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Editorial on the Research Topic
Justified modeling frameworks and novel interpretations of ecological
and epidemiological systems

Nowadays, researchers have paid significant attention to developing new modeling
frameworks using differential equations combined with statistical tools and scientific
computations. The present Research Topic has invited researchers to submit their high-
quality and well-motivated contributions to modeling and analysis of ecological and
epidemiological processes.

Upon a thorough review of all the submitted manuscripts based on the novelty of the
contribution we present ten research articles in this article Research Topic. The accepted
articles can be categorized into three important subtopics: predator-prey dynamics, disease
modeling, and other biological processes. In particular, four articles focused on harvesting,
cannibalism, refuge, and foraging behavior in the context of various ecological interactions.
The remaining six articles explored dengue dynamics, controlling the spread of COVID-
19, preventing illness exposure in susceptible children from pneumonia, and developing
mechanisms for tissue repair. The main results of all these articles are discussed in more
detail below.

In the first sub topic, Panigoro et al. have proposed a fractional order predator-
prey system with two stages for predator species. The authors have assumed harvesting
in the prey species. The model has shown that a lower prey harvesting rate could
maintain the viability of the species. Moreover, an intermediate harvesting rate could
either maintain coexistence or lead to extinction, while an excessive harvesting rate causes
extinction of prey species following a saddle-node bifurcation. Meanwhile, Rayungsari et
al. have considered a fractional order Rosenzweig-MacArthur type predator prey model
incorporating cannibalism among predators. A consecutive Hopf bifurcation has appeared
with respect to the cannibalism as well as refuge parameters, leading to a bubble structure in
the bifurcation diagram.
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The environment is uncertain. This fact makes the parameters
in a model also so. With this consideration, Sukarsih et al. proposed
the well celebrated Rosenzweig-MacArthur system using fuzzy
theoretic framework for possibilistic uncertain parameters and
initial conditions. The authors studied the qualitative behavior of
the model using the fifth order Runge-Kutta method, which was
modified for the fuzzy system using the Zadeh extension principle.
This contribution uncovered that when the initial populations of
prey and predators are uncertain, the behavior of the fuzzy model
would be qualitatively the same as the crisp model. Prakash and
Vamsi have implemented a time optimal control for a predator-prey
system in continuous white noise and discontinuous Levy noise
modeling framework to understand the trade-off between quality
and quantity of additional food to predators.

In the second subtopic, Aldila et al. have used Quasi-Steady
State Approximation (QSSA) method in a SIR-UV vector-borne
disease model in order to make the complicated and coupled SIR-
UV system into a simple IR-model. This investigation potentially
revealed that dengue would periodically appear at least every year
in Jakarta. Another vector-borne disease model (Coffield Jr. et
al.), uncovers the dynamics of Chagas disease transmission in
neighbouring villages. They reported that the effects of human
travel and passive vector migration are unlikely to play a significant
role in the overall dynamics and in the number of human
infections. Hence, control strategies related to travel will also
unlikely yield meaningful benefit.

We have witnessed the dramatic loss of human life and
the collapse of the world economy due to COVID-19. The
COVID-19 patients faced more challenges when they had other
diseases prior to COVID-19 infection. Rois et al. proposed a
COVID-19 model with comorbidity to estimate cumulative cases
infected with COVID-19 from 1 November 2020 to 19 May
2021 in Indonesia. The number of COVID-19 infections can
reduce significantly by means of two optimal controls, namely
public education and increased medical care. In the same line,
Teklu and Terefe developed a new COVID-19 and syphilis co-
infection mathematical model with ten distinct classes of the
human population. The model analyses showed that the COVID-
19 and syphilis co-infection spread could be under control
whenever the basic reproduction number is less than unity.
They also demonstrated that the protections and treatments are
the two fundamental control aspects. Legesse et al. developed
a mathematical model to understand the impact of exclusive
versus inclusive nursing on baby mortalities and morbidities from
conception to 6 months. The main conclusion of this study is that
limiting pneumonia transmission to prevention alone during an
outbreak is the most cost-effective approach.

Finally, in the third sub section, Mulk et al. implemented
inverse finite element (FE) techniques and optimized algorithms
to examine the mechanical properties of PVA-C specimens. The
mechanism in designing and characterizing soft tissue materials is
a novel contribution in this research.

The Research Topic successfully presents genuine, recent, and
important results in modeling and analysis of ecological and
epidemiological processes. The results can be summarized as
follows Panigoro et al. contribution leads to interesting guidelines
in fishery management and biological conservation. The bubble
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formation in the context of fractional predator-prey systems
(Rayungsari et al.) is also a new phenomenon. How biological-
interaction and stochastic environmental processes affect the
dynamics of predator-prey systems are nicely explained by Sukarsih
et al. and Prakash and Vamsi. As proposed, the articles in this
Research Topic accomplished either numerical simulation, case
studies, experimental data, or field observations to illustrate and
validate their theories, principles, and results (Aldila et al; Rois
et al; Teklu and Terefe; Legesse et al.; Coffield Jr. et al.). For
instance, combining mathematical models and real-data, Aldila et
al. concluded that dengue in Jakarta will periodically appear at least
every year. They suggested some action plans to control the disease.
Rois et al. and Teklu and Terefe formulated COVID-19 models
independently. They proposed some control tactics in reducing the
COVID-19 cases. All the contributions, along with mathematical,
statistical, and numerical tools, are able to explain new ecological
dynamics and suggest prudent disease control strategies.
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Comorbidity is defined as the coexistence of two or more diseases in
a person at the same time. The mathematical analysis of the COVID-19
model with comorbidities presented includes model validation of cumulative
cases infected with COVID-19 from 1 November 2020 to 19 May 2021 in
Indonesia, followed by positivity and boundedness solutions, equilibrium point,
basic reproduction number (R0), and stability of the equilibrium point. A
sensitivity analysis was carried out to determine how the parameters affect
the spread. Disease-free equilibrium points are asymptotically stable locally
and globally if Rp < 1 and endemic equilibrium points exist, locally and
globally asymptotically stable if Ry > 1. In addition, this disease is endemic in
Indonesia, with Ry = 1.47. Furthermore, two optimal controls, namely public
education and increased medical care, are included in the model to determine
the best strategy to reduce the spread of the disease. Overall, the two control
measures were equally effective in suppressing the spread of the disease as
the number of COVID-19 infections was significantly reduced. Thus, it was
concluded that more attention should be paid to patients with COVID-19
with underlying comorbid conditions because the probability of being infected
with COVID-19 is higher and mortality in this population is much higher.
Finally, the combined control strategy is an optimal strategy that provides an
effective guarantee to protect the public from the COVID-19 infection based
on numerical simulations and cost evaluations.

KEYWORDS

COVID-19, comorbidity, stability, sensitivity analysis, optimal control, cost evaluation

1. Introduction

The COVID-19 virus was reported in the Wuhan-Hubei Province of China
in December 2019 and was spread rapidly to various parts of the world [I-
6]. Symptoms are usually mild and appear gradually. In general, the symptoms
of COVID-19 are fever, dry cough, and tiredness. In addition, there are other
symptoms such as chest pain and tenderness, nasal congestion, headache, conjunctivitis,
diarrhea, loss of sense of taste or smell, skin rash, or discoloration of the
fingers or toes [6]. The symptoms experienced are usually mild and appear
gradually. Furthermore, moderate and severe infection symptoms can occur in
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humans and appear gradually, such as having fever and
cough accompanied by difficulty in breathing or shortness of
breath, chest pain, and others [1, 6]. Individuals with previous
comorbidity (such as diabetes, lung, and heart disease) are
more likely to develop severe disease with stronger COVID-
19 symptoms than individuals who do not have a comorbidity
[7, 8]. In the case of COVID-19 comorbidity in Indonesia, 12
different diseases have been recorded, which range from the
most at risk to the least at risk, namely hypertension, diabetes
mellitus, heart, pregnancy, lung, kidney, immune disorders,
cancer, other respiratory disorders, asthma, tuberculosis, and
liver [9].

The first case in Indonesia was reported directly by
President Jokowi Widodo on 2 March 2020 and there were
as many as two people infected, namely a mother and
child suspected of contracting it from a Japanese citizen
[10]. Data from web [11], on 2 October 2020, to be
precise, indicate that Indonesia was ranked 23 out of 215
countries reported being infected with 295,499 confirmed
cases, 10,972 reported deaths, and 221,340 reported recoveries.
Meanwhile, according to data on 14 June 2021, Indonesia
was ranked 18 out of 222 countries reported being infected,
with 1,919,547 confirmed cases, 53,116 reported deaths, and
1,751,234 reported recoveries.

The increasing number of COVID-19 cases requires a
control strategy to control the COVID-19 outbreak. Control
technique isolation and individual quarantine are the most
efficient measures whenever a new outbreak occurs in a
region without a vaccine or therapy [12, 13]. Several appeals
or mitigations from WHO to control COVID-19 are social
distancing, use of masks in public places, and intensive contact
tracing (tracing) followed by quarantine of individuals who have
the potential to contract the disease, and isolation of infected
individuals in hospitals or independently [14]. Therefore, public
education plays an important role in controlling the outbreak
because it can convey information regarding how to prevent and
reduce the transmission of COVID-19.

Furthermore, it is necessary to use mathematical modeling
to determine the spread of COVID-19 infection and whether
the control measures are effective. WHO also acknowledges
that mathematical modeling can help health decision-makers
(doctors or health professionals) and policymakers make
decisions or find solutions (governments) [15]. The Susceptible-
Infected-Removed (SIR) model is a mathematical representation
of how diseases spread. The SIR model was first developed
in 1927 by Kermack and McKendrick, who established it as a
reference work and contributed significantly to the development
of the mathematical theory of disease transmission [16, 17].
Several studies are related to the spread of disease, for example,
research on the Coronavirus that caused SARS [18] and MERS
[19, 20].

Soewono [21] applied the SEIR model, which has four
subpopulations: susceptible (S), exposed (E), infected (I),
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and recovered (R), to simulate the spread of COVID-19.
This model is an improvement on the SIR COVID-19
model. Furthermore, Das et al. [22] add a subpopulation
of C (infected with comorbidity), so that the population is
divided into five subpopulations, namely S, E, I, C, and
R. The comorbidity referred to in this study is a general
congenital disease, while research from Omame et al. [23] also
proposed a comorbidity COVID-19 model, Omame et al. model
coinfection with comorbidities (especially diabetes mellitus).
So, Omame et al. built a model by dividing the population
into eight subpopulations, namely susceptible (S), susceptible to
comorbidity (S;), individuals infected with COVID-19 without
comorbidities (I), isolation and hospitalization for individuals
infected with COVID-19 without comorbidity (H), recovered
from COVID-19 but without comorbidity (R), infected with
COVID-19 and comorbidity (I;), isolation and hospitalization
for those infected with COVID-19 and comorbidity ( H),
and recovered from COVID-19 but with comorbidity (R¢). In
another study, Jia et al. [24] by incorporating subpopulations of
isolation (H) and quarantine (Q), the model provided divides
the population into seven subpopulations, namely S, E, I, A,
Q, H, and R. The model is also based on the most recent
data from the WHO, indicating that susceptible individuals
must first be quarantined to stop the further spread. Research
on COVID-19 was also conducted by Prathumwan et al. [25]
by adding quarantine subpopulations (Q) and isolation (H)
as well so that the model constructed has six subpopulations,
namely S, E, I, Q, H, and R. The mathematical model that has
been formed needs control to reduce the number of COVID-
19 infections. Researchers discussing control issues include
Deressa and Duress [26], Olaniyi et al. [27], and Das et al.
[22]. Deressa and Duressa provide three controls, namely public
education, protecting yourself from COVID-19 infection (such
as wearing masks, washing hands, and maintaining distance),
and treating individuals infected with COVID-19 in hospitals.
In comparison, Olaniyi et al. provide two controls, public
education and individual care management in hospitals. Other
researchers, Das et al. [22], provide two controls to reduce the
number of infected with comorbidity and without comorbidity,
namely the control other than using drugs and the vaccination
process. There are many studies related to COVID-19 besides
those mentioned above, see for example the following literature
studies [28-54].

By combining the research of Das et al. [22], Jia et al.
[24], and Prathumwan et al. [25], the COVID-19 model will
be constructed in this study. The discussion is divided into
the following sections: The model formulation is presented
in Section 2 followed by model validation and mathematical
analysis in Section 3. A numerical simulation of the model
without control is given in Section 4. Section 5 presents the
model with controls and its simulation is given in Section 6. The
last discussion on cost evaluation is presented in Section 7. The
study is concluded with some key points in Section 8.
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2. Model formulation

We consider the new COVID-19 model with eight
subpopulations, as shown in the compartment diagram in
Figure 1.

Based on the compartmental diagram in Figurel and
the model assumptions, we have the following system of
differential equations:

ds BiSI  BaSC
=T

DB P2 s us,
dt N N "
dE B1SI  BrSC
—_— = — —— —«aE— E,
dt N N * "
dl
7 = EaE—hI—rI—diI— ul,
dC
i (1 —&)aE —hyC—1r,C—drC — uC, (1)
dQ p1B1QI  p2f2QC
= = qS— - - 13Q—uQ,
it q1 N N r3Q — nQ
dH po1P1QL | gp282QC
— = Ol +8h,C
dt i omt N N

—r4H — d3sH — uH,
dj
= = Q-0 mI+(1-8)hC

(1—=p)p1p1QI (1 —g)p282QC

+ N + N rs] —d4] — i,
dR
i il +rC+r3Q+rgH + r5] — R

In this model, the COVID-19 model is divided into
susceptible (S), exposed (E), infected without comorbidity
(I), infected with comorbidity ( C), isolated (Q), treatment
isolated (H), isolated without treatment (J), and recovered (R).
Susceptible subpopulation increases with the recruitment or
birth rate denoted by 7 and can be infected due to contact with
infected individuals without comorbidity and with comorbidity
denoted by B1 and B, respectively. Susceptible individuals who
are quarantined are denoted by g; and cannot be returned to
being susceptible due to the effects of public anxiety, which
make some assumptions or opinions that susceptible individuals
need to be quarantined, so that if quarantine is successful,
then recovery is denoted by r3 and if not successful due
to contact with infected individuals without comorbidity and
with comorbidity, showing symptoms of being infected, then
isolation is denoted by p; and py, respectively. Furthermore,
p and g are the proportion of changes from quarantine to
isolation. The progression from exposed to infection is denoted
a, and £ is the proportion of change from exposed to infection
without comorbidity. From the infected subpopulation without
comorbidity and with comorbidity, isolation is denoted by h;
and hy. The parameters r1, r2, 13, and r4 indicate the recovery
rate of the subpopulations infected without comorbidity,
infected with comorbidity, quarantine, isolated with treatment,
and isolated without treatment. Furthermore, deaths from each
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subpopulation are denoted by i and deaths from COVID-19 in
subpopulations I, C, H, and ] are denoted by dy, d3, d3, and dj.

3. Mathematical analysis
3.1. Model validation

We calibrate our model (Equation 1) using cumulatively
confirmed COVID-19 cases for Indonesia. We have retrieved
COVID-19 case data from the Republic of Indonesia Task Force
(SATGAS) situation report for the period 1 November 2020
to 19 May 2021 [9]. The parameter fitting uses the Isqcurvefit
command, and the value of MAPE = 0.026022 is obtained.
The results of the fitting parameters seem to match the infection
case data as shown in Figure 2, and new parameter values are
obtained according to conditions in Indonesia as follows in
Table 1.

3.2. Positivity and boundedness of
solutions

The change in the total population is given by

dN _ds dE I dC dQ dH 4 dR
dt — dt dt 4t 4t dt  dt dt dt’
7 —uN —dil —dr,C—dsH — d4],

<7 — uN,

whose solutions give

N < Z o+ (N 0) — f) eI,
0 I
Consequently as t — 00, then lim;— oo N (£) < % . So, we can
conclude that N is boundedness to N (1) < %
Considering the above solutions, we have that the model has
a boundedness solution which is contained in a feasible region
2, where

Q= {(s, ELC QH]J R |N®< %}

Next, we show the positivity of solving the Equation (1) system
by following Riyapan et al. [42] and Rois et al. [46], as follows:

Theorem 1. Let S, E, I, C, Q, H, ], and R be the system
solutions (Equation 1). If S(0) > 0, E(0) > 0,1(0) > 0,

C(0) >0,Q(0) = 0,H(0) = 0,J(0) = 0,and R(0) > 0,
then all solutions are positive for every t > 0.

Proof. 1. Take the first equation of the system (Equation 1)
as follows:

ds B1SI  BrSC
=
dt N N
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Q dsH
9 3
+ r3Q
uH
A 4
PiSI , pasC ryH uR
rs]
A
i
V. rC
E dy] :
MuE
FIGURE 1
Compartmental diagram of the COVID-19 model with comorbidity.
3 x10*
; 4
FIGURE 2
Parameter fitting results from the COVID-19 model.
TABLE 1 Parameter values according to the fitting of the infected cases of COVID-19 in Indonesia.
Parameter Value Parameter Value Parameter Value
T 3783175.865 rs5 0.088554 ) 0.00059843
B 0.65799 hy 0.007884 P 0.090862
B> 0.79664 hy 0.00034162 q 0.28312
q 0.16574 P£1 0.99779 dy 0.00086579
o 0.0068295 P2 0.9533 d, 0.022871
) 0.0025349 o 0.25098 ds 0.36203
3 0.030397 3 0.022219 dy 0.76233
T4 0.31851 0 5812 x 1072 0 0.0138
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I C
Letn = % + %
45 S(n-+ a1+ )
= = ,
dat nTdqrT+ K
ds
2 TSt a+u) =
d e(qlJFM)tJrfot'?dSS )
( ( ) _ n_e(ql-f—u)t-i-fot r]ds) (2)

dt
then a homogeneous solution is obtained

d (e(q1+u)t+f(; ndsg (t))

=0,
dt

S() = ke*(qlﬂl)t*fot nds

Thus, let us assume that the solution is non-homogeneous
S(t) = Je— (@)= nds. 3)

Next, substituting the Equation (3) into the Equation (2)
to get

kO _ @[ nds,
dt
t
k() = / el rm)y+ [y dedy+1<_ (4)
0

The Equation (4) is substituted into the Equation (3), we get

t
S (t) — / ne(q1+u)y+ f({rl dxdy X e_(ql'Hl*)t_fotn ds
0
+S(O)e*(q1+,u)t7fot nds

So, S(t) is positive for t > 0.
2. Take the fifth equation of the system (Equation 1) as follows:

Q _ ¢ mAQL _ pprQC

a1 N N PR HQ
Letw = % + %.
%? = 015 = Q@ +r3 + ),
(iT?"'Q(a)—I—@-i-M) = q5,
i (8(73+M)t+f0t "Q (t)) = q1Se(f3+/A)t+fot wds - (5)

dt

then a homogeneous solution is obtained

d (e(r3+/4)t+f0t wdsQ (t))
dt

=0,

ke—(73+u)t—f0t wds.

Q)
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Thus, let us assume that the solution is non-homogeneous
t
Q) = ke—(fs-i-ﬂ)t—fo wds (6)

Next, substituting the Equation (6) into the Equation (5)

to get
dk (t) _ qlse(rﬁ-u)t—i-fot a)ds)
dt
t
k@) = / qlse(r3+“))’+fgwdxdy+K. (7)
0

The the Equation
we get

(7) is substituted into the Equation (6),

t
Q) = / qlse(r3+p.)y+fé'w dxdy « e—(r3+u)t—f0’w ds
0
+Q(0)67(T3+M)t7f0tw dS.

So, Q(t) is positive for t > 0.
3. Take the second equation of the system (Equation 1) as
follows:

dE _ BiSI . BrSC

S —aF — uE > —aE — uE,
i N N HE= K

or

D > —E(x+p),
dt

/dE(t) _
— =

E@®) =
E(t) > E(0)e @it

/—(a—l—u)dt,

e—(oH—u,)H—k

Thus, E (t) is positive for t > 0. Furthermore, in the same
way as proof number 3, I (t), C(t), H(t), J(t), and R (t) can
be shown respectively to be positive. O

3.3. Equilibrium point and basic
reproduction number

The equilibrium point of the system (Equation 1) is
obtained by setting the right-hand side to zeros. Therefore,
the first equilibrium point is obtained, namely the disease-free
equilibrium point, as follows:

X0 = (50, B2 1° % Q° HO, O, RO)

T
(—, 0, 0, 0, 0, nqm).
ayaspt

a aras’
Furthermore, the basic reproduction number, denoted by

Tq1

Where a; = g1 + pand as = r3 + p.

Rg, is obtained using the next-generation matrix method
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[55,56]. The constituent components of the next-generation (S*, E*, I*, C*, Q*, H*, J*, R*) with
matrix method only consist of infected subpopulation groups, ras
. st = )
namely: A1Ro
" T
E" = 7R Ro— 1),
SI SC azko
ﬁlT + ﬁZN nk TEa
f= 0 ,and v = —&aE + a3l . I* = o (Rp — 1),
aza
0 —(1—&)aE + asC 24370
« _ 1—-§na
C=——"F—R—1),
a2a4Ro
The partial derivative evaluated at X gives Q* = azawjﬂ,
3
H* = (Ro — 1) Ag,
B Biasp Bras i
0 (05M+Q1M+Q173) (asp+qu+qirs) J* = (Ro— 1) As,
= 302434445417
F(X> 0 0 0 R = (Ry — 1) Ag + 392930495017
K 0 0 nA3
e 0 0 with Ay = asp + wuq1 + qir3, A2 = p1fragpag +
andV(X0> - —Ea a3 0 |. p2ﬁ2u3él;;as(l - f)( Az_) AlA%} (Ro — 1%+a2a3%4u5A1R0(,lA% )_
b4 1 pp1 1q1a4asu ap2P2q1azas it
L~ (1 - S) a 0 aq ad%o uzél_o, + ilza;; + + A3
_ d-0mé , (- 5)h2(1 ) (1—P)Plﬂ1M$ﬂ4ﬂSQ1
As = a7R0( aas + aas + +
1— 1—
The inverse of the V' (XO) matrix is ( q)pzﬁzlj‘zaasm( =) ), and Ag = /;Zgio rfaoﬁfzin ! +
r4dy | r5ds
The existence of the endemic equilibrium point X* depends
1 0 0 on the value of Rg. If the value of Ry < 1 is taken, then the
vl o gaé 1 endemic equilibrium point X* does not exist because it is clear
(lazga ‘63 1 that E*, I*, C*, H*, and J* are obtained negative. If Ry = 1,
204 a4 then we get the equilibrium point X* = X9, which causes the
equilibrium point X* not to exist. Furthermore, if Ry > 1, then
Based on the F(XO) and V! (XO) matrices, the next- we get 8%, E*, I, C*, Q*, H*, J*, and R* are positive and the
generation matrix FV ! can be formed so that we can obtain endemic equilibrium point X* exists.
Brasua Braspa(1-§) Brasp Brasu
. aaz(asptqiutqirs) | aas(aspt+qiutairs) as(aspt+qiutairs) as(aspt+quatairs)
Fv " = 0 0 0

0 0 0

So, the basic reproduction number is obtained based on the 3.4. Local stabi llty
eigenvalues of the FV~! matrix as follows:

The local stability of the equilibrium point

Ro = p (M) = aspa (Br1&aq + Praz (1 — 5))' is obtained by linearizing system (Equation 1),
arazay (asu +qin+q1 r3) which yields the following jacobian matrix below:
By —By—a; B B - &5 B - B B B; Bi By |
B,—Bi —By—a BiS_B BS_p -B; —B; B, —B
0 Ea —as 0 0 0 0 0
i 0 (1-§&)a 0 —a4 0 0 0 0 @®
q1 + B3 B3 Bs—% 33—% B3 —Bs4—as B3 B3 B3
—Bs —Bs Bg — Bs By — Bs Bg—Bs —Bs—as —Bs —Bs
—By —By Bijo—By Bii—Bg  Bja—Bg —By  —Bg —ay —By
L 0 0 1 12 13 T4 rs —n
Next, the second equilibrium point is obtained, With By ﬂlSI + ﬂszzC) = % + % B3 = % +

C I C I C
namely the endemic equilibrium point X* %ﬁ& = plﬁl + psz »Bs = ppﬁle + quf,%Q »Bs =
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9h1+Pp11\;]31Q,B7 — Shy + qu[\/?ZQ)BS _ pp%ﬂlu_ qulgzc’Bg _

A-DopQl | (=DnBQC g (1 _g)py 4 C2JAQ,

Bll = (1_5)}12 + (1*!])+/32Q’ and 312 = % +
(I*qg\/[)zﬂzcl

3.4.1. Local stability of disease-free equilibrium
point
Evaluating (8) at x0 yields

10.3389/fams.2022.1096141

In the Equation (11), it is clear that k; > 0, and if Ry <
1, then k > 0 and k3 > 0. Therefore, the stability
property of the equilibrium point X0
is established using the Routh-Hurwitz criterion. Furthermore,
the equilibrium point X9 is asymptotically stable if and only if it
satisfies the following criteria:

1. k1 >0,
2. k3 > 0,and
3. kiky — k3 > 0.

[ —ay 0 —p1C1 —B2Cy 0 0 0 0

0 —ay B1Cy B2Cy 0 0 0 0

0 Ea —a3 0 0 0 0 0

]<XO)— 0 1-%§«a 0 —ay 0 0 0 0

T @ 0 —-p1h1C2 —02$2C2 —as 0 0 0 |’
0 0 Ohy + pp1P1Ca 8hy + qp22Ca 0 —asg O 0
0 0 (1= h+(1—p)p1f1Cs (1 =8 hy+(1—q)p2$2C2 0 0 —az 0
L 0 0 r r r3 r4 15 —[

With C; = asp and Cy — ap The - Criteria eq?a-tio'ns (1) -and (%) have been met 'so that the
(as+q1) ptqurs (as+q1)ut+qirs disease-free equilibrium point X? is locally asymptotically stable

characteristic equation for the |J (XO) — A | = 0 is as follows:

(—ap —A) (—as = A) (—ag — A) (—a7 — A) (= — A)

—az — L Bi1Cy B2C1
gd  —az—Ai 0 | =0. ©9)
1-8a 0 —a4 — A

Based on the Equation (9), we obtain the eigenvalues A} = A, =
A3 = Ag = A5 < 0. Therefore, the stability of the disease-free
equilibrium point depends on

if it meets k1ky — k3 > 0 where

kiky — k3 > 0,
(a2 + a3 + aq)

agfraCié n azfraCy (1 — 5))

<aza4 (1 —Ro) +azaq +
as as

+a3a3 (1 — Ro) + aza3 (1 — Rg) > 0.

It is clear that the Routh-Hurwitz criteria are satisfied;
thus, the roots of the characteristic Equation (11) have negative

o =i AG p2C1 0 real parts. Therefore, the disease-free equilibrium point is
1= fo  —a3—a 0 (10) asymptotically locally stable if Ry < 1.
1-8a 0 —ag — A
From the Equation (10), we obtain the following . . .
L . 3.4.2. Local stability of the endemic equilibrium
characteristic equation: )
point
2+ kA% +kak + k3 =0, (11) Evaluating (8) at X* yields
with
[Bi—Bi3 B By — ﬂlTS* By — ﬁZTS* By Bi B B |
Bo—B B OF-B B--B  -B -B -B -Bi
0 Ea —a3 0 0 0 0 0
(X = 0 (1-8a 0 —ay 0 0 0 0
= . « ,
q1+B; By By— 2B gy P& g B By B
—Bs —Bs Bs — Bs B7 —Bs  Bg —Bs —Big —Bs —Bs
—By —By Bio—By9  Bi1 —By9 Bia —By9 —Bg —Bi7 —Byg
L 0 0 1 r r3 r4 5 =i |
kl = az + a3+ ay, With By = /311‘321 + %’ B, = % + ﬂz]\]C ,
ky = azaz (1 — Rg) + azas (1 — Rg) By = ,01/31(2)*[* n pzﬂz(g*c*’ By — p1piI* n pzﬂzC*’ Bs —
avan + agP1aCié n a3praCr(1 -6 . P BLQT quBZQ*C*N pIZ1ﬁ1Q* N
a3a4 (13 114 > an NZ + N2 N B6 = 9}(1; + T, B7 - 8’;2 +
* I* 1— * T
k3 = azazayq (1 — Rg). %)BS = %‘F%,Iﬁ = (P)%‘l’
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I(t) x108

FIGURE 3
Projection of three orbits of the model on the | — C plane.

1— *C* 1— *
( q)/;\ZI/ZSZQ , Bip = (l—g)hl _|_( P)I/\}I,BIQ , B, =

(L= 8)hy + DA g (opobil y (=a)phiC)
Bi3 = B, + ay,Bi4 = By + a», Bis = B4 + as, Big = Bs + ag,
and Bi7 = By + a7.

The characteristic equation of the |J (X*) — )J’ =0is

A8 kA7 4+ ko8 + k3n®  kart + ks + kA2 + koa
+kg =0, (12)

It is difficult to prove analytically that all eigenvalues of J have
negative real parts for Ry > 1. However, from our numerical
simulations (case Rgp > 1), all eigenvalues have negative
real parts.

Figure 3 gives the projection of three orbits of three different
initial conditions when Ry > 1 on the I — C plane. The
component (I, C) of the equilibrium X* is not (0, 0). This
simulation indicates that the endemic equilibrium X* is locally
asymptotically stable when Rg > 1.

3.5. Global stability analysis

In this study, we prove the global stability of disease-free
and endemic equilibrium points by constructing the suitable
Lyapunov function and following the theorem from Alligood
etal. [57].

3.5.1. Global stability of the disease-free
equilibrium point

Theorem 2. Disease-free equilibrium point X is globally
asymptotically stable if Ry < 1 and unstable if Ry > 1.
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Proof. Defined Lyapunov function
L =k1E+ kI + k3C, (13)

where

K1 = ajazasay,
mwBiazay
Ky = ————, and
N
hrazas
K3 = —————.
N

The function L needs to be proven to determine whether

Lyapunov is strong or weak for X°.
L(Z%) = L(s% B 10 €% Q% 1O, ) /),
L(3%) =

It is proven that L <7*) = 0. Next,

K]EO + 1(210 + K3CO =0.

L(¥) = «1E + k2l + «3C,

Because V (S, E,I,C,Q H,J,R) # (8% E%1°, °, Q°, H,
]0, RO), so it is proved that L (?) > 0.
Thus, the Equation (13) can be reduced to

oL
ot

_ A Al dC
T T T

<,8181 + B2SC )
= K1 7]\] — ﬂzE

+u2 (§aE —a3l) + k3 (1 — §) aE — a4C),

50, we obtain

B1SI + B2SC wBrazas§aE
=aymazay| ————— —mE+ ———
N ajazazasN
n nprazaz (1 —§aE  mpil  7frC
ayayazasN a1N aN -~

_ T
LetS = ap> Sowe get

aL

T = ala%a3a4E (Rp —1).

Based on the description above, it can be concluded that
0if E =
Lasalle’s invariance principle, the disease-free equilibrium point
in the spread of COVID-19 (XO) is globally asymptotically stable
if Ry < 1. O

aL

5% < 0if Ry < 1 and % = 0. Hence, by

3.5.2. Global stability of the endemic
equilibrium point

Theorem 3. If Ry > 1, then the endemic equilibrium point X* is
said to be globally asymptotically stable.
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TABLE 2 Stability conditions.

Equilibrium point

Existence requirement

Global stability type

10.3389/fams.2022.1096141

Stability condition

X0 None

Asymptotically stable

Ry<1

X* Ry >1

Asymptotically stable

Ry > 1 and strong Lyapunov function

Proof. The Lyapunov function is defined as follows:
1
L= [Ss+Ep+1 + Cc+ Qq + Hyr +Jj + Re]’, (14)

Where S = (S—8*), Eg = (E—E*),I; = (I-T*), Cc =
(C-C*), Q= (Q-Q"), Hy = (H-H*),J; = (] = J*),
and dan RR = (R — R*).

The function L needs to be proven to determine whether the
Lyapunov function is strong or weak for X*.

L(—x”‘) -

1 2

L(?*) - E[s§+E?‘E+I;‘+c§+Q”é+H;§+I}“+R;’;]
= 0.

L(S*, E*, I*, C*, Q*) H*, ]*) R*),

Where §§ = ($*—$*), Ef = (E*—E*), I} = (I* —TI*),
Ce = (G~ C), Q4 = (Q° — @) Hjy = (H* — 1Y), Jf =
(]* - ]*), and RT2 = (R* - R*). It is proven that L (7*) =0.

1
L(¥) =5 [Ss+Ep +11 +Cc + Qo+ Hy +Jy + Re*

Because V (S, E,I,C,Q H,J,R) # (S° E°, I C°, Q°, HO,
J, R%), so that it is proven that L (¥) > 0. Next, we check
that the Equation (14) is reduced to

oL
Fri [Ss + Eg 4+ Ir + Cc + Qq + Hi + J7 + Rg]

d
S SHE+I+C+Q+H+]+RI,

= [Ss+ Eg +I1 + Cc + Qq + Hi + Jj + Rg]
[t —uS+E+I+C+Q+H+J+R
—dI — dyC — d3H — d4]],

Let 7 = p(S*+E*+I*+C*+Q*+H*+J* +R*) +
d1I* + dyC* + d3H™ + dy4J*. So that it gives

=[Ss+Eg + 11 + Cc + Qq + Hy + Jj + Re]

x[—[w(Ss+Eg+ 11 + Cc + Qq+ Hu + Jj + Rp) + dy (I —T*)
+dy (C—C*) +ds (H—H*) +dy (] - )1,

= —[Ss+ Eg + I + Cc + Qq + Hy + Jj + Ry

x [w(Ss + Eg + I + Cc + Qq + Hu + Jy + Rp) + dy (I - I¥)
+dy (C—C*) +ds (H—H*) + dy (] = J*)]1.
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Based on the description above, it can be concluded that
9L < 0ifRy > land &k = 0if S=$*, E=E*, I=1I*, C=
C*, Q= Q*, H=H* ] =J* and R = R*. Hence, by Lasalle’s
invariance principle, it means that the endemic equilibrium
point in the spread of COVID-19 (X*) is globally asymptotically
stable if Ry > 1. O

The terms of existence and the type of stability of the
equilibrium point of the system of equations are summarized in
Table 2.

3.6. Sensitivity analysis

The
parameters

sensitivity analysis aims to determine the
the COVID-19
virus. The sensitivity index of the basic reproduction
the of the

parameters contained in the basic reproduction number

that cause spread of the

number  depends on differentiation

[58, 59]. Sensitivity index Rgp to the parameters is
as follows:
oo Moo K
da Ry a+pn

Ro _ RoP1 _ B1&ay
B 31 Ry Piéas+ Praz (1 — &)’
Ro_ Ry _ paas (1 —§)
P2 9By Ry~ Pr&as+ Paaz (1 - &)
fo_ R & Prfas — Prfas
§ 708 Ry Pikas+fraz(1-§)
fo_Roqr @
TRl P

q1 Ko q1+ K
Ro_ ORo 1 _ agfrhé
b 9h Ry —a3z (Braz (1 — &) + Brasé)’
R = Ro 1 _ Bir1as§ ’

drp Ro  —az (Braz (1 — &) + Brasé)
Ro_ Rodi _ Brd1asé
d 7 9dy Ry —az (Baaz (1 — €) + Prasé)’
Ro_ Rohy _ pahaas (1 - )

b ™ 9hy Ry~ —as(Braz (1 — €) + Prasé)’
Ro Ry _ parzaz (1 —§) ’
* drp Ry —ag(Braz (1 — &) + Pragé)

Ro_ Rody _ Barzaz (1 —§)
& 9dy Ry —ay (Braz (1 — &) + Prasé)’
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TABLE 3 Sensitivity analysis.

10.3389/fams.2022.1096141

Next, the graph of the solution Ry < 1 is obtained in

No Parameter Sensitivity index Figure 4.
The analysis results from 3.4.1, and Theorem 2 are illustrated
! % —09761 numerically. Numerical simulations with some initial values
2 B 0.9754 show that the graph solution is toward and close to the disease-
3 " 05715 free equilibrium point X° (converging toward the disease-free
. J o636 equilibrium point Xp). Based on the graph, this means that after
: ' all this time, no individual has been infected with COVID-19.
> "2 —0.0625 The numerical results support the analysis that if Ry < 1, then
6 o 0.0522 the disease-free equilibrium point X? is asymptotically stable
7 B, 0.0246 locally and globally given different initial values.
R A 0.0084 We show the stability of the endemic equilibrium point, the
: i parameter values in Table 1 are used, and three different values,
? M 00066 so we get Rp = 1.47 > 1. Similarly, the disease-free equilibrium
10 o —0.0057 point is obtained
11 3 0.0025 0
X" = (21071493, 0, 0, 0, 79018695, 0, 0, 174052991)
12 d, —0.0007
and the endemic equilibrium point is given as
Ry _ ORo p _ — (2 (=26 +2) 5 +2B16) 1i° + ag (1 — §) Bp + Pragk) u +2a10 (1 — &) a3f + Pr£ay) 12
=25 -
" dpn Ro a%a%a%ai
B ((—a) g1 + a2)) e+ a2 (a2 +q1) E — 1) B2 — (((a11) q1 — ady) @ — a3, (a11 + q1)) B1&) w2
PR
~2(anaqr (Bi& + B2 (1 =€) anp + appa (€ — 1 annfa — fréar) qian)
i ’
With ag = (4d1 +oa+dy+h+hy+q+4r + 7‘2), X — (S* E*, I*, C*, QF, H*, J* R*)
ag = di +a +4dy + h1 +4hy + q1 + 11 + 42, 010 =

(di+a+dr+hi+h+q+r+r)an =h +r+d,
andayy = hy + 1y + ds.

The parameter sensitivity index is shown in Table 3.

From Table 3, we can see that the most sensitive parameters
are q; and B. A positive index means that if we reduce
the parameter by almost 10%, then the value of the basic
reproduction number can decrease by 10%.

4. Simulation of the model without
control

This section presents a numerical solution of system (1)
using the Fourth-order Runge-Kutta method. The parameter
values used in this simulation are shown in Table 1 and three
different initial values. In this simulation, the stability of the
disease-free equilibrium point is shown from the parameter
values given in Table I, except for the parameter q; =
0.56574, the value is Ry = 0456 < 1. Based on the
value of these parameters, the disease-free equilibrium point is
obtained, namely
X0 = (6527542, 0, 0, 0, 83496205, 0, 0, 183499868) .
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= (6031017, 10196616, 1933377, 63222893,
2119885, 362896, 798735, 30671327) .

The solution graph for the case of Ry > 1 is obtained
as follows in Figure 5.

The numerical simulation results support the analysis from
3.4.2 and Theorem 3 that some of the initial values given are
obtained by the graph of the solution leading to the endemic
equilibrium point X* (converging to the endemic equilibrium
point X*), which means there is a spread of disease due
to COVID-19. The numerical simulation results follow the
analysis that if Ry > 1, the endemic equilibrium point X* is
asymptotically stable locally and globally with different initial
values. Based on the given parameter values, we obtain Ry > 1.
This means that there is an outbreak of disease due to COVID-
19. Therefore, it is necessary to take control measures to reduce
the outbreak.

4.1. Effect parameters

The effect of parameters on Ry was analyzed using
contour plots. We choose two significant parameters, g
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and B, and provide a contour plot as a function of Ryp.
The impact of some Ry parameters is further investigated
in Figure 6. Figure 6 shows that increasing the parameter
q1 decreases the value of Rg. This implies that increasing
quarantines has the effect of reducing the spread of COVID-
19. Meanwhile, an increase in the B, parameter resulted in
an increase in the Rp value and implied that an increase in
contacts of individuals with comorbidities would increase the
spread of COVID-19, especially individuals with comorbidities.
Therefore, increasing quarantine and reducing contact with
individuals with comorbidities are important.

5. Optimal control problem

5.1. Comorbidity COVID-19 model with
optimal control

The control variable given to the COVID-19 model consists
of preventive measures through education (1) and individual
treatment efforts for infected (u7) . So the model with control is
given as follows:

ds (B1SI + B2SC)
= () L gis— s,
dE (B1SI + B2SC)
i 1 —=uy) N oE — pE,
dl
= =&aE — (h1 +up) I —ril —diI — ul,
dcC
e = (1—Sj)aE—(hz-l—uz)C—rzC—dzC—MC,
aQ p1B1QI  p2f2QC
i qS N N r3Q—pQ, (15)
pp181QI

6h J QRN sttt

= Emtw) I+
C

+% + (8hy + uz) C — r4H — d3H — pH,
dJ
== (@ =0 +ux) I

(1= 8 + 1) €4 LZPAA _p)lf;lﬂlQI

1-— C
I Q)IszﬂzQ Car),

dR
i rnl+rnC+rQ+riH +r5] — uR.

The function that minimizes the number of infected cases
without comorbidity (I) and the number of infected cases with
comorbidity (C) over a time interval [0, T] can be defined as

T
J(ul,uz)zfo (I(t)+C<t)+%(Alu%JrAzu%)), (16)

Where Ay and A, are the relative cost associated with the
controls u and uy, and T is the final time. The aim of the control
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FIGURE 6
Effect parameters of Rg
(B2 x g1 €[0.1:0.79664] x [0.1:0.16574]).

is to minimize the cost function.
J(ul, u5) = min J(uy, uz),
Subject to the system (Equation 15), where 0 < (u1,u3) <1
andt € (0, 7).
5.2. Optimal control analysis

The Hamilton function can be defined as follows:

H=I+C+- (A1u1 + Az
(n _a- (ﬂ1SI+ B25C) _ S M5>
N

i, <(1 (ﬂlSHI;ﬁzSC) oF — ME>
+23 (EaE — (1 +uz) I — ri — diI — pul)
+Aq ((1 &)aE — (h2 + uz) C—nrnC—-dC— ,lLC)

I C
s PI,BIQ pzﬂ;}Q Q- MQ) (17)
+6 ((0h1 +uy) I+ %

C
+ % +(6h2+u2)C—r4H—d3H—,uH>
+X17 (((l —0)h + uz) I+ ((1 —8)hy + u2) C
1— 1 1— C
L P)I\l;lﬂlQ ¢ q)lf\)]zﬂzQ B a7]>
+Ag (11l +1rC+r3Q+rgH + r5] — uR).

Based on Pontryagin’s principle, the Hamilton function
will reach an optimal solution if it satisfies the state equation
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and the costate equation, and the condition is stationary. The
equation state is obtained by deriving the Hamilton function
(Equation 17) for each variable costate as Equation (15). Next,
the equation costate is the negative value of the derivative of
the Hamilton function (Equation 17) for each variable state

as follows:
dh _ OH _
= s =1 —22)
<(1 —up) (B1l + B2C) + (I —uyp) (B1SI + ﬂzSC)>
N N2
+q1 (A1 —As5) + A1
I
+/OlﬁlQ (b + (1= p) 27 — 1s)
+'02’32(2 (a2 + (1= q) A7 — 25)
dv  0H (1 —uy) (CSBa + ISB1)
W——ﬁ—(h—h) 2
+Ara + Aot — Azaé — g (1 — &)
I C
+’01£le (rp+ (1= p) 27 — hs) + Lf\sz
(r6q+ (1= q) A7 = 45),
diy _ 0H (1 —wu)Spr (1—up)Sp1
o T T M) ( N - N )
+h1 (A3 —0xke — (1 —0) A7)
+uy (A3 — A — A7) + 11 (A3 — Ag) — Az(—dy — )
+p1f]1Q(A5—k6p—k7(1—p))—1, (18)
dhy __oH
a —  aC
o (A —u)Spy (1 —u1) (CSB2 + IS1)
= @2 —21) < N + N2 >
+hy (Mg — Aed — A7 (1 —9))
+1y (kg — Ag) + uz (kg — hg — A7) — Ay (—da — )
Il
+p1§# (—)»5 + Aep + A7 (1 —p))
pf2Q  p2B2QC
+(%— 2sz )(f\s—laq—M(l—q))—
drs 3H B (1 —uy) (CSB2 + 1SB1)
+7r3 (A5 — Ag)
ppil  p151QI
+( 1N1 - lNl2 )()\5 —pre — (1=p) A7)
C C
+ (% _ pz’j\;zQ ) (A5 —r6q — A7 (1 — q)) + Asp,
d¢  0H (1 —uy) (CSB +ISB1)
@~ - M Al)( N2 )
I
+r4 (ke — Ag) + mf]le (=25 +26p + 47 (1= p))
C
+£2PQ (25 + r6q + 17 (1 —q)),

N2
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dv; _ 9H (1 —u1) (CSPa + ISP1)
P =2 - M)( N2 )
p11QL

+75 (7 = A) + =5 (ks + hep +37 (1-p)
+2RUE (s agq 7 (1- @) 407 (ds 1),
dig oH (1 —up) (CSB2 +ISB1)
At~ R QZ_M( N2 >
+ 2L (s +agp+27 (1-p)

C
40220 o rea (1—4) + rgp.

N2

With transverse condition
2 (T) = 22(T) = 23(T) = rg(T) = rs(T)
A7 (T) = Ag (T) = 0.

The stationary condition for the optimal control problem

= (1) =

(16) is obtained by deriving the Hamilton function (17)
on the control variables u; and up (% =0, gz; —O)

successively obtained

_ (B1SI+ B2SC) (A2 — A1)
1 = and
NA;
I(A3 — X6 — A7) + C(Ag — Ag — A7)

A

uy =

The control variables in the COVID-19 model with preventive
measures through education and treatment efforts for infected
individuals are defined as 0 < u; < 1and 0 < up < 1. So, the

optimal control u} and u} can be expressed as

u} = maks {O, min ((ﬂls*lmrﬁzs*c*)(xrh),1) } and

NA;

uj = maks ’0, min (I*O”-”_AG_M)XZC*()”4_)”6_)”7) R 1)] .

The optimal system is obtained by substituting the optimal
control variables ] and uj into the system of state (Equation
15) and costate (Equation 18) equations.

6. Simulation of the model with
control

The method used in solving this optimal control problem
is the forward-backward sweep method. In this numerical
simulation, the parameter values used are presented in Table 1
according to the state of the COVID-19 case in Indonesia. Next,
the initial values given are as follows Sy = 270,911,990, Ey =
1,000,000, Iy = 412,784, Cp = 500,000, Qo = 100,000,
Hy = 56,899, Jo = 200,000, and Ry = 341, 942, with simulation
intervals t € [0,100]. The results of the optimal numerical
control simulation are presented as follows:
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FIGURE 7
The optimal control simulation results with u; # 0.
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6.1. Using the control strategy u; # 0 and
U; = 0

Figure 7 shows the control strategy u; # 0 and uy = 0. This
is the result of education that makes all individuals always be
careful, such as interacting outside the home. Implementing this
strategy on subpopulations exposed, infected with comorbidity,
infected without comorbidity, and isolation is significantly
reduced. Implementing the control strategy u; # 0 and up = 0
can also increase the subpopulation of quarantine. Furthermore,
the control strategy profiles #; # 0 and up = 0 to reduce the
number of COVID-19 cases during ¢ = 100 are presented in
Figure 8.

The control strategy u; # 0 and up = 0 is given by one
(maximum) from the beginning of the period to t = 99.9 and
decreases significantly to zero at the end of the period. Control
is terminated at the period’s end, meaning no more control

is given.

6.2. Using the control strategy u; = 0 and
u #0

0 and uy #
0. This strategy can reduce the subpopulation infected with

Figure 9 shows the control strategy u

comorbid and without comorbid because there is an increase
in the care of infected individuals. Implementing this strategy
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FIGURE 8
The optimal control profile with uy # 0.

on subpopulations exposed, infected with comorbidity, infected
without comorbidity, and isolation is significantly reduced.
Implementing the control strategies u; = 0 and up #* 0 can
also increase the subpopulation of quarantine. Furthermore, the

profiles of ug 0 and up # 0 control strategies to reduce
the number of COVID-19 cases for t = 100 are presented in
Figure 10.

The control strategy u1 = 0 and up # 0 is given by one
(maximum) from the beginning to t = 48.6 and decreases slowly
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The optimal control simulation results with u, # 0.
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FIGURE 10
Optimal control profile with up # 0.

until £ = 100 reaches zero which means control is stopped at the
end of the period.

6.3. Using the control strategy u; # 0 and
u #0

Figure 11 indicates a combined control strategy. This results
from education that makes all individuals always be careful (such
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as interacting outside the home) and increased care for infected
individuals. Combined control strategies can control or reduce
deployment significantly. Furthermore, the combined control
strategy profile to reduce the number of COVID-19 cases during
t =100 is presented in Figure 12.

The combined control strategy consists of two concurrent
administrations of control. The control u; is given by one
(maximum) up to t = 65.4 and decreases significantly until the
end of the period reaches zero. Then, control u is assigned one
(maximum) until t+ = 39.5 and then decreases until + = 100
slowly reaches zero. Both controls are terminated at the end of
the period, which means they are no longer given control of u;
and uy.

6.4. Comparison of total infections using
all strategic control scenarios

The varying initial values of the exposed subpopulations

are given. Total infected subpopulations for different
initial  conditions from exposed subpopulations are
E(0) = 200000,E(0) = 1000000,E(0) = 10000000, and

E(0) = 100000000 successively from left to right using the three
control strategies shown in Figure 13.

From Figure 13, it can be seen that the number of infected
subpopulations was reduced by applying the third strategy
compared to other strategies. Based on strategies 1-3, it can be
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Combined control profile.

concluded that strategy 3 is the best strategy to minimize the
number of people infected with COVID-19 in the community.

7. Cost evaluation

The cost evaluation aims to determine the most minimal
cost-effectiveness  strategy of COVID-19 spread control
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measures. Cost evaluation in this study uses average cost-
effectiveness ratio (ACER) and incremental cost-effectiveness
ratio (ICER). According to the approach to cost-effectiveness
analysis, ACER is defined mathematically as follows:

Objective function (J)
Total number of infections averted

ACER =

The strategy with the smallest ACER value is the most
cost-effective and is obtained in Table 4 as follows:

The incremental cost-effectiveness ratio, which compares
two intervention options vying for the same scarce resources,
typically tracks costs and health benefits changes. ICER is
defined as follows when considering strategies p and g as two
competing control intervention techniques:

Change in total costs in strategies p and q

ICER = .
Change in control benefits in strategies p and q

Next, ICER was calculated to determine the most cost-effective
strategy out of all the control strategies. First, the competition
for strategies 1 and 2 is calculated as follows:

49,247,000,000 — 0
53, 846, 000,000—0
2,991,000, 000 — 49,247,000, 000
53,893,000, 000
46, 256, 000, 000
47,000, 000

ICER (1) = = 0.9146,

ICER (2) =

—53, 846,000,000 = — = —984.1702,
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(A-D) Total subpopulation infected using various strategies.

The ICER results in strategy 1 were greater than in strategy
2, so educational controls alone were more expensive and
ineffective than medical care enhancement controls. Therefore,
strategy 1 is removed from the possible control strategies. Next,

the ICER for strategies 2 and 3 is recalculated as follows:

ICER(2) =

ICER (3) =

2,991, 000,000 — 0
53,893,000,000—0

= 0.5130,

1,794,700,000—2, 991, 000, 000

53,894, 000,000—-53, 893, 000, 000

1,196, 300,000
- = —1,196.3.
1,000, 000

TABLE 4 Total infections prevented, total costs, and ACER for

strategies 1, 2, and 3.

Strategy Infections Total cost ACER
prevented
No strategy 0 0 0
Strategy 1 53,846,000,000 49,247,000 0.9146
Strategy 2 53,893,000,000 2,991,000 0.0555
Strategy 3 53,894,000,000 1,794,700 0.0333

Strategy 2 has a higher ICER value than strategy 3. So,
strategy 3 (combined control) is the best control strategy of all
options because of its cost-effectiveness and prevention of the

spread of infectious diseases.
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8. Conclusion

In this study, we have proposed a mathematical model of
COVID-19 with comorbidities and added control of community
education and improvement of medical care. The proposed
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model has been calibrated using cumulative confirmed infection
cases in Indonesia. The basic reproduction number has been
calculated by the next-generation matrix method. The model has
an asymptotically stable disease-free equilibrium, provided that
the basic reproduction number is <1. Furthermore, the model
has an asymptotically stable endemic equilibrium, provided that
the basic reproduction number is more than one. Individuals
with comorbidity have a greater risk of infection, so there is
a need for more supervision and preventive measures such as
wearing masks, maintaining distance, and proper sanitation.
Public education can be through social media, TV, radio,
print media, and others to control the COVID-19 pandemic
in Indonesia. Based on the model analysis, it is found that
the COVID-19 pandemic can be controlled and eradicated if
the value of Ry < 1 by providing public education control
and improving medical care. The sensitivity analysis results
show that the most influential parameters are quarantine and
contact with infected individuals, so educating the public to
reduce disease transmission is important. After public education
was given, the community became aware of the COVID-
19 outbreak and began to reduce contact with other people.
Likewise, the Indonesian government imposed large-scale social
restrictions (PSBB) and enforced restrictions on community
activities (PPKM) with four levels aiming to reduce infection
and reduce social contact, educational institutions conducted
online classes, webinars, etc. In addition to public education,
increased medical care also need to be given to individuals who
are already infected so that they recover quickly and that the
epidemic is resolved soon. Furthermore, from the numerical
results and cost-effectiveness analysis on the optimal control
problem, it is found that applying a combination of controls
can give the best results compared to a single control. This
study can be extended in various ways, including considering
the stochastic, time delay, and fractional derivative versions of

this model. In addition, providing control variations (such as
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The complexity of the dynamical behaviors of interaction between prey
and its predator is studied. The prey and predator relationship involves the
age structure and intraspecific competition on predators and the nonlinear
harvesting of prey following the Michaelis—Menten type term. Some biological
validities are shown for the constructed model such as the existence and
unigueness as well as the non-negativity and boundedness of solutions. Three
equilibrium points, namely the origin, axial, and interior points, are found
including their global dynamics by employing the Lyapunov function along
with the generalized Lassale invariant principle. The changes in dynamical
behaviors driven by the harvesting and the memory effect are exhibited,
including transcritical, saddle-node, backward, and Hopf bifurcations. The
appearance of these interesting phenomena is strengthened by giving
numerical simulations consisting of bifurcation diagrams, phase portraits, and
their time series.

bifurcation, age structure, intraspecific competition, harvesting, memory effect

1. Introduction

Since Lotka and Volterra introduced the classical predator-prey model, theoretical
studies of predation without age structure have attracted the attention of many authors,
for example Deng et al. [1], Huang et al. [2], Tahara et al. [3], and Zeng et al. [4]. However,
in nature, many species of plants and animals could have life histories that can simply be
partitioned into two age stages: immature and mature stages. In each stage, individuals of
species have identical biological characteristics, such as the ability to reproduce, motile,
ingest food, and survive [5]. In particular, there are amphibians, insects, birds, and
mammals with life cycles that can last from only several days or weeks to more than a
century. For this reason, some researchers have developed the predator-prey model by
incorporating age structure either in prey or/and predator population with other factors
that also influence the dynamics of the predator-prey model, mainly restricted to the
classical integer-order, stochastic, or delay equations [6-13].
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In Wang and Chen [14] considered the predator-prey model
with age structure for the predator population using time delays.
If we ignore the effect of time delay, the model can be written
as follows:

dx
dt
Y nxz— py - b1y,
dt

dz
dt

=rx (1 — %) — mxz,
(1)
=By — 62z.

Here x(t), y(t), and z(t) represent the population densities
of prey, immature predator, and mature predator, at time ¢,
respectively. Model (Equation 1) assumes that the prey grows
logistically with r as the intrinsic growth rate, K is the carrying
capacity; m is the linear Holling type I functional response, n
is the conversion rate with which captured prey are converted to
new immature predator, 8 is the maturity rate of the predator, §;
and §; are the death rate of the immature and mature predators,
respectively. It is also assumed that only the mature predator can
feed the prey through the term mxz. If we do not consider the
age structure of the predator population, then model (Equation
1) is reduced to the classical Lotka-Volterra model for which
the positive equilibrium or the boundary equilibrium of this
model is globally asymptotically stable. This means that the
model has no periodic solution. On the other hand, Wang and
Chen [14] prove that in the model (Equation 1), there exists
an orbitally asymptotically stable periodic solution around the
interior equilibrium point which suggests that the age structure
can cause periodic oscillation of populations.

From the point of view of human needs, harvesting of
populations generally occurs in wildlife, forestry, and fisheries
management. When harvesting is integrated into the predator—
prey model, there are three types of harvesting, namely
constant harvesting [15], linear harvesting [16], and non-linear
harvesting [17]. In this article, we assume that the predator is
not a commercial species and there is intraspecific competition
among immature predators. Therefore, the predator-prey
model with age structure and intraspecific competition in
predator (Equation 1), where the prey population is subject to
Michaelis—Menten type harvesting, is given by

dx X hx
@i g) e

b = nxz — By — 81y — wy?, (2)
dt

dz

s =By — z.

An example of prey-predator interactions whose biological
phenomena are described in the model (Equation 2) can be
found in the African wild dog with its prey impala. The African
wild dogs are a social structure that lives in packs. For 3-4
weeks, young African wild dogs were in the den with their
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mother. All adult members of African wild dogs are care for their
young ones and provide food for them. The hunting members
of the pack will return to the den where they regurgitate meat
for the nursing female and young. In some cases, young ones
fail to survive because the hunting member does not bring
back sufficient food for the young, which leads to intraspecific
competition in immature predator [18]. On the other hand, the
prey, impala, even though there are no major threats to their
survival, poaching has become significantly contributed to the
decline in its number [19].

Note that the growth rates of the prey, immature, and mature
predator populations in the model (Equation 2) depend only on
the local state as the left-hand side is the integer-order derivative.
On the other hand, most biological systems have properties
where the current state is affected by all of the past states or it
is called the memory effect. Therefore, modeling with memory
effects can be done by analyzing the system using fractional-
order calculus [20, 21]. The operators of the fractional-order
derivative have non-local properties to make them more suitable
for dynamical systems that have memory influences on their
state variables.

After Riemann and Liouville generalized the concept of
integer-order calculus to the fractional-order calculus over
two decades ago, the studies about the predator-prey models
with fractional-order differential equation have gained much
attention, for example, Rahmi et al. [22], Owolabi [23], Barman
et al. [24], Ghanbari and Djilali [25], Yousef et al. [26], Ghosh
et al. [27], and Panigoro et al. [28]. The fractional-order
derivatives are defined as an integration that provides the ability
to store the whole memory over time, and hence, it could give
an exact description of different ecological phenomena. For this
reason, the new structure for the model (Equation 2) is given in
the following form:

h
CDf‘x(t) =rx (1 — %) — mxz — c—l—ixx = Fi1(x,y,2),

CDEY(t) = nxz — By — 81y — w0y = F2(x,0,2), G

CD‘t)‘z(l‘) = By — 8z = F3(x,,2).

The existence and local stability of all equilibrium points of
the model (Equation 3) are discussed in Panigoro et al. [29].
However, to the best of our knowledge, the global dynamics and
bifurcation analysis of the model (Equation 3), to this day, have
not been investigated. Here, CD?‘ f(t) is the standard Caputo
derivative for a continuous function f(x) € C([0,400),R),
which is defined as follows:

1 L ofl(o)

Cra _
PIO=va= ) too®®

4)

where I'(x) is the gamma function, t > 0,and 0 < o < 1is
known as the order of the fractional derivative.

Based on the above discussion, we have organized our work
in several sections: In Section 3, we develop the existence and
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uniqueness solution of the model (Equation 3). To check the
biologically well-posedness of the model, we establish the non-
negativity and boundedness of solutions of the model in Section
3.In Section 4, we derive some sufficient conditions to ensure the
global asymptotic stability of each locally asymptotically stable
equilibrium point by applying the Lyapunov functions. We then
analyze the existing conditions of transcritical, saddle-node,
backward, and Hopf bifurcations in Section 5. Some numerical
simulations of our obtained results are carried out in Section 6.
Finally, the conclusions are given in Section 7.

2. Existence and uniqueness

In this section, we will show that the model (Equation
3) has a unique solution. A similar manner given by Mahata
et al. [30] is adopted. We first take the Riemann-Liouville
integral (Definition 1 in Yavuz and Sene [31]) on both
sides of Equation (3) to achieve the following Volterra-type
integral equations.

t

x(t) — x(0) = ﬁfo Fy(x(2), y(1), 2(1)) (t—)* ! d,
t

W>—y<0>=ﬁ fo Fa(x(2), y(0), 2(2))(t — 1)L dr, (5)
t

(0~ 20) = s [ R - 0

Now, we will show that the kernels Fj(x,y,z), i =
1,2, 3, satisfy the Lipschitz condition. For ||.|| is the Euclidean
norm, we suppose that Hx(t)” < a, Ha_c(t)H < ap,
| = a |30 = a2 <
||2(t) || < ag are bounded functions. For x, X, ¥, ¥, z, and Z,

as, and
we have

|1 (x.3,2) = F1 (% 3.2) |

:||r(x—5c)—%(x—k)‘c)(x—)’c)—mz(x—a_c)

e (L) I
c+x)(c+5)

(a1 +ax)r - — 5
——— |Ix =X +asm|lx — x| + — [Ix — x|

<rlx—xl+
=r| I K C

=g lx—xl,

|2 (x.9,2) = F2 (% 52) |
= H [nxz — By =61y — wyz] — [nxz — By =481y — a))'zz] H
= [-By =9 -810-9 -0+ -|
<Bly=7] +51|y—7| + s +aq) |y -]
=@ly-y

>
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|5 (x.32) = F5 (x.0.2) |
= [[By - 622] - [By — 527]|
<glz-zl,

where gy = r BLT92)"

+a5m+§,g2 = B+81+w(az+ay),
and g3 = §,. Therefore, we conclude that Fi(x,y,2), i = 1,2,3,
satisfy the Lipschitz condition. Furthermore, it is clear that if
0 < g < 1, then Fj(x,y,z) are contractions for i = 1,2,3.

Therefore, the following theorem is obtained.

Theorem 1. The kernel Fi(x,y,z), i = 1,2,3 satisfy the
Lipschitz condition and contractions if 0 < g; < 1, i = 1,2, 3.

Next, Equation (5) can be written as follows:

t

(1) = x(0) + —— / Fi(x(t), y(0), )t — )% d,
() Jo
t

2E) = y(0) + —— / Fa(x(o)o (), (1))t — 1) dlr,
() Jo

t
z(t) = 2(0) + ﬁ/(; F3(x(2), (), 2(0))(t — 7)* ! d,

Which can be written by the following recursive formula

1 t
Xn() =x(0) + —— [ Fi(xy—1,3,2)(t —7)* 1 dr,

I'(@) Jo

1 t
) =50 + s /0 Fa(xoym1.2)(t — )% L d,

1
zn(t) = 2(0) + m A

t
F3(x,y,2n—1)(t — 0)* 1 dt,

with initial conditions xo(t) = x(0), yo(t) = »(0), and zo(t) =
z(0). Therefore, we have

01, () = xu(t) — x4—1(t)

t
- ﬁ fo (FiGin—1,302) — FiGn_232)) (t — 1) di,
92() = yu(6) = Y1 (0)

t
= ﬁ /(; (Fz(x,}’n—l,Z) - Fz(x,)/n_z,z)) (t — )% dr,
(6)

@3, (t) = zu(t) — zp—1(t)

1 t
= @ ‘/(; (F3(X,}’> Z}’l*l) - F3(X,y, anz)) (t _ T)a_l d‘[,

where x(t) = 3711 ¢1,(8), yn(t) = 3711 @2,(1), and 24 () =

Z?:l @3, (t). Now, we evaluate the norm of Equation (6). We
achieve

lo1, | = [xn(t) = xp—1 (1)

1 t
=< %/O ||(F1(xn_1,y,z)
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—Fl(xn72>)’> Z)) (t - T)ail df»
02,0 = [[yn(®) = yn_1(®)

1 t
STa)/o 1 (P2 Y1)
—Fy(x,yn—2,2)) (t — D)* L dr|], 7)

03,0 = ||zn(®) — za—1(1)]|

1 t
< m/0 1 (F3(6, 3 2n1)
—F3(x,y,2n—2)) (t — T)* ! dr||.

From Theorem 1, we have that the kernel satisfy the
Lipschitz condition and hence Equation (7) becomes

|xn(8) = xn—1(®)|| < Hxn—1—xn—2|| (t—1)* ! dr,
r( )

I = yar 0] = 22 f Dot — 2 (£ — %V dr,

Jont) = 10 = 125 [ et —znal = 00 .
F(Ot)

The last inequality gives

t
lon, 0] = % [ o] a.
o0l < & [l i ©
loa, 0] = £ [ oa, , 0] o

Finally, the existence of a solution is given by the following
theorem.

Theorem 2. The solution of model (Equation 3) has a solution
t .
under the condition if we have t; such that 8 <
I'a+1)
1,i=1,2,3.
Proof. We assume that x(t), y(f), and z(¢) are bounded and their

kernel F;, i = 1,2, 3 satisfy the Lipschitz condition. According
to Equation (8), we obtain

[t

len 0] = o] | 755 |
- t Tn

le2,®] < [yo®)] _r(alig:il)_ ’ ©)
— t n

les, O] = 200 _r(aligfn_ ’

which represent the existence and continuity of the system. To
show that the solution of the model (Equation 3) can be set up
from the functions in Equation (9), we assume

x(t) — x(0) = xn(t) — Q1 (1),
y(£) = y(0) = yn(£) — Qo, (1), (10
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2(t) — 2(0) = zp (1) — Q3,,(1).

where Q;,, i = 1,2, 3 are the remaining terms. Furthermore, the
given terms would be demonstrated to hold | Q.| — 0Vi =
1,2, 3. Denoting that

1Quall (t) < HF( ) (Fl(x,y,z)—Fl(xn_l,y,z)) dt
< @/O IF1L(6,7,2) — Fi(xn_1,7,2)| dr
: % I

1Qanll () < H m ' (Bx(on2) = Fa(xoynr,2) dr

Sm/ |F2(6,3,2) — Fal, yn1,2)]| dr - (11)

SWHJ’ Yn—1] -

1Q3all (1) < H (F3(x.002) = F3(x,,20-1)) dt

< @/0 |F3(5,7.2) — By, z01)| dr

183 H

=Tl al

By applying a recursive pattern, we acquire

o0l < [ | et
ool = [t e
Jos 0l < [ | e

At the point 7, we have
o1 = s | st
s 0] = [t | st 13
1Qs, )] < W“H)H ok

By considering the results of Theorem 1 and applying n —
00 to both sides, we have H Qi H —0Vi=1,2,3.

In the end, we will show that the solution is unique for each
initial value by utilizing the contradiction approach. Suppose
that there exists another solution of the model (Equation 3),
namely x1 (1), y1(t), and z1 (¢). Then, we have

*(t) = x1(6) = F(a)/ (Fi(o3,2) — Fy(en_1,32)) d,

2O~ y1(0) = % /0 (F2(x.3:2) — Fa(x,yn—1,2)) dt, (14)
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1 t
do—mo=ﬁaﬁ(&m%n—&m%%4»w

Applying the norm on both sides, we achieve

t
s =010] < 15 [ 1160 = Ao

t
IOESG] = e )/ |F2(x, y,2) = Fa(x, yn—1,2)| dr,
(15)

1 t
km—ﬁwnfﬁaﬁnﬁamﬂ—&@%ﬁAwdﬂ

By considering Theorem 1, we obtain

[x® = 0] = 5 ( ||x(t)
Iy =] < r( IIy(t)
[z() —z1(0)| < ||z(t) -z

Therefore, the following equations are obtained.

b0 =01 (1- ) <o

g2
Hﬂﬂ—m@W(L—ﬁgiﬁ>§Q (16)

g3
As a result, we achieve | n@| =

0, and ||z(t) —z1(t) || = 0, which impact x(t) = x1(8), y(t) =
y1(8), and z(t) =
theorem.

z1(t). Then, we finally give the following

Theorem 3. The Caputo fractional-order predator-prey model
(Equation 3) has a unique solution.

3. Non-negativity and boundedness

In this section, we will show that for any initial condition is
in Ri_ where

Ri_::{(x,y,z) tx>0,y>0,z2>0, xR, yeR}.
The solution not only exists and is unique but also bounded

and always in R3 3 ast — oo. Therefore, we have the following
two theorems.

Theorem 4. If the initial condition in Ri then both population

densities of prey and predator given by model (Equation 3)
remain in Ri.
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Proof. To prove this non-negativity condition, we apply
reductio ad absurdum (contradiction method), which is also
used in Barman et al. [24] and Maji [32]. We assume that there
exists 7 > 0 such that

x(t) > 0, when0 <t < [
x()) =0, whent =1 (17)
x(tt) < 0, whent = i+,

From the first equation in Equation (3) along with
Equation (17), we have

Cpox (Bl = 0. (18)

According to Lemma 3.1 in Barman et al. [33], we get
x(tt) = 0 which contradicts with Equation (17) where x(th) <
0. This means that x(#) > 0 for all t € [0, c0]. Similarly, we can
show that y(f) > 0 and z(¢) > 0 for all t € [0, oo]. In conclusion,
we have the non-negative solution for model (Equation 3) when

the initial values are in ]Ri.

Theorem 5. The solution of model (Equation 3) is always
bounded in Ri for the initial condition in Ri.

Proof. Since we work the population model, it is natural that
the population must be bounded due to the limitation of their
biological resources, which is also known as environmental
carrying capacity. Thus, the boundedness of the solution of the
model (Equation 3) is also important to learn and prove. From
Theorem 4, we can define a positive function as follows:

mz

Nm_x+JH_f (19)

For any y > 0, the following fractional-order differential
equation holds.

CDEN () + y N (t)
= CDfx(t) + = DO + ZCDE Y1) + y N (1)

= (rx (1 - %) — mxz — ch)

+ %(nxz — By — 81y — a)yz)

m m mz
+—(/3y—822)+yx+u+L
n n n
2 2
el hx  Simy  womy
K c+x n n
Somz m mz
_Gmz o ymy Y
n n n
rx? Simy  Symz ymy ymz
<rx———-——-——4yx+—+—
K n n n n
2
rx m mz
=(r+ 7= T+ =)+ — 8
n n

By choosing ¥ < min{d1, 82}, we obtain
2

CDIN® +yN(t) < (r+y)x— %
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r ( 5 (r+y)Kx>
= — X - ——

K r
__rfa_ (r+y)Kx  (r+7y)*K? o+ ¥)2K?
- K r 472 4r2
r (r+9)K\2  (r+y)*K?
= — — X — —
K 2r 472
r (r+y)K\>  (r+y)*K
= ——|x- +
K 2r 4r
2
_r+y)°K
- 4r

According to Lemma 3 in Panigoro et al. [34], we apply the
comparison principle and obtain

(r+v)*K
4yr

Eq[-yt*] + . (20)

2
N < (Nm) - W)

(r+ )’ K

For t — oo, we achieve N (t) — , which means

all solutions of model (Equation 3) with non-negative initial
conditions are confined to €2 where

Q= {(x,y,z) eRi_ : N(t) =x(t)+%(t) —+ M
2
< ,0’=M+8,8>0 . (21)
4yr
4. Global dynamics
In this section, the global dynamics of model

(Equation 3) are investigated. Note that all biological
equilibrium points, their existence conditions, and their
stability
et al. [29], which can be rewritten by the following theorem.

local are successfully described in Panigoro

Theorem 6. (i) The origin point & = (0,0,0) always exists.
h
It is locally asymptotically stable (LAS) if r < —.
c

(ii) The axial point £4 = (5(, 0, 0) where X is the positive root

h
of 2 + (c — K)x + <7 — c) K = 0, which has
r

(a) an equilibrium pointifc > —.
r

h
(b) a pair of equilibrium points if ¢ < min {K , = }
r
(c+3)>2r (B +81)82
pn
(iii) The interior point &1 = (x*,y*,z*) exists, if a;, i = 2,3 in

Moreover, it is LAS if h < and x <

Panigoro et al. [29] satisfies the following statements.

(a) An equilibrium point in Rj_ ifaz < 0.
(b) Two equilibrium points in Ri ifay <0andas > 0.
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The LAS condition of £ can be seen in Theorem 4 in
Panigoro et al. [29].

Note that all equilibrium points may attain local asymptotic
stability with several biological conditions. Now, we will identify
the biological properties to obtain globally asymptotically stable
(GAS) for each equilibrium point. The analytical results are
given by the following three theorems.

h
Theorem 7. The origin point &, = (0,0,0) is GAS if r < s
c+o

Proof. We define the positive definite Lyapunov function as
follows:

Vi y,z) =x+

m mz
2, = (22)
n n

By applying Lemma 3.1 in Vargas-De-Ledn [35], we compute
the o—order derivative of Vi (x, y,z) along the solution of the
model (Equation 3) as follows:

CDEY| (x,y,2) < CDYx + %CD‘;‘)H— %C'D?Z
x
= |rx (1 — —)
(~(-%

m
+ —(nxz — By — 81y — wy?)

+ %(ﬂy — 822)

rx? hx
=1X— — —MXZ — —— + mxz
K c+x

Bmy Simy  womy? . Bmy  Symz
n n n n n
rx? hx Simy  wmy*  Symz
=rx— — — - - -
K c+x n n n
h 8 Symz
ey X Bimy  ymz

c+x n n

From Equation (21), we have x < ¢ and hence

hx Symy  Srmz

Cra
DiVi(x,y,2z) <rx —
10y 2) S c+o n n

( h ) Symy  Symz
= — —Tr|Xx— -
c+o n n

Therefore, CD;“Vl (x,9,2) < 0 for all (x,,2) € Ri, if

r < o We also find that CD‘t)‘Vl (%, ,2) = 0,if (x,9,2) =
c+o
(0,0,0). This conveys that {£,} is the only invariant set on which

CDf‘Vl(x,y, z) = 0. Obeying Lemma 4.6 in Huo et al. [20],

r < obviously becomes the biological condition of &, to

c+o
reach GAS.

hK
Theorem 8. The axial point £4 = (%,0,0) is GASif — < X <
cr

82
~
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Proof. We construct a positive definite Lyapunov function
based on the Volterra equation as follows:

my — mz

X
NV, Z) = —x—xIn = — + —. 23
Va(x,9,2) (x X —XxIn >+n+n (23)

X

The a-order derivative of V5 (x, y, z) along the solution of the

model (Equation 3) given by Lemma 3.1 in Vargas-De-Ledn [35]
is given by

meDYy

—% mCD‘t)‘Z

X
DIV (x,p,2) < (T) Cpox +

- () (- ) e )

m
— -4
n(ﬁ)’ 22)
_( A) rx h N
= (x—Xx)(r X mz x mxz
moyy mwy2 méyz
n n n
. r . h(x — X) )
=x—Xx)|—k—X)+ ——F——F —mz
( )< K( ) (c+x)(c+x)
8 2 mé
+mxz_m1y_ma)y _mzZ
n n
r( A)z h(x—fc)2 ik
= ——(x—x —— 4 mXz
K (c+x)(c+X)
mé1y ma)y2 mérz
n n n
2 h(x—fc)z
< ——(x—3%)"+ =
cx
8 1
o — 2OV 0%
n n

)
< —2, we have CDf‘Vz(x,y, z) < 0 for

) hK
Since — < X "
all (x,y,2) € Ri. It is also clear that CD‘t"VZ(x, y,z) = 0if
(x,9,2) = (%,0,0). This confirms that {4} is the only invariant
set on which CD‘t"Vz(x,y, z) = 0. Therefore, £4 is GAS due to
Lemma 4.6 in Huo et al. [20]. This confirms the justifiability of
Theorem 8.

Theorem 9. Let

Z*
{(x,y,z) Tz = (1 4+ om)my*
The interior point &7 = (x*, y*, z*) is GAS in Qx.

Qx:

(1 — mx®)ymy* — no 2

cr
K.

}andh <

Proof. Consider a positive definite Lyapunov function as
follows:

Vi(x,9,2) = (X—x* —x*lni)

x*
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(24)
By applying Lemma 3.1 in Vargas-De-Leén [35] and Lemma

1 in Aguila-Camacho et al. [36], we obtain the «-order derivative
of V3(x, y, z) as follows:

_4¥ gk
DMV, 2) < <u> Cpey 4 ™ (u)
X n y

1 (z—2"\ ¢
- D
52< z* ) ts
x —x* x hx
= 1—- =
( x )(rx( K) c—|—x>
m y—y*> 2
+ — nxz — By — 81y — o
( ) ( y— 81y — 0y

1 _ -k
+5 (z Z*Z )(/3)’—522)

= (x—x¥) (—% (x —x*) — m(z — 2%)

“Dfy+

h(x — x*) >
(c+x)(c+x*)
o [(mxz  mx*z* mw(y—y*))
+ —_ P — —
v y)< y y* n
N z—z*
*\2 * *

+ S —
(c+ x)(c+ x*)
. my*xz  mx*z*y

y y*
_mol-y) oy 2y
n A
2
*Z+Z**@.
z

Applying Equation (21), we have

r *)2
Cpo 9, _(r_n —
P V3(xy,2) < <K C2>(x X )

_ mo (v —y*)2 B (z— z*)2
n z*

— <1 — mx* — (m*> z+ (1 +om)z*.
my

(1= mx®)my* — no

Since — < , we achieve
z (I 4+ om)my*
CDEVy(np2) < — (£ = 1) (x— )
- K 2
mew (y—y*)2 (z—z"‘)2
n zx

Thus, CD?V3(x, »,2z) < 0 forall (x,,2) € Ri, when

2
h < % We also confirm that CD‘;‘V3 (6, y,2) = 01if (x,9,2) =
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(x*,y*,2*) and hence {&]} is the only invariant set on which
CD‘;‘V3 (x,y,2) = 0. Based on Lemma 4.6 in Huo et al. [20], the
interior point &1 is GAS in €2x. This ends the proof.

5. Bifurcation analysis

In this section, we will study the occurrence of several
phenomena namely transcritical, saddle-node, backward, and
Hopf bifurcations. Two parameters are chosen, namely the
harvesting rate (h) and the order of the derivative («), as
the memory index. For the analytical purpose, we define the

following parameter.
hy =cr,
x_ (et K)?r
27 4k
2
o = = arctan | 2=
7 &

Next, the following theorem is given for describing the
occurrence of transcritical bifurcation driven by the harvesting
rate (h) as the bifurcation parameter.

Theorem 10. The origin point &, and the axial point Ex
exchange their stability via transcritical bifurcation when h
passes through h7}.

Proof. Since the axial consists of two equilibrium points, we
focus on the axial point nearest to the origin point. When h =
h}, the axial point merge with the origin point & = a4 =
(0,0, 0) where the eigenvalues of the Jacobian matrix are: A1 = 0,
A = (B + 681), and A3 = —6&,. We obtain !arg (A2,3)| =7 >
am /2 while |arg (A1)| = amr /2. This means & = £4 = (0,0,0)

K)2
is non-hyperbolic. When hf < h < e+ KT

» by applying
Theorems 2 and 3 in Panigoro et al. [29], &y becomes LAS while
the nearest £4 becomes a saddle point. For 0 < h < h¥, The
origin £y becomes unstable and the nearest £4 ¢ Ri becomes
unstable. This condition shows the existence of transcritical
bifurcation, where h becomes the bifurcation parameter while

h = h7 is the bifurcation point.

Now, the existence of saddle-node bifurcation on axial
will be proven by still regarding the harvesting rate (h) as
the bifurcation parameter. As a result, the following theorem
is proposed.

h
Theorem 11. Suppose that ¢ < min { - K}. The axial point £4
r
undergoes saddle-node bifurcation when h passes through the
bifurcation point /.
Proof. According to Theorem 1 in Panigoro et al. [29], the
axial point does not exist when & > hj. When h = h3, a

. . . K—c¢ N
unique equilibrium point £4 = T,O,O occurs in axial
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where its Jacobian matrix has three eigenvalues: A1 = 0 and

—% [ﬁ +81+ 8 + /(B +81 — 82)2 + 2Bn(K — c)].
Since |arg(k1)| =

A3 =
am /2, this axial point is non-hyperbolic.
When h < h*, two axial points occurs given by £¢ = (5% 0, 0)

R R K — h* — h)K
andé'z = (xb,O, 0),wherexa = 3 C+ (

K- W — WK
5 ¢ _ ! ) . It is easy to validate that both £4 and
;

Sz are in ]Rz_ and have different stability. As a consequence, all

and x, =

the given circumstances express the occurrence of saddle-node
bifurcation.

Based on Theorems 10 and 11, we obtain more global
bifurcation namely backward bifurcation given by the following

lemma.

Lemma 1. The model (Equation 3) undergoes backward
bifurcation driven by the harvesting rate (h).

Proof. From previous theorems, the axial point Sﬁ exists and is
LAS, while & is unstable when h < h]. When b} < h < h3}, &
becomes LAS, £9 still exists and is LAS, and unstable £ /If. occurs.
The bistability condition is held for this interval of h which
means that the convergence of the solution is very sensitive to
the initial condition. Finally, those two axial points merge when
h = h¥ and disappear when h > h3. This completes the proof.

Finally, we will show that the memory index in this case, that
is, the order of the derivative («), affects the dynamical behaviors
of the model (Equation 3) indicated by the appearance of Hopf
bifurcation around the interior point £7.

the of
the Jacobian matrix evaluated at & can be written as
A3 4+ £2%2 + 51 + & = 0, which has a pair of complex
conjugate eigenvalues A1 2 = {1 =+ i¢p, where {1 > 0 and one

Theorem 12. Suppose characteristic ~ equation

real negative eigenvalue (A3 < 0). The model (Equation 3)

undergoes a Hopf bifurcation when the order of the fractional
&

&1

derivative o crosses out the critical value o® = % arctan

Proof. From  the  earlier have

minj<;<3 |arg()ni)| =

assumptions, we

Therefore, the solution

arctan ‘ £
&1

of m(e*) = o*5 — min|arg(;)] = 0 is only when
a* = %arctan ‘% . If we check the transversal condition:
dr;((xa) lg=a* = % which is not equal to 0, we can assure that

the sign of m(«) changes when the bifurcation parameter o
passing by o™. It means that the equilibrium point & is stable
when o € (0,¢*) and is unstable for o* < o < 1.

6. Numerical simulations

In this section, we explore the dynamical behaviors of the
model (Equation 3) numerically to support analytical findings,
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FIGURE 1

Bifurcation diagram driven by the harvesting rate (h) of the model (Equation 3) around the axial point using the parameter values: r = 0.1, K = 5,
m =0.25,¢c=0.5,n=0.01, 8=0.06,8 =0.05 8 =005 »=0.1anda =0.9.
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FIGURE 2
Phase portrait and time series of the model (Equation 3) using parameter values: r = 0.1, K =5 m =0.25,c =0.5,n = 0.01, 8 = 0.06, §; = 0.05,
3, =0.05 0=0.1«=0.9 and h =0.02.
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FIGURE 3

Phase portrait and time series of the model (Equation 3) using parameter values: r = 0.1, K =5 m =0.25,c =0.5,n=0.01, 8 = 0.06, §; = 0.05,
8, =005 0=0.1 =09 and h=0.12.
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Bifurcation diagram driven by the order of the derivative (a) of model (Equation 3) around the axial point & using parameter values: r = 0.8,
K=5m=0.25h=001c=008n=02 =048 =001 8 =001, =001 and w =0.1.
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especially the occurrence of bifurcation. The predictor-corrector
scheme given by Diethelm et al. [37] is employed. All of
the parameters used in these simulations are assumptions
matched with the biological conditions given by the previous
analysis results. This decision was taken because this work
does not specifically address an ecological case involving a
particular organism.

To show the occurrence of several bifurcations driven by the
harvesting rate (1), we first set the parameter as follows:

r=20.1, K=5,m=0.25 ¢c=0.5 n=0.01,

B =0.06, 1 = 0.05, 6, = 0.05, v = 0.1, « = 0.9. (25)

By varying the harvesting rate in the interval 0 < h < 0.24,
the bifurcation diagram is portrayed as in Figure 1. We have
three types of dynamic behaviors around the axial point. When
0 < h < hf = 0.05, we have unstable origin point & and
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LAS &4. The origin point losses its stability via transcritical
bifurcation when h crosses hi and the unstable axial point
&4 occurs simultaneously. These dynamics are maintained for
0.15125. On the other hand, the

stable branch of axial point £4 is preserved for 0 < h <

interval hf < h < K

I5. The LAS point and unstable point of £4 merge into the

non-hyperbolic point when h F5. The axial point finally
disappeared when h passes through h5 while the sign of &
does not change. Thus, we have saddle-node bifurcation on axial
with h} as the bifurcation point. If we observe from a more
global point of view, these interesting phenomena represent the
existence of backward bifurcation marked by the occurrence of
bistability condition. To show these dynamical behaviors, we

choose three values of harvesting rate in each interval: h
0.02,0.12, and 0.18 and portray them as phase portraits and time
series (see Figures 2-4). The interesting phenomenon called
bistability is portrayed in Figure 3. Two equilibrium points LAS
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simultaneously impact the sensitivity of the convergence of the
solution to the selection of the initial value. The two closest
initial values are set which converge to the different equilibrium
points. One of them convergent to the origin point and the
other solution convergent to the axial point. This means, two
conditions may arrive, namely the extinction of all populations
and the only prey existence point. Several references show
that the bistability condition occurs as the consequence of
saddle-node bifurcation, see Adhikary et al. [38] and several
references therein.

From the biological point of view, these numerical
bifurcations describe the possibility for the prey to extinct or
survive due to the change in the harvesting rate while the
predator both mature and immature is always extinct (Figure 1).
Three feasible conditions may happen. First, for any sufficiently
small harvesting rate (0 < h < h} = 0.05), the prey population
may maintain its existence in this ecosystem (Figure 2). Second,
if the harvesting rate increases (b < h < h3), two possible
conditions may occur namely the extinction of prey or the
viability of prey. These circumstances depend on the initial
condition, where if the initial condition is quite close to the
origin point, the prey will be extinct, and for the initial condition
is far enough from the origin point, the prey can survive
extinction (Figure 3). Third, if the harvesting rate is again
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increased (h > k), the population of prey will finally extinct
and there are no population again in this ecosystem (Figure 4).
The next circumstance occurs in the interior point of the
model (Equation 3), which demonstrates the influence of the
order of the derivative as the memory index on the dynamical
behaviors around the interior point. We set the parameter as

follows:

r=08 K=5 m=025 h=001, c=008 n=02,
B =04, 8 =001, 8 = 0.01, 5 = 0.01, = 0.1.  (26)

To identify the dynamical behaviors, we vary the values of
« in the interval 0.76 < « < 1. As a result, we obtain the
bifurcation diagram given in Figure 5. For ¢ < «* ~ 0.86, the
interior point &5 is LAS. To show this condition, we give the
phase portraits by selecting @ = 0.81 and @ = 0.84 as given
in Figures 6A, B. Nearby solution oscillates and convergent
to £&1. When o crosses o™ =~ 0.86, &1 losses its stability
via Hopf bifurcation which is indicated by the occurrence of
periodic signal namely limit-cycle. The nearby solution stays
away from &5 and convergent to the limit-cycle. The evolution
of the limit-cycle given in Figure 5 also shows that the diameter
of the limit-cycle increases when alpha increases. We portray
the phase portraits in Figures 6C, D to show the dynamics
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t

FIGURE 7

Phase portrait of the model (Equation 3) around interior point & using parameter values from Equation (26).

0.87 and ¢ = 09. It is
shown that the densities of all populations are oscillated and

of solutions around &7 for @ =

finally converge to the limit cycle. The physical interpretations
of Hopf bifurcation driven by « are closely related to the
influence of the memory on the change of behaviors around the
interior point. The stronger the influence of memory, the higher
the ability of prey and predators to maintain their existence
(¢ < a™). For less memory effect which is indicated by « >
o*, all populations lose the ability to stabilize their number
of individuals. The population density fluctuates according to
seasonal patterns which indicates by the appearance of a limit
cycle (Figures 6C, D), and the peak of each population also
increases for less memory effect (Figure 7). Although the density
for each population cannot tend to a constant number, in
this case, the memory effect cannot cause the extinction of
every population.

7. Conclusion

The dynamics of a predator-prey model incorporating
four biological conditions, namely age structure, intraspecific
competition, Michaelis-Menten type harvesting, and memory

Frontiers in Applied Mathematics and Statistics

36

effect, have been studied. All biological validities have been
presented such as the existence, uniqueness, non-negativity,
and boundedness of the solution. The dynamics of the model
have been explored by showing the global stability conditions
for three equilibrium points namely the origin, the axial, and
the interior points. We have shown that three bifurcations
phenomena driven by the harvesting rate occur around the
axial point namely transcritical, saddle-node, and backward
bifurcations. The bistability condition exists as the impact of
saddle-node bifurcation which states that the existence of prey
depends on the initial condition. A bifurcation driven by the
memory effect also has been shown around the interior point
which is called Hopf bifurcation. All the bifurcation phenomena
having an impact on the densities of the population not only
may reduce their densities but also threaten the existence of
several populations.
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COVID-19 and syphilis co-dynamic
analysis using mathematical
modeling approach

Shewafera Wondimagegnhu Teklu* and Birhanu Baye Terefe

Department of Mathematics, College of Natural and Computational Sciences, Debre Berhan University,
Debre Berhan, Ethiopia

In this study, we have proposed and analyzed a new COVID-19 and syphilis
co-infection mathematical model with 10 distinct classes of the human population
(COVID-19 protected, syphilis protected, susceptible, COVID-19 infected, COVID-19
isolated with treatment, syphilis asymptomatic infected, syphilis symptomatic
infected, syphilis treated, COVID-19 and syphilis co-infected, and COVID-19 and
syphilis treated) that describes COVID-19 and syphilis co-dynamics. We have
calculated all the disease-free and endemic equilibrium points of single infection
and co-infection models. The basic reproduction numbers of COVID-19, syphilis,
and COVID-19 and syphilis co-infection models were determined. The results of
the model analyses show that the COVID-19 and syphilis co-infection spread
is under control whenever its basic reproduction number is less than unity.
Moreover, whenever the co-infection basic reproduction number is greater than unity,
COVID-19 and syphilis co-infection propagates throughout the community. The
numerical simulations performed by MATLAB code using the ode45 solver justified
the qualitative results of the proposed model. Moreover, both the qualitative and
numerical analysis findings of the study have shown that protections and treatments
have fundamental effects on COVID-19 and syphilis co-dynamic disease transmission
prevention and control in the community.

KEYWORDS

syphilis, COVID-19, COVID-19 and syphilis co-infection, protection, numerical simulation

1. Introduction

Communicable diseases are illnesses caused by pathogenic microbial agents such as bacteria,
viruses, fungi, and parasites, which affect human beings throughout the world [1]. The novel
coronavirus (COVID-19) infection is a lethal disease that has been a major global public health
concern. The COVID-19 pandemic has affected various animals mostly infecting millions of
human beings in different nations throughout the world [2-6]. It has been spreading mainly
through sneezing, individuals interacting with each other in a certain time frame, or through
coughing [7]. Although different species of animals are thought to be the source of COVID-
19 transmission, bats have been shown to be coronavirus hosts [8]. Many nations throughout
the world have started to practice various prevention and control strategies such as lockdown
approach, quarantine, isolation, and closing schools [3, 9].

Syphilis is a major sexually transmitted disease and has been affecting millions of individuals
both in low- and high-income countries of the world [10]. It is a chronic systemic disease caused
by Treponema pallidum bacterium which is mainly transmitted through sex, blood contact,
and mother-to-child during birth [4, 10-16]. Diagnosis, treatment, and using a condom are
the basic control mechanisms of syphilis spreading in the community [10]. If left untreated,
syphilis progresses through four stages: primary, secondary, latent, and tertiary [17-19]. The
first three infection stages can transmit the disease to other susceptible groups of individuals,
the transmission can occur via sexual contact, and in most cases, the tertiary stage is not

39 frontiersin.org


https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#editorial-board
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#editorial-board
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#editorial-board
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#editorial-board
https://doi.org/10.3389/fams.2022.1101029
http://crossmark.crossref.org/dialog/?doi=10.3389/fams.2022.1101029&domain=pdf&date_stamp=2023-02-01
mailto:luelzedo2008@gmail.com
mailto:shewaferaw@dbu.edu.et
https://doi.org/10.3389/fams.2022.1101029
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://www.frontiersin.org/articles/10.3389/fams.2022.1101029/full
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Teklu and Terefe

transmissible through sexual contact [19]. It can be a cause
of different [17].
Approximately 90% of new syphilis substantial morbidity and

cardiovascular and neurological diseases
mortality data are recorded in low-income countries around the
world [11, 16]. Co-infection is an infection of an individual with
two or more microorganisms species [20, 21]. COVID-19 is an
opportunistic infection for people with a weak immune system
who were already infected by acute and chronic infections such as
pneumonia, TB, and HIV/AIDS.

Mathematical modeling approach research done by scholars
using a deterministic method [10, 14], a stochastic method [7, 22],
or a fractional order method [23-32] has made a great contribution
to linking the scientific approach with real-world physical situations
and also for the decision-making process for solving real-world
problems [33]. Different scholars have formulated and analyzed
mathematical models on COVID-19 transmission [7, 8, 22, 24—
26, 29, 30, 34-37], syphilis transmission [10, 17-19, 23], and other
infectious diseases transmission [20, 21, 27, 28, 33, 38-40]; however,
no one has done analysis on COVID-19 and syphilis co-infection
transmission dynamics.

Oshinubi et al. [41] proposed and analyzed a new age-
dependent compartmental model for COVID-19 transmission. The
qualitative analysis of the model includes the non-negativity and
boundedness of the model solutions in a given region, and
the existence, uniqueness, and stability of the model solutions.
Using parameter estimation from three different nations Kuwait,
France, and Cameroon, they carried out numerical simulations
and have shown the fundamental role of vaccination on COVID-
19 transmission. Babaei et al. [34] proposed and examined a
model for novel coronavirus transmission with Caputo’s fractional
order approach. The finding of the study shows that quarantine
has a very fundamental role to control transmission. Iboi et al.
[17] formulated and analyzed a new multi-stage syphilis model
to examine the role of transitory immunity loss in the spreading
process. The analysis shows that the disease-free and unique
endemic equilibrium points are globally asymptotically stable when
the corresponding basic reproduction number is less than unity
and greater than unity, respectively. The results show that high
treatment rates in the primary and secondary stages have a positive
effect on the remaining stages of infection. Nwankwo et al. [38]
formulated a mathematical model to examine the interaction
between HIV/AIDS and syphilis pathogens with syphilis treatment
on the co-infection of syphilis and HIV/AIDS where treatment
or HIV is not accessible. High treatment in the primary stage
has a fundamental role in reducing both single infections and
co-infections in the population. Teklu et al. [42] formulated a
six-compartmental COVID-19 transmission model to examine the
impacts of intervention measures. The results show that protection,
treatment, and vaccinations are fundamental to minimizing infection
in the population.

Because different scholars have been mainly concerned with
studying COVID-19 and syphilis single infections, no one has studied
syphilis and COVID-19 co-infection using a mathematical model
approach. Therefore, in this study, we are interested in filling the
gap by formulating and analyzing syphilis and COVID-19 model
intervention strategies.

The remaining part of the article is organized as follows. Section
2 presents COVID-19 and syphilis co-infection model construction.
Section 3 describes the qualitative model analysis. Section 4 presents
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TABLE 1 Variables’ definitions.

State variables Definition

S Susceptible individuals for both COVID-19 and syphilis
P, COVID-19 protected individuals

P Syphilis protected individuals

I COVID-19 infected individuals

Q. COVID-19 isolated with treatment individuals

Is Syphilis asymptomatic infected individuals

I Syphilis symptomatic infected individuals

T, Syphilis treated individuals

I COVID-19 and syphilis co-infected individuals

T Co-infected treated individuals

the numerical and sensitivity analyses. Section 5 presents the
discussions and conclusions of the whole research study.

2. Model construction

We have considered COVID-19 and syphilis co-infection by
separating the four syphilis infection stages (primary, secondary,
latent, and tertiary) into two, the asymptomatic and symptomatic
groups, and we have divided the population N (¢) into 10 mutually
exclusive states, which are described in Table 1 as follows:

N(@) = Pc(®) +Ps (1) +S(O) + L () + Qc () + s (1) + Iss (1)
+ Ts () + Tes () + T(1).

Assumptions and definitions of basic terms:

[0 Co-infectious humans do not  transmit  both
infections simultaneously.

0 COVID-19 infection is transmitted to susceptible individuals
from I. and I infectious groups at the transmission

rate as follows:

Ac = /32(15 + ¢11cs)~ (1)

O Syphilis infection is transmitted to susceptible individuals from
Ias: ISS)
rate as follows:

and I infectious groups at the force of infection

As = IBI(Ias + ¢2155 + ¢3Ics)~ (2)

Using variable and parameter definitions given in Tables I, 2,
respectively, the flowchart of the COVID-19 and syphilis co-infection
model is represented in Figure 1.

Using the flowchart represented in Figure 1, the corresponding
system of differential equations of the complete co-infection model
(3) is written as follows:

dP
d—; = 1A —B+i+ WP,
dP;
W = 13A — (7w +Ac+ )Py,

frontiersin.org
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TABLE 2 Parameter definitions.

Parameters Biological definitions

A The annual recruitment number of population in the
community

it Portion of recruitment rate protected from COVID-19

153 Portion of recruitment rate susceptible to both COVID-19
and syphilis

T3 Portion of recruitment rate protected from syphilis

B COVID-19 protection loss rate

k4 Syphilis protection loss rate

i Natural death rate of individuals

6, Modification parameter

0, Modification parameter

[ Modification parameter

P Treatment rate of COVID-19 infectious

€ Progression rate of asymptomatic syphilis infectious to
symptomatic syphilis infectious

€ Treatment rate of COVID-19 and syphilis co-infections

y Treatment rate of symptomatic syphilis infectious

) Immunity lose rate against syphilis treatment

B Syphilis transmission rate

B2 COVID-19 transmission rate

w COVID-19 infection induced death rate

o)) Syphilis infection induced death rate

3 COVID-19 and syphilis co-infection induced death rate

0 Immunity lose rate against syphilis after treated from
co-infection

ds

E = A+ BP.+ P+ 8T + 0T — (A + Ac + 1)S,
dl,

E = AcSH APs — (O1hs + p + 1 + w1)1e, (3)
dQ

5 = Pl Qo
dlyg

dt = AsS+ AsPe — (oA + € + /L)Iub

dl

d_;s = €lgs — (O3hc +y + ptw2) Iss,

dl s
? = Ohclas + O3hclss + O1A5l — (e + p+ w3)Ls,

dT.
d_ts = yls— 6+ T,

daT

E =els— 0+ WT.

2.1. Qualitative properties of the model (3)

the
the

human

(©)

prove

System represents

that all

population;
of the

we

want to solutions model
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are non-negative and bounded, respectively, in the

following region:
2= {(Po Pa § Lo Qo fus L To T D e RPN < 21 ()

Theorem 1: Let P, (0) > 0, S(0) > 0,Ps(0), I.(0) >
0, Q(0) >0, Ips(0) > 0, I5(0) > 0, Ts(0) > 0,I5(0) >
0, T(0) > 0 be the initial solutions of the system (3), then
Po(t), Ps(t), S(t), I (1), Qe (1), Las (1), Iss (), Ts (1), Tes (), and
T (t) are positive in the region RY’ for any time ¢ > 0.

Proof: Let © = sup{t > 0:P.(t) >0, S(t) > 0,Ps(t), I.(¢) >
0, Q(t) > 0, Ins(H) > 0, Is(H) > 0, Ts(®) > 0, I(t) >
0, T(t) > 0}.

Since P (1), Ps(t), S(t), I (t), Qc(t), Ios (1), Iss (1), Ts(2),
Tes (1), and T (t) are continuous, and we deduce that 7 > 0.If t =
+00, then positivity holds, but, if 0 < 7 < 400, P.(r) = 0 or
P;(t) =0o0r S(t) =0o0rl.(t) =00rQ.(7t) =0o0rI,;(r) =0
Is(t) =00r Ty (t) =0o0r Ts(r) =0or T (t) = O.

From model (3) first equation, we do have

dP,

E+(B+AS+M)PC

‘L'IA.

After some calculations of integration, we got

T
P.(t) = a1P.(0) + alf el Bastmdiz A gy~ 0, where
0
a = e [ BHhtmdt o P.(0) > 0,P, (t) > 0,s0 that

P (7) # 0.
From model (3) second equation, we have

dP;
E = 'K3A — (7T +}‘-E + M)PS

After some calculations of integration, we have

T

P; (1) = b1Ps (0) + bl/ o At A gt 0, where
0

b = e[ ket o P, (0) > 0,Ps (t) > 0,0 that

Ps(t) # 0.

From model (3) third equation, we have

% =10A + BP.+ mtPs + 8y Ts — S(hs + Ac + w).

After some calculations, we have

S(v) = 1S (O +cy fy ef Cstretdi(g, A 4 BP. + 7Py + Sy To)dt >
0, where

= e Ostretde 0, S(0) > 0, and by the definition of 7
we have P. (t) > 0, P (t), Ts(t) >0,S(r) > 0,sothatS(r) # 0.

Similarly, by proving the remaining state variable, we have

I.(t) > 0, hence I.(t) # 0, Q:(tr) > 0 hence Q.(tr) # 0,
Is (t) > 0 hence I;5 () # 0, Is () > 0 hence I (t) # 0,Ts (t) > 0
hence Ts (t) # 0, Tes (t) > 0 hence T¢s (1) # 0,and T (t) > 0 hence
T (t) # 0.

Thus,
model solutions are non-negative.

7 is not finite, and hence = +00, which means all the
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FIGURE 1

Flowchart of the model (3) with forces of infections A¢ and i as in (1) and (2), respectively.

=

Theorem 2: The model feasible region 2 stated in (4) is bounded
in Rf.
Proof: The total human being of the model (3) is as follows:

N@) = Pc(t) +Ps () + () + L (1) + Qc () + Las (1)
+ Is (1) + Ts () + Tes (1) + T(2).

Differentiating both sides gives the following result

dN dp.  dp, dS dl. dQ. dl, dly dT.

w T atatadtata T Tata
dT.. dT

a

= A — uN — w1l — wylss — w3l, where 11 + 13 + 175 = 1.

Ny
dt — A

After some steps, we have 0 < N (f) < %, and hence, the model
solutions with positive initial solutions are bounded in €.

3. Model analysis in qualitative
approach

The complete COVID-19 and syphilis co-infection model (3)
depends on the results of the two sub-models analysis.

Frontiers in Applied Mathematics and Statistics

3.1. COVID-19 mono-infection model
analysis

From the complete model (3), we have the COVID-19 mono-
infection model taking values Ps = Ips = Iy = Ts = s = T = 0
as follows:

dP,
d—; = 1A —(B+ WP,
ds
E = t2A+/3Pc_()Lc+ /L)S’
dI,
d—: =AS—(p+pn+ o), (5)
dQ
dtc = pl — n Q..

with Ny (1) = P (t) + S (t) + I (t) + Q. (t) as a total population and
A= /3216-

3.1.1. COVID-19 infection-free equilibrium
The COVID-19 infection-free equilibrium of the model (5) at

— 5 0 _ 0 ¢O _ 1A AB+W+HBTA
I(;O_) 0is B2 = (P%5°0,0,0) = (Fﬁ SRS
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3.1.2. COVID-19 mono-infection reproduction
number

This mono-infection model has one infectious class, I, and we
can obtain basic reproduction numbers without a method of the
next-generation matrix as follows:

dle _ AeS —( I
o = S letut o),
= Bl S—(p+p+ w)l,
= (BS—(p+n+ o),
BoA(T2(B + 1) + Bt1)
= - IC)
( TR (p+p+ o))
BrA(r2(B+ )+ B11)
= - DI,
rrte) et utmy
= (p + 1 + w1)(RG — DI, where
R — BatoA(B+ 1) + BB
¢ =

wB+mp+u+ o)

3.1.3. COVID-19 incidence equilibrium point
The COVID-19 incidence equilibrium point of the system (5) is
Ef = (P, S*, I¥, QF),where

N A . BAB+ ) +TbA,
Pt = S* =
(Ax+ 1) B+

C B+
(3A B+ ) +11BA)A]

(r+n)B+w(p+p+o)
(3 AB + u) + 1 BA) A

nE+ B+ +p+ o)

I =

c

Q=

Theorem 3: The COVID-19 mono-infection model (5) has
a unique COVID-19 incidence (endemic) equilibrium point
whenever R > 1.

Proof: Using equation (1), we have the following:

B (zsA B+ p) + T1fA) A}

A =By IF = .
=P (M+u) B+ (p+p+ w)

Then the non-zero value of 1A' after a simple simplification is
as follows:

A=y — 1) > 0,ifand only if Z > 1.

Hence, the COVID-19 mono-infection model (5) has a unique
incidence equilibrium point if and only if Z; > 1.

Theorem 4: COVID-19 infection-free equilibrium point of the
model (5) is locally asymptotically stable if 85 < 1; otherwise, it
is unstable.

Proof: The Jacobean matrix of the model (5) at the COVID-19
infection-free equilibrium point is

-B+wn 0 0 0
—u —Bo(AB+H)+BT1IA) 0
](EO) — (B+u)
c 0 0 B AP+ +BT1I A) = (B+p)(p+itwr) 0
w(B+p)
0 0 P K

Further, the characteristics equation after a certain calculation
gives us as follows:

Al
A3

—B+wn) <0oriy=—pu <0,0r
(p+pn+w)(Zy— 1).
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Thus, each eigenvalue of the Jacobian matrix is negative if % <
1 implies the COVID-19 infection-free equilibrium point is locally
asymptotically stable whenever % < 1.

Theorem 5: The COVID-19 infection-free equilibrium point
denoted by E! of the COVID-19 mono-infection model is globally
stable if 7, < 1; otherwise, it is unstable.

Proof: Take the representative Lyapunov function I (I.) = al,,

_ 1
Wherea—m,

1(1,) I ! I
= a = 1,
‘ T lotnt o)

a L (85— (0t o))

z - - _ w ,

dt b+ 1+ o) 2 P T K 1)) ¢

o
T (ot w)
BaA(T5(B 4 1) + Br1) — (B + 1o + i+ wr)

I,
( P )
_ (ﬁzA(rz(B+M)+ﬂn)—M(B+M)(p+u+w1))l
- wB+ o +p+ o) “
ﬁz&(jz();?f)iﬂﬁ)) 1
w(B+u)(p+ptwr L,
< /"(B‘l‘ﬂ)(p+M+wl)(u(ﬁ+ﬂ)(p+u+ C!)l))
s — 1
I,
< /L(B4—#)(/0+/L4—w1)(u(g+u)(pJFMJr 0)1))
=< (%(C)_ 1)16-

Thus, % < 0,if Z; < 1, and the equality % = 0holdsif Z; = 1,
and hence the COVID-19 infection-free equilibrium point is globally
asymptotically stable if Z; < 1.

Theorem 6: The COVID-19 incidence denoted by E{. of the
COVID-19 mono-infection model (5) is locally asymptotically stable
wheneverZ, > 1; otherwise, it is unstable.

Proof: The Jacobean of the system (5) at Ef.

- B+ 0 0 0
]( *) _ B — (BI* + ) —BaS* 0
¢ 0 BIi RS —(ptutw) 0

0 0 P K

From the Jacobean matrix, the characteristics equation, after
simplification, gives as follows:

(—B4+w =1 (== 2)[(— (BoIF + 1) =) (B2S" — (0 + 1
+ 1) = A) + RS BuI] = o.

Then we do have the eigenvalues 4; =
—(B+mn) <0or

—n < Oor Ay =

aor? + ajh + a = 0 where
apg = 1,
B2 (A (B+ 1) + 1ipA) W(Zy — 1)
FuE 4+ w)(B+ w)p + 1+ wr)
WE 4+ w)(B+ o+ 1+ o)

ay =

(Brt, A(B + 1) + i BA)(AF + )ty — 1]
AE 4B+ 1)

_ BnAB+ ) +upA)(FE; — 1)

B+ W+t o)

+

>
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n (BT, A(B + 1) + T A (A] + )y — 1]
AE+ (B + )
Bt A(B + 1) + i Ay — 1)
AE+ B+ e +p+ @)

Hence, all the coefficients of the characteristics equations
thus, the COVID-19
local asymptotic

are positive when %, > I;
incidence equilibrium point has
when Z; > 1.

stability

3.2. Analysis of syphilis sub-model

The syphilis sub-model is obtained from the system (3) by

making P, = I, = Q = I = T = 0 and is
as follows:

dP;

— = 1A — P,

I 7 (m + p)Ps

ds

i T A + 7P + 8y Ts — S(hs + 1),

dl

dltls = AsS — Ios(€ + ), (6)

dls

? = elg — L (y + pntwz ),

dT.

7; = yls — T8y + w).

With Ny () = Ps(t) + S() + Ls () + I (t) + Ts (8), and
As = ﬂl (Tas + ¢2Iss )

3.2.1. Syphilis infection-free equilibrium
The syphilis infection-free equilibrium point of the model (6)
was obtained by making I,; = I; = 0 and is given by E0 =

0 <0 70 10 0\ _ [ A DAF+PW+TTA
(PS’S’Ias’Iss’ TS)_(T[STM’ W’O’O’())'

3.2.2. Syphilis sub-model reproduction number

The syphilis sub-model (6) has two infectious classes, which are
I, and I, then applying the next-generation matrix method stated
in [43, 44] to obtain the basic reproduction number of the system (6)
by computing FV ! as follows:

o (/3180 ﬂ1¢2s°),
0 0

(ISIA(Tz(”‘Hl)‘HB”) ﬂ1¢zA(rz(ﬂ+/4)+r3ﬂ)>

u(m+p) u(T+pe)
0 0

= F
and
V= (e +un 0 ) .
—€ Y+ utw
Then, we applied Mathematica coding; we have

! 0
vl = et . , and
(y+ptw)(e+p) (y+ptwz)
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-1 _ | A () +T3m)
Fv _[ n(m+p)(e+p)

B2 A(np(m+p)+137)
4+ nE+H)(y+ptor)(ei)
0

H( ) (y +1tw2)

B2 A(ra(m+p)+137)
0

Thus, the reproduction number of the syphilis sub-model (6) is
_ BiAllytputoy)+drel(m(m+uw)+1sm)
W+ (y+ptwr)(e+ie)

given by %,

3.2.3. Syphilis incidence equilibrium point of the
system (6)

Making the model (6)
the syphilis incidence equilibrium point given by Ef =
(PF, S*, I, IE, T¥), where

equation to zero, we have

* ‘E3A
P = ,
(r + 1)
& = (y + n+wz) (e + 1) By + ) (02 A (7 + p) + 13A7)
(4 ) (y + ut2) (€ + ) Os + ) By + 1) — ydyeny)’
o As(y + p+@) 8y + ) A (1 + ) + 13A7)

B4+ W (Y + utwr) (€4 1) (s + 1) 8y + 1) — ydyens)’
ns(8y + w) (A (1 + p) + 13A7)

I = ,
T+ w) ((y A o) (€ + ) (e + 1) By 4+ 1) — y8yeks)
T — ehsy (A (T 4 1) + 13A7)
* =

(T + ) (7 + pto2) (€ + ) (hs + 1) By + 1) — ydyery)

The
point of syphilis in the model (6) is
%(5) > 1.

Proof: From the syphilis infection rate, we have

Theorem  7: syphilis  incidence  equilibrium

unique whenever

>
*
Il

! B1(lk + $a2I%).

As(Y + n4w2)(8y + w)(n2A (1 + p) + 13AT)
(4 ) (7 + ptwz) (€ + ) (A + ) Gy + )
—ey8yAl)

LI (By + W02 A (T + 1) + 13AT)
(0 + 1) (¥ + ntw2) (€ + ) (AF + 1) Gy + 1)
— y8yer))

A= Pl

= A =y +n)
BiIA [(v + 4w2) (T2 (T + ) 4+ T370) + €6 (T2 (T + )
+53m)] — 1 (T + ) [(y + ptwz) (€ + )]
(+ ) ((¥ + ntw2) (€ + 1) By + ) — ydye)
@By + 1) k(y + ptw) (€ + ) (%, — 1)
((y + ntw2) (€ + 1) By + ) — ydye)’
= Al = k(% — 1), where
Oy + ) (0 +p) (¥ + ptwa) (€ + p)
(m+ ) ((r + ntwz) (€ + ) By + ) —ydye)

Hence, the syphilis sub-model (6) has a unique incidence
equilibrium if Z, > 1.

Theorem 8: Syphilis infection-free equilibrium point of the
model (3) has local asymptotic stability ifZ) < 1; otherwise, it
is unstable.

Proof: Jacobean of the model (6) at the syphilis infection-free
equilibrium point is as follows:
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—(m+pn O 0 0 0
_ —BiA(na(r+pu)+137) —Bid2 A(ra (T +p)+T37)
T H wu(m+p) (WT-HL) 8y
)i ( ES) — 0 0 AA@Etwrnn)—prtwetry) o2 Aln(r+u)+13m) 0
0 W(T+11) i +p)
0 0 € —(y + ptwy) 0
0 0 0 Y — @y +

From the Jacobian matrix, the characteristics equation after
simplification is as follows:

(@ +wWr)(=p—=2)(=@y +nr)
[(ﬁlA(rz (r + ) + 13m) — (w4 ) (€+“)A>
wm(mw + p)

(—(y + ptwa)r) — (

BrpaAe (o (m + ) + Tsﬂ))] — 0

T+ )
Then the eigenvalues are Ay = — (7 +pu) < Oor Ay = —pu <
Oor A3 =— 8y +u) <0orapr? +ajA +a, = 0.
where,
apg = 1,

BiA (t2 (7w + ) + 137)

ar = (y + ptwy) + (e +p) + LTt )

ay = (e + ) (¥ + putwr)(1 — Z).

Applying Routh-Hurwitz criteria stated in [33], each eigenvalue
of the matrix is negative whenever%, < 1; thus, the syphilis
infection-free equilibrium point has local asymptotic stability if
Ky < 1.

Theorem 9: Syphilis infection-free equilibrium point E? of
the model (6) has global stability if %, <

is unstable.

1; otherwise, it

Proof: Let the Lyapunov representative function be
; _ _ [(y+1)+¢2¢€]
given as (I, Is) = als + bly, where = m,
b= 8
(r+p+ w2)”
[(y + ntw2) + ¢ae] ¢2
- l(Ias> Is) = Tos + Is.

e+t pto) T (vt pt )

dl  [(y + ptwz) + el
- a = (E—FM)(]/+M+w2)(kss_1a5(6+ﬂ))
[03)
+ ) (€las
[(y + ntw2) + ¢ae]
(e + ) (v + ntws)
[03)
v +mw
[(y + utw2) + drel
(e + 1) (¥ + ptw)
b2

(y +w1)
« [(y + putw) + ¢ae] €
S —_
(1A (€ +w] (e+wn)(y +putwr) (v +ptwr)
P12 [(y + ptwz) + ¢re]S*
- Iss>
T e 0 o+ ) #)
(v + 1) + $2€] 1S [(y + ptw2) + $a€]
(e + ) (y + ntw2) (y + n+w)
P12 [(y + ptwz) + ¢re]S*

- Iss>
o (e +p) (y + pntwy) ¢)

— I(y + p+ w2)),

IA

(B1 Uas + ¢21ss) §* — Ins (€ + )

(€las — Iss(y + p+ @2)),

IA

(ﬂlluss* + ﬂld’ZIssS* — s (e + 1))

(GIas - Iss(V + u+ COZ)):

IA

Mas

IA

(1 Dias
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[(y + utw2) + ¢r€el Bi1 AT (m + 1) + T377)
WA+ ) (€ + ) (v + ptw)
[(y + pntw2) + ¢ae] I
- as +
(r + nt w2)
B192[(y + putw2) + pae] Az (7w + ) + 1370)
T+ w) (e +p) (v + ptws)
( [(y + utw2) + g2el L A(T2 (T + p) + 137) I
w4 w) (€ + ) (v + ptw) “
Bra[(y + utws) + dae]lA(ma (m + 1) + 13)
w4+ ) (e +p) (v + ptws)
[(y + utw2) + ¢ael

m= > 1.
(y + utw)

7
m([@ — 1DIas + ¢2(@ — 1) I,
m )

ItlS

( - ¢2) Is.

IA

+ ( $2), where

IA

Ky

20 g, <,

m 5

=0 < 1,20 < 1implies % < 1 since m

m 2

_ [(y + pntwz) + ¢ae] =1 and ¢y > 1.
(v + ntwz)

Hence, the syphilis-free equilibrium point is globally stable if
Fy < 1.

3.3. COVID-19 and syphilis co-infection
model analysis

3.3.1. The model (3) disease-free equilibrium

Making all the equations of (3) zero with I. = I, =
I = Is =
is given by E® =

T A A
(B+n)> (r+p)’
0,0)

0, the disease-free equilibrium point of (3)
(P2, PO, S 12, Q0 Tgo I3, T3, T2, T°) - =
A@B+W)E+w+upE+m)+m3m(B+1))

mEEIEE) »0,0,0,0,0,

3.3.2. The model (3) reproduction number

The COVID-19 and syphilis co-infection model (3)
reproduction number denoted by 9§ is calculated using
next-generation matrix criteria, as stated in [44]. Since we
have four infectious groups, those are I, I I, and I, and
we have

ﬂZ(Ic +¢1L:s) (S+Ps) ]
f' _ ﬂl(las + ¢ZIss + ¢3Ics)(s + Pc)
T 0
/32(921115 +031) (I + ¢llcs) + 91/31(Ias + ¢olss + ¢3Ics)1c_
Ba(S” + PY) 0 0 ¢1(S*+ PY) |
_ 0 Bi(S+ PY) Bigha(S° + PY) Brgps(S” + PP)
=f= 0 0 0 0 ’
0 0 0 0 i
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and where a = —(B+u),b = —p1P ¢ = —pipP0d =
_ﬂl¢3pco’e = _(7T+M') >f = _l32P50>g = _ﬂ2¢lpsoxh =
v = v () —viT ) —i = —p j = —p1 Ok = —pigp 1 = Sy,m =
' i ’ —(Bi¢p3+B201) on = B2 (S+Py) — (p + ptw1),0 = Py (S +
Te (11 Uas + @2l + $31es) + p + -t P),p = Bi(S+PI—(e+1),q = Pioo(S+P),r = Pioha( S"+P0),s =
_ Iys (92/32(15 + ¢llcs) + €+ M) ) —(y + “_{-wz), t= — (8)/ + ﬂ) U= — (g + putws3 )
I (6382 + ¢1les) +y + pntwz) — €lgg
Ies(e + ptws)
a—ir 0 0 0 0 b c 0 d 0
(0 +ptw) 0 0 0 0 e—x 0 f 0o 0 0 0 g 0
B 0 (e+w 0 0 B m h—x i 0 i k I m o0
TUTL 0 e e 0 A S N N S
P _
0 0 0 (6 + ptws) =lo o 0o 0 0 p-x g 0 r 0
Th 1 . M th ti , h t 0 0 0 0 0 € s—A 0 0 0
en applying Mathematica, we have go 0 0 0 0 0 0  tox 0 0
1 0 0 0 0 0 0 0 0 u—2 O
— 0 0 0
(Pﬂgﬂ“l) 0 0 0o 0 0o 0 0 0 0 0 & h—x
vyl (e+p) . , = 0.
0 O vy O
0 0 0 (e+p+ws3)
and By using square block matrix properties, we rewrite the above
B determinant as follows:
ﬁZ(SO+POS) 0 0 ¢1(SO+POS)
(p+ptor) (e+u+ws3)
. 0 B +P)  Bida(S'+P°)  Big3(S"+P°0)
o= ) FpFe)  (etptes) | A Bl _ o where
0 0 0 0 0C
L 0 0 0 0 fa—X1 O 0 0 0 bc0doO
ﬁz(SO+P05) @ (SOJrPOS) 0 e— A 0 f 0 000 g 0
(p+n+wr) —A . (3] (()) . (gl+y,6ﬁ-w3 A= B 7 h—Xx i 0 ,B=|jklImoO]|,
N 0 /31((5:1; o _ ﬂ;(bi(S:P)c) ﬁ1(¢J3r(S++P)c) 0 0 0 n—Xx 0 00000
etu Y+t eHptw; _
0 0 0—2x 0 L 0 0 0 p h—2x 000O0O
e s—Xx O 0 0 00000
= 0 c=| 0 y t=» 0 o0 |,0=lo00000].
o 0 0 0 wu—xr 0 00000
Then, the corresponding eigenvalues are A; = 0 or A, = 0 or 0 0 0 e h—1 00000
aa = BOHPYY . pAn BAnip BaAts -
= (ptpto)) T M((%+u+w1) #(ﬂﬁ‘i‘l‘«)(ﬂ‘)ﬂl‘i‘wl)ﬂ I;(P+M+(wl) )_ a—>x 0 0 0 0 b c 0 d 0
c _ DAB+HW THW T BATHW+nT A+ Ap(T+p _
ey v B IV B B S
_ s _ 2 AT3 — -
1Al (2 (T+w) +137) — 11 (TR Y +ptw)
T+ FpFo) (e ) : o 0 0 p h=r 0 0 0 0 0
Therefore, the COVID-19-syphilis  complete  model o 0o 0 0 0 p=2 ¢q 0 r 0
(3) reproduction number denoted by RF is given by g 8 g g 8 ; s—h , OA g g
y ot
RE = max {RG +n, R —m }. o 0 0 0 0 0 0 0 u—xa 0
0 0 0 0 0 0 0 0 e h—»A
. I = IAlIC] = 0.
3.3.3. Model (3) disease-free equilibrium local
stability
Theorem 10: The full-model (3) disease-free equilibrium point From this, we do have
has local asymptotic stability if R§’ < 1; otherwise, it is unstable.
Proof: The Jacobian of the COVID-19 and syphilis co-infection Al = (@a— 1) (e—A) (h—A)(n— 1) (h— 1),
0 .
model (3) at E” is as follows: ICl = (t— 2)(u—2)(h— )»)((p _ )») (s — 1) — ge), 1Al
a0000bc0doO ICl = [(@a=2) (e=21) (h—1)(n—2)(h— 1))
0e0f0000g0 [(t =) —=1)h—1)((p— 1) (s— 1) —qe)] = 0.
BmhiOjklmo
000n000000 Then, the eigenvalue of the full model is as follows:
](EO)— 000ph00000O
00000pqg0rOf’ AM = aoriy; =eorA3=horigy =noris =horig=tor
00000¢€s000 )7 = uorig = horagh® + ajh + a, = 0, where,
000000yt 00O
00000000 u0 a =1
00000000¢h a1 = (p+ ptwy) (e + 1) (1 - RF) > 0,
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ay = (€ +p) p2e [1 — RG] > 0,ifRG < 1.

Therefore, the co-infection model disease-free equilibrium point
has local asymptotic stability if Rg’ < 1.

3.3.4. The full-model endemic equilibrium and
stabilities

The COVID-19 and syphilis co-infection model endemic
equilibrium point is denoted by

Ef, = (P PY, S5 15, QLI I, I, , TF, T*). The analysis of the
COVID-19-only mono-infection system (5) and the syphilis-only
sub-model (6) shows that there is no endemic equilibrium point
whenever R < 1 and JRj < 1, respectively, which means there is no
endemic equilibrium point if R§ < 1 for the co-infection model (3).
In other words, the COVID-19 and syphilis co-infection disease-free
equilibrium point have global stability if :Rg’ < 1.

The explicit calculation of the co-infection model endemic
equilibrium in terms of model parameters is tedious analytically;
however, the model (3) endemic equilibriums correspond to

1. Ef = (P£,0, ,1I7,Q},0,0,0,, 0,0), if R§ > 1is the syphilis-free
(COVID-19 persistence) equilibrium point.

The analysis of the equilibrium Ej is similar to the endemic
equilibrium E? in the model (5).

2. E5 = (0,PF, $%,0,0,I%,I%,0,, T#,0), if R > 1 is the COVID-
19-free (syphilis persistence) equilibrium point. The analysis of
the equilibrium Ej is similar to the endemic equilibrium E7 in
Equation (6).

3. Ef, = (P:,P:, S*IF, QL I, I, I, , TF, T*) is the COVID-19 and
syphilis co-existence persistence equilibrium point. It exists when
each component of EJ; is positive whenever 2§ > 1 for this case,
we have shown its stability in the numerical simulation part given

in Section 4.

4. Sensitivity analysis and numerical
simulations

In this section, we carried out the sensitivity analysis to examine
the most sensitive parameters in the disease spreading and numerical
simulations to verify the qualitative results of the mathematical
model (3). Particularly, some numerical verification is considered
to illustrate the qualitative analysis and results of the preceding
sections. Here, we have taken some parameter values from literature
and assumed some of the parameter values that are not from
real data since there is a lack of mathematical modeling analysis
literature which have studied the COVID-19 and syphilis co-infection
transmission dynamics in the community. The fundamental problem
of numerical analysis of a mathematical model is how to estimate
parameters. Randomly choosing the values of parameters in the
model in plausible intervals followed by sensitivity to the parameters
is possible partially to overcome the limitations of parameters [41].

Here, the numerical simulation is used for checking the behaviors
of the full-model (3) solutions and the effects of parameters in
the transmission as well as the controlling of COVID-19 infection,
syphilis infection, and co-infection of COVID-19 and syphilis. For
numerical simulation purposes, we have applied MATLAB ode45
code with parameter values given in Table 3.
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TABLE 3 Parameter values for numerical simulations.

Parameter Value References
n 0.0000559 year~! [17]

A 500 day~! [45]

B 0.30 day™! Assumed
b4 0.21 day™! Assumed
P 0.5 day™! [45]

€ 0.40 year™! [12]

€ 0.3 year™! Assumed
y 0.021 year™! [38]

8 0.2482 year™! [34]

B 8 year™! [38]

B2 0.6 day™! [45]

6, 1.1 dimensionless Assumed
6, 1.1 dimensionless Assumed
03 1.1 dimensionless Assumed
T 0.27 dimensionless Assumed
o 0.41 dimensionless Assumed
T3 0.32 dimensionless Assumed
) 0.023 day~! [45]

w; 0.06849 year~! [17]

w3 0.07 year™! Assumed

4.1. Analysis of sensitivity

Definition: The syphilis and COVID-19 co-infection model (3)
normalized forward sensitivity index for its variable reproduction

number is denoted by % its derivative depends on a parameter ¢
. Ay 4
is defined by SEI(p) = =5° 7= 120,21, 42].

The syphilis and COVID-19 co-infection model sensitivity

index values justify the significance of different parameters in the
single infections and co-infection spreading in the community. The
parameter which has the highest magnitude of the sensitivity index
value compared to other parameter index values is the most sensitive.
Here, we have calculated the sensitivity index values in terms of the
basic reproduction number % = max { %, % }. Using parameter
values stated in Table 3, the sensitivity index values of the model (3)
are calculated in Tables 4, 5.

Using parameter values in Table 3, we have computed R§ =
max {R{, R} = max{2.7, 3.2} = 3.2 and biologically, it means
that syphilis infection, COVID-19 infection, and their co-infection
are spreading in the population. The sensitivity index values stated
in Table 4 explain that the recruitment rate A and the COVID-19
spreading rate 8, have a high direct impact on the COVID-19 basic
reproduction 9. That means the recruitment rate and the COVID-
19 transmission rates are the most sensitive parameters where
stakeholders can control the transmission rate by applying prevention
and control measures. Similarly, the COVID-19 protection portion 7;
and the quarantine with treatment rate p also have an indirect impact
on the COVID-19 reproduction number ;.
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TABLE 4 Sensitivity indexes of Z§° = .

Sensitivity index Values

SEI(B2) 1
SEI(A) 1
SEI(12) 0.50
SEI(B) 0.09
SEI(1)) -0.56
SEI(1) -0.13
SEI(p) -0.65
SEI(w;) -0.07

TABLE 5 Sensitivity indexes of Z5° = Zj.

Sensitivity index Values

SEI(B1) 1

SEI(A) 1

SEI(y) -0.65
SEI(ws) -0.32
SEI(7) 0.12
SEI(1,) 0.56
SEI(t3) ~0.64
SEI($5) 0.41
SEI(e) 0.46

Sensitivity indices stated in Table 5 explain that the recruitment
rate A and syphilis spreading rate f; have a high direct impact on the
syphilis basic reproduction 93y That means the recruitment rate and
syphilis transmission rates are the most sensitive parameters where
stakeholders can control the transmission rate by applying prevention
and control measures. Similarly, the syphilis protection portion 3
and syphilis treatment rate y have a high indirect effect on the syphilis
reproduction number 9Rj.

4.2. Results of numerical simulations

4.2.1. Behaviors of solutions of model (3) whenever
"< 1

In the numerical simulation given in Figure 2, we observed that
all the COVID-19 and syphilis co-infection model (3) solutions
converge toward the disease-free equilibrium point whenever R§ =
0.71 and ;i = 0.34 with ; = 0.3 and B, = 0.08, respectively. At
the co-infection disease-free equilibrium point, each solution curve of
the model converges to zero while the susceptible group increases and
then becomes constant, implying that the disease-free equilibrium
point of the COVID-19 and syphilis co-infection model has global
asymptotic stability if 93§ < 1. Biologically it means the COVID-
19 and syphilis co-infection diseases have been eradicated from
the community through time whenever 5 = max {R], Rj} =
0.71 < 1.
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FIGURE 2
The complete model solutions behavior if R§® < 1 at g1 = 0.3 and
B> =0.08.
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FIGURE 3

Behaviors of the full model solutions whenever Rg° > 1 at 81 = 8 and
B2 =11.

4.2.2. Behaviors of the model solutions whenever
RG> 1

Figure 3 shows that all the COVID-19 and syphilis co-infection
model (3) solutions converge toward the endemic equilibrium point
whenever 53§ = 3.2 and R} = 2.1 with g; = 8 and B, = 11,
respectively. After 10 years, the full-model solutions converge to
the endemic equilibrium, while the susceptible population decreases
and then remains constant means the COVID-19 and syphilis co-
infection model endemic equilibrium point has local asymptotic
stability if R = max{ 6,9‘%5} = 3.2 > 1. Biologically, it means
that COVID-19 and syphilis co-infection disease spreads throughout
the community under consideration.

4.2.3. Effects of protection measures on
reproduction numbers

The numerical simulation represented by Figure 4 shows that
when we maximize the COVID-19 rate of protection 7, the
reproduction number Rj decreases, implying that the COVID-19
spreading rate decreases. Its biological meaning is that whenever
the COVID-19 rate of protection 7y > 0.7 the reproduction
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Effect of syphilis protection rate r3 on Rj.

number 9‘{6 < 1, that is, the COVID-19 infection will be eradicated
throughout the community.

Here, the numerical simulation represented by Figure 5 shows
that whenever we maximize the syphilis protection rate 3, the
syphilis reproduction number 9j decreases, implying that the
> 0.686 then
MRy < 1, biologically, it means the syphilis infection eradicate from

syphilis spreading rate decreases. Whenever t3

the community.

4.2.4. Impact of treatment on co-infected
population

The numerical simulation given in Figure 6 shows that whenever
the combined treatment rate & of the COVID-19 virus and
syphilis microorganism Treponema pallidum bacterium co-infected
individuals I increases, the number of co-infected individuals
decreases; that is, whenever the value of ¢ increases from 0.3 to 0.8,
then the co-infected group I ; going down.

The numerical simulation given in Figure 7 shows that if the
treatment rate p of COVID-19 increases, then the number of
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infections in the population decreases; that is, whenever p value
increases from 0.2 to 0.8 then the infected group I. decreases.

5. Discussions and conclusion

In this study, we have formulated and analyzed a new
deterministic mathematical model for gaining insight into the
effects of protections and treatments on the transmission dynamics
of COVID-19 and syphilis co-infection. Both the positivity and
boundedness of the complete model solutions have been discussed
to show that the model is both mathematically and biologically
meaningful. COVID-19 infection-free equilibrium point, COVID-
19 incidence equilibrium point, and local and global stabilities
of COVID-19 infection-free and COVID-19 incidence equilibrium
points have been examined. Syphilis infection-free equilibrium point,
syphilis incidence equilibrium point, and local and global stabilities
of syphilis-free and syphilis incidence equilibrium points have been
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carried out. Using data stated in Table 3, we have carried out
and discussed both sensitivity and numerical analyses of the full
COVID-19 and syphilis co-infection model. From the analytical
and numerical results, we observed that the model disease-free
equilibrium points have global asymptotic stability when the basic
reproduction numbers are less than unity. Biologically, this means
that diseases die out in the community, with the full-model solutions
converging to their endemic equilibrium point whenever their
basic reproduction number is greater than unity, the reproduction
numbers of both the COVID-19 infection and syphilis infection sub-
models decreasing when the corresponding protection and treatment
rates are maximized, and the numbers of co-infected individuals
decreasing when the co-infection treatment rate is increased.

Based on the findings of this study, we recommend public
health stakeholders concentrate on increasing both the COVID-
19 and syphilis protection rates, as well as the syphilis treatment
rate, the COVID-19 isolation with treatment rate, and the co-
infection treatment rate, in order to reduce and possibly eradicate
syphilis and COVID-19 co-infection transmission in the community.
Finally, since no other COVID-19 and syphilis mathematical
modeling approach literature has been formulated and analyzed,
this study is not exhaustive. Interested researchers can extend this
study in different manners, such as including syphilis mother-to-
child transmission, COVID-19 vaccination as a new compartment,
two-strain COVID-19 co-infection with syphilis, age structure for
both infections, the four infection stages of syphilis (primary,
secondary, latent, and tertiary), optimal control approach, stochastic
method, fractional order method, and applying appropriate real
population data.

Data availability statement

All relevant data is contained within the article: The
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Dynamics analysis of a
predator—prey fractional-order
model incorporating predator
cannibalism and refuge

Maya Rayungsari*!, Agus Suryanto,
Wuryansari Muharini Kusumawinahyu and Isnani Darti

Department of Mathematics, Faculty of Mathematics and Natural Sciences, University of Brawijaya,
Malang, Indonesia

In this article, we consider a predator—prey interaction incorporating cannibalism,
refuge, and memory effect. To involve the memory effect, we apply Caputo
fractional-order derivative operator. We verify the non-negativity, existence,
uniqueness, and boundedness of the model solution. We then analyze the
local and global stability of the equilibrium points. We also investigate the
existence of Hopf bifurcation. The model has four equilibrium points, i.e., the
origin point, prey extinction point, predator extinction point, and coexistence
point. The origin point is always unstable, while the other equilibrium points are
conditionally locally asymptotically stable. The stability of the coexistence point
depends on the order of the Caputo derivative, «. The prey extinction point,
predator extinction point, and coexistence point are conditionally globally and
asymptotically stable. There exists Hopf bifurcation of coexistence point with
parameter «. The analytic results of stability properties and Hopf bifurcations are
confirmed by numerical simulations.

KEYWORDS

predator-prey system, cannibalism, refuge, Caputo fractional-order derivative, local and
global stability analyzes, Hopf bifurcation (critical) value

1. Introduction

Predator—prey interaction, as the basis of the food chain, is among the most essential
ecological issues. In numerous published research, mathematical models have been
developed to explain the dynamics of Predator-prey interaction, such as by incorporating
social behavior [1, 2], age structure [3, 4], ratio-dependent functional response [5, 6],
harvesting [7, 8], and so on. The Predator-prey model is still being developed by considering
many factors that occur in nature. Cannibalism, the consuming of the same species in
whole or in part, is one of its most intriguing aspects since many animals in nature exhibit
cannibalistic behaviors, such as carnivore mammals [9-11], fish [12, 13], and spiders [14-
16]. Cannibalism may provide adaptive advantages such as exploiting conspecifics as a food
source or eliminating possible competitors [17].

Some researchers have investigated the mathematical model involving cannibalism [18-
21]. Kang et al. [18] studied a single-species cannibalism model with stage structure. The
model studied is a dynamic system of one population such an age structure that divides
the population into two classes, i.e., eggs and an adult class consisting of larvae, pupae,
queen insects, worker insects, and other types. Zhang et al. [19] analyzed predator-prey
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models with cannibalism and stage structure in predators so that
the model studied was a three-dimensional dynamical model.
In Zhangs model, the predator population is divided into two
subpopulations, i.e., juvenile and adult predators. The birth rate of
juvenile predators is assumed to be proportional to the number of
adult predators and follows the Malthus growth model. Predation
of prey and juvenile predators by adult predators follows the type-I
Holling functional response. Meanwhile, Deng et al. [20] studied a
two-dimensional predator—prey model with predator cannibalism.

Aside from cannibalism, another interesting Predator-
prey phenomenon to investigate is prey hiding behavior
from predator captures and attacks. This is known as refuge
behavior in the context of ecology. The mathematical model
of Predator-prey interaction with prey refuge has also piqued
the interest of researchers [21-25]. Rayungsari et al. [21]
modified model proposed by Deng et al. [20] by adding the
assumption that there is a refuge in the cannibalized predator
population, as much as mP. Moreover, it is also assumed that
predators need time to catch and handle the prey, so that the
rate of prey predation follows the Holling type-II functional
response. The Predator-prey model incorporating predator
cannibalism and refuge proposed by Rayungsari et al. [21]
is as follows:

dN N by NP
— =/N[(1-=) - ,
dt K k1 + N (l)
dP NP by(1 — m)P?

dt ~ ki +N ky+ (1 —mP’

+ P —eP —

where N > 0 and P > 0 represent prey density and predator
density, respectively. The parameters of system (Equation 1) are
positive constants described in Table 1. Predator cannibalism is
represented by the last term of the second equation in system
(Equation 1). The model can be interpreted as follows: In the
absence of predator, prey grows logistically with the intrinsic
growth rate r and the environmental carrying capacity K. With
the presence of the predator, the prey population density decreases
b NP

k1 + N
ki is the half-saturation constant. The predation rate follows

, where b; is the maximum predation rate and

Holling type-II functional response with the assumption that
predators need time to catch and handle the prey. With the prey
predation by predator, the predator population density increases
b C]NP
Y ki +N
prey into predator births and ¢; < b;. Predators die naturally
by(1 — m)P?
ky + (1 —m)P
decrease in predator population density caused by cannibalism

, where ¢; is the conversion rate of predation of

with the death rate e. The term depicts the

with saturated a cannibalism rate, which follows Holling type-II
functional response,

by(1 — m)P

ky+(1 —m)P’ @

The value of Equation (2) monotonically increases with
the supremum b;. (1 — m)P is the amount of the available
predator to be cannibalized, as m is the coefficient of refuge.
The conversion rate of cannibalism into predator birth (c;) is
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TABLE 1 Description of parameters.

Parameter Description

r Intrinsic growth rate of prey

K Environmental carrying capacity for prey

by Maximum prey predation rate

ky Half-saturation constant of predation

1 Conversion rate of prey biomass into predator birth
=3 Conversion rate of cannibalism into predator birth
e Predator natural death rate

b, Maximum predator cannibalism rate

m Coeficient of refuge

ky Half-saturation constant of predator cannibalism

assumed to be less than the maximum predator cannibalism
rate (b,).

The model proposed by Rayungsari et al. [21] was constructed
in a system of nonlinear differential equations with the first-
order derivative, where the change of population density at any
time depends on the current population density instantaneously.
Whereas in reality, the current condition is also affected by the
history of all previous conditions, which is called the memory
effect [26]. The phenomenon or systems that have memory and
genetic characteristics can be described by a fractional differential
system [27]. The definition of fractional-order derivative was first
introduced by Liouville [28] motivated by LHopital and Leibniz’s
critical thinking on derivatives of order % Liouville’s definition
was modified by Riemann by applying a direct generalization
of the Cauchy formula and named Riemann-Liouville fractional
derivative operator [29]. The fractional-order derivative concept
by Liouville and Riemann utilizes Euler’s study of fractional
integration, which led him to construct the Gamma function as
generalization of the factorial concept for fractional numbers [30].
In 1967, Michele Caputo modified the Riemann-Liouville operator
so that when solving differential equations, no initial conditions
are required. The definition of the modified operator is named by
Caputo fractional-order derivative operator. Predator-prey models
using Caputo-type fractional derivatives have been widely studied
recently [24, 31-33]. Hence, in this article, we modify and analyze
the Predator—prey model incorporating predator cannibalism and
refuge in Rayungsari et al. [21] by applying the Caputo fractional-
order derivative operator.

This article is organized as follows. In Section 2, model
development and basic properties are described. The basic
properties consist of verification of the non-negativity, existence,
uniqueness, and boundedness of solutions of the model. In
Section 3, the results of dynamical analysis are presented. The
results consist of the existence and stability of equilibrium
points. Both local and global stability are investigated, while
the analyzed bifurcation is the Hopf bifurcation. In Section 4,
the numerical simulations and intrepretations are carried out to
confirm the analytical results. Finally, in Section 5, we draw some
concluding remarks.
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2. Model development and basic
properties

By applying the Caputo fractional-order derivative operator to
the left-hand side of system (Equation 1), the model becomes

N b NP
DIN =rN{1——)—
K k1+N (3)
Dep — c1NP P ep— by(1 —m)P? °
* _k1—|—N z ko + (1 —m)P

witha € R, 0 < o < 1, and D is the «-order of Caputo fractional
derivative operator defined by DS x(t) = ﬁ fot (t — )" %x(s) ds.

Since the variables in the system (Equation 3) represent the
population densities, the solution of the system must be non-
negative. The solution of system (Equation 3) is guaranteed to be
non-negative by the following theorem.

THEOREM 1. All solutions of Equation (3) are non-negative for
any initial values (N(0), P(0)) € Ri.
b,P
N 1

K) k4N
if N(0) = 0. DY N = 0 means there is no change of prey population

N

Proof. Since D = N <r ( ), then DYN(0) =0

density. Consequently, N(t) = 0,Vt > 0. Then, we prove that if
N(0) > 0then N(t) > 0 forevery ¢t > 0. Suppose that the statement
is wrong, so there is t* > 0 such as

N({)>0,0<t<t"
N(t) =0, t = t*,
N(t) <0, t > t*,

From Equations (3), (4), we get that DYN = 0,t = t*. Thus,
there is no change in the population density of N when t = t*. From
the prior statement, N(t) = 0,t = t*, so that N(t) = 0,¢ > t*.
This contradicts the statement that N(¢) < 0 for t > t*. Therefore,
N(t) = O0forall t > 0is correct. In the same way, it can be proved
that P(t) > 0 for every t > 0.

Next, we show the existence and uniqueness of solution of the
system (Equation 3) using Theorem 3.7 in Li et al. [34]. Consider a
region [0,00) x 2, where Q = {X = (N, P) € Rﬁ_ :¢y < e}. Then,
we denote a mapping F(X) = (F;(X), F2(X)), where

LX) = N (1 N biINp
= K) kG+N’
(5)
c1NP by(1 — m)P?
F(X) = P—eP— —
S AL R sy g
Forall X = (N,P),X = (N,P) € Q,
IFC) = FX)I| < |[F(X) - F D] + |R(X) - )|
R =R C R ==1
=|[[rN{1——=)— —|rN(1——= | — =
K ki +N K ki +N
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N ci1NP PP by(1 — m)P?
P —eP — —————
K+ N 7 ks +(1—m)P
NP . 1 —m)P?
_[Cl P +Czp_ep_bz<7m>_]
k+N ky+ (1 — m)P
N? — N2 biNP(k, + N) — byNP(k; + N)

<|rN-N|+

ks +5) K ik ) (k1 +N)(ky + N)
ClNP 1+N —CINP 1+N -
- 6NN | @ a@=P)
N by(1 — m)(P*(ky + (1 — m)P) — (P*(ky + (1 — m)P) ‘
) (ky + (1 — m)P)(ky + (1 — m)P)
- r+V(N+N) (b1+cl)klp_ ]|N—N|
L K (k1 + N)(k1 + N)
" (b1 +c1)N o e
St +N :

by(1 — m) [k2(P + P) + PP(1 — m)]
(ks + (1 — m)P)(ky + (1 — m)P)

}{P—PL

Since in the following discussion, it can be proved that the
system solution (Equation 3) is bounded in €, there is a positive
constant M = max{N, P}, Vt > 0. Hence, we have

- oM (b kM :
IIFCO) — FR)| < [r+ = %] N 5|
1
(b1 + c1)M by (1 — m) [2k;M + (1 — m)M?]
+|————te—a+ .
ky k5
|P— P|

=L |[IN=-N|+L|P-P

>

with
2M (b1+61)k1M
L = T L Lt i
1 r+ X + k%
b M by(1 — 2k M + (1 — m)M?
L2=(1+C1) te—cpt 2(1 — m) [2koM + (1 — m) ]

k1 i

By choosing a positive constant L = max {L;, L}, we get

[|FX) — FX)|| < LIIX — X]|. (6)

Based on Equation (6), the function F(X) satisfies the Lipschitz
condition so that there exist a unique solution X(#) of the system
(Equation 3) with any initial value of X(0) = (N(0), P(0)). Thus, we
derive the following theorem.

THEOREM 2. For the system (Equation 3) with any non-negative
initial condition (N(0), P(0)) € €2, there exist a unique solution
X(t) € Q.

Next, due to the limited carrying capacity of the prey and
predator resources, the size of both populations in the system
(Equation 3) must be limited. Consider a function defined by

V(t) = N(t) + IZ—IP(t).
1
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The Caputo derivative a-order of V satisfies,

b
DYV < DN + —D*P

c
( N) biNP
rN{1—-—)—
K k1+N

by [ cNP by(1—m)P?
+ 2[5 o - o - e

. bz(l—m)P p
ko + (1 — m)P
< rN—%NZ—F%(CZ—e)P.

—rN—LNz—i-ﬁ o—e
- K C1 2

For any positive constant ¢,

DV AoV < - N4 B - b
o vV = +—(c—eP+¢p|N+ —P
K C1 C1

r b

(r+@)N — —N>+ —(c; — e + )P.
K C1

If c; < eand by choosing 0 < ¢ < e — 3, we get

DEV+¢V < (r+¢N— =N

r (r+@K\?  ((r+9K)’

= 2|\ N———) |\ —5— (7)
K 2r 2r

r ((r+ 9K\’

K 2r '

Based on Equation (7), Generalized Mean Value Theorem

in Odibat and Shawagfeh [35], and Lemma 6.1 (Fractional
Comparison Principle) in Li et al. [34], we get that,

2
- (M) )Ea[—w)“]

V() = (V(O) -

oK 2r
r (K’ ®)
(7))

Eo[—@()*] — Oast — +00, so that,

K 2
V() > wiK(i(“;f) ) [t = +o0.

Hence, we establish the following theorem.

THEOREM 3. All solutions of Equation (2) with initial values

(N(0), P(0)) € {(x,y) € R%r : ¢y < e} are uniformly bounded

3. Dynamical analysis

3.1. Existence of equilibrium points

In the similar way as in Rayungsari et al. [21], the system
(Equation 3) has four equilibrium points, namely E, = (0,0),
Ei = (0,P1), E;, = (K,0), and E3 = (N3,P3), where P, =

k(e —
2e—c2) LIt by 4+ e # ¢1 + ¢, then N3 and Ps in E3 is
(c2 —e—by)(1 —m)
obtained from the solution of a cubic equation using the Cardano’s

formula [36, 37], i.e.,

3 2 4 3
R2E\yH+ 50 a2 B

N; = - - —,

7 3A
3la+ 6+ 24} ©)

r N3
P; = —(1——)(k N3),
3 bl( K)(1+ 3)
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with
_ 3AC-PB
Y PR
_ 9ABC — 2B —27A%D
© = 2743 :
A = ﬁ(l—m)(bz—cl—cz—i—e), )
k.
B = f(l—m)[(q-FCz—e—bz)—J(C1+2(Cz—e—bz))],
by K

C = (a+ca—ek
+ B —m)[a+@ - ke —e) - 25+ 8],

D =k [kz(cz —e)+ %1(1 —m)(cz —e— bz)] .

Whereas, if b, + e = ¢; + ¢, we have the value of N3 and P3 as

follows:
REyR A . r (. N
Ny=—————Py=—(1-— ) (ki +N3),
3 20 3 b1< K)(1+ 3)
with
clrkl
R = h2k2+2(1 —m) <k1(61 —bz)—cl—i—L),
by K
reik
S =k1[k2<b2—c1>— ; ‘(1—m>].
1

Two of the equilibrium points need existence conditions. E;
exists in Rﬁ_ if 0 < ¢ — e < by. The coexistence point E3 exists
inRﬁ_ifq%—F%q? >0and 0 < N3 < Kforby +e # ¢ + c.
Meanwhile, for b, + e = ¢; + ¢, E3 exists in ]Rﬁ_ ifR2 —4QS >0
and 0 < N3 < K.

3.2. Local stability

Local stability of the equilibrium points of Equation (3) are
determined by the arguments of the eigenvalues of Jacobian
matrix and applying Matignon Local Stability Theorem in
Petras [38]. Suppose that E* is an equilibrium point of system
(Equation 3). Based on Matignon Local Stability Theorem, E*
is local asymptotically stable if all of the eigenvalues A; of the
Jacobian matrix,

1 ﬁ bk P N
"TK) T Ny ki + N
kP aN
E*) = [ — _
JE) (ki + N)? N 2T

b1 —mP [2ks + (1 — m)P]
(

(ky + (1 — m)P)2
(10)

T
that satisfies | arg(%;)| > %.
THEOREM 4. The origin point Ey(0, 0) is always unstable.

Proof. The Jacobian matrix for Ey = (0,0) is

J(Eo) = {r 0 } (1)

0cp—e
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so the eigenvalues are A; rand Ay = ¢ — e. The argument

am

of the first eigenvalue is |arg(A;)] = 0 < ER If ¢, > e then
T

larg(Xz)] = 0 < % (Ey is an unstable source), while if c; > e

then |arg(A2)| =7 > % (Ep is an unstable saddle node).

THEOREM 5. Prey extinction point Ej(0,P;) is local
p
asymptotically stable if r < % and unstable saddle node
1
b P
ifr> ——L.

ky

Proof. By substituting E;
Jacobian matrix for Ej,

(0, Py) to Equation (10), we get the

— 1
J(B) = aPr (2 —e)ca—e—b) (12)
ki by
b, P
The eigenvalues are Ay = r — % and A, =
1

(2 —e)ca—e—by)
b,

. ) am

Az is the negative real number and |arg(X;)| = 7 > BN Hence,

b1 P
g, A < 0, and
kq

7> 2 5o that E; is local asymptotically stable.

. Based on the existence condition of Ej, then

the local stability of E; depends on A;. If r <

larg(A1)]

b1P ar
Otherwise, if r > % then A; > 0, |arg(A))| =7 > ER and E;

1
is an unstable saddle node.

THEOREM 6. The predator extinction point E»(K,0) is local
ClK

P + ¢, and unstable saddle node

asymptotically stable if e >

. C1
ife < + c.
k1+K 2

Proof. With the same way, we get the Jacobian matrix for E; as

follows:
biK
_ ki +K
J(E2) = oK 1+ (13)
o—e
k+K
The ei lues are A nd A ak + Tt is
igenvalues ar =-ra = c—elti
g 1 2 i+ K 2
T
clear that |arg(A;)| = 7 > %. E, is local asymptotically stable if
K K
|arg(X2)| > %, ie., fore > klcl—i— X +o.Ife < quﬁ + ¢,

ar
|arg(A2)| =0 < BN and E, is an unstable saddle node.

For existence point E3(N3, P3), the Jacobian matrix is as follows:
Ji1 Ji2 }

14
J21 J22 (14)

J(E3) = |:
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where
J = rN3 1_k1+2N3
T N K '
Ty = b1N;
2= _’I;N3’ .
ciK1r 3
J mw+N9< K)
bibskor(1 = m) (1= 32) (ky + N)
J2 = —

(blkz +r(1—m) (1 - %) (k1 +N3)>2.

Thus, the eigenvalues are obtained from the following quadratic

equation.
A* — trace(J(E3)) + det(J(E3)) = 0, (16)
where
det(J(E3)) = JiJa2 — J12J21
Phiboka(1— m)Ns (1- 32 i+ 2Ny

- (-2)

2
(bika + 10— m) (1= 22) (e +N3) K
C1k1TN3 <1 _ &)
(k1 + N3)? K
17)
and
trace(J(E3)) = Ju + J22
. N3 1— ki + 2N3
- ki + N3 K
bibakor(1 —m) (1= 3 ) (ks +No)
_ 2
(blkz + 1’(1 — m) (1 - %) (kl + NS))
(18)
Suppose that
bibaka(l —m) (1= 3 ) (ks + N)?
= 5 >0, (19)
N3
N (b1k2 (1 —m) (1 - f») (ke +N3))
then
N3 ki + 2N3 arN3
race(J(E3)) n TN X ) N
N3 o ki1 + 2Nj3 (20)
ki + N3 K
rN3 K—aK—k1—2N3
ki + N3 K ’
Suppose that d is the discriminant of Equation (16), i.e.,
d = trace(J(E3))* — 4 det(J(Es)). (21)

The cases are divided into two parts, those are for d > 0 and for
d< 0.

1. Casel(d > 0)

For this case, if ki > K — 2N3, we have det(J) > 0 and
trace(J) < 0. Therefore, the eigenvalues (solutions of Equation

i
16) are real and negative. Consequently, |arg(A;)| = 7 > a?

for j = 1,2 and E; is local asymptotically stable.
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2. Case2(d < 0)
In case (d < 0), the eigenvalues are complex number with
trace(J(E3)) + /d
2

non-zero imaginary part A = and A =

trace(J(Ez)) — ~/d
2

(a) Ifk; > K—2N3—aK, then trace(J) < 0so that Re(A) < 0and
E3 is local asymptotically stable since |arg(A)| = |arg()_»)| =
ar

. Suppose that

T> —.
2
(b) If k; < K — 2N3 — aK, then trace(J) > 0 so thatélyg[(k) >0
and Ej3 is local asymptotically stable if | arg(1)| > PR

Hence, we establish the following theorem.

THEOREM 7. Suppose that d = trace(J(E3))* — 4 det(J(E3)) with
trace(J(E3)) and det(J(E3)) are the trace and determinant of matrix
J(E3) in Equation (14). E3 = (N3, P3) is locally asymptotically stable
if one of the following conditions are satisfied.

1. d > 0and k; > K — 2Nj3,
2. d <0and k; > K — 2N;3 — ak,

Im(A
3.d < 0,k < K—2N3 — aK, and |arg(A)] = ’m()

Re())

'A—I—A 27

with a is as in Equation (19).

3.3. Global stability

Next, we investigate the global stability of E;, E,, and E3. For
this aim, we use the help of Lemma 3.1 in Vargas-De-Leon [39] and
Generalized Lasalle Invariance Principle in Huo et al. [40].

E1 (0, P1 ), we

P
P1 In 7) .
b

The Caputo derivative a-order of V] is as follows:

For prey extinction point consider a

Lyapunov function,

b
Vi(N,P) = N-i-f P—P -

b P—-P
DYV, < DEN C—i( L) pep
N b, NP
=rN[1—— | —
K) k+N
N by (P—P; ci1NP P ep by(1 — m)P?
21 P — P — 22 M
o kh+N 7 ky + (1 — m)P
N b1 NP,
=N (1-=)-
K k1+N
b k —e)P; + ka(e — )P
LYy 2(c2 — )P + kae — ¢2)
1Py ky + (1 —m)P
N b1 NP,
=rN[1—-—
K k1+N
b k —
b py 2(c; —e)
Py ky + (1 — m)P
N b1 NP,
<mN(1-2)-
K k1+N
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b P
Ifr < %, then we have,
1

o N rklN
DYV < N(1—-=) -
N K k1+N
S
=7KN—kN—N2.
K(k1+N)( ! )

D¢Vy =0onlyif N =0.For N > 0,if K < kj, then DYV; <0
and according to Generalized Lasalle Invariance Principle [40],
E; is globally asymptotically stable. We write the global stability
conditions of E; in the following theorem.

THEOREM 8. If E; = (0,P;) exists, then E; is globally

P
Land K < k.
1

asymtotically stable if r <
Then, we construct a Lyapunov function as follows:
V2(N,P) =

9 (N_K-—KInY)ip
A (nk—xkn¥)4+p
by K

for E>(K,0). We have,

N-—-K
D2y, < L (22 ) peN 4 pep
by N
C1 N -—-K N blNP ClNP
= —|—|(rN|1—-— =] —
by N K ki +N ki +N
NP —eP by(1 — m)P?
T Tk —mp
1 2
= ——(N—-K
blK( ) .
K 1—m)P
Lpf 9k L, bU=mP
ki +N ko + (1 — m)P
< C1 to—e— bz(l—m)P
ki +N ko + (1 — m)P

p ClK +
) — e
- ki +N 2

K
Suppose that e > llci + ¢;. Thus, we have,
1

prvy < p( 9K L, (9K,
2= N T2 g T

— P ClK ClK < O.

ki+N k1 —

We get that DYV, < O0,V(N,P) € Ri. Hence, E, is
globally asymptotically stable with the condition as in the following
theorem.

K
THEOREM 9. E; is globally asymtotically stable if e > C;(— + c2.
1

To investigate the global stability of coexistence point, we

p
P3 In 7) s
Ps
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where N3 and P3 as in Equation (9). The a-order derivative of V3
satisfies

prva= (1) (W (1- %) - %)
< V3 = 11— — TN 1—— —
N K) k+N i
b1 P3 ClNP b2(1 - m)P
2(1-= P—ep— 2T
+c1< P)(k1+N+C2 ¢ k2+(1—m)P)

~ - N3 — N _ blkl(P_P3)
= (N N3)[T( % ) (k1+N)(k1+N3)}

by c1ki (N — N3)
i 1 =P (ky 4+ N)(k; + N3)
baky (1 — m)(P — P3)
(k2 + (1 — m)P)(ky + (1 — m)P3)
= _é (N_N3)2 _ bl(N_N3)(N3P—NP3)

(k1 + N)(ki + N3)
bibaky (1 — m)(P — P3)?

c1(ky + (1 = m)P)(ky + (1 — m)P3)’

A

P N
— > — > 1¢. Then,
P N3

DYV3 < 0 and Ej is globally asymptotically stable in Q*. Hence,

Consider a domain Q* = {(N,P)

we derive the following theorem.

THEOREM 10. Ej; is globally asymptotically stable in the domain

. P N
3 3

3.4. Existence of Hopf bifurcation

THEOREM 11. Ifd < 0and k; < K —2N3 — aK with a is given in
Equation (19), then E3 undergoes Hopf bifurcation when the order
of Caputo derivative, «, pass a* with

Im(\*)
Re(A*)

o =tan™!

(22)

and A* is an eigenvalue of E3.

Proof. Suppose that d < 0 and k; < K — 2N3 — aK. Then, the
eigenvalues of J(E3) are a pair of complex number A; = A* and
Ay = X* with positive real part. Suppose that

(0514
fla) = - - min | arg(Ai)i=1.2|.

For a = o* with

*
a* = tan ! [mG7) ,
Re().*)
d
we have f(a*) = 0 and () -z # 0. According to
da |,_q, 2

Theorem 3 in Li and Wu [41], E3 undergoes Hopf bifurcation at
o =a*.

4. Numerical simulations
In this section, numerical simulations of the model (Equation 3)

are carried out using Matlab software and the predictor-corrector
scheme, which is introduced by Diethelm et al. [42]. The purposes
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TABLE 2 Parameter values.

Parameter Simulation  Simulation  Simulation
1 2

r 1 1 1
K 1 1 1
by 05 05 03
k 03 03 03
o 02 0.1 02
o 02 0.2 0.12
e 0.1 03 0.02
by 03 03 035
m 03 03 03
ks 1 1 1

of the numerical simulations are to confirm the dynamics analysis
results and the existence of Hopf bifurcation. Since there are no
available data related to our proposed model yet, the parameter
values are chosen hypothetically in Table 2.

For parameter values in Simulation 1, E; exists, i.e., E} =
(0,0.7143) and the local stability condition in Theorem 5 is
satisfied. We conduct numerical simulations with several values
of «. The results in Figure 1 show that the solutions tend to the
prey extinction point for all « values chosen. This is consistent
with the analytical results since the Jacobi matrix eigenvalues are
negative real numbers, which involve E; always asymptotically
stable with the selected parameter values for any order derivative
of the o € (0, 1]. However, we can see a difference in the solution’s
behavior for each «. The lower the o value, the slower the solution
reaches E;.

For the second simulation, we use the same parameter values
but ¢ and e (see Table 2). As a result, the existence condition for
E; is not satisfied, so the point does not exist. It means that the
prey can survive from extinction. For the predator extinction point
E»(1,0), the stability condition in Theorem 6 is satisfied and E is
asymptotically stable for any fractional order of @ € (0, 1]. It fits
the numerial simulation results in Figure 2. Represented by some
values of o, we can see that the solutions with initial value close
to E; go to E;. With a greater « value, the solution will reach the
predator extinction point faster.

Next, we demonstrate the effect of the derivative order on the
behavior of the solution, with 0.8 < o < 1. The parameter values
in the last column of Table 2 were chosen. With those parameter
values, the coexistence point exists, i.e., E3(0.1423, 1.2645), which
has the eigenvalues A* = 0.0232 + 0.1589i and A* = 0.0232 —
0.1589i. The parameter values satisfy k; < K — 2N3 — aK and
the discriminant of the quadratic equation of the eigenvalues is
negative, i.e., d = —0.1010. Based on the Theorem 7, the stability
of E3 is determined by the argument of the order derivative «. The

2 | A% —A*
threshold is «* = 0.9077, which satisfies «* < — —
A% K

b4
From the bifurcation diagram in Figure 3, we can see that for

o < aF, the solutions tend to Ez. Meanwhile, for « > o, the
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FIGURE 1

Graphic solutions of Simulation 1.
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FIGURE 2
Graphic solutions of Simulation 2. (A) Solutions of N with respect to time t. (B) Solutions of P with respect to time t.
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FIGURE 3

Bifurcation diagram with « as bifurcation parameter. (A) Value of N* with respect to derivative order «. (B) Value of P* with respect to
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FIGURE 4
Graphic solutions of Simulation 3. (A) Solutions of N with respect to time t. (B) Solutions of P with respect to time t. (C) Phase portraits.

solutions tend to limit cycle around E3. As confirmation of the and o = 1, are selected to simulate the solutions of N and P with
bifurcation diagram, two « values satisfying o < o™, i.e, « = 0.8  respect to time. For « = 0.8 and o = 0.89, the solutions tend to Ej.
and o = 0.89, and two « values satisfying a.o™, i.e., @ = 0.91  The solution with & = 0.89 oscillates longer than o = 0.8 before
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FIGURE 5
Bifurcation diagram with b, as bifurcation parameter. (A) The value of N* for 0.2 < b, < 0.4. (B) The value of P* for 0.2 < b, < 0.4.
A B
0.3 ; : : 1.5 | | :
Stable E3 Stable E3
0.25 Limit cycle 14 Limit cycle
0.2
. 13
N0.15 r P
1.2
0.1
0.05 11
0 . . . 1 . . .
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5
m m
FIGURE 6

Bifurcation diagram with m as bifurcation parameter. (A) The value of N* for 0.1 < m < 0.5. (B) The value of P* for 0.1 <m < 0.5.

finally convergent to E3. Meanwhile, for « = 0.91 and @ = 1, each
solution convergent to a limit cycle. The amplitude of the limit cycle
solution with & = 1 is greater than o = 0.91.

Numerical simulations in Figures 3, 4 show the existence of
Hopf bifurcation in system (3) with « as bifurcation parameter.
In addition, the system also undergoes one-parameter Hopf
bifurcation with other bifurcation parameters such as cannibalism
rate (by) and refuge coeflicient (m). The bifurcation diagrams are
shown in Figures 5, 6, respectively.

For bifurcation diagram with parameter b,, we have three
bifurcation points, i.e., bj = 0.2429, b}* = 0.306, and b3** = 0.372.
For b, < b}, the solutions convergent to prey extinction point
E;. It is in accordance with the analytical result since the stability
condition of E; is satisfied. When the predator cannibalism rate
is increased pass b3, E is unstable, and the solutions convergent
to the coexistence point, which means the predator survive from
by

For bifurcation diagram with parameter m, we have two bifurcation

extinction. The solutions tend to limit cycle when b3* < by <

points, i.e., m*, m**. For m < m*, the solutions convergent to
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coexistence point. The solutions tend to limit cycle in the refuge
coefficient range m* < m < m™*.

5. Conclusion

A first-order system of Predator—prey interaction incorporating
predator cannibalism and refuge is modified by applying Caputo
fractional-order derivative operator. We verify the non-negativity,
existence, uniqueness, and boundedness of the model solution. The
local and global stability of equilibrium points are then examined.
In addition, the existence of Hopf bifurcation is investigated.
There are four equilibrium points in the model: the origin point,
the prey extinction point, the predator extinction point, and
the coexistence point. Since the eigenvalues are real numbers,
the first three equilibrium points have the same local stability
as the first-order system. However, the local stability of the
coexistence point differs from that of the first-order system. The
coexistence point with positive real-part eigenvalues is locally
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asymptotically stable in the modified system as long as the absolute
of the eigenvalue arguments are bigger than *T. Even though
it is based on different theories, the global stability properties
of all equilibrium points are identical to those in the first-
order system. Under certain conditions, the Hopf bifurcation
exists for the coexistence point. Numerical simulations confirmed
the analytical results of stability properties and the existence of

Hopf bifurcation.
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The predator-prey model has been extensively studied, but only studies models in
a certain environment, where all parameters and initial values involved in the model
are assumed to be certain. In real practice, some parameters and initial values are
often uncertain. To overcome this uncertainty problem, a model can be made by
using a fuzzy theoretical approach. In this paper, we develop a numerical scheme
for solving two predator-prey models with a Holling type Il functional response by
considering fuzzy parameters and initial populations. The behavior of the model
was studied qualitatively using the 5th order Runge-Kutta method of which was
modified for the fuzzy system using the Zadeh extension principle. The numerical
simulation results show that, when the initial populations of prey and predators
are fuzzy, the behavior of the fuzzy model would be qualitatively the same as the
crisp model. Finally, we conclude that the resulting fuzzy behavior represents a
generalization of crisp behavior. This gives more realistic results since the solution
is obtained by explicitly considering the problem of uncertainty.

KEYWORDS

predator-prey fuzzy model, Holling type Il functional response, fuzzy parameter, fuzzy
initial population, Zadeh extension principle, 5th order Runge-Kutta method

1. Introduction

The predator-prey model is a model of the interaction between two species expressed
in the form of a system of differential equations that describes the dynamic relationship
between prey and predators [1]. This model was first introduced by Lotka and Volterra, so it
is known as the Lotka-Volterra predator-prey model. In this model, the dynamic behavior of
a simple predator-prey model is studied. Various applications of the predator-prey system,
such as those in Supriatna and Possingham [2, 3] and several other modifications of
the predator-prey model have been made by incorporating additional biological processes
into the classic Lotka-Volterra predator-prey equation, including functional response
modifications [4].

In ecological systems, the degree of predation depends on the functional response.
A functional response considers the number of prey that the predator has successfully
consumed per unit time. It is also introduced to describe changes in the rate of prey

64 frontiersin.org
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consumption by predators when prey density varies [4]. The
most common and well-known functional response is the type-
II Holling functional response. The Holling type II functional
response describes the increasing rate of predator’s consumption
when the density of prey is low. Meanwhile, when the prey density
is high, the predator’s consumption is constant. In this case, it
represents a phenomenon that the predator takes very little time
to find the prey, and when the prey consumption rate reaches the
highest level, the predator becomes easily full.

In recent years, various studies on predator-prey models
with type-II Holling functional responses have been carried out,
including in in Dawes and Souze [4], Jana and Kar [5], Ma
et al. [6]. Those studies consider a predator-prey model in a
definite environment, where all parameters affecting population
size and initial values involved in the model are assumed
to be crisp. However, in reality, each parameter and initial
value is uncertain, unclear, or incomplete. This uncertainty is
caused by inaccuracies made during the process of observation,
measurement, experimentation, and so on. To overcome this
problem, a model can be made using different approaches such
as the stochastic approach, the fuzzy approach and the fuzzy-
stochastic approach. A crisp ODE system could be more suitable
to be converted into a fuzzy differential equation system whenever
the parameters or the initial values are uncertain and have a degree
of perseptional values.

In recent decades, the application of fuzzy theory has been
widely used as a very effective tool in mathematical modeling to
solve real problems that take into account uncertainty. In this
approach, uncertain variables and parameters are represented by
intervals and fuzzy numbers. In the study of fuzzy differential
equations, the term fuzzy differential equations can be in the
form of differential equations with fuzzy coeflicients, differential
equations with fuzzy initial values or fuzzy boundary values [7-12].
The stability of the fuzzy dynamic system in a dynamic population
is studied through fuzzy differential equation and fuzzy initial value
problem [13]. Various numerical solutions for systems of fuzzy
equations have also been introduced in Ahmad and Hasan [10],
Jayakumar et al. [14], Nayak and Chakraverty [15], Behroozpoor
et al. [16], Tapaswini and Chakraverty [17], and Tapaswini and
Chakraverty [18].

The fuzzy predator-prey model was first introduced in da
Silva Peixoto et al. [19], where a classic deterministic predator-
prey model was formulated using a fuzzy rule-based system. The
development of fuzzy differential equations has resulted in new
discoveries of fuzzy predator-prey models, including those made
by Ahmad and Hasan [10], Pandit and Singh [20], Ak and Oru
[21], Ahmad and De Baets [22], Narayanamoorthy et al. [23], Omar
et al. [24], and Pal et al. [25]. The authors in Ahmad and Hasan
[10], Ahmad and De Baets [22], and Omar et al. [24] used the
Euler and 4th order Runge-Kutta method through the principles of
Zadeh extension. While the authors in Ak and Oru [21], used the
concept of generalized fuzzy derivatives. Other authors in Pandit
and Singh [20], used Hukuhara derivative. Moreover, the authors
in Narayanamoorthy et al. [23], used the fractional modified Euler
method. On the biological perspective, there are some authors who
have studied fuzzy predator-prey models with functional responses
such as [20, 23, 24, 26]. They all studied a predator-prey model
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with fuzzy initial conditions. Fuzzy predator-prey models with
functional responses have also been studied by Pal et al. [27], Yu
et al. [28], Pal et al. [29], Meng and Wu [30], Mahata et al. [31],
and Pal et al. [32], who presented fuzzy predator-prey harvesting
models. Their work studied two species of predator-prey harvesting
models by considering fuzzy parameters. Among those work, the
authors in Mallak et al. [26], studied a fuzzy predator-prey model
with an arctan functional response using the Hukuhara derivative
approach, to describe the satiation predator’s consumption.

Our research discusses predator-prey models with Holling
type II functional responses by considering fuzzy parameters and
fuzzy initial populations. The motivation is that we would like
to see how different is the dynamics of the sytems compared to
their counterpart crisp predator-prey systems. To proceed we will
present some preliminaries regarding the fuzzy number theory
and fuzzy differential equation background in Sections 2 and 3
followed by the 5th order Runge-Kutta numerical scheme for fuzzy
differential Section 4. In Section 5, we discuss the equilibria and
their stabilities condition for two predator-prey models with fuzzy
parameters and fuzzy initial values followed by the applications of
the 5th order Runge-Kutta numerical scheme to those predator
prey models in Section 6. Finally some discussion and conclusion
are presented in Sections 7 and 8, respectivelly.

2. Preliminaries

Some of the basic concepts used in this paper, such as fuzzy
number, the a-level of the fuzzy number, and the Zadeh extension
principle, will be introduced in this section.

2.1. Fuzzy theory

Definition 2.1 [33]. Let U be a non-empty set, and A is a subset
of U. The characteristic function of A is given by

1, ifxeA
xa (x) = 0, ifx¢A
foreachx e U.

Definition 2.2 [33]. A fuzzy subset F of the non-empty set U is
defined by a function g : U — [0, 1], which is called the membership
function of F.

Definition 2.3 («-level) [33]. a-level of the fuzzy subset A of U
is the classical set [A]* defined by

[A]Y = {x e U:gy (x) > a,a € (0, 1]}.
Supportof Aissupp A = {x € U:gpa (x) > 0} = [A 1°.
Coreof Aiscore A ={xe U:ps (x) =1} =[A]".

Definition 2.4 (Fuzzy Number) [7]. A fuzzy subset A is called a
fuzzy number if the defined universal set is the set of all real numbers
R and satisfies the following conditions:

(i) All a-level A is not empty for0 < o < 1
(ii) All a-levels of A are open intervals of R
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(iii) supp A = {x€ R:p4 (x) > 0} is bounded.

The set of all fuzzy numbers is denoted by F (R), and the
a-level of the fuzzy number A is denoted by [A]* = [af, af].

Definition 2.5 [33]. A fuzzy number A is called a triangular
fuzzy number if its membership function has the following equation:

0, if x < a,

o fa<x=b,
Paw =8 o, 22
c—b’lf =x=6

0, ifx>c

and a-level of A is, [A]* = [a + (b — a) , c—oalc— b)],for
onea € [0,1].

2.2. Zadeh extension principle

Zadel's extension principle is one of the basic ideas that
encourage the expansion of non-fuzzy mathematical concepts to
become fuzzy. This method was proposed by Zadeh to extend the
concept from classical set theory to fuzzy set theory.

Definition 2.6 (Zadeh Extension Principle) [7]. Let X and Y
being two universal sets and f : X — Z are classical functions. The
extension of fis ufunctionj‘(A) € F(Z), Ae F(X) such that

A ) A, iffTN e #£ o
(ﬂf(A) (2) = {0) Iﬁr—l () =@

where f~! (z) = {x[f(x) = z}.
Theorem 2.1 [7]. if f: R" — R" is a continuous function, then
[ FR") — F (R") is well-defined, continuous, and

F ] =raar

foreacho € [0,1].

Definition 2.7 [33]. Suppose f:R x R — R is a continuous
function. If A and B are two fuzzy numbers, then the extensionf via
A and B, is a fuzzy subsetf (A, B) of R with the membership function
given by:

sup min [pa (x), 95 (), if 7' (2) # @
Pap @) = '
0, iff(2) =2
where f ! (z) = {(;c,y)Lf (ny)=z}
[ a.p)] =
[l < [at, 8]y < (65,051 ).

and

FAI% [BI")

3. Fuzzy differential equation

The initial value problem is given to be

X =ftx®),

x (to) = xo,
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where f is continuous and xy € R”. Suppose the initial
condition xg is uncertain and is modeled by a fuzzy set, then the

problem (1) converted into a fuzzy differential equation

X () =f(tx®),

X (t()) € Xy, (2)

where f: [ty, T] xF (R") - F (R"), Xoe F(R").

Suppose also Ly (xg) = x(t,xp) is the solution to the problem
(1), then by applying extension principle for L; (xo) = x(t,xp)
obtained I, (Xo) = X(t,Xp), which is the solution of the fuzzy
problem (2).

Definition 3.1 (Equilibrium Point) [13]. A fuzzy number
Xe F (R") is the equilibrium point of (2) if

I:t (X) =X, foreacht > 0
or equivalent to
[L: (X)]" = [X]%, Vo € [0,1].

Theorem 3.1 [13]. If X is the equilibrium point of the classical system
(1), then x[x) is the equilibrium point of the fuzzy system (2) where
X[x] is a characteristic function of x.

Theorem 3.2 [13]. Suppose x is the equilibrium point of the
deterministic initial value problem (2), then

(a) X stable if and only if x[z) is stable for the fuzzy initial value
problem (2).

(b) X isasymptotic table, if and only if x|x) is stable asymptotically
for the fuzzy initial value problem (2).

In many cases, a deterministic solution to problem (2) is
often difficult to obtain, therefore the author considers the method
introduced in [10] which modifies the 5th order Runge-Kutta
method for the fuzzy model as follows.

4. Runge-Kutta 5th order numerical
scheme

In this section, we will study a two-dimensional fuzzy
differential equation system with the form:

(©)

X () =f(XY), X(t) =Xo
Y () =g(X,Y), Y(t) = Yo

where f, g:R2 — R is continuous function, and Xy, Yy €
F (R)

By modifying the 5th order Runge-Kutta method, the solution
to the fuzzy initial value problem (3) would be:

Xiy1 =X + ¢ (Ky + 4Ky + Ks)
Yis1 = Yi+ § (L1 + 4Ly + Ls)
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where
Ki=h-f(X;,Ys)
Ly =h-g(X;,Ys)
1 1
Ky=h- Xi+ -K,Yi+ -L
f( +3 1 1+3 1)

Ks :h'f(Xi+K4)Yi+L4)
Ls=h-g(Xi+ Ky, Yi+Lyg).

Since the arguments X; and Y; on the right-hand side are
iterative, we can define a new function as follows:

Fu(X;Yi) = Xi + & (Ki + 4Ky + K5) 5)
Gn(X;Yi) = Yi+ ¢ (L1 + 4Ly + Ls)
so that (4) becomes
Xiy1 = Fp(Xi, Vi) ©)
Yit1 = Gp(X;, Y3)

Fj, and Gpare fuzzy number-valued functions, then

F, ([X,»]“ , [Yi]”) = [min {Fh (u, v)}ue [xffl,xffz] , Ve [yffl,y?fz]} ,
max{Fy,(u, v)|ue [x?fl,x?fz] svelyiyinl) ]
and
G, ([Xi]o’ , [Y,-]”‘) = [min {Gh (u, v)’ue [xf‘l,xf‘z] ve [y?‘l,yf‘z]}
max{Gh(u,v)lue[ XX ] ve[yll,ylz]}]
Let [Xi1]% = [x?+l,l’x?+1,2] and [Yiy]* = [y?+l,l’y?+l,2]’
then we get

R

x11 = Fy (6, 9%)) = min{Fy(u, v)|ue [
rp = Fi (¢.05,) = max {F (u, v)iue [
Y = G (xffl,)/ll) = min{Gy(u, v)|ue
Vi = Gi (6, y82) = max{Gy(u, v)|ue

R 2] velyinyinl)
i Xz“z] ve 151,551} (7)

i1 xlxxz] velyinyinl)
X?i’x(;(z] velyins Yo 1)

3%

—r

To approximate the solution (3) at each «-level, the partition
< Iy—1 < ty = T is created on the interval
N and the length of the

hy <t <fbhh <---
[t(),T],Wi'[hl'i= t0+ih,i=0, 1, 2, ...,
partition h = T;,t" > 0.

5. Predator-prey fuzzy model with
type Il Holling functional response

In this section, two predator-prey models with type II Holling
functional response will be studied to construct a fuzzy model.
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The first model was built from the deterministic model introduced
by Jha et al. [34]. In this model, all parameters and the initial
population are assumed to be certain, whereas in reality the
parameter values and the initial population number cannot be
known with certainty. In the next section, the model is expressed
in a fuzzy model, where the initial population and uncertain
parameters are expressed in fuzzy numbers. This model is expressed
(4.2), and (4.3) which is called model I.
The second model is a modification of model I by considering

in Equations (4.1),

harvesting. First of all, the deterministic model of model I is
modified by adding a harvesting factor for both predator and prey.
This model is then expressed in a fuzzy model, where the initial
population and parameters are considered uncertain. This model
is expressed in Equations (4.4), (4.5), and (4.6) which is called
model II.

Model I: A predator-prey model with a type II Holling

functional response introduced in Jha et al. [34] is given as:

by
At X (o) = xo

s ¥ (to) = yo

X (f) = ax (1 — 1)

' dxy (8)

y () =-0+ gty

where x and y are prey and predator population density at time

t, K is environmental carrying capacity, a is prey intrinsic growth

rate, b is prey predation rate, ¢ is the predator mortality rate, d is

the predator conversion, and A is the constant saturation factor of
the predator. All model parameters are assumed to be positive.

If (x,y) is an equilibrium points of (8), by setting the derivatives
equal to zero, we get the equilibrium points are (0, 0), (K, 0), and
x), wherex = 4 ya C,y_ 7 (A+x)(
when d > c. The stability at these points is

) and (x) is positive

(i) The system unstable at (0,0)
(ii) The system is asymptotically stable at (K,0), if K < A—CC (or
K > 1f d< ¢

(iii) The system is asymptotically stable at (%, ), if K < %ﬁ.

Suppose the initial population of prey and predators are
uncertain, i.e., X and Yy become fuzzy initial populations of prey
and predators, respectively, at to. Then by applying the fuzzy initial
value problem, where the initial population is a fuzzy number, the
fuzzy predator-prey model of the system (8) becomes

x () = ax (1- %) by x(to) = Xo

; (A+X) 2 (9)
y (= cy+(A+x> » ¥ (to) = Yo

where Xj, Yoe F(R?).
Based on Theorems (3.1) and (3.2), the fuzzy equilibrium point
of the system (9) is x{0,0), X{K,0}> and X{d%» %(A+E)(1—%)} exists

ifd > c. The stability at these points is:

(i) The equilibrium point x{o,0) is unstable
(ii) The equilibrium point x(k,o) is asymptotically stable if K <
(or K > 1f d< ¢

(111) The equihbrlum point X { Ac

. fam(1-%))

=2
asymptotically stable if K < %
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Suppose it is assumed that the parameter a is also uncertain. By
changing the variable X in (9) into X = (X;,X2) = (X, a), then the
fuzzy model (9) becomes

X'0=x%(1-9) - 5 X0 =X
X, (t) =0, X, () =a  (10)
Y () = —cY + 4L Y () = Yo

(A+Xy) 2

where Xo, Yg,ae F(R).

Model II. If it is assumed that both prey and predator
populations in system (8) are the target of harvesting efforts, then
system (8) becomes

{x/(t):ax(l—l’é)—m_g;)—plEx, x (o) = xo ()

YO =+ gk — mEy , y(t) =y

where E denotes the catch effort, and p1, ps, respectively, shows
the coefficient catching power of prey and predator, where the
function p;Ex adoption from Das et al. [35].

If (x;y) is an equilibrium points of (11), by setting the
derivatives equal to zero, we get the equilibrium points are

©, 0), (—W 0),and (57)

< _ A(p2E+c) = -

where x = T E—dic’ Y =
Ad(E2K —EKap,—EK;] EKpjc—EA Kad—Kac—A . .
d(E*Kp1p> ap, p1d+EKp| c—EAap;+Kad—Kac—Aac) exists if

Kb(prE—d-+c)’
E < ‘¢ and E(EKpip, — Kap, — Kprd + Kpic — Aapy) >
Kac + Aac — Kad. The stability at these points is

(i) The system is stable at (0,0) if E > Pll

(ii) The system is asymptotically stable at (—w, 0), if
a
E < 171
Suppose the initial population of prey and predators are
uncertain, i.e., Xo and Yo becomes the initial fuzzy population of
prey and predators, respectively, at ty, then the fuzzy predator-prey
model obtained from the system (11) would be

{X’ O =aX(1-%)— 2L —piEX, X(t) =Xo 12)

/ k)7 @0
Y (t)=—CY+m— szY s Y(to)ZY()

where Xg, Yoe F(R).
Based on Theorems (3.1) and (3.2), the fuzzy equilibrium
points of the system (12) are xjo,0) x{_K(PIE,a) 0}, and

Ad(E2Kp) py ~EKapy —EKpy d-+EKp c—EAapy +Kad—Kac—Aac) exists
Kb(py E—d-+c)?

if E < %, and E (EKpip, — Kapy — Kp1d + Kpic — Aapy) >
Kac + Aac — Kad. The stability at these points is:

X[ A@aEto)
T ppE—dtc’

(i) The equilibrium point x{o,0; is stable if E > ﬁ
(ii) The equilibrium point x [_ K(pyE—a) 0] is asymptotically stable

: a
if E < o

6. Numerical simulation

In this section, we will explore the solution both of the above
model for some case different according to the conditions of
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stability at each point of equilibrium using the 5th order Runge-
Kutta method. Numerical simulations were carried out to compare
the behavior of the crisp system and the fuzzy system.

Model I: For model I, Numerical simulation is divided into
two cases. It is assumed for both cases the values of the parameters
a=0.5b=0254, K = 1,000, and A = 500. Parameters c and d
in this model are assumed as follows:

(i) ¢=0.125and d = 0.325
(ii) ¢=0.325andd = 0.125

Suppose the initial population of prey and predators is Xy =
1,100 and Yy = 900.

Case (i):

For the case (i) where d > cand K < 5 obtained
three equilibrium points: (0.0), (1,000, 0), and (312.5, 1099.594).
Equilibrium points (0, 0) and (1,000, 0) are unstable, and at
points (312.5, 1099.594) are asymptotically stable. The results of
the numerical simulation of case (i) are presented in Figures 1,

a(A+x)?
e a

2A. Figure 1A shows a stable system toward the equilibrium point
(312.5,1099.594). The phase plane graph for case (i) is presented in

Figure 2A.

Let the initial population X, and Y, wuncertain
be defined as a triangular fuzzy number with
[Xo]* = [1,050 +50c, 1,150 — 50a] and [Yp]® =
[850 + 50ct, 950 — 50«]. Based on theorems 3.1 and 3.2,

the fuzzy equilibrium points are obtained: x{00), X{1,000, 0}
and X{312.5, 1099.594}> where the equilibrium point X{0,0} and
X{1,000, 0} 18 unstable, and the equilibrium point X{312.5, 1099.594}
is asymptotically stable. The numerical simulation results for the
fuzzy model in case (i) are presented in Figures 1, 2B. Figure 1B
shows the fuzzy system is stable toward the equilibrium point
X{312.5,1099.594). The fuzzy phase plane graph for case (i) is
presented in Figure 2B.

Let other than Xy and Yy, parameter a is also uncertain
and is expressed in triangular fuzzy numbers with [a]*
[0.4 4 0.1, 0.6 — 0.1ct], then the behavior of the system shown in
Figure 3.

The simulation results can be seen that by adding a parameter
as a fuzzy number, the dynamic behavior of the fuzzy system
qualitatively shows the same results when only the initial
populations of prey and predators are fuzzy, and this is in
accordance with the behavior of the crisp system.

Case (ii):

For the case (ii) where d < cand K > % , three equilibrium
points are obtained: (0.0), (1,000, 0), and (—812.5, —1114.973). The
point (—812.5, —1114,973) is ignored because it has a negative
value, the stability of the equilibrium point is: at point (0,0) is
unstable and at point (1,000, 0) is asymptotically stable. The results
of the numerical simulation of case (ii) are presented in Figures 4,
5A. Figure 4A shows the system is stable toward the equilibrium
point (1,000, 0). The phase plane graph for case (ii) is presented in
Figure 5A.

Suppose the initial population is uncertain and defined as
a triangular fuzzy number as in case (i). Based on theorems
3.1 and 3.2, the fuzzy equilibrium points are obtained: x{o,0),
and  x{1,000, 0}, where at the equilibrium point x0 is
unstable and at the point x{1,000, 0y asymptotically stable.
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FIGURE 1
Population growth over time from case (i) of model I. (A) Crisp. (B) Fuzzy.
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Phase Plane of case (i) of model I. (A) Crisp. (B) Fuzzy.
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Population growth over time for case (i) of model II. (A) Crisp. (B) Fuzzy.
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The numerical simulation results for the fuzzy model in case
(ii) are presented in Figures4, 5B. Figure 4B shows the fuzzy
system is stable toward the equilibrium point {1,000, 0}-
The fuzzy phase plane graph for case (ii) is presented in
Figure 5B.

Let other than X, and Yy, parameter g is also uncertain and
is expressed in triangular fuzzy numbers as in case (i), then the
behavior of the system is shown in Figure 6.

The results of the numerical simulation are presented
in Figures 1-6 shows that for both cases of model I, the
solution graph with the fuzzy approach differs quantitatively, but
qualitatively gives the same results as the graph from the crisp
system when only the initial population is fuzzy, but slightly
different when one of the parameters and the initial population
is fuzzy.
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Model II: For model II, Numerical simulation is divided into
two cases. It is assumed for both cases the values of the parameters
and the initial population are the same as for model I: a = 0.5,
b = 0.254, K = 1,000, and A = 500. And other parameters in this
model are assumed as follows:

(i) ¢=0325d=0125p =1,p, =2,and E = 0.275
(i) ¢=0.125d =0.325p; =1,p, = 1,and E = 0.6

Suppose the initial population of prey and predators is Xp
1,100 and Yy = 900.

Case (i):

For case (i) where E < ll obtained three equilibrium points:
(0.0), (450,0), and (—583.3, —169.51). The point (—583.3, —169.51)
is ignored because it is negative. The stability at equilibrium point
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(0, 0) is unstable and at (450,0) is asymptotically stable. The
numerical simulation results of case (i) are presented in Figures 7,
8A. Figure 7A shows the system is stable toward the point of
equilibrium (450.0). The phase plane graph for case (i) is presented
in Figure 8A.

Suppose the initial population X, and Yj uncertain is defined
as a triangular fuzzy number as in model I, then the fuzzy
equilibrium point x{o,0) is unstable, and the fuzzy equilibrium point
X(450,0) is asymptotically stable. The numerical simulation results
for the fuzzy model in case (i) are presented in Figures 7, 8B.
Figure 7B shows a stable fuzzy system toward the equilibrium point
X(450,0)-The fuzzy phase plane graph for case (i) is presented in
Figure 8B.

Case (ii):

For the case (ii) where E > il obtained three equilibrium
points: (0.0), (—200,0), and (—906.25, —564.792). The points
(—200,0) and (—906.25, —564.792) are ignored because they are
negative. The numerical simulation results of case (ii) are presented
in Figures 9, 10A. Figure 9A shows the system is stable toward
the equilibrium point (0,0). The phase plane graph for case (ii) is
presented in Figure 10A.

10.3389/fams.2023.1096167

Suppose the initial population is uncertain and defined as a
triangular fuzzy number as in model I, then the fuzzy equilibrium
point x{o,0} is stable. The numerical simulation results for the fuzzy
model in case (ii) are presented in Figures 9, 10B. Figure 9B shows
the fuzzy system is stable toward the equilibrium point x{o,0}. The
fuzzy phase plane graph for case (ii) is presented in Figure 10B.

7. Discussion

The research presented in this paper is an extension of the
predator-prey model with a type II Holling functional response
discussed by Jha et al. [34] taking into account the uncertainty in the
parameters and the initial population expressed in fuzzy numbers.
This model is further expanded by adding harvesting factors to both
populations. In this study, the behavior of the system is only studied
qualitatively by performing numerical simulations to explore the
behavior of the fuzzy system and compare it with the crisp system.
In conducting the simulation, we use triangular fuzzy numbers to
express uncertainty in the initial population and parameters. Of the
two models studied, we found the same results. In both models,
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FIGURE 9
Population growth over time for case (ii) of model Il. (A) Crisp. (B) Fuzzy.
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FIGURE 10
Phase plane for case (i) of model Il. (A) Crisp. (B) Fuzzy.
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the fuzzy system shows the same behavior as the crisp system
when only the initial population of prey and predators is fuzzy or
when one parameter is added as a fuzzy parameter. Another result
obtained is, for the fuzzy model, the time required for the system
to reach equilibrium is longer than the crisp model. This is due to
the uncertainty in the initial value expressed in the fuzzy interval.
This research only studied the behavior of the system qualitatively
through numerical simulation. In this numerical simulation, all
the figures of the phase planes for the fuzzy systems above are
plotted for the value of the a-level equals zero. It seems that
the phase planes for the crisp systems can be extracted from the
fuzzy system’s phase planes with the a-level equals zero. This is an
interesting result that can be interpreted crisp model can be used as
a special case of fuzzy model whenever the degree of uncertainty is
relatively low.

8. Conclusion

In this paper, we have developed a numerical scheme to find
the solution of two predator-prey models with a Holling type II
functional response by considering fuzzy parameters and fuzzy
initial populations. The first model was developed from the model
studied by Jha et al. [34] by replacing the initial population and
one of the parameters with a fuzzy number. While the second
model was developed from the first model by adding harvesting
factors to both prey and predator populations. The behavior of the
model was studied qualitatively using the Runge-Kutta method of
order-5 which was modified for the fuzzy system using the Zadeh
extension principle. The numerical simulation results show that,
when the initial population prey and predators that have fuzzy
values, then both fuzzy models have the same behavior as the
crisp model, but the fuzzy model takes a longer time to achieve
stability than the crisp model. This is due to the uncertainty
in the initial population which is indicated by fuzzy intervals.
Likewise, when one parameter is added with a fuzzy value, the
fuzzy model has the same behavior as the crisp model. Finally,
we can conclude that fuzzy behavior represents a generalization of
crisp behavior, and this gives more realistic results that represent
the problem of uncertainty. However, there are still much work
to be done in the future, including studying the stability of the
system analytically, bifurcation problems, and others. As pointed
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Tissue-mimicking materials [e.g., polyvinyl alcohol cryogel (PVA-C)] are
extensively used in clinical applications such as tissue repair and tissue
engineering. Various mechanical testing techniques have been used to assess the
biomechanical compatibility of tissue-mimicking materials. This article presents
the development of inverse finite element (FE) techniques that are solved using
numerical optimization to characterize the mechanical properties of PVA-C
specimens. In this study, a numerical analysis where the displacement influence
factor was employed in conjunction with a linear elastic model of finite thickness
was performed. In the analysis, the effects of Poisson’s ratio, specimen aspect
ratio, and relative indentation depth were investigated, and a novel mathematical
term was introduced to Sneddon’s equation. In addition, a robust optimization
algorithm was developed in MATLAB that utilized FE modeling for parameter
estimation before it was rigorously validated.

KEYWORDS

indentation, soft tissue, non-destructive, PVA-C, construct, isotropy, optimization, finite
element modeling

1. Introduction

Inverse finite element analysis is a numerical method used to characterize the material
properties of soft tissues for biomedical engineering applications [1, 2]. Many techniques
have been implemented previously to characterize tissue in vivo, ex vivo, or tissue-mimicking
materials [3]. During the characterization process, the first-order Ogden hyperelastic model
is used for estimating material properties. Many previous studies have indicated that
the indentation test is an effective technique for characterizing the compressive behavior
of tissue under small and large deformation loading conditions [4]. Samani et al. [5]
considered tissue hyperelasticity in their indentation-based measurement technique and
reported hyperelastic parameters of breast tissues. Soft tissues or tissue-mimicking materials
are typically modeled as non-linear, homogeneous, isotropic, and nearly incompressible.
The Ogden hyperelastic model is commonly used to capture biological tissue non-
linearity. Isvilanonda et al. used the first-order Ogden constitutive model in the material
characterization process, and after using an inverse problem analysis of experimental
data, they obtained very good results [6-8]. A similar approach is followed in this article
whereby indentation testing data are processed through an inverse FE framework to
estimate tissue hyperelastic parameters. For solving the inverse problem in this article, an
optimization algorithm developed in MATLAB was used where the tissue FE model was
used to calculate the cost function to be minimized [9]. For the first step, FE modeling
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is a good candidate and has been used extensively in this
article. For the second step, a cost or objective function that
measures the difference between measured and model-based
mechanical response is developed. With these two essential
elements, the hyperelastic parameters can be calculated and
optimized by iteratively refining the sought parameters with
initial estimates until the cost function reaches its minimum
value [10-12].

The main motivation of the article as well as the novelty of this
study can be highlighted clearly in the following paragraph.

A variety of clinical procedures for assessing structural and
functional damage of tissues and treating the effectiveness of
tissue therapeutics are under active investigation. Therapeutics of
soft tissues depend on the mechanical response of the organs
and neighboring tissues. Indentation techniques can be used to
probe the local mechanical properties of soft tissues and tissue
mimics. The effect of relative indentation depth, aspect ratio,
Poisson’s ratio, and dimensionless k on the indentation response
of soft tissue mimics needs to be further investigated for an
improved understanding of material characterization. One way
to solve this problem is mesh refinement which also verifies the
convergence of stresses, but most of the mesh sensitivity cases
showed divergence. Even with increasing load sharp edges form
crack that makes the cylindrical indenter very unpopular. To
overcome this problem, a novel approach displacement influence
factor (IF) is used with Boussinesq’s equation to calculate stress
at any point underneath the indenter. Non-linear, hyperelastic
models have been used previously to characterize sources of
non-linearities (i.e., material and geometrical) in this type of
problem but have presented some problems. In this study,
indentation responses from cylindrical indenters are investigated
using numerical methods to develop and optimize new techniques
for characterizing non-linear material properties using Ogden and
Mooney Rivlin’s hyperelastic models.

In this article, we develop a comprehensive understanding of
soft tissue characterization based on a hyperelastic model using
inverse analysis. Moreover, we conduct a parametric analysis
with varying material properties and examine the effectiveness of
an optimization method. Sensitivity analysis was conducted for
cylindrical and spherical indentation tests. Our analysis shows the
effect of specimen thickness, PVA-C concentration, and freeze-
thaw cycle on (i, o).

1.1. Hyperelastic model

A hyperelastic or green-type elastic material [13-15] is a type
of material that follows constitutive models where the stress—
strain behavior is defined by a strain energy density function
[16]. They are considered to be truly elastic as they store energy
during loading and dissipate equal amounts of energy during the
unloading process. These materials experience large strains that
are mostly recoverable [17-19]. To define hyperelasticity, many
mathematical models have been developed and different aspects of
non-linear elastic material behavior have been explained [20, 21].
These types of models have been very successfully applied to soft
materials and tissues.
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Polyvinyl alcohol cryogel (PVA-C) samples of 5%, 10%,
and 15% concentrations are modeled as soft tissue mimics to
examine their non-linear material properties. Experimental force—
displacement (F-D) data were used as an input parameter for the
Ogden hyperelastic model.

A hyperelastic material is a type of constitutive model
where the presence of a strain energy density function is
assumed, and the stress-strain relationship is derived from
a strain energy density function. The Ogden hyperelastic
model for isotropic material can be obtained from strain
as follows:

oo
i . . . 2i
SRS S A =) + Y k0T DT, (1)

=

=

i=1 ! i=1

S

where u, @, and K are presented as constitutive parameters, J is
the determinant of the strain tensor, and X is known as the principle
stretch. For incompressible material deformation, ] = 1 leads the
second term in the aforementioned equation to vanish. For the first-
order Ogden model, n = 1. Thus, the model will have only two
unknown parameters of shear modulus (1) and strain hardening
exponent («).

For a uniaxial compression test, the nominal stress (o) is
represented as a function of the stretch ratio A. The first-order
Ogden material model can be presented in the form as given in
equation (2):

o = 2& ()\(01*1) _ )"(*a/2*1)> . 2)
o

The aforementioned two equations can take only positive
values. The experimental force-displacement (F-d) data are used
as an input parameter for the hyperelastic model. By applying curve
fitting to the experimental (o — A) data, the first-order Ogden
parameter is extracted.

1.2. Numerical analysis

Commercial FE software package Abaqus was used to create
an axisymmetric model for examining indentation. PVA-C was
used as a soft tissue mimic, and a flat-ended cylindrical indenter
was modeled in this simulation. The contact surface between
the indenter and the soft tissue was set as frictionless. Soft
biological tissue is generally considered to be incompressible
[22]. For optimal numerical accuracy, high mesh density was
adapted underneath the indenter, and convergence criteria were
verified. Indentation tests were simulated under linear and
non-linear hyperelastic model assumptions. Numerical analysis
was performed by FEM using Abaqus version 6:13-4 (2013).
Cylindrical indenters and rigid flat-ended cylindrical indenters
were used for numerical analysis. An indenter of radius
4mm was indented on a soft tissue-mimicking sample of
PVA-C with 5%, 10%, and 15% (w/w) concentrations. The
12mm. The soft
tissue sample was modeled as homogeneous, isotropic, and

sample size was L = 19mm and B =

nearly incompressible.
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TABLE 1 FE generated variable for cylindrical indentation.

Cylindrical indentation

Hyperelastic model—ogden strain energy function with N =1

" o D
0.0003 11.77 0.00000000

Problem size
Number of elements 3,864
Number of elements defined by the user 3,783
Number of internal elements generated 80
for contact
Number of nodes 7,818
Number of nodes defined by the user 3,875
Number of internal nodes generated by 3,943
the program
Total number of variables in the model 11,694

The Ogden hyperelastic material model used in simulation of soft tissue mimics 5% PVA-C
and 15% 2FTC.

An axisymmetric model was developed and meshed with
(CAX4RH) and (CAX3H) linear quadrilateral elements. A very
fine mesh was made at the contact zone and comparatively, the
coarse mesh was utilized outside the contact zone. The boundary
conditions for the three sides of the sample were fixed (Ul = U2
= U3 = UR1 = UR2 = UR3 = 0), and one side is variable (U1
= U3 = UR2 = 0). During the indentation test, a 4N vertical load
was applied, and the contact between the indenter and the sample
was considered frictionless. The Ogden hyperelastic material model
was considered for PVA-C samples undergoing the indentation
test, the data of which are provided in Ref. [23]. The simulation
was completed in 13 steps with a step size of 0.01. To observe
the indentation responses, the hyperelastic FE model was analyzed
including a sample with finite thick and infinite thickness made of
PVA-C with 5% and 15% concentrations.

1.3. Numerical model setting

A two-dimensional axisymmetric cylindrical indentation
model was developed by using Abaqus version 6:13-4 (2013).
The Ogden first-order strain energy density function was
used in the numerical simulation. In total, 7818 (CAX4RH)
nodes were generated in the meshing process, as shown
in Table 1.

An axisymmetric FE model was developed by using Abaqus,
and PVA-C 5% and 15% 2FTC experimental data obtained from
Ref. [23] were used as an input parameter for the first-order Ogden
hyperelastic model. The load-displacement graph for both PVA
concentrations is shown in Figures 1, 2.

1.4. Parametric studies

Based on previous research, it has been found that the
hyperelastic parameters determined using cylindrical or spherical

Frontiers in Applied Mathematics and Statistics

10.3389/fams.2023.1064130

12
Diameter=38$mm || ====" Experimental
10 || Height =12mm || ——--. FE Simulated ,
'l
[
’
8 J
4
’
=4 s
= i
= "4
4 ’/
r’/
2 >
1-9‘55:5‘
8 Q“”‘M/d_“

Displacement (mm)

FIGURE 1
Load vs. displacement graph for PVA-C model with 5%
concentration.
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FIGURE 2

Load vs. displacement graph for PVA-C model with 15%
concentration.

indentation testing are not always the same as those obtained
from experimental uniaxial compression tests [4, 6, 10, 20].
To investigate the sources of such disagreement, a parametric
study was conducted to examine the influence of (u, o) on
the shape of the simulated data. An optimization algorithm
combined with MATLAB was used to minimize the sum of the
squared difference between the experimental measurements and
the FE-simulated Ogden hyperelastic model. This allowed for the
unknown parameters (i, @) to be determined. A sensitivity analysis
was then conducted to verify the accuracy and robustness of
the parameters. For cylindrical uniaxial indentation obtained from
inverse analysis shown in Table 2.
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TABLE 2 For cylindrical and uniaxial indentation (u, o) obtained from the inverse analysis.

Method Material Radius (B/2) Depth (L) Experimental Inverse Experimental Inverse
PVA (%) 2FTC (mm) (mm) Mu (kPa) Alpha Mu (kPa) Alpha
uCcs 5 19 12 0.0025 10.749 0.0026 10.965
Cylindrical 5 19 12 0.00249 10.76 0.0025 11.8
Cylindrical 10 19 12 0.004 467 0.004 4.84
ucs 15 19 12 0.01 25 0.011 24,93
Cylindrical 15 19 12 0.011 25 0.016 25.43
Cylindrical 20 19 12 0.0213 25 0.02 25.4

For 5%, 10%, 15%, and 20% PVA-C, 2FTC specimens.

1.5. Inverse finite element analysis

The
hyperelastic material parameters of soft tissue specimens

inverse FE method was used to determine the

from indentation responses [24, 25]. Based on Hadamard’s
definition, an inverse problem is posed if one of the three
conditions is violated: (i) existence, (ii) uniqueness, and (iii)
stability. Many optimization algorithms are commonly used
as such least square fitting power low, Levenberg-Marquardt
(LM) Trust Region Algorithm, and Kalman Filter to solve the
inverse problems.

The inverse analysis is introduced to minimize an objective
function with respect to unknown constitutive material parameters
(4, ) that match the experimental data [10, 26]. The Levenberg-
Marquardt (LM) method was used in this dissertation to extract
the unknown parameters based on the inverse analysis. The LM
method is defined as the minimization of the error function @
with respect to a vector P. The error function is represented
as follows:

ORI ST

Here, Pi, Tis a vector that contains unknown constitutive
parameters P° = {u, a}, and n is the number of measurements.
The vector 7 is defined as follows:

F=r—1, (4)

where t* and  are the model-predicted and experimental data.

1.6. Optimization algorithm: Using ogden
model

A detailed flowchart of the inverse optimization process to
characterize the tissue hyperelastic parameters used in the current
study is shown in Figure 3.

First, experimental (F-D) data were used as an input parameter
for the numerical model (Abaqus). Simulated (F-D) data were
then used as an input parameter for inverse analysis (MATLAB).
An object junction was introduced to minimize the quadratic

Frontiers in Applied Mathematics and Statistics

difference between simulated- and model-predicted data. Through
the optimization process, a numerical convergence was achieved,
and an optimized unknown parameter was obtained. These
parameters were used as an input parameter of Abaqus for
numerical validation.

1.7. Mesh optimization with x and «

Although the implicit method with Newton-Raphson iterative
solver is enough to obtain the converged solution, mesh
optimization through adaptive meshing was adopted for numerical
accuracy. Optimized p and o through mesh convergence are shown
in Figures 4, 5.

1.8. Identification for estimating material
properties

The Ogden model is used to identify the hyperelastic material
properties. The Levenburg-Marquardt (LM) algorithm was used
to minimize the difference between experimental- and model-
predicted data. Here, a novel approach is introduced to determine
and validate material hyperelasticity. This method includes the
following steps:

e Experimental data are used as input for the Ogden
hyperelasticity model.

e Numerical analysis is carried out with FEM (Abaqus), and the
output of the load-displacement curve is recorded.

e This load-displacement data are used as input for the
Levenburg-Marquardt  (LM)

in MATLAB.

e Initial estimate values (i, ) are used for initializing the

optimization  algorithm

optimization algorithm.

e MATLABR Simulink: R2015a used @ fminsearch algorithm
was used to fit the Ogden first-order hyperelastic model as
shown in Equation (2). Moreover, the Levenburg-Marqardt
(LM) optimization algorithm was used as shown in Equation
(3). The optimized parameters (i, ) are recorded as shown in
Equation (4).
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FIGURE 3
Flowchart of the inverse optimization process to characterize the unknown tissue hyperelastic parameters—Ogden parameter.

e These optimized parameters (u, o) are inserted in
FEA (Abaqus) for validation and verification of the
inverse problem.

Through inverse analysis, extracted Ogden parameters are
readily available to use in simulation and also to verify the stability
of the solution. The detailed process is shown in the flowchart of
Figure 3.

A new technique has been developed to characterize the
biomechanical properties of nonlinear material using Ogden and
hyperelastic models. Experimental results are compared with the
novel inverse technique that can be further investigated to develop
patient-specific artificial organs.

1.9. Validation exercise

FE-simulated cylindrical load-displacement data were used in
the robust optimization algorithm through inverse analysis. The
entire procedure is shown as a flowchart in Figure 3. A validation
exercise was conducted using Ogden parameters (x), which were

Frontiers in Applied Mathematics and Statistics

varied while o was kept constant and vice versa as shown in
Figures 6, 7 [10].

The results obtained from the load-displacement curve
indicated that there is a significant effect of (u), as this parameter
explains the strength of the material and « is the strain hardening
coefficient. In the process of validation, © and o values were
compared with that of Ref. [10] and found good agreement.

2. Results

Before conducting any surgical procedures, planning for
biomaterial research, or any other fields where applicable, unique
identification of material properties is essential. The accuracy,
effectiveness, and robustness of such procedures need verification
[3] with FE-simulated data. The performances of the novel model
are illustrated in this section. In general, 5% and 15% (w/w) soft
tissue mimic data [23] were used in the hyperelastic model. During
the simulation, cylindrical, spherical, and uniaxial indentation tests
were conducted.

frontiersin.org


https://doi.org/10.3389/fams.2023.1064130
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Mulk et al.

10.3389/fams.2023.1064130

0.0006
1200, 0.0005
0.0005 | 03
\
‘l
\
0.0004 '
g \
= 0.0003 1 12200, 0.000272
b LA
0.0002 16000, 0.000136 || 20000, 0.000136
...... ]
0.0001 7600, 0.000138
0
0 5000 10000 15000 20000 25000
Number of Element
FIGURE 4

Graph of u vs. number of elements for PVA-C modeled with 5%
concentration and finite thickness.

59

5.8 |¢+600,5.79
57 “.
56
5.5
54

|
\
il
]
]
'
‘|
]
|
+ [1600, 5.2
53 | &

Alpha

2200, 5.18

5.2

O

3600, 5.12
9
a1 = 15000, 5.01 | | 20000, 5.01

49

0 5000 10000 15000 25000

Number of Element
FIGURE 5

Graph of @ vs. number of elements for PVA-C modeled with 15%
concentration and finite thickness.

[ Mu=10Pa

05 |- Alpha>2
Alpha<2 5
Alpha=2 Age=-10

04

Load, P(N)
o
w

02
01
ol 0 0 0 1 b b b
0 0.2 04 06 08
Displacement, d(mm)
FIGURE 6

FE-simulated load—displacement graph for the Ogden hyperelastic
model. Material property o was kept constant and u was varied.

25

| Algha=-10

Load, P(N)

The hyperelastic model was simulated in the Abaqus
environment, where Ogden first-order constitutive model was
used, and experimental data were fitted for parameter optimization.
The indentation response from cylindrical indentation for 5%
and 15% soft tissue mimics are shown in Figures 8, 9 along with
optimized (u and «) values.

Experimental data obtained from Ref [7, 23, 27] were used
as an input parameter for the FE-simulated Ogden model. FE-
simulated and model-predicted load vs. displacement curve for
PVA-C, 2FTC5%, and 15% specimens are shown earlier. This
process is used as an optimization algorithm for the determination
of material properties (1 and o).

Figure 10 shows a residual-stretch graph. It is defined by
the proportion of variance (R-square) between the observed and

Frontiersin Applied Mathematics and Statistics

80

FIGURE 7

FE-simulated load—displacement graph for the Ogden hyperelastic
model. Material property « was varied and  was kept constant.

the predicted data. The FE-simulated Ogden model was used in
the optimization algorithm to gain the residual-stretch results.
Experimental data at a concentration of (i) PVA-C 5%, 2FTC and
(ii) PVA-C 15%, 2FTC were used from cylindrical indentation.

2.1. Optimization algorithm

A detailed flowchart of the inverse optimization process to

characterize the tissue hyperelastic parameters used in the current
study is shown in Figure 11.
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First, experimental (F-D) data are used as an input parameter
for the numerical model (Abaqus). Simulated (F-D) data were
then used as an input parameter for inverse analysis (MATLAB).
An object junction was introduced to minimize the quadratic
difference between simulated and model-predicted data. Through
the optimization process, a numerical convergence was achieved
and an optimized unknown parameter was obtained. These
parameters were used as an input parameter of Abaqus for
numerical validation.
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2.2. Effect of u and o on thickness

The extracted Ogden parameters from the inverse optimization
algorithm are plotted against various concentrations of PVA-C 5%,
2FTC and PVA-C 15%, 2FTC as shown in Figures 12, 13.

It can be hypothesized that (i, o) values have a greater
dependency on thickness. As the thickness increases, both v and
« increase.

2.3. Effect of concentration

The freeze and thaw technique is a part of the stability testing
that determines whether any formulation will remain stable under
various conditions. The extracted Ogden parameters from the
inverse optimization algorithm are plotted against concentration
and freeze-thaw cycles are shown in Figures 14, 15.

This led us to conclude that there is a proportional relationship
between (i, o) values and PVA-C concentration and freeze-thaw
cycles. With the increase in PVA-C concentration, (u, «) values
increase. With the increase of the freeze—thaw cycle time (FTC), the
values of (i, o) also increase.

2.4. Sensitivity analysis: Cylindrical
indentation

To overcome the stability problem, sensitivity analysis was
conducted by adding noise (1% and 2 %) to the solutions.
This noise modulation with the input data will enable us to
investigate whether there is any extraneous influence on material
and equipment. Fellay et al. [6, 13] considered this problem as
another minimization approach.
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FIGURE 11

Flowchart of the inverse optimization process to characterize the unknown tissue hyperelastic parameters Mooney-Rivlin parameters.

After determining optimal material parameters, the sensitivity
analysis of the solution was analyzed by adding noise (1% and
+2%) to the iterative solutions. Based on Hadamard’s [9] article,
a solution to any inverse problem continuously depends on the
stability of the data [28]. The sensitivity of the solution indicates
that there was no external influence in the solution. This again
proved the uniqueness of the solution.

The objective of the study was to characterize the nonlinear
behavior of soft tissue phantom. The combination of the
inverse method in conjunction with the FE method enables
the identification of unknown material parameters. The LM
optimization algorithm was used to optimize material properties
by minimizing the sum of squared differences between the model-
predicted and experimentally measured load-displacement data,

Frontiers in Applied Mathematics and Statistics

which provided benchmarks for accurate Ogden parameters (i,
«). The accuracy, effectiveness, and robustness of such procedures
were validated through FE-simulated data, which is cross-checked
by the LM optimization technique and finally, compared with
published results.

First, the simulated data were used as an input parameter for
the MATLAB optimization algorithm. The robust optimization
technique was performed as expected, which confirmed the
uniqueness of the solution. Second, the Ogden parameters were
plotted at various thicknesses. This proved that p and o have
a significant effect on specimen thickness. Moreover, ¢ and o
were plotted against concentration and freeze-thaw cycles. The
simulated result confirmed the dependency of p and o on
PVA concentration and freeze-thaw cycles. This means that the
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value of u and « increases with the increase in concentration
and freeze-thaw cycles with the little exception of PVA at
higher concentrations.

R-squared values for 5% and 15% PVA-C, 2FTC were obtained
through the parameter estimation techniques, and their fitness
coefficients were 0.99999 and 0.9998, respectively. This led us
to conclude that the optimization algorithm provided accurate
results in the determination of the Ogden parameter. Finally,
PVA-C 5% and PVA-C 15% have undergone a sensitivity test by
adding y £ 2% noise to the solution. No extraneous effect was
observed. Thus, supporting the uniqueness of the solution. This
robust technique will be proposed as a “gold standard” for future
biomedical research.

Finally, some perspectives and future works of this study have
been summarized in the Conclusion section.
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3. Conclusion

A numerical study was conducted to characterize the
nonlinear mechanical properties of PVA-C. A range of
PVA-C phantom data was analyzed in the
study. The data

used in FEA studies for experimental data validations and

numerical

force-displacement were recorded and

material characterizations.

1. The developed finite element model (FE) can be utilized to
determine the distribution of resulting stresses of linear and
nonlinear elastic thin-structured materials for a given load. Since
this FE model incorporates an influence factor (IF), the stress
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distribution could be computed up to 36% (with IF = 1, and IF
= 0.637) more reliably.

2. Introduction of friction coefficient (£2) in the developed
analytical model provides up to 23% difference in magnitude
of the functional parameter k used in different standard models
such as Zhang’s, Cao’s, and Hayes’ models. Thus, the proposed
analytical solution can potentially provide an improved
understanding of the indentation response of soft tissues.

3. The developed inverse algorithm is suitable to identify a
few biomechanical properties (e.g., Ogden and Mooney-
Rivlin parameters) for a new development of artificial
materials (e.g., scaffolding, tissue generation, and phantoms for
surgical training).

4. Overall, the finite element model, the analytical model,
and the inverse algorithm developed in this study would
provide an important tool in the design and characterization
of soft tissue materials. In future research, this technique
can be further explored to help develop patient-specific
artificial organs, which can replace the need for human
organ transplantations.

Data availability statement

The original contributions presented in the study are included
in the article/Supplementary material, further inquiries can be
directed to the corresponding author.

Author contributions

Conceptualization, methodology, and writing—original draft
preparation: MM. Software and validation: MB. Writing—review
and editing: MB and KI. All authors have read and agreed to the
published version of the manuscript.

References

1. Costa KD, Yin FC. Analysis of indentation: implications for measuring mechanical
properties with atomic force microscopy. J Biomech Eng. (1999) 121:462-71.

2. Di Silvestro MR, Suh JKF. A cross-validation of the biphasic poro-viscoelastic
model of articular cartilage in unconfined compression, indentation, and confined
compression. ] Biomech. (2001) 34:519-25. doi: 10.1016/S0021-9290(00)00224-4

3. Rivlin RS, Saunders DW. Large elastic deformations of isotropic materials. VIL
Experiments on the deformation of rubber. Philos Trans R Soc Lond Ser A Math Phys
Sci. (1951) 243:251-88.

4. Cox MA, Driessen NJ, Boerboom RA, Bouten CVC, Baaijens FPT.

Mechanical characterization of anisotropic planar biological soft tissues
using finite indentation: experimental feasibility. ] Biomech. (2008)
41:422-9. doi: 10.1016/j.jbiomech.2007.08.006

5. Samani A, Plewes D, A. method to
parameters of ex vivo breast tissue samples. Phys
49:4395-405. doi: 10.1088/0031-9155/49/18/014

6. Isvilanonda V, Iaquinto JM, Pai S, Mackenzie-Helnwein P, Ledoux
WR. Hyperelastic compressive mechanical properties of the subcalcaneal
soft tissue: an inverse finite element analysis. ] Biomech. (2016) 49:1186-
91. doi: 10.1016/j.jbiomech.2016.03.003

measure the hyperelastic
Med Biol. (2004)

7. Bentout S, Chekroun A, Kuniya T. Parameter estimation and prediction for
coronavirus disease outbreak 2019 (COVID-19) in Algeria. AIMS Public Health. (2020)
7:306. doi: 10.3934/publichealth.2020026

8. Sheldon MR, Fillyaw M]J, Thompson WD. The use and interpretation of the
Friedman test in the analysis of ordinal-scale data in repeated measures designs.
Physiother Res Int. (1996) 1:221-8.

Frontiers in Applied Mathematics and Statistics

10.3389/fams.2023.1064130

Acknowledgments

The authors would like to thank Rayyan Syed Kamal, Master of
Science candidate in Interdisciplinary Medical Sciences at Western
University, London ON, Canada, for taking the time to edit
and consult the clarification of the concept mentioned in this
manuscript. Kamal’s knowledge of science communication proved
to be an asset in this manuscript. The authors would also like to
thank Maryium Mansur, Bachelor of Science in Nursing at Western
University, London ON, Canada, for editing this manuscript.

Conflict of interest

The authors declare that the research was conducted in the
absence of any commercial or financial relationships that could be
construed as a potential conflict of interest.

Publisher’s note

All claims expressed in this article are solely those of the
authors and do not necessarily represent those of their affiliated
organizations, or those of the publisher, the editors and the
reviewers. Any product that may be evaluated in this article, or
claim that may be made by its manufacturer, is not guaranteed or
endorsed by the publisher.

Supplementary material

The Supplementary Material for this article can be found
online at: https://www.frontiersin.org/articles/10.3389/fams.2023.
1064130/full#supplementary-material

9. Hadamard J. Lectures on Cauchy’s problem in linear partial differential equations.
Physiology. (1923) 14:334.

10. Fellay LS, Fasce LA, Czerner M, Pardo E, Frontini PM. On the feasibility of
identifying first order ogden constitutive parameters of gelatin gels from flat punch
indentation tests. Soft Mater. (2015) 13:188-200. doi: 10.1080/1539445X.2015.1059346

11. Ogden RW. Volume changes associated with the deformation of rubber-like
solids. ] Mech Phys Solids. (1976) 24:323-38.

12. Kauer M, Vuskovic V, Dual ],
finite element characterization of soft tissues.
6:275-87. doi: 10.1016/S1361-8415(02)00085-3

Szekely G, Bajka M.
Med Image Anal.

Inverse
(2002)

13. Narayanan B, Olender ML, Marlevi D. An inverse method for mechanical
characterization of heterogeneous diseased arteries using intravascular imaging. Sci
Rep. (2021) 11:22540. doi: 10.1038/s41598-021-01874-3

14. Djilali S, Bentout S, Kumar S, Touaoula TM. Approximating the
asymptomatic infectious cases of the COVID-19 disease in Algeria and
India using a mathematical model. Int ] Model Simul Sci Comput. (2022)
13:2250028. doi: 10.1142/S1793962322500283

15. Fereidoonnezhad B, Naghdabadi R, Arghavani J. A hyperelastic constitutive
model for fiber-reinforcedrubber-like materials. Int J Eng Sci. (2013) 71:36-
44. doi: 10.1016/j.ijengsci.2013.06.001

16. Lin YY, Hu BW. Load relaxation of a flat rigid circular indenter on a gel half
space. ] Non-Cryst Solids. (2006) 352:4034-40. doi: 10.1016/j.jnoncrysol.2006.07.007

17. Valero C, Navarro B, Navajas D, Garcia-Aznar JM. Finite element
simulation for the mechanical characterization of soft biological materials

frontiersin.org


https://doi.org/10.3389/fams.2023.1064130
https://www.frontiersin.org/articles/10.3389/fams.2023.1064130/full#supplementary-material
https://doi.org/10.1016/S0021-9290(00)00224-4
https://doi.org/10.1016/j.jbiomech.2007.08.006
https://doi.org/10.1088/0031-9155/49/18/014
https://doi.org/10.1016/j.jbiomech.2016.03.003
https://doi.org/10.3934/publichealth.2020026
https://doi.org/10.1080/1539445X.2015.1059346
https://doi.org/10.1016/S1361-8415(02)00085-3
https://doi.org/10.1038/s41598-021-01874-3
https://doi.org/10.1142/S1793962322500283
https://doi.org/10.1016/j.ijengsci.2013.06.001
https://doi.org/10.1016/j.jnoncrysol.2006.07.007
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Mulk et al.

by atomic force microscopy. J Mech Behav Biomed Mater.

62:222-35. doi: 10.1016/j.jmbbm.2016.05.006

(2016)

18. Li WH, Zhang XZ. The effect of friction on magnetorheological fluids. Korea
Aust Rheol J. (2008) 20:45-50. Available online at: https://ro.uow.edu.au/engpapers/
3910

19. Ali A, Hosseini M, Sahari BB. A review of constitutive models for rubber-like
materials. Am ] Eng Appl Sci. (2010) 3:232-9. doi: 10.3844/ajeassp.2010.232.239

Seki Y.
Prog  Mater

20. Myers A, Chen P Albert YL,
structure and mechanical properties.
206. doi: 10.1016/j.pmatsci.2007.05.002

21. Holzapfel GA. Biomechanics of soft tissue. Handbook Mater Behav. (2000) 7:1-
15. Available online at: https://biomechanics.stanford.edu/me338/me338_project02.
pdf

Biological ~ materials:
Sci.  (2008) 53:1-

22. Hirabayashi S, Iwamoto M. Finite element analysis of biological soft tissue
surrounded by a deformable membrane that controls transmembrane flow. Theor Biol
Med Model. (2018) 15:21. doi: 10.1186/s12976-018-0094-9

Frontiersin Applied Mathematics and Statistics

85

10.3389/fams.2023.1064130

23. Zakeri M. Assessment of the Non-linear Stress-strain Characteristics of Poly(vinyl
alcohol) Cryogel. Ontario: The University of Western Ontario (2017).

24. Kyriacou SK, Shah AD, Humphrey JD. Inverse finite element characterization of
nonlinear hyperelastic membranes. ASME ] Appl Mech. (1997) 64:257-62.

25. Soufiane B, Touaoula TM. Global analysis of an infection age model
with a class of nonlinear incidence rates. ] Math Anal Appl. (2016) 434:1211-
39. doi: 10.1016/j.jmaa.2015.09.066

26. Gamonpilas C, Charalambides MN, Williams JG, Dooling PJ, Gibbon SR.
Predicting the mechanical behavior of starch gels through inverse analysis of
indentation data. Appl Rheol. (2010) 20:1-9. doi: 10.3933/ApplRheol-20-33283

27. Bentout S, Tridane A, Djilali S, Touaoula TM. Age-structured modeling of
COVID-19 epidemic in the USA, UAE and Algeria. Alexand Eng J. (2021) 60:401-
11. doi: 10.1016/j.a€j.2020.08.053

28. Munera EM. Characterization of Brain Tissue Phantom Musinganindentation
Device and Inverse Finite Element Parameter Estimation Algorithm (2011).
p- 99.

frontiersin.org


https://doi.org/10.3389/fams.2023.1064130
https://doi.org/10.1016/j.jmbbm.2016.05.006
https://ro.uow.edu.au/engpapers/3910
https://ro.uow.edu.au/engpapers/3910
https://doi.org/10.3844/ajeassp.2010.232.239
https://doi.org/10.1016/j.pmatsci.2007.05.002
https://biomechanics.stanford.edu/me338/me338_project02.pdf
https://biomechanics.stanford.edu/me338/me338_project02.pdf
https://doi.org/10.1186/s12976-018-0094-9
https://doi.org/10.1016/j.jmaa.2015.09.066
https://doi.org/10.3933/ApplRheol-20-33283
https://doi.org/10.1016/j.aej.2020.08.053
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

:' frontiers ‘ Frontiers in Applied Mathematics and Statistics

‘ @ Check for updates

OPEN ACCESS

EDITED BY
Bapan Ghosh,
Indian Institute of Technology Indore, India

REVIEWED BY

Mohd Hafiz Mohd,

University of Science Malaysia (USM), Malaysia
Anuj Kumar,

Thapar Institute of Engineering & Technology,
India

*CORRESPONDENCE
Dipo Aldila
aldiladipo@sci.ui.ac.id

RECEIVED 10 November 2022
ACCEPTED 29 March 2023
PUBLISHED 26 April 2023

CITATION
Aldila D, Aulia Puspadani C and Rusin R (2023)
Mathematical analysis of the impact of
community ignorance on the population
dynamics of dengue.

Front. Appl. Math. Stat. 9:1094971.

doi: 10.3389/fams.2023.1094971

COPYRIGHT
© 2023 Aldila, Aulia Puspadani and Rusin. This
is an open-access article distributed under the
terms of the Creative Commons Attribution
License (CC BY). The use, distribution or
reproduction in other forums is permitted,
provided the original author(s) and the
copyright owner(s) are credited and that the
original publication in this journal is cited, in
accordance with accepted academic practice.
No use, distribution or reproduction is
permitted which does not comply with these
terms.

Frontiersin Applied Mathematics and Statistics

TvpE Original Research
PUBLISHED 26 April 2023
Dol 10.3389/fams.2023.1094971

Mathematical analysis of the
iImpact of community ignorance
on the population dynamics of
dengue

Dipo Aldila*, Chita Aulia Puspadani and Rahmi Rusin

Department of Mathematics, Faculty of Mathematics and Natural Sciences, Universitas Indonesia,
Depok, Indonesia

This study proposes a dengue spread model that considers the nonlinear
transmission rate to address the level of human ignorance of dengue in their
environment. The SIR — UV model has been proposed, where SIR denotes the
classification of the human population and UV denotes the classification of the
mosquito population. Assuming that the total human population is constant,
and the mosquito population is already in its steady-state condition, using the
Quasi-Steady State Approximation (QSSA) method, we reduce our SIR — UV model
into @ more simple /R-model. Our analytical result shows that a stable disease-
free equilibrium exists when the basic reproduction number is <1. Furthermore,
our model also shows the possibility of a backward bifurcation. The more ignorant
the society is about dengue, the higher the possibility that backward bifurcation
phenomena may appear. As a result, the condition of the basic reproduction
number being <1 is insufficient to guarantee the extinction of dengue in a
population. Furthermore, we found that increasing the recovery rate, reducing the
waning immunity rate, and mosquito life expectancy can reduce the possibility of
backward bifurcation phenomena. We use dengue incidence data from Jakarta
to calibrate the parameters in our model. Through the fast Fourier transform
analysis, it was found that dengue incidence in Jakarta has a periodicity of 52.4,
73.4, and 146.8 weeks. This result indicates that dengue will periodically appear at
least every year in Jakarta. Parameter estimation for our model parameters was
carried out by assuming the infection rate of humans as a sinusoidal function
by determining the three most dominant frequencies. Numerical and sensitivity
analyses were conducted to observe the impact of community ignorance on
dengue endemicity. From the sensitivity analysis, we found that, although a larger
community ignorance can trigger a backward bifurcation, this threshold can be
minimized by increasing the recovery rate, prolonging the temporal immunity,
or reducing the mosquito population. Therefore, to control dengue transmission
more effectively, media campaigns undertaken by the government to reduce
community ignorance should be accompanied by other interventions, such as a
good treatment in the hospital or vector control programs. With this combination
of interventions, it will be easier to achieve a condition of dengue-free population
when the basic reproduction number is less than one.
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1. Introduction

Dengue is an infectious disease that is caused by the dengue
virus (DEN virus or DENV). This virus is transmitted through
the bite of an infected female Aedes aegypti or Aedes albopictus
[1, 2]. It is estimated that ~50% of the world population is
at risk of dengue every year [3]. Dengue has been the subject
of main concern in many tropical and subtropical countries,
including Indonesia. Since the first case of dengue in Indonesia
was reported in Jakarta and Surabaya way back in 1968, the
incidence of dengue in Indonesia continues to spread to this
day [4]. Based on a new report from the Ministry of Health
Indonesia, from early 2022 until 20 February 2022, the cumulative
number of dengue cases was recorded as 13,776 cases. Meanwhile,
the number of deaths due to dengue was recorded as 145
cases [5].

There are four different serotypes of DENV, namely, DENV-
1, DENV-2, DENV-3, and DENV-4 [6, 7]. In many cases, the
primary infection of dengue is often asymptomatic. In contrast,
the secondary infection with different serotypes from the primary
infection may develop more severe symptoms, such as bone
pain and headache, up to more occasionally fatal symptoms [8,
9]. Individuals who have already recovered from the primary
infection will maintain a lifelong immunity to the first DENV
that had caused the primary infection, but only temporal to the
other three serotypes [10]. When the short-term immunity to
other serotypes wanes, the recovered individuals may acquire
a secondary infection that can be even more severe than the
primary infection. This phenomenon is called the ADE process [11,
12].

There is no specific treatment to cure dengue-infected
individuals of the disease. The main action plan to treat dengue-
infected individuals is rendered feasible by giving them supportive
care, or if the case is severe, then the patient requires hospitalization
which becomes an obligation to be done. Recently, several
candidates for dengue vaccines have been in the process of
development [13, 14]. An affordable and effective dengue vaccine
will give importance to the control of dengue spread around the
world. The main control program adopted by many governments
worldwide to control the spread of dengue is the vector control
program and steps are taken to reduce the probability of a
successful infection through a mosquito repellent. Another option
to prevent the spread of dengue (and other diseases) is by
developing community awareness on the danger of the disease [15-
18]. Community participation in eliminating or at least suppressing
the spread of dengue can be done through several activities,
such as through media campaigns to disseminate knowledge
about how to prevent acquiring infection from mosquitoes from
individual levels up to community levels. The author in [15]
implies that the risk of dengue may be increased when there is a
lack of community awareness due to misunderstanding between
the community and the government. Therefore, maintaining
community awareness by reducing the ignorance of dengue is
essential to guarantee intervention success in controlling the spread
of dengue.

Mathematical models have been used widely by researchers
to understand how vector-borne diseases spread among the
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population [19-23]. For the dengue transmission model, many
authors have used mathematical modeling to guide public health
strategies to control the spread of dengue. The mathematical
modeling process is very challenging due to the complexity of
the dengue transmission mechanism. A more complex model may
bring in a more realistic modeling, but finding the analytical results
and conclusion often entails difficulty. Hence, the researcher needs
to develop a realistic but simple model with realistic assumptions.
The use of real incidence data is also needed to calibrate the
performance of the model. There are many approaches that can
be used to construct the dengue transmission model, such as
with ordinary differential equations [24, 25], partial differential
equations [26, 27], fractional-order differential equations [28, 29],
stochastic differential equations [30-32], and other approaches.

Many mathematical models for dengue transmission use a
deterministic approach. Although the transmission process of
dengue involves a vector animal (Aedes mosquito) as the prime
spreader, some authors use a host-to-host modeling approach [30,
33, 34]. This approach does not involve the dynamics of mosquitoes
in their model since it can be argued that the mosquitoes’ life
expectancy is very short compared to the human life expectancy.
Hence, the dynamic of mosquitoes is much faster compared
to that of the human. The authors in [35] find that the only
essential dynamics are coming from the human population, and
mosquito dynamics only slightly perturb them. The other approach
is adopted by considering the dynamic of mosquitoes [24, 25].
With this approach, the mosquito population is explicitly involved
in the model. With the involvement of mosquito dynamics, such
implementation of vector control can be modeled into the equation.
When the vector control is involved in the model, an optimal
control approach can be used to understand the short-term impact
of the intervention and determine the most effective strategy [36—
38]. Modeling dengue transmission is not only for the macro scale
(population scale). Some of the authors also construct the model
to understand the dynamic within the host [39, 40]. This modeling
is conducted to understand the interaction between the free virus
with susceptible targeted cells. Some interesting factors are involved
in this modeling approach, such as the infectivity of the virus and
immune response.

From the aspect of the impact of community awareness on the
dengue transmission model, there are some models which have
been introduced by authors. The authors in [41] introduced a
mathematical model of dengue where the effect of media awareness
was included. Mathematical analysis on the equilibrium points and
the basic reproduction number was included in it. The author
in [42] introduced a multistrain dengue model that combined
mosquito control programs and human awareness. They found
that the control of a large number of mosquitoes and human
awareness was required to control dengue effectively. The author
introduced an optimal control problem of dengue with human
awareness and vector control in [43]. The authors used Pontryagin’s
maximum principle to characterize the necessary conditions for
the optimal control problem. The author in [44] introduced a
modified host-vector model by considering low- and high-risk
susceptible populations. The author analyzed global stability on
all equilibrium points. The author in [45] introduced an optimal
control model of dengue transmission. The author developed the
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model by considering five control variables: information spread,
bed nets, treatment, screening, and insecticide. The impact of a
media campaign that can reduce the rate of infection was developed
by the author in [24]. The author conducted a cost-effectiveness
analysis to understand the most cost-effective strategy that can be
employed to control dengue transmission. Recently, the authors in
[25] combined vaccination, vector control, and media campaign
in their model where the seasonality was accommodated. All the
mentioned references consider the same assumption that (1) aware
individuals have a smaller probability of being infected due to their
awareness and (2) more prominent infected individuals will reduce
the infection rate more. The second assumption is reasonable
when we wish to model the spread of dengue among a population
where awareness of dengue could increase the participation of the
population in the dengue control programs.

To calibrate the proposed dengue model, many authors use
incidence data to estimate their parameters. The idea behind this
development is to find the best-fit parameters, such that the model
simulation output can fit the time series of the data. Please see the
following references for the use of incidence data in their dengue
research: Aguiar and Stollenwerk [30], ten Bosch et al. [31], Aguiar
et al. [34], and Aldila et al. [46]. With this parameter estimation,
the researcher can make a short time prediction on their model.
Some interventions can be included in their model and the possible
outcomes predicted in the near future.

Motivated by the above discussion, no authors had discussed
the impact of community ignorance on the spread of dengue.
In this circumstance, more infected individuals will increase the
probability of infection in the human and mosquito populations.
In some countries where dengue fever continues to emerge
throughout the year, the level of public ignorance of the spread of
dengue fever is no longer as high as for several newly discovered
diseases and it is quite a concern, such as Zika in 2018 or
COVID-19 in the late 2019. Hence, it is important to consider
the community’s ignorance of our proposed model. Based on
this background, here in this article, we introduce our SIR-UV
mathematical model to describe the spread of dengue under
the impact of community ignorance. The Quasi-Steady State
Approximation method was used to simplify the model. We
used the weekly incidence data of dengue from Jakarta during
the period from January 2008 to December 2021 to estimate
the parameter values in our model. We used the fast Fourier
transform to extract the most significant frequency from our
data. With this dominant frequency, we fit our model output
with the data by assuming the infection rate as a sinusoidal
function that depends on time. Some mathematical and numerical
analyses were conducted to understand the qualitative behavior
of our model and how it was related to the basic reproduction
number. Furthermore, we also analyzed how community ignorance
can trigger the appearance of a backward bifurcation, which
can cause dengue to exist, even though the basic reproduction
number is already <1. The layout of this article is as follows:
In Section 2, we construct our model. In the same section, we
perform our data assimilation to find out the best-fit parameters
of our model. The model analysis is given in Section 3,
which is followed by some sensitivity analyses and numerical
experiments in Section 4. The concluding remarks are given in
Section 5.
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2. Mathematical model and data
assimilation

2.1. Model formulation

To develop our dengue transmission model, we introduce N
and M as the total human and female Aedes sp. populations. Let
the total human population be classified into Susceptible, Infected,
and Recovered compartments, which are denoted by S, I, and R,
respectively. On the other hand, the mosquito population is only
classified into Susceptible and Infected compartments, which are
denoted by U and V, respectively. Due to the short life expectancy
of mosquitoes, we do not consider the recovery process in the
mosquito population. Since dengue does not transmit vertically to
newborns, we assume that the recruitment rates of a human and
mosquitoes are going to be susceptible. The rates of a newborn
human and mosquitoes are given by A, and A,, respectively.
Susceptible humans can get infected by dengue only if infected
mosquitoes bite them. In many countries where dengue become
can be found all-year round, for instance in Indonesia, public
awareness of dengue fever is not as high as that of new disease
incidents such as COVID-19. Cases of dengue fever only received
attention when the cases were already very high and made the
hospital unable to accommodate the increasing number of patients.
Due to these phenomena, the authors feel that it is important to
discuss the factors of public neglect of news on dengue fever. Based
on this assumption, we notice that the infection rate will increase
when the number of infected individuals increases. Therefore, the
incidence of infection will occur at a much faster pace compared
to the standard mass action infection function (8,SV), where B},
is the infection rate in the human population. Hence, we assume
that the infection rate is nonlinear and depends on the number of
infected individuals. In this case, we choose B,(I) = Bi(1 + «l),
where @ > 0 represents the incidence increasing factor due to
community ignorance against dengue. For a further discussion on
this type of function, please see [47]. Based on this assumption,
we have B(1 + aI)SV as the total number of new infections of
susceptible individuals due to contact with infected mosquitoes
with a probability of infection Bj,. Based on similar arguments,
we derived that the rate of new infected mosquitoes is given by
By(1 + aI)UI, where B, is the infection rate of dengue in the
mosquito population. Let y be the recovery rate, § the waning rate
of temporal immunity, p;, the natural death rate of a human, and
iy the natural death rate of mosquitoes, we have the dynamic of
dengue transmission under a nonlinear infection rate as given in
system (1).

% = Ay — Bp(1 +al)SV + SR — uyS,

% = Bl +aD)SV — 1 — pl,

‘;i: =yl —8R — yR. 1)
%] = Ay = By(1 +a)UI — p, U,

%/ = B,(1 + a)UI — u,V,
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with an initial condition S(0) > 0,1(0) > 0,R(0) > 0, U(0) >
0,V(0) > 0. Our model is well defined both mathematically and
biologically. Please see Theorem 1 for the non-negative solution
property of each variable of system (1) and the feasible region of
the solution in Theorem 2.

THEOREM 1. Model (1) with initial condition S(0) > 0,I(0) >
0,R(0) > 0,U(0) > 0, V(0) > 0 always has a non-negative solution
for all times t > 0.

PROOE. We use an integrating factor to solve this theorem. Under

the given initial conditions, from pn in system (1), we have

das
E = Ah — ﬂh(l + OlI)SV + 6R — ,LLhS.

It can be written as

ds
T A(H)S = B(t) )

where

A1) = Bp(1 +aD)V + up,
B(t) = Aj, + SR,

. . T At .
Define an integrating factor C(t) = e/o and multiply (2)
with the integrating factor. Hence, we have

e-[OT A(t)dtg + efoTA(t)th(t)S _ efoT A(t)dtB(t).

It can be written as
Dt[s(t)efoTA(t)dt] _ efoTA(t)dtB(t).

By integrating both sides of the above equation, we obtain
T T T T
/ Dy[S(t)eo A0 g = / elo AOd (g dy.
0 0

Therefore,

. T
S(T) = e~ JoTA(f)df< / elo AWdR gy 4+ SO) > 0.
0

In a similar way, it can be shown that I(t) > 0,R(t) > 0, U(t) >
0, and V(0) > 0, under the given initial condition Iy > 0,Ry >
0, Uy > 0,and Vy > 0. Thus, the solutions of S(t), I(t), R(t), U(t),
and V/(t) are non-negative for all times ¢ > 0.t

THEOREM 2. Model (1) with initial condition S(0) > 0,1(0) >
0,R(0) > 0, U(0) > 0, V(0) > 0is bounded in the region

Q= {(S,I,R,U,V) eRIUOs:N=S+I+R
(3)

Ah Ay
=— M=U+V=—7.
Mh My
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PROOF. From model (1), we obtain

dN —A N
o = An N
aM
W =Ay — Wy
We assume that the total population of human and mosquito
A
is constant, so we obtain the system bounded in N = Zh and
Mh
A
M = =Y Hence, all feasible solutions of model (1) enter the region
My
+ An
Q= 1LRU,V)eR;UOs:N=S+T1+R=—,
Ih

Ay
M:U+V=—}.
Iy

2.2. A quasi-steady state approximation

It is approximated that the life expectation of a mosquito is 30
days [48]. Considering human life expectation, which is around
70 years [49], a mosquito population can reach its equilibrium
in a much shorter duration compared to a human population.
It indicates that the mosquito population has a fast dynamics,
while the human population has a slow dynamics. Based on this
assumption, we may assume that the mosquito populations have
already reached their equilibrium condition in our simulation time
interval. Hence, using the quasi-steady state approximation, taking
du

= 0and %/ =0, gives us

j— AV

© Bl +aDl+

% _ ﬂv(l +al)A,

- (By(1 +aDI + //’-v)/fvv.

*

Substituting the above quasi-steady state approximation of
(U*, V*) in model (1), we have

ds

E=Ah—l3h(1+tﬂ)+5R—MhS,

dl Bn(1 + al)>SIB, A,

. —(y + upl, (4)
dt ~ (L +aDIBy +pomy 1

AR ISR R

7 =7 whR.

Assuming that the total human population is constant. Then,
we have S = N — I — R. Hence, the system (4) now reads as

dl (1 +al)*(N—I1—R)IM

= _ I,

dt (A +aDl + 1)) (v + wn) %)
dR

& JI—SR— R

=7 h

A
where k, = Ky and M = =Y. The simple IR -model in system

(5) has an advant‘:;ge compare%vto the original SIRUV -model in
system (1) from the perspective of data assimilation, which will
be described in the next section. Furthermore, we will analyze the
IR -model in system (5) to understand the long time behavior of
the SIRUV -model.
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2.3. Data assimilation Dengue fever has become an annual problem in Indonesia,
including Jakarta. The number of dengue fever cases in Jakarta

Jakarta is the capital of Indonesia with a total population of  during 2008 to December 2021 can be seen in Figure 1 A. High cases
more than 10 million people based on the census data of 2022.  of dengue fever are always associated with a high rainfall in Jakarta.
The temperature in Jakarta is relatively stable throughout the year, ~ The existing literature indicates that the high cases of dengue fever
between 24 and 33°C. The highest temperatures are recorded  follow a seasonal (periodic) pattern. Based on this observation, it
between August and early November. The rainy season in Jakarta  is necessary to analyze the existence of periodicity in the data of
falls between October and May every year with more than a 47%  dengue fever cases in Jakarta city. Therefore, we apply a fast Fourier
chance of a rainy day. The highest rainfall occurs in January with  transform to our data, and the result can be seen in Figure 1B. From

the average rainfall of 22.6 days [50]. Figure 1B, we show that the three dominant frequencies are 0.019,
A
900 T
8
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FIGURE 1
(A) The number of weekly infected dengue individuals in Jakarta from January 2008 to December 2021. (B) The result of fast Fourier transform
analysis from dengue data in Jakarta.
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0.013, and 0.006. These frequencies are correlated to a periodicity
of 52.43, 73.4, and 146.8 weeks, respectively.

Our aim in this section is to calibrate our proposed
mathematical models with the real situation in the field. To do this,
we construct a model fitting that involves parameter estimation,
which includes the identification of the parameter values that can
fit between the model solution [variable I in system (5)] with
the incidence data in Figure 1A. For the purpose of parameter
estimation, we used the “fmincon” toolbox in Matlab. Fmincon
can be used to find the minimum of constrained nonlinear
multivariable functions.

As we mentioned earlier, our incidence data indicate a periodic
solution. To capture this phenomenon, we treat the infection rate
By as a sinusoidal parameter, which is given by

3
Bu(t) =a+ Z b; cos(2md;t) + ¢; sin(2m d;t), (6)

i=1

where a is the median value of Bj(t), b;, and ¢ are
the amplitudes of By(t), while d; refers to the frequencies of
Bu(t). Our problem lies in minimizing the Euclidean distance
between our model solution [I(t)] and the time series data in
Figure 1A using the best-fit parameter f;,(t) with model in (5)
as the constraint. This task reads as minimizing the following
cost function

734

1 .
J=_— Z(Isolutlon _ Idata)Z) 7)

T 2w
t=1

where  is the variance of the data and I5°™tion js the solution
of I(t) from

dI (a + Z?:l b; cos(2md;t) + c; sin(anit)) (14 aD)*(N—1-RIM
dt (A +aDI +ky)

- +upl
drR

— =yl —06R— uyR.
at 14 Hh

Our task is to find the best-fit parameter I'} =
{a, bi, ci, d;, KV} and the best initial condition I’ =
{I(t =0),R(t = 0)}. We choose other parameter values as

follows:

1
N =10000000[51], M = 2N (assumption), y = Z[SZ]’

1
T 70 x 52

[49], § =

52
Hh 9><4[ ]

The result of the parameter estimation is given in Figure 2,
while the parameter values and the initial condition are given in
Table 1. We can see that our model can fit the qualitative behavior
of the data such as the time when the outbreak appears and also
when it decreases. However, our model cannot fit the data in all
simulation times. We extend our simulation time for the next 2
years until December 2023. We can see that the peak of dengue
cases in Jakarta is expected to still appear around April 2022 and
March 2023.
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3. Model analysis

3.1. Equilibrium points and the basic
reproduction number

The dengue-free equilibrium of system (5) is given by

(I, R) = (0,0). )

In this case, since S = N — I — R, then the complete
model gives the dengue-free equilibrium as given by (S,I,R) =
(N,0,0). Next, we calculate the respected basic reproduction
number of system (5). The basic reproduction number (Ry) in
the context of dengue is the expected number of secondary cases
(in human/mosquitoes) due to one bite of infected/susceptible
mosquito to susceptible/infected human, respectively, during its
infection period in a fully susceptible population. To calculate
the respected basic reproduction number of system (5), we use
the next-generation matrix approach introduced by the authors
in [53]. First, we calculate the Jacobian matrix of the infected

subcompartment of system (5) evaluated in the dengue-free
equilibrium in (9). This matrix is given by:

NM
Jz[ﬂh —V_Mh:|-

Ky

Next, we can decompose J as F + V, where F is the
transmission matrix and V is the transition matrix. Hence, we have
F= [ﬁhNM

—] and V = [—y — uy. Therefore, the next-generation
matrix of system (5) is given by:

Ky

IC:]-‘V“:[ AulNM ]

k(Y + i)

Therefore, the basic reproduction number of system (5), which
is taken by the spectral radius of /C, is given by:
NM
Ro = '6}17 (10)
tey(y + i)

In many epidemiological models [], many authors can find
the relation between the disease extinction with a condition of
Ro > 1.1In our proposed dengue model, we find this relation in
the following theorem.

THEOREM 3. The dengue-free equilibrium of system (5) is locally
asymptotically stable if Ry < 1, and unstable if Rg > 1.

PROOF. We use standard linearization to prove the theorem.
Linearization around the dengue-free equilibrium is given by

BrNM
JIpFe = Ky

—Y—tn O
1 =8~ In
Eigenvalues of the above linearization matrix are given by

_ BuNM

Ky

Al

-V =M A =—8— U

Equilibrium is asymptotically stable if all the real parts of
its eigenvalues are negative. All of our parameters are positive,
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FIGURE 2
Fitted dengue cases /(t), for the model (8), using data from Jakarta from 2008 to 2021.

therefore the second eigenvalue has negative real parts. To prove
that the first eigenvalue has a negative real part, it must be assumed

NM
thatﬂh—<1<=>7€o<1. O
15 (y + 1)

The second equilibrium point is the endemic equilibrium point,

which is given by:

1
(LR = (I*, ’ ) (an
8+ pp

where I* is taken from the positive roots of the following
third-degree polynomial

F(It) = a3 + x> + ay I + ag = 0, (12)

where T = {8y, M,N,,y,8, ky, 4y}, and

as = BpMa*(y + pp, +8),

ay = My, (Na(8 + pp) — 28 + v + wn)) — (6 + ) (¥ + 1n)s
ar = (MBy + up)(@ +y + pp) + 8y — MNafp(8 + wup),

ao = —(8 + pp)(y + pwry(Ro — 1).

Sinceap < 0 <= Ro > 1and as > 0, then we have the
following theorem.

THEOREM 4. The dengue IR-model in system (5) always has at
least one dengue-endemic equilibrium point if Ry > 1.

PROOF. Since a3 —o0 and

limr, 00 F(I,7) =

> 0, then lim;,_ F(I,7) =
00. For special cases when Ry = 1, we have
one zero root of F(I, t). Hence, when ag < 0 which is equivalent to
Ro > 1, then the graphic of F(I, t) will be shifted downward as far
as ag is concerned. Hence, we have at least one new positive root I
of F(I, 7) when Ry > 1. O
Since the sign of a; is not always positive or negative, it

is possible to have another dengue endemic equilibrium when
Ro < 1. Furthermore, since the existence of the dengue-endemic
equilibrium point depends on a third-degree polynomial, it is
possible to have more than one dengue-endemic equilibrium point.

Frontiers in Applied Mathematics and Statistics

TABLE 1 Best-fit parameter of system (8) for Figure 2.

Parameter Value Parameter Value

a 1.3965 x 1078 o 5.1021 x 107°
b 1.9395 x 1077 a 0

by 0 o 6.1745 x 10714
b3 0 a 1.4867 x 107°
d, 0.019 d 0.0104

d; 0.0059 iy 2.8192 x 10°
1(0) 50 R(0) 109.64

THEOREM 5. There exists a dengue-endemic equilibrium when
4+ mn+ Ky + NG+ up)

Ro < lifa > a*, where a™ =
2(8 + mp) Nicy

PROOF. Let us choose By, as the bifurcation parameter. To conduct
the gradient analysis of I at Ry = 1 and I = 0 using polynomial
(12), we need to rewrite each a; for i = 0, 1,2, 3 as a function of Ry.
First rewriting B, as a function of R using the expression on (10),

we have

_ r+meRo

MN (13)

By

Substitute B, = B into F(I, 7), differentiate I respect to R,
and evaluate it at Rg = 1,1 = 0. We obtain
a1 ky(8 + pup)N

Re ~  @aG N =5 —y — e NG+ Y

oI
Hence, we have that P 0 ifand only if @ > o™ where
0

o 8+ N+ )

(15)
2(8 + pn) Ney

oI
Since the condition of P < 0 indicates the existence of a

positive root of F(I, ) = 0 when Ry < 1, we conclude that there
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TABLE 2 The possible number of dengue-endemic equilibria of model (5)
depends on whether R is lesser or larger than 1.

Possible
positive roots

Case (7%} ap ai ap )

1 + + + + Ro<1 0
2 + + + - Ro>1 1
3 + + — + Ro<1 Oor2
4 + + — — Ro>1 1
5 + - + + Ro<1 Oor2
6 + — + - Ro>1 lor3
7 + - - + Ro<1 Oor2
8 + - - - Ro>1 1

exists a dengue-endemic equilibrium when Ry < 1ifo > o*.
Hence, the proof is completed. O

To analyze the possible number of dengue-endemic equilibria
of model (5), we use the well-known Descartes’ rule of signs. The
number of possible positive roots of F(I, 7) is calculated by how
many times the sign of a; changed. The number of possible positive
roots F(I, T) is the same or slightly lower by an even/odd number
as the number of changes in the sign of the coefficients. The result
is given in Table 2.

3.2. Backward bifurcation analysis

In the previous section, we found that the dengue-endemic
equilibrium is always locally asymptotically stable if Ry < 1,
and unstable when Ry > 1. Furthermore, we also found that
our simplified IR-model does not always have a unique dengue-
endemic equilibrium point. It is possible to have multiple dengue-
endemic equilibria when Ry < 1. Hence, it is important to
analyze its local stability criteria. Furthermore, we analyze the
bifurcation type of our IR-model using the well-known Castillo-

Song bifurcation theorem [54]. The theorem is given as follows.

THEOREM 6 (Castillo-Song Bifurcation Theorem, [54]).
Consider a general system of ODEs with parameter ¢:

dx

. :f(-x> ¢)>

o fiR"xR—R" and feC*R"xR). (16)

Without loss of generality, it is assumed that 0 is an equilibrium
of system (16) for all values of the parameter ¢, that is

f(0,¢) =0 forall ¢. (17)

Assume

1. A = Df(0,0) =
system (16) around the equilibrium 0 with ¢ evaluated at 0. Zero

(3f' (o, 0)) is the linearization matrix of

is a simple eigenvalue of A and all other eigenvalues of A have
negative real parts.

2. Matrix A has a non-negative right eigenvector w and a left
eigenvector v corresponding to the zero eigenvalue.
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Let f; be the kth component of f and

a= Z qu,w,a a £ (0,0), (18)
k,i,j=1 j
b = Z vkw, (0 0). (19)

kji=1 %i0

The local dynamics of (16) around 0 are totally determined by
aand b.

> 0,b > 0. When ¢ < 0 with |¢|] < 1, 0 is
locally asymptotically stable, and there exists a positive unstable

1. a

equilibrium; when 0 < ¢ < 1, 0 is unstable, and there exists a
negative and locally asymptotically stable equilibrium;

2. a < 0,b < 0. When ¢ < 0 with |¢| < 1, 0 is unstable; when
0 < ¢ < 1, 0 is locally asymptotically stable, and there exists a
positive unstable equilibrium;

3.a > 0,b < 0. When ¢ < 0 with |¢| < 1, 0 is unstable, and
there exists a locally asymptotically stable negative equilibrium;
when 0 < ¢ < 1, 0 is stable, and there exists a positive unstable
equilibrium;

4. a < 0,b > 0. When ¢ changes from negative to positive, 0
changes its stability from stable to unstable. Correspondingly
a negative unstable equilibrium becomes positive and locally
asymptotically stable.

Now, we are ready to prove the existence of the backward
bifurcation phenomena of our simplified IR-model. Let us assume

X1 = I,xz = R,

_dr _dR
8 =& =g

Therefore, the IR-model can be written as

B+ ax)*(N —x1 — x)xaM
o (1 4 axy)x) + Ky
— (8 + up)xa.

— (¥ + un)x1,
£ =YXt

Next, we linearize the above system around the dengue-free
equilibrium which yields

0 0
M = JIprERy=1 = ,
Y —8— up

which has two eigenvalues
A =0, Az:—a—ﬂh.

Please note that we have a simple zero eigenvalue, and one
other eigenvalue is negative, which fulfills the first assumption of
the Castillo-Song bifurcation theorem.

Next, we determine the right eigenvectors of M by solving
Mw = 0, where w = (wy, w;) is a column vector. We obtained

(8 + pp)w2
W= — W2 = Ww).

v
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Next, we determine the left eigenvectors of M by solving vM =

0, where v = (v1, v,) is a row vector. We obtained
V1 = 1, Vo = 0.

Hence, we have also shown that our preliminary result
fulfills two assumptions, such that we can use the Castillo-Song
bifurcation theorem.

Next, we calculate a and b using the formula in the Castillo-
Song bifurcation theorem. In our case, 0 is the dengue-free
equilibrium. We assumed S}, as the bifurcation parameter, such that
the critical value of B;, makes Ry = 1. Since we have that v, = 0,
there is no need to determine the partial derivatives of g,. Thus, we
had the non-zero derivatives of g as follows:

azgl (0,0) = 2(7/ + /'Lh)(2NaKv —N—«y)
Bx% ’ Nk, ’
82
4! (0,0) = v +Mh’
3X18X2 N
32
S (0,0) = ~ XL
3X28X1 N
9? NM
8L (0,0) = ——.
9x10 By Ky

Using the above derivatives, we can obtain the values of a and
b as follows:

2
gy
a= Z vkwiij(0,0),
kiij=1
_ 208+ mn)* (v + mn)@Naky = N —key) 208 + ) (v + i)
B Nicyy? YN

>

2

2
b= Z VWi

ki=1
(8 + pp)NM
YKy '

0
£k (0,0),
0x;0 B

From these calculations, we always obtain b with a positive
value, whereas a could be positive or negative. To make a positive,
we need to satisfy

(v +wun+8) Ky +N@+ up) o
2(8 + pp) Nicy ’

Hence, we obtained that a is positive when & > «* and a
is negative when o < «*. Based on the Castillo-Song Theorem,
we would have that our IR-model undergoes a forward bifurcation
when a is negative and b is positive. On the other hand, we would
have that our IR-model undergoes a backward bifurcation when
a is positive and b is positive. Hence, our model could undergo
backward and forward bifurcation depending on the value of «.

THEOREM 7. Model (5) undergoes a backward bifurcationat Ry =
lifa > o™ where

ot — (¥ + up+8) Ky + N6+ up)
2(8 + up) Niey '

Otherwise, model (5) undergoes a forward bifurcation when
a < at.
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Please note that o™ in Theorem 7 is the same as with o* in
Theorem 5. The results in this section enumerate some important
information from our proposed model.

1. The IR-model in system (5) has a dengue-free equilibrium point.
This equilibrium point always exists, and is locally stable if
Ro < 1. These results indicate that we can expect a dengue-free
condition in the community as long as we can reduce the basic
reproduction number to be <1.

2. The dengue-endemic equilibrium of the IR-model always exists
and is locally stable if Ry > 1. Hence, whenever the dengue-
free equilibrium is unstable, we always have a stable endemic
equilibrium.

3. Itis possible to have a stable endemic equilibrium when Ry < 1.
Hence, a condition Ry < 1 does not always guarantee the
disappearance of dengue from the community.

4. Numerical experiments

In this section, we conduct several numerical experiments to
understand the behavior of our model with respect to the level
of community ignorance (). The first simulation will be the
bifurcation diagram, followed by numerical simulation on the
dynamic of the model with respect to time.

As previously mentioned in Theorem 7, a backward bifurcation
occurs when o > o, where « presents the ignorance level of the
community. Larger @ means more ignorance in the community
about the spread of dengue. To present the situation, we conduct
numerical experiments to show a possible type of bifurcation that
could appear from our model. At first, we set up all coefficients on
the polynomial (12) as a function of R. By solving R with respect

y+mnivRo
MN

to By, we have g, = ( , and substituting it in (12), yields:

a3(Ro)IP + ax(Ro)I? + a1 (Ro)I + ag = 0, (20)

where

14 2 8
a3(Ro) = ROK (v + “h)O‘N(V +pn+ )’
a2(Ro) = —(@ly + 1))
N + ) = 207 + iy + ) Ro — NG + )

N

a1(Ro) = —(y + 1)
ky(2Noe(pup, +8) — (8 + v + up))Ro — N(S + 1p)
N ,
a)(Ro) = =0+ up)(y + uniy(Ro — 1).

Next, we substitute the parameter values as given in Section 2.3
which gives us

0.0196Roa”I* — (197930 R + (0.039R + 0.007)at) I* . ..
+ (0.007 + (0.019 — 395860)Ro) I + (19793(1 — Ro)) = 0.(21)

Using these parameter values, we have the value of o™ as 6.729 x
10~7. Therefore, we choose @ = 5 x 10~% < «* to find the forward
bifurcation as shown in Figure 3A and @ = 5 x 107° > «* to find
the backward bifurcation as shown in Figure 3B.

Backward bifurcation phenomena imply that a condition Ry <
1 will not be enough to guarantee the disappearance of dengue
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FIGURE 3
Forward (A) and backward (B) bifurcation diagrams of system (5) for different values of «*. Red and blue curves present the dengue-free equilibrium
and dengue-endemic equilibrium points, respectively.

from the community. We can see that for some parameter value
when Ry < 1, we can have multiple stable equilibrium points,
ie., the dengue-free equilibrium and the endemic equilibrium
point (please see Figure 3B). When the ignorance level of the
community is small enough (at least smaller than «*, a condition
Ro < 1 is enough to guarantee the disappearance of dengue
from the community (please see Figure 3A). To illustrate the
bistability phenomenon when a backward bifurcation appears, we
show the phase portrait of system (5) with some initial conditions.
The results are given in Figure 4, where we have a stable node
dengue-free equilibrium and a stable-spiral endemic equilibrium
point. It can be seen that different initial conditions may lead to
a different final state condition. To see further impact of o on
the bifurcation phenomena of our model, we conduct numerical
experiments as shown in Figure 5. These numerical experiments
confirm our previous results on the impact of « on the appearance
of backward bifurcation phenomena at Ry = 1. Smaller the level
of ignorance of the community, higher the chance to have a free
endemic equilibrium when Ry < 1.

The public health implication of backward bifurcation is that
it is not enough to only reduce the basic reproduction number
to eliminate dengue. Another factor, which in our case is the
community ignorance level of dengue, should also be considered
for further intervention in the field. Therefore, it is necessary
to find the impact of model parameters on the critical level
of community ignorance. To determine this, we calculate the
normalized sensitivity of o* with respect to y, iy, 8, and «,. Using
the formula given by [55], we have:

YKy
NG+ pup) + 0+ y + mp)’

rr, =
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i — _ Mpkvy
* (8 + pp) (N + ) + k(8 + ¥ + 1an))
I = - oy
(8 + 1un) (NS + ) + k(8 + v + 1an)
oo N(S + pn) .
¢ N + up) +ky(8 +y + up)

From a previous analysis, we know that a backward bifurcation
will appear when @ > o and a forward bifurcation if « < o*.
We can see from the expression of I'y+, we have that 1"2;* >
0, which indicates that increasing y will increase o*. Hence, a
larger recovery rate will increase the chance of non-appearance of
backward bifurcation phenomena at Ry = 1, since we have a larger
S
and I'}} are negative, which indicates that increasing natural death

interval of @ € [0, «*]. On the other hand, we can see that I"

rate of human (1), waning immunity (), and mosquito dynamic
parameters (k) will reduce o*. Hence, different with the effect of
recovery rate, increasing jiy, 8, and «, will increase the chance of
appearance of backward bifurcation phenomena, since the interval
of « € [0,a"] is getting smaller. Therefore, we can conclude
that longer the temporal immunity of human (smaller §~!) will
increase the chance of finding the only possible condition that
dengue disappears when Ry < 1. Furthermore, we also find
that when «, increases (larger life expectation of mosquitoes or
a smaller infection rate in mosquitoes) will increase the possible
existence of dengue-endemic situation in the field, even though Ry
is already <1.

Next, we carry out numerical simulation in Figure6
using MatLab to understand the impact of the human level
of ignorance on the spread of dengue. We use the same
parameter values that we used to produce Figure 2. We can
see that less ignorance of the community (smaller ) to the
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FIGURE 4

Trajectories of system (5) in | — R plane show bistability phenomena
when Rg = 0.5. Parameter values used are the same as they have
been used for Figure 3B. Red curve tends to the endemic equilibrium
point, while blue curve tends to the dengue-free equilibrium point.
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FIGURE 5

The impact of « on the type of bifurcation phenomena at Ro = 1.
Red, magenta, cyan, green, and black curves present the condition
of « being equal to 5,2,0.9,0.5, and 0.2 x 107, respectively

dynamics of infected individuals will reduce the number of
infected individuals. The impact will be more significant as
time increases.
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Simulation results showing the impact of the level of ignorance of
the community on the dynamics of infected individuals. The red,
blue, and green curves present o = 5.1021 x 107>,

a =4.1021 x 107°, and @ = 3.1021 x 1075, respectively.

5. Summary and concluding remarks

A mathematical model was presented and studied in this article
to assess the impact of the level of human ignorance on the
spread of dengue. At the beginning of the study, we introduced
our SIR-UV model. Using the QSSA approach, we simplified the
model to an IR-model. With this approach, we converted our host-
vector dengue model to a host-to-host dengue model. A host-
to-host dengue model is a common approach adopted by several
researchers to reduce the complexity of their model, by considering
the fact that the dynamic of mosquitoes is very fast compared
to that of human dynamics [30, 33, 34]. Two types of equilibria
emerged from the model, namely the dengue-free equilibrium and
the endemic equilibrium point. The basic reproduction number,
denoted by Ry, was calculated. We found that the dengue-free
equilibrium point was always locally asymptotically stable when
Ro < 1. The center manifold theory was used to establish the
stability of the endemic equilibrium point, and it showed that
the existence of backward bifurcation appears when the level of
community ignorance increases. In this situation, we conclude that
ensuring the size of the basic reproduction number to be <1 does
not always guarantee the disappearance of dengue. Several authors
have shown the appearance of a backward bifurcation in the dengue
transmission model in their models [56-59]. Their analysis showed
that some crucial aspects were not included in the calculation of the
basic reproduction number. This aspect may trigger the backward
bifurcation phenomena, making the dengue control program more
difficult to achieve. In our model, we show that, even though
the level of community ignorance does not appear in the basic
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reproduction number, it does trigger the backward bifurcation.
More ignorant the population about dengue, the more difficult
it is for dengue to be controlled since the condition of basic
reproduction number <1 no longer guarantees the disappearance
of dengue.

To test our model, we fit our model output with dengue
incidence data in Jakarta, Indonesia. Our preliminary analysis of
the time series dengue data reveals the existence of periodicity
of dengue incidence data in Jakarta from 2008 to 2021. Three
dominant frequencies of the data related to a periodicity of
53, 74, and 147 weeks. These results indicate that dengue cases
in Jakarta always recur every year. A numerical experiment on
the bifurcation diagram has shown that reducing community
ignorance can significantly change the endemic situation. The
chance of the existence of dengue-endemic equilibrium when
the basic reproduction number is <1 can be avoided when the
community ignorance is relatively small. To reduce community
ignorance, a media campaign to increase people’s awareness of
dengue could be an alternative intervention. On the other hand,
we find that we can increase the chance of the non-existence
of backward bifurcation by increasing the recovery rate of a
human, prolonging the temporal immunity, or reducing the life
expectancy of a mosquito. Our non-autonomous simulation was
conducted by assuming the infection parameter as a sinusoidal
function with three dominant frequencies. It has been shown
that reducing community ignorance of dengue could suppress
the incidence of dengue in Jakarta. Although the outbreak
still appears, the outbreak can be reduced significantly. The
longer period of intervention of media campaigns to reduce
community ignorance will give a more significant reduction in
dengue outbreaks.

Data availability statement

The data analyzed in this study is subject to the following
licenses/restrictions: It can be available due to personal request to
the corresponding author. Requests to access these datasets should
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Stochastic time-optimal control
and sensitivity studies for
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prey-predator systems involving
Holling type-IV functional
response
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Department of Mathematics and Computer Science, Sri Sathya Sai Institute of Higher Learning, Prasanthi
Nilayam, India

In this study we consider an additional food provided prey-predator model
exhibiting Holling type-IV functional response incorporating the combined effects
of both the continuous white noise and discontinuous Lévy noise. We prove the
existence and uniqueness of global positive solutions for the proposed model. We
perform the stochastic sensitivity analysis for each of the parameters in a chosen
range. Later we do the time optimal control studies with respect quality and
quantity of additional food as control variables. Making use of the arrow condition
of the sufficient stochastic maximum principle, we characterize the optimal quality
of additional food and optimal quantity of additional food. We then perform the
sensitivity of these control variables with respect to each of the model parameters.
Numerical results are given to illustrate the theoretical findings with applications
in biological conservation and pest management. At the end we briefly study the
influence of the noise on the dynamics of the model.

KEYWORDS

stochastic optimal control, time-optimal control, Holling type-IV response, biological
conservation, pest management, Brownian motion, Lévy noise
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1. Introduction

The complex natural ecosystems present around us kindled great attention of many
ecologists and mathematicians to the mathematical modeling of ecological systems in the
last few decades. The interaction among species in these ecosystems can be of several forms
like competition, mutual interference, prey-predator interactions and so on. The very first
ecological models are framed from the pioneering works of Lotka [1] and Volterra [2] in
1925. Various complex models are framed and studied ever since.

The basic component of these prey-predator systems is a functional response, which
is defined as the rate at which each predator captures prey [3]. These functional response
can be majorly classified into two types the first being Density-dependent and the second
Ratio-dependent. Density-dependent functional responses are usually preferred as they
capture the saturation effect, incorporate handling time, and exhibit an asymptotic approach,
which are limited in the case of ratio-dependent responses. Some of the functional responses
include Holling functional responses [4], Beddington-DeAngelis functional responses [5],
Arditi-Ginzburg functional responses [6], Hassell-Varley functional responses [7], and
Crowley and Martin functional response [8].
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Among the density-dependent functional responses, the
Holling type functional responses are the first ones to be proposed.
Among the Holling responses, Holling type-IV response is best
suited to capture the group defense mechanism of prey especially
in high densities. This is also called as inhibitory effect of the
prey. Some examples in real life include, Musk ox are more
successful at fending off wolves when in herds than when alone
[9] and some other organisms that display this kind of response
in nature can be found in [10, 11]. The Holling type-IV functional
response also exhibits a saturation effect, meaning that the rate of
prey consumption by predators increases at a decreasing rate as
prey density increases. This saturation effect aligns with empirical
observations that predators have limited capacity and cannot
consume an unlimited number of prey items. The Holling type-IV
functional response contributes to stable equilibrium or oscillations
in predator-prey dynamics, which is consistent with observed
patterns in many predator-prey systems. This stability is essential
for maintaining ecological balance and preventing population
crashes or outbreaks.

In recent decades, many pioneering dynamical modeling works
[12-17] reveal that the provision of additional food to predators
both in the complimentary and supplementary sense, plays a
vital role in controlling the dynamics of the system. Additional
food can be provided by establishing artificial feeding stations,
organizing supplementary feeding programs or by the provision
of nest boxes or artificial structures. By providing the specific
conceptual information about the system to be studied and also
the empirical data, one should be able to define the sense of the
provided additional food for a particular mathematical model.

The availability of these additional food resources can play
a significant role in predator populations and their ecological
dynamics. Some of the significant findings of these works include
the following:

e In some instances it is observed that the additional food can
dampen predator-prey cycles by reducing the intensity of
predation on natural prey during periods of prey scarcity.

e Access to additional food can increase the chances of survival
for predator individuals, especially during periods of food
scarcity or low prey availability.

e By having access to a variety of food sources, predators
may be able to exploit niche opportunities and develop
specialized feeding strategies. This specialization can lead to a
more efficient utilization of resources and reduce competition
among predators within a community.

The authors in Srinivasu et al. and Srinivasu and Prasad
[12, 13] studied the prey-predator systems involving Holling
type-II functional response and the authors in Srinivasu et al.
[15] studied the prey-predator systems involving Holling type-IIT
functional response. Also, the authors in Sabelis and Van Rijn [18]
explicitly studied the impact of the additional food provided to
predator, both in supplementary and complementary sense. The
authors in Srinivasu et al. [14] have studied an additional food
provided deterministic prey-predator systems involving Holling
type-IV functional response. In Ananth and Vamsi and May
[17, 19], the authors studied the optimal control problems of
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deterministic prey-predator systems involving Holling type-IV
functional response with the quality of additional food and the
quantity of additional food as the control parameters respectively.
As in earlier mentioned works the authors in the works [15, 17, 19]
also considered the provision of additional food to predators both
in the complimentary and supplementary sense.

Specifically in the context of Holling type-IV prey-predator
models, additional food can have several influences on the
dynamics of the system. The Holling type-IV functional response
is characterized by a saturating feeding rate that increases with
prey density but eventually levels off. When additional food
is introduced into the model, it can enhance predator fitness,
buffer the prey population against high predation pressures,
and potentially reduce the predation pressure on primary prey.
Also, the provision of additional food can cascade down the
food web, affecting lower trophic levels. For example, reduced
predation pressure on natural prey can lead to increased herbivore
populations, which may then impact plant communities and
ecosystem structure. The availability of additional food can
contribute to the stability and resilience of predator-prey systems
and aid as a tool for the conservation and management of the
ecosystem. The authors in Srinivasu et al. [14] have studied
an additional food provided deterministic prey-predator systems
involving Holling type-IV functional response. In Ananth and
Vamsi and May [17, 19], the authors studied the optimal control
problems of deterministic prey-predator systems involving Holling
type-IV functional response with the quality of additional food
and the quantity of additional food as the control parameters
respectively. It is important to note that the specific influence
of additional food in a Holling type-IV prey-predator model
depends on various factors, including the parameters of the
model, the relative availability of primary prey and additional
food, and the ecological context. The dynamics and outcomes
can vary depending on the specific assumptions and interactions
incorporated into the model.

Often it is observed that the parameters in an ecosystem
are effected by the environmental fluctuations [20]. For instance,
authors in Elton [21] observed that the main cause of animal
number fluctuations is the instability of the environment. In recent
years, many researchers have drawn their attention to stochastic
models which captures these fluctuations. Most stochastic prey-
predator models are driven by the Brownian motion, which
captures the continuous noise.

White noise is a type of random signal that has equal
intensity at all frequencies. White noise reflects the inherent
unpredictability and stochasticity of ecological systems. White
noise can represent natural environmental fluctuations such as
temperature changes, wind patterns, or random disturbances in
resource availability that are experienced by organisms [20]. It
can also describe the random variation observed in biological
processes. For example, individual behaviors, reproductive events,
or physiological responses may exhibit stochastic fluctuations
resembling white noise. In mathematical and computational
models, white noise is often used as a simplifying assumption to
capture the inherent randomness in ecological processes. It can
be employed to simulate the unpredictable nature of ecological
phenomena or to represent random perturbations in system
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dynamics. Authors in Li and Zhao and Xu et al. [22, 23] studied
the deterministic and stochastic dynamics of a modified Leslie-
Gower prey-predator system with simplified Holling type-IV
functional response.

However, the sudden changes in environment like toxic
pollutants, floods, earthquakes and so on, cannot be captured by
the Brownian motion as it is a continuous noise. Hence, addition of
a discontinuous noise, like Lévy noise, to the prey-predator system
with Brownian motion makes the models more realistic [24].

Discontinuous Lévy noise refers to a type of stochastic
process characterized by intermittent and unpredictable jumps
or bursts of activity. It is based on the Lévy distribution,
which describes the probability of large, rare events occurring.
In a biological and ecological context, discontinuous Lévy noise
captures the occurrence of rare events that can have significant
ecological consequences. These events can include extreme weather
events, catastrophic disturbances, or sudden changes in resource
availability. Discontinuous Lévy noise reflects the non-Gaussian
and heavy-tailed nature of these rare events [24]. The use of
discontinuous Lévy noise in ecological modeling allows for the
incorporation of rare events, abrupt shifts, long-range correlations,
and non-Markovian dynamics. It provides a way to capture
the non-linearity, complexity, and unpredictability observed in
ecological systems and can help elucidate the role of rare events in
shaping ecosystem dynamics.

Jia et al. [25] uses the stochastic averaging method to analyze
the modified stochastic Lotka-Volterra models under combined
Gaussian and Poisson noise. Ma et al. [24] studies the dynamics
and dynamics of a Stochastic One-Predator-Two-Prey time delay
system with jumps. Recently, authors in Prakash and Vamsi [26]
studied the optimal and time-optimal control studies for additional
food provided prey-predator systems involving Holling type-III
functional response in the presence of the continuous white noise.

To the best of our knowledge, there is no study of additional
food provided stochastic prey-predator system with jumps.
Secondly, the optimal control studies of Stochastic Differential
Equations with Jumps (SDE]) were not performed on prey-
predator systems. Lastly, very few works involved Holling type-IV
response which incorporates the most important group defense
property. Motivated by these observations, in this work, we
study the optimal control problems for additional food provided
stochastic Holling type-IV prey-predator systems under combined
Gaussian and Lévy noise. We consider the provision of additional
food to predators both in the complimentary and substitutable
sense to the prey and also assume that the predators are generalists
in nature.

The article is structured as follows: In Section 2 we present
the basic analysis of the stochastic prey-predator model with
Holling type-IV functional response and additional food with
intra-specific competition among predators. In Subsection 2.1 we
introduce the stochastic prey-predator model followed by the
existence of global positive solution for this model in Subsection
2.2. We perform the stochastic sensitivity analysis in Subsection
2.3. The time-optimal control problem is formulated and the
optimal quality and quantity of additional food is characterized in
Subsections 3.1-3.3. Sensitivity of stochastic controls are discussed
in Subsection 3.5. Section 3.4 illustrates the key findings of the
analysis through numerical simulations in the context of both
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biological conservation and pest management. Section 4 studies the
effect of noise on the dynamics of the model. Finally, we present the
discussions and conclusions in Section 5.

2. Stochastic analysis

2.1. The stochastic model formulation

Let N and P denote the biomass of prey and predator
population densities respectively. In the absence of predator,
the prey growth is modeled using logistic equation. Further, we
assume that the prey species exhibit Holling type-IV functional
response toward predators. We also assume that the predators
are supplemented with an additional food of biomass A, which
is uniformly distributed in the habitat. Incorporating these
assumptions, the prey-predator dynamics with Holling type-IV
functional response along with additional food for predators can
be described as:

cN(t)

dr(t) N(t) + nA(DN%(t) + 1)
ar ~ \na+ @NAD) + 1) + N@)

)P(t) — m P(t)

In addition, we also assume that the predators exhibit intra-
specific competition. We capture this competition in similar lines
with [27, 28]. Accordingly, the system (1) gets transformed to the

rN(t) (1 — %)

B cN(t) ()
(Ana + a)(bN?(t) + 1) + N(¢) )

following system.

dNG)
dr

dr(r) N(t) + nA(bN?(1) + 1) ®
dt ~ \ e+ 6N + 1) + N

— mP(t) — §P(t)?

Here the term 71 represents the ratio between the search rate of
the predator for additional food and prey respectively. The term
—38P%(t) accounts for the intra-specific competition among the
predators in order to avoid their unbounded growth in the absence
of target prey [14, 15]. Here the term « denotes the ratio between
the maximum growth rates of the predator when it consumes the
prey and additional food respectively. This term can be seen to be
an equivalent of quality of additional food. For a complete analysis
of model (1), the reader is referred to Vamsi et al. [16].

The biological descriptions of the various parameters involved
in the systems (1) and (2) are described in Table 1.

In order to reduce the complexity of the model, we

non-dimensionalize the system (2) wusing the following
non-dimensional parameters.
a K A c
N=ax,P=—y,y——,ézn—,w—ba,mz——.
c a a as
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TABLE 1 Description of variables and parameters present in the systems
(1), (2).

Parameter  Definition Dimension

T Time time

N Prey density biomass

P Predator density biomass

A Additional food biomass

r Prey intrinsic growth rate time ™!

K Prey carrying capacity biomass

< Maximum rate of predation time™!

e Maximum growth rate of predator time ™!

m Predator mortality rate time ™!

) Death rate of predators due to biomass~! time™!
intra-specific competition

o Quality of additional food for Dimensionless
predators

b Group defense in prey biomass ™2

Accordingly, system (2) gets reduced to the following system.

dx_ 1_x B Xy
a " y (1+aé)(w +1) +x

dy x+ E(wx® + 1)
@ N+ D@+ +x

A3)

)y — myy —mzy?

2
Here the term % denotes the quantity of additional food
perceptible to the predator with respect to the prey relative to the

nutritional value of prey to the additional food. Hence the term & =
% can be seen to be an equivalent of quantity of additional food.

In real world scenarios, environmental fluctuations affect the
dynamics of the system. In order to capture these fluctuations,
we introduce the multiplicative white noise terms into (3). As in
Sengupta et al., Bodine and Yust, and Srinivasu et al. [27, 29, 30],
we now suppose that the intrinsic growth rate of prey and the
death rate of predator are mainly affected by environmental noise

such that
r— r+o1dWi(t), m;y — my + o,dW>(t)

where Wi(t) (i =
standard Brownian motions with W;(0) = 0 and o7 and o, are

1,2) are the mutually independent

positive constants and they represent the intensities of the white
noise.

Also, the system can go through huge, occasionally

catastrophic disturbances. Since white noise is a continuous

noise, it cannot capture sudden environmental changes.

To cater to these, we also apply a discontinuous stochastic
process as Lévy jumps to model these abrupt natural
phenomenon as in Ma et al

[24, 31].

and La Cognata et al

Frontiers in Applied Mathematics and Statistics

10.3389/fams.2023.1122107

We now perturb r and m; with discontinuous Lévy noise in
addition to the continuous white noise. So, we have

r o r 4+ ordWi() + / Y1) N(dt, dv), —my
Y
— —my + odWH(f) + f v2(v) N(dt, dv) (4)
Y

According to the Lévy decomposition theorem [32], we have
N(t,dv) = N(t,dv) — A(dv)t, where N(t,dv) is a compensated
Poisson process and N is a Poisson counting measure with
characteristic measure A on a measurable subset Y of (0, +00)
with A(Y) < oo. The distribution of Lévy jumps L;(t) can be
completely parameterized by (a;, 0j, ) and satisfies the property of
infinite divisibility.

Now, by incorporating noise induced parameters (4) into
the reduced deterministic system of Equation (3), we get the
following additional food provided stochastic prey-predator system
exhibiting Holling type-IV functional response along with the
environmental fluctuations captured using the white noise and
Lévy noise.

- () y()
dx(t)—x(f)[f<1 y> ((1+oz5)(wx2(t)+1)+x(t)>}dt

oW, (1) + x(1) [ 1 () N(dt, dv)
Y

_ x(t) + E(@x(t) + 1) o
dy(t)—y(t){e<(l+a$)(wx2(t)+1)+x(t)) m mzy(t)}dt

+ o2y(1)dW, (1) + y(t) fY 72(v) N(dt, dv)

®)

2.2. Existence of global positive solution

In order to do the stochastic time optimal control studies for
the system (5), we first prove that the system (5) has a unique global
positive solution.

Theorem 1. For any given initial value X(0) = (x(0),y(0)) €
C([—ro,O],R+2), there exists a unique positive global solution

((x(t), (1)) of system (5) on t > 0.

Note: The above theorem for existence of solutions of (5) can
be proved in similar lines to the proof in Ma et al. [24] using the
Lyapunov method.

Proof. For any given initial value (x(0), y(0)) € C([—IO,O],R+2),
there is a unique positive (x(t), y(t)) € R+ fort e [0, 7.], where
7. is the explosion time. Subsequently, we will show that 7, = oo,
which yields that (x(t), y(t)) is the global solution.

Let my > 0 be sufficiently large so x(t) and y(t) lie within the
interval [1/myg, mg]. For each m > my, we define the stopping time:

= inflte o) x ¢ <mio,mo>,y ¢ (mio,mo) (6)
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Evidently, . is strictly increasing when m — o0. Let 750 =
lim;;— 0o T; thus Too < 7, a.s. Else there exist pairs of constants
T>0,m >mpand0 < € < 1suchthatP(1oo < T) > €,m > m;.

Let V(x,y) = x — 1 — Inx + y — 1 — Iny be a C?-function.

Using It6’s formula, we get

dV = LVdt + o1(x — 1)dW; + o2(y — 1)dW,

where

o RO\ y(t)
LV = (x 1)[,(1 y> ((1+as)(wx2(t)+1)+x<f>)}

+o—Dle x(t) + E(wx*(t) + 1)
4 (1 + a€)(@wx2() + 1) + x(t)

2

10.3389/fams.2023.1122107

+ |:(€+ev§ +my + lf_e()[é)}’— mz}’z:|

+ (m + o, 022)
my+—+ =),
T
From derivative test, we can see that Ax — Bx? < %, where A and
B are constants. Therefore,
we T gy SO Y
< ——+ —(e+e m
-4l 4m, 2Tl tat

of o3
— £ <K)
+(m1+2+2>_

2
o o
—my —may(t) | + L + 2
2 2 where K is a positive constant.
r r X Thus,
=rx—r——x*+ —x— 2 o
12 y (I +ad)ox*+1)+x
y exy dV < Kdt + 01(x — a)dW) + 02(y — b)dW,
+ +
(I4af) (x> + 1) +x  (1+af)(ox®+1)+x Taking expectation, yields
N eEwx’y N ety AT
(I+ad)o®+1)+x  (1+aé)(wx®+1)+x EV(x(tin A T), (T A T)) < V(x(0), (0)) + E / Kdt.
0
ad b’ Setting Q2 T btain P(2 F
- - = > >
O+ab) @+ D+x (+ab) o +1)+x etting 2 = {Tm A T,m = mo}, we obtain P(<2y,) > €. For
£ each w € Q,, there are x(7,,, w), Y(Ti, w) equaling either mor 1/m
€ 2
— —myy+m —myyt +m such that
(It ab)wx® +1) fx YT mmmyrmy
o2 o2 V(x(0), (0)) + KT > E[lg, () V(x(Ti> @), y(Tin> ®))]
+ L2 1 1
2 2 >e[(——=1—In—)A(m—1—1nm)],
r r m m
<rx——x*4+ —x+y o _
y y where 1, (., denotes the indicator function of Q2 (w).
Eew For m —> o0, we have
+ey + Tltat) +eky
(1 + af) 00 > V(x(0),y(0)) + KT = 00
2 o o5
+myp — mpy” +myy + o + o which is a contradiction. So, we have that toc = oo. This
completes the proof. O
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FIGURE 1
This figure depicts the mean and standard deviation of the predator, prey populations for the system (5) with respect to the parameter y € (10.1, 15.2).
The values for other parameters are chosenasr =15, o =15, « =10, § =0.10, e=04, m; =0.15, m, =0.01, 01 =0, =0.2, y1 = > =0.1.
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This figure depicts the mean and standard deviation of the predator, prey populations for the system (5) with respect to the parameter w € (8.1, 15.2).
The values for other parameters are chosenasr=1.5, y =12, « =10, § =0.10, e=04, m; =0.15 m, =0.01, 01 =02 =0.2, y1 =y, =0.1.
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2.3. Stochastic sensitivity analysis

In this subsection we briefly depict the sensitivity analysis for
the remaining parameters that are not perturbed by noise. This
can in turn help in understanding the sensitivity of the model with
respect to these unperturbed parameters.

Figures 1-3 depict the local sensitivity of the stochastic model
(5) w.r.t. the unperturbed parameters y, , and e in the model.

In this local sensitivity analysis, we simulated the system (5)
1,000 times for each value in the chosen parameter range.

Each figure contains two sub plots where the first and
second plot depict the mean and standard deviation of
prey, predator populations for the range of chosen parameter
values respectively.

From the plots in Figures 1-3, it can be seen that the prey
population in the system (5) is more sensitive with respect to these
parameters than the predator population.

3. Stochastic time-optimal control
problems

In this section, we formulate and study the stochastic
time-optimal control problem for the prey-predator system
(5) with quality (o) and quantity (£) of additional food as
control variables.

3.1. Quality of additional food as stochastic
time optimal control

In this subsection, we characterize the optimal quality of
additional food for driving the system (5) to a desired equilibrium
state in minimum time using the stochastic maximum principle.
We fix the quantity of additional food & > 0 to be a constant and
choose the objective functional to be minimized for this stochastic

Frontiersin Applied Mathematics and Statistics

time optimal control problem as follows.

T
J(@) :E|:,/o 1dt:|. (7)

From the Sufficient Stochastic Maximum Principle [33] for
the optimal control problems of jump diffusion, we characterize
the optimal solution of the stochastic time optimal control
problem with state space as the solutions of (5) and the objective
functional (7).

Let (p*,q",r") be a solution of the adjoint equation in the
unknown processes p(t) € R2, q(t) € R2%2 ¢(t,z) € R2 satisfying
the backward differential equations

(2 200 +af)x+1
dPl(t)—{( T+ Y ((1+oe$)(wx2+1)+x)2>pl(t)

_ G-+ (@—18) ) —o
(1 + ab) (@2 + 1)+ x2 P2~

- / mv)nvl(dzl)}dt

+ (AW (£) + g2 (£)dW, () + / 11 N(dt, dz)
]Rn

dpa(t) = = (®) ®
P = T ey + 1) + 2

< e(x + E(wx? + 1))
(I 4+ aé)(wx®+1)+x

—m — 2sz> p2(t)

024 + / Vz(V)Vzvz(dzz)}df

+ q3()dW 1 (t) + qa(t)dW(t) + / rzf\}(dt, dz)
RVI

pi(T) =0, pa(T) =0
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This figure depicts the mean and standard deviation of the predator, prey populations for the system (5) with respect to the parameter e € (0.1,0.9)
The values for other parameters are chosenasr =15, y =12, o =15, « =10, £ =0.10, m; =0.15, m, =0.01, 01 =02, =0.2, y1 =y, =0.1.
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The Hamiltonian associated with this control problem is
defined as follows.

H(t,x,y,a,p,q,71)

—1+[r1-) y
= ) T e o) 42 |
e(x 4 E(wx® + 1)) o )
1+ &)1+ wx?) +x 1= M2y |yp2
+ 01xq1 + 02)94 +x/V1r1V1(dzl)+}’/]/2(v)r21/2(d2;2)
Let U = f{a®)0 < at) < amxVt € (0,¢]}

e RT. Let o
solution (x*, y*) = [x(u®), y(u™)].
From the Arrow condition in the sufficient stochastic

where ®ax € U with the corresponding

maximum Principle [33], we have

oH|
870{ a* -
N —E(wx*+1
PP T ab)(wx? + 1) + )2
gpptEd + D)E+ ) || 0
(1 + ag)(@x? +1) + x)* -
- |:yxp1 —eypa(x + £(wx? + 1)):| =0
— x*pt = epi(x* + E(wx” + 1)
Hence the optimal control o* should satisfy the
following condition.
Xpi = epy(x* +E(x" +1)) (10)

Since the analytical solution of (8) is complex to solve, we
numerically simulate these results in Subsection 3.4.

Frontiersin Applied Mathematics and Statistics

3.2. Quantity of additional food as
stochastic time optimal control

In this subsection, we characterize the optimal quantity of
additional food for driving the system (5) to a desired equilibrium
state in minimum time using the stochastic maximum principle.
We fix the quality of additional food « > 0 to be a constant and
choose the objective functional to be minimized for this stochastic
time optimal control problem as follows.

(1mn

T
J(E) = E|:/ 1dt:|.
0

From the Sufficient Stochastic Maximum Principle [33] for
the optimal control problems of jump diffusion, we characterize
the optimal solution of the stochastic time optimal control
problem with state space as the solutions of (5) and the objective
functional (11).

Let (p*,q*,r*) be a solution of the adjoint equation in the
unknown processes p(t) € R?, q(t) € R**2, r(t,z) € R? satistying
the backward differential equations

i) = [<_r+ 2rx 20(1 + a)x + 1 )pl(t)

vy ((1+ a&)(ox® + 1) + x)?

(1= o)1+ (@ - D§) ®
(At ad) 0+ 1) +22 7P

(12)
— o191 _/VI(V)TlVl(dZI)i|dt

+ (AW + G (OdW(0) + /R i, do)
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—X

T+ab)e+ 0+

dps(t) = —|:

( e(x + E(wx? + 1))

I+ad)@+D+x "~ 2my )2 () + 5244

+/yz(V)rzvz(dzz)}dt-f-q3(f)dW1(f)

+ qa(OdWa() + / N, d2)
RVI

pi(T) =0, pa(T) =0

The Hamiltonian associated with this control problem is
defined as follows.

H(t,x,y,§,p,q,7)

=1+ r(l—f)— J xp1
Y (1 4+ o)1 + wx?) +x

|: e(x + E(wx? + 1))
(

1+ af)(1+ox?) +x e mzyi|yp2

+ 01xq1 + 02yq4 +x/y1r1V1(d21) +y/yz(V)erz(de)
(13)

Let U = @0 <
where &, € R7T. Let £&*
solution (x*, y*) = (x(£*), y(&%)).

ED) = GVt € (O]
€ U with the corresponding

10.3389/fams.2023.1122107

3.3. Existence and uniqueness of solutions
for the Forward Backward Stochastic
Differential Equations with Jumps (FBSDEJ)

We so far obtained the adjoint Equations 8, 12 for the
state Equation 5 and the objective functional (7), (11) using
the sufficient stochastic maximum principle respectively. Upon
simplifying the results obtained from the arrow condition (10), (14)
from earlier two subsections, we see that the optimal controls are
given by

o = ep’z‘(l*—i— x* +wx*2) £ = x*pl — ex*p} (15)
epix* — pia* eps (1 + wx*)

In this section, we now prove the existence of optimal controls
by proving the existence of the solutions for the FBSDEJ [(5),
(8), (12)] which establishes the existence of (x*,y*, p}, p3) for all
simulation purposes. Using the theorem in Al-Hussein and Gherbal
[34], we now prove the existence of the optimal controls (15) in the
following theorem.

Theorem 2. For any (x9,y0) € R+2, the FBSDE] [(5), (8), (12)]
admits an optimal stochastic control.

Proof. Let (X;)i=0 be the solution of the Stochastic Differential
Equation with Jumps (SDEJ])

dX, = b(X)dt + o (X)dW(t) + f ' (v)N(dt, dv)
R

Here the term b(X;) denotes the drift coefficient, the term o (X;)
denotes the diffusion coefficient and the term I'(v) denotes the
poisson term coeflicient.

=0

. (((1 + &) (wx? + 1) + x)(wx® + 1) — a(wx?® + 1)(x + E(wx® + 1)))
P (T + af)(n? + 1) + 2

*

=0

*

The theorem 1 in Section 3 guaranties the monotonicity and
Lipschitz continuity of the drift coefficient, the diffusion coefficient
and the poisson term coefficient of the state Equation 5.

Following the the existence and uniqueness theorem of

From the Arrow condition in the sufficient
stochastic maximum Principle [33], we have
OH|
9E lex
. —a(wx® +1
— yx
PP T ab) @ + 1) + 22
— |:oexy(a)x2 + p1 + eypz(wx2 + 1)(x(1 — o) (wx® + 1))i|
— |:osz1 +epr(1+ wx* 4 x(1 — Ol)):| =0
= ax™p} +ep5(1+ x4 x*(1—a)) =0
Hence the optimal control &* should satisfy the
following condition.
ax*py —|—ep§(l—|—a)x*2 +x*1—a) =0 (14)

Since the analytical solution of (8) is complex to solve, we
numerically simulate these results in Subsection 3.4.
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FBDSDE] in Al-Hussein and Gherbal [34], we are only left to prove
the monotonicity and Lipschitz continuity of the drift and diffusion
terms of the adjoint system of Equation 8.

From (8), due to the positivity of state variables guaranteed
by theorem 1, the drift term and the diffusion terms are given
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as follows.

b(X,) < ((zf‘)pl(t) - (a)eny)pz(r)> () — (ql(t) qz(t)>
~ \@p1(®) + (m1 + 2may)pa(t)) a5(t) qa(0)

Since the drift coefficient is a linear combination of adjoint
terms (p;, p2), the monotonicity and Lipschitz continuity
are guaranteed.

In addition to this, the diffusion coefficient is independent
of the adjoint terms (p;, p2). Therefore, the monotonicity and
Lipschitz continuity are guaranteed for the diffusion coefficients.

Hence the existence of unique stochastic optimal controls are
proved for FBSDE] [(5), (8), (12)]. O

3.4. Numerical simulations

In this section, we perform the extensive numerical simulations
using python by choosing the following parameters [24] for the
model (5). r = 15 y = 12,0 = 15 e = 04,m =
0.15, my = 001, oy = o0 = 002, y = Ly = 1
In these simulations, white noise is simulated using the Box-
Normal transformations and the poisson noise is simulated using
the poisson point processes [35]. The state Equation 5 and the
adjoint Equations 8, 12 are simulated using the Forward Backward
Doubly Stochastic Differential Equations with Jumps (FBDSDE])
method. The subplots in Figures4, 5 depict the optimal state
trajectories, optimal co-state trajectories, phase diagram, optimal
quality of additional food and the optimal quantity of additional
food respectively.

3.4.1. Applications to biological conservation

The subplots (4a) and (4b) depicts the optimal state trajectory
of the system (5) from the initial state (2,8) that stabilizes over
time around the state (16,90). The subplot (4d) gives the phase
diagram which shows the trajectories are stabilized over high values
of prey and predator. The subplots (4e) and (4f) depicts the optimal
quality and quantity of additional food respectively. These plots
show that the high quality of additional food is required to achieve
biological conservation. Even if the quantity of additional food is
lower, still we will be able to achieve biological conservation with
higher quality of additional food.

3.4.2. Applications to pest management

The subplots (5a) and (5b) depicts the optimal state trajectory
of the system (5) from the initial state (7, 5). It can be seen that the
system can be driven to a low prey dominated state. The subplot
(5d) depicts this property more clearly through the phase diagram
where it reaches the lowest prey value over the time. The subplots
(5e) and (5f) depicts that a lesser quality of additional food and a
lower quantity of additional food is good enough to achieve pest
management where pest is viewed as prey.
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3.5. Sensitivity of time optimal controls

In this subsection we perform the sensitivity analysis for the
optimal control variables «e(t) and & (¢) with respect to the different
values for the model parameters

In Figure 6, frames (6a) and (6b) depict the sensitivity of
the control variables with respect to the parameters r and
y respectively. Frames (6¢c) and (6d) depict the sensitivity of
the control variables with respect to the parameters @ and e
respectively. In Figure 6, frames (6a) and (6b) depict the sensitivity
of the control variables with respect to the parameters m; and
ma, respectively.

From the sensitivity analysis depicted in Figures 6, 7 we see that
the optimal quality control seems to be more sensitive with respect
to the parameter r in comparison to the other parameters.

4. Effect of noise on the optimal
control problem

In this section, we briefly study the effects of discrete and
continuous noise on the system (3). We compared the dynamics
of the state trajectories and control variables with and without
these noises.

In Figure 8, frames (8a) and (8b) depict the optimal prey
and optimal predator populations respectively with no noise,
white noise and with both white noise and Lévy noise. Frame
(8c) depicts the corresponding trajectories of co-state variables.
Frame (8d) depicts the phase space of the state variables. Frames
(8e) and (8f) depict the optimal quality and quantity control
trajectories respectively.

From the plots in Figure 8 we see that both the discrete
and continuous noise can lead to fluctuations in prey dynamics
compared to that of predator. From the phase plots it can be seen
that the converging pattern to the final state more or less follow
a similar trend. Overall we find that the prey seems to be more
influenced by the noise than that of predator.

5. Discussions and conclusions

This paper studies a stochastic prey-predator system exhibiting
Holling type-IV functional response along with the combined
influence of white noise and Lévy noise. We do the time-
optimal control studies for this system, with the quality and the
quantity of additional food as control variables. To begin with,
we formulated a stochastic model by considering multiplicative
noise to both prey and predator. In theorem 1, we proved the
existence of a unique positive global solution of (5). Further, we
formulated the time-optimal control problem with the objective
to minimize the final time in which the system reaches the pre-
defined state. Using the sufficient stochastic maximum principle, we
characterized the optimal control values. In theorem 2, we proved
that the existence and uniqueness of Forward Backward Doubly
Stochastic Differential Equations with Jumps (FBDSDE]). We also
numerically simulated the theoretical findings and applied them in
the context of biological conservation and pest management.
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This figure depicts the simulations of time-optimal control problem with respect to the control variables in the context of biological conservation.
The subfigures (A—C) depict the optimal prey, predator and co-state vectors respectively. The subfigure (D) depicts the phase diagram between prey
and predator densities. The subfigures (E, F) depict the optimal quality and quantity control variables. The parameter values are chosen as

To understand the sensitivity of this stochastic system, we firstly
performed the sensitivity analysis with respect to the individual
parameters and later did the sensitivity analysis for the optimal

Frontiersin Applied Mathematics and Statistics

108

control variables with respect to the parameters of the system. The
findings revealed that the stochastic system as such is minimally
sensitive with respect to the system parameters and the optimal
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This figure depicts the simulations of time-optimal control problem with respect to the control variables in the context of pest management. The
subfigures (A—C) depict the optimal prey, predator and co-state vectors respectively. The subfigure (D) depicts the phase diagram between prey and
predator densities. The subfigures (E, F) depict the optimal quality and quantity control variables. The parameter values are chosen as
r=15y=4 0w=6 e=06 m; =01, m; =001

quality control variable seems to be more sensitive with respect to  noise induced fluctuations in the prey dynamics and seem to have

the parameter, growth rate r relative to the other parameters. minimal effect on the predator dynamics.

Some of the salient features of this work include the
papers,

Finally a brief study on the influence of different noises on this

stochastic system revealed that both the discrete and continuous  following. Unlike the most traditional here we
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The subfigures (A=D) in this figure depict the optimal quality and optimal quantity of additional food (15) with respect to the parameter valuesr, y, @

and e respectively. The other parameter values are chosenasr =15, y =12, w =15, e =0.4, m; = 0.15, m, =0.01.
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The subfigures (A, B) in this figure depict the optimal quality and optimal quantity of additional food (15) with respect to the parameter values m; and

my respectively. The other parameter values are chosenasr=1.5, y =12, o =15, e =04.
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This figure depicts the simulations of time-optimal control problem with respect to the control variables. The subfigures (A—-C) depict the optimal
prey, predator and co-state vectors respectively. The subfigure (D) depicts the phase diagram between prey and predator densities. The subfigures (E,
F) depict the optimal quality and quantity control variables. The three graphs in each subfigure corresponds to the dynamics of the system with no
noise, white noise and multiple noises. The parameter values are chosenasr=15, y =12, o =15, e =04, m; =0.15, m, = 0.01.

considered a stochastic time-optimal control problem. As
Intra-specific competition among predators is ineluctable,
we also explicitly incorporated the intra-specific competition
into our model. This paper mainly deals with the novel
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study of the time-optimal control problems where the state
equations involve both the discrete and continuous noise
which
sensitivity analysis.

is challenging. We also performed the stochastic
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To sum up this work has been an initial attempt and a first of
its kind dealing with the Stochastic Time Optimal Control studies
for prey-predator systems involving group defense of the prey.
Since this is an initial exploratory research we didn’t include finer
specificalities such as mutual interference of the predators and also
did not elaborate much on the stochastic bifurcation aspect. In
future we wish to incorporate and study these aspects. We also
intend to extend these studies in the setting of Markov Chain and
Partial Differential Equations.
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Chagas disease has been the target of widespread control programs, primarily
through residual insecticide treatments. However, in some regions like the
Gran Chaco, these efforts have failed to sufficiently curb the disease. Vector
reinfestation into homes and vector resistance to insecticides are possible
causes of the control failure. This work proposes a mathematical model for the
dynamics of Chagas disease in neighboring rural villages of the Gran Chaco
region, incorporating human travel between the villages, passive vector migration,
and insecticide resistance. Computational simulations across a wide variety of
scenarios are presented. The simulations reveal that the effects of human travel
and passive vector migration are secondary and unlikely to play a significant role
in the overall dynamics, including the number of human infections. The numerical
results also show that insecticide resistance causes a notable increase in infections
and is an especially important source of reinfestation when spraying stops. The
results suggest that control strategies related to migration and travel between
the villages are unlikely to yield meaningful benefit and should instead focus on
other reinfestation sources like domestic foci that survive insecticide spraying or
sylvatic foci.

KEYWORDS

Chagas disease, delay differential equations, mathematical model, insecticide resistance,
vector migration

1. Introduction

Trypanosoma cruzi is a parasitic hemoflagellate that infects mammals, including
humans, wherever the Triatominae vectors are found, between approximately 40° N and S
of the equator in the Americas [1]. Chagas disease (American trypanosomiasis), caused by T.
cruzi infection in humans, is responsible for disability and early death in approximately one-
third of those infected [2]. The WHO reports that approximately 8 million individuals are
currently infected with Chagas disease, an estimated 25 million people are potentially at risk
of infection, and more than 10,000 people die annually from the disease [3]. Chagas disease
is increasingly being detected in the US, Canada, and many European and Asian countries
due to human migration between Latin America and the rest of the world [4]. Therefore, it
is becoming a global threat to public health.

Chagas disease has been the target of widespread and largely successful control programs
over the past few decades [5]. Such efforts—prominently including the Southern Cone
Initiative, which was begun in 1991-have had a tremendous impact, more than halving the
number of infected individuals. However, the disease remains a baleful threat due to large
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number of sylvatic reservoir hosts found throughout Latin America
and the possibility of resurgence in places where incidence has
been reduced. In particular, the Gran Chaco, a region over 600,000
km? in size located in southcentral South America, is of notable
concern. There, the major disease control strategies have failed, and
Chagas disease remains endemic, threatening the approximately
five million inhabitants [6-8]. For example, one rural village in
the region was recently surveyed, and over 80% of the adults were
found to be infected [9].

Chagas disease has historically been a problem associated with
rural regions of Latin America, largely due to the tendency of
its insect vectors to live in the crevices of homes made from
inexpensive and easily accessible materials such as mud, adobe,
straw, and palm thatch. The disease has spread in recent years as
people have moved from rural areas to urban locations within Latin
America and throughout the world [3, 10]. The estimated burden
of Chagas disease in the United States is greater than 300,000
individuals, with 30,000-45,000 cardiomyopathy cases and 63-315
congenital infections annually [11]. Los Angeles blood banks have
an estimated seroprevalence among all blood donors as high as
1 in 3,800 [12]. The enduring presence and recent diffusion of
Chagas disease is quite concerning as it is a chronic and potentially
life-threatening infection [13]. At present, there is no vaccine for
Chagas disease, and treatments with drugs such as benznidazole
and nifurtimox are long, have serious potential side effects, and
diminish in effectiveness with time since infection. As a result, the
primary method of disease control is prevention [3].

Trypanosoma cruzi infection can be due to exposure to infected
Triatominae feces, blood transfusion, organ donation, or congenital
transmission [10]. The subfamily Triatominae or kissing bugs are
large bloodsucking insects that predominately hide in the homes of
their host during the day and feed on blood at night [3]. Should
the Triatominae bite a mammal infected with T. cruzi, it may
become infected and spread the disease. The parasites are present
in the feces of the vectors and infection only occurs if the parasites
come in contact with the mucosa through the eyes, the mouth,
or enter through the nearby bite site [3, 10]. For this reason the
most important reservoirs for T. cruzi are insectivorous mammals
which can serve as hosts for T. cruzi [14]. Many methods of
inhibiting transmission to humans, such as blood screening, home
improvements, and bednets, are currently in use, with the primary
means of vector control being residual insecticide spraying [3].

Residual insecticide treatment of endemic areas has shown
tremendous success in most regions, but in some like the Gran
Chaco, they have failed to sufficiently curb the disease, and
the uneven success of current prevention methods in these
regions warrants further study. Of particular interest are vector
reinfestation into homes and vector resistance to insecticides,
both of which are important possible causes of control failure.
Reinfestation of vectors into homes is a major concern, because
even a small lingering population of vectors in a village that has
been treated with insecticides can quickly return to pre-spraying
levels of infestation; therefore, migration could contribute to rapid
population recovery and thus account for control failure in regions
like the Gran Chaco [6, 7]. Reinfestation is a particularly prominent
concern in the Gran Chaco due to a combination of political
instability causing unpredictable changes in control strategies and
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economic instability causing widespread human migration [6, 7].
Along with these concerns, field work supports the idea that
vector movement is playing an important role in control failure;
recent research suggests that Triatoma infestans, the primary vector
in the Grand Chaco, from sylvatic populations and neighboring
townships are re-infesting villages in the Gran Chaco and that
prevention tactics are needed for effective vector control [15-18].

In addition, despite an initial assumption of the Southern Cone
Initiative that the vectors do not have sufficient genetic variability
to develop resistance, various sources have shown that populations
of T. infestans in the Gran Chaco and other areas are resistant to
the insecticides currently in use [6, 7, 19]. For example, in 2002,
vectors in four separate villages in Argentina were found to have
high resistance to the pyrethroid insecticides deltamethrin and,
B-cypermethrin [20]. Additionally, insecticide resistance has been
observed within the Gran Chaco region, which suggests that it
may be playing a role in the failure of control efforts there [19].
The possibility of insecticide resistance is especially problematic
because vector control plays such a key role in current disease
prevention efforts.

The purpose of this study is to analyze these potential sources
of reinfestation using a differential equations model. This work is
the latest in a series of works that have used Chagas disease models
to analyze the effectiveness of various control strategies [21-26].
The previous works have assumed that reinfestation occurs due
to a small population of vectors that avoid insecticide spraying.
In this study, we compare this cause of control failure with
vector reinfestation through migration by expanding the model to
simulate the spread of Chagas disease in a system of villages rather
than a single town. We then use this updated model to analyze
the impact of different control strategies with a focus on how they
interact with vector migration. We also consider the impact of
larger populations of residual vectors that survive insecticide use
due to resistance.

2. Materials and methods

The model in this work expands upon the one used in “A
Mathematical Model of Chagas Disease Dynamics in the Gran
Chaco Region” [26], which we update to more accurately reflect
the available research on T. infestans and T. cruzi. As in [26],
the model is specifically designed to analyze villages in the Gran
Chaco, and these villages are assumed to have sufficiently large
populations so that differential equations are appropriate for
modeling them. This assumption is consistent with field data, see
[9], where the average village size is 462 people. For each village,
we model the total domestic vectors, infected domestic vectors,
total peridomestic vectors, infected peridomestic vectors, infected
humans, susceptible humans, infected domestic animals that we
will refer to as dogs, and infected peridomestic mammals (goats and
pigs). We also consider chickens as a potential blood meal source,
but do not model their population since they are not susceptible
to T. cruzi infection. Furthermore, as this model considers a
system of villages, multiple sets of these eight equations coupled
by migration terms are used rather than a single set. Throughout,
parameters that may vary between villages are denoted with a j
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subscript, and those that are assumed to be uniform across villages
are not.

Let V; = V;(t) represent the total number of domestic vectors
in village j at time ¢, Vi, = V;;(¢) the number of infected domestic
vectors, W; = Wj(t) the total number of peridomestic vectors,
Wi, = W,'j(t) the number of infected peridomestic vectors, Nj;, =
Nij(t) the number of infected humans, Ny = st(t) the number
of susceptible humans, Dj = D,}(t) the number of infected dogs,
M = Mij(t) the number of infected peridomestic mammals,
Nj(t) = st(t) + N,-j(t) the total number of humans, Dj(t) the
total number of dogs, Mj(t) the total number of mammals, and
Cj(t) the number of chickens. In this work, the total dog, mammal,
and chicken populations are not modeled, but rather obtained
from [27] and [28] and defined explicitly. However, infected dogs
and mammals are modeled as sub-populations of the known total
populations. We use the notation fy = max(f,0) and f- =
min(f, 0) throughout.

2.1. Total domestic vectors

First, we model the growth of domestic vectors by the using a
delayed logistic term:

Vit — 1)
dy(t =DVt —o) (1-———) (1)
Ky ).

i
where the delay 7 is the gestation time of the vectors, Ky, is the
carrying capacity of the vectors in village j, and dj, (f — 7) is the egg
hatching rate in village j at time t — 7. Since adult female vectors
lay eggs after having a complete blood-meal, the egg hatching rate
is dependent on the biting rate Bj(t — ), which is the average
number of bites each vector makes per day. In addition to the biting
rate, the egg hatching rate is naturally assumed to be dependent on
the number of eggs a female vector lays after a blood-meal ¢;, the
proportion of adult females in the population v, and the proportion
of eggs that hatch ¢,. Thus, the egg hatching rate is given by

dy,(t — T) = v By(t — 7). (2)

Since a larger blood supply results in more biting (up to a
maximum per day), the biting rate B;j(t) is dependent on the
domestic blood supply bsupj(t) of village j at the time when the
female lays eggs, and it is also dependent on the season [29]. In
order to accurately capture the seasonal dependence, we construct
a seasonal biting rate b(f) (defined in Table 3) based on data
from [28]. However, this function b(t) is obtained from data in a
setting with a particular known blood supply bgp, .. () [defined in
equation (43)] and does not capture the blood meal dependence, so
we also use a Holling Type II response to obtain the final biting rate

/3 bsup)(t)
bmax) (bsupj(t) +Ab(t) ’ (3)

Bi(t) = b(1) (

where bgyp, () is the domestic blood supply in village j, B is the
maximum possible daily feedings of a vector, and by, is the
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maximum value of b(t). Ay, is chosen such that

( /S ) < bsupknown(t) ) —
bmax bsupk,mwH (t) + Ah(t) B

(4)

This is done so that if the blood supply in village j matches the
conditions in [28] (that is, bmpj = bsupponn)> then B(t) = b(t) and
the biting rate agrees with the empirical results.

We now consider the domestic blood supply bsupj(t), which is
composed of total humans, dogs, and chickens. Since the vectors
prefer certain blood sources over others, each one is translated into
a number of humans, so that the unit of measurement is human
factors [28, 30]. More specifically, the human factors for a dog
and a chicken are represented by df and cfs respectively. Also, the
blood supply is dependent on the availability of humans, dogs, and
chickens in the domestic region in village j at time ¢, given by an; (1),
aDh].(t), and aChj(t), respectively. These time-dependent values
represent the proportion of the respective populations available
for biting in the domestic region, which may vary due to various
factors, such as dogs sleeping outside or people being unavailable
for biting because of their protection (at night) when they are using
bednets [28]. Therefore, the total blood supply is given by

baup; (1) = an;()N;(0) + dpapy, (1)Dj(t) + cacy, (HC(0),  (5)

which can be thought of as the equivalent number of human factors
available for biting.

We now consider the deaths of vectors. Natural death is
modeled by

— dVi(0), ©)

where d,;, is the natural death rate. We also assume that the vectors
die due to overpopulation, which is modeled by

Vi(t)
d _ 27y
k (1 Ky, ) (7)

where dj is the death rate due to the population being over the
carrying capacity. In addition, death can be caused by insecticide
spraying. We assume there is a sub-population of vectors Vi
that does not die from spraying, being protected in cracks in the
walls or by insecticide resistance. Recent field surveys confirm that
domestic vectors that survive spraying continue to be a source of
reinfestation [18]. For simplicity, we assume that Vies; is constant
for a given village. Therefore, the term that models death due to
spraying is given by

= 1i(8) (Vi) = Veey) ®)

where 7j(t) is the mortality rate due to spraying of non-
resistant vectors.

As was done in [26], we assume the net movement into (or out
of) the domestic region from (or to) the peridomestic region of a
village is given by

Wi _ Vit
p ( K, Ky, ) )
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Here, p is a constant parameter with units vectors per day, and
the term inside the parentheses captures the density dependence
by comparing the ratios of the vector population to the carrying
capacity in the respective regions. We note that the movement of
vectors between the domestic and peridomestic region is still poorly
understood, and a more thorough analysis of this term can be found
in [26].

A novel aspect of our model is the migration of vectors
between villages. Vectors move between villages primarily in two
ways: passively via human movement and actively via flight [15].
However, even with villages within approximately 500 m of each
other there is sometimes no flight of vectors between them [15],
so we consider active transport negligible in our village system.
For passive migration, which occurs when vectors and their eggs
are carried by traveling individuals, we assume that the rate is
dependent on the number of vectors and humans present in the
domestic region of each village in the following way. We let a;,
be the daily rate of people traveling from village j to village k, and
use 7 to denote the average ratio of vectors that live in the luggage
or other travel items in the domicile. Then the number of people
traveling daily from village j to village k is given by a;, Nj(t), and
on average, each person is carrying nV;(t)/N;j(t) vectors. Thus, the
number of vectors per day passively transporting into (and out of)
village j, and from (and into) village k, is

Pvi; Vi(t) = pv, Vi), (10)
where,pvj,k = NaN,.

Finally, the complete equation used to model domestic
vectors is

/. dy (t — T)Vj(t — 7) (1 - Vf(t_”)
+

dt va

W; V;
—dn Vi) = 10 (Vi - vmj)+ +p (’(t) - J(t))

ij KV].
+Z (ka,ij(t) —ij)ij(t)). (11)
k#j

2.2. Infected domestic vectors

A domestic vector becomes infected by biting infected humans
and infected dogs [31]. Thus, the term that models the growth of
the infected domestic vector population is

Pyvan, (ON; (t) + Pyvdgapy, (£)D; ()

Bj(1) (Vﬂr)—w,-(r))( NV g p?f)” o1y (DD )
suj

(12)

where Pyy and Pyy are the proportion of vectors that become
infected after taking a blood meal from infected humans and
mammals (including dogs). Note that B;(t) (Vj(t) - V,-j(t)) is the
daily number of bites by non-infected vectors and that the latter
half of (12) is the fraction of bites that cause infection. The vectors
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do not pass T. cruzi to their young, so this is the only term for the
growth of the infected vector population [32].

The death rates for infected vectors are assumed to be
the same as those for all vectors with no preference for the
infected or susceptible populations, so the terms accounting for
mortality are the same as those for total domestic vectors but
multiplied appropriately by V;/V;. The transport rates between
populations of vectors are subject to the same assumption, and
they are correspondingly multiplied by the appropriate ratios of
infected vectors.

Thus, the complete equation is

av;
dt

= B;(t) (Vj(1) — Vi, (1)) (

_deij(t) (1 — VJ(t)) - dii](t)

VreSj Wij (t) Vi]‘ (t)
—ri(t) (1—‘,1_(0) Ve (s -
+ J

]
+ Z (kaJ Vi (8) = pvy, Vz'j(t))-
por

Pnvay; ()N () + Pyvdpapy, () Dy (1)
bsup,; (1)

(13)

2.3. Total peridomestic vectors

Naturally, the dynamics of the peridomestic vectors are similar
to those of the domestic vectors; however, there are some minor
differences due to the different setting. First, the egg hatching rate
is updated to depend on the peridomestic blood supply, lNJsupj(t),
which is given by

beup; () = dyapy, (HDj(t) + myang (OM;(1) + cracy, ()Ci(D). (14)

Here, aDpj(t) is the peridomestic availability of dogs, acp/.(t) is the
peridomestic availability of chickens, ap(¢) is the availability of
mammals, and 1y is the mammal factor analagous to dy and ¢f [28].
Thus, the peridomestic biting rate Bj(t) is given by

- bup, (t
Bi(t) = b(1) (bﬂ ) _ bl ) (1)
max bsupj(t) + Ab(t)
and the peridomestic egg hatching rate is given by
dy(t — T) = vguy Byt — 7). (16)

Second, we assume that luggage containing items such as
clothing is what harbors vectors for passive transport [15], so
as there is no luggage in the peridomestic region there is
correspondingly no term for passive transport (We relax this
assumption in Simulation 4 and consider a case with transport of
peridomestic vectors). Therefore, we have

dw; ~ Wit — 1)
el dy;(t = T)Wj(t — 7) I—TW .

]
—d Wj(t) <1 _ Wf(t))

Kw;
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—diVj(t) — rj(t) (Mlj(t) - Wres]')+

(v v
p ( K, Ky, ) (17)

2.4. Infected peridomestic vectors

The dynamics of infected peridomestic vectors are derived from
those of the total peridomestic vectors just as for the domestic
vectors, so the equation is given by

Wi 4
= B (Wi - wi ) (18)
" (PMvan(f)meij(t) + PMVdfaDpj(t)Dij(t)>
Esupj(t)
(-%)
—deij(t) 1— — —dn Wl](t)
Kw; ] _

Wres]- w Wi-(t) Vi-(t)
—fj(t)<1—wj(t))+ () —p Ky, Ky, )

2.5. Susceptible humans

We now consider susceptible humans. We note that all children
of susceptible humans are born susceptible, and a certain fraction
Py of children born to infected mothers are also born infected due
to congenital transmission with the rest being born susceptible [33-
35]. Also, due to the relatively long time it takes for Chagas disease
to cause death, the birth rate of infected mothers is assumed to be
the same as that of susceptible ones. Thus, using a logistic model,
the growth term is given by

N.
<m(N¢o+<r—mmﬂ%aD<1—lf”>, (19)
=+

N

where Gy is the daily growth rate of humans with unlimited
resources. For the death term, we use

— 7Ny (D), (20)

where yy, is the per day death rate of susceptible humans.

Along with death, we consider the loss of susceptible humans
due to infection. The rate of infection is taken to be the product
of the number of bites per day by infected vectors and the
fraction of those bites that cause human infection, which yields the
following term:

o [ Pvnan (ONg (1)
— Bt (W) Vi (). (21)

Finally, as we consider multiple villages, we include terms for
the movement of people between them. We assume this movement
depends on a per-person travel rate, so that the rate of people
entering and leaving village j (from and to village k) is given by

OtNkJ.N

Sk T aI\]j’kNSf (22)
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where ay;, is the daily rate of movement of people from village j
to k.
Thus, the complete equation is

AN, N;(t)
dtJ = Gy (st(t) + (11— PNN)Nij(f)> (1 - IéNj>+ (23)
Pynan; (t)Ns, (1)
—Bj(t) (W) Vij(t) - yNsNSj(t)
+ Z (o‘Nk,jNSk - aNj,kNSj) .
=

2.6. Infected humans

The model for infected humans is similar to that of susceptible
ones. However, the birth term reflects that only infected mothers
can give birth to infected children and that only a certain percentage
of their children are born infected. Also, the susceptible humans
that become infected join the infected population, and the death
rate of infected humans is assumed to be higher. However, the travel
rates are assumed to be the same. Thus, the equation is

dN;. Ni(t
L= GNPNN N (1) (1 — ]())
+

dt KNJ
Pynan; (£)Ng (1)
+Bi(t) | —————= | Vi;(»)
f( baup, (1) f
—Ny O+ Y (o Nig — e Ny ). (24)
k]

2.7. Infected dogs

We first consider the birth rate of infected dogs. To do this, we
consider the total population of dogs in village j, Dj(t), which we
assume is known. Then, assuming a growth rate of &j(t) for the total
dogs and that susceptible and infected dogs die at the same rate of
¥p, we have DJ’»(t) = «aj(t)Dj(t) — ypDj(t). Finally, since Dj(t) is
known, and hence, DJ/.(t) is also known, we also have aj(t) in terms
of known quantities:

0

% + ¥D. (25)

0{]'(1’) =

Therefore, as infected dogs are only born to infected mothers, the
birth term for infected dogs is given by

Py w-ﬂ’u Di.(t) (26)
DJ(t) KA

where Py is  the proportion of dogs infected by
vertical transmission.

In addition, the infected dog population could grow due to
infected vector bites on susceptible dogs. Therefore, the term we use
is similar to that used to model infection of humans. However, since
dogs inhabit both domestic and peridomestic regions, there are

two separate terms to model infection using appropriate respective
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biting terms, blood supplies, populations, and availability values.
Thus, the terms used are

PVMdfaDhj(t) (Dj(t) - DtJ(t))
i(t
() Boupy ()

10 @7)

and

PVMdfaDpj(t) (Dj(t) - Dij(t))

0

Bi(1) Wi (6 (28)

for the domestic and peridomestic regions, respectively.
Then, including the death term, the complete equation is given by

dD; Pyadyay, () (Dj(6) = Dy ()
L = Bi() e Vi (9)
. Pypydrapy. (t) | Di(t) — D;.(t)
LB 'f ADp; i ( J j )Wij(t)
bsupj(t)

P D;(t) D (t D (t
+Prim %"')’D lj()_yD lj( )

2.8. Infected mammals

Finally, we consider infected mammals. This equation is similar
to that for dogs, but it differs slightly in that mammals do not enter
the domestic region and thus there are no terms for infection from
domestic vectors. Therefore, we have

PVMMfan(f) (IVI;(t) - Mij(t)>

Deup, (1)

il

dt

= Bj(t) Wi (6)  (30)

4

(1)
+Pmm (Mj(t) + VM) M;;(£) — ymM;; ().

2.9. The full model

Thus, the full model for village j is given by the following eight
differential equations and the initial conditions found in Table 2:

dV] — dhj(t _ ‘L')Vj(t _ ‘L') (1 — V}(t—l’))
+

dr Ky,
Vi(t)
—d Vi(t) 1—1)
! ( Ky, )

—dn Vj(t) — (1) (Vj(t) - me)+
o (0 _ Vi@
ij KVj

+ 3 (pvig Vi) = pv, Vi) (31)
ki
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V,‘].
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Pyvan (ONi,(t) + Pyvd D;
_ Bj(t)(\/j(t)—ViJ(t))< Nvan; (ON; () + Pyvdrapn (t) ,(0)

bsupj(t)

Vi(t)
—di Vi (t) (1 - =

) 0

Vi) _

Vies; Wi () Vi)
—ri(0) <17 Vj(tj)) Vij(t)Jr,o( K]Wv - Kjv. )
+ i

J

+ 3 (pviy Vi) = Py Vi) (32)
k#j

d"vj _ Elhj(t _ ‘L')VVj(t —1) <1 _ va(t_t))
+

dt Kw.
—dW;j(1) (1 - Wj(t))

i
Wi

—diVj(t) — T:,(t) (VV](t) - Wr251)+

wit) Vit
- - 33
P ( K, Ky, ) (33)

dWij
dt

= Bi() (W0 — wiy(0)
(PMV“Mj(t)meij(t) + PMVdfﬂDpj(t)Dij(t)>
X =
o (1)

Wi
_deij(t) (1 — K

) - dm Wij (t)

Wi

) 1 Wres/- W Wi/- (t) Vi]- (t) 34
_r](t) - VV](t) . y(t)_p K, - KVj ( )

]

g N;
L = Gy (NSj(t) +(1- PNN)NIj(t)) (1 - Ié(t)>
+

N

bsupj (t)

+ Z (aNkJNSk — Oth,stj) (35)
k#j

dN;, Ni(t
] = GNPNNN,'j(t) (1 — J( ))
+

—Bj(t (W) Vij(t) — VNSNSj(t)

dt KNJ
Pynan; (£)Ng (1)
B: — 7 "\
+J(f)( gy () ) (t)

_)/NiNij(t) + Z <aNk,jNik — (XvakNij> (36)
k#j

Pydsapy, () (Dy(6) — Dy (1)
boup (D

Puadyany, (1) (Dy(5) — Dy (1))
beup, (1)

4Dy Bi(t
e (1)

Vi) (37)

+B;(t)

Wij(t)
Di(t)
+Pupm ( + VD) Dj(t) — ypDj(t)

Dj(t)
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PVMWIfan(t) (]VI](t) - Ml](t))

M
— = Bj(t) =
bsupj (t)

dt

Wij (t)

/

(t
— vy | My () — ymMi(8).

M](t) (38)

+Ppm

We now establish the baseline parameter values. We separate
these values into two categories: those considered to be biological
in nature and generally consistent in all villages and those that
depend on the structure of the particular collection of villages being
modeled. For example, we consider the vector gestation time and
the proportion of vector bites that result in a human being affected
to be the same in any village, whereas values such as the number of
houses in a village and the availability of dogs in the domestic region
clearly depend on the particular village in question. The parameter
values used are based upon existing data of Chagas disease and the
Gran Chaco region when available, but we note that these values
have a high degree of aleatory variability and epistemic uncertainty.
The constant biological parameters are found in Table 1. We note
that the human growth rate Gy was chosen so that the total human
population grows at an approximate annual rate of 1.0% over the
30 years of simulation. This is consistent with recent population
data for Bolivia, Paraguay, and Argentina, the three countries that
contain the vast majority of the Gran Chaco region [46-48]. In

TABLE 1 Constant parameter values used in the baseline simulation.

10.3389/fams.2023.1225137

addition, the infection proportion Pyy is unknown, so we choose
a value that agrees with the T. cruzi seroprevalence in humans
of 51.7% found in surveys in the Bolivian Chaco [9]. The village
dependent values are found in Table 2 with citations where the
value was chosen based on empirical data.

We now consider the time-dependent parameters. Based on
data from [28], the number of goats in village j is given by

2
365/2

Gi(t) = H; (17.5 — 2.5c0s < (t— 45.75))) . (39)
where Hj is the number of houses in village j, which yields a
(smooth) function with a period of half a year. This function is
extended periodically. Similarly, the number of pigs is also derived
from [28] and it is taken to be yearly periodic. The (smooth)
function for the first year is given by

H; 0<t<1815
H; (1.75 — 0.75cos ((t — 181.5))),  181.5 < t < 182.5

Pj(t) = { 2.5H;j, 182.5 < t < 272.75 (40)
H;j (1.75 + 0.75 cos ((t — 272.75)7)),  272.75 <t < 273.75
H; 273.75 < t < 365.

Combining these two functions, we have that

Mj(t) = Pi(t) + Gy(t) (41)

Parameter Definition Baseline value Units Source
v Fraction of vectors that are adult females 1073/60000 W [36]

& Eggs laid per bite per fed adult female vector 20 ﬁ:ﬁ;m [28,29]

bn Fraction of eggs that successfully hatch 0.831 vector/egg [28,29]

T Vector gestation time 20 days [37]

B Max possible bites per vector per day 0.47 bites/vector/day [27,29, 38]
Py Per bite human to vector infection prop. 0.03 no units [39]

Pyy Per bite vector to human infection prop. 0.00515 no units Est. [39]
Pyy Per bite vector to mammal/dog infection prop. 0.02 no units Est. [39]
Pyy Per bite mammal/dog to vector infection prop. 0.49 no units Est. [39]
Py Per birth human to human infection prop. 0.073 no units Est. [35]
Pum Per birth mammal/dog to mammal/dog infection prop. 0.1 no units Est. [33, 40, 41]
dr Human factor of one dog 2.45 humans/dog [27]

s Human factor of one chicken 0.35 humans/chicken [27,30]

my Human factor of one mammal 2.45 humans/mammal Est. [27]
biax Max value of b(t) 0.34 bites/day/vector Est. [28]

YN; Per day mortality rate of infected humans 0.00004163 1/day Est. [42, 43]
YD Per day mortality rate of dogs 1/1788.5 1/day This study
Y™ Per day mortality rate of mammals 1/1095 1/day This study
YN, Per day mortality rate of susceptible humans 1/27783.8 1/day Est. [42, 43]
Gy Per day human growth rate 0.00019 1/day This study
dm Death rate (per day) of vectors 0.023677446 1/day Est. [29]

di Death rate (per day) of vectors due to overpopulation 10*d,, 1/day This study
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TABLE 2 Village parameter values used in the baseline simulation.

10.3389/fams.2023.1225137

Parameter Definition Baseline value Units Source

Ky, Domestic vector carrying capacity in village j 1.301 * H; vectors [44, 45]

K, Peridomestic vector capacity in village j 36.26 * H; vectors [44, 45]

Ky, Per village human carrying capacity in village j 10 * H; humans This study

o Factor for per day vector migration between the 1 vectors/day This study
peridomestic and domestic regions

H; Total number of houses in village j 74 houses [28]

G Total number of chickens in village j 15* H; chickens [28]

D; Total number of dogs in village 2.9* H; dogs [27]

apn Domestic dog availability in village j 0.59 no units [30]

apy, Peridomestic dog availability in village j 0.13 no units [30]

ay; Human availability in village j 1 no units This study

Vie Min number of domestic vectors due to cracks and 0.05* H; vectors This study
resistance

Wies; Min number of peridomestic vectors due to cracks and 0.05* H; vectors This study
resistance

n Proportion of vectors in luggage of one person 0.1 1/person This study

oy, Rate of human travel from village j to k 1/7 1/day This study

Vo, (t),t € [—1,0] Initial number of total domestic vectors in village j 50 vectors This study

Vio, Initial number of infected domestic vectors in village j 30 vectors This study

Wo, (1), t € [—7,0] Initial number of total peridomestic vectors in village j 1800 vectors This study

Wi, Initial number of total infected peridomestic vectors in 1400 vectors This study
village j

Na, Initial number of susceptible humans in village j 193 humans Est. [39]

Nio, Initial number of infected humans in village j 207 humans Est. [39]

Dy, Initial number of infected dogs in village j 165 dogs This study

M, Initial number of infected peridomestic mammals in 1150 mammals This study
village j

TABLE 3 Defining points of the piecewise-linear time dependent parameters.

Function t = 136.875 t = 228.125 t = 319.375
(Winter) (Spring) (Summer)

ac,(t) 0.38 0.83

ag, (1) 1 0

ap, (1) 0 1

b(h) 0.14 0.18 0.34 023

For availability, we first define the total chicken availability  ag;(t), yielding

acj(t), goat availability qu(t), and pig availability apj(t), all of
which are obtained from data in [28]. We use continuous, any (8) = ap;()P;(t) + ag;(1)Gj(t) (42)

yearly-periodic, piecewise-linear functions defined by the values
listed in Table3 and shown in Figure l. We assume that
there are an equal number of chickens in the peridomestic
region and the domestic region, so we take acpj(t)

0.5 * acj(t) for the peridomestic chicken availability and
ach}.(t) = 05 % acj(t) for the domestic availability. We
then take an(t) to be the weighted average of apj(t) and
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M;(1t)

For the biting term, we again use a yearly-periodic piecewise-

linear function as defined in Table 3. For the known blood supply,

we use

bsupknown (t) = Cf ac ( t) CkﬂOWYl (t) + mf aM(t)Mknawn (t))

(43)

frontiersin.org



https://doi.org/10.3389/fams.2023.1225137
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Coffield et al. 10.3389/fams.2023.1225137
Goats Pigs
1500
180
1400} 160
1) » 140F
T 1300 2
3 o 120}
1200} 100
80r
1100 L 1 . . " . . . ey P
0O 50 100 150 200 250 300 350 0O 50 100 150 200 250 300 350
Days Days
Fixed Blood Supply Chicken Availability
4000 ¢
0.8f
3500 f
(2
S 3000f 0.7¢
3]
© 3
L.C_ 2500 06k
g 2000},
2 1500 0.5¢
1000 f 04Ff
0O 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350
Days Days
Biting Goat Availability
0.35¢ 1.0F
5 030} 08¢
8
0.6f
i 0.25}
©
(=] 04t
8 0.20f
© 0.2f
O.15-I 1 . ‘ ‘ . ‘ , 0.0 ‘ . ‘ ‘ . . ‘
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350
Days Days
Mammal Availability Pig Availability
1.0t
0.81 0.8t
0.6} BBl
04t
04F¢
0.2t
0.2¢
1 1 1 1 1 1 1 1 0'0 _x 1 1 L L 1 1 1
0O 50 100 150 200 250 300 350 0O 50 100 150 200 250 300 350
Days Days
FIGURE 1
Time-dependent parameters.

where ac(t) and ap; are defined the same as acj(t) and am; and
Crnown(t) and Mo, () are given by Hyyopn = 74. Both of these
functions are also derived from [28]. Finally, we define a yearly
periodic active spraying mortality function, r(¢), with the first year
given by

0, 0<t<ht
)= (e — e ) e, St ()
0, ty <t <365
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with t; = 212.5, t, = 303.75, and

1 1
b= iz M T i
as defined in [25]. This corresponds to spraying at t; with residual
effects that diminish until disappearing at t,. We take rj(t) = r(t)
in spraying years for village j and rj(t) = 0 otherwise. The time-
dependent parameters, with the exception of the active spraying
mortality function, are shown over the course of 1 year in Figure 1.
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Baseline simulation: the populations of two identical villages with baseline parameters, insecticide spraying only in village 1, and no travel between
them.
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FIGURE 3
Neighboring villages with human travel and vector migration: the populations of two neighboring villages with human travel and vector transport
between them and insecticide spraying only in village 1.
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Neighboring villages with passive vector migration: the populations of two neighboring villages with vector transport between them and insecticide
spraying only in village 1.
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3. Results

We first establish a baseline simulation of two identical villages
with the default parameter values. Insecticide spraying occurs
in village 1 once per year for 10 consecutive years, there is no
insecticide spraying in village 2, and there is no travel or interaction
between the two villages. We then compare this simulation to
several studies where village 1 is connected through travel with
village 2, which can serve as a source of reinfestation. All numerical
solutions were obtained using the NDSOLVE numerical differential
equations solver in WO f ram Mat hemat i ca. Graphs were also
produced in WI f ram Mat hemat i ca.

3.1. Simulation 0O: baseline

For the baseline case with resistant vectors, the simulation is
run for 30 years, during which insecticide spraying in village 1
occurs from year 11 to year 20. This is done so that the populations
can reach steady oscillations before spraying begins and so that the
behavior of the populations before, during, and after insecticide use
can be analyzed. The results of this baseline simulation may be seen
in Figure 2.

Before spraying begins, all the non-human populations
demonstrate almost steady oscillations. These oscillations continue
for the full 30 years in village 2. In village 1, after spraying starts,
the vector populations quickly reach new smaller steady oscillations
while the infected populations decrease. Once insecticide use
stops, the non-human populations rapidly return to the same
oscillating patterns that they demonstrated before it began, and
the number of infected humans begins to increase again. This is
largely in line with the qualitative results found in the baseline
simulations in [26], although there is a more noticeable decrease
in the infected populations in the current work as a result of the
updated parameters.

3.2. Simulation 1: two neighboring villages
with travel and vector migration

In this section, we simulate the populations of two villages that
are connected by human travel, including the passive transport
of vectors. We use the baseline parameters in both villages and
include insecticide spraying from year 11 to year 20 only in village 1.
This scenario investigates how isolated rural villages with different
control measures might affect each other, and in particular, the role
village 2 might play as a reinfestation source for village 1. Here
we simulate the case where travel between the villages is common,
with the average person traveling to the other village once per week
(an,, = an,, = 1/7). Additionally, we specify that 10% of the
vectors live in luggage or other travel items in the homes. The
results are shown in Figure 3.

We see that during the spraying years, the domestic vector
populations in village 1 and village 2 are higher and lower,
respectively, as compared to the baseline case. These changes reflect
the mixing of the vector populations in the two villages due to the
passive transport of vectors. More strikingly, there is a complete
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Neighboring villages with variable levels of vector migration: the
numbers of infected humans after 30 years in two neighboring
villages as a function of the travel parameters. The value of

Pv,, = Pv,, = nan,, varies from n = 1% and ay,, = 1/year on the
low end to n = 10% and ay,, = 1/(10 days) on the high end.

mixing of the human populations between the villages so that they
have the same number of infected humans despite the difference
in control measures. While the travel between the villages does
increase the number of human infections in village 1, it is important
to note that the total number of human infections in the two villages
after 30 years is identical to the baseline case. That is, the additional
infections in village 1 are offset by fewer infections in village 2.
Thus, the movement of infected humans and vectors from village
2 to village 1 spreads the disease burden between the villages but
does not increase the total number of infected humans.

It is not clear from this simulation to what extent the change in
the infected human populations is a result of the humans traveling
vs. the vectors being transported. To isolate the effects, we ran a
similar simulation with the same level of human travel but with
no vector transport. The results for the human populations were
identical to those seen in Figure 3 while the rest of the populations
had dynamics similar to the baseline case. We see that the transport
of vectors has little effect on the number of infected humans when
the human populations are mixing at such a high rate. These
results were further confirmed in scenarios with much lower rates
of human travel. For example, when humans travel once per year
between the villages, it takes about 22 years for the two human
populations to fully mix, but the overall number of infections
remains the same. And, removing vector transport in this case
also has no effect on the total number of human infections in
either village.

Overall, we see that vector migration is not a significant source
of reinfestation in this scenario and that travel redistributes the
number of human infections, but does not increase them. The
human travel in this scenario is similar to migration as people travel
to and stay in the other village. As such, the eventual complete
mixing of the populations is likely unrealistic, potentially obscures
the differences between the two villages, and does not increase
the total number of human infections. Thus, to further investigate
the potential effects of vector migration, we will consider in
Simulations 2-7 human travel that passively transports the vectors
while the humans themselves do not move to the new village. These
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FIGURE 6
Neighboring villages with domestic and peridomestic vector migration: the populations of two neighboring villages with domestic and peridomestic
vector transport between them and insecticide spraying only in village 1.
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simulations represent scenarios where humans transport objects
containing vectors but do not stay in the other village.

3.3. Simulation 2: two neighboring villages
with vector migration

In this section, we simulate the populations of two villages with
the same parameters and insecticide spraying as in Simulation 1,
but with the travel terms removed from the human equations. That
is, we consider the baseline simulation with the addition of passive
vector migration but not human travel. The results are shown in
Figure 4 where we see that, except for infected humans, all the
population dynamics are similar to those in Simulation 1 (Figure 3).

Because we have removed human population mixing, the
differences in the number of human infections are attributable
solely to the passive transport of vectors. As in Simulation 1, we
see more vectors in village 1 during spraying years as compared to
the baseline case. These additional vectors in village 1 that come
from village 2 do result in five more infected humans in village 1
after 30 years as compared to the baseline. However, there are six
fewer infected humans in village 2 in this scenario. So while the
disease burden has slightly shifted from village 2 to village 1, the
overall effect is small and the number of human infections across
both villages remains nearly constant. We see that the transport of
vectors does not have a significant impact on human infections in
this scenario.

3.4. Simulation 3: two neighboring villages
with variable travel parameters

We further investigate the effect of the travel parameters in
this section by considering the number of infected humans in both
villages after 30 years as a function of Py,, = Py,, = nay,,. We
recall that a;, is the daily travel rate of humans from village j to
village k and 7 is the average ratio of vectors that live in the luggage
or other travel items. As in Simulation 2, to isolate the effect of
vector migration, the humans transport the vectors between villages
but do not stay in the other village. All other parameters are held
at the baseline values in both villages, with insecticide spraying in
village 1, but not in village 2. The results are shown in Figure 5.

Overall, we see that vector migration has a relatively small effect
on the infected human populations across a broad range of travel
scenarios. Small changes in the travel parameters have negligible
effects on the infected human populations and even a change from
no travel to high levels of travel and vector transport results in
only a handful of additional infections in village 1 after 30 years.
Furthermore, any increase in human infections in village 1 is offset
by a similar decrease in infections in village 2.

3.5. Simulations 4-5: peridomestic vector
migration and other travel scenarios

Next we consider a simulation where vectors may be passively
transported from the peridomestic regions of a village in addition
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to being transported from the homes. In this scenario, vectors
may be hiding in materials (e.g., straw, hay, or animal feed) that
are transported from the peridomestic region in one village to
the peridomestic region in another during agricultural activities.
To accomplish this in the model, we modify the equations for
the peridomestic vector equations to include transport terms that
are analogous to the transport terms in the domestic vector
equations. The travel parameters are set to the same level as those in
Simulation 2, while all other parameters are at their baseline values
and insecticide spraying occurs only in village 1. As in Simulations
2-3, the humans transfer terms are removed from the equations,
though the humans still transport the vectors. The results are shown
in Figure 6.

As expected, we now see a mixing of the peridomestic
vectors, just as we saw with the domestic vectors in Figures 3, 4.
Additionally, we see differences in the infected dog and infected
mammals populations as compared to those in Figures 3, 4, where
there was no peridomestic vector transport. The decline and
rebound of the infected human population is qualitatively similar to
those in Figure 4, though the rebound after spraying ceases is more
pronounced. After 30 years, the number of people infected in village
1 is about nine higher than the baseline case and four higher than
Simulation 2, the case with only domestic vector transport. Notably,
the number of infected humans in village 2 does not decline to
offset the increase in village 1, but rather stays about the same as in
Simulation 2. Nevertheless, the total infected humans across both
villages is only four higher than the baseline case.

We ran additional simulations to see if other differences
between the villages might affect the role that vector migration
plays. We first considered the size of village 2, allowing village 1 to
be connected to a smaller or larger village by varying the number
of houses in village 2 from 40 to 145. We then considered the
number of infected humans after 30 years using different rates of
domestic vector migration. We did not include peridomestic vector
migration or the transfer of humans between the populations. All
other parameters are held at the baseline values in both villages,
with insecticide spraying only in village 1.
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FIGURE 7

Neighboring villages with variable number of houses in village 2: the
number of infected humans after 30 years in village 1 as a function

of the number of houses in village 2 with vector migration between
them.
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FIGURE 8
Village 1 with no infected animals or vectors: the populations of village 1, with and without travel to village 2, when only humans are initially infected.
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FIGURE 9
Vector migration to a disease-free village: the populations of two neighboring villages, one which is initially infection-free, with low levels of vector
migration between them and no insecticide spraying.
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When vector migration is low (an,, = an,; = 1/365 and
n = 0.01), the number of infected humans in village 1 is essentially
independent of the number of houses in village 2, varying by less
than a single person over the whole range of house values in village
2. We then increased the travel parameters to their values from
Simulation 2, see Figure 7. In this case, the number of humans
infected after 30 years increases by about thirty people over the
whole range of house values in village 2. This suggests that the size
of the neighboring village with no insecticide spraying may be a
significant factor in determining the effects of vector migration in
spreading the disease.

Finally, we ran a similar simulation where we allowed the use
of bed nets in village 2 to vary from 0% to 100% effectiveness. In
both high and low vector migration scenarios, the use of bed nets in
village 2 had no meaningful effect on the number of infected people
in village 1. Overall, we see under a variety of circumstances that
vector migration plays only a minor role in the spread of infection,
except when there is substantial travel to a nearby larger village.

3.6. Simulations 6—7: low infection
scenarios

In the preceding scenarios where infected populations are
already established, travel and vector migration has had only a
secondary or marginal effect on the dynamics. Accordingly, in this
section we consider scenarios where infections in village 1 are very
low so that travel can play a potentially larger role in reintroducing
infected vectors.

First, we modify Simulation 2 so that initially in village 1,
there are no infected animals or vectors, only infected humans.
We modify the corresponding susceptible populations so that
the total populations are initially the same and leave the initial
human populations, infected and susceptible, as in the baseline
case. All other parameters are set to their baseline values, the travel
parameters are as in Simulation 2, and insecticide spraying occurs
only village 1. The results are shown in Figure 8 where they are
contrasted with an otherwise identical scenario that involves no
travel between the two villages.

We see that in this extreme scenario, the reinfestation of village
1 caused by the transport of vectors from village 2 does increase the
number of infected humans above the level of infection that would
occur without the travel between the villages. However, we see that
in both cases the other infected populations rebound within a few
years and the vector migration from village 2 results in fewer than
seven additional human infections at the 30 year mark.

Next, we modify the above scenario so that there are no infected
animals or humans initially in village 1 and adjust the susceptible
populations accordingly to maintain the same total values at time 0.
The travel parameters are set much lower to ay,, = an,, = 1/365
and n = 0.01. Also, notably we do not include insecticide spraying
in either village. The results are shown in Figure 9.

As expected, the introduction of infected vectors from village
2 leads to an eventual explosion of infection throughout all
populations in village 1. The infected vector populations reach
steady levels within about 5 years and the dogs and mammals reach
steady levels soon thereafter. Even though the travel between the
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villages is very low, within 30 years, around 20% of the humans
in village 1 are infected. However, we note that if travel with
village 2 is entirely removed from this last scenario and instead
we introduce a single infected vector in the domicile at time 0,
we get nearly identical dynamics and a slightly higher number of
infected humans after 30 years. It is clear that once the infection is
introduced from any source, it is the local dynamics in the village
that drive the further infection in the village and not the ongoing
reinfestation of vectors through transport.

3.7. Simulations 8—9: resistance

Finally, we look at the sensitivity of the baseline simulation to
the number of resistant vectors in the village. Figure 10 depicts the
number of infected humans after 30 years in a single, unconnected
village as a function of the number of resistant vectors Vi, =
Wies. All other parameters are set to their baseline values and
insecticide spraying occurs from year 11 to year 20, as in the
baseline simulation.

We see that the first resistant vector has a substantial impact on
human infections, leading to 16 more infections after 30 years. And,
as expected, more resistant vectors leads to more infected humans,
though at a decreasing rate. Figure 11 shows all the populations in
the village in the extreme cases of 0, 1, and 40 resistant vectors.
When there are no resistant vectors, the total number of vectors
approaches zero during spraying years and does not recover for at
least 5 years after spraying. However, with only a single resistant
vector, the vector populations are able to rebound quickly to pre-
spraying levels with 1-2 years. Additional resistant vectors lead
to a quicker rebound of vector populations, but not significantly.
Indeed, the presence of any resistant vectors allows the vector
populations to rebound quickly.

Figure 11 also shows increased human infections with Vs =
40 as compared to Vs = 1, but this is due almost entirely to the
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FIGURE 10
Resistant vectors in a single village: the number of infected humans
in a single village after 30 years as a function of the number of
resistant vectors V,es = Wies. All other parameters are set to their
baseline values.
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Resistant vectors in a single village: the populations in a village in different cases for the number of resistant vectors Vies = W/es.
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sustained higher level of vectors during the spraying years, and not
due to a quicker rebound of vector populations.

4. Discussion

In this work, we expand existing Chagas disease models
by including novel travel and transport terms, allowing for the
investigation of potentially significant infection dynamics due
to travel and the exploration of relevant control strategies. In
particular, the simulations seek to analyze the effects of travel and
vector migration between two rural villages, one with insecticide
spraying and the other with lax control methods and corresponding
higher infection levels. However, these simulations suggest that
human travel and the passive transport of vectors is unlikely to play
a significant role in Chagas disease dynamics in rural villages.

Simulations 1 and 2 demonstrate that travel has only marginal
effects on the total number of infected humans even when there
is weekly travel between the villages. Simulation 3 further shows
that the total number of human infections changes very little over a
wide range of travel and vector migration parameters. Additionally,
allowing for peridomestic vector migration does further increase
the number of infected humans after 30 years in the village with
spraying, but the increase remains below 3% and the net increase in
both villages is under 2%. If, however, the village with no insecticide
spraying is much larger than the one with spraying, and there is
substantial travel between the two, then the village with spraying
can see a marked increase in humans infections after 30 years as
compared to the case with no travel. Otherwise, we see that the
effects on human infections of travel and vector migration between
villages are likely secondary across a wide range of scenarios.

Simulation 6 shows that travel and vector transport could play a
role in reintroducing infected vectors into a village with no infected
animals or vectors, though this scenario is unlikely. Nevertheless,
and most importantly, it is not the ongoing travel that causes
an eventual spike in infections. Rather, it is the introduction of
any infection, in a vector or otherwise, that eventually leads to
elevated infection levels in all populations, as seen in Simulation
7. Ultimately, the most significant role of travel is in introducing
T. cruzi into an infection-free village. But once introduced, travel
becomes relatively insignificant and local dynamics dominate.
Given the nature of travel between villages and the endemic nature
of Chagas disease, it is unlikely that control strategies related to
travel will yield meaningful benefit.

We also considered the effects of insecticide resistance on the
disease dynamics. Simulations 8 and 9 show that any insecticide
resistance, even a single vector, can notably increase the number of
human infections over 30 years by allowing the vector population
to quickly rebound to pre-spraying levels once insecticide spraying
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Cost effectiveness and optimal
control analysis for bimodal
pneumonia dynamics with the
effect of children’s breastfeeding
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Nekemte, Ethiopia

The global impact of exclusive versus inclusive nursing on particular baby
mortalities and morbidities from conception to 6 months is examined in
this study. Exclusive breastfeeding practices are more crucial and effective in
preventing illness outbreaks when there is no access to appropriate medications
or vaccinations. Additionally, this study takes optimal control theory into account,
applying it to a system of differential equations that uses Pontryagin's Maximum
Principle to describe a bimodal pneumonia transmission behavior in a vulnerable
compartment. The proposed pneumonia transmission model was then updated
to include two control variables. These include preventing illness exposure
in susceptible children through various preventative measures and treating
infected children through antibiotics, hospital care, and other treatments. If the
threshold number (Rg) is less than one, then treatment and prevention rates
are increased, and the disease will be wiped out of the population. However,
when (Rg) is greater than one, then the disease persists in the population,
which indicates that prevention and treatment rates are low. To evaluate the
cost-effectiveness of all potential control techniques and their combinations,
the incremental cost-effectiveness ratio (ICER) was determined. The simulation
results of the identified model show that the interventions of prevention and
treatment scenarios were the most successful in eradicating the dynamics of the
pneumonia disease’s propagation during the epidemic, but they were ineffective
from a cost-saving perspective. Therefore, limiting pneumonia transmission to
prevention alone during an outbreak is the most economical course of action.

KEYWORDS

inclusive and exclusive, cost-effectiveness, pneumonia, optimal control, S1S;EIR model,
ICER, breastfeeding

1. Introduction

Infant (child) disability and death are the primary continuing public health issues
worldwide. However, newborn (child) mortality and morbidity rates are greatly impacted by
deaths caused by infectious illnesses. Infectious diseases can take 7 from 10 childhood deaths
throughout the world. Pneumonia is one of the most common causes of death worldwide
among acute respiratory infections, accounting for 30% of all child fatalities. Ninety-five
percent of cases of pneumonia occur in developing countries. As a result, infectious illnesses
are more likely to kill newborn babies in these countries [1, 2].
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Among acute respiratory infection (ARI) diseases, pneumonia
is the one that affects children’s lungs. Approximately 740,180
children aged 05 years died because of pneumonia in 2019,
which accounts for 14 and 22% of all deaths of children
below 5 years and 1-5 year(s) old, respectively, and deaths are
higher in Asia and Africa [3]. Hence, of infectious diseases,
pneumonia causes the most children’s deaths worldwide [4].
Pneumonia can be caused either by viruses, bacteria, or fungi;
among these, bacterial pneumonia is the leading cause of
death for children under 6 years of age. By immunizing
against the disease, providing appropriate nutrition (EBF), and
decreasing environmental variables, pneumonia can be avoided [5].
Additionally, using many control measures, such as prevention,
treatment, and reducing indoor air pollution, can halt the spread of
pneumonia. The following research has been carried out to address
non-exclusive EBF or a lack of EBE one of the main risk factors for
infectious illnesses.

The first natural diet for infants is their mother’s milk,
which contains all the nutrients and energy required for a
baby throughout the first 6 months of life [6]. According to
WHO recommendations, newborns should receive only breast
milk for the first 6 months of their lives. Thereafter, additional
(complementary) foods are allowed for 18 months or more,
followed by breastfeeding. Hence, infants (children) can achieve
good growth and development [7]. Therefore, for children in
the first months of life up to 6 months, any additional food
or liquid (even water) is not permitted except vitamins, mineral
supplements, and medicine([7, 8].

An intervention of double control has been offered to help
eliminate the mortality and disability rates among children because
of infectious diseases. Breastfeeding is one of the most popular
and cost-effective strategies (interventions) for preventing pediatric
pneumonia and all other causes of death [9-11]. Furthermore,
the WHO, UNICEF, AAP, AAFP, and NNPE advocate starting
breastfeeding promptly within the first hour after birth and
continuing to exclusively breastfeed with human milk for the
following 6 months to reduce the baby (child) death and disability
rate. Continual breastfeeding with other appropriate foods will
follow for the first 2 years of life to ensure that the children have
healthy optimal growth and development [2].

Most of the studies assure that over two-thirds of the deaths
occurring globally in the first year of life of children are often
associated with a loss of exclusive breastfeeding or inappropriate
feeding exercises [10]. Sub-optimal breastfeeding contributes to
18% of acute respiratory disease deaths among children under 5
years old in low-income countries [6].

Evidence suggests that if the EBF length is properly maintained,
it can significantly increase immunity and lower the risk of
death and disability from communicable and non-communicable
diseases in both the early and advanced phases [12, 13]. EBF
throughout the first 6 months of a baby’s (or childs) life can
typically lower the likelihood of developing any infectious diseases
[14]. For the first 6 months of their lives, infants (children) who
were nursed exclusively had a higher risk of contracting infectious
diseases than those who were not [9, 15].

According to [10, 16], 1.24 million or 96% of child deaths
occur during the first 6 months of life due to inappropriate EBF

Frontiersin Applied Mathematics and Statistics

10.3389/fams.2023.1224891

practices, and the mortality rate is higher in Africa and Asia.
Additionally, poor breastfeeding results in more than 236,000
child deaths annually in a select few nations, including Nigeria,
China, Mexico, Indonesia, and India [17]. Furthermore, in low-
and middle-income nations, inadequate breastfeeding was found
to be responsible for 18 and 30% of acute respiratory and diarrheal
mortalities, respectively [18]. To reduce child mortality among
children under the age of five, the WHO advises that an EBF of
90% is needed globally. Furthermore, the Sustainable Development
Goals (SDGs) plan envisaged an increase in EBF of 50% by 2025
[19, 20]. According to the study by [12, 20], raising the EBF rate in
middle-income and developing nations to an ideal level can reduce
infant mortality among children under the age of five by 13 to 15%.

Mathematical models are frequently used to (i) analyse
the dynamics of the spread of infectious diseases like cholera,
bronchiolitis, pneumonia, and others; (ii) employ a variety of
control methods to reduce or stop the spread of infectious diseases;
and (iii) predict the effects of these diseases on people’s lives, socio-
economic systems, and national health programmes and policies.
However, none of the aforementioned studies take into account a
mathematical model method to illustrate the transmission behavior
of infectious diseases, particularly pneumonia.

Several mathematical modeling studies have been conducted
to estimate the potential burden of the endemic and the various
control approaches for the endemic disease of pneumonia in
children. Tilahun et al. [21] considered a non-linear deterministic
model for the transmission of the pneumonia disease in a
population of variable size, together with optimal control and cost-
effectiveness measures. Agusto et al. [22] studied the advantage of
isolation strategies and quarantine effectiveness measures against
outbreaks of disease in the absence of appropriate medicines
or vaccines.

Swai et al. [23] formulated an optimal control of pneumonia
transmission in two strains by incorporating drug resistance.
Additionally, how measures such as vaccination, public awareness
campaigns, and therapy can reduce pneumonia transmission
patterns should be considered. Tessema et al. [24] also developed
a deterministic mathematical model of drug-resistant pneumonia
with ideal preventive measures and cost-effectiveness evaluations.
Based on the simulation values of optimal controls for the proposed
model, they concluded that the combination of prevention,
treatment, and screening of infectious persons is the most
efficient and cost-effective way to remove pneumonia infections
from the community. The diagnostic problem of distinguishing
between bacterial and non-bacterial pneumonia is the main reason
antibiotics are used to treat pneumonia in children. Consequently,
Wu et al. [25] present causal Bayesian networks (BNs) in their
model as useful tools for resolving this problem because they
provide succinct maps of the probabilistic relationships between
variables and produce results in a way that is understandable
and justified by incorporating domain expert knowledge and
numerical data.

Kotola and Mekonnen [26] created a deterministic model
to demonstrate the efficacy of interventions for pneumonia and
meningitis co-infection and provide a reasoned recommendation
to public health officials, decision-makers in government policy,
and programme implementers. Owing to their shared clinical
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characteristics and significant effects on human morbidity and
mortality, pneumonia and tuberculosis are two of the most frequent
airborne infections. Therefore, in a community of populations with
both diseases, co-infection of the two diseases becomes inevitable.
Owing to a lack of resources, the significant illness burden that these
endemics together impose necessitates an efficient intervention to
mitigate the impact. Thus, the authors in Gweryina et al. [27] use a
pragmatic approach to create an SEIR model for the co-dynamics of
tuberculosis and pneumonia. Using a variety of parameters, Naveed
et al. [28] investigated the dynamics of delayed pneumonia-like
infectious illnesses. Kassa et al. [29] and Rafiq et al. [30] offer
a mathematical model of COVID-19 that includes bimodal virus
transmission in a susceptible compartment.

Until now, only Legesse et al. [31] formulated a S§;S,CIR
deterministic mathematical model by grouping susceptible children
as inclusively and exclusively breastfeed children and verify that
inclusive breastfeeding children are more exposed to pneumonia
than those children breastfeed exclusively. However, they did
not take into account optimal control analysis in their research.
Furthermore, no research has been carried out so far to assess
the impact of EBF practice on child mortality rates and the
efficacy of EBF practice in lowering pediatric mortality due to
infectious disease (pneumonia). With this as a backdrop, the study’s
objective is to apply mathematical models with optimal control
and accessible methods to treat pneumonia in infants between
the ages of 0 and 6 months who do not participate in EBF. By
increasing the prevalence of EBF and stepping up efforts to reduce
non-exclusive breastfeeding, the findings of this study will help in
making decisions that will reduce child mortality and impairment
from pneumonia.

The article is organized as follows. The proposed model is
formulated in the Construction of a Bimodal Pneumonia Model
section and its analysis is presented in the Analyzing the Model
Qualitatively section. Stability analysis of the equilibria is then
discussed in the Equilibrium Point Stability section. Extension
of the proposed model into optimal control is presented in
The Proposed Model Under Optimal Control section. Numerical
simulations are performed to support the analytical results
discussed in the Analyzing the Model Qualitatively section and
are presented in the Results and Discussion. Cost-effective analysis
is performed in the subsequent section followed, finally, by
the Conclusion.

2. Construction of the bimodal
pneumonia model

In this model, the overall population size N(t) is divided
into five mutually exclusive compartments based on the disease
condition of the population as a whole. Furthermore, the total
population size N(t) at any given time t is given by:

N(t) = Si(t) + Sg(t) + E(t) + I(t) + R(t) (1)

At any time instant ¢ € [0,00), the real valued differentiable
state variables Sy(t),Sg(#),E(t),I(t), and R(t) represent the number of
susceptible children that are not exclusively breastfed, susceptible
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children that are exclusively breastfed, children exposed to the
disease, children that are seriously infected, and children who have
obtained temporary immunity from pneumonia, respectively. This
research assumes that the two susceptible classes S;(¢) and Sg(t) are
enlisted into the population at rates of A; and A, respectively.
They acquire pneumonia infection through effective contact with
the infected humans I(¢) or via inhalation of contaminated air
droplets at a force of infection given by

fi= %,where i=1,2and ﬁj = kPj, where j =1,2.

Here ,Bj = kPj for j = 1,2 denotes the transmission rates.
However, k stands for the number of contacts, and Pj is the
probability of close contact rates between two susceptible humans
with the infected individuals causing infection.

Humans exposed to pneumonia advance at a y rate to the
infected compartment I(¢). The sub-populations are all reduced
at the same time because a consistent natural mortality rate of
w is taken into account for each compartment. The parameters
o and o at the infected stage indicate the mortality rate from
pneumonia disease, which only falls in the infected class, and
the percentage of children who recover due to therapy or innate
immunity, respectively. Those individuals that have recovered
from pneumonia are assumed to have partial immunity and again
become susceptible at a rate of §. This study also assumes that
a child who has obtained partial immunity does not again join
exclusively breastfed children because as one individual is infected
with infectious diseases they cannot regain their original immunity
[31]. Using the parameter values, basic model assumptions, and
state variables described above, we have generated a systematic
diagram (Figure 1), and the corresponding model equation is given
by Equation (2).

% = A1 +6R—fiSr — uS;

BE = Ay — foSg — 1Sk

E =fiS+hSE— (v +wE 2
% =VvE—(o+a+pl

R =oI—(u+8)R

With the following initial conditions:

S$1(0) > 0,8£(0) = 0, E(0) > 0,1(0) = 0,R(0) > 0 (3

3. Analyzing the model qualitatively

This subsection explains the qualitative behavior of the model
being considered for the long run.

3.1. Positivity and boundedness of solution

To ensure that the generated dynamical system’s (2) positivity
of solution is both epidemiologically meaningful and theoretically
well-posed, we must show that all the state variables of the
dynamical systems are non-negative.

Theorem 3.1. All the solutions of Equation (2) with the positive
initial condition given on Equation (3) are non-negative.
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FIGURE 1
Model flow chart.

Proof. From Equation (3), all the state variables are positive or zero
at the initial time, then T > 0. To show the positivity of all the state
variables select any equation of Equation (2), randomly let it be

ds;

=A SR — 1S — uS
I 1+ fSt— St

das
d—t’+(f1+u>SI:A1+5R

dg[ef"%”)"”’ S1) = (el i) Ay 4 5R) @
t

where t' € [0, T] and each state variable are non-negative at ¢’
Equation (4) is integrated with regard to time to produce

T T ,
Si(t) = k181(0) + ky [ / (efo itmdiy[ A | +8R]dtj| >0 (5)
0

T /
where k; = e~ Jo i+mwdt’ Erom Equation (4), we observe that Sy(¢)
is non-negative for all + > 0. In a similar fashion, one can show
Sg(t) = 0, E(t) > 0,1(t) > 0 and R(t) > 0.

Theorem 3.2. The closed positive invariant set 2 is a biologically
and mathematically well-posed region of the initial value problems
defined on Equations (2), (3), where

Q= {(S,.Sk.C,E,R) € R}, :
AL+ A
0 < N@SLSpELR) < =2} (6)
7
Proof. For convenience, weletS; = 81,82 = Sg,ri =y + i, 12 =
o+ a+ u,r3 = p + & throughout this study. Differentiating
Equation (1) with respect to t gives

dN _ds  ds, dE I dR
dr — dt dt ' dt  dr @ dt
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dN
E:A1+A2_H(SI+SE+E+I+R)_WI
dN
EZAI‘FAZ—MN_O[I (7)

In the absence of infectious rate Equation (7) reduced to

N A 4 Ay — N ®)
dt_l 2 — MAN.

Integrating both sides of Equation (8) with regard to t and taking
the limit of Equation (8) as t —> o0, we obtain

A A A Ay — N
N < A2 TR TR ©)
2 ©
A A
N < At Az (10)

Therefore, each solution of the initial value problems on Equations
(2) and (3) remains in Equation (6) for all ¢ > 0. This result can be
summarized as lemma below.

Lemma 3.1. 2 is a positively invariant region for the Equation (2)
with initial condition Equation (3) in Ri.

3.2. Threshold parameter

Before calculating the expression for threshold quantity (o),
determine pneumonia free of Equation (2). For this aim, equate
the right hand side of Equation (2) to zero. After that, substitute
in S;(t) = S;(0) > 0,Sg(t) = Sg(0) > 0, E(t) = Ey = I(t) = Iy and
R(t) = Ry = 0. Thus,

A1 A
%:(Jriﬁao. (11)
w'on
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Hence, Ej is the pneumonia free-equilibrium of Equation (2). By
using DFE we can account the threshold number (9Ry) following the
work in Agusto [22], and we used the method of next generation
matrix to obtain the required threshold number and from the
transmission matrix

&)Féfo) 3F1()(IE[))
F =DF(Eo) = | 35k ok (k) |-
oE aI

Where Fi(t) = fiS; + f2Sg and F,(t) = yE

0 Mbithap,
F = Arthz (12)
1% 0
and the transition matrix V is given by
3V21)(EE0) 3V5(IE0)
V = DF(Eo) = | svy(z) vy |-
oE al
where Vi = riEand V, = r,1.
r 0
>V= [ ! } (13)
0 ¥

Hence, using the next generation matrix calculated from Equations
(12), (13) we get

BiA1+faA
Fyl :1[0 n AR }

14
rr (yr 0 ( )

Now, the governing eigenvalue of Equation (14) represents 2Ry of
Equation (2), which is given by

" = y(BiA1 + B2A2)
o = | LA T F2R2)
rir2(Ar + Aj)

The threshold number (Rp) is a quantity that determines how

(15)

pneumonia spreads within the population or fades out of the
society. If g < 1 then the disease will fade out of the community.
This shows that more exclusivity in breastfeeding children is added
to the susceptible class. Because exclusively breastfed individuals
have high natural immunity, they are less exposed to the diseases.
Ao > 1 shows that there is a continuation of disease spread within
the population.

3.3. Existence of the model’s endemic
equilibrium point

In this part, we examine the condition known as EE of Equation
(2). The fundamental motivation for this equilibrium is that it is
utilized to estimate how long pneumonia will continue to affect
the population. To identify the prerequisites for an equilibrium in
which community pneumonia is endemic (that is, at least one of
E* # 0orI* # 0), denoted by E, = (S}, Sj, E*, I*, R*). To find
E,, equate each equation in Equation (2) to zero and express each
state variable in terms of the force of infection at the steady state (f*
where i=1,2), given by

« Bl

B2l
=% e

f=t
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x _ Air3+dol*
S =

r3(fi—u) >
gt = A2 M(AitAy)
E fl*;lt w(BalF—(A1+A2))°
_ nlfqm2
E* = 29, (16)
_ rE*
I = = ,2
* _ O
R* = gmo

Therefore, the existence of E, in Equation (16) depends on Ry,
meaning that E, from Equation (2) exists if R > 1.

4. Equilibrium point stability analysis

The two equilibria of Equation (2) are shown in this subsection
to have both local and global asymptotic stability. We employ the
Jacobian matrices of system on Equation (2) at DFE and EE for local
stability and the Lyapunov function for the global stability of both
equilibria to confirm this stability.

4.1. Local stability analyses

Theorem 4.1. The disease free-equilibrium point (E), of Equation
(2) corresponding to the considered model is locally asymptotically
stable if 93¢ < 1 and not stable otherwise.

Proof. To prove this, first determine the Jacobian matrix evaluated
at Ey becomes

_ B

—n 0 0 X + ™ )
SRR
JBo)=1| 0 0 —r BFERZ 0 (17)
0 0 1% —1 0
0 0 0 o —13
The characteristic polynomial of Equation (17) becomes
W) = (4 w0+ 13)(37 + Dik + Dy) (18)

The first three eigenvalues of Equation (18) are A = —pu a double
root, . = —r3. All are negative, and we use the RouthHurwitz
criterion to confirm the presence of the remaining eigenvalues in
the manner described below:

Di=ri+r>0,

BiAs + Bra

=rrn(l-9R2)>1
A1+A2 12( o)

Dy =rnr—y

As a result, the RouthHurwitz criteria’s required condition is
confirmed whenever Ry < 1. Therefore, the DFE (E;) of Equation
(2) is locally asymptotically stable (LAS) when 23y < 1.

Theorem 4.2. The disease endemic equilibrium point (E,), of
Equation (2) is LAS in Q if Ry > 1 and unstable otherwise.
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Proof. To prove the local stability of E,, first determine the desired
Jacobean matrix J(E.) of system (2) at the endemic equilibrium,
which is given as Equation (19)

~(r+mw 0 (LA
0 ~(fF+w o 2%
J(E,) = fl* fz* 1‘51571\4;7*&% 0 (19)
0 0 y —1 0
0 0 0 o —13

The characteristics polynomial corresponding to Equation (19) is
O+ A\ +H )0+ G+ )0+ )+ 1) +13) =0 (20)

The first three roots of Equation (20) are A = —r] < 0,A = —1p <
0,and A = —r3 < 0 and the remaining roots can be calculated from

2+ a A+ ap
where

and  ay = fify +2u(ff + 1) + 1

a=f+f+2m
and f]",f,) are defined as the force of infection at the
endemic equilibrium.
As A2 + a; 1 + a; has both roots with a negative real part (and the
system with characteristic equation P(A) = A?> + ajA +a, = 0
is stable) if and only if a;,a; > 0, clearly a;,a; > 0. Hence by
RouthHurwitz criteria, for $8p > 1, the endemic equilibrium (E,)
is LAS.

4.2. Global stability analysis

In this section, we use LaSalle’s invariant principle to analyse
the global stability of both equilibria of Equation (2) by creating
suitable Lyapunov functions.

Theorem 4.3. If Ry < 1, then the disease free-equilibrium (Ep) of
Equation (2) is GAS in  and unstable otherwise.

Proof. We first create a suitable Lyapunov function of the type

L(t) = ki E(1) + k21(2) (1)
where k;, i = 1,2 are positive real numbers to be chosen later. Upon
differentiating Equation (21) along its trajectories with respect to t
and simplifying, the result yields

dL dE dl
@ )
=g thy

dL
— =ki(iS1 + fiSg — nE) + ko (YE — r21) (22)

dt

Now, we choose k; = y and k; = ry, and simplification of Equation
(22) yields

dL
i vy (iS1 + f1Sg) — ninal,
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dL BiA1L + BaAs
— = e I 23
i [V( AT A, ) rm] (23)

Simplification and some rearrangement of Equation (23) will give:

@ = —1nn (1 — %6)[

dt (24)

Thus, % < 0 whenever Ry < 1. Additionally, % = 0 if
and only if E(f) = 0 and I(t) = 0. Hence, the largest compact
invariant set {(S;,Sg, E,I,R) € Q: % = 0} is the singleton Ey,
which is the disease-free equilibrium. Therefore, using LaSalle’s

invariant principle [32], we conclude that the point Ey is globally
asymptotically stable in Q if Ry < 1.

Theorem 4.4. The disease endemic equilibrium point (E.) of
Equation (2) is GAS in the invariant region stated in Theorem 3.2
as Qif Ry > 1.

Proof. To prove the global behavior of E,, we systematically
construct a Lyapunov function V of the form as Legesse et al. [31]

Vix) = Z (x,- —xf —xfln (j—;))
1 i

where x; represents the compartments in the model and i = 1,...5

(25)

and x;" is the endemic equilibrium point. This is defined as

Si
V(S], S5 C I, RY) = (s, Sf — Siln (s )) +
1

(SE—SE—SEln<§E>>+
+ <E— E* — E*In <§>> +
(1 —I* = I*In (%)) + (R — R — R*In (%))

Then, after differentiating V with regard to time t, the following
is obtained.

v _ ds S\ e 4 (1 _ E1)dE
E—( s,) ra ( sE> it (1 E)dt+
*
e e
ds; dSg dE dI dR

Next, substituting

5 9t 9 g ar in Equation (26) using

Equation (2) gives

av st s

—=(1—-——=)(A SR — 1S — uS 1— =

o ( S})( 1+ fST— I)+< SE)
%

E
(A2 — f2Sg — 1uSg) + (1 - 7) (181 + £2Sg — (v + WE)+ (27)

*

(1—I—>(yE (a+a+u)1)+<l—%> (oI —(u+8)R)
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- (s’ ;S’) (A1 48R — (fi + 1081 — ST — (o + w)S])

_l’_

Sg — S}
( ESE E) (A2 = (o + W)(SE = Sp) — (2 + W)Sp) +

E—E*
E

(I_I*>(yE—(a—i—a—l—u)(I—I*)—(a—i—a—i—u)l*)

TN

) (AS1 + f2Se — (v + w)(E — E) — (y + wE")

+

I

+ (R ;R )(oI—(u+8)(R—R*)—(M—I—S)R*).

We can put ’%/ as ’%/ = WUy — U, where

%2
Wi=Ar+ A+ SRS+ yE+ ol + (fi+ p) o+
1
SEZ E*Z *2
£ i B )
(f2+M)SE R e
S _S*Z S* S*
w2=Mm+u)+A1i+aR—’+(ﬁ+u)s;+
St St N
(St — S3)? S SiE*
() I - O 1 I L Ly Y
Sk Sk E
(f,SEE* (E — E*)? y I*
e = -7 _ E¥ — yE——
Z (y + 1) E (y + 1) vE7
(I—I*)2 . I*Z
(a—l—a—i—u)f—i—(a—i—a—i—u)l —l—(a—i—a—i—M)T-i-

(R—R*)?

R*
oI+ ol = (1 +9) + (1 + 8)R*.

Thus, if P < N, then %’ <
when Ry > 1. Clearly, %’ = 0 if and only if §§ =
;8¢ = SLE = ESI = If, and R = R*. Therefore,
the largest compact positive invariant in set {(S;,Sg, E,I,R) €
Q: %’ =
endemic equilibrium of Equation (2). Generally, by LaSalle’s

0. Hence, %’ < 0

0} is the singleton E,, which is a disease

invariant principle, E, is GAS in the biologically feasible region
when Ry > 1.

5. The proposed model under optimal
control

This section focuses on using optimum control techniques
with the model under consideration from Equation (2).
In a short amount of time, we were able to manage or
reduce the diseases in the community with the use of these
strategies. The pneumonia model is expanded to include the
following two control variables, each of which is defined as
follows:
u1: a campaign to prevent the spread of the disease among people
who are vulnerable.
uy: by treating infectious diseases, a treatment effort is made to
minimize infection or maximize recovery.
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After incorporating u; and u, in Equation (2), we obtain the
following optimal control model Equation (28).

% = A1 +8R— (1 —u))fiSy — uSr

b = Ay — (1= w)fsSg — uSs

=0 —u)S +£SE) — (v + WE (28)
G =VE—(oc+u)l—(a+pl

B = +u)l—(n+5R

The control set U is Lebesgue measurable and has the following
definition in order to explore the optimal levels of the controls:
U = {(u1(t),uz())}: {0 <u; <1,0<uy <1,0 <t < T} where
0<u1 <1,0<u; <1,0<t<T}

controls. Our goal is to find a control u and Sj,SgE, I,

is the set of admissible

and R that minimize the proposed objective function J
given below, while maintaining the lowest cost of control
implementation in Equation (2). The proposed objective
functional ] should follow the epidemic Equation (2), which

is given by
f 1<
J(uy, 1) = min/ (BE+ bl + = Y widdt  (29)
unu2 Jo 2 P

subject to Equation (3), where b; and b, are the weight positive
constants associated with the number of exposed children and
infected children, respectively, while w; and w, are positive
constants, present the relative cost weight, which is associated
with control measures u; and u,, respectively. We assume
costs are non-linear in nature; hence, the control variables in
J are in second degree polynomial form [21, 23]. The major
thing that is required of us is to reduce the number of
exposed and affected children while maintaining a low cost.
Thus, we are going to find optimal controls (u},u}), such
that

J(ui, u5) = min{J(uy, uz)/u; € U},

where U = (u1,up):  each Uuj is measurable
with 0 < u; < 1 i = 1,2 for t €
[0, 1]

5.1. The Hamiltonian and optimality system

Here, applying the principle of Pontryagin [34], Maximum
Principle, we can drive the necessary conditions that the optimal
control solution must satisfy [35]. Therefore, this principle converts
the model Equations (28), (29) into a problem of minimizing a
Hamiltonian, H, point-wise with respect to u; and u,, and we
obtained a Hamiltonian (H) defined as:

H(t, x(1), u(t), A1) = f(t, x(6), u(1)) + Ag(t, x(1), u(t))

where

1 1
F(t,x(), u(t)) = biE + byl + 5wluf + szug,
gt x(t), u(t) = (1,82, 83 8- 85) ">
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where

g1 = A1 +8R— (1 —uw)fiSt — uSs,

& = Ay — (1 —w)frSg — 1Sk,

& = (1 —u)(fiSr + £2Sg) — (v + WE, .
&g =vE—(n+u)l

g = (0 +u)l — (n+ )R

Hence the Hamiltonian becomes

H(S1, S, B LR 1) = f(E, Ly, 1) + d 50 + 20 BE + 33 9% +

t
)»4% + s %
H(SI) SE’Ea LR, t) =f(E> I Uy, Uz, t)+)"1gl +)"2g2+)"3g3+)"4g4+)"5g5

H= b1E+b21+%w1u%+§w2u§+A1g1 + 2@ +A3g3+Aaga+Asgs

(30)
where f(E, I,u1,uz,t) = biE + byl + %Z?:l Wi”;;’)‘iri =12
are the adjoint variable functions which are determined by using
Pontryagin’s maximal principle [34] and use Swai et al. [23] for
verification of existence of the optimal control pairs.

Theorem 5.1. There exists adjoint variable ;, where i = 1,...,5
with transversality conditions Ai(tr) = 0,i=1,..,5 for an optimal
control (u}, u3) that minimizes J(u1, u3) such that:

di oH

dr X

>

where X = (S, S5, E, L R)T and A = (A1, A2, A3, A4, A5)T A(T) = 0
transidentality condition.
Now,

dxr
= i = O = A ufi )+

22(0) + A3((1 —up)(f) +
24(0) + A5(0))

=M1 —wu)fi + ) —r3(1 —u)f

B2 = 3 = —(0,(4(0) — (1= w)fp — 1) + A3((1 = u)(f) +
A4(0) + 25(0))

=2((1 —u)fs + 1) — 23(1 — w)fs

i OH
d—j = — o5 = ~(brH OO +hs (= Hm)+2a(y)+15(0))
= —=by +A3(y + 1) — gy = =b1 + A3y1 — Ay
dig _ 0H _ by — MBIl —u)St Aafo(1— 141)515+
a a1 2 N N
As(1 — Si+ BaS
el ul)(f; 1+ 525e) —dalo +ur+a+u) — rs(o +ua)
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AL B — )
_M .
AL+ A, P2 !

BiA1+ BaAs
A+ Ay

A
:—b2+A1,31(1—u1) —A +2A _
1 2

a3l —M1)< ) + Ag(y2 + uz) — As(o + u2)

dr oH
Tf = g = (10 +2200) +35(0) + 24(0) — As(su +8))

= —(A18 — As(u +8)) = =118 + Asys

In a similar manner, we obtained the controls by solving the
equation gi,f,- = 0 at u}, for i =1, 2 in accordance with Pontryagin
[34]’s methodology and obtained:

wiuy + A1f1S; + AafoSg — A3(fiS1 4+ f2Sg) =0

(A3 =AD)B1AL + (A3 — X2) B2 A2

1
wi(A1 + Az)

u =

. { ) { (A3 = 2)B1ST + (A3 — 12)B2SE }}
u; = max {0, min |1, 1

W1N
Similarly g—z =0
woy — Agl + AsI =0

From this

(g —25)I
=

U
This implies that
U, if 0 <uy <1
0,if uy <0

Lif uy > 1

The above equation in compact notation is

Ay — As)]
uy =max{0,min{l,g}}
w2

TABLE 1 Pneumonia model parameter values with their source.

Parameter  Value References
o 0.33 [21]

Ay 0.02 Assumed
A; 0.5 Assumed

w 0.01 [21]

o 0.0238 [33]

k 0—10 [23]

8 0. [21]
pij=12 0.89-0.99 [23]

y 0.1096 Assumed
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Considering the bounds of the control quintuple, we have

* _ . (A3=21)B1 A +(h3—22)Ba As
u] = max 0, min {1, WAt A) I}}

* _ : (ha—As)I
uy; = max 10, min {1, o

The optimality system is obtained from the state Equation (29)
together with adjoint variables and the transversality condition
in Theorem 5.1 by including the characterized control set and

10.3389/fams.2023.1224891

initial condition.

B = Ay +6R— (1 — w)fyS; — uSs
Bl = Ay — (1 — w)fS5 — Sk

2 = (1 — u))(hS1 + f2Se) — (v + WE
A = yE— (o +u)l = (@ +wI

%=W+MH—W+MR

Dd = (1 — up)fi( — A3) + Mip (32)
D2 = (1 — up)fs (2 — A3) + Aapt

U5 = —by + A3y — My

Gt = b (= m)On = )P+ (=)
(A2 — ls)%j + dalry +u2) — As(o + u2)

D5 = 018+ As(u + )

Populations

0 5 10 15 20 25 30 35 40 45 50
Time (days)

FIGURE 2

Populations

The pneumonia model's trajectory of solutions converges to (A) DFEP and (B) EEP.
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(A) Dynamics of sub-populations for the DFE point. (B) The phase portrait for S(t) and Sg(t) vs. E(t).
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FIGURE 4

and (C) exposed individuals.
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Simulation of the optimal model showing the effect of prevention on (A) not exclusively breastfeed individuals, (B) exclusively breastfeed individuals,

2ilt) =0,i=1,..,5
S1(0) = S0, SE(0) = Sgo, E(0) = Ep, 1(0) = Iy, R(0) = R

Therefore, using the optimality system 32, it is possible to calculate
the optimal control. Consequently, the optimal problem is minimal
at control u] and u}, as shown by the fact that the second
derivatives of the Lagrangian with regard to 11 and u,, respectively,
are positive.

6. Results and discussion

To analyse the dynamics of pneumonia disease with or without
control measures, numerical simulations are performed on the
suggested model and optimality system using the parameter values
indicated in Table 1. In addition, we assumed the initial population
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size to be $;(0) = 40; Sg(0) = 100; E(0) = 50;I(0) = 15;
and R(0) = 1 for the purpose of numerical simulation. The weight
constant values are chosen as by = 3;b, = 3;w; = 0.05 and
wy = 0.03. First, we simulate the pneumonia model for the case
Ry = 0.8513 < 1, which indicates that the pneumonia disease
dies out from the society. As a result, the pneumonia model’s
solution trajectory moves toward a disease-free equilibrium point.
The disease-free equilibrium point is demonstrated to be locally
asymptotically stable as all the trajectories of the model converge
to DFE, see Figure 2A. Next, we plotted the graphics for the case
Ry = 1.4232 > 1, which implies that the disease is endemic.
In this case, the solution curves are converging to the endemic
equilibrium point, which verifies the linear stability of the EE point
(see Figure 2B).

Now, to extend the proposed model to optimal control, we
focus on the parameter values and initial population, which give
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Simulations showing (A) the optimal use of treatment only (u2) and (B) its control profile.
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Ryp = 14232 > 1 to analyze the model. In light of the fact
that diseases are still prevalent in society, adding control factors
to the mode is appropriate. Figures 3-6 demonstrate the impact of
prevention and treatment on the dynamics of pneumonia.

The plot in Figure 3A illustrates that subpopulations converge
to the DFE point, which indicates that pneumonia has been
eliminated from the community. Moreover, it can be observed
that the two susceptible populations decrease while the exposed
and infected children increase for a few years and decrease
rapidly afterward to the DFE point. Figure 3B reveals that
even if controls are applied, non-exclusively breastfed children
are more exposed to pneumonia than exclusively breastfed
children. In general, from Figures 2A, 3A, we can easily see
the impact of control variables on the transmission dynamics
of pneumonia.

6.1. Contingency plans

We utilized the following scenarios to assess how each
regulation would affect the dynamics of pneumonia spread:
(i) Optimal use of prevention (u; only).
(ii) Optimal use of treatment (u; only).
(iii) Optimal use (u;) and treatment

of prevention
(u,) intervention.

6.1.1. Scenario A: control of pneumonia with
prevention only

This scenario shows the use of only one control measure,
prevention (u;), and the other controls were set to zero. As
clearly observed from Figures4A, B, with the optimal use of
a prevention strategy, the two susceptible individuals increase
due to the prevention strategy, and when we compare it with

Frontiersin Applied Mathematics and Statistics

the case free of prevention, the number of susceptibilities of
individuals to the diseases is less. Moreover, the number of
total exposed humans decreases more with control than when
there is no control, as depicted in Figure 4C. Since the number
of infection averted human from pneumonia disease due to
this strategy is less in number, hence additional intervention
is required.

6.1.2. Scenario B: control of pneumonia with
treatment only

Scenario B is shown in Figures 5A, B, which illustrate that
treatment has a significant impact in reducing the number
of children infected with pneumonia after 14 years. It can
be noted that the number of infected individuals slightly
decreases and becomes effective after some time; hence,
more interventions are needed to eliminate the disease from

the community.

6.1.3. Scenario C: optimal use of the two controls

This strategy demonstrates the effect of the optimal use
of prevention for the exposed humans and treatment for the
infectious humans to decrease the number of exposed and
infected individuals in the society. Additionally, this intervention
reduces the spread of pneumonia dynamics governed by model
(2) in the population. The numbers of exposed individuals
and infectious individuals decrease more rapidly when the two
control scenarios are in use compared with when controls are
not used or one control is used, as depicted in Figures 6A, B.
Figure 6F reveals that the optimal use of prevention. u(t) is
maximum at 100% throughout the proposed days until reaching
the final time that maximum prevention is applied to control
pneumonia. Optimal use of treatment u;(t) is kept at the maximum
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level for 48 days before arriving at the minimum at the final intervention. This confirms that a maximum number of children’s

intervention time. Figures 6C-E reveal, respectively, the size of S;,  pneumonia diseases are averted due to the intervention of the

Sk, and R increases compared with non-control and one control  two controls.
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7. Cost-effectiveness analysis

In this section, we present cost-effectiveness analysis, which
is used to evaluate the benefits related to a health intervention(s)
or strategy (strategies) (for instance treatment and prevention), to
elaborate the strategy’s costs [22]. The number of infections averted
is given as the difference between total infectious individuals
without control and total infectious individuals with control. Using
the parameter values in Table I and initial conditions of state
variables with the weight constant values chosen, the ICER is
determined for each intervention labeled as prevention, treatment,
and a combination of both. The prevention strategy includes
vaccination (immunization), personal hygiene, avoiding exposure
to people who are ill, covering a cough, and adequate nutrition
(scenario A), while the treatment intervention involves antibiotics
that stop the infection from progressing (these medicines are
used to treat bacterial pneumonia), hospital treatment (allowed
for more severe cases), rest, etc. (scenario B). The combination of
prevention and treatment scenario C. This is obtained by balancing
the change between the costs and health outcomes of these
intervention strategies; usually obtained by using the incremental
cost-effectiveness ratio (ICER), which is described as:

change in total costs between strategies
ICER =

33
change in health benefits between strategies (33)

where the numerator of the ICER represents the difference in cost-
benefit and the denominator measures the change in health benefit.

According to the simulation outcomes of the optimality system,
the control scenarios are then ranked in ascending order of total
number of infections averted, i.e., prevention of infections in
susceptible children using vaccines, personal hygiene and others
(strategy A), treatment of infected individuals with antibiotics
(strategy B), and a combination of prevention and treatment
(strategy C), as shown in Table 2.

The ICER is obtained through the following computation:

1102.5
ICER(B) = ———— = 1.5707
701.9053
346.4642 — 1102.5
ICER(A) = = —0.7827
1665.791 — 701.9053
1753.1540 — 346.4642
ICER(C) = = 2.741

2178.746 — 1665.791

Now, comparing strategy A and B incrementally, the ICER for
the two competing strategies is calculated as above and it shows that
ICER (B) > ICER (A). From this, we can see that strategy A saves
0.7827 more than strategy B, and strategy B is a bit more expensive.
Hence, we excluded strategy B from the set of competing strategies,
and finally, we compared strategies A and C as depicted in Table 3.
From ICER (A) and ICER (C) in Table 3 we can see that strategy C
saves 2.741 than strategy A. Hence, we exclude strategy C, because
it is a bit expensive. Therefore, we conclude that strategy A the
cheapest of all compared strategies, that meant it is the most cost-
effective for pneumonia disease control intervention strategies.
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TABLE 2 Incremental cost-effectiveness ratio in increasing order of total
infections averted.

StrategyB 701.9053 1102.5 1.5707
StrategyA 1665.791 346.4642 -0.7827
StrategyC 2178.746 1753.1540 2.741

TABLE 3 Comparison between intervention strategies A and C.

Strategies Total infections averted Total cost ICER
StrategyA ‘ 1665.791 ‘ 346.4642 ‘ 0.2080
StrategyC ‘ 2178.746 ‘ 1753.1540 ‘ 2.7423

8. Conclusion

This study is concerned with the mathematical analysis of a
pneumonia transmission model with naturally acquired immunity
in the presence of effective exclusively breastfed infants and a
lack of naturally acquired immunity due to the loss of exclusively
breastfed infants. This work also shows that if the threshold number
is smaller than unity, then the pneumonia-free equilibrium point
is both locally and globally asymptotically stable, which means
pneumonia is wiped out of the community. If the threshold
number is greater than unity, then an endemic equilibrium of
the model occurs, which shows the persistence of the diseases in
the population.

To control pneumonia spread dynamics in a population,
multiple time-dependent control variables, including prevention
using vaccines, personal hygiene, etc., treatment of infectious
humans using antibiotics, hospital treatment, and rest are
considered. An analysis of the optimal control model is carried out
theoretically, and the model is simulated to determine the effects
of combining the two control intervention strategies on the spread
dynamics of pneumonia in the community. It is shown that the
number of infected children is minimized through prevention and
treatment intervention strategies. Throughout this work, based on
the results in Table 3, we recommend the prevention of susceptible
children from being exposed to the diseases using vaccination,
public health education, etc., to reduce new exposed cases and the
number of infected children due to pneumonia in our society with
the least cost.

In general, we considered cleanliness as a method of
preventing pneumonia in children under the age of five in the
earlier studies on the dynamics of bimodal pneumonia [31].
However, in the present study, we considered the extension
of the bimodal pneumonia model to optimal control using
two time-dependent control measures, namely prevention and
treatment. In addition, we analyzed the cost-effectiveness of
intervention strategies. The result of the analysis reveals that
prevention strategies are the most cost-effective way of eradicating
pneumonia. Therefore, the present study is more effective and cost-
effective in preventing pneumonia transmission than the previous
study.
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