed the non-classical phenomena as quantum
interference of entangled photons, which has enabled a wide
range of fundamental tests of quantum physics and pioneering
applications such as quantum metrology. A number of important
applications have been highlighted, such as HOM-based sensors for
enhanced timing resolution and robust entanglement-assisted
absorption spectroscopy. The scope of this review is limited to
energy-time entanglement, which can be readily prepared by the
SPDC process in a nonlinear crystal. Thus, the hyperentanglement in
temporal and spectral degrees of freedom arises quite naturally as a
direct result of energy conservation. Since the quantum interference
pattern is determined by the level of photons” distinguishability, the
temporal and spectroscopic information can be extracted from
interference patterns by using maximum likelihood estimation or
Fourier transform. Additionally, the correlation of entangled photons
has great potential to be used in studying the structure of complex
molecular systems. By tuning the different frequencies and relative
time delay between paired photons, both the spectral and temporal
properties of two-photon absorption in a molecular sample are
investigated. Therefore, quantum interferometric metrology with
entangled photons provides a powerful tool to extract the temporal
and spectroscopic information about the dynamics and structures of
complex systems, ranging from spatially structured photons, optical
materials, and biological and chemical samples, which is particularly
relevant to those photon-sensitive samples.

Armed with quantum interferometric metrology based on
entangled photons, these new techniques would inspire the
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FIGURE 7

(A) Experimental illustration of temperature-controlled quantum nonlinear spectroscopy. Reprinted with permission from ref. [126]. Copyright
(2022) by the American Physical Society. (B) Experimental measured fluorescence rate of entangled two-photon absorption as a function of the
SPDC photon-pair flux for different Rh6G concentrations in ethanol: 110 mmol/L (blue circles); 4.5 mmol/L (orange squares), and 38 p mol/l (green
triangles). (C) Temporal dependence of fluorescence rate of entangled two-photon absorption for a 110 mmol/L Rh6G ethanol solution and an
SPDC flux of 4.2 x 107 pairs/s, as a function of the inter-photon delay. Reprinted with permission from ref. [127]. Copyright (2022) by the American

Physical Society.

development of quantum information processing and quantum
metrology to reach a higher level. We also expect the techniques
reviewed in this work can be applicable for more scenarios in
future quantum applications and make near-term experimental
demonstration possible.
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